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Abstract

This paper analyzes market capacity expansion in the presence of intertemporal consumption ex-
ternalities such as consumer learning, networks, or bandwaecte The externality leads to an
endogenous shift of market demand that responds to past market capacity. Whereas market capacity
grows in waves, its magnitude depends on the degree of market concentration. The competitive en-
vironment contributes to S-shaped time patterns of market capacity expansion that is slow from the
social viewpoint. On the other hand, using an introductory price, a monopolist plans an initially larger,
but eventually smaller, amount of market cultivation than a competitive market capacity expansion.

JEL Classifications Code D11, L11, L14.
Keywords: Intertemporal consumption externalities; S-shapéflision; Market structure; Introductory
price.

*In the process of this study, | talked to many people, and their knowledge and ideas contributed significantly to the analysis
in this paper. | especially thank Katsuya Takii, Junichiro Ishida, and Ryo Horii for helpful discussions and comments. | also
thank Tatsuhiko Nariu, Kazuo Mino, Tetsuya Shinkai, Keizo Mizuno, Tsuyoshi Toshimitsu, Masamichi Kawano, Noriyuki Doi,
Toshihiro Okada, Kohei Daido, Yasutomo Murasawa, Eiichi Miyagawa, Tatsuhiro Shichijo, Misato Sato, and the seminar par-
ticipants at the Japanese Economic Association, Osaka University, Kwansei Gakuin University, and Osaka Prefecture University
for constructive comments. All errors are mine.

fAddress:Graduate School of Economics, Osaka University, 1-7 Machikaneyama, Toyonaka, Osaka, 560-0043, Japan. Email
address:gge003kh@mail2.econ.osaka-u.ac.jp



1 Introduction

In a number of successful product or services markets, the level of market demand often increases over
time. One of the significant features of this growth is that it is gradual rather than instantaneous. Although
different explanations are possible for this gradual expansion, there is an important but relatively neglected
reason in the literature: an intertemporal consumption externality where market demand is endogenously
determined as an increasing function of past market capacity, defined as the number of consumers who
buy the product. Several reasons exist for such an externality. First, there may be consumer learning.
An increase in past market capacity leads to an accumulation of product information among consumers
and to an updating of consumer preferences. Second, indirect network externalities miay Exest

variety of complementary products is an increasing function of the number of past product users (for
example, computers and software). Another reason, which is purely psychological, is the bandwagon
effect. Consumers often wish to consume a popular product. They may regard past market capacity as a
sign of popularity.

When an intertemporal consumption externality exists, the market equilibrium contains dynamic as-
pects: market capacity increases in waves. More importantly, market capacity expansion may be highly
dependent on the degree of market concentration. Intuitively, market concentration enables fifis to e
ciently expand the market by internalizing the externality, but also earn a large, sociéllgiems level of
profits. In contrast, the competitive environment restricts firm profits but makes the internalization of the
externality dificult. It is apparently ambiguous how thes&eliences fiect the level, time pattern, and
product price of the market capacity expansion. The main aim of this paper is to theoretically examine the
relation between market concentration and the properties of the market capacity expansion in the presence
of an intertemporal consumption externality.

In this paper, we develop a dynamic model of market capacity expansion with endogenous market
demand in an infinite-horizon framework. The market demand increases with increases in the previous
period’s market capacity because of an intertemporal consumption externality. We examine two types of

market capacity expansions: a competitive (decentralized) market capacity expansion and a monopoly

1See Katz and Shapiro (1994).
2This may be naive behavior, but is consistent with the existence of advertising and media reports containing information on
past product sales. See Monterio and Gonzalez (1999) who analyze the role of advertising past sales.



(centralized) market capacity expansion. In the competitive market, small and identical firms enter the
market responding to each period’s demand growth given the equilibrium price determined by the zero
profit condition. In contrast to competitive firms, a monopolist has the ability to control price. This ability
enables the monopolist to control both the level of current market capacity and future demand growth
because of the internalization of the externality. By increasing current market capacity, the monopolist
generates a large amount of subsequent period demand. However, an increase in current market capacity
reduces current profits. The mairtffédrence between the two market capacity expansions is whether the
intertemporal tradefdbetween current revenue and future demand growth exists or not.

