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Abstract

An allocation is in the partnered core if it admits no asymmetric dependen-
cies between players and groups of players. The partnered core of a game was
introduced in Reny, Winter and Wooders (1993) and Reny and Wooders (1993).
In this paper, in the context of a model with arbitrary consumption sets, we
introduce the partnered core of an economy and establish that no unbounded
arbitrage — a condition limiting gains from trade within groups and diversity
of preferences — is sufficient for the nonemptiness of the partnered core. Under
a condition of “extreme desirability” (including strict convexity as a special
case), no unbounded arbitrage is necessary and sufficient for nonemptiness of
the partnered core. We also establish that with strict convexity of preferences,
the Bennett and Zame (1988) result that a competitive payoff is partnered ex-
tends to situations with arbitrary consumption sets. From Werner (1987) and
the above results it follows that with strict convexity, no unbounded arbitrage
is necessary and sufficient for existence of a partnered competitive equilibrium
and nonemptiness of the partnered core.

*This paper is a revised version of Autonoma University, Department of Economics and Economic
History W.P. 279.94. Although it is based on results in an earlier, version of that paper, this version
subsumes Page and Wooders (1993). The authors are grateful to Erik Balder and Elaine Bennett
for helpful comments and to the University of Tilburg for hospitality and support during part of
the period in which this paper was written. Wooders also gratefully acknowledges the support of
the S.S.H.R.C. and the hospitality and support of the Autonoma University and the University of

Alabama.
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1 Introduction

A natural property of a distribution rule for an economy is that it has the ability to
prevent “asymmetric dependencies”. For example, if one player needs to trade with
another player to realize his core payoff but the other player does not need to trade
with the first, then there is an asymmetric dependency. An allocation which does not
exhibit asymmetric dependencies is called a partnered allocation.

An allocation is in the partnered core if it is in the core and if, additionally,
there are no asymmetric dependencies between any pair of players. The partnered
core of a game with side payments was introduced in Reny, Winter and Wooders
(1993) and the partnered core of a game without side payments was introduced in
Reny and Wooders (1993). In this paper we introduce the partnered core of an econ-
omy with arbitrary consumption sets and show that the Page-Werner condition of
no unbounded arbitrage! is sufficient for the existence of at least one partnered core
allocation. No unbounded arbitrage is the condition that no group of agents can
engage in unbounded, utility nondecreasing and rational trades. For “strictly rec-
oncilable economies,” including those with strictly convex preferences, we show that
no unbounded arbitrage is necessary and sufficient for nonemptiness of the partnered
core of the economy. Since the partnered core can significantly refine the core, our
results are stronger than analogous results for the core in Page and Wooders (1993).

The competitive payoff is not necessarily in the partnered core. This is a signif-
icant weakness of the concept. If a group of players is dependent on another group
of players at the competitive prices, it is reasonable to suppose that the group in
the stronger position, instead of taking prices as given, will attempt to gain a more
favorable outcome for its members. Bennett and Zame (1988, Theorem 3), however,
demonstrate the important result that with strict concavity of preferences, the com-
petitive outcome has the partnership property. We demonstrate that their result
extends to economies with arbitrary consumption sets and possibly nonmonotonici-
ties.

1Page (1984,1987) and Werner (1987).
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The model used in this paper is sufficiently similar to that of Werner (1987) so
that we can appeal to his proof for existence of an equilibrium. Also, we can readily
provide a sharpening of Werner’s result that no unbounded arbitrage is necessary
for existence of competitive equilibrium. Thus, for the model treated in this paper
no unbounded arbitrage is both necessary and sufficient for nonemptiness of the
partnered core and existence of equilibrium. From our results on the partnership
property of the competitive equilibrium it follows that, with a strengthening of our
condition of “extreme desirability” to strict convexity of preferences, no unbounded
arbitrage is necessary and sufficient for both the existence of a partnered competitive
equilibrium and nonemptiness of the partnered core.

Further motivation for the partnered core is provided by Reny and Wooders
(1995b) who use the concept of partnership to provide an explanation of the division
of organizations into not-necessarily-self-sufficient states, as in a “commonwealth.”
For additional motivation of partnership, examples, and discussion of the literature
we refer the reader to the literature referenced in the current paper.

