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Abstract

This paper is a selected overview of econometric methods for duration models and will appear in
the forthcoming book The Economics of Search by the authors. The focus of the paper ison
martingal e methods for continuous time data and general methods for the analysis of discrete-
time data including multi-spell models and general life-history models.




1. Introduction

Many empirical tests of search theory employ duration data (see Devine and Kiefer,
1991). For example, the standard model of job search in a stationary environment model implies
that unemployment durations have an exponential distribution. In this chapter we develop some
statistical tools used to analyze duration data (for more thorough treatment see Lancaster, 1990
or Klein and Moeschberger, 1997). Duration analysisis also referred to as survivor analysis,
where the duration of interest is the survival time of a subject (e.g. person or machine). Much of
the recent statistical analyses of duration data focus on the hazard function. The hazard function
isrelated to the probability of exiting theinitial state within a short interval, conditiona on
having survived up to the starting time of the interval. In many applications, hazard functions are
conditional on a set of covariates. An important feature of the hazard function isthat it can be
made to depend on covariates that change over time.

In section 2 of this chapter we shall review the basic definition of a hazard function and
its relation to the probability density and cumulative distribution function. Section 3 then gives a
brief description of counting process theory and martingales. This framework is useful for
anayzing duration data including multiple spell duration data (See Andersen and Borgan, 1985,
Arjas, 1989, Fleming and Harrington, 1991, and Anderson, Borgan, Gill and Keiding, 1992 for
more thorough discussions). Parametric estimation methods for continuous time duration models
with covariates are presented in Section 4 while the semi-parametric Cox regression model is
discussed in Section 5. Section 6 presents estimation techniques for grouped or discrete-time
duration data. In many situations we are interested in studying an individual’s movement through

several labor market states over time. After extending discrete-time methods to a multi-spell



framework in section 7 and d competing risks models in section 8, section 9 presents the
general estimation methods for discrete-time life history data. The chapter concludes with a brief
discussion of some specification diagnostic methods that can be derived from the counting

process approach.

2. Hazard Functions

This section presents a brief overview of hazard functions. Initially we will focus on
models without covariates. Later sections of the chapter will then introduce both time-constant
and time-varying covariates into the hazard framework.

Let T?0 represent a positive random duration variable, which has some probability
distribution in the population; t denotes a particular value of T. In survival analysis, T isthe
length of time that an individua lives. In many economic applications T is the duration of an
unemployment spell or the duration of job tenure. The cumulative distribution function (c.d.f.) of
T isdefined as

F(@)=P(T <t), t>0.
The survivor function is defined as
S(t) =1-F(t) = P(T >1).
Thus, S(t) represents the probability that an even has not occurred by timet or that the individual

has “survived past” t. Throughout this section we assume that T is continuous and denote the
probability density function (p.d.f.) of T by f (t) = %—T(t). For At> 0, P(t? T<t+At [T?t) isthe

probability of leaving the initial state in theinterval [t,t+At) given surviva until timet. The



hazard function for T is defined as

Pt<T <t+At|T >t)

A 1)

MO =1l

Thus, the hazard function is the instantaneous rate of leaving per unit time (the “escape” rate)
From equation (1) it follows that, for “small” At, Pt <T <t+At|T >t) ~ A(t)At. The

hazard can then be used to approximate a conditional probability in much the same way that the
height of the p.d.f. of T can be used to approximate an unconditional probability. We can express

the hazard function in terms of the density and c.d.f. very ssmply. First, write

P(t<T <t+At) _FA+A)-F(@O)

PE<T<t+At|T>t)= P(T>1)= 1 F@

When the c.d.f. is differentiable, we can take the limit of the right hand side, divided by At, as

At approaches zero from above:

Fi+A)-F@®) 1 f@) _ @)
At 1-F(t) 1-F(t) S(t)

A() = lim

Because the derivative of S(t) is-f(t), we have

dlog S(t)

A0 ="y

(2)

and, using F(0) = 0, we can integrate (2) to get



E(t) =1—exp[—j;/1(s)ds] >0 3)

Straight forward differentiation of (3) givesthe p.d.f. of T in terms of the hazard function:
F(t) = A(t) exp[— [0 l(s)ds}.

Therefore, al probabilities can by computed using the hazard function. For example, for all

points & < &,

P(T>a,|T>a)= i: IF:EZ; = exp[—f/l(S)dS}

and

P(a,<T<a|T>a)=1- exp[—f /I(S)ds}-

In many empirical applications the shape of the hazard function is of primary interest. In
the simplest case, the hazard functionis constant: A(t)=A, forall t>0. In this case the exit
process is memoryless. the probability of exit in the next interval of time does not depend on
how much time has been spent in the current state. The standard continuous-time model of
stationary job search with a constant offer arrival rate p and wage distribution G implies a

constant re-employment hazard rate

At) =4 = p(1-G(w))



For a constant hazard function, equation (3) impliesthat F (t) =1—exp(At) whichisthe c.d.f. of

the exponential distribution.

When the hazard function is not constant we say that it exhibits duration dependence.
Assuming that () is differentiable, the hazard exhibits positive duration dependence at timet if
d?(t)/dt > 0 and negative duration dependence at timet if d(t)/dt < 0. If d?(t)/dt > O for all t we
say the process exhibits positive duration dependence. With positive duration dependence, the

probability of exiting the initial state increases the longer oneisin theinitial state.

Example 1: Weibull distribution. A popular parametric distribution used in empirical analysisis

the Weibull distribution. The random variable T is said to have a Weibull distribution= if its

cd.f.isgivenby F(t) =1-exp(—yt*)

where ? and ? are non-negative parameters. The p.d.f. isgiven by

At) = F(t) S(t) = yat®™

and the hazard function is f (t) = ayt* exp(-yt*) . When ? = 1, the Weibull distribution

reduces to the exponential with ?= 7. If ?> 1, the hazard is monotonically increasing, so the
hazard everywhere exhibits positive duration dependence; for ? < 1, the hazard is monotonically

decreasing. Graphs of the Weibull hazard function for different values of o are presented in



Figurel.
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Example 2: Log-logistic distribution: The random variable T has alog-logistic distribution if its
c.d.f. isgiven by

1

FO=1- 1+ pt*

and its hazard function is given by

_m B a¢ta—l
A= S(t)  1+gt” )

for a >0 and ¢ > 0. To examine whether the hazard function exhibits positive or negative

duration dependence in some ranges we differentiate (4) with respect to t:

a(o=DPt* ? (Lt )=t ? Pt (L1+gt* ) —agt™? (1+ gt* ) —a’p’t*?
(1+9t°) B (1+9t°)

_afa gt 2 —agit? _oft”| (@-D)-gt" |

(Legte) (Legte)

() =

la
For a <1, A'(t)<Oforaltandfora>1 A'(t) >0for t<(a7_1j and A'(t)<O0if

la
t> (QT_lj . Graphs of the log-logistic hazard function for different values of a are presented

in Figure 2.

10



Figure 2
Log-Logistic Hazard Function
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3. Counting Processes and M artingales

The theory of counting processes and their accompanying martingalesis useful in
devel oping estimation procedures for duration data. Here we will be content with giving a
cursory overview of the counting process approach. More detailed discussions can be found in
Bremaud (1981), Fleming and Harrington (1991), and Anderson et al (1992).

Recall that a counting process is a process that counts the number of events that occur at
randomtimes. Let T, n=0,1,2, ... be a sequence of positive random variables such that
1) To=0
2) Thn<ThiPas

3) IimT, =~ Pas.

n—oo
Condition 3) is needed to insure that the counting process doesn’t blow up to infinity in finite

time. The counting process N(t) is then defined by
N(t):il {T, <t}.
n=1

Thus, N(0) =0, N(t) < amost surely, and the sample paths of N(t) are piecewise constant,
right continuous and non-decreasing with jumps of size 1.

A filtration or history denoted by {F,,t > 0} isasequence of sigma algebras indexed by t

that measure the accumulated information up to timet. Astime progresses information increases

andso F, c F fors<t. Thatis Ae F, > Ae F,. The history “just before” time t is denoted by
F_ and isthe sigma algebra generated by al setsin Fsfor all s<t.

Definition: A process X(t) isadapted to {F,,t >0} if X(t) is i measurable for al t.

12



Before continuing we shall review some results from martingal e theory.

