Nonparametric Technical Efficiency
with K Firms, N Inputs, and M
Outputs: A Simulation
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Monte-Carlo simulation of nonparametric efficiency shows that even when the number of
firms is large, defining ten or more inputs results in most firms being measured as efficient.
Comparison of the simulated results with any empirical results may suggest that the dimension
of the problem, rather than actual efficiencies, determines computed efficiencies.

Nonparametric or data envelopment techniques us-
ing linear programming have become common
tools to measure technical and cost efficiency of
individual firms. The seminal work was by Farrell
(1957), with the data envelopment technique pre-
sented by Charnes, Cooper, and Rhodes (1978),
and recent developments reported by Fire,
Grosskopf and Lovell (1985). The attraction of the
nonparametric approaches is that a functional form
need not be specified for the technology of the
firm. Although flexible functional forms are avail-
able, it is believed by many that complete flexibil-
ity is preferred.

One characteristic of data envelopment analysis
(DEA) procedures is that computed firm efficien-
cies appear to be dependent on the number of com-
parison firms used and the number of defined out-
puts and inputs—that is, the dimension of the
problem. Nunamaker (1985) reported that variable
set expansion through disaggregation or addition
of new factors produces an upward trend in effi-
ciency scores. Thrall (1988) shows the conditions
under which Nunamaker’s proposition is true, and
supplies transition theorems for output and input
expansion while holding the number of firms con-
stant. As Leibenstein and Maital (1992) recently
state, given enough inputs, all (or most) of the
firms are rated efficient. They state that this is a
direct result of the dimensionality of the input/
output space relative to the number of observations
(firms). In fact, Button and Weyman-Jones (1992)
state it is well known that measured DEA effi-
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ciency in small samples is sensitive to the differ-
ence between the number of firms and the sum of
inputs and outputs used. Although this may be
common knowledge among DEA practitioners,
there does not appear to be an analytical discussion
of the problem.

The purpose of this paper is to determine the
role of dimensionality in determining measured
firm efficiency by performing a Monte-Carlo sim-
ulation of nonparametric efficiency using various
combinations of firms, inputs, and outputs. For
each firm, the quantities of individual inputs and
outputs are randomly drawn from univariate distri-
butions. Thus, there is no relationship between
inputs and outputs, implying no production
structure. Any change in computed efficiency as
the number of inputs, outputs, or firms is varied
should be strictly a function of the dimensionality
of the problem. These simulated results can be
used to test whether the empirical results of an
efficiency study are different from the results using
random data. Differences would lend more credi-
bility that empirical results measure efficiencies
rather than simply measuring the impact of dimen-
sionality. A recent application by Thomas and
Tauer (1994) uses this approach to separate the
impact of linear input aggregation versus input di-
mensionality on measured technical efficiency.

Procedure

The underlying concept of the nonparametric ap-
proach is the existence of a bounding technology
characterized by an input requirement set L(Y),
which can be constructed from observed input-
output data from K firms. This set is specified as
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where o = (p;, . . . , Ky 1S an intensity vector
that forms linear combinations of the observed in-
put vectors x; and output vectors y;. The technical
efficiency of any of the K firms can be measured
relative to this set by determining how much a firm
can increase its output and remain in this set (out-
put distance function), or decrease its use of inputs
and remain in this set (input disance function).

Empirically, the technical input efficiency of
firm k via the output distance function is calculated
by solving the linear programming problem
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where y; is the output i produced by firm &, and x;
is the input j used by firm &, with m outputs and »
inputs. This specification assumes radial technical
inefficiency, strong disposability of inputs and out-
puts, and constant returns to scale, since the sum-
mation of the intensity vector w is not constrained
to be equal to one (variable returns to scale) or less
than one (non-increasing returns to scale). The so-
lution value 6, shows the fraction by which a firm
can expand its output and use no more input. The
solution value 6, = 1 determines the firm as tech-
nically efficient. Any value 8, > 1 determines the
firm as technically inefficient in its production of
output. The inverse of 6, shows the degree of ef-
ficiency, bounded between 0 and 1. Since constant
returns to scale are imposed, this output-based ef-
ficiency measure is the inverse of the input-based
efficiency measure (Fire et al. 1985). To solve for
the technical efficiency of all X firms, it is neces-
sary to solve K linear programs where the y; and
Xy on the RHS of the LP are replaced with the

outputs and inputs of the ™ firm for each LP so-
lution.