Before proceeding, we briefly place our work in the context of the literature. Nec-
essary and sufficient conditions for nonemptiness of the core of a game appear in Bon-
dareva (1962), Shapley (1967), Kaneko and Wooders (1982), Keiding and Thorlund-
Peterson (1987), Keiding (1993), Page and Wooders (1993,1994) and Chichilnisky
(1994).2 As has been established in the literature, conditions limiting arbitrage op-
portunities have an intimate connection with the competitive equilibrium. Both nec-
essary and sufficient conditions for existence of equilibrium appear in Green (1973),
Hart (1974), Grandmont (1982), Page (1982), Hammond (1983), Werner (1987), Page
and Schlesinger (1993), Chichilnisky (1995), and Page and Wooders (1993,1994). A
detailed discussion of arbitrage in these papers and the relationship of the conditions

limiting arbitrages appears in Page and Wooders (1994).

2Chichilnisky has referenced earlier Columbia and Stanford University Discussion papers treating
the core and arbitrage, but we have been unable to locate the papers in the referenced sources and

also unable to obtain copies.



2 An Economy with Arbitrary Consumptions Sets

and Nonmonotonicities

Let (X;,w;,u;(-))}, denote an ezchange economy. Each agent j has a consumption
set X; C R and an endowment w; € X;. The j** agent’s preferences over X; are
specified via a utility function u;(-) : X; — R.2

The set of individually rational allocations is given by

A ={(Ey; ...sB5) € Xy % oo X X 2
;=| Z;= E?:I wj and ‘ll.j(.'tj) 2 ‘uj((dj) fOl‘ all ]}
The corresponding set of utility possibilities is given by
U(A) = {(w, ..., un) € R" : for some (z1,...,zn) € A, uj = u; () for all 5}.
Given any individually rational allocation z = (z1, ..., Z,) € A, let prj(z) = x;.
For each z € X the j** agent’s preferred set is given by
Py(z;) = {7 € X; : u;(2/) > u;(z;)}.

The following assumptions on the economy (X;,w;, u;(-))}; will be maintained.*

(A-1)(a) For each j =1,...,n, X; is closed and convex and w; € intX; where “int”

denotes “interior”.

(A-1)(b) For each j = 1,...,n, u;(-) is continuous and concave with P;(x;) # @ for
all Z; € pr,(A)

Thus, preferences are continuous, concave, and non-satiated at individually rational

allocations.®

3We use utility representations of preferences for ease of discussion. The results of this paper,
however, also hold for ordinal preferences where only quasi-concavity is required, as in Page and
Wooders (1993).

4Qur assumptions are chosen for brevity and clarity; in other research we relax several of the

assumptions of this paper.
5This assumption does not imply local nonsatiation. Since arbitrage is a global rather than local

concept, such satiation is not relevant.



Given prices p € R, the cost of a consumption vector z = (z4,...,zL) € Xj is
(x,p) = T, z,-p,. The budget set for the jth agent is given by B(p,w;) = {z € X; :
(p,z) < (p,w;)}. Without loss of generality we can assume that commodity prices
are contained in the unit ball B := {p € R": ||p|| < 1}.

An eguilibrium for the economy (X;,w;,u;(-))}—; is an (n + 1)-tuple of vectors
(%1, .-y n, P) such that
(i) (Z1,...,Tn) € A (the allocation is feasible);

(%) p € B\{0} (prices are in the unit ball and not all prices are zero);
(#42) and for each j,

(a) (9,7;) = (P,w;) (budget constraints are satisfied) and

(b) P;(z;) N B(p,w;) = B (there are no affordable preferred net trades).

2.1 Unbounded arbitrage

Given a subset S C RE, we say that y € R is a direction of recession for S if
z+ Ay € S forall A > 0 and z € S. We shall denote by R(S) the set of all
recession directions of S. If S is a closed convex set, then R(S) is a closed convex
cone containing the origin (Rockafellar (1970), Section 8). Thus, the recession cone

R(X;) corresponding to the consumption set X; is a closed convex cone containing

the origin.
Now let
CP; = {y € R(X;) : for some z € X;
uj(z + \y) is nondecreasing in A for A > 0}
and let

Z,(z) = {y € R(X;) : uj(z + \y) is increasing in A for A > 0}.

