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ABSTRACT

This paper proposes some tests for choosing estimated models from two
competing parametric families using Pearson type statistics. We allow
arbitrary asymptotically normal estimators to be used in forming Pearson type
goodness-of-fit statistics. In practice such a construction provides
flexibility in applying our tests. Large Sample theory and bootstrap methods
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SELECTING ESTIMATES USING CHI-SQUARE STATISTICS

Quang H. Vuong and Weiren Wang

1. INTRODUCTION

Pearson (1900) type chi-square statistics have been generally used to
test goodness-of-fit, i.e., to test whether a specified parametric model is
consistent with the observed data. Cochran (1952), Watson (1959), and Moore
(1978,1986) have provided comprehensive surveys on Pearson chi-square type
statistics, i.e., quadratic forms in the cell frequencies. Recently, Andrews
(1988a,1988b) has extended the Pearson chi-square testing method to
non-dynamic parametric econometric models, i.e., to models with covariates.
Because Pearson chi-square statistics provide natural measures for the
discrepancy between the observed data and a specific parametric model, they
have also been used for discriminating among competing models. Such a
situation is frequent in Social Sciences where many competing models are
proposed to fit a given sample. A well known difficulty is that each
chi-square statistic tends to become large without an increase in its degrees
of freedom as the sample size increases. As a consequence goodness- of-fit
tests based on Pearson type chi-square statistics will generally reject the
correct specification of every competing model.

To circumvent such a difficulty, a popular method for model selection,
which is similar to the use of the Akaike (1973) Information Criterion (AIC),
consists in considering that the lower the chi-square statistic, the better is
the model. Hence the parametric model with smaller value of chi-square
statistic will be chosen. Such a use of chi-square statistics has been

suggested by various researchers. See Massy, Montgomery and Morrison (1970),
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Heckman (1981), and Nakamura and Nakamura (1985) among others.

The preceding selection rule, however, is not entirely satisfactory.
Since chi-square statistics depend on the sample and are therefore random,
their actual values are subject to statistical variations. Hence a model with
a smaller chi-square statistic is not necessarily better than one with a
larger chi-square statistic in terms of goodness-of-fit. To take into account
statistical variations, we shall propose some convenient asymptotically
standard normal tests for model selection based on Pearson type chi-square
statistics. Following Vuong (1989) our tests are testing the null hypothesis
that the competing models are as close to the data generating process (DGP)
against the alternative hypotheses that one model is closer to the DGP where
closeness of a model is measured according to the discrepancy implicit in the
Pearson type chi-square statistics. Thus the outcomes of our tests provide
information on the strength of the statistical evidence for the choice of a
model based on its goodness-of-fit.

Following Moore (1977,1978) and Andrews (1988b), we consider a general
class of estimators that is very broad and contains most estimators currently
used in practice, when forming Pearson type statistics. This covers the case
studled In Vuong and Wang (1990) where only the corresponding minfmam
chi-square estimator is used. In practice, the use of "unmatched" estimators,
i.e., estimators that do not minimimize the chosen Pearson type statistic, is
quite common and can be found in various works. See Linhart and Zucchini
(1986), Heckman (1981), and Nakamura and Nakamura (1985). Such a
generalization is useful for many reasons.

First, there frequently exist estimators that are easier to compute than
the corresponding minimum chi-square estimator. Second, when the original

individual data are available, one is tempted to use more efficient
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estimators, such as the maximum likelihood estimator (MLE) based on the
individual data when forming the chi-square type statistic. This is in fact
the procedure recommended in many textbooks. See for instance, Bishop,
Fienberg and Holland (1975). Third, a particular chi-square statistic is
often chosen to obtain a chi-square limiting null distribution for a given
estimation method. For example, the Rao-Robson statistic has the xi_l
limiting null distribution when the raw MLE is used. However, the raw MLE
does not minimize the Rao-Robson statistic. See Chernoff and Lehmann (1954),
Moore and Spruill (1975), Moore (1977, 1978) and Andrews (1988a).

The paper is organized as follows. Section 2 introduces the basic
notations and defines the class of asymptotically normal (AN) estimators used.
Section 3 investigates the model selection problem based on our general
Pearson type statistics. In section 4, methods based on the boostrap are used
to propose alternative testing procedures for model selection. Section 5
presents some simulation results. Section 6 concludes the paper and briefly
mentions directions for future research. Some proofs and tables are included

in Appendix.

2. DEFINITIONS AND ASSUMPTIONS
In this section, we briefly present the basic assumptions on the model
and parameter estimators, and we define our general chi-square type

statistics.

Assumption Al: The observed data Xi’ i=1,2,... are independent and

identically distributed (iid) with some common true distribution H.

The sample space X is partitioned into M mutually disjoint fixed cells

E ) EM' The partition is sometimes based either on the nature of
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the data, say race and sex, or survey designer. Let h = (hl' h2,..., hM) be
the vector of true cell probabilities. Let a specified model be Fa-lF(.|0);
#€8) and denote the vector of its predicted cell probabilities by
p(ﬂ)-[pl(o), p2(0),...,pH(0)]' where pi(O)- fEi dF(x|68). Throughout the

paper, we impose the following assumption on h and p(f):

Assumption A2: hi>0, p|(0)>0, and pi(o) is twice continuously differentiable
for every i=1,2,...,M.

Throughout it is assumed that FO satisfies some standard additional

regularity conditions to ensure the asymptotic results presented subsequently.
See for instance Moore and Spruill (1975) and Moore (1984).

