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Abstract

For a competitive economy with production, a simplicical algorithm
is described for finding an approximate equilibrium price vector, being a
price vector at which the excess demand or supply is sufficiently small. The
algorithm generates a sequence of price vectors with the property that every
subsequence contains a subsequence that converges to an equilibrium price
vector. The algorithm subdivides the underlying price space into simplices
and finds within a finite number of iterations a simplex that contains an
approximate equilibrium price vector. At this price vector the algorithm can
be restarted to improve the accuracy of approximation. We assume that pro-
duction sets exhibit decreasing returns to scale. Moreover, instead of con-
tinuous demand and supply functions we allow for upper hemi-continuous cor-
respondences. In this way we obtain a constructive proof for the existence

problem of an equilibrium price vector in a general economic model.
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1. Introduction

Whereas showing the existence of an economic equilibrium is in gene-
ral rather easy, computing an equilibrium causes typically more difficul-
ties. The existence problem dates back to Walras [13], who argued already
why a system of equations setting demand equal supply should have a solu-
tion. In the fifties Debreu [1] proved rigorously that under very weak con-
ditions on the behaviour of the economic agents a price equilibrium exists
in a general equilibrium model. For his proof he used the very powerful
fixed point theorem of Kakutani. These days, this theorem is still a basic
tool for existence proofs in equilibrium models.

The computation of economic price equilibria was initiated by
Samuelson [9]. He proposed to follow the solution path of a system of ordi-
nary differential equations. Along the path, prices are adjusted according
to the law of demand and supply, yielding an increase (decrease) of the
price of a commodity if the demand for it is larger (smaller) than its sup-
ply. This intuitively very appealing price adjustment process, known as
Walras tatonnement, converges only under very strong conditions on the beha-
viour of the agents. Scarf [10] gave examples of reasonable economies for
which the Walras tatonnement never reaches an equilibrium. Other adjustment
processes introduced later and also being based on following a solution path
of a system of differential equations also fail to converge from every star-
ting vector (globally) or for every demand and supply system (universally),
i.e., they only lead to an equilibrium price vector under very strong condi-
tions on the demand and supply functions or when the price vector at which
the process is initiated lies in some specific area of the price space such
as the boundary or close enough to an equilibrium.

In his pioneering work, Scarf [11] proposed a new technique for
computing an equilibrium price vector. Scarf's method operates on a unit
simplex, being the space of price vectors on which the prices are normalized
to sum up to one. In his method, the unit simplex is subdivided into small
simplices (or primitive sets) and a search is made for a simplex that yields
an approximate equilibrium price vector. By linearizing the system of demand
and supply equations on each simplex the algorithm of Scarf traces a piece-
wise linear path of prices in a sequence of adjacent simplices. Each linear
piece of the path can be traced by making a linear programming pivoting step
in a system of linear equations. When initiated on the boundary of the price



space, Scarf's algorithm terminates within a finite number of iterations
with an approximate equilibrium. To make Scarf's algorithm efficient, van
der Laan and Talman [5] proposed a simplicial algorithm on the unit simplex,
which can start from an arbitrarily chosen price vector. Since the accuracy
of approximation is related to the diameter of the simplices in the subdivi-
sion, their algorithm can be restarted at the approximate equilibrium for a
subdivision of simplices having smaller diameter, in order to find a better
approximation within typically a few number of steps. Under some regularity
condition, their algorithm converges globally and universally. Moreover, the
path of prices traced by a simplicial algorithm can be interpreted as the
path followed by some sophisticated price adjustment process on the unit
simplex. Recently, simplicial algorithms that can start in an arbitrary
point have been introduced on the simplotope, the Euclidean space, poly-
topes, and unbounded convex polyhedra, for example see Doup [2], Kojima and
Yamamoto [4], and Talman and Yamamoto [12]. Simplical algorithms have been
applied to find equilibria in international trade models, see Preckel [8],
and in economies with linear production technologies, see Mathiesen [7].

In this paper we describe how to adapt the simplicial algorithm of
Doup, van der Laan and Talman [3] on the unit simplex for computing an equi-
librium price vector in case we allow the demand and supply to be upper
semicontinuous mappings instead of continuous functions of the prices. We
further allow that there are a finite number of producers each having a
decreasing returns to scale production possibility set. In this way we also
obtain an elegant constructive proof of the existence of an equilibrium
price vector in a general equilibrium model without making use of Kakutani's
fixed point theorem.

In section 2 we describe the behaviour of the economic agents in the
economy and derive their demand and supply at given prices. Section 3 intro-
duces the path to be followed by the algorithm. Finally, section 4 describes
how the path can be traced by making linear programming pivot steps and

replacement steps in some underlying simplicial subdivision.