The two market capacity expansiongfei with respect to the levels, the time patterns, and the equi-
librium prices, respectively. Assuming that the degree of demand growth (the benefit of an externality)
decreases with increases in the previous period’s market capacity, the analysis provides several interesting
results. First, the competitive market capacity expansion is initially slower and smaller than the monopoly
market capacity expansion. However, it gradually becomes faster and larger in the long run. Because of
the externality, the competitive market capacity expansion is slow arfiicieat from the social view-
point. In contrast, the monopolist plans a profit structure in order to earn large profits from a large market
demand by sacrificing early profits. The monopolist has an incentive for a large amount of early market
cultivation by internalizing the externality. This leads to faster market capacity expansion than in the com-
petitive market. However, the monopolist slows down the rate of market cultivation to yield large profits
by restricting market capacity.

Second, the initially slow competitive market capacity expansion has an S-shaped time pattern that is
reported by a number of researchers who investigate the time patterns of a numberaifidmpsoducts
In contrast, monopoly market capacity expansion hégdlty in following the initial convex part of the
S-shaped time patterns. The intuitive logic for thfatence in the initial time patterns is as follows. In

the competitive market, the attractiveness of a new entry is determined by the strength of its externality

3See, for example, Gort and Klepper (1982) who investigate the time patterns of a number of firms in 46 product markets.
Note that S-shapedflision is not an isolated phenomenon. Empirical evidence shows that the time patterns of the intra-firm and
inter-firm technology dfusion processes also tend to be S-shaped: see the seminal work of Griliches (1957), Mansfield (1968),
and the survey of technologicalfflision by Stoneman (2002). For a discussion of the theoretical mechanism of adoption of new
technology, see Jensen (1982) and Rengnum (1981).

4S-shaped product flusion is treated as a stylized fact in the marketing literature. It is observed in a number of markets such
as color televisions (Karshenas and Stoneman (1992)), fax machines (Economides (1995)), and clothes dryers (Krishnan, Bass,
and Jain (1999)). This phenomenon is also observed in the services market in the presence of network externalities such as the
mobile telecommunications services market and the Digital Subscriber Line services market.



effect. A strong externalityféect makes a current period entry more profitable than in the previous period
and it raises the attractiveness of the new entry. This leads to the initial convex part of the S-shaped time
pattern. On the other hand, a strong externalffga also raises the monopolist’s benefit of internalizing

the externality. This provides the monopolist with a strong incentive for a large amount of early market
cultivation in order to generate a large amount of demand sooner. Therefore, the initial market capacity
expansion by the monopolist is less likely to increase, but more likely to maintain, the concave time
patterns.

Finally, the two market capacity expansions algtediwith respect to the equilibrium prices. Whereas
the competitive equilibrium price is constant over time, the monopolist has an incentive to iniffalyao
low introductory pric&. The initial low introductory price contributes to the large amount of early market
cultivation by the monopolist. The eventual high price induces the monopolist to generate large profits
with the larger demand.

This paper is related to a number of literatures. First, this paper is most relevant to the industrial
organization literature concerned with market capacity expansion in the presence of intertemporal ex-
ternalities. The majority of previous studies on market capacity expansion are related to firm learning:
learning by doing (Jovanovic and Lach (1989)), learning consumer demand (Rob (1991)), and two sided
learning between consumers and firms (Bergemann aigngki (1997) and Vettas (1998)). S-shaped
diffusion has been explained in these literatures. In contrast, this paper does not focus on the role of firm
learning, but focuses on the role of the consumption externality.

In the literature on firm learning, Vettas (2000) analyzes market capacity expansion with an intertem-
poral consumption externality. He shows that the competitiffesion path becomes S-shaped and that it
is always slower than the optimal path by a planner or a monopolist. In his model, however, the benefits
of market concentration are overestimated because the monopolist does not have an incentive to restrict
output because of perfectly elastic demand: the demand curve is a horizontal straight line. In addition,

the perfectly elastic demand induces his model to require firm learning for gradual mafksiodf and

SA number of studies state that introductory pricing is possible when network externalities exist (Rohlfs (1974), Katz and
Shapiro (1985, 1986), and Cabral, Salant, and Woroch (1999)). In addition, an introductory price has been theoretically observed
in the optimal pricing of experience goods (Schmalensee (1982), Shapiro (1983), and Bergemaahnaaki {2006)) and to
gradually raise prices. In the marketing literature, Krishnan, Bass, and Jain (1999) analyze the optimal pricing strategy for new
products based on the Bass model and show the role of introductory pricing.