Let n be the sample size. Corresponding to the partition El, EZ""'

EH‘ we can compute the vector of observed cell probabilities

n
. 1
f = (f1’£2""'fM) where fi- S 7 1E.(xj) for i=1,2,....M,
n j=1 "1
and lE (Xj) is the indicator function taking values 1 if Xj falls in cell Ei
1

or 0 otherwise. Following Moore (1978), it is convenient to consider the
M-dimensional vector

V() = /nC..., TR

/py(6)

which measures the standardized difference between the obhserved and the
expected cell probabilities given 4.

We are in a position to define the class of general chi-square type
statistics considered in this paper. These statistics are essentially
quadratic forms in the standardized cell frequencies vn(on). Formally, we

have:
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Definition 1: A general chi-square type statistic is of the form
Qn(on) - Vé(ﬂn)ﬂ(f,ﬂn)vn(ﬂn)

where M(f,0) and 0“ satisfy the following assumptions A3 and A4, respectively.

Assumption A3: Each element of the weighting matrix M(f,f) is twice
continuously differentiable in (f,8) € RH x 6, and M(h,f8) is a positive

definite matrix for every 4.

In this paper, we consider estimators that satisfy the next regularity

assumption.
Assumption A4: For some Bo in 8, the estimator 0n satisfies

n
1
S (X, ,0 ) + 1 -->
- °1-1‘b(1 7 op() as n ©

;[

jn(an-oo) - R

where w(x,oo) is a measurable function from X x 6 to Rk that satisfies
EHW(X,ﬂo)-O, and V° = EHw(X,6°)¢(X,00)' and Ro - -su(aw(x,oo)/ao') are

finite and nonsingular. EH(.) denotes expectation computed under the true

data generating process.

Assumption A4 implies that 0n is a consistent estimator of some value 00 and
that /n(On-ﬁo) is asymptotically normally distributed with zero mean and

1VO(R;I)’. Given some suitable regularity

covariance matrix R;
conditions, most common estimators 0n fulfill this assumption. For instance,
the minimum chi-square estimators, the maximum likelihood (ML) estimator on
grouped or ungrouped data, any GMM estimator, and other extremum estimators
satisfy assumption A4. See Amemiya (1985).

Note that the parameter value 00 depends on the underlying true

distribution H which generates the observations as well as the estimation

method employed. For example, when the minimum chi-square estimator is used,
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then 00 is actually minimizing Q(4) = plim Qn(ﬂ)/n. On the other hand, if 9n
is the MLE of # based on the ungrouped sample data, then 00 is the value at
which the Kullback-Leibler information criterion (KLIC) EH[-log f(x|8)] is
minimized, where f is the density function corresponding to F(.|#). See White

(1982). In general, when the model F, is misspecified, these two values

(]
for 00 are different.

Note that Qn(on) is very general. It includes some well-known
chi-square statistics such as the Pearson statistic with Mn - IH (the
identity matrix), the Modified Pearson statistic with Hn -
diag(...,pi(ﬂ)/fi,...). the Gauss statistic with Mn = diag(...,pi(0),...)
and the Rao-Robson statistic with Hn being the generalized inverse of the

covariance matrix of Vn(dn). In practice, Mn is specified by researcher

according to his or her preference or objective.

3. SELECTING ESTIMATESD MODELS

As we mentioned earlier, chi-square statistics are frequently used to
discriminate among alternative models. It is easy to see that, under the
present regularity conditions, Qn(d)/n converges to Q(#)=V(4)'M(h,f)V(8) in
probability as n goes to infinity, where V(&)-[....(hi-pi(ﬂ))//pi(o),...]'.
Thus Q(#) can be viewed as measuring the departure of a particular member
F(.|8) € Fﬂ from the observed sample. It is also worth noting that Q(4)=0
and Q(#)=0 if and only if h=p(4).

Of special interests to us is the situation in which a researcher has two

competing parametric models F, and Gy, and desires to select the better

[
of the two models based on their general chi-square type statistics Qn(ﬂn)
and Qn(yn) where on and 1, are general estimators satisfying assumption

A4 and the same cells are used in both statistics.
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Definition 2 (Equivalent, Better and Worse): Given two competing parametric
models F0 and G7 and some chi-square type statistics Qn(ﬂn) and
Qn(1n) where 0n and Yy are general estimators satisfying A4,

ﬁz: Q(0o) - Q(1°) means that the two models are equivalent,

Hf: Q(ﬂo) < Q(yo) means that model Faois better than G1;

Hg: Q(ao) =2 Q(vo) means that model F,

is worse than G .
o Yo

where Q(.) is the probability limit of Qn(.)/n.

Definition 2 allows the use of estimators other than the corresponding
minimum chi-square estimators. It does not even require that the same
chi-square type discrepancy be used in forming Qn(o“) and Qn(yn). Note,
however, that choosing different chi-square discrepancies for evaluating
competing models is hardly justified.