2. Preliminaries

Let there be given n+l commodities, indexed j = 1,...,n+l. There are f
firms, indexed h = 1,...,f, and ¢ consumers, indexed i = 1,...,c. The commo-
dities can be divided into primary goods, intermediate goods, and consump-
tion goods. Primary goods, such as labour, capital, raw materials, are owned
by the consumers and serve only as input commodities for the firms. Interme-
diate goods are produced by some firms and serve as inputs for some other
firms. All other commodities are produced by firms and desired by consumers.
We assume that consumer i is endowed with the amount wi 2 0 of commodity j
where w§ > 0 if and only if commodity j is a primary good. We call the
(n+1)-vector wi the endowment vector of consumer i = 1,...,c. The vector w
:= E§=1wi reflects how much of each commodity is initially owned by the
consumers all together.

For h = 1,...,f, firm h is characterized by a production (possibili-
ty) set Yh being a subset of the commodity space Rn+1. A vector yh in Yh
describes a technologically feasible production plan for firm h with y?
denoting the amount of output of commodity j if yJ 2 0 and -yg the amount of
input of commodity j if yJ <o, J Ly 56 gL s If commodity j is a primary
good, then for each firm h, yJ < 0 for all y € Y‘h Let Y be the aggregate
production set of the economy, i.e., Y = Zh th, then we assume the follow-

ing about the Yh s and Y, where Rn denotes the nonnegative orthant of

s,

Assumption 2.1.
For each firm h, h = 1,...,f, the set Yh satisfies:
i) 0 € Yh (not producing is feasible);
ii) Yh is closed (continuity in technology);
iii) Yh is convex (non-increasing returns to scale);
iv) ¥" - ™! ¢ ¥" (free disposal).
Moreover, Y n (-Y) C {0}, i.e., no aggregate nonzero production plan is
reversible.

Assumption 2.1 implies that the set (Y+{w}) n Rn - is bounded and that for
every h if 0 # y € bd Y (boundary of Yh) then either uy € bd Yh for all



a 2 0 (constant returns to scale) or ayh ¢ Yh for all « > 1 and uyh € Yh for

all 0 < « < 1. The latter property is called decreasing returns to scale,
since a proportional increase of input levels leads to a less proportional
increase of outputs. We call a production plan yh € Yh of firm h attainable
if there exist production plans yk. k # h, such that I£=1 yk + w2 0. The

set of attainable production plans of firm h is compact and convex. Let b €

R?‘h be a (strict) lower bound for the set of attainable production plans
of any firm h. Then we define the set ?h of admissible production vectors of
firm h by

Qb [yheyh|y’; Bhge § By wusen ; n+1]

Clearly, each ?h is nonempty, convex, and compact, and g = Z£=1?h satisfies
¢n -(?) = {0}. Producers are assumed to be price takers and maximize profit
over their admissible production set. Let p = (p1""'pn01)T in R?+1\{0} be
a price vector with p:l the price of commodity j = 1,...,n+1. Given the price
vector p, producer h maximizes his profit, being the value of a production
plan, over all his admissible production plans,

max p.yh subject to yh € ?h. (2.2)

The set of solutions to this problem, denoted Sh(p), is called the supply of
firm h at price vector p. Under Assumption 2.1, Sh is an upper hemi-conti-
nuous correspondence from R?’l\{o} to ?h and Sh(p) is nonempty, convex and
compact for every price vector p. Moreover, Sh is homogeneous of degree zero
in. p, i.e., Sh(Xp) = Sh(p) for any A > 0O and p € R?‘l\{o}. Further, let
nh(p) be the maximum value of problem (2.1). Then "h is called the profit
function of firm h and each LS is a continuous function from R?’l\{o) to R+.
For details of these properties we refer to Debreu [1952, Ch. 3]. Notice
that nh(p) 2 0 since 0 € ?h. Finally, let the supply correspondence S be
defined by S(p) = E£=1Sh(p). then S satisfies the properties of each Sh
listed above.

The profit of a firm is assumed to be distributed among the consu-
mers. Let @i be the share of consumer i, i = 1,...,c, in the profit of firm
h, h'= 1,...,f. For every h, we assume that Gh > 0 for every i and
£:=16; = 1. The income of consumer i at price vector p is then equal to the

value of his initial endowment plus his total share in profits, i.e.,



" £ .
Il(p) = p.w1 + I G;nh(p).
h=1

We assume that for any price vector the income of every consumer is posi-
tive, i.e.,

1i(p) > 0 for all p ER®*L \ (0}, 1 = 1, ..., c.