81f firm learning does not exist, market capacity expansion becomes instantaneous. The structure of firm learning in his model
builds on Rob (1991).



develops an unnatural relation between market capacity and prices: while monopoly market capacity is
larger than for the competitive case, monopoly price is always higheicontrast, the demand here has

a more common structure: the demand curve is a downward sloping line and leads to gridsialindi
without firm learning, the in@cient properties of monopoly fiusion, and the natural relation between

the price and the market capacity.

Furthermore, this paper is related to the literature concerned with consumption externalities. One of
the established literatures concerned with intertemporal consumption externalities is rational addiction
where a consumer’s utility is positively related to the volume of own past consumption (see Becker and
Murphy (1988)). Frank (1989) studies an intertempofétet where consumers’ own past experience
affects present consumption from a perspective of relative consumption. While these literatures do not
focus on the role of social learning on a consumer’s preferences, social learning also leads to intertemporal
consumption externalities (see Banerjee (1992), Bikhchandai, Hirsheifer, and Welch (1992), Ellison and
Fundenberg (1993), and MacFadden and Train (1996)). Becker (1991) studies restraint pricing where
consumer demand is positively related to market capacity, and Caminal and Vives (1996) analyze the
importance of past market share as a signal of product gialitye model in this paper builds on these
points of view. Assuming the existence of an intertemporal consumption externality, this paper explores
how it affects market capacity expansion depending on market concentration.

The remainder of this paper is organized as follows. Section 2 sets up the model. Section 3 introduces
the concept of competitive equilibrium and analyzes its properties: the existence of S-shymedrdi
Section 4 sets up the social planner problem and shows that competitive market capacity expansion is
slow from the social viewpoint. Section 5 sets up the monopoly problem and compares the competitive
market capacity expansion with the monopoly case. Section 6 contains concluding remarks. The proofs

of all results are provided in the Appendix.

“In contrast to our model, an increase in current market capacity does not lower market price, but raises future prices in the
case of perfectly elastic demand. In addition, as stated by Rob (1991), monopoly market capacity is always larger than in the
competitive case because of the informational externality generated by the firm’s learning. Therefore, a larger monopoly capacity
leads to higher market prices.

8See also Doganoglu (2003) who examines dynamic price competition in a horizonféghgdiiated duopoly market.

%In the marketing literature, the modeling of S-shaped proddfision relies largely on so-called “epidemic” models estab-
lished by Bass (1969). See Mahajan, Muller and Bass (1990, 1995). In such models, information of a new product is assumed
to spread from users to nonusers by personal contact. This social interaction may provide an explanation of intertemporal con-
sumption externalities in this analysis. Therefore, this paper may be regarded as a complementary economic analysis of this
marketing literature.



2 Model

This section develops the model. We characterize the consumers’ behavior in 2.1 and the firms’ behavior
in the competitive market in 2.2. We assume that time is discrete and the horizon is infinite. It is also
assumed that the market in this paper is a perishable good market or a services market in which the

service fee is charged in every period.
2.1 Consumers

There are a number of mass unit consumers for all periods. Each consumer fiaseatjoreference for

a product. Let be the type of consumer, which is stationary for all periods and is uniformly distributed
on the interval [0,1]. The market capacity, the number of consumers who purchase the product, at period
t is denoted byg;. The consumers’ willingness to pay depends on the previous period’s market capacity
because of the intertemporal consumption externality. We assume the following reservation price for type

6 consumer at periods= 1, 2, .., v(6):

Assumption 1.

wi(0) = V(6, 0t-1) = pf + 0(O-1) 1)

wherep > 0, 0’(q) > 0, 0”’(q) < 0, 0(0) = O, limg—0 o7 (Q) = o0, andlimg_, 0’(q) = 0, and wherg is a

preference parameter.

o(gi—1) represents the intertemporal consumption externality, which has two propertiesoKist,)
> 0 implies that each consumer’s reservation price at pefimdtrictly increasing in the previous period’s
market capacity. Second;’(g;-1) < O implies that the increase in the reservation price, or equivalently
the benefit of the externality, is strictly decreasing in the previous period’s market capacity. Of course,
there may exist a locally increasing part especially at smaller market capacities but it is unrealistic that the
increasing part would be observed for larger market capacities. This assumption guarantees that there is a
unique upper limit for market capacity for every market capacity expansion in this an8lysis

A consumer of typ@ paysp; for a product and enjoys consumer surplusi{d) — p;. The consumer

is assumed to purchase the product if and only if consumer surplus is nonnegativg().e-,p; > 0.