More importantly, even if the same chi-square discrepancy Q(.) is used,
it is important to note that the preceding hypotheses are not entirely
consistent with the problem of model selection which is that of choosing
between the models Fﬁ and 67 and not between the estimates F(.I&n) and
G(.|7n). This is so because the probability limits 00 and T, of the
estimators 9n and "n are not in general equal to the pseudo true values 0*
and v, associated with the discrepancy Q(.) (0* = argmin Q(#) and Yo ™
argmin Q(vy)). As a consequence Q(ﬂo) (say) cannot be interpreted as the
discrepancy between the model Fo and the DGP H. Thus the preceding
hypotheses are not only properties of the competing models but also of the
estimation methods employed. The relative effects due to specification errors
and choice of estimation are not exactly known. However, if 0n and Tn are

minimum chi-square estimators, then one can analyze the effect due to
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specification errors using procedures developed in Vuong and Wang (1990).
Nonetheless, consideration of the general hypotheses ﬁz, ﬁf, and ﬁg
is useful for two reasons. First, "unmatched" estimators are quite common in
practice for reasons mentioned in the introduction section. Secondly, one may
be interested only in comparing the performance of the estimated models
F(.[On) and G(.lyn). Then ﬁi, ﬁf, and Eg are the relevant hypotheses.
In any case, since On and T, are consistent estimators of 00 and Ty
by assumption A4, we can use [Qn(vn)-Qn(yn)]/n to consistently estimate
the indicator Q(ao)-Q(yo) which will be zero under the null hypothesis
ﬁ:. Following standard exercise, we obtain the asymptotic distribution
of [Qn(on)-Qn(vn)]//n, which is normal distribution with zero mean and

variance wz. The formula for w2 and detailed derivation can be found in

Appendix. Hence we define the statistic

Belie o Wi o WM o Uias + (il
J/n o

con_ = 1 (4000 QO

A

where w2 is a consistent estimator of w2 (e.g., its sample analog). We have

Theorem 3.2 (Asymptotic Distribution of GCHn Statistic): Given Al-A4,
suppose that wz # 0, then
(1) wunder the null hypothesis ﬁz, GCHn --> N(0,1) in distribution,

(ii) wunder the alternative Hf, GCMn --> - in probability,

(iii) wunder the alternative ﬁg, GCM_ --> += in probability.

Theorem 3.2 is quite general and gives us a wide variety of asymptotic
standard normal tests for model selection based on general chi-square type
statistics. Part (ii) and (iii) also implies that the test is consistent. In
the next section, we detail the testing procedures based on Theorem 3.2 by

using bootstrap methods.



The above tests are based on the standardized difference in unadjusted
generalized chi-square statistics. In some cases, especially when the sample
size is small, one may want to add adjusting factors like (p-q)//n to our test
statistics. Similar results are expected to hold. However, as the sample size

becomes very large, the effect of the adjusting factors will vanish.

4. BOOTSTRAP METHODS
Implementation of the model selection procedure proposed in section 3
requires the following computations:
(i) Estimation of the parameters 0n and 7n'
(ii) Computation of the two chi-squares statistics Qn(ﬂn) and Qn(yn)
and the difference ;n- [Qn(0 )-Qn(Tn)]//n.

n
A
w

(iii) Computation of the variance of S" and finally,

computation of GCHn = ;n /;,
The estimators 0n and 7, can be obtained by minimizing some objective
function, such as Qn(')' or by maximizing the likelihood function.
Point (ii) is straightforward once Un and 7, are known. Point (iii) is
somewhat complicated. In particular, the asymptotic formula for calculating
the variance ;2 involves the calculation of the first and second order
partial derivatives of the expected cell probabilities with respect to the
parameters f# and y. Moreover, such a formula varies across models and
estimation methods. This is not very convenient in applied work.
Fortunately, with the help of advanced computers, ;2 can be obtained via
some simulation techniques. Specifically, we shall consider a method for
evaluating wz based on the bootstrap method. In addition, we shall propose

two alternative testing procedures for model selection based directly on the

bootstrap distribution of the statistic Sn.
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In the preceding section, we have seen that Sn is approximately
normally distributed with mean zero and variance w2. This suggests that wz
can be estimated by the sample variance of ;n in a (large) number of
independent and identical samples of size n. This is the basic idea
underlying the bootstrap method which we apply here to the estimation of the
variance ;2. Specifically, we carry out the following steps:

1. For each set of data xl,xz,...,xn, let ; be the empirical
probability distribution of the data, i.e.,

F: mass 1/n at x

T L3 0 R 18
*  * * N
Then draw an i.i.d. "bootstrap sample" R Xg oo nX from F,
*
i.e., draw Xy randomly with replacement from the observed values
XXy oo X

*
2. Using this bootstrap sample (xi), estimate the competing models
to obtain 0: and 1:. Then calculate the statistic
;* 9* * Y
=Q(0) - Q (B)1/dn .

3. Independently repeat steps 1 and 2 a large number of times B, say

“xl %2 ~xB
B=1000. Obtain "bootstrap replications" Sn . Sn 5 &S Sn .
A
and compute the sample variance of (snb, b=l ...,B);
~ B "
* %
- Loz o(sP-s ¥ .
B b=l
_% 1 B ~%b
where S - ~ I Sn is the average of "bootstrap replications"”.
B b=1

The above method (call it Method 1) is quite general. If only the
frequencies in every cells are available instead of the individual data so
that estimation methods based on grouped data must be used, the bootstrap
method can still be applied with a slight modification of the resampling

procedure. Specifically, the following modified procedure (Method 1’) can be
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used:

1'. Given the observed cell probabilities (f i=1,...,M) and the total

i’

sample size n, we can construct artificial data a a .,an, such that it

10 390 --
has the same observed cell probabilities. For example, we can draw nf1 points
from uniform distribution in cell i, and treat these nf1 points as if they
were true sample observations in cell i.

2' Now we treat the above artificial sample a ,a as if they

1’ 82,...

were original true sample x Koy oea X and repeat three steps in Method 1.