Definition: A right-continuous stochastic process X (t) with left-hand limitsis said to be a
martingale with respect to the history F; if
)] X(t) is adapted to F;
i) X(t) isintegrable (E(] X(t) ) <) fordl t
1)) Foral 0<s<t, E(X(t)|Fs)=X(s) P-as.
X(t) iscaled asubmartingaleif we replaceiii) by
iiia) Foral 0<s<t, E(X(t)|F) = X(s) P-as
and X(t) iscalled asupermartingale if we replaceiii) by
iiib) Forall 0<s<t, E(X(t)|F,) <X(s) P-as.

The next theorem is important for deriving martingal es associated with stochastic processes.

Doob-Meyer Decomposition Theorem Let X(t) be aright-continuous non-negative
submartingal e with respect to history F. Then there exists a right-continuous martingale M(t)

and an increasing right-continuous predictable process A(t) such that E(A(t)) <« and
X{t)=M(t)+At) Pas.

Corollary: Let N(t) be a counting process with associated “intensity process” A(t). Then
t

M (t) = N(t) - j A(t)ds
0

isaF— martingale.

13



Definition: A process X(t) is said to be predictable with respect to{ F,t > 0} if X(t)is F_-

measurable for all t.
Another useful theorem isthe following:

Theorem: If V(t) isapredictable process such that

E[ j;|V(s) |1(s)ds< o P as. then

j;V(s)dM (s) = J';V(s)dN(s) - J';V(s)ﬂ,(s)ds (5)

isaF - martingae.
Let C be a censoring time and define Y (t) to be the stochastic process Y (t) = 1{C >t} .
Thus, Y (t) equals one up until and including the time at which an observation is censored and

equals zero, thereafter. We assume that this stochastic process is measurable with respect to F_.

Further define Z(t) to be the stochastic process Z(t) = I{T, >t} . Using thistheorem and defining
with V(t) = Z(t)Y (t) it can then be shown that

j;Y(s)Z(s)dN(s) - J';Y(S)Z(s)ﬂ,(s)dt isaF, - martingale. Thus,

E( [ Y(9Z(9aN9 | F. ) - E( [ YoM F. ) (6)

for al At >0.

This result enables us to derive an estimator for the integrated hazard function A(t) :
t
At) = J'Ol(s)ds.

From (6) we have that

14



E[YOEZEOAN®) [F. |~ YDAME[Z()|F_ |dt. 7)

Suppose we have arandom sample of size N and let Yi(t), Zi(t), and N;(t) denote the
sample paths of Y (t), Z(t), and N(t) for theith individual, i =1,...,N. Then appealing to the law of

large numbers gives:

ZY(t)Z (t)dN, (t) /1(t)dtZY(t)z (t)

= . Hence,
N N

DY (t)Z (t)dN, (t) ZY(t)Z (t)dN. (t)
A(t)dt = = — =
>V M2 () RO

i=1

where R(t) is the number “at risk” set at time t and includes all those who have not been censored

or havefailed by t:

R(t) =2 ¥ OZ ).

Thus, we have

Y(S)Z(s) N (s) = IJ(S)

A(t) = j A(s)ds j Z RO

8
i=1 R() ()

15



where dN’(s) = ZN:Zi (9)Y.(s)dN, (s) and J(s)=1if R(s)>0and J(s) =0 if R(s) =0 with the

i=1
convention that 0/0=1. Theestimator A(t)in (8) is referred to as the Nelson-Aalen estimator of

the integrated hazard function and is a step function that is constant at all times except failure
times and jumps up by 1/R(t) at timet when afailure occurs at timet.

The integrated hazard function of the single duration variable T, equals
A(t) = J'; A (s)ds= J'; Z(s)A(s)ds. Note this integrated hazard function is stochastic because of

Z(1).

Thus,

[ 23O (9Z (9N (9~ [ 3 ISV (97 (9dA(S)

= [, SN (9= [ IS (9dA; (9 ©)

SIBRICMCLYHE

So,

~ N J(s)Y.(s) Y, (s)J(s)Z () Y (9)I(S) ;1 ,+
A(t)—éj R dA;(s) = JZ[T}d(N (9-A(9) = jzl = dM; (s) (10)
Which shows that for all t, A(t) isan unbiased estimator of j;ﬂ(S)dA(S) where 7(s) = P(J(s) =

1), since

16



5 IOV g ([2O TS _[3
Z;,L RS dA;(s) = fo{ R(S)M;Y(S)Zi (S)}dA(S) = IO{R(S)}[R(S)]O'A(S)
= [  3(sydA(9)

Furthermore, as N — o0, P(J(s)=1) -1 as. and, hence, A(t) isaconsistent estimator of

A(t) .

The next two corollaries are useful applications of the Doob-Meyer Decomposition Theorem:

Corollary 1: Let M(t) be aright-continuous martingal e with respect to F; and assume that

E [ M 2(t)} < oo for al t. Then there exists a unigque right continuous predictable process called

the predictable quadratic variation of M(t) and denoted by <M,M>(t) such that <M,M>(0)=0,

E(M,M)(t) <o foralt and M?(t)—(M,M )(t) isaright-continuous martingale.
Corollary 2: Let Mj(t) be aright-continuous martingales with respect to F; and assume that

E[M z (t)} <oo for al t, i=1,2. Then there exists a unique right continuous predictable process

called the predictable covariation process of M(t) and M(t) and denoted by <M;,M,>(t) such

that <M1,M2>(0)=0, E(M,,M,)(t) <o foralt and M,(t)M,(t)—(M,,M,)(t) isaright-

17



continuous martingal e and. < M, M 2) (t) isthe difference of two increasing right-continuous

predictable processes.
Finally, we have

Theorem: Let V4(t) and V(t) be bounded predictable processes and M(t) and M(t) martingal es

with respect to F; such that M/ (t) < o0, i=1,2. Then

[VAOIM, OV, 0)dM, (1) - [V, OV, () (M, M, ) (¢) (1)

isamartingale. Finally we present a theorem that relates the compensator of M(t) to the

compensator of M(t).

Theorem: Let N(t) be a counting process with compensator A(t). Assume that amost all sample

paths of A(t) are continuous and that E[ M?(t) ] < oo Then <M,M>(t)=A(t). Or in other words,

M?3(t) — A isamartingale.

Sketch of Proof: Integration by parts shows that

M?2(t) = 2[; M (s7)dM (s)+ Y _{AM (s)}z. Now, since M(t) = N(t) — A(t) we have

s<t

18



AM (S) = AN(s) — AA(S). Substituting into above yields

M 2(t) = 2j; M (s)dM (5)+ > {AN(S) - AA(s)}’

s<t

- 2j; M (s)dM () + 3 {AN(9)}’ = 2j; M (s )dM (s) + N(t)

s<t

where the second equality follows from the assumption that A(t) has no jumps P-a.s. and the

third equality follows from the fact that N(t) is a counting process and so

N(t) =D AN(s).

Since M(t)= N(t)-A(t) we then have

M 2(t) — A(t) = 2j; M (s7)dM (S) + M (t).

Now M(s) is a predictable process, so both terms on the right hand side are martingales which

shows that A(t) is the compensator of M(t). Q.E.D.
Next, we have

Theorem: If Ni(t), i=1,...,N are independent counting processes with compensators, A;(t),

defined by j;ll (s)dsand H;(t) are F — predictable functions then

19



M (t) = ZN:j; H, (s)d (N, (t) - A(t)) isan F— martingale with
1) E(M(®)=0fordl t

2) var(M (b)) = i j; E[H(s) i (s)ds.

Applying this theorem to the Nelson-Aalen estimator we have

Var(A(t)—J;J(s)dA* (s)) =Var[ﬁ%dM*(s)] _

_E[L[R(S)] d<M’ M { E{[O(R(S)] R(s)dA(s)}

- E[J‘O[ R(S)](S)dA(S)}

this can be estimated by

t( J(s) .

IO(R(S)Zde (=)

For largen,

) n t N 2_. t L(S) * _ i
(00 o ~gme] [ 5 o o] -1 5

Finally, note that

20



A)- j;J(s)dA*(s) - IO *(s)J -

OR()

- o
) 5o

which from the martingale central limit theorem leads to the result that the Nelson-Aalen

estimator is asymptotically normally distributed.

Summarizing our results for the Nelson-Aalen estimator A(t) = j ‘;( ; dN’ (s) we have:

Theorem:
1) A(t) isan unbiased estimator of j;J(s)dA(s).

2) A(t) isaconsistent estimator of A(t).