19/f the benefit of the externality increases initially, but eventually decreases with increases in the previous period’'s market
capacity, multiple steady states may exist.



Then, the inverse demand function at peripB(q.-1, q;), becomes:

+ 1) — O<qg <1,
P(Gs, ) = {p o (Ge-1) — POk o) @
0 > 1.

forallt=1,2,..,and 0< g1 < 1. Itis easy to see that the inverse demand function is strictly increasing

in the previous period’s market capacity, but strictly decreasing in the current period’s market capacity.
2.2 Firms under Competitive Environment

Firms in the competitive market are identical, small and price takers. At the beginning of each period,
the set of firms is composed of two subsets associated with potential entrants and incumbents. There is
assumed to be no asymmetry of information between the two subsets and to be no demand uncertainty. At
the beginning of each period, potential entrants decide whether to enter the market or not, and incumbents
decide whether to exit the market or not. Potential entrants enter the market with entry>cOstvhich

is the initial investment in purchases such as machines. We assume that machines are durable and are
operated for multiple periods. Machines can be operated at any level between zero to one unit for each
period in an environment of constant return to scale. To simplify the analysis, we assume that the scrap
value of machines is zero and the marginal cost is zero.

Let x be the number of incumbents at peripg; the number of new firms entering the market at the
beginning of period. Because the entry cost is not recoverable and the marginal cost is zero, incumbents
do not have an incentive to exit the market. Therefgre; . — x_1 > O forallt = 1, 2,... Assuming that
Xo = 0, we havex, = ¥ _, y-. Leti > 0 be a constant interest rate and the discount factor is denoted by
B = 1/(1+1). For each period, firms maximize the discounted sum of future operation profits, which is

denoted byR(x_1, 1)1, i.e.:
R(X-1, Y1) = Pt + BR(X, Yt+1), €)

forallt = 1,2,,.., wherep; represents the direct operation profit (market price) at peraoalBR(x;, Vi+1)
represents the discounted future operation profits. Potential entrants enter the market if and only if the
present value of net profits is positive, i.B(X._1,Y;) > c. If the demand is initially low and the fixed

cost or the discount factor is high, then entry may not occur in the first period. The following assumption

guarantees first period entry.

Because entrants and incumbents are symmetric and the horizon is finite, they have the same present value of their future
revenue streams.



Assumption 2.

p>(1-p)c (4)

Assumption 2 implies that entering the market is profitable in the first peripd<€1 - 8)c, then first
period entry is not attractive and it does not occur. Because this condition holds for all following periods,

the market capacity expansion never occurs.

3 Analysis

This section provides the characterization of competitive equilibrium and explores the existence of S-
shaped market ffusion. We first characterize the competitive equilibrium in 3.1. Then, the existence of

S-shaped marketfilusion is examined.
3.1 Competitive Equilibrium

Each period’s equilibrium condition is determined by the market clearing condition and the zero profit
condition. Letr; be the number of new consumers who purchase the product at peNow, we define

the competitive equilibrium as follows:

Definition. The competitive equilibrium consists of three sequefyiest, yf} that simultaneously satisfy

the following conditions:

1. The market clears for all+ 1, 2,...

=y (oo =Xx) (5)
2. The market price is determined by the inverse demand of consumers fer BIpf...

PE = P(X_1 X + Y0)- (6)
3. New entry occurs until excess profits become zero for-all t2,...

R(X_1- Y1) < ¢, (7)

with equality if yf > 0.



According to the above definition, the properties of the competitive market capacity expansion are
identified. From the market clearing condition, the number of new consum@ssnondecreasing. In
addition, from the zero profit condition and equation (3), the equilibrium price in the competitive market
becomes:

P = (1-p)c, (8)

for all t > 1 such thayf > 0. This implies that the equilibrium price is constant as long as the market is
in the transition process and it does not depend on the externality. Given this equilibrium price, potential
entrants enter the market in response to demand growth in each period. By putting the inverse demand

function into equation (8), the competitive market capacity expansion is summarized as follows:

p+o(xq) —plX 4 +Yi]l +pc=cC ©)

for all t > 1 such thatf > 0. Equation (9) implies that the competitive market capacity expansion is
represented by a first ordertitirence equation with respectth Denote the steady state of equation (9)
by x¢. Then, the dynamical system of equation (9) is summarized in Figure 1. It is easy to see that the

sequencepxly satisfyx; € [0, x] for all t = 1,2,.., and monotonicityg = 0 andx; — x°“ ast — oot?,
3.2 S-shaped Market Dffusion

From now on, we examine the time pattern of the competitive market capacity expansion and show that it
becomes S-shaped (initially convex, but eventually concave) when the exterfi@dtig initially strong
enough. In terms of firm entry, S-shaped marké&iugion implies that the level of new entry is initially
increasing, but eventually decreasing. We first explore the determinants of the amount of new entry at each
period. Then, the initial convexity and the eventual concavity of the marKeisthn path are examined,
respectively.