Each consumer i is characterized by a consumption set Xi equal to R?*l and a

4 to R. A vector e xt gives a utility level

utility function u1 from X
ui(xi) to consumer i, where xj is the amount of commodity j consumed by
consumer i. We assume that if a commodity is a primary good, then a consumer
is not able to consume more than his initial endowment of that good. If it
is an intermediate good a consumer neither is initially endowed with it nor
has any desire for it.
A consumption vector xi € Xi is called attainable if there exist attainable
production plans yh. h=1 ..., £, such that

xi g § yh +w

h=1

and if O s x; < wj when commodity j is a primary or intermediate good. The
set of attainable consumption vectors of consumer i is compact and convex
since (Y+{w}) n R?*l is compact and convex. Let a be a (strict) upper bound
in R?+1 for the set Y+{w}. Then the set of admissible consumption vectors of
consumer i is defined by

ﬁi = (xiERn*llo < xj < w;. if commodity j is a primary or inter-
mediate good

0 s x, < a,, otherwise}.

i
J 3

Clearly, for each i, ?i is nonempty, convex and compact.

Concerning the utility function of a consumer we make the following assump-
tion.



Assumption 2.2.
For each consumer i the function ui: Xi = R satisfies:
i) continuity;
ii) monotonicity (ui(xi) > ui(yi) if xi, yi € Xi and x1 ; yi);

iii) quasi-concavity (the set (xi € Xl|ui(xi) 2 u} is convex for all u).

Monotonicity implies that more of some (non-intermediate) commodity increa-
ses the utility level. Given price vector p € R?+1\{0}. consumer i maximizes
his utility over all admissible consumption vectors he is able to buy with
his income Ii(p).

max ui(xi) subject to p.xi & Ii(p) and xi E Xi. (2.2)

The set of solutions to this problem, denoted Dl(p), is called the demand of

consumer i at price vector p. For all i, Di is an upper hemi-continuous
1
R

ot +
Also, D' is homogeneous of degree zero in p. For details see Debreu [1952,

correspondence on \{0} and each Di(p) is nonempty, convex and compact.

Ch. 4]. Finally, 1let the demand correspondence D be defined by D(p) =

}:C

i=1Dl(p), then D satisfies the same properties of each Di listed above.

The excess demand correspondence Z is defined by

Z(p) = D(p) - S(p) - {w}. (2.3)

Lemma 2.1

The correspondence Z defined by (2.3) from R?+1\{0} to I?rH1 satisfies:
i) Z is upper hemi-continuous;

ii) Z(p) is nonempty, convex and bounded, for every p € R?*l

\{0};

iii) Z is homogeneous of degree zero;

iv) p.z(p) = O for all z(p) € Z(p), for every p € Rf’l\(o}.

The properties i) to iii) follow from the properties of the correspondences
D and S. Property iv) is also known as Walras' law and follows from the fact
that due to the monotonicity of the utility function each consumer spends
all his income, i.e.,

p.at = THp), for all at € hip).



We call a vector p* € Rn \{0) an equilibrium price vector if there is at p*

a demand vector d e in D (p*) for each consumer i = 1,...,c, and a supply
*

vector s b in Sh(p“) for each firm h such that total demand is equal to

total supply plus initial endowment, i.e.,

™Mo
Q
"
I 1"y
(0]
+
£

We remark that d’i also maximizes consumer i's utility given the income
b (p*) over his feasible consumption set Xi and not only over X and simi-
larly s (B maximizes firm h's profit also over Yh and not only over Yh
Clearly, d“i is an attainable consumption vector for consumer i and s.h is
an attainable production vector for firm h.

Obviously, the price vector p* is an equilibrium if and only if O € Z(p*).
Because of the homogeneity of degree O of Z in p, we have that Ap* is an
equilibrium price vector for any A > O if p* is one. This property allows us
to normalize the price vectors to lie in the n-dimensional unit simplex g
defined by

n *1 jn®l
s={€k"z —1].
P Rty
. . n Rn#l
The unit simplex S is the convex hull of the n+l unit vectors in and
is a nonempty, compact and convex set. The equilibrium problem is therefore
to find a price vector p* in s™ such that 0 € Z(p*).

3. The path of the algorithm

Let p0 be an arbitrarily chosen price vector in the relative inte-
rior iof Sn. In case there is no a priori information about the location of
an equilibrium one can take po equal to the barycentre of Sn. i.e., pg =
(n+1)-1 for j = 1,...,n+1. We introduce a piecewise linear path of prices in
Sn. connecting po and a price vector p1. The linear pieces of the path can
be followed by a sequence of linear programming pivoting steps as described
in the next section. The price vector p1 will be considered as an approxi-
mate equilibrium, to be made precisely below, at which the procedure can be
repeated to find a better approximation. Before describing the piecewise

linear path we need some definitions and notation. We call an (n+l)-vector s



a sign vector if sj € {-1,0,+1} for all j. A sign vector s is called fea-

sible if s contains at least one -1 and one +1.

Definition 3.1.

Let s be a feasible sign vector. Then the set Ao(s) is given by

0 = n 0 _ 0 "
A (s) = |p €S |pj/Pj = m:x ph/ph. if sy = +1.

0 _ 0 e
pj/pJ = m:;n Py /Py if sy 1].