1
Once the bootstrap variance ;i is obtained, the test statistic GCHn is
calculated easily using the initial estimates an and g AT Under suitable
regularity conditions and for a large number of replications (see Efron
(1982)), ;i is a consistent estimator of wz. Thus, from Theorem 3.2,
a testing procedure for model selection can be based on the comparison of the
value of GCMn to critical values from a standard normal table. For example,
at 5% significance level, we compare GCHn with -1.96 and 1.96. If GCMn
falls between -1.96 and 1.96, we conclude that both estimated models fit the
data equally well. If GCHn is less than -1.96 (or larger than 1.96), then we
reject the null hypothesis in favor of the alternative hypothesis that the
estimated model F(.|0n) (or C(.lyn)) is closer to the true distribution.
Although using the bootstrap method to obtain an estimate of wz, the
basic justification of the preceding testing procedure comes from the
asymptotic properties obtained in Theorem 3.2. In contrast, the next testing
procedures rely only on the bootstrap methodology, and in particular on
two bootstrap methods for assigning approximate confidence intervals to

X J
Q(ao) - Q(1o) based on the bootstrap distribution of Sn' These two

methods have been discussed in detail in Efron (1982), and require steps 1
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and 2 discussed above or steps 1’ and 2' if only frequencies are observed.
See also Efron (1984) for the comparison of nonnested linear models using a
MSE criterion.

The first testing method is based on the percentile method. Let

number of (b: S

B

%]
" C 38 |
n

N A
CDF(t) = = Prob_( Sn <t)

be the empirical cumulative distribution function (CDF) of the bootstrap
ot
distribution of (Snb, b=l,...,B}). For a given significance level a

between 0.0 and 1.0, define
ag A1 Ag A1
SL(a/Z) = CDF "(a/2) and Su(a/2) = CDF " (l-a/2)

The percentile method consists in taking [;:(a/2),§;(a/2)] as
an approximate l-a central confidence interval for Q(oo) - Q(yo). Thus a
test of the null hypohtesis ﬁ: of equivalence against the alternative
hypothesis ﬁf or ﬁg at the approximate a significance level is:

(1) accept the null AS of equivalence if 0 € [;:(0/2),;;(0/2)],

i ~ "%
(i1) reject H; in favor of Hy if S;(a/2) <0,

(11) reject H; in favor of H  if 5, (a/2) >0.

Or equivalently,

e

(i) accept ﬁo if CDF(0) € [a/2, l-a/2],

(ii) reject ﬁz in favor of H. if CDF(0) > l-a/2,

(iii) reject H° in favor of H_if CDF(0) < a/2.
o &

The percentile method does not use the value Sn for the initial
observed sample. More importantly, since the bootstrap distribution is based
on replications of the observed sample that produces the value Sn’ the

precentile method assumes implicitly that Sn is the median of the

bootstrap distribution. If this is not a proper assumption, one should
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incorporate a bias adjustment. This leads to the bias-correction percentile
method. We will only present the procedure. Its rationale can be found in
Chapter 10 of Efron (1982).

Define

z = ¢'1(cop(sn)) and z_,, = a'l(l-a/z)

/2

where & is the cumulative distribution function for a standard normal
variable. The decision rule for model selection based on the bias-correction

percentile method at the a significance level is:

(i) accept H_ if 0 € [CDF'I(Q(zz =z 40))s coF L(a(2z + z,

/ a0

(11) reject HS in favor of H if oF 1(@(2z + z_ ) <0,

/
(iii) reject H in favor of ﬁg if CDF-I(Q(Zz - 20/2)) >0.

Let zy = ¢-1(CDF(0)). It is easy to see that the preceding decision

rule is equivalent to:

) e A A
(i) accept H_ if |zo -2z| < z,

/2’
~e -~ Al
(ii) reject H° in favor of Hf it z, > 2z + za/2'
: ~e . = “
(iii) reject Ho in favor of Hg if z, < 2z - za/z.

We will refer to the percentile method without the bias-correction as

Method 2, and to the percentile method with the bias-correction as Method 3.

5. AN EXAMPLE

To illustrate the model selection procedures discussed in the preceding
section, namely, Methods 1, 2 and 3, we consider an example. The limited
Monte Carlo study that we conduct will also give an idea on the relative
performance of these methods. We need to define the competing models, the
estimation method used for each competing model, and the chi-square type

statistic used to measure the departure of each proposed parametric model from
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the true data generating process. These are now presented.

For our competing models, we consider the problem of choosing between the
family of log-normal distributions and the family of exponential
distributions. This problem has a long history in the statistical literature.
See, e.g., Cox (1962) and Atkinson (1970) among others. The log-normal

distribution is parameterized by a = (al,az) and has density

1 (log x-al)2
f(x;al,az)- exp(- ) for x > 0

x(21)1/2a2 2a§

and zero otherwise. The exponential distribution with parameter g has density

g(x;8)= __1, exp(-x/B) for x >0
B

and zero otherwise.

The estimator used for each competing model is the ungrouped maximum
likelihood estimator (MLE). This choice is particularly convenient here
because the ungrouped ML estimator for each model has a closed form and hence

is easily computed. Specifically, for log-normal model,

A n ~ n N
a = _i_ z log,xi and ag - _1_ z (1ogxi - al)2
n i=1 n i=1

For the exponential model, the ungrouped MLE is the sample average, i.e.,

A n
ﬂ'.ixxi
n i=1

Lastly, we use the Pearson chi-square statistic to evaluate the
discrepancy of a proposed model from the true data generating process.
We partition the real line into M intervals ((cl-l'ci)' i=0,1,...,M) where
¢y - 0 and Cq = s The choice of the cells is discussed below. The

chi-square statistics for the log-normal and exponential models are:
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Mo (f;-p,(a))’
Qn(a) =nZ
-1 (@

Mo (g B0
Q. (A= n =
i=1 p;(B)
where pi(u) and pi(ﬁ) are the probabilities of the interval (ci-l'ci)
under f(x,a) and g(x,B8), respectively.