Let Ayf = y;,; — ¥¢. The time path of the market capacity expansion becomes S-shapgd 3 0

initially, but Ay? < 0 eventually. We also define the potential firms’ profitability of entry at the beginning

12By rearranging the terms of equation (9), we have:

X = X041 = o(X.y)/o +[p - (1-B)l/p. @)

From the properties of-, we haveX(0) = [p — (1 - f)c]/p > 0, X'(X{ ;) > 0, X"(x{ ;) < O, limye o X'(x;) = o, and
limye . X'(x ;) = 0. ThereforeX(x7 ;) crosses thet = X, line only once and there is a unique steady stete,

8



x =[o(x )+ p—-(1-PBxl/p

Figure 1: The dynamical system of competitivEaion path
of each period aBl(x{ ;) = R(X7 ;,0) - ¢, i.e..

(1) = p + o0 1) —pX_y — (1-A)C, (10)

forallt = 1,2,... Equation (10) implies that the net profit of new entry at the beginning of each period is a
function of the previous market capacity. It does not depend on the current period’s market capacity. Let
Ar¢ = n¢, , — g, The following lemma shows the relation between the profitability of new entry and the

level of new entry at each period.

Lemma 1. Suppose thatix= 0, ando(1) < (1 - g)c so that X < 1. Then, forall t= 1,2, .., Ayy 2 Oif

and only isAn¢ 2 0.
Proof. See Appendix. O

Lemma 1 implies that an increase or decrease in the amount of new entry is equivalent to an increase
or decrease in the profitability of entering the market at the beginning of each period. If the profitability
increases (decreases), then the amount of new entry increases (decreases). Therefore, we focus on the
properties oflI(x; ;) more precisely in order to explore the time pattern of competitive market capacity

expansion. The following lemma summarizes the properties of the profitability of new entry:
Lemma 2. TI(X_,) has a single peaked property; more precisely,

9



1. TI(X) satisfiedI(x) > 0for 0 < x < X%, I1(0) = p — (1 — B)c, andII(x®) = 0.
2. There is a unique maximizar= o’ ~1(p) € (0, x°) such thaflI(x) = 7 > p — (1 - B)c.
Proof. See Appendix. |

The single peaked property of the profitability of new entry is summarized in Figure 2. This property

follows from the features of the inverse demand function witk 0, P(X; ;. X7 ;) = p + 0(X_|) — pX{ ;.

An increase in the previous period’s market capacity leads to two indeperftesis@ssociated with the

effect of demand growth because of the externality (as capturedX)y and with the &ect of declining

market price because of the downward sloping demand curve (as captyrgd Birst, market demand is
increasing in the previous period’s market capacity because of the intertemporal consumption externality.
The dfect of demand growth on the profitability of new entry is always positive. However, the downward
sloping demand curve leads to a decline in the market price as the previous period’s market capacity
increases. Thisftect is always negative and it reduces the profitability of new entry. Therefore, the net
effect on the profitability of new entry is dependant on the relative magnitude of theffteatse

From the property otr(-), the dfect of demand growth is initially stronger than that of a declining
market price, and the profitability of new entry is increasing for alkOx’ , < x. However, as the
market capacity increases, thiéeet of demand growth becomes weaker and the profitability of new entry
decreases for al ; > x. Its value becomes zero at the steady steted\s a resultII(x; ,) has the single
peaked property.