Clearly, the dimension of Ao(s) is equal to t where t is the number of zeros
in s plus one, i.e., t = |{ils, = 0}|+1.
1 t+1 3 +1

I W eney W are t+1 affinely independent points in Rn then we call the
convex hull of these points a t-dimensional simplex or t-simplex, denoted
6(w1...., wt*l). The convex hull of any subset of k+1 points of wl..... wt*l
is called a k-dimensional face or k-face of 6(w1..... wt’l) and is a k-sim-
plex itself. A O-face of a t-simplex o is called a vertex of o and a (t-1)-
face is called a facet of o. If a finite collection G of t-simplices is such
that their union covers a t-dimensional convex set C and the intersection of
two t-simplices is either empty or a common face, then we call G a simpli-
cial subdivision or triangulation of C. Two important properties of a trian-
gulation are that it also trangulates every boundary face of the underlying
set C and that every facet of a simplex either lies on the boundary of C and
is contained in only one simplex or it does not and is contained in exactly

two simplices.

Now let Go be a triangulation of s" such that Go induces also a

simplicial subdivision of each set Ao(s) defined above. For such a triangu-

lation that can easily be reproduced and stored on the computer, see Doup,

van der Laan and Talman [3]. Let eo be the mesh of the triangulation, i.e.,
eo is the largest diameter of any simplex in Go. We now define a linear

approximation zo of the excess demand correspondence Z with respect to Go.

Definition 3.2

For p' being a vertex of a simplex in GO choose any z(p') in Z(p'). Let p be

any point in s™ and let c(wl,.. wnil) be an n-simplex in Go containing p.

Of)

Then there exist unique nonnegative numbers xl""'xn¢1 summing up to one
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such that p = :?:ixiwi. The piecewise linear approximation of Z with respect

to GO is given by

n+1
el e X Az(wl).
f=i

The function z0 is well defined. Clearly, zo is continuous on Sn. Moreover,
zo is linear on each n-simplex of Go and hence also linear on each t-simplex
in Ao(s) for any feasible sign vector s. Due to the free disposal assumption
for the producers and to the monotonicity assumption on the utilities of the
consumers, for any z in Z(p) it holds that zJ 2 0 if p = 0. Hence,
z?(p) 2 0 whenever pj = 0. The piecewise linear path of the algorithm is now
defined as follows. Each point p on the path satisfies

0 0 ; 0
pj/pj m:x py /Py if zJ(p) >0
and (3-1)
0 _ 0 0
pj/p‘1 = m;n p/p, if zJ(p) < 0.

Clearly, the point p = po satisfies (3.1) with both the maximum and minimum
equal to one. Moreover, system (3.1) has one degree of freedom whereas 20 is
piecewise linear. Hence, as we will show in the next section, the set of
points in Sn satisfying (3.1) contains a piecewise linear path PO connecting
p0 and some price vector pl. At p1 we have z?(pl) = 0 1f p; = 0 and either
zo(pl) { Oor zo(pl) 2 0. According to (3.1), along the path PO from po to
pl. initially the prices of the commodities having positive (piecewise 1li-
near) excess demand are proportionally increased and the other prices are
initially decreased. In general, prices of the commodities in excess demand
are kept relatively (to the initial prices) maximal and those in excess
supply relatively minimal. The prices of the commodities for which the ex-
cess demand 1is zero are allowed to vary between this relative minimum and
maximum. In this way we obtain an intuitively appealing price adjustment
process from pO to pl. For more details about this process we refer to van
der Laan and Talman [6].

In the remaining part of this section we show that by taking a se-
quence of triangulations with mesh going to zero we can generate a sequence

of prices po. pl. pz..... such that at least one convergent subsequence

converges to a price equilibrium price vector. So, let eo. el. 62.... be a
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sequence of numbers converging to zero. Let p0 be an arbitrary point in the
interior of Sn and GO a triangulation of Sn with mesh size at most equal to
so such that G0 triangulates each set Ao(s). Let PO be the piecewise linear

path initiating at po as defined in (3.1) and let p1 be the other end point

of PO. Then with respect to p1 we can take a triangulation G1 of Sn with

mesh size at most equal to sl. If p1 lies on the boundary of Sn we choose
instead of p1 some interior point closer than e1 from pl. From p1 there
initiates a path Pl of points p satisfying (3.1) with p0 replaced by (the

perturbed) pl. then let p2 be the other end point of Pl. In this way we can

generate a sequence of points po, pl, p2.... in Sn such that for every i 2

0, p1 and pi+1 are connected by a piecewise linear path Pi in Sn of points
satisfying (3.1) with po replaced by p1 and 20 by a piecewise linear appro-
ximation z* of Z with respect to a simplicial subdivision Gi of Sn. This Gi

has mesh size at most equal to ei and is such that it triangulates each set

Al(s) as defined in definition 3.1 with p0 replaced by pi into t-simplices.