In our limited Monte Carlo study, we consider various sets of
experiments in which the data are generated from a mixture of an exponential
distribution and a log-normal distribution. These two distributions are
calibrated so that they have the same population means and variances, namely
one and one. Hence the data generating process has the density

h(x) = n Exponential(l) + (1-x) Log-normal(-0.3466,0.8326),
where m is set to some specific value for each set of experiments. In each
set of experiments, several random samples are drawn from this mixture of
distributions. The sample size varies from 100 to 1000, and for each sample
size the number of duplications is 1000.
Throughout, the chosen partition has four cells defined by the values
=0, ¢. =0.1, ¢

c Tk 1.0, ¢, = 3.0 and ¢, = + ©. Note that because the

0 3 4

log-normal distribution has two free parameters, four is the minimum number of

1

cells for which a perfect fit is not always achieved when fitting this
distribution by minimum chi-square methods. The power of our tests for model
selection is likely to improve by increasing the number of cells. Note also
that the shapes of the log-normal and exponential densities differ greatly

around the origin. This motivates the choice of ¢, = 0.1. The value c, is

1
equal to the common population mean, while Cqs which is two standard

deviations away from the mean, is used to control for large deviations.

2
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We choose five different values for x which are 0.0, 1.0, 0.5357, 0.25,
and 0.75. Although our proposed model selection procedure does not require
that the data generating process belong to either of the competing models, we
consider the two limiting cases n# = 0.0 and » = 1.0 for they correspond to the
correctly specified cases. The value m = 0.5357 is determined to be the value
for which the estimated log-normal distribution and the estimated exponential
distribution are approximately at equal distance from the mixture h(=)
according to the Pearson discrepancy and the above cells. Thus this set of
experiments corresponds approximately to the null hypothesis of our proposed
model selection test GCHn. Finally, to investigate the cases where both
competing models are misspecified but not at equal distance from the data
generating process, we consider the cases where m = .25 and n =.75. The
former case corresponds to a data generating process which is log-normal but
slightly contaminated by an exponential distribution. The second case is
interpreted similarly with an exponential distribution slightly contaminated
by a log-normal distribution.

The results of our five sets of experiments are presented in Tables 1-5.
The first half of each table gives the average values of the ungrouped ML
estimators ; and 3, the Pearson goodness-of-fit statistics Qn(;) and
Q“(Q), and the model selection statistic GCHn with its bootstrap

~

estimated variance wi (see Method 1). The values in parentheses are
standard errors. The second half of each table gives in percentage the number
of times our proposed model selection procedures based on three methods
described in the last section, favor the log-normal model, the exponential
model, or are indecisive. The tests are conducted at the 5% nominal

significance level. In the first two sets of experiments (x = 0.0 and n =

1.0) where one model is correctly specified, we use the labels "correct" and
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"incorrect" when a choice is made. Finally, in the case where n = .5357, we
give in addition the 2.5%, 5.0%, 95%, and 97.5% fractiles of the observed
distribution of the CCM" statistic. This allows a comparison with the
asymptotic N(0,1) approximation under our null hypothesis of cquivalence.
Tables 1 and 2 report the cases when one model is correctly specified.
It is well-known that the MLE is consistent for the true parameter value under
correct specification. For example, in Table 1, the log-normal model is
correctly specified, and the MLE of a-(al,az) approaches the true values
ao-(-0.3A66, 0.8326) as the sample size increases from 100 to 1000. However,
the Pearson chi-square statistic Qn(;) for this model does not have a
standard chi-square limiting distribution even under correct specification
because the ungrouped MLE is used. In fact, the limiting distribution is
somewhere between a x2(1) and a x2(2). See Chernoff and Lehmann (1954). 1In
Table 1, Qn(;) has a mean around 1.79 which lies between 1 (mean of
x2(1)) and 2 (mean of x2(2)). For the misspecified model, which is the
exponential model here, the MLE ; converges to the pseudo-true parameter
B, which minimizes the KLIC. The corresponding Pearson chi-square statistic
Qn(;), as we expect, increases at the rate of n. The bootstrap estimator
of w also converges as the sample size becomes larger. The test statistic for
model selection GCMn approximately increases at a rate J/n. 1In Table 2, where
the exponential model is correctly specified, one can observe similar results.
The second half of Table 1 summarizes the results for our three model
selection procedures. Method 1 performs quite well and for small sample sizes
(n=100 or 250), this method seems to dominate the other two methods in
selecting the correct model, which is the log-normal model in this case.
However, as the sample size increases to n=500 or 1000, the three methods

perform equally well. The three methods also select the correct model almost
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100% of the times, as expected.

The second half of Table 2 reports somewhat different results. Except at
sample size 1000 where all three methods perform equally well, in smaller
samples Method 3 now seems to dominate the other two methods. All three
methods, however, do not work as well when the exponential model is correctly
specified (Table 2) as when the log-normal model is correctly specified (Table
1). This can be explained by the fact that the log-normal model has one more
parameter than the exponential model, and hence is more difficult to reject
even when it is misspecified.

