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Abstract

In a paper in 1975, Dubey claracterized the Shapley-Shubik index axiomati-
cally on the class of monotonic simple games. In 1979, Dubey and Shapley charac-
terized the Banzhaf index in a similar way. This paper extends these characteriza-
tions to axiomatic characterizations of the Shapley and Banzhaf values on the class
of control games. on the class of simple games and on the class of all transferable
utility games. In particular. it is shown that the additivity axiom which is usually
used to characterize these values on the class of all transferable utility games can
be weakened witlout changing the result.
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1 Introduction

In a Transferable Utility (TU) game (.V.v) as modeled by von Neumann and Morgen-
stern (1944), V is a finite set of players and the characteristic function v is a real valued
function assigning to each subset S of N its worth, which is to be interpreted as the
maximum gains the coalition S can guarantee by cooperating.

In politicology and sociology, TU-games have been used to study various kinds of vot-
ing situations. There, typically, the worths of the coalitions are restricted to {0,1}. The
interpretation is that the coalitions S with worth 1 can decide collectively on the issue
under consideration witliout the help of players outside S. Therefore, these coalitions
are called winning. TU-games of this kind are called simple games and were first consid-
ered in von Neumann and Morgenstern (1944). Further studies on simple games are e. g.
Shapley-Shubik (1934), Shapley (1962), Banzhaf (1965), Shapley (1967), Dubey (1975),
Dubey-Shapley (1979). Peleg (1981), Shapley(1981), Lehrer (1988) and Einy (1988).

In the literature, discussion of simple games is mostly concentrated on monotonic
simple games, based on the voting interpretation. However, if the simple games model
not only theoretical power but actual power, monotonicity may be lost. For example in
parliament, a majoritarian coalition which is composed of people with opposing interests
might theoretically form a government, but internal conflict will prevent all bills being
passed. At the same time, excluding some members of this coalition might yield a
coalition that succeeds in passing bills.

Because traditionally, simple games are used to model voting situations, a solution
concept on the class of simple games is also called a power index : it measures the
power of a voter. Shapley and Shubik (1954) introduced the Shapley-Shubik index,
which is the Shapley value restricted to simple games. Dubey (1975) characterized this
index axiomatically on the class of monotonic simple games. Another power index is the
Banzhaf index, which was introduced by Banzhaf (1965) and which was characterized
axiomatically by Dubey and Shapley (1979), again on the class of monotonic simple
games. Einy (1933) extended these axiomatic characterizations to several classes of
monotonic TU-games. The prools of the characterizations on the class of monotonic
simple games use munimal vinning coalitions. i.e. winning coalitions such that every
subcoalition is losing. Wlile this concept is natural for monotonic simple games, it is
not for nonmonotonic simple games.

In section 2. a different line of proof shows that with axioms similar to those of
Dubey (1975), one can characterize the Shapley value on the class of control games, the
class of all simple games, and also on the class of all TU-games. With a different efficiency
axiom, we also extend the characterization of thie Banzhaf value to these classes.

2 Axiomatic characterizations of the Shapley and
Banzhaf values

A simple game (N.v) is a TU-game in which the range of the characteristie -function v
is {0.1}. A simple game v is completely determined by the set

W(e):={SCN|u(S)=1)



of winning coalitions.

This definition of simple games coincides with the one given by Dubey (1975), while
a number of authors, among them Von Neuman and Morgenstern (1944) and Shap-
ley (1962) consider only monotonic simple games, i.e. simple games (N,v) such that
v(S) £ v(T) for all S C T C N. Curiel, Derks, and Tijs (1989) used control games.
These are simple games in which the grand coalition NV is winning. Note that a non-zero
monotonic simple game is a control game.

In the sequel, .V will denote an arbitrary but fixed set of players and all games will
have NV as player set, unless specified otherwise. We often identify the game (N,v) with
its characteristic function v. We denote the class of TU-games with player set N by GV,
the class of simple games with player set N by SGV, the class of control games with
player set .V by C'G" and the class of monotonic simple games with player set N by
MSGWN,

For real numbers a and b. we denote a V b := max{a.b}, and a A b := min{a, b}. For
TU-games v. w € G, vV w and ¢ A w denote the games defined by

(v Vw)(S):=e(S)Vw(S) forall SC N

(v Aw)(S):=v(S)Aw(S) forall S C N.

For each of the classes of simple games, control games and monotonic simple games it
holds that if v and w are in the class, so are v V w and v A w.

A solution concept or value on a class C¥ C GV of TU-games is a vector valued
function v : CY — RV, assigning the real number v,(v) to each player i in the game
vEeCY.

We proceed by providing some properties of a solution concept on a class CV.

o A solution v is ¢fficient if T ey vrfv) = ¢(.\) for all games v € CV.

o A solution v is anonymous if for all v € C and for all permutations o of .V such
that ov € CV.
La(t) = ty(ov) for all : € N,

where the game ov is defined by

@i(.S) = v{a(5)) for all S C ¥.