For pi.i=1.2..... we have that zﬁ-l(pi) =0 if p§ = 0 and either zi-l(pi) 2
0 or zl_l(pi) < 0. Since the sequences pi and zi_l(pi). T @ 142, s vy DOER
lie in a compact set there is a subsequence ik' k= 1,2,.:., Buch that fopr

that subsequence pi converges to some p* in s” and zi-l(pi) converges to
some z*. Clearly, either z* > 0or z* < 0.

We will show that z* is an element of Z(p*) and from that it follows toge-
ther with Walras' law that z* = O and hence that p* is an equilibrium price

vector. Without 1loss of generality we can assume that the sequence pi, i=

0,1,..., converges to p* and zi_l(pi). i=1,2,..., converges to z*. Let
di(wl'l. ol wn+1'1) be an n-simplex of Gi containing pi. Let ki..... Ai+1 b3
0 with sum equal to one be such that pi = Z::ixiwk'i. Then for all i,
d=p . A
z (p~) is equal to
g0, §, 144 4 k,i k,i
z (") = & sz '" for some z T € Z(w '7). {3:2)
k=1
Since the k;'s and zk‘i's lie in a compact set for all k, there is a subse-
quence ih' h= 1,2,.se: BUch that for 'k & 1,....0%1,
i k,i
AP>2* and z "3z forho e,
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Clearly, X; 2 0 and EO}Ak = 1. Moreover, since the mesh size of G con-

verges to zero if i goes to infinity, we also have that wk b4 p* for all k.

Concluding, for k = 1,...,n+l, we have that for the same subsequence, “k.i >
p* and zk'i - zk if i goes to infinity, while zk'i € Z(wk'i) for all i.
According to the upper hemi-continuity of Z we then must have that zk €
Z(p*) for all k. Taking the limit in (3.2) for i going to infinity, we ob-
tain z% = :’ikkz o s e z* is a convex combination of the zk s. Since
Z(p*) is convex and z € Z(p ) for all k, this proves that also z* € Z(p*).
All of this together shows that there exists an equilibrium price
vector. In doing so, we constructed a sequence of price vectors pi and vec-
tors zi_l(pi) fori=1.,2,:i:0 » IP zi-l(pi) lies in Z(pi) for some index i,
then zi_l(pi) = 0 and pi is an equilibrium vector itself. In general
zi_l(pi) does not lie in Z(pi). But every subsequence of pi. 1 =01,
contains a subsequence to an equilibrium price vector with the corresponding
sequence of zi-l(pi) converging to zero. In that sense every p1 in the se-

quence can be considered as an approximate equilibrium price vector. The
i+1

existence proof given above is constructive in the sense that each p is
obtained from pi, and hence from po. in a finite number of iterations, where
in each iteration a linear piece of the path Pi connecting pi and pi’l is

followed. In the next section we describe how the linear pieces of such a
path can be followed by alternating linear programming pivoting and replace-
ment steps. The algorithm describing these steps can therefore be considered
as a universally and globally convergent adjustment process for finding a
price equilibrium vector.

4. The steps of the algorithm

The piecewise 1linear path of points Pi connecting pi and pi‘1 for
every i can be followed by a sequence of linear programming pivoting steps
and replacement steps. Each 1linear piece of Pi lies in a simplex in some
Af(s) and can be generated by making a pivoting step in a system of linear
equations. In which adjacent simplex the next linear piece of Pi lies is
then determined by making a replacement step in the underlying simplicial
subdivision Gi. Formally, the steps of the algorithm for following the path
Pi from pi are as follows.

When the point p € Sn lies on the path pi then p lies in some t-

simplex d(wl.....wt’l) induced by the triangulation Gi of Ai(s). such that
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z (p) 2 0 if sj = +1, z (p) 0 if s =0, z (p) L0 4f sJ = -1, where zi is
a piecewise linear approximation of Z with respect to G as defined before.

Therefore if p lies on the path Pi then the system of n+2 linear equations

t+1l
N P T E s [e(h)] = Eﬂ (4.1)
k=1 1
* * - =
httas1 a knonnegative solution Xl""' xt+1 and By for Sy # 0 such that p =
Zk 1x; . Since system (4.1) has a degree of freedom of one and assuming

nondegeneracy, system (4.1) has a line segment of solutions (A,u) inducing a
line segment of points p = Ekkak in d(wl,....wt’l) satisfying (3.1) with po
and zo replaced by pi and zi. The line segment can be traced by making a
(linear programming) pivot step in (4.1) with one of the variables being
zero at an end point. When making the pivot step either X becomes 0 for
some k € {1 ws sak*l} or My becomes O for some h with 8y, # O In particular,
let z (p ) be the chosen excess demand vector out of Z(p ) at pi and let s0
be the sign pattern of z (p ). Without loss of generality we assume that so
contains no zeros. Let Uo(wl. w2) be the unique l1l-simplex in the 1-dimensio-
nal set Ai(so) such that the vertex wl is equal to pi. Then the first linear
piece of the path Pi is contained in the simplex GO. It can be traced by
making a pivot step in (4.1) (with respect to do) by pivoting in the vari-
able k2 corresponding to the vertex wz. After this pivot step either k
becomes O or My becomes O for some h € {1,...,n+1}. Clearly, p does not lie
on any other line segment of points satisfying (3.1).