By defining various combinations of inputs, out-
puts, and firm numbers, the technical efficiency of
each of K firms was computed from data randomly
generated. The quantities of output i and input j for
firm k were randomly drawn from univariate uni-
form distributions [0, 1]. By specifying the input-
output data set this way, the chance that any one
firm will lie on the bounding technology is strictly
random. The simulations were performed for total
inputs of 3, 5, 10 and 15, outputs of 1 and 3, with
the number of firm combinations of 25, 50, 100
and 200 (50 and 200 for the three-output case).
This spans most empirical combinations of inputs,
outputs, and firms. Forty complete replications
were completed at each of the firm-input-output
number combinations.

It should be noted that the specification used to
measure technical efficiency here is commonly
used but is by no means unique. Other specifica-
tions may yield different results.

Results

The results for a single output and various combi-
nations of inputs and firms are summarized in Ta-
ble 1 by the percentage of firms measured as being
completely technically efficient (8, = 1). These
results are also plotted in Figure 1. With 3 inputs
and 25 firms, on average, over the forty replica-
tions 21.8% of the firms were technically efficient.
The range of firms efficient over the forty replica-
tions went from a low of 8% to a high of 32 per-
cent. With 3 inputs and 200 firms, on average,
4.8% of the firms were technically efficient.

As the number of firms increases, the computed
efficiencies decrease, since it becomes more likely
that any firm would then be dominated. What is
more striking is the relationship between the num-
ber of defined inputs and the computed efficien-
cies. There is a dramatic increase in the number of
firms that are efficient as the number of inputs
increase. When 15 inputs are used, in all cases,
over half of the firms were measured as technically
efficient.
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Table 1. Percentage of Firms Technically
Efficient from Data Envelopment Simulation;
One Output*

Number of Inputs

Number of Firms 3 5 10 15
25 mean 21.8 40.1 62.5 74.3
s.d. 5.4 10.1 11.3 9.0

range (8-32) (20-64) (40-80) (56-92)
50 mean 13.8 25.4 51.9 66.0
s.d. 3.8 5.8 8.5 5.7

range (6-22) (12-36) (26-66) (54-76)
100 mean 5.1 19.2 45.8 59.8
s.d. 1.3 35 5.0 4.2

range (3-8) (9-26) (29-56) (49-67)
200 mean 4.8 13.2 37.8 55.2
s.d. 1.2 2.6 31 3.9

range -7 (9-18) (32-44) (47-66)

*Inputs and the output were randomly generated from univari-
ate uniform distributions [0, 1]; forty replications at each cell.

The results for three outputs and various com-
binations of inputs and firms are summarized in
Table 2. The pattern as the number of inputs or
firms increases is similar to the earlier results with
one output; an increase in the number of inputs
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causes more firms (percentage) to be measured ef-
ficient, and an increase in the number of firms
causes a smaller percentage of firms to be mea-
sured as efficient. The stronger effect is the num- -
ber of inputs.

Comparing results across one and three outputs
(Tables 1 and 2) shows that with a given number of
inputs and firms, defining three outputs rather than
one output, causes more firms to be measured as
efficient. This is not surprising since increasing the
number of outputs raises the dimensionality of the
input/output spaces as stated by Leibenstein and
Maital.

Comparing Simulated and Empirical Results

A comparison of the results of empirical efficiency
studies and the simulated nonparametric efficiency
results here is useful to determine whether the em-
pirical studies replicate the simulated results. The
results of four efficiency studies will be reported.
Farrell’s seminal article included technical effi-
ciency computation of agricultural production in
each of the then 48 United States. Using six dif-
ferent combinations of two inputs (ignoring two
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Table 2. Percentage of Firms Technically
Efficient from Data Envelopment Simulation;
Three Outputs*

Number of Inputs

Number of Firms 3 5 10 15
50 mean 24.2 48.1 82.2 92.0
s.d. 6.9 6.0 5.4 4.2
range (10-40) (34-62) (72-96) (78-98)
200 mean 9.3 25.7 65.5 84.3
s.d. 2.2 2.8 3.8 2.5
range (4-13) (20-32) (58-76) (79-90)

*Inputs and the outputs were randomly generated from univari-
ate uniform distributions [0, 1]; forty replications at each cell.

inputs at a time), he reported that between 4 and
12% of the observations were efficient. Using four
different combinations of three inputs (ignoring the
fourth input), he reported as efficient 8.3, 12.5,
14.6, and 16.7% of the observations. These results
are within the ranges of 6 to 22% found in Table 1
under 3 inputs and 50 firms. Using all four inputs,
18.8% of the observations were efficient. In Table
3 a simple statistical test compares the sample
mean percentage of the simulated results to the
percentage reported for Farrell’s empirical study of
the three and four input cases. In four of the five
situations, the simulated results differ from the em-
pirical results.