For each j, CP; is the set of net trades that are feasible and utility nondecreasing on
any scale starting at some consumption vector z € X; while Z;(z) is the set of net
trades that are feasible and utility increasing on any scale starting at a particular

consumption vector x € X;. For each agent j, CP;isa closed convex cone containing

4



the origin. We shall refer to CP; as the j** agent’s arbitrage cone. As indicated by
the notation, the set of utility-increasing arbitrages Z;(z) depends on z but arbitrage

cones are independent of z.6

2.1.1 Reconcilable and strictly reconcilable economies

We will sometimes assume eztreme desirability, that is,
(A-2) CP;\{0} = Z;(z) for all z in X.
If an agent’s utility function is strictly concave,then(A-2) holds automatically.

An economy satisfying (A-1) is said to be reconcilable — the diverse wants of agents
can be reconciled by a price system. An economy satisfying (A-1) and (A-2) is
said to be strictly reconcilable.

2.2 No unbounded arbitrage

As discussed by Page (1987,1989), in an exchange economy with heterogenous agents
and possibly unbounded consumption sets, unbounded arbitrages arise due to differ-
ences in agents’ preferences. To ensure the boundedness of the set of utility nonde-
creasing arbitrages, we utilize the Page-Werner condition of no unbounded arbitrage
(see Page (1984,1987) and Werner (1985,1987)). No unbounded arbitrage is a sim-
ilarity assumption on preferences, eliminating the possibility that any one trader
can find a mutually compatible trading partner (or group of trading partners) with
whom to engage in unbounded and possibility utility increasing trades. An economy
(X;,wj, uj(-))}-, satisfies no unbounded arbitrage if :

whenever 3_7_, y; = 0 and y; € CP; for all agents j 1)
it holds that y; = 0 for all agents j.

It is important to note that no unbounded arbitrage does not imply an absence of

bounded arbitrages for individual agents. (See Page (1989) and Page and Schlesinger

61n contrast, with only the requirement of quasi-concavity as in Page and Wooders (1993) rather

than concavity as in this paper, arbitrage cones may well depend on z.
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(1993) for further discussion of the distinction between bounded and unbounded
arbitrage.)

No unbounded arbitrage is equivalent to the condition that agents’ recession cones
are strictly on one side of a hyperplane through the origin. The following character-

ization is an immediate consequence of the classical Dubovitski-Milyutin Theorem.”

(See Page (1987) or Page and Wooders (1994).)

Proposition 1. (Characterization of no unbounded arbitrage.) Let (X;,w;, u;(-))7—,

be a reconcilable economy. Then the following are equivalent:

(a) No unbounded arbitrage (1) holds.

(b) There exists a nonzero vector of prices p € B such that for any agent j and any
vector of net trades y € CP; it holds that (p,y) > 0.

Thus, no unbounded arbitrage is equivalent to the condition that there exists a vector
of prices at which no individual has an opportunity for unbounded arbitrage.

With the Dubovitski-Milyutin Theorem in hand, we can now note that (b) is
a special case of the condition introduced in Page (1984) for a general equilibrium
model with price dependent preferences. Werner (1987) also uses (b). Page (1987),
again for a model with price-dependent preferences, assumes (a). Page and Wooders
(1993) prove the equivalence of (a) and (b) from the Hahn-Banach Theorem.

The intimate connection between no unbounded arbitrage and competitive equi-

librium is summarized via the following result due to Werner (1987).%

Theorem. In a strictly reconcilable economy, no unbounded arbilrage is necessary

7We are grateful to Erik Balder for bringing the Dubovitski-Milyutin Theorem to our attention.
8In a general equilibrium model Werner shows that condition (b) in Proposition 1 is sufficient

for the existence of equilibrium and notes that if indifference curves contain no half-lines then (b) is
also necessary for existence. In an asset market model with no redundant assets and sufficiently risk
averse agents, Page (1982) establishes that (D) is necessary and sufficient for existence of equilibrium.
Other authors, in particular, Hart (1974), Hammond (1983), and Chichilnisky (1995) obtain related
results; these are reviewed in detail and related to the Dubovitski-Milyutin Theorem in Page and
Wooders (1994).



and sufficient for ezistence of equilibrium. Let (X;,w;,u;(-))j-, be a strictly recon-

cilable economy. Then the following are equivalent:
(8) (Xj,wj,4;(+))7=; has an equilibrium.