The single peaked property of the profitability of new entry and lemma 1 imply that the amount of
new entry increases for @ x7 ; < xbut decreases for < x{ ; < x°. Because market capacity is strictly
increasing for all periods, it is easy to see that the time path of competitive market capacity expansion
eventually becomes concave. Therefore, it becomes S-shapedxf & x. This condition is equivalent
to o’ (x{) > p. This implies that the strong externalitffect contributes to the initial convexity of the time
path of competitive market capacity expansion. Moreover, the necessaryféngestucondition for the
initial convexity isTI(x]) > TI(xf), wherexg = 0. Letx* be x > 0 such thatl(x) = TI(x;). From Figure
2, it is easy to see thal(x]) > II(xg) if and only if X{ < x*. More precisely, we have the following

proposition:

10



Proposition 1. Suppose thatgx= 0. Then, the time pattern of competitive market capacity expansion

becomes S-shaped if and only if

U(M) >p—(1-RB). (11)
0

Proof. See Appendix. O

One of the important properties of the competitive capacity expansion is that the first period entry,
(0 —(1-pB)c)/p, does not depend on the externality;), but the subsequent period entry does. Therefore,
the strong externalityfiect does not lead to a larger market capacity expansion in the first period, but
it does in subsequent periods. From inequality (11) and the properti@é)pit is easy to see that S-
shaped market ffusion is more likely to be observed under small values of initial profitabllityg) =
p— (1-p)c, which follows from the low preference parameter, the low discount factor, and the high entry
cost. Therefore, we conclude that the S-shaped time pattern of competitive market capacity expansion is

observed for a strong externalitffect and low initial profitability.

N |

T, = H(xct—l)

p—1=px

Figure 2: Property ofI(-)

4 \Welfare

In the previous section, we showed that the competitive market capacity expansion has an S-shaped time

pattern. We examine its welfare properties in this section and compare it with the monopoly market

11



capacity expansion in the following section. We first set up a social planner problem in 4.1 and then

examine the properties of a socially optimal market capacity expansion in 4.2.
4.1 The Planner’s Problem

A social planner expands market capacity with expansionapst unit and zero marginal operation cost.
The planner maximizes the discounted sum of future welfare.xf.&e the market capacity set by the
planner at period andy; the amount of new capacity expansion at petio&ocially optimal planning

satisfies the following Bellman Equation:

X1t
V(X q) = ryrgag{f [o+ 0 (X 1) — pw—cyfldw+ V(X + y?)} ) (12)
12 0

The interpretation of the above equation is that the present value of the sum of future welfare is
current welfare plus the discounted next period value of the sum of future welfare. We now characterize

the feature of the social optimum market capacity expansion as follows:

Proposition 2. Let X be the market size in the steady state of the social planner problemy aad
[0 — o (X°)x°] /B’ (x°) > 0. Suppose that(1) + fo”’(1) < (1 - B)c (so that the Euler equation does not
jump), 8% > 4 (so that the eigenvalues are real numbeendgn > 1 + 8 (so that X is saddl®. Then,
there is a unique %> 0, and for all t = 1,2, .., there exists a unique optimal solution of the planner’s

problem ¥ > 0, which satisfies the following conditions:
1. Forallt=1,2,.., the optimal solution¥satisfies the following second ordeyfdrence equation:
RO, W) + B0 O + OIX1 + Y0 + Yol = ¢, (13)
where Rx-1, Y1) = p + 0(%-1) — p[%-1 + W] + ¢, and
2. Forallt=1,2,., % €[0,x°]withx3=0and { — xX°=0as t— oo,
Proof. See Appendix. m|

Note that there is a second ordeffeience equation, but one initial conditicxg, = 0. Therefore,
another boundary condition is required. Proposition 2 shows that there exists a unique steaxfy state

whose local property is saddle. It also shows that there exist unique sequafigegonverging on

12



x%, which is determined by two boundary conditions, and satisfies monotonicityfaad0, x°] for all
t=12,..

Equation (13) shows that the marginal expansion cost is equal to the marginal social benefit at the
socially optimal plan. The right hand side is the marginal expansion cost. The left hand side is the
marginal social benefit, which is composed of two elements. The first term represents the discounted sum
of future revenue. The second term indicates the social benefit from the internalization of the externality;

increased current sales increase the subsequent period’s market demand.
4.2 Optimal Capacity Expansion

Note that the only dference between the competitive market capacity expansion and the socially optimal
market capacity expansion is whether to internalize the social benefit from the externality or not. From
the social viewpoint, it is moreficient to design a market capacity expansion taking into consideration
an increase in the subsequent period’'s demand as a result of increased current sales. On this point, the
competitive market capacity expansion is sociallyfficgent.