3) Jn ([\(t) —A (t)) is asymptotically normally distributed with mean 0 and variance
| dA" ().
o\ 7 ( S

i) Kaplan Meier Estimator of the Survivor Function

The Nelson Aalen estimator can be used to derive an estimator for the survivor function S(t).

Note that since

21



dF(t)

A0 =1- F(t)

we have

S(t) =1- j;(l— F(s))dA"(9=1- j; S(s)dA’ (9)

So, we can think of an estimator of S(t) has being defined recursively using
§(t) =1- j; §(s)dA(s) (12)

where A(t) isthe Nelson-Aalen estimator of the integrated hazard function. Substituting the

definition of the Nelson-Aalen estimator into (12) yields:

J(t)dN*(t)j: é(t)(%j if dN"(t)=1

dS(t) = é(t‘)( RO

0 if dN"(1)=0

Since $(0) =1 wethen have

o (N ) (1
S(t)‘g{l ( R(S j}_n{l (R(ti)j}' 13



Before turning to models with covariates, we present an example using joblessness spell data
from the February 1996 Current Population Survey’s Displaced Worker Supplement (CPS-
DWS). In the CPS-DWS workers who have been displaced from ajob in the previous three years
are asked how many weeks it took before they were re-employed. Joblessness duration data are
right censored if the spell was ongoing at the time of the survey. For convenience we al so censor
all spells after 100 weeks. The Nelson-Aaen estimate of the integrated or cumulative hazard
function is presented in Figure 3. Since the integrated hazard is discontinuous it is not possible to
directly estimate the baseline hazard. However, applying kernel smoothing techniques an

estimate can be derived. Thisis presented in Figure 4.
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4. Parametric M ethods for Continuous-time Data with Covariates

i) Time-Constant Covariates

Usually in economics we are interested in hazard functions conditional on a set of covariates or
regressors. When these do not change over time, then we simply define the hazard conditional on

the covariates. Thus the conditional hazard is

< >
Pt<T <tZtAt|T_t,x) (14)

e =iy

where X isavector of explanatory variables. All of the formulas introduced in section 2 above
continue to hold provided the c.d.f. and density are defined conditional on x. Often we are
interested in the partial effects of the x; on At;x), which are defined as the partial derivatives for
continuous x; and differences for discrete x;. While the durations defined by (14) refer to some
“internal” time until the occurrence of an event, the impact of calendar time can be modeled by

incorporating suitable covariates into x.

An especialy important class of models with time-constant regressors consists of the
proportional hazards model. A proportional hazards model can be written asA(t; x) = p(x)4,(t)
where (%) > 0 isanon-negative function of x and ?(t) > 0 is called the baseline hazard. The
baseline hazard is common to al individuals in the population; individual hazards differ
proportionatel y based on a function (x) of observed covariates. Typically, 7 is

26



parameterized as p(X) = exp(x'B)

where ?is avector of parameters.

ii) Time-Varying Covariates

Studying hazard functions is more complicated when we wish to model the effects of time-
varying covariates on the hazard function. For one thing it makes no sense to specify the
distribution of the duration T conditional on the covariates at only one time period. Neverthel ess,
we can still define the appropriate conditional probabilities that lead to a conditional hazard

function.

Let x(t) denote the vector of regressors at timet. Fort ? 0, let X(t), t? O denote the covariate path

through time t: X(t)={x(s): 0 ?s?t}. We define the conditiona hazard function at timet by

P(t<T <t+At|T >t X(t + At))
At '

AG X)) =lim (15)

The proportional hazard form is commonly used when covariates are time-varying:

A(t: X (1) = p(x(1) A, (1) - Usually p(t) = exp[x(t)’7].

Below, we shall focus on techniques primarily for flow sampling. With flow sampling, the
sample consists of individuals who enter the state at some point during the interval [0,t°] and we

record the length of time each individual isin theinitial state. Flow data are usually subject to

27



right censoring. That is, after a certain amount of time (t°), we stop following the individualsin
the sample, which we must do in order to analyze the data. For individuals who have completed
their spellsintheir initial state we observe the exact duration. But for those still in the initial
state, we only know that the duration lasted at |east as long as the tracking period.

iii) Maximum Likelihood Estimation with Censored Data

For arandom draw i from the population, let g ? [0, t%] denote thetime at which

individualsi enterstheinitia state (the starting time), lett, denote the length of timein the initial
state (the duration), and let x; denote the vector of observed covariates. We assumethat t, hasa

continuous conditional density f(t|x;;?), t ?0, where ? isthe vector of unknown parameters.

Without right censoring we would observe (g,, X;) and estimation would proceed by

conditional maximum likelihood estimation. To account for right censoring we assume that the
observed duration ist; isobtained as t, = min(t,,c) where ¢ is the censoring time for individual

i. In some cases, ¢ is constant acrossi. For example if you were to track all individuals whose
duration starts at the same calendar time and track them for up to 2 years then the common
censoring time would be 104 weeks. We assume that, conditional on the covariates, the true

duration distribution is independent of the starting point g and the censoring time ¢;.

H(ti*lxi'q'cu):H(ti*lXi) (16)

where H(%) denotes the conditional distribution. Under assumption (16), the distribution of

t" given (x;,6,c) does not depend on (e,c). Therefore, if the duration is not censored, the density

28



of ti = given (xi,&,c) issimply f(t|xi;?). The probability that t; is censored is

Pt > ¢ |x)=1-F(c |x;;0)

Let d; be acomplete spell indicator (d; = 1 of uncensored, d; = 0 if censored), the conditional

likelihood for observation i can be written as

ft 1x;0)* [1-F(t |x;0]""

For arandom sample of size N the maximum likelihood estimator of ?is obtained by
maximizing

N

Z{ d log[ f (t; [%;;0)] +(1—d)log[1-F(t |x;;0)]}

i=1

For example, the Weibull distribution with covariates has conditional density

f(t [x:0) = exp(x/B)at” ™ exp[—exp(x/B)t*]

where x; contains unity asitsfirst element for all i.

iv) Unobserved Heter ogeneity

One way to obtain more general duration modelsis to introduce unobserved
heterogeneity into fairly simple duration models. In addition, we sometimes want to test for

duration dependence conditional on observed covariates and unobserved heterogeneity.
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The key assumptions used to incorporate unobserved heterogeneity are that:

1) Unobserved heterogeneity is independent of the observed covariates.

2) Unobserved heterogeneity distribution is known up to afinite number of parameters

3) Unobserved heterogeneity enters the hazard function in a multiplicative fashion.
Before moving to a more general framework we will consider the model by Lancaster (1979).
For arandom draw i from the population it is assumed that the hazard function has the Weibull

form conditional on the observed covariates x; and unobserved heterogeneity v;:

A%, %) = v, exp(x)ot” (17)

where x;; ?1 and v; > 0. To identify the parameters ? and ? we need to normalize the distribution
of v; so that E(v;) = 1. In Lancaster (1979), it was assumed that the distribution of v; =

Gamma(?,?) so that E(v;) =1 and Var(v;) = U2

In the general case where the c.d.f. of given (xi,vi) is F(tx;,vi,?) we obtain the distribution of t’
given x; by integrating out the unobserved effect. Because v; and x; are independent, the c.d.f. of
t' givenx; is

G(t|%,;0,p) = [ F(t]x,,v;;0)k(v;p)av
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where it is assumed that the density of vi, k(?27?) is assumed to be continuous and depend on the

unknown vector of parameters ?.

With censoring and flow data we should assume

H(ti* |X;,V,€,C) = H(ti* |, v;) and K(v [x;,6,¢) = K(V)

Suppose that the unobserved heterogeneity distribution has a gamma distribution and
At Xi»V, )= Vido (t) eXp(Xi’ﬁ)

Then,

F(tlx,v)=1- exp[—vi exp(x;p) | %(s)ds} = 1-exp[-v, exp(x/p)A(t)]

t

where A(t) = j 2,(3)ds.
0

Now the density of v; is

k(V) = 8°V exp(=6v) / T(V)

where Var(v;))=1/?and ?(? isthe Gamma Function. Thus,
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G(t1x,;0,p) =1~ [ " exp(~v exp(XB)A 1))’V exp(~6v) / T(5)dv

-1- [1+ exp(x:mA(%)s |

Why would we introduce heterogeneity when the heterogeneity is assumed to be
independent of the observed covariates? In many instances in economics, such as job search
theory, we are interested in testing for duration dependence conditional on the observed and
unobserved heterogeneity, where the unobserved heterogeneity enters the hazard
multiplicatively. As shown by Lancaster (1979), ignoring multiplicative heterogeneity in the
Weibull model resultsin asymptotically underestimating ?. Therefore, we could very well
conclude that there is negative duration dependence conditional on x, whereas there is no

duration dependence conditional on x and v.