A null player in a game v € CV is a player § € N such that v(S) = v(S\ {i}) for
all S C .V containing ..

A solution ¢ has the null player property if 1,(v) = 0 for all games v € C¥ with
null player i.

o A carrier of a game v € CV is a coalition T € N such that v(S)=v(SNT) for all
SIEWN;

A solution v has the carrier property if .1 vi(v) = v(T) for all games v € CV
and each carrier T of v.



e A solution v has the transfer property if
v(oVw) + v Aw) = u(v) + v(w)
for all games v. w € CV such that vV w, v Aw € CV.

o A solution is additive if
viv+w) = y(v) + v (w)
for all games v. w € CV such that v+ w € CV.

The following should be noted : if Ci\' € Ci\' and a solution ¥ satisfies any of the
properties named above on Cy, it satisfies the property on the class CY as well. On
the class of coutrol games. the additivity property is useless : all control games have a
winning grand coalition. hence the sum of two control games is not a control game.

Furthermore, a valiue which is additive on G satisfies the transfer property on GV
and hence also on any subclass. To prove this, take v, w € GV. Then, using additivity,

olvVu)+olvAw) = o(vVw+vAw)
= o(v+w)
= o(v) + o(w).
Finally, we note that the carrier property is equivalent to the efficiency and null player
properties together.

A widely studied solution concept is the Shapley value o (cf. Shapley (1953)) of a
game v € G, defined by

ofv) = Z

Sues

AR L

T ((S) —u(S\ )

for all 2 € V. Here. |5| denotes the cardinality of the set S.

It is well known that the Shapley value is efficient, anonymous, additive and satisfies
the null plaver property on ;¥ and hence on any subelass of GN. The remark above
shows that it satisties the transfer property on any class of TU-games.

The following theorem generalizes Theoram Il in Dubey (1975).

Theorem 1 Tlhe unique value on the class of control games satisfying efficiency. ano-
nymity, the null player property and the transfer property is the Shapley value.

Proof : It is clear that the Shapley value satisfies the four properties mentioned in the
theorem. Suppose a solution concept 1+ on satisfies these four properties as well. We
prove v coincides with the Shapley value o,

First. Dubey (1975) proved that the Shapley value is the unique value on the class
of monotonic simple games satisfving anonymity and the carrier and transfer properties.
The carrier property is equivalent to efficiency and the null player property combined,
hence v coincides with the Shapley vahie on this class.

In order to extend this result to the class of all coutrol games, we introduce the Dirac

games 65 defined by
g o LSBT =S
c”ﬂ‘{o if T # 5.



Let the control games &5 be defined by 8§ = &5+ éxv. Note that (us—s)V 65 = us and
(us = bs) A és = b6x = uy for all S C N. Using the transfer property and the fact that
us — &5 is a control game we obtain

viuy) +vlus) = vlus — bs) + V(65).

Hence (%)

v(uy) + v(us) — vlus — &)

o(uy) + olus) — olus — &)
o(05),
where (1) follows from the monotonicity of uy. us, us — s and coincidence of ¥ and &

on the class of monotonic simple games, and (2) because the Shapley value ¢ satisfies
the transfer property.

Note that any arbitrary control game v can be written

v= \/ &.

TeW(v)

We prove y(v) = 6(v) for all v € CG™ by induction on [W(v)] :
o if [W(v)| =1, then v = uy which is monotonic, hence ¥(v) = ¢(v).
o if [IW(v)| = 2, then v = & for some T C .V, lience ¥(v) = 8(v).

o Choose k > 2 and suppose 1*(v) coincides with o(v) on all games v € CGV with
[W(v)| < k. Take a game v with [I1'(»)] = k + 1. and choose a T € W(v) \ {N}.
Then v = (v = 67) Vér. (v = 87) A&y = uy and W(v = é7) = W(v) \ {T}, so
[W(v = ér)| = & Hence by the transfer axiom and the induction hypothesis

v(v) = w{v—=407)+ v(ér) — vluw)
=oiv—&r)+ oléf) — é(uxn)
= ¢ ).
This proves the uniqueness of a sulution satisfving the four properties on CGV. a

Along the same lines one can prove
Theorem 2 The unique value ou the class of simple games satisfying efficiency, anony-
mity, the null plaver property and the transfer property is the Shapley value.

In order to characterize the Shapley value on the class of all TU-games, we first need

some lemmas. The zero game in G is denoted by 0.