Let p? be the shadow price of the product in the planner’s problem. From equation (13), it is denoted
by:

Py = (1-p)c—Bo’ (x)%1 > O, (14)

for all t > 1'3. Note that the equilibrium price in the competitive market does not depend on the strength
of the externality &ect and it is constant for all periods, i.g; = (1-pg)cforallt = 1,2,... On the
other hand, the shadow price in the planner’s planning depends on the strength of the extdfaality e
and changes responding to the strength of the externdldgte It is easy to see that it is lower than the
equilibrium price in the competitive market. This property leads to the socifiiient market capacity

expansion, which is faster than the competitive one:

Proposition 3. Suppose thatioxz 0, foralli = c,oandg € (0,1]. Then, forall £, < x? ,, we have
Xt < X

Proof. See Appendix. O

B3The last inequality follows from the assumptio®il) + o”(1) < (1 - B)c.

13



Moreover, the two market capacity expansion$ediaccording to their time patterns. Whereas the
externality does notfeect the first period’s market capacity expansion in the competitive market, it does
under socially optimal planning. The strong externaliffeet makes the competitive market capacity
expansion initially too slow from the social viewpoint and initially convex. On the other hand, it leads
to an initially large market capacity under optimal planning and makes the S-shaped time pattern more

difficult to obtain.

5 Comparing Competitive Diffusion and Monopoly Diffusion

In this section, we examine how the market capacity expansiterslidepending on the degree of market
concentration. We first set up the monopoly market capacity expansion in 5.1. Then, we compare it with

the competitive one in 5.2.
5.1 The Monopolist’s Planning

A monopolist is assumed to expand market capacity with expansiow pestunit and the zero marginal
operation costs. The monopolist maximizes the discounted sum of future profits" betthe market
capacity by the monopolist at peribdndy{" the amount of new capacity expansion at petiobhe profit

maximization problem is summarized by the following Bellman equation:

VO = maxfe + o 0¢) = e + ¥ = o + BV + ). (15)

=

The interpretation of the above equation is that the present value of the sum of future profits is composed
of the current profit and the discounted next period profit. The following proposition characterizes the

monopolist’s planning.

Proposition 4. Let X" be the market size in the steady state under the monopolist's plap anj@p —
o (XMxM/Bo’ (x°) > 0. Suppose that-(1) + o’ (1) < p + (1 - B)c, andBy? > 4. Then, there exists a

unique X" > Oand forall t= 1,2, .., there exists a uniqug'y> 0, which satisfies the following conditions:

1. Forallt = 1,2,., the optimal solution § > 0 satisfies the following second orderffdrence
equation:

RO 1, ) + B (x4 + YIXT, + Y + vl — o[} + ¥ =c. (16)
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2. Forallt=1,2,., "€ [0,x™ with XJ'= 0and X" — x™as t— co.

Proof. See Appendix. O

Equation (16) implies that the marginal expansion cost for the monopolist is equal to the marginal
benefit, which is composed of three elements. The first term on the right hand side of equation (16) is the
present value of the sum of direct future revenues. The second term is the discounted value of the future
benefit in which an increased current market capacity raises subsequent period demand. The last term
represents a marginal loss of current revenue. This term is regarded as the current benefit, in which the
decreased current market capacity raises the current revenue.

The last two terms represent the intertemporal trafieith respect to the market cultivation strategies
of the monopolist. From the discounted future benefit, the monopolist has an incentive to lower the current
market price and increase current market capacity. This incentive coincides with the social planner’s
incentive to maximize social welfare. However, the monopolist has the incentive to raise the current
market price and to reduce output because of the current benefit. Therefore, the optimal planning by the

monopolist is determined by the magnitude of both benefits.
5.2 Initial Efficiency and Eventual Indficiency of Monopoly Diffusion

The comparison of both market capacity expansions starts from the initial market capacity expansions.
Then, the eventual market capacity expansions are examined. Note that thefilengnde between both
market capacity expansions is that the monopolist faces an intertemporalfifade o

Let p{" be the monopoly equilibrium price at periadt is denoted by:

p" = (1 - B)c—Bo’ (XX, + px, (17)

forallt = 1,2,... Itis easy to see that the monopoly equilibrium price is endogenously determined by
the intertemporal tradeflobetween the discounted future benefit and the current benefit. By comparing
(8) with (17), the monopoly equilibrium price at the current period is lower (higher) than the competitive
one if the net benefit of increasing current output is positive (negative). Because the inverse demand is
strictly decreasing in the current market capacity, the larger (smaller) monopoly capacity is observed as
long as the previous monopoly market capacity is at least as large (small) as the previous competitive

market capacity.
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Proposition 5. Suppose thatioxz Oforalli = c,mandgo’ (x")x}; s pX{". Then, forall ¥', < x¢ |, we
have X' s xt.