Returning to our example using the CPS-DWS we estimate both Weibull and Weibull-Gamma
models controlling for a number of covariates including the weekly benefit amount an individual
isqualified to receive (WBA) and an indicator for Ul receipt (Ul) and the interaction of the two
(U1??2?WBA).! Figures5 and 6 display the estimated cumulative hazard and survivor function,
respectively, when the covariates are set to their sample means. To investigate the impact of Ul
receipt, Figure 7 portrays the difference in the estimated survivor function for a Ul recipient and
Ul non-recipient who both qualify for weekly benefits of $200 per week, and whose remaining

covariates are fixed at their sample means. As can be seen from the figure, the survivor function

! Controls for gender, race marital status, age, education, immigrant status, region of country, industry of lost job,
tenurein lost job, bluecollar-whitecollar status, reason for displacement, weekly wage in lost job and year of
displacement were also included. The sample includes only those who are imputed to be eligible for Ul benefits.
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of the non-recipient decreases much more rapidly indicating that they find jobs more quickly

than Ul recipients. Figures 8 through 10 present graphs for the Weibull-Gamma mode!.

Figure 5
Weibull Model: Cumulative Hazard Estimate
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Source: February 1996 Current Population Survey

Graph produced by Stata 8.2
Stata Corp. College Station, TX.
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Survival

Figure 6
Weibull Model: Survivor Function Estimate

I I
0 20 40 60 80
Joblessness Duration

Source: February 1996 Current Population Survey

T
100

Graph produced by Stata 8.2
Stata Corp. College Station, TX.



Survival

A4

.6

Figure 7
Weibull Model: Survivor Function Estimate by Unemployment Receipt
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Cumulative Hazard
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Figure 8

Weibull-Gamma Model: Cumulative Re-employment Hazard Estimate
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Graph produced by Stata 8.2
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Survival

Figure 9
Weibull-Gamma Model: Survivor Function Estimate
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Figure 10

Welibull-Gamma Model: Survivor Function Estimate by Unemployment Insurance Rece
Lo
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5. The Cox Regression M odel

i) Data with no ties:

The model s presented above impose parametric assumptions on the baseline hazard
function. In many instances economic theory provideslittle help in identifying a particular
parametric class. However, if the true baseline hazard function does not belong to the assumed
parametric class of functions, estimates will generally be biased. Cox (1972, 1975) developed a
technique for obtaining estimates of the 3 without imposing any parametric form on the baseline

hazard. Thistechnigueis referred to as Cox regression. The model was devel oped with
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continuous time duration data in which the probability of two durations ending at the same time
equals zero. In most applications however, duration data is grouped to some extent and the
model has been modified to accommodate “ties” in the data. First, however, we will look at the
case of “no ties.”

The Cox regression model assumes that the conditional hazard function follows a

proportional hazards model:

A6 %) = 2o(t) exp(x; B)
The benefit of the Cox regression method is that it makes no assumptions about the form of the
baseline hazard function ?y(t). In fact the estimation method “partials out” the baseline hazard so
that it doesn’t appear in the maximand; the only parameters that appear are the regression
coefficients. Thus, Cox regression is a semi-parametric estimation method.
Cox regression estimation relies on forming arisk pool or risk set at each failuretimein

the data. Therisk set at failure time t??includes all individuals, i, with and ¢; greater than or equal

tot? Thusat t?an individual isin therisk set if the event has not occurred before that time or
they have not been censored. The partial likelihood function is then constructed by considering
the conditional probabilities of failure at each failure time.

For example suppose that there are 5 observations in the data such that

Obs. i di Xi
1 3 1 2
2. 5 0 2
3. 6 1 1
4, 9 1 0
5. 11 1 1
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Let R(tj) betherisk set at the (ordered) failuretimet;. Thus, R(3) ={1,2,3,4,5}, R(6) = {3,4,5},
R(9) ={4,5} and R(11)={5}. At each event time t;, we consider the conditional probability that
the event occurs for the particular observation among those observations remaining in the risk set
“just before” t;, conditional on one event occurring at t;. For any observation, i, intherisk set at
time t; the probability of failure at t; approximately equals (t;;x;). Thus, if observation | fails at

time t;, then the conditional probability of observing j equals

S exp(Xp,) or simply S exp(xB) where R, =R(t,).
ieR(t;) iR,

An alternative way to think about the construction of the partial likelihood is to think of
drawing balls from an urn at each failuretime. A bal isincluded in the urn for individual i at
timet; only if individual i has not been censored or has not failed before timet;. Instead of equal

probabilities the relative probability of drawing the ball associated with individua i equals

exp(xB;)
> exp(xiB;)

ieR(t;)

exp(x'B) . Thus probability of drawing individual j equals

The partial likelihood is formed by the product of these conditional probabilities over all

failure times:
K| exp(XB)
PL(B) = _
O=11 S e
or

I0gPL®B) =Y x B - Iog(z eXp(xi’B)J (18)

ieR;
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Estimates are obtained by maximizing (18) with respect to . Let |3 denote the value of B that

maximizes (18). Then, thefirst order conditions for a maximum state that the vector [5 must

satisfy:

> x, exp(xB)

K
ieR;

s(B) = e~
) lzl‘ YT )

ieR;

The vector function sis usually referred to as the score function. From our discussion of

counting processes it is clear that

M, (®) = [ Y(9Z(9AN,(9) - [ Y(9Z(9)2o() exp(x, B)ds

isamartingale. Defining the predictable function H, (t,B,x,, x,,...,x,) as

Z X; exp(X;B)

_ ieR;

> exp(xB)

ieR;

Hj(t,[i,xl,xz,...,xn)=xj

we have
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= ] H (5B X XY (9Z(IAM () - (19)

L[ 2 xen(p)
IR e MEEICECLE S

exp(x; B) Y x; exp(xiB)

ieR;

2_exp(x;p)

- j: Zn:Yj (9)Z;(s)X; exp(x, B) - Ao(S)ds

exp(x; B) Y x; exp(xiB)

- jo .ZR} X; exp(x;'B) _;; Z eX|Jo(xi'B) A, (s)ds=0.

Using (19) and appealing to results from laws of large numbers and Martingale Central

Limit Theory, it can be shown that the estimates are both consistent and Jn- asymptotically

normal with the variance-covariance matrix equal to
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A GEOME
oBop’

which can be consistently estimated by

< alog(PL,(B) | [ & dlog(PL, (B)) alog(PL, (B)) |
{Z_ opop’ }Or {Z o oB

where the vector f denotes the vector of Cox regression estimates and
exp(x’B)

D exp(xiB)’

ieR;

PL; () =

ii) Datawith Ties

With ties in the data the exact partial likelihood becomes more complex athough there
are some approximation methods that reduce the complexity and perform well aslong as the
number of ties are “small”. Suppose at each event time j, d; events occur and let D, be the set of
individuals for which the event occurs at time j. Returning to the urn analogy then instead of
drawing one ball from the urn at time j, we draw d; balls without replacement. For a particular

sequence s={j(1), ..., j(d;)} of draws the probability of observing that sequence equals

d exp(X B (o))
lql > exp(x;B;)

ieR(t))H (@), ] (a-1}

(20)

Thus, the probability equals
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d;

1 S ] eXP(XjqB ()

dj ' seP(Dj) g=1 Z exp(xlypl)
ieR(t)){j@....j(a-1}

where P(D;) represents the set of permutations of the indices of the D; individuals who fail at
time t;. Since the construction of the exact partial likelihood with ties can be quite complex,
several approximations have been suggested. Perhaps the most well know is that by
Breslow(1974) who essentially substitutes sampling with replacement for sampling without
replacement in the urn analogy.