(b) There exists a nonzero vector of prices p € B such that for any agent j and any

nonzero vector of net trades y € C'P; it holds that (p,y) > 0.

The proof that (b) implies (a) can be found in Werner (1987). To see that (a)
implies (b) let (Z,...,Zn,P) be an equilibrium for the economy and suppose that
condition (b) is not satisfied. Then for some agent, say j, there is a nonzero vector
of net trades ¥; contained in CF; such that (p,yj> < 0. Since the economy is strictly
reconcilable, u;(Z; + AY;) is increasing in A. Thus, for any A > 0,%; + Ay; € P;(%;) N
B(wj,P), contradicting the fact that (%, ..., Zn,P) is an equilibrium.®

3 The Partnered Core of an Economy

3.1 Partnered collections of players

Let N = {1,...,n} be a finite set of players and let P be a collection of subsets of
N. For each i in N let P, = {S € P :i € S}. The collection P has the partnership
property (for N) if for each i in N the set P; is nonempty and for each pair of players

i and j in N the following requirement is satisfied:
if P, C P; then P; C F;;

i.e. if all the coalitions in P that contain player i also contain player j then all the
coalitions that contain j also contain i. Two players i and j are pariners (or i is
partnered with j) if P, = P;. The interpretation of a partnered collection of sets
will be that there are no asymmetric dependencies. If i “needs” j, that is, if j is in

all the sets in the collection containing player i, then j needs i in the same sense.

9This is actually a strengthening of Werner (1987) since Werner assumes that there are no half-

lines in indifference surfaces; extreme desirability is a weaker condition.
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Note that the set of partners of an agent could be just the agent himself, or it could
be as large as the total agent set. The concept of partnership is further discussed
in Bennett and Zame (1988), Reny, Winter, and Wooders (1993), and Reny and
Wooders (1993,1995b) and in papers referenced therein.

3.2 The game induced by an economy
For any coalition S C N, the set of S — allocations is given by

A(S) ={(zj)jes : TjesTi= Ljesw; and
foreach j € S, x; € Xj and UJ'(.’E,') > uj(w,-)}.

Corresponding to the set of S-allocations is a set of utility possibilities given by
U(A(S)) = {(u;)jes : for some (z;)jes in A(S) it holds that u; = u;(z;) for each j € S }.
Now for each coalition of agents S C N define

V(S) = {(u1, .., un) : there exists (u});es € U(A(S))
such that u; < o} for all j € S}.
The pair (N, V) is the game induced by the economy (Xj,w;,u;(-))7—;- The core of
the game (N, V) is defined as

C(N,V) ={u€ V(N): there does notexist a coalition S C N and
a o € V(S) such that u} > u; for all j € S}.

3.3 The partnered core

Let u € R be such that S(u) := {S C N :u € V(S)} # 0. A utility vector u € R" is
parinered if the collection of coalitions S(u) is partnered. Let P(N,V) = {u € R :
S(u) # 0 and S(u) is partnered}. The partnered core of a game (N,V), denoted by
C*(N,V), is given by

C*(N,V)= P(N,V)NnC(N,V).
In interpretation, a payoff u € R" is in the partnered core of the game if it is in the

core and if there are no asymmetric dependencies. If some pair of players i and j,
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i is in all the coalitions in which j can realize his core utility u; then j is in all the
coalitions in which i can realize his core utility u;. For games without side payments,
the partnered core may constitute a “small” subset of the core — a single point, for
example, in a continuum. (See Example 1 in Reny and Wooders (1993)).