For Tables 3, 4 and 5, the data was generated neither from the log-normal
model nor from the exponential model, but from a mixture of these two models.
Hence, the log-normal model and the exponential model are both incorrectly
specified. The MLE's of a and B converge to their pseudo-true values @, and
ﬁo. For instance, in Table 3, a-(al,a2) converges to ;—(~0.&723, 1.104)
and B converges to ;-0.9994. The bootstrap estimator ;* approaches
0.5026. Both chi-square statistics Qn(;) and Qn(;) increase approximately
at the rate of n. The same comments apply to Table 4 and Table 5.

In Table 3, the data generating process is chosen such that both the
log-normal model and the exponential model are approximately equally close to
it. The test statistic GCHn is expected to have a limiting standard normal
distribution N(0,1). This is roughly confirmed in Table 3. For example, for
n=1000, GCMn has a mean of 0.0942 and a standard error of 0.9449. The
fractiles reported in Table 3 show that the finite sample distribution of
GCHn is slightly skewed to the right. The three procedures for model
selection perform very well. All three of them conclude that both models work

equally well in fitting the data with a probability of around 95%, which is 1

minus the nominal size of the test.
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With a few exceptions, Tables 4 and 5 reproduce the qualitative results
of Tables 1 and 3, respectively, although in a weaker form. When the
log-normal model is closer to the true data generating process (Table 4),
Method 1 slighlty dominates the other two methods. On the other hand, when
the exponential is closer to the true data generating process (Table 5),
Method 3 seems to dominate especially at small sample sizes. As noted
earlier, selecting the exponential model appears more difficult than selecting
the log-normal model.

From our limited Monte Carlo study, it is difficult to say which method
absolutely dominates the other methods. Moreover, all methods require about
the same amount of computation. Although no clear cut conclusion can be made,

our study has shown that the three methods work relatively well.

5. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, we have studied the problem of selecting estimates using
chi-square type statistics and a general class of estimators. In particular,
we have proposed some convenient asymptotically standard normal tests based on
chi-square type statistics that use estimators in this general class. The
tests are designed to determine whether the estimated competing models are as
close to the true distribution against the alternative hypothesis that one
estimated model is closer, where closeness is measured according to the
discrepancy implicit in the chi-square type statistic used.

To facilitate the implementation of our proposed tests, we have used a
bootstrap estimate of the asymptotic variance of the numerator of our test
statistic. We have also considered two testing procedures that are directly
based on the bootstrap method. The three procedures are fairly simple, and

mainly require the computation of estimators and chi-square statistics.
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Several Monto Carlo experiments were conducted and showed that the three
procedures perform relatively well. It was also found that they were
comparable, and that none of them absolutely dominates the others.

Our work can be extended in several directions. One direction is to
extend our results to econometric models. For econometric models, only the
conditional distribution of the endogenous variables y given the exogenous
variables z is specified to belong to a conditional parametric probability
model f(y|z;8), while the marginal distribution of the exogenous variables is
left unspecified. Without knowing this marginal distribution, one cannot
associate with a given parameter value § a joint distribution for the observed
data (yi,zi). Hence when the full sample space X = YxZ is partitioned
into mutually disjoint cells, the expected probability in each cell cannot be
calculated. This expected probability can, however, be consistently estimated
by substituting the empirical marginal distribution for the true marginal

distribution of z (see Andrews (1988a)). Specifically, we can consider

n
p.(8) -l s [ 1.(y.z,) f(ylz ;6)dv(y) for i=1,2,...,M,
v nj=1Y By 4 i

where v(y) is some o-finite measure on Y. Given these "expected" cell
frequencies, chi-square type statistics can be constructed in principle using
estimators in the general class considered in this paper. Then the asymptotic
standard normality of the resulting test statistics for model selection will
likely follow as in section 3.

A second extension is to use random cells instead of fixed cells. Much
flexibility will be gained. See, e.g., Andrews (1988b) for various examples.
Moreover, with appropriate random cells, the asymptotic distribution of the
goodness-of-fit statistics may become independent of the true parameter 00

under correct specification of the parametric model. See, e.g., Roy (1956)
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and Watson (1959). Recent work on goodness-of-fit statistics that are
asymptotically distributed under correct specification has, however, shown
that the asymptotic distribution of such statistics will not change with
random cells as long as the random cell boundaries converge in probability to
a set of fixed boundaries. See Chibisov (1971), Moore and Spruill (1975) and
Andrews (1988a). In view of this latter result, it is expected that our test
statistics will remain asymptotically normally distributed with the same

asymptotic variance w2 under similar conditions.
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Appendix
Derivation of w2.‘ We first state without proofs two easy lemmas that can

also be found in Vuong and Wang (1990).