Defining four outputs, six inputs, and using 92
firms, Grabowki et al. found 39.1% of their firms
technically efficient. This differs statistically from
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a simulated 54.8% using the same number of out-
puts, inputs, and firms.

Sitoras used the Farrell approach to examine the
agriculture sector in the Philippines using 1960
census data. A subsample of 58 agricultural mu-
nicipalities taken from a total of 431 indicated that
for four and eight inputs, 17.2 and 31% of the
observations were technically efficient, respec-
tively. In both cases, the simulation result does not
replicate the empirical result. The empirical results
also illustrate the trend that the percent of techni-
cally efficient firms increases as the number of
inputs increases, holding the number of observa-
tions constant.

Thompson et al. (1990) applied efficiency anal-
ysis to Kansas farming. Results reported for 32
dryland wheat farms indicated that for one output
and four inputs, 18.8% of farms were technically
efficient. With two outputs and four inputs, 26.1%
of 23 firms were technically efficient, and with
threes outputs, 39.3% of 28 firms were technically
efficient. Based upon the test statistics, the empir-
ical results differ from the simulated results. Their
results show that empirical estimates of technical
efficiency increase with the number of outputs de-
fined.

Weersink, Turvey and Godak computed techni-
cal efficiency measures for 105 Ontario dairy
farms using one output and seven inputs. They
reported that approximately 43% of the farms in
the sample were technically efficient. This result is
statistically different from the simulated percent-
age.

Table 3. Percentage of Firms Technically Efficient by Study, Simulated Efficiencies, and Tests

of Significance

Simulated
Percentage
of Firms
Number of = Number of = Number of  Percentage Technically Standard Test
Outputs Inputs Firms of Firms Efficient” Deviation  Statistic®

Farrell (1957) 1 3 48 8.3 14.9 3.0 13.7
1 3 48 12.5 14.9 3.0 5.0
1 3 48 14.6 14.9 3.0 0.6
1 3 48 16.7 14.9 3.0 -3.7
1 4 48 18.8 21.8 5.4 35
Grabowski et al. (1988) 4 6 92 39.1 54.8 5.2 18.9
Sitoras (1966) 1 4 58 17.2 18.9 4.5 2.4
1 8 58 31.0 43.4 6.1 12.7
Thompson et al. (1990) 1 4 32 18.8 28.1 6.1 9.5
2 4 23 26.1 42.9 12.9 8.1
3 4 28 39.3 50.3 10.6 6.4
Weersink et al. (1990) 1 7 105 42.9 31.4 4.4 16.3

*Computed using DEA model, with number of outputs, inputs,

and firms in columns 2, 3, and 4; 40 replications.

PA t-statistic is used to test the null hypothesis that the mean percent of efficient firms from the simulation is equal to the percent
reported for the empirical study. The critical ¢ value for alpha equal to 0.01 and 39 degrees of freedom is approximately 2.4.
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Conclusions

Some researchers have observed that use of the
nonparametric approach or data envelopment anal-
ysis to measure firm efficiency is sensitive to the
difference between the number of firms and the
sum of inputs and outputs used. This paper ex-
plores the severity of this problem by simulating
nonparametric efficiency computations based on
randomly generated data using various combina-
tions of inputs, outputs, and firms. It was found
that the number of inputs and outputs had a greater
impact on calculated technical efficiency than the
number of firms. Use of more than ten inputs
caused the majority of firms to be measured as
efficient.

If a researcher finds that the percentage of firms
technically efficient in a study is not statistically
different from simulated results given the same
number of firms, inputs, and outputs, then those
empirical results might simply be due to the di-
mensionality of the input/output space relative to
the number of firms, rather than actual efficien-
cies. If empirical results are statistically different
from the simulated results, then it could be more
likely that actual differences in efficiencies exist
among firms.
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