Let (Xj,wj,u;(-))7—; be an economy. An allocation (zy,...,z,) € A is in the
parinered core of the economy if the utility vector (ui(z;), ..., un(z,)) € C*(N,V).
Let

C* (X, wj,u;())j=1
denote the partnered core of the economy.

Theorem 1. No unbounded arbitrage is sufficient for nonemptiness of the partnered
core. Let (Xj,wj;,u;(-))}-; be a reconcilable economy. If no unbounded arbitrage
holds, then there exists an allocation z* = (z3},...,z)) € A in the partnered core
of the economy and u* := (u;(2}),...,un(z})) is in the partnered core of the game

induced by the economy.

To show non-emptiness of the core in Page and Wooders (1993) we were able
to appeal to the Debreu-Scarf (1967) result that an equilibrium is in the core. The
competitive equilibrium is not, in general, partnered. Thus, our proof of Theorem 1
appeals to the Reny and Wooders (1993) result that a balanced game has a nonempty

partnered core.!® All proofs are contained in Section 5.

Theorem 2. In a strictly reconcilable economy, no unbounded arbitrage is necessary
and sufficient for nonemptiness of the parinered core. Let (Xj,wj,u;(-))}-, be a

strictly reconcilable economy. Then the following three statements are equivalent:

(a) The partnered core of the economy, C*((Xj,w;,4;j())j=1)), is nonempty.

(b) The partnered core of the game induced by the economy, C*(N, V), is nonempty.

10Gince the partnered core is a relatively new concept, the mathematical tools that would appear
to be required to obtain a direct proof of our result have not yet been established. Further research
aimed in this direction is in progress; see Reny and Wooders (1995a) and Kannai and Wooders

(1995).



(c) The economy satisfies no unbounded arbitrage (1).

The next result implies that Theorem 3 of Bennett and Zame (1988) holds in
an exchange economy with arbitrary closed, convex consumption sets and nonmono-
tonicities. Note, however, that we cannot use Theorem 3 to prove Theorem 1 since
Theorem 3 requires strict concavity (or strict quasi-concavity). Let (Z,...,Zn,P) be
an equilibrium for the economy (Xj,wj,u;(-))}-,. We say that (T, ..., Zn, D) is a part-

nered compelitive equilibrium if
(a) (%1, ..., Zn,P) is an equilibrium and

(b) 8(Z1,...,%n) := {S C N : TjcsFj = ¥jeswj}is partnered.

Theorem 3. The partnership property of the competitive equilibrium. Let (X;,w;, u;(-))7=, be
a reconcilable economy such that, for each agent j, wu;(-) is strictly concave. If
(%1, .-+, Zn, P) is an equilibrium for the economy (Xj,w;, u;(+))}, then (Z1,...,Z,,P) is
a partnered competitive equilibrium.
The following Corollary is an immediate consequence of the fact that strict con-
vexity of preferences implies extreme desirability, the proof of sufficiency of Werner

(1987), and Theorem 3.

Corollary. Necessary and sufficient conditions for eristence of a parinered compet-
itive equilibrium and nonempliness of the partnered core. Let (X;,w;,u;(-))j-; be a
reconcilable economy such that, for each agent j, u;(-) is strictly concave. Then the

following statements are equivalent:
(a) The partnered core of the economy, C*((X;,w;,u;())}=1)), is nonempty.
(b) The partnered core of the game induced by the economy, C*(N, V), is nonempty.
(c) The economy satisfies no unbounded arbitrage (1).

(d) The economy has a partnered competitive equilibrium.

10



The reader may note that in all cases considered that the partnered core of the
game and the partnered core of the economy are related in the same way as in
economies without short sales; there is a (possibly) many to one mapping from the
partnered core of the economy onto the partnered core of the game. This is a result
of the particular assumptions on our model. In a further paper we show that without
these assumptions, this relationship between the core of the economy and the core of

the game, appropriately defined, may be broken.

4 Arbitrage and Boundedness

Our next results provide the building blocks for the proofs of our main Theorems.!!

To state these results, we require the notion of a bounded economy. Given a posi-
tive integer k, a k-bounded economy is denoted by (Xij,w;,u;(+))}-, where Xy; :=
Bi(w;) N X; and where Bi(w;) is the closed ball of radius k centered at the agent’s
endowment w;.