Each linear piece of P1 can be followed by making a pivot step in
(4.1) for some simplex d(wl...., wt¢1) in some Ai(s). Suppose that Xk be-
comes 0 for some k € {1,...,t+1} after such a pivot step. Then the point p =
E hak A wh lies in the facet <t of o opposite the vertex wk. If the facet T
does not 11e in the boundary of A (s) then there is exactly one other t-
simplex in A (s) sharing T with 0. Let ¢ be this simplex and w the vertex of
G opposite to T, then the next linear piece of Pi lies in ©. This linear
piece can be traced by making a pivoting step in (4.1) with (zi(;)T, 1)T for
some zi(;) in Z(w). If the facet T does lie in the boundary of A(s), then
either T lies in the boundary piece of s" where pJ = 0 for all j with s, = -
1 or T is a (t-1)-simplex in Ai(s') where s' # O for some j with s, = 0 and

J J
sﬂ =g for all h# 3. In the first case the algorithm terminates with p:H1

i, 1+1 4+l
Zh#k xhw such that z (p ) 20and z(p ") =0if p, = 0. In the



second case the next linear piece of Pi lies in T and can be traced by ma-
king a pivoting step in (4.1) with s'(e(j)T. O)T. Finally, suppose that
after a pivot step in (4.1), Wy becomes O for some k with Sy # 0. Let the
sign vector s' be determined by s’ = 0 and s = s for all h # k. The algo-

isl _ _ % p o i
rithm terminates with p = thhw such that z (p ) £0or z (p ) 20

in case s' does not contain positive components or negative components,

i+l i+l

respectively. Otherwise, let ¢ be the unique (t+1)-simplex in Ai(s') having
o as a facet and let w be the vertex of & opposite o. Then the next linear
piece of Pi is contained in 6. This line segment can be traced by making a
pivot step in (4.1) with (zi(;)T. 1) for some zi(;) € Z(w).

Assuming nondegeneracy, all pivoting steps are unique. Since also
all replacement steps are unique, no simplex d(wl..... wt*l) in some Ai(s)
can be visited more than once. The finiteness of the number of simplices in
each Ai(s) and of the number of feasible sign vectors s in Rn‘l guarantees
that the algorithm initiated at pi and following the path Pi as described
above must terminate within a finite number of steps in one of the two cases
mentioned above. In both cases the point pi’1 may serve as an approximating
price equilibrium and can be used, perturbed if necessary, as the initial

point of a path P101 i+l

of points in Sn. satisfying (3.1) with respect to p
and with a finer simplicial subdivision Giél. in order to improve the accu-

racy of approximation.



15

References

[1] G. Debreu, Theory of Value, Yale University Press, New Haven, 1959.

[2]

(31

(4]

(5]

(6]

(71

[8]

[9]

[10]

[11]

[12]

(13]

T

T

P

P

A

.M. Doup, Simplicial Algorithms on the Simplotope, Lecture Notes in
Economics and Mathematical Systems 318, Springer, Berlin, 1988.

.M. Doup, G. van der Laan and A.J.J. Talman, "The (2"’1-2)-ray algo-
rithm: a new simplicial algorithm to compute economic equilibria",
Mathematical programming 39, 1987, 241-252.

. Kojima and Y. Yamamoto, "A unified approach to the implementation of
several restart fixed point algorithms and a new variable dimension
algorithm", Mathematical Programming 28, 1984, 288-328.

. van der Laan and A.J.J. Talman, "A restart algorithm for computing
fixed points without an extra dimension", Mathematical Programming
17, 1979, 74-8.4.

. van der Laan and A.J.J. Talman, "Adjustment processes for finding
economic equilibria", in: The Computation and Modelling of Economic
Equilibria, A.J.J. Talman and G. van der Laan (eds.), North-Holland,
Amsterdam, 1987, pp. 125-154.

. Mathiesen, "Computation of economic equilibria by a sequence of
linear complementarity problems", Mathematical Programming Study 23,
1985, 114-162.

.V. Preckel, "Alternative algorithms for computing economic equili-
bria", Mathematical Programming Study 23, 1985, 163-172.

.A. Samuelson, Foundations of Economic Analysis, Harvard University

Press, Cambridge, 1947.

Scarf, "Some examples of global instability of the competitive equi-

librium", International Economic Review 1, 1960, 157-172.

. Scarf, "The approximation of fixed points of a continuous mapping",
SIAM Journal of Applied Mathematics 15, 1967, 1328-1343.

.J.J. Talman and Y. Yamamoto, "A simplicial algorithm for stationary
point problems on polytopes", Mathematics of Operations Research 14,
1989, 383-399.