Define

S = Xy

keD,

Then the Breslow approximation to the partia likelihood equals:

~

exp(s;B)

{Z exp(x| B)}

PLy(B) =]

Il
=

An aternative approximation by Efron (1977) adjusts the denominator of the Breslow
approximation to the partial likelihood by subtracting aterm for the number of balls drawn from
the urn. But instead of deducting the probability weights for the actual balls drawn and then

averaging over al permutations Efron (1977) deducts the average probability weight where the
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averageisover al d;in D;. The Efron (1977) approximation to the partial likelihood equals:

exp(s;B)

D" exp(x(B) - kd_l D" exp(x(B)

k=1 iERj i ie‘.i)j

PL.®)=]]

di
j=1

Since the Cox regression partial likelihood eliminates the baseline hazard function it does not
produce estimates of the baseline hazard function. The estimates of B, however, can be used to

estimate the cumulative baseline hazard, A, (t) , using an estimator that weights the data using

exp(x;B):
J(s)
2. Y.(9)Z,(s)exp(x, )

n
i=1

Ayt =]; dN (s).

0

An estimate of the baseline survivor function, Sy(t), then equals:
S =ep(-Ay(1))-

Returning to or joblessness example presented above, Figures 11 and 12 present
estimates of the cumulative hazard and survivor functions when covariates are fixed at the
sample mean while Figure 13 presents estimates of the survivor function for a Ul recipient and
non-recipient who qualify for $200 per week in benefits and whose other covariates are fixed at

the sample mean.
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Cumulative Hazard

Figure 11

Cox Regression Model: Cumulative Hazard Function Estimate
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Survival

Figure 12

Cox Regression Model: Survivor Function Estimate
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Figure 13

Cox Regression Model: Survivor Function Estimate by Unemployment Insurance Rect
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iii) Stratified Cox Regression

In some circumstances the proportiona hazards assumption may be inappropriate. If the
suspect variableis acategorical variable, then one can relax the proportional hazards assumption
for that variable by estimating a stratified model. Suppose the variable w has H categories and

that, apriori, it you suspect that the hazards are non-proportional across the H categories. Then

the stratified Cox regression involves maximizing the partial likelihood function:
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<1 exp(x,p)
P11 S op(XB)

h=! 1] =1
IeRh

where x includes all other variables except w.

6. Discrete-time Duration Data

i) Time-Constant Covariates
Most duration data available in economics is grouped. That is durations are only known
to fall into a certain timeintervals, such as weeks, month, or even years. For example,

unemployment duration data are typically grouped into weeks.

One econometric approach that is taken when analyzing grouped duration data summarizes the
information on staying in the initial state or exiting that state in each time interval using a
sequence of binary responses. Essentially, we have a panel data set where the duration of an
individual determines avector of binary responses. These in conjunction with the covariates can
be thought of as creating an unbalanced panel where the number of observations per individual
equals K; = min(D;, C;) where D; equals the number of periods until the event occurs and C;
equals the number of periods until the observation is (right) censored. In addition to allowing us
to treat grouped durations, the panel data approach has at least two advantages. First, in a
proportional hazard specification it leads to simple methods for estimating flexible hazard
functions. Second, because of the sequentia nature of the data, time varying covariates are easily
introduced.

Through out this discussion we will assume flow sampling. We divide thetime line into
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M + lintervals, [0, kq), [K1, k2), ?, [Kkm-1, Km), [Km, ?), where kq, are known constants. For
example, we might have k; = 1, ky = 2, k3 =3, and so on, but unequally spaced intervals are also
feasible. Thelast interval is chosen so that any duration falling into it is censored at ky: no
observed durations are greater than ky,.

For arandom draw from the population, Let yn, represent a binary indicator equal one if
the event occurs in them™ interval and zero otherwise. For each person i, we observe

(Yias- s Vi Y Which is an unbalanced panel data set of length K;. Note that the string of binary

indicatorsis either a sequence of all zeros or a series of zeros ending with a one where the former
sequence is observed when the observation is censored and the latter sequence is observed when

the series of zeros ends because an event occurred.

Let 5, =1(C =k), ki=1,...K;. With time invariant covariates, each draw from the

population is,{(yil,cSil),...,(yiK o ),x} . We assume that a parametric hazard function is

specified as 2(t; X,?), where ? isavector of unknown parameters. Let T denote the time until
exit from theinitia state. While we do not fully observe T, either we know which interval it falls
into, or we know whether it was censored in a particular interval. Thus we can compute
P(Yn =0[¥Yn1=0,6,,=0%), (Y =1 ¥y =0,6,,=0X%,), m=1,... M.

To compute these probabilities in terms of T, we assume that the duration is conditionally
independent of censoring:

T isindependent of C given C. Thus,
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P(ym =1| Yma = 0, 5m—1 =0,x) = P(km—l <T< km |T > km—l) =1- exp[_jkkm A(S;X,ﬂ)d8j|

=1-a,(x,0), m=1 ..., M where ¢, (x,0) = exp[—jkkm A(s;x,ﬁ)ds}

Therefore,
P(Y =1 Y1 =0,6,,=0,X,) =, (X,0).
We can use these probabilities to construct the likelihood function. If, for observation i,

uncensored exit occursin interval m;, the likelihood function is
k-1
|:Ham(xi 19):|[:|'_ak1 (Xi ’9)] . (21)
m=1

The first term represents the probability of remaining in theinitial state for the first k; - 1
intervals, and the second term is the (conditional) probability that T fallsinto interval k;. If the
duration is censored in interval k;, we know only that exit did not occur in the first k; -1 intervals,
and the likelihood consists of only the first term in expression (21).

If di isacensoring indicator equal to oneif duration i is uncensored, the log likelihood for

observation i can be written as
Ky
log(L;) = > logla,,(x;,0)] +d, log[1- o, (x;,0)] (22)
m=1

Thus, for asample of size N, thelog likelihood function is

N N ki
log(L) = Z log(L;) :ZZ log[er,, (x;,0)] +d, Iog[]-_O‘ki (x;,0)] (23)
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To implement conditional MLE, we must specify a hazard function. One hazard function that is

popular is a piecewise-constant proportional hazard: for m=1, ?, M,

AtX,0) = y(x,p)A,, k., <t<k..

With a piecewise constant hazard and y (x,p) = exp(x'B) for m=1, ?, M we have

o, (X, 0) = exp[—exp(X'B) A, (K, — K, 1)]

where kn, are known constants (often kn, = m).

Alternatively one could assume an underlying continuous baseline hazard and define
km

Oom :L Ao (S)ds, m=1, ..., M

and

o, (X, 0) = exp[—exp(x'B)c (24)

om] -

Without covariates, maximum likelihood estimation of the «,,, in (24) leadsto awell known

estimator of the survivor function. We can motivate the estimator from the representation of the
survivor function as a product of conditional probabilities. For m=1, ?, M, the survivor function

at time k,,, can be written as

S(k,) =P(T > k)= [P(T >k [T >k )
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Now, for each r=1, 2, ?, M let N, denote the number of peoplein therisk set for interval
r: N, isthe number of people who have neither |eft theinitia state nor been censored by k;.;.
Therefore, N isthe number of individualsin theinitial random sample; N is the number of
people who did not exit theinitial statein the first interval, less the number of individuals
censored in the first interval, and so on. Let E; be the number of people observed to leave in the

' interval. A consistent estimator of

P(T > k| T > kra) is

(N-B) 1o M. (@25
N

r

It follows from equation (25) that a consistent estimator of the survivor function at time

(N, = E)} m=1,2, ..M.

S(k,,) = H{

r

Thisisthe discrete-time Kaplan-Meler estimator of the survivor function (at points ks, ko, ?, Ki).