The set of individually rational S—allocations for the k—bounded economy is
given by Ac(S) = {(zj)jes : Tj-1%; = Tj,w; and for each j € S, z; € Xy;
and uj(z;) > uj(w;)}. The corresponding set of utility possibilities is given by
U(Ax(S)) = {(u;)jes : for some (z;)jes in Ax(S), u; = uj(z;) for each j € S}.
Theorem 4. No unbounded arbilrage is necessary and sufficient for compaciness
of the set of individually rational allocations. Let (X;,w;,u;(-))7-; be a reconcilable

economy. The following statements are equivalent:

(a) (Xj,wj,u;(-));-, satisfies no unbounded arbitrage.

IResults in the literature on existence of equilibrium in economies with unbounded short sales
typically proceed by showing some sort of boundedness — see the discussion in Page (1992). Except
for Page and Wooders (1993), our boundedness results do not appear in the prior literature. In
parﬁcular, they do not appear in Chichilnisky (1994,1995) since she uses a different economic model,
requiring a condition on norms of gradients to utility functions. Moreover, she uses a different

condition limiting arbitrages.
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(b) There exists an integer k such that for any coalition S C N, A(S) = Ax(S) for
alk > k.

The following Corollary is an immediate consequence of the Theorem. It is im-
portant to note that the corollary does not claim that compactness of the utility
possibility set implies no unbounded arbitrage. Even if the utility possibility set is
compact, there may exist trivial arbitrages — those that are not utility increasing
—and no unbounded arbitrage may be violated. The assumption that the economy is
strictly reconcilable rules out trivial arbitrages.

Corollary. Compactness of the utility possibility set: Let (Xj,wj,u;(-))}-; be a
reconcilable economy satisfying no unbounded arbitrage. Then for any coalition S C
N the set of utility possibilities U(A(S)) is compact.

Theorem 5. In a strictly reconcilable economy no unbounded arbilrage is necessary
and sufficient for compactness of the sets of utility possibilities. Let (X;,w;,u;(-))}=; be

a strictly reconcilable economy. The following statements are equivalent:
(a) (Xj,w;,u;(-))}=, satisfies no unbounded arbitrage.

(b) There exists an integer k such that for any coalition S, U(A(S)) = U(Ax(S)) for
all k > k.

It follows directly from the Corollary that if the economy is reconcilable, then no
unbounded arbitrage implies that for any coalition S C N, V(S)NRY is compact.'? It
follows directly from Theorem 5 that in a strictly reconcilable economy, no unbounded

arbitrage and compactness of V(S) N RY for every coalition S are equivalent.

12For the game induced by the economy to satisfy the conditions of Scarf’s (1967) Theorem, this
compactness is y. In preliminary versions of Page and Wooders (1993), the well-definedness
of the induced game was used to show that no unbounded arbitrage is y and sufficient for

nonemptiness of the core.
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5 Proofs

We first prove Theorem 4. Before proving the Theorem, we require three Lemmas.
Lemma 1. (Theorem 8.2, Rockafellar (1970)). Let S be a closed convex set. The

following statements are equivalent:
(a) y € R(S).

(b) y is a cluster point of some sequence {)\,z,}, C S where {z,} C S and {),} is

a sequence of positive real numbers converging to zero.

Lemma 2. Let (X, w;,u;(-))}-, be a reconcilable economy. The following state-

ments are true for all j =1,..,n and z € X;.
(a) R(P;(2)) = R(clPy(a)).
(b) R € X; : u;(#) 2 uy(x)}) = CP;
(c) R(P;(=)) = CP;

Proof. (a) is an immediate consequence of Corollary 8.3.1 in Rockafellar (1970) and
(b) is an immediate consequence of Theorem 8.7 in Rockafellar. To prove (c), first
note that R(P;(z)) € R({' € X : u;(z) > u;(x)}). Let y € R({~' € X; : u;(z’) 2
uj(z)}). By (b) and the definition of CP;, u;(z+ Ay) is nondecreasing in A > 0 for any
z € X;. Suppose now that y ¢ R(P;(z)). Then for some z’ € P;(z) and X' sufficiently
large, u;(2’ + N'y) < u;(z). But since u;(z') > u;(z), this contradicts the fact that
u;(z + N'y) is nondecreasing in A > 0. W