Lemma 3 Let v be a solution on GV satisfving the transfer property, with ¥(0) = 0.
Then for all games v € G,

vle) = 3 w(v(S)ss). (1)

SEW

Proof : We prove in three steps that equation (1) holds.
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1. For the class of all non-negative games v the proof is by induction on
k(e):=|{S €N |v(S) >0}
(A game v is non-negative if v(8) > 0 for all S C N.)

o If k(v)=0then v =0and so v:(v) =0 = Lsen ¥(v(S)ds).

e Take k > 0 and suppuse equation (1) holds for all non-negative games v with
k(v) < k. For a non-negative game v with k(v) = k, choose a coalition T C N
such that »(T) > 0. Then k(v — v(T)é7) = k — 1, hence using transfer and
the induction hypothesis. we obtain

v(v) = vle=o(T)] 4+ v[e(T)ér] — (v — v(T)ér) A v(T)ér]
2 vlle = u(T)ér)(5) bs] + v[e(T)ér] — v (0)
sgN
= ST w(w(8)6s) + w(v(T)ér)
Se2¥\(T}

= 3 w(e(S)és).
SEN

2. For non-positive games one proves analogously (interchanging maxima and min-
ima) that equation (1) holds.

3. For an arbitrary game v, nse the transfer property to write

w(r) = we)+(0)
= w{eVO)+ue(erAQ)
= D [l V)(S)Es) + vl(v A0)(S)és)]
SEN

T w(e($)ds).

SCN

Hence equation (1) Lolds for all TU-games. =]

Remark The converse is also true : If a solution concept v on GV satisfies equa-
tion (1) for all games v € G then o satisfies the transfer property and v(Q) = 0.

While lemma 3 shows that a solution concept satisfying the transfer property is de-
termined by it< value on multiples of Dirac games. the next lemma shows it is also
determined by 1ts values on multiples of unanimity games.

Lemma 4 Let .\ be fixed. Suppose for each S € 2V \ {0} and for each real number a,
a vector v s € RV is given. satisfving 15 =0 for all § € 2V \ {0}. Then there exists
a unique solution concept on (¥ satisfving the transfer property, such that

v(aus) = Las for all « € R, and all § € 2V \ {0}. (2)



Proof : First we prove unicity. Suppose there exists a solution v satisfying equation (2)
and the transfer property. Then 1(0) = v(Ouy) = yon = 0. Hence according to
lemma 3, equation (1) Lolds, and applying it to the game aus, we obtain

Vas = U(aus) = Y(alr) for all a € R, for all S € 2V\ {0}. (3)
T:T2S

For each fixed a this finite system of linear equations (with variables ¥,.s and ¥(aés),
S € 2V \ {0}) is easily inversed, yielding

v(adr) Z (=)l 5 for all @ € R and all T € 2V \ {0}. (4)

Uz

Hence by equation (1).

U(v) = Z (=1)S\T (TS for all TU-games v, (5)
S S5DT

which implies ¥ is unique.

This construction of v proves existence as well : given the numbers ¢, s for all@ € R
and S € 2V \ {0}, construct a solution 1 first on Dirac games, using equation (4) and
then on all TU-games using cquation (1). This solution v will then satisfy equation (1),
hence it satisfies the transfer axiom. [t also satisfies equation (2), so it is the solution
concept asked for. 0

Using this lemma. we now prove
Theorem 5 The Shapley value is the unigue value on GV satisfying efficiency, anony-

mity, the null player property and the trausfer property.

Proof : We already noted that the Shapley value satisfies the four properties. To prove
uniqueness, let v be a valne that satisfies the four properties mentioned. Consider a
game of the form aus. By the null playver property. v (aus) = 0 if ¢ is not a member of

S, and by anonymity. all players in S uhtain the same payoff. Hence,
j 0 ifigs
llll o o
al r ifieS
for some real number r. Efficiency then yields [Slr = aug(.V) = @ and z = a/|S].
Hence v is determined on niudtiples of unanimity games, v(Ous) = 0 for all nonempty
coalitions S. and lemma 4 inplies nnigueness. m}

Another solution concept is the Banzhaf value n (cf. Banzhaf (1965), Owen (1975)),
defined on G by ) .

(v Y" S) = e(S5\ )]
for all i € N. It is easily seen that the Banzlhaf value satisfies anonymity, additivity and
the null player property. Being additive, it satisfies the transfer property as well. Note



that it does not satisfy efficiency. Define (v) := Tien mi(v). Now the characterization
by Dubey and Shapley (1979) of the Banzhaf value on the class of monotonic simple
games can be extended to characterizations on the class of all simple games and the
class of all TU-games. Along similar lines as theorems 1, 2 and 5 one can show

Theorem 6

1. The Banzhaf value is the unique value v on CG? satisfying anonymity, the null
player property and the transfer property such that

Z vi(v) = dj(v) for all v. (6)

tEN

2. The Banzhaf value is the unique value v on SGV satisfying anonymity, the null
player property, the transfer property and (G).

3. The Banzhaf value is the unique value v on GV satisfying anonymity, the null
player property, the transfer property and (6).
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