We can derive this Kaplan-Meier estimator by maximizing the likelihood function

L :H{ﬁam}(l—aK)d‘ . (26)

with respect to «,,, m=1,...M where d; isan indicator variable that equals one if the individual

spell is not censored. Taking the log of (26) gives
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i=1 | m=

In(L) = ZN:{“m(am)}eri In@-ay)

and then rearranging terms yields

In(L):i{ 3 In-a,)+ > In(am)}

m=1 { ieS(m) ieD(m)
where S(m) denotes those individuals who survivor past m and D(m) denotes the set of

individuals for which the event occurs during m. This reduces to
M

In(L) = > {S*(m)In(a,,) + D* (M) In(1- z,,)}
m=1

where S*(m) (D*(m)) denotes the number of individualsin S(m) (D(m)). Differentiating the log
likelihood and setting it to zero yields

S*(m) 2 = D*(m)
a 1-«

m m

or
(S"(m)+ D*(M)d,, = S"(m) .
Solving for ¢, thenyields

. S*(m) N —E

m m

a. = =
™ S*(m)+D*(m) N

m

Now

S(@) =11 =ﬁ(“fhj Ef]

r=1 r

which was the Kaplan Meier estimator above.



ii) Time-Varying Covariates

For the population, let x1, X2, ?, Xm denote the outcomes of the covariates in each of the
M timeintervalsand let X = (X1, X2, ?, Xm), Where we assume that the covariates are constant
within theinterval. In general we will let X, = (X1, X2, ?, X;). We assume that the hazard at timet
conditional on the covariates up through timet depends only on the covariates at timet. If past
values of the covariates matter, they can ssmply be included in the covariates a timet. The

conditional independence assumption on the censoring indicatorsis now stated as
D(T=k,|T>K,,.X,,0,)=D(T =k, |T>k. ,,Xx,), m=12 ...M

This assumption allows the censoring decision to depend on the covariates during the time
interval (aswell as past covariates, provided they are either included in X, or do not affect the
distribution of T given Xn,). Under this assumption, the probability of exiting (without censoring)

is

P(y,=1lY,,=0X,,0,=0=P(k,, <T <k, |[T=>k ,,X,)

=1- exr)[jf“ A(s xm,e)ds} _1-a,(X,,0). )

we can use equation (27) along with P(y,,=0]y,., =0,X,,,9,, =0) =a,,(X,,, 0) to construct the

log likelihood for person i asin (22) and the sample log likelihood (23).

i) Unobserved Heter ogeneity
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Unobserved heterogeneity can also be added to hazard models for grouped data. For

example, adding unmeasured heterogeneity to (24) and letting 2 = exp(v;) gives

0 (X1 6, 0) = exp[—5 exp(x;B)ct,y,] (28)

Now the survivor function associated with () equals

S(m; X, &,0) = {lm[ a, (X, .5,9)} = {]m[ exp[—& exp(x; B)a,, ] } = exp{—éiexp(x; B)a,, } . (29)

Let ?have c.d.f. G(?. Then

S(m X,,0) = jexp{—é Emj expx; B)a,, }dG(é)-

r=1

Now, if G is agamma distribution with E(?) = 1 and Var(? = ?* then (29) becomes

m _/]{).2
S(M X,,,6) = [1+ o2 exp(x.p)a, j . (30)

r=1
We can then use (30) to form the log likelihood function by noting that the probability of
the event ending in period m equals S(m-1;Xm.1, ?) - S(M; X, 7). Letting di equal 1 if event

occurs and 0 otherwise (censored) we have the log-likelihood function
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N
In(L) = > (1-d)In[S(k ~LX,,0)]+d, In[S(k ~L X, ;,0)—S(k ; X,,0)]In
i=1
where 0 = (a',B’,az)' With @’ = (g, Aoy -, gy )- Other unobserved heterogeneity distributions

are:

m b
Inverse Gaussian: S(m; X ,0) = exp(i2 {1— (1+20%D exp(x;B)cry, )} J

o r=1

o r=1

m b
Stable Distribution (Hougaard ,1986): S(m;Xm,e)_exp(i{l—(1+Cc722exp(x;[})am)} J

J m
Mass-Point Distribution: S(m;X,,,8)=>"p, exp(—cfj > exp(x,B)a,, j
r=1

=1

J
where J equals the number of mass points and z p; =1 . Rather than fixing the mean of the
j=1

mixing distribution to 1 for this distribution, empirical implementation is easier by instead fixing

?01 =1

7. Multi-spell Discrete-time M odels

Suppose that instead of a single duration we have multiple durations. For example, we
may be interested in examining consecutive unemployment durations. The survivor function for

the g spell satisfies
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S (k) = PT* > k) = [[P(T >k IT* >k )

We shall assume that

PT?>KS|T® > k2 ) =ald(x2,0) =exp[—exp(xS B*)ad]

or
P(T? =kp IT® > k3,) =1-an(x7, 0) = 1-exp[—exp(x} B ago] -

Thus,

S*(k2) = P(T* > K2) = [ [ expl-exp(x!'p)ad]

We will have datafor up to G spells for an individual. If an individual completes the g™ spell

with K9 = k9 that spell contributes
k-1 ' '
P(K? = k) = {H exp| ~exp(xB°)a} ]}(exp[—exp(xag B, |)

to the likelihood function. If they are censored in the g™ spell at time k? then that spell

contributes
P(K® =k’)= {H exp[—exp(x{'B®)org ] }

to the likelihood function. Let the spell indicator variablesv? =1 if an individual enters the g"
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spell and zero otherwise, g=1,...,G and define the censor variables d? = 1if the individual

completes the gth spell and zero otherwise, g=1,...,G. Then each individual contributes

9
i

G k,-g—l dig Vi
’ =H[{H expl exp(x? Bg)aé’r]}(l— expl- exp(x, B*)rg 1) J
to the likelihood function which is

N N G kiQ,l ’ dig \/ig
L=TTL =TITT|{TTexpl-exp(x?B*)lerg, (1-expl-exp(xg,B*)ars,,])
i=1 i=1 g=1 r=1

and the log-likelihood function equals

0 as |
3 In{expl-exp(x¢ B*)rg 1} (1- expl-exp(xy, B)acd, ]

r=1

Il
UN
«
Il
uN

- iivlg {_k:z—_llexp(xlg’ﬁg)agr } " dig ln(l_ exp[_ eXp(Xg,g’Bg )a(?kig )}

Under the assumption that spell durations are independent, the likelihood decomposes

and one can obtain estimates for this model by estimating G single spell models where all

individualswith v? =1 areincluded in the g" estimation. If we instead assume that %= B and

ad =a,, forall g then we can “stack” observations for each spell within each individual and

estimate a single spell duration model with log likelihood



In(L)==>.> v H—Z exp(X? B) oy } +d¢ In(l— expl - exp(xy, B)ery,q ])}

i=1 g=1

An intermediate case would be amodel that restricts B° = for al g but allows the

baseline hazard parameters to be spell dependent.

Kg-1

{—vg exp(x? |3)a0r+dgln(1 exp[—exp(x?,’ B)aOKg )}

nL=3"3"

i=1 g=1 r=1
This caseis similar to the continuous duration Cox regression model that stratifies the stacked
data by spell. One could employ single spell discrete duration methods to estimate such a model

by stacking the data and incorporating (G-1) ? M time-varying covariates that are of the form
Xy =1 (K =Kk)x1(S=g) where Sisavariable denoting the particular spell.

Estimation becomes more complicated if we assume that for each duration
P(T?>kJ|T®>k?—-1) hastheform
PT® > k3 | T2 > k& —1) = g (3, 0°) = exp[—£® exp(x? B*)ard,]
where &9 are unobserved random variables which are assumed independent of the covariate
processes X , g=1,...,G. In general, the £° may be correlated with each other. Denote thisjoint
distribution of the G x 1 vector & by G(§ ;8) where we have assumed that the distribution can be

parameterized by the Q x 1 vector 8. The unconditional log likelihood function is obtained by

integrating out & . Thuswe have

In(L) = z J In[]‘[“ ] eXp(—égeXp(X?'Bg)ac?r)}(l—eXp[—égeXp(XEg'Bg)a(?Kg])di} }de(a;a) (31)

g=1
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Estimates are obtained by maximizing () with respect to the Bg, clomg, and 8. Maximum
likelihood estimation may prove computationally intensive since the integral in (31) istypically
multivariate. One may assume a mass-point specification for G where there are M types of
individuals in the population and each type as aunique G x 1 vector 6 of location parameters.
Let py denote the proportion of the g™ type in the population, g=1,...,Q. Then the log-

likelihood (31) becomes

kI

N Q G w]"
In(L)=>In| > pq]‘[Hl‘[(exp(gqg exp(x?B)ag )}(1— expl—&; exp(x; B*)ag,, ) }

g= g=1 r=1

This likelihood is then maximized with respect to B9, &g, g=1, ...,G and &4, and pq g=1,...,Q

Q
where >’ p, =1.
g=1

8. Competing Risk M odéls

In many cases spells end for different reasons. Individuals may quit ajob or be laid off, a
person may die because of cancer or a heart attack, re-employment may occur into ajob that is
part-time or full-time. In such cases the explanatory variables may have differing effects on the
relative probabilities of spells ending for particular reasons. Competing risks framework is
meant to allow for this possibility. While without regressorsit is not possible in general to
distinguish models with correlated risks from those with independent risk, Heckman and Honore

(1989) have derived sufficient conditions on the regressors which enable such identification. We
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shall assume that such regressors exist. Also for smplicity in the discussion below we focus
exclusively on the case of two risks. Extension to cases where the number of risks exceedstwo is
straightforward.