The following Lemma can be proven using elementary facts concerning sequences.
Lemma 3: Let {z*}, = {(a%,..,2¥)}x C A be a sequence of individually ra-
tional allocations such that 37, “:r;‘" — 00 as k — oo. Then for any cluster
point (y1,...,¥n) of the sequence {\z*}, where X* = (E}'=1 “a:;‘“)—lit holds that
Tiyi =0and TF, flu;ll = 1.
Proof of Theorem 4: The proof that (b) implies (a) is obvious. To see that (a)
implies (b), it suffices to show that (a) implies that for some integer k, U(A) =

13



U(Ay) for all k > k. To see that this implication holds, consider the following. Let
{#} = {(=%,...,75)}+C A be a sequence of individually rational allocations such
that for each k, (Zf,...,Z5) ¢ Ax. This implies that ¥}, "?Ef" — 00 as k — oo. Let
(T1s - Un) € RE X ... x RE be a cluster point of the sequence

(A%, .., *¥z4)} where A* = [i; ||z‘;||]

Since Z§ € {z € X; : u;(z) > u;j(w;)} for all k it follows from Lemmas 1 and 2(b)
that g; € CP; for each j. By Lemma 3, ¥7_,7; = Oand ¥°}_; "'3]1" = 1. Thus for some
J,J; # 0, contradicting the condition of no unbounded arbitrage. B

=1

Proof of Theorem 5: Since a strictly reconcilable economy is reconcilable, (a) im-
plies (b) follows immediately from Theorem 4. To prove the other direction, suppose
that there exists an integer k such that for all k > k, U(A) = U(Ax) and the no
unbounded arbitrage condition (1) does not hold. Then there exists (y1,...,¥n) #
(0,...,0) in R x - - - x RE such that Eyj = 0 and y; € CP; for each j. Thus,
given any (z1,...,Zn) € A, (z1 + ,\yl,..J.,z,. + Ayn) € A for all A > 0 and since
CP;\{0} = I;(z;), it holds that u;(z; + Ay;) is increasing in A provided y; # 0.

Now let § = (6, ...,6,) be a vector in RX with strictly positive components. Let
u*€ U(A;) be such that:

(6,11.") =sup{(§,u) :u € U(Ax)}. (¥
Since U(Ay) is compact for each k there is a u* in U(Ay) satisfying (*). Now
suppose k > k and let (zf,...,z5) € A be such that uf = u;(z%) for each j and
k. Since the economy is strictly reconcilable, for any agent j with y; # 0, u,-(xf +
Ay;) > u;(z%) for all A > 0. Therefore, for all A > 0,3 8;u;(zh+Xy;) > 3 Su;(zf) =
j j
(6,u*) = sup{(6,u) : u € U(A)}. But (2(5% + M), ooy n(2h + ) € U(A) for
all A > 0, and since U(A)= U(A), we have a contradiction. B
The compactness of U(A) follows from continuity of the utility functions (recon-

cilability) and compactness of Xy (w;) for each k and ;. B

Proof of Theorem 1. To prove Theorem 1 we need only observe that from Theorem
4 it follows that the game derived from the economy is well defined. In particular,
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condition (1.4) of Reny and Wooders (1993) is satisfied. Since the game is derived
from an economy with concave utilities, it is balanced. (See, for example, Scarf (1967)
or Hildenbrand and Kirman (1988, 128-132)). With a normalization of utilities so
that the utility of each agent from his endowment is greater than zero, it then follows
by standard methods that the derived game satisfies all of the conditions of Reny and
Wooders (1993) and the partnered core is nonempty. B