. Walras, Elements d'Economie Politique Pure, Corbaz, Lausanne, 1874.



Discussion Paper Series, CentER, Tilburg University, The Netherlands:

(For previous papers please consult previous discussion papers.)

No.

8932

8933

8934

8935

8936

8937

8938
8939

8940

8941

8942

8943

8944

8945

8946

8947

8948

Author(s)

E. van Damme, R. Selten

and E. Winter

H. Carlsson and
E. van Damme

H. Huizinga

C. Dang and

D. Talman

Th. Nijman and
M. Verbeek
A.P. Barten
Marini

Glith and
. van Damme

mE Q

G. Marini and
P. Scaramozzino
J.K. Dagsvik
M.F.J. Steel

A. Roell

C. Hsiao

R.P. Gilles

W.B. MaclLeod and
J.M. Malcomson

A. van Soest and
A. Kapteyn

P. Kooreman and
B. Melenberg

Title

Alternating Bid Bargaining with a Smallest
Money Unit

Global Payoff Uncertainty and Risk Dominance

National Tax Policies towards Product-
Innovating Multinational Enterprises

A New Triangulation of the Unit Simplex for
Computing Economic Equilibria

The Nonresponse Bias in the Analysis of the
Determinants of Total Annual Expenditures
of Households Based on Panel Data

The Estimation of Mixed Demand Systems

Monetary Shocks and the Nominal Interest Rate

Equilibrium Selection in the Spence Signaling
Game

Monopolistic Competition, Expected Inflation
and Contract Length

The Generalized Extreme Value Random Utility
Model for Continuous Choice

Weak Exogenity in Misspecified Sequential
Models

Dual Capacity Trading and the Quality of the
Market

Identification and Estimation of Dichotomous
Latent Variables Models Using Panel Data

Equilibrium in a Pure Exchange Economy with
an Arbitrary Communication Structure

Efficient Specific Investments, Incomplete
Contracts, and the Role of Market Alterna-
tives

The Impact of Minimum Wage Regulations on
Employment and the Wage Rate Distribution

Maximum Score Estimation in the Ordered
Response Model



No.

8949

8950

8951

8952

8953

8954

8955

8956

8957

9001

9002

9003

9004

9005

9006

9007

Author(s)

C. Dang

M. Cripps

T. Wansbeek and
A. Kapteyn

. Dai, G. van der Laan,
Talman and
. Yamamoto

< O =<

F. van der Ploeg

Kapteyn,

van de Geer,

van de Stadt and
Wansbeek

0>

Zou

=

.Kooreman and
. Kapteyn

> v

E. van Damme

. van Soest,
Kooreman and
Kapteyn

> U >

.R. Magnus and
. Pesaran

(o= )

. Driffill and
. Schultz

aQw

M. McAleer,
M.H. Pesaran and
A. Bera

Th. ten Raa and
M.F.J. Steel

M. McAleer and
C.R. McKenzie

J. Osiewalski and
M.F.J. Steel

Title

The D,-Triangulation for Simplicial
Deforéation Algorithms for Computing
Solutions of Nonlinear Equations

Dealer Behaviour and Price Volatility in
Asset Markets

Simple Estimators for Dynamic Panel Data
Models with Errors in Variables

A Simplicial Algorithm for the Nonlinear
Stationary Point Problem on an Unbounded
Polyhedron

Risk Aversion, Intertemporal Substitution and
Consumption: The CARA-LQ Problem

Interdependent Preferences: An Econometric
Analysis

Ownership Structure and Efficiency: An
Incentive Mechanism Approach

On the Empirical Implementation of Some Game
Theoretic Models of Household Labor Supply

Signaling and Forward Induction in a Market
Entry Context

Coherency and Regularity of Demand Systems
with Equality and Inequality Constraints

Forecasting, Misspecification and Unit Roots:
The Case of AR(1) Versus ARMA(1,1)

Wage Setting and Stabilization Policy in a
Game with Renegotiation

Alternative Approaches to Testing Non-Nested
Models with Autocorrelated Disturbances: An
Application to Models of U.S. Unemployment

A Stochastic Analysis of an Input-Output
Model: Comment

Keynesian and New Classical Models of
Unemployment Revisited

Semi-Conjugate Prior Densities in Multi-
variate t Regression Models



No.