Lemma 1: Given A3-A4, the weighting matrix Mn - H(f,dn) satisfies

1
MM + - L+ op(l/Jn).

M k
aM M
L.= % o Jn(fi- h) + 2 o /n(ani- 901),

n 5
i=1 EJhi i=1 801

where M = M(h,8 ), M /8h, and 3M /36 . are evaluated at (h,6 ).
[« o o & Lo} 1 o
Lemma 2: Under Al-A4,
1 ' ' ' e . >
- R = J/nb Mb + b L b+ 2b'M D U b MODZBJn(Bn 6.) + op(l),

where b (s hi-"oi....)', B p(oo) for some 00 e 8,

Ipyg
D)= diag(..., /hi,.A.),
VI
. h s
D,- diag(..., 4" Poi M- Dl(Di &1,
Poi ‘/poi
1 ap '
B - diag(...,__,...) _0o, and apo/80 is evaluated at 00,
a8’
i
f.-h n
i1 1
U =J/n(.., veed)' = __ T [e(X))-qy],
n Ti 7o =1 > H

exy) = [l (X/ My, lg Ky iyl
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Both Lemma 1 and Lemma 2 are simply Taylor expansions of Hn at (h,ﬂo) and
Qn(ﬂn)//n at 00, respectively. Lemma 2 is also a more detailed expansion
of Theorem 5.3 of Moore (1984). However, Moore inadvertently ignored the term
b'Lnb, and the condition Mn ---> H* in probability under H seems too weak
for his stated result.

To obtain the asymptotic variance of [Qn(ﬂn)-Qn(yn)]//n, we define

the following 1xM row vectors

' v ’ 1. ’ & ' -1
Cig = big + 2bMe Dip s Cop = (byp - DM DyeBeIR g »

B e B B sasb Bl = Coser B0 By i
1£ £ £ 2F £ £
dh aé
i s §
a MxM matrix Wf- EH[e(xi)-qH]t(Xi;ﬂo)' - EHe(Xi)w(Xi;ﬂo)’,

and the other matrices have been defined earlier with a subscript f indicating
that the matrices are now attached to the model FU' Similar vectors and
matrices are defined for the model 61 with the subscript f replaced by g.

Using Lemma 1 and Lemma 2, we can easily obtain

Lemma 3: Given Al-A4,

(1) for model Fo,

1 . B . i B )
o Q () = JnQ(8 ) + Ci¢ po iElle(xi)- ay) + Ch¢ = iflvt»f(xi.oo) + o (1),
(ii) for model GW'
1Q(v)-JnQ('v)*“C’ ¥ ;[e(x)-ql+c' L ;\6(X:0)+0(1).
7; n' 'n o 1g 7; i-1 i H 2g 7; j=1 & 1*70 P

Note that these results hold under the general H assumed in Section 2.

From this lemma it follows that
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. e(Xy)-aqy

1 g
7;[0 (8.0-Q (v)1 = /nlQ(e,)-QUr)] + (C1¢-C] .Co¢.- zg)/n = Ye(X;:6.)
\bg(Xl;vo)

From the multivariate central limit theorem and assumption A4, we can now
immediately obtain the asymptotic distribution of [Qn(on)-Qn('yn)]/Jn under
the null hypothesis of equivalence ﬁ:. Define

‘g

g = (CleCig Cop"Cap) + Vg = BbeRiif ¥ (Xiiv))"

R qul:l with q = (’/hl"/h2""'jhﬂ)"

B, Ve W
=l % Y% Vg
g Vg Vog
e w CggHy2Csg: Ve then have 1 Q6 Qv Ps n¢o,0%)

Jn o
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TABLE 1. Data Generating Process = Log-Normal(-0.3466,0.8326).
100 250 500 1000

;1 -.3361(.0817)| -.3461(.0543)| -.3471(.0380)| -.3495(.0236)
;2 .8251(.0559) .8303(.0393) .8338(.0251) .8341(.0203)
; 1.0093(.1016)| .9995(.0655) 1.0019(.0437)| .9984(.0309)
;* .3495(.2018) .3349(.1050) .3149(.0774) .3076(.050)
Qn(;) 1.730(1.880) 1.740(1.430) 1.740(1.660) 1.790(1.750)
Qn(;)_ 11.79(3.000) 27.32(4.510) 53.29(6.750) 105.15(9.060)
GCMn | -3.707(1.864)| -5.420(2.073)| -7.871(2.416)| -11.028(2.708)

Model Selec- Incorrect 0.0% 0.0% 0.0% 0.0%

tion Based Indecisive 18.0% 3.0% 0.0% 0.0%

On GCH“ Correct 82.0% 97.0% 100.0% 100.0%

Non-bias-corr-| Incorrect 0.00% 0.0% 0.0% 0.02

ected Percent-| Indecisive 31.0% 6.5% 0.5% 0.0%

ile Method Correct 69.0% 93.5% 99.5% 100.0%

Bias-correct- Incorrect 0.00% 0.0% 0.0% 0.0%

ed Percentile Indecisive 42.5% 8.5% 0.0z 0.0%

Method Correct 57.52 91.5% 100.0% 100.0%

TABLE 2. Data Generating Process = Exponential(1l.0)

100 250 500 1000

;1 -.5830(.1382)| -.5769(.0753)| -.5790(.0591)| -.5750(.0414)
;2 1.267(.1270) 1.270(.0854) 1.285(.0588) 1.278(.0406)
; .9955(.0976) .9966(.0600) 1.0026(.0440)| 1.0010(.0321)
;* .5614(.1176) .5240(.0686) .5140(.0408) .5070(.0275)
Qn(;) 7.150(4.910) 15.94(7.960) 30.45(11.24) 60.26(16.15)
Qn(;)_ 2.040(1.740) 2.190(2.040) 2.150(1.990) 2.240(2.010)
GCMn | .9171(.8843) 1.6652(.9863)| 2.4648(.9820)| 3.622(1.003)