Competing risk models assume that there are two latent duration variables, T, and To,
which represent the time until the occurrence of the type 1 and type 2 events, respectively.
What is observed, however, isonly T=min(Ty, T2) and an indicator I{ T=T1}. Thisisreferred to
as the “identified minimum”. Thus, we know not only how long it took before at least one of the
two types of events occurred but also which one it was. For example, if you were laid off from
your job after T months of tenure, we know that you hadn’t quit and weren’t laid off before this
time. We also know the reason for job spell ending (i.e. layoff). What we don’t know is when (if
ever) you would have quit your job had you not been laid off first.

We assume that duration data are discrete and proceed by specifying the joint survivor
function for the two latent durations T, and T, which isdenoted by S (T4, T ). In particular we

assume that

P(T* > k| T > k) = oy (x;, &) = exp[ & exp(x; B*) g, ] (32)

and

P(T? >k | T? > k%) = o/ (x;,67) = exp[-E” exp(x; B*) ey, ] (33)
where we assume that the variables &' and &2 are unobserved and independent of the observed

explanatory variables. Correlated risks arise in this mode to the extent that &' and £2 are
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correlated. From (32) and (33) the latent survivor function satisfies

S(t,, 4, | X, §,6%) = l_l[exp[—élexp(x{lil)aét] l_z[exp[—éz exp(x;B*) ot ]

:exp[—fliexp(xiﬁl)a& —éziexp(xiﬁaé}

where X ={X;,X,, ..., X a1} - L€ G bethe distribution function for the unobservables&* and

&2, Then the unconditional survivor function satisfies

S(K' K1 X) = [ exp{—e:lzexmx;ﬁl)aét —£*Y exp(xip)ar [G(E &%) (34

To construct the likelihood function in this case suppose for the ith individual the fail at timet
dueto cause 1. Then,

P(k = min(k*,k?),1 (k = k') =1| X, &, £2) =

S(k—J,k—1|x,gl,gz)[P({k—le <kl [T >T T > k-1~ {T? > k—1},x,§1,52)] =
=S(k-1k-1] x,51,§2)+[P(k—1<T1 <k|{T* > k-1 n{T* >k}, X,&",&%)

+P({k-1<T <k} A {T* > T2 T > k-2 nfk-1<T? < k},x,egl,gz)}
=(S(k-1k-1]X,&,&%) - S(k-1k|X,&,&%))

+1/2[ S(k—-Lk—1| X, &%) + S(k, k| X, &', &%) = S(k—LK | X, &%) - S(k,k—1| X, ", &%) |
=(S(k—Lk-1]X,&%,&%) - S(k, k-1 X,&", &%) )+ Ak | X, &, &%)

where
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AK| X, E4,6%) =1/2] S(k-1k-1] X, £4,6%) + S(k, K| X, £4,E%) ~ S(k-Lk | X,£,6%) - S(k, k-1] X, €%, %) |

In asimilar manner we have

P(k =min(k', k?), 1 (k =k®) =1 X,&",%) = (S(k—LK 1| X, &, £%) = S(k,k—1| X, &%, £%) )+ AKK | X, &, %)

Let ¢ (c?) beanindicator variable that equals 1 if the ith person spell ends for reason 1

(2) and let ¢’ be an indicator variable that equals one if the spell is right censored. Then the log

likelihood function for the competing risks model Log(L) satisfies:

In(L) 2c.1|n( [{Stk-Lk-11X,,&",%) - S(k-Lk| X,.£", &%) - AK| X&'} dG(&", 7))

+ m(_ [{Sk-Lk-11x,,&",£%) - S(k.k=1]X,.&", &%) - AK| X.&",69)} dG(&",&7)) (35)

67 In([ S(k-1k-1]X,,&",£%)dG(&",£?))

Aswe will discuss later, these methods were used by McCall (1996, 1997) to investigate the re-
employment patterns of displaced workersin the United States. In particular, McCall (1996)
used a competing risks framework to model joblessness durations that end due to re-employment
into part-time or full-time jobs and how particular parameters of the US unemployment
insurance (Ul) system affect not only how long an individual remains unemployed but also the
type (part-time versus full-time) of job that they are re-employed into.

In the United States, many unemployed individuals who qualify for Ul benefits do not

file a claim. McCall’s (1996) analysis focused only on displaced workers who qualified for
benefits. To alow for the possibility that changes in the parameters of the Ul system will affect

the choice to file a Ul claim (see Anderson and Meyer, 1997 and McCall, 1995), McCall (1996)
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modeled the claim filing choice and allowed for the possibility that unobservable determinants
of that choice may be correlated with unobservable determinants (i.e. £* and £ in (35) ) of the

re-employment rates into part-time and full-time jobs. Thus Ul receipt was modeled by the
dichotomous variable Ul which equals 1 if an individual files aclaim and O otherwise where

Pr(Ul=1) hasthe functional form
P(ui=1)=1-exp[-&" exp(z'6)]
where z isavector of explanatory variables, § is avector of parameters and £" is an unmeasured

variable that is uncorrelated with X and z. However, £ may be correlated with £* and &% in

(35) and ui (along with its interaction with some variables in X) are added as explanatory
variablesin (35). Denote these variables by v. The likelihood function for this model selectivity
corrected competing risks model is

InlL) =

iqlln( [ =112, 8" A, =01, &) {Sk-1 k11X, Ui, &, &) -Sk-LK| X, U, &, &) - AKX, &, &) 052, £,8)) (36)
+<In{ [RU, =112,£)" A, =017,6°) {Sk—Lk—1X, i, £,8) Sk k=11 X, Ui, &89 - AKIX U, &89 d3(E £,8)

4 In{ [RU, =117,8")" R, =017, &) Sk-Lk-1X, U, £,£)d5(E, &, £")

McCall(1996) used a mass-point specification for the unobserved heterogeneity
distribution G which assumes that there are M types of individuals in the population with type m
having the uniquetriplet (£7,E2,E8) of “location” points and composing pm Of the population,

m=1,...,M, with

M

Z p,, =1. For this specification, the likelihood in (36) becomes

m=1
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)=
Zdln(zme(ui =1]7,£)" U, =012, &) {Sk-1KIX, U, Hsf;)—ak,km,ui,éz@—/s(mx,ui,51,52)}j

+‘f'“[2lqnp(u} =1|7,&)" AU, =0Z,5)"™" {S(KK—lI)ﬂ,Uwélméi)—S(Kklx1U'i,éi,éi)—ﬁ(klxﬂi,fléz)}}

@'”[il%ﬂu} =117,&)" AU, =017,5)"" Sk-1k-1IX,u,.&, 2)]
(6)

Two particular unemployment insurance parameters of interest to McCall(1996) were the weekly

benefit amount and the disregard amount which we discuss further in chapter XX.

9. General Discrete-TimeLifeHistory M odels

More generally, we consider a discrete-time life history process that is characterized by a
discrete-valued state space S and the following conditional transition probabilities P (F, ,) forr

? Swhich represents the conditional probability that the processisin stater at time k given the
history of the process (information) up to (discrete) time k-1. The history would include not only
the past history of transitions of the process but aso the history of, possibly time-varying,

covariates. If amore coarse history is observed, Gy, with G, ? F, we will instead have

E. ( P’ (Fk_l)) . For example, a particular covariate that affects the transition probabilities may
not be observed. A specific form of this probability may be
P (Fiy) =1-exp(~£ % exp(x BLS sl )
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where s(k-1) isthe state occupied at time k-1, g°(k—1) represents how many visitsto state s

have occurred by k-1 with

N4

a(s

=Y 2K

r
s=1 g=1

«

and kJ represents the time spent in state s during its g™ visit. Note that the s, g(s) and k] are

random variables at time 0. Now,

3P (R = D exp( £ expl, B 7)) ) =1

s=1 s=1

and by convention we fix the probability of remaining in the state at t-1 to

S

PS(k_l)(Fk,l)Zl— Z [1_exp(_§jrg(j)exp(xkrﬁ?(j))a?éijg )}

js(t-1)

Suppose that we observe only Gy.1, then

P'(Gr) = [ |1-exp( -7 exp B )arss) ) 2, .

In particular we assume that durations in each state are observed aswell as all x’s. Only the
variables £°® are unobserved and the £[°® are Fy measurable and distributed independently of
the x’s. Then

P'(G) = [(P (F)L(FR1 | Fy))dB(E)
where L(Fx.1| Fo) represents the probability (“likelihood”) of observing a particular history Fy.1

given Fy and B(§) isthe distribution of the vector & . Essentially we “integrate out” the vector of
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variables . Suppose for individual i we observe the sequence of times spent in states and the X’s.