9007

9008

9009

9010

9011

9012

9013

9014

9015

9016

9017

9018

9019

9020

9021

Author(s)

J. Osiewalski and
M.F.J. Steel

G.W. Imbens

G.W. Imbens

P. Deschamps

W. Glth and

E. van Damme

A. Horsley
A. Wrobel

A. Horsley
A. Wrobel

A. Horsley
A. Wrobel

. van den
van der
Talman

o Q>

and

and

and

Elzen,
Laan and

P. Deschamps

B.J. Christensen
and N.M. Kiefer

M. Verbeek
Th. Nijman

and

J.R. Magnus and

B. Pesaran

A. Robson

J.R. Magnus and

B. Pesaran

Title

Semi-Conjugate Prior Densities in Multi-
variate t Regression Models

Duration Models with Time-Varying
Coefficients

An Efficient Method of Moments Estimator
for Discrete Choice Models with Choice-Based
Sampling

Expectations and Intertemporal Separability
in an Empirical Model of Consumption and
Investment under Uncertainty

Gorby Games - A Game Theoretic Analysis of
Disarmament Campaigns and the Defense
Efficiency-Hypothesis

The Existence of an Equilibrium Density
for Marginal Cost Prices, and the Solution
to the Shifting-Peak Problem

The Closedness of the Free-Disposal Hull
of a Production Set

The Continuity of the Equilibrium Price
Density: The Case of Symmetric Joint Costs,
and a Solution to the Shifting-Pattern
Problem

An Adjustment Process for an Exchange
Economy with Linear Production Technologies

On Fractional Demand Systems and Budget
Share Positivity

The Exact Likelihood Function for an
Empirical Job Search Model

Testing for Selectivity Bias in Panel Data
Models

Evaluation of Moments of Ratios of Quadratic
Forms in Normal Variables and Related
Statistics

Status, the Distribution of Wealth, Social
and Private Attitudes to Risk

Evaluation of Moments of Quadratic Forms in
Normal Variables



No.

9022

9023

9024

9025

9026

9027

9028

9029

9030

9031

9032

9033

9034

9035

9036

9037

Author(s)

K. Kamiya and
D. Talman

W. Emons

C. Dang

K. Kamiya and
D. Talman

P. Skott

C. Dang and
D. Talman

J. Bai, A.J. Jakeman
and M. McAleer

Th. van de Klundert
Th. van de Klundert
and R. Gradus

A. Weber

J. Osiewalski and
M. Steel

C. R. Wichers

C. de Vries

M.R. Baye,
D.W. Jansen and Q. Li

J. Driffill

F. van der Ploeg

Title

Linear Stationary Point Problems

Good Times, Bad Times, and Vertical Upstream
Integration

The D_-Triangulation for Simplicial Homotopy
Algor%thms for Computing Solutions of
Nonlinear Equations

Variable Dimension Simplicial Algorithm for
Balanced Games

Efficiency Wages, Mark-Up Pricing and
Effective Demand

The D,-Triangulation in Simplicial Variable
DimenSion Algorithms for Computing Solutions
of Nonlinear Equations

Discrimination Between Nested Two- and Three-
Parameter Distributions: An Application to
Models of Air Pollution

Crowding out and the Wealth of Nations

Optimal Government Debt under Distortionary
Taxation

The Credibility of Monetary Target Announce-
ments: An Empirical Evaluation

Robust Bayesian Inference in Elliptical
Regression Models

The Linear-Algebraic Structure of Least
Squares

On the Relation between GARCH and Stable
Processes

Aggregation and the "Random Objective"
Justification for Disturbances in Complete
Demand Systems

The Term Structure of Interest Rates:
Structural Stability and Macroeconomic Policy
Changes in the UK

Budgetary Aspects of Economic and Monetary
Integration in Europe



No.

9038

9039

9040

9041

9042

9043

9044

9045

9046

9047

9048

Author(s)

A. Robson

A. Robson

M.R. Baye, G. Tian
and J. Zhou

M. Burnovsky and
I. Zang

P.J. Deschamps
S. Chib, J. Osiewalski
and M. Steel

H.A. Keuzenkamp

I1.M. Bomze and
E.E.C. van Damme
E. van Damme

J. Driffill

A.J.J. Talman

Title

Existence of Nash Equilibrium in Mixed
Strategies for Games where Payoffs Need not
Be Continuous in Pure Strategies

An "Informationally Robust Equilibrium" for
Two-Person Nonzero-Sum Games

The Existence of Pure-Strategy Nash
Equilibrium in Games with Payoffs that are
not Quasiconcave

"Costless" Indirect Regulation of Monopolies
with Substantial Entry Cost

Joint Tests for Regularity and
Autocorrelation in Allocation Systems

Posterior Inference on the Degrees of Freedom
Parameter in Multivariate-t Regression Models

The Probability Approach in Economic Method-
ology: On the Relation between Haavelmo's
Legacy and the Methodology of Economics

A Dynamical Characterization of Evolution-
arily Stable States

On Dominance Solvable Games and Equilibrium
Selection Theories

Changes in Regime and the Term Structure:
A Note

General Equilibrium Programming



PO ROX anN152 5000 | F TIL BURG. THE NETHERLANDS
Bibliotheek K. U. Brabant

17 000 01117578 4




	page 1
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9
	page 10
	page 11
	page 12
	page 13
	page 14
	page 15
	page 16
	page 17
	page 18
	page 19
	page 20
	page 21
	page 22
	page 23