Model Selec- Incorrect 0.0% 0.0% 0.0% 0.0%

tion Based Indecisive 85.5% 58.5% 30.5% 5, 0%

On GCMn Correct 14.5% 41.5% 69.5% 95.0%

Non-bias-corr-| Incorrect 0.00% 0.0% 0.0% 0.0%

ected Percent-| Indecisive 89.0% 58.0% 31.5% 6.5%

ile Method Correct 11.0% 42.0% 68.5% 93.5%

Bias-correc- Incorrect 0.50% 0.0% 0.0% 0.0%

ted Percent- Indecisive 68.0% 50.0% 24, 5% 5.0%

ile Method Correct 31.5% 50.0% 15.5% 95.0%
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TABLE 3. Data Gen. Process-.5357*Exp(1.0)+.A663*log-normal(-0.3&7,0.833)
100 250 500 1000
;1 T.4728(.1107)| -.4743(.0710)| -.4720(.0486)| -.4723(.0328)
;2 1.097(.1125) 1.102(.0778) | 1.106(.0597) 1.104(.0369)
4; .9994(.1027) 19954 (.0640) | 1.0003(.0446)| .9994(.0301)
;* .5016(.0760) .5040(.0512) .4986(.0469) .5026(.0251)
Qn(a) 4.650(3.650) | 8.270(5.460) | 15.18(7.370) 26.04(9.780)
Qn(;)- 3.770(2.770) | 7.380(4.180) | 12.55(5.530) 24.36(7.340)
GCMn | .1109(1.044) .0737(1.039) .2100(1.020) .0942(.9449)
I
2.5% fractile -2.895 -2.114 -1.932 -1.811
ccM 5.0% fractile -1.674 -1.770 -1.643 -1.446
n 95.0% fractile 1.6595 1.4666 1.7269 1.5126
97.5% fractile 2.0570 1.9239 2.0849 2.1395
Model Selec- [Favor log-n 3.0% 2.5% 1.0% 1.0%
tion Based Equivalent 94.0% 95.0% 94.0% 95.5%
On GCHn Favor exp 3.0% 2.52 5.00% 3.5%
Non-bias-corr-|Favor log-n 3.00% 2.00% 3.50% 1.50%
ected Percent-|Equivalent 96.0% 94 .5% 93.0% 95.0%
ile Method Favor exp 1.00% 3.50% 3.50% 3.50%
Bias-correc- Favor log-n 2.50% 0.50% 1.50% 2.00%
ted Percent- Equivalent 95.5% 95.0% 95.0% 94 .5%
ile Method Favor exp 2.00% 4.50% 3.50% 3.50%
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TABLE 4. Data Gen. Process = 0.25%Exp(1.0)+0.75%log-normal(-0.347,0.833)
100 250 500 1000

;1 -.4016(.0937)( -.4126(.0586)| -.4078(.0434)| -.4033(.0294)
;2 .9649(.1105) .9703(.0602) .9725(.0486) .9699(.0345)
; 1.002(.0980) .9932(.0638) .9986(.0427) 1.0005(.0289)
;* .4931(.1403) .4698(.0541) .4638(.0372) .4620(.0310)
Qn(;) 3.130(2.590) 3.960(2.740) 6.030(4.130) 9.970(5.270)
Qn(;)— 7.320(3.320) 15.63(5.140) 30.14(6.420) 61.40(9.990)
GCMn | -1.126(1.415)| -1.671(1.162)| -2.393(1.053)| -3.589(1.171)

Model Selec- Favor log-n 22.0% 33.0% 65.0% 94.0%

tion Based Equivalent 77.5% 67.0% 35.0% 6.0%

On GCMn Favor exp 0.5% 0.0% 0.0% 0.0%

Non-bias-corr- |Favor log-n 20.0% 40.5% 64.0% 89.0%

ected Percent- |Equivalent 70.0% 59.5% 36.0% 11.02

ile Method Favor exp 0.00% 0.00% 0.00% 0.00%

Bias-correc- Favor log-n 20.0% 28.0% 54.0% 87.5%

ted Percent- Equivalent 80.0% 72.0% 46.0% 12.5%

ile Method Favor exp 0.00% 0.00% 0.00% 0.00%

TABLE 5. Data Gen. Process = 0.75*%Exp(1.0)+0.25*log-normal(-0.347,0.833)

100 250 500 1000

;1 -.5220(.1158)| -.5171(.0715)| -.5323(.0585)| -.5215(.0375)
;2 1.171(.1188) 1.181(.0823) 1.194(.0607) 1.193(.0399)
; .9917(.1015) .9984(.0618) .9894(.0466) .9982(.0309)
;* .5227(.1184) .5108(.0548) .4969(.0351) .5023(.0235)
Qn(;) 5.740(4.240) 11.37(6.690) 22.53(8.770) 41.73(12.60)
Qn(;)_ 2.620(2.410) 3.920(2.980) | 4.910(3.550) 8.510(4.860)
GCMn | .5482(1.003) .9013(.9879) | 1.5761(.9453)| 2.0816(.9309)

Model Selec- Favor log-n 0.20% 0.05% 0.00% 0.0%

tion Based Equivalent 93.5% 88.0% 62.5% 43.0%

On GCM_ Favor exp 4.50% 11.5% 37.5% 57.0%

Non-bias-corr-|Favor log-n 2.00% 0.50% 0.00% 0.00%

ected Percent-|Equivalent 93.5% 81.0% 75.0% 39.5%

ile Method Favor exp 4.50% 18.5% 25.0% 60.5%

Bias-correc- Favor log-n 1.00% 0.00% 0.00% 0.00%

ted Percent- Equivalent 89.0% 80.0% 66.0% 37.0%

ile Method Favor exp 10.0% 20.0% 34.0% 63.0%
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