Further suppose that the distribution B can be characterized by the parameter 8. Since we have
k-1
L(Fk—l | Fo) = H L(Fj | Fj—l) =
j=1
Then the individual contribution to the likelihood function equals
K
L=] [T 17, |dBGe.9)
k
[ TIPY(F) |dBE,5)

=1

I(s(j)=s(j-1)

K
£ralsi-) 1R9(S(-D)Y -, 8(s(i-D)
IH[l exp( sy eXpX; Bety )as(jl)ijsl)j|

j=1

s _ _ H(s(i)=s(j-D)
{1— 2 [1— exp(~£5 ™ exp(x, B g Y )ﬂ dB(&.5)

r=s(j-1)

The log-likelihood function is then

In(L) = > In(L,)

which is maximized with respect to the parameters B?, o, and 6.

One example which applies these discrete-time life history methods would be the anaysis
of employment to unemployment and unemployment to employment transitions when workers
may have access to unemployment insurance. In the United States and Canada, workers can still
receive benefits while working for jobs with low earnings. In particular, in Canada workers are

allowed to earn the maximum of $50 or 25% of their weekly benefit amount with no reduction in
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unemployment insurance benefits. For any additional earnings above this amount, weekly
benefits are reduced dollar for dollar. Given the possibility that benefits may be received while
employed or unemployed, it may be desirable to specify an econometric model with four distinct
states: employed-benefits (EB), employed-no benefits (ENB), unemployed-benefits (UB),
unemployed-no benefits (UNB).

Thetransitions UNB?ENB , UB?ENB, ENB? UNB and UNB?UB would commonly be
observed where the latter transition occurs when an aready unemployed individual filesfor a
claim or when anewly unemployed individual satisfies awaiting period that is required by law
(e.g. in Canadathere is atwo week waiting period before benefits can be received). Other
transitions that are possible but perhaps less common are the UB? UNB transition that occurs
when an individual exhausts unemployment insurance benefits or is disqualified from receiving
benefits for some reason (e.g. inadequate job search). The UB? EB occurs when an individual
receiving unemployment insurance benefits begins alow-earnings job that allows them to
continue receiving benefits. The transitions EB? UB and ENB? UB occur when an individua
who isin the benefit period from a past job loss and has not exhausted all benefits loses their
current job. The EB? ENB may occur either when a person who is working and receiving
benefits exhausts their benefits or when a person who is working and receiving benefits
experiences a sufficiently large increase in earnings that disqualifies them from receiving further
benefits while working.

Suppose we have panel data that follows a sample of individuals from the time they lose
ajob forward. Thus, all individuals begin in state UNB. Here, our goal is simply to demonstrate

how alikelihood function would be constructed from the individual life histories. So, consider a
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particular individua (i) who files for and receives benefits after satisfying the two week waiting
period, receives benefits without working for then five weeks before working part-time. The
individua still receives benefits while working and this job last four weeks. The individual then
is unemployed (and receiving Ul benefits) for eight weeks before finding another part-time job.
Theindividua still receives benefits while working at this new part-time job and this job last
eight weeks before the individual is made a (permanent) full-time job offer which precludes
receiving further benefits. This particular history is portrayed in Figure 1.

The components of the contribution to the likelihood for individual i would be

S

RS =1- Y [1-exp( -l eXp0x,Bihe)aitan |

r={UNB}

Ri (2) =1 exp( ~£3% exp(x, Blnh ) ctivnce |

for the unemployment period until benefits are received,

S

RE@ =1 Y |1-ep( -5k exp(Blk)aihor |

r=UB} - i

S

RE ) =1- . |1-ep( -k exp(x Bt )alhos

r#UB} - i

R (6) = 1-exp ~&52" explx B )it

for the benefit receipt period until the first part-time job is received,
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S
PE(T) =1- 3 [1-exp( 62t explx, Bk s

r={ EB}

PE@=1- 3 [1-ep( -5 el Bty |

r={ EB}

PP (10) = 1-exp| ~£15" expl, BLE)ortEl
for the first period of working on claim,

S
R =1- Y. [1-exp(~E5E explx, i3 )aike

r={UB}

S
R =1- > [1-exp(~52 expx, Bk tser )|

r={UB}

R (18) =1- exp( ~&53° eplx,, BEE )tz

for the second period of unemployed benefit receipt,

S

P (19) =1~ Z :1_ eXp(_‘SéBZ exp(XmBrEZB)a;m)]

r={ EB}

.
PR =1 Y. [1-exp(-ctd explxe, B )atis |

r={ EB} -

RE"(22) = 1- exp| -£5° ep(x. Ba™)ats

for the second period of working on claim, and
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s
PEENl\llaB (23)=1- Z |:1_ exp(_elrijl\-lB eXp(X(ZZ)’BrElNB )aérl\JBm):'

r+{ ENB}

S
PER(23+K) =1~ " |1-exp( -0k ep(x(22+ K) B )tthon ) |

ENB
r{ ENB}

for the final period of working “off claim” where we assume that the individua is right censored

after K period on the job.

Thus, the contribution to the likelihood equals of thisindividual

9

|| meorae{[T7w| o [T oo

k=7

{H PSBB(k)} R (18){H PEEBB(k)} PEEB“P(ZZ){ﬁ PEN“BB(k)}) dB(z, )

k=11 k=19 k=23

In this setup we have allowed for the baseline hazards parameters and coefficients associated
with the explanatory variables to depend on the total number of previous visits to that state. More
genera forms of state dependence could also be incorporated into the model. For example, the
transition probabilities may depend not only on the number of times the state was previously

visited but also on the time spent in the state on each previous visits.
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10. Specification Testsfor Duration M odels

To conclude this chapter we briefly consider specification testing for duration models. While
there are several methods to potentially test the validity of amodel specification in hazard
models, one particularly useful test is based on the notion that if the model is correctly specified
then
t t '

M, (1) = [ Y(S)Z (S)dN,(8) =] Y (9)Z, (5) 2(5) exp(x, B)dls
isamartingale.? Thus,

A t t A A
M, () = [ Y(S)Z (S)dN,(8) =] Y (9)Z, (5)4o(5) exp(x, B)dls
which is based on the sample estimates of 4,(s) and B should be approximately a martingale if

the model is correctly specified. Using the fact that the estimates are consistent and appealing to
the martingal e central limit theorem, one can construct Chi-square tests of model specification.

Moreover, graphical assessment is feasible since under the null hypothesis that the model is

correctly specified |\7Ii (t) is “approximately”” a martingale for all i and t and, hence, plots of

weighted sums of I\?Ii (t) should appear as “white-noise” or patternless (See Arjas, 1989). The

remainder of this section follows McCall (1994) and focuses on discrete-time duration models.
In the discrete case we work with martingal e difference sequences. Let N;(k) = I{ Ki=k, Ci>k}
where C; denotes a censoring-time variable. Then,

% (K) =N, (k)= 1 {K>k-1} 1 {C>k}[1-0 (X,,0)]

forms a martingale difference sequence. These martingal e differences can be standardized by the

2 For additional specification diagnostic methods for duration models see Schoenfeld (1980), Wei (1984) , and
Lancaster (1990).
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stochastic variance process vi(k) where

vi(k)=1{K>k-1}1{C> k}ak(xk,e)[l—ak(xk,e)] :
Suppose the data is observed over M periods and let a denote the vector of «, (x,,0) for

k=1,..., M. If the model is estimated by maximum likelihood then under suitable conditions

(See McCall, 1994) the test statistic

;(2 = N"l)A('EE)f(

is asymptotically chi-square distributed with rank( X, ) degrees of freedom where

N ~
%= % and % areM vectorsof xi(k), k=1,...,M evaluated at & and
i=1

o = Vo~ En(0p,/ 00")E, () “En (soX) — {Ex(Op, / 80")Ep (1) “En(soX)} +En(8p,/ 00)Ex(1,) *Ep(dp,/ 06")’

with s, the score vector of the log-likelihood function, I the Hessian matrix of second

derivatives of the log-likelihood function and Vo equal to the M x M diagonal matrix with

(m,m)™" element

Ev (M) = E, (1 {K >m-1}1{C >m}a, (X,,,0)[1-a,(X,,,0)])-
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