Proof of Theorem 2. (a) implies (b) follows from Theorem 1. To show that
(b) implies (a) consider the following. Let (X;,w;,u;(-))}-; be a strictly reconcilable
economy and let T = ( Zy,..., Zn) be an allocation in the partnered core of the
economy. Suppose that no unbounded arbitrage is not satisfied. Then there is an
n-tuple of net trades (yi,...,%n) # (0,...0) in RE x - - - x RE such that Y _y; =0
and y; € CP; for each j. By extreme desirability (A — 2), u;(z + Ay;) is i:xcreasing
in Afor A > 0 and z € X;. Let S # 0 be a subset of agents such that for each
j €8, y; # 0. For each agent j € S, u;(Z; + A*y;) > u;(F;) for any A > 0 and for
each agent j € {1,...,n}\S, u;(T; + A*y;) = u;(T;) for any A > 0. Since 3°7_,y; =0
and Y7, T = X0 wj, i-1(Z5 + Ay;) = T w; for all A > 0. Thus, (ZF1 + M, ey
Z, + Ay, is an individually rational allocation and this allocation Pareto dominates (
Z, ..., Tn), contradicting the supposition that (Z,, ..., Zn) is an allocation in the core.

The equivalence of (b) and (c) follows from the definition of the partnered core of

the economy. B
In our next proof we will use the following characterization of partnered utility

vectors.

Lemma 4. Let (N, V) be the game corresponding to the economy (X;,w;, u;(-))}=
where for each agent j, u;(-) is strictly quasi-concave.”® Let u € C(N,V). The

following are equivalent:

(a) S(u) # 0 is partnered.
13T)e utility function u;(-) is strictly quasi-concave if for cach pair z' and z" in X; with z' # z"

and each o with 0 < a < 1, it hokls that u;(az’ + (1 — @)z”) > min{u;(z'), u;(z")}-
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(b) Given any proper subcoalition S C N, S # 0, if u € V(S) then u € V(N\S).1

Proof of Lemma 4. Let u € C(N, V) and let S be a coalition satisfying u € V/(S).
It is immediate that (b) implies (a) since, whenever there is are agents ¢ and j such
that j € S and j ¢ S then there is a coalition, specifically, N/S, containing j
but not i and such that u € V(N\S). To show that (a) implies (b), suppose the
u satisfies the conditions of the Lemma. Then there is an allocation z € A(N) such
that for each j it holds that uj(z;) = u;. Since u € V(S) it holds that there is an
S-allocation (z})jes such that u;(z) = u;. Since u is in the core, and preferences
are strictly convex, it follows that Z,ES zp= Z;es T; = ¥, 5 wj; otherwise we would
have a contradiction to the assumption that u is in the core. But then it follows that
T ems Ti =L jems Wi 50 U € V(N\S).m

Proof of Theorem 3. The method of proof is similar to that used by Ben-
nett and Zame (1989, Theorem 3). Let (Zi,...,%n,P) be an equilibrium for the
economy (X;,w;, u;(-))}=; and consider the vector @ = (u1(Z1), ..., un(Za)). We know
that @ € C(N,V). By Lemma 3, to show that @ € P(N,V) we will show that
if @€ V(S) then @ € V(N\S). So suppose that @ € V(S) for some subcoali-
tion S C N. Let T € A be such that %; = u;(T;) and let z € A(S) be such that
©; = uj(z;) for j € S. If for some j € S, Z; # z; we have, by the strict concavity
of u;(+), u;((1 — t)T; + tz;) > u;(F;) for 0 < t < 1. Since (%, ..., Zn,P) is an equilib-
rium, (B, (1 — t)Z; + tz;) > (P,w;). Thus, (B,2;) > (p,w;) . But now we have a con-
tradiction because ¥ jes zj + Ljens Wi = Ljen Wi, yet (ﬁ» Yies 2 + Liens W:‘) >
(ﬁ,ZjEij>. Therefore T; = z; for all j € S. Hence, YjemsZi = Ljen\sw; and
4;(Z;)> uj(w;) for all j € S. And therefore T € V(N\S). @

6 Conclusions

The results of this paper serve as an introduction to the partnered core of an economy

and the relationship between no unbounded arbitrage and the partnered core. In on-

147 similar observation was used in Bennett and Zame (1988) to show that the competitive payoff
is partnered.
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going research, Page and Wooders (1994), we extend the condition of no unbounded
arbitrage and establish further relationships between no unbounded arbitrage, part-

nership, and equilibrium.
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