Proof. See Appendix. O

Note that the higher value of the discounted future benefit arises in the environment of a strong exter-
nality effect,o” ("), the large new market capacity expansion in the subsequent pglindand the low
discount values. On the other hand, the degree of the current benedit,is constant under the current
market capacity. Therefore, we conclude that the monopoly market capacity is larger than the competitive
one in the early periods because the externalfigotis decreasing over time agd, is initially large!.

Next, we compare the eventual capacity expansions in the both markets. As the market capacity in-
creases, the net benefit of increasing the current market capacity decreases and the monopoly equilibrium
price increases. The following lemma shows that the net benefit of increasing the current market capacity

becomes negative in the steady state.
Lemma 3. In the steady state, > Bo’ (X™).

Proof. See Appendix. m]

From lemma 3, it is easy to see that the monopoly equilibrium price in the steady state is higher
than the competitive one by comparing equations (8) and (17). This implies that the monopolist has
an incentive to slow down the market cultivation and to eventually earn positive profits. The following
proposition shows that the slow downed monopoly market capacity expansion leads to a smaller market

size in the steady state than for the competitive market capacity expansion.
Proposition 6. In the steady state ®x x™.

Proof. See Appendix. |

The characteristic monopoly equilibtfamay explain the low introductory price. In the presence of

the intertemporal consumption externality, it is optimal for the monopolist to reduce the initial profits

whereas the concavity of(x) contributes this result, this result holds even if the externaffigogis constant, i.eq’(x) =
o < p. Inthis setting, the discounted sum of the future benefit in the first period is denotedpy y5']. Because/] is positive,
the monopoly market capacity expansion is initially faster than the competitive predfis close to zero.

15The results here fier from the results of Vettas (2000). The monopoly price in Vettas is dependent only on the previous
period’'s market capacity because of perfectly elastic demand: an increase in the monopolist’s output does not lower price. In
the equilibrium, the large amount of market capacity in the previous period raises prices and revenues. In this environment, the
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by using the introductory price, and to start to earn larger profits with higher demand and a higher price
in the earlier periods. If the externalityfect is initially strong enough, the monopolist earns negative
profits in the initial periods, but soon obtains strong demand growth. It is interesting to recognize that the
monopolist's incentive to cultivate the market initially leads to a socially méieient output level than

the competitive market under a strong externalifee.

Furthermore, the above results provide some implications about the time pattern of the monopoly
market capacity expansion. As well as the socially optimal capacity expansion, the first period monopoly
market capacity expansion is influenced by the externality. In addition, it eventually leads to a smaller
market size than the competitive one. Therefore, the monopoly market capacity expansion in the first
period is relatively larger than the competitive one. It tends to be concave and has the gré&ateky di

of the three market capacity expansions in becoming S-shaped.

6 Conclusion

This paper presents a dynamic model of market capacity expansion where the market demand endoge-
nously shifts in response to the previous period’s market capacity because of an intertemporal consump-
tion externality. We explore how the degree of markéfugion depends on the market structures with
respect to its levels, time patterns, and prices. The major results reported here are summarized as follows.
First, the competitive environment leads to a constant equilibrium price, which is not influenced by the
externality. This contributes to the S-shaped time pattern of market capacity expansion. In addition, the
competitive market capacity expansion is sociallyflicgent and initially too slow because it does not
internalize the benefit of the externality through the market price. Therefore, subsidies for initial entrants
can be an #ective policy.

On the other hand, market concentration enables the firm to control the market price by internalizing
the dfect of the externality. The monopolist has an incentive to initially cultivate the market at a fast pace
using a low introductory price and eventually earn large profits with higher levels of demand. Whereas
this strategy leads to negative profits initially, it is optimal because the monopolist generates high levels

of market demand sooner.

monopolist has no incentive to restrict the current market capacity, but has an incentive to increase it instead. In addition, the
monopoly market capacity idfecient and larger than the competitive one because of firm learning. As a result, the monopoly
market capacity isf@icient and larger than the competitive one, while the monopoly price is higher.
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Whereas the model has ignored the impact of heterogeneous firms, demand uncertainty, technological
progress, and strategic behavior, which mainly impact the producer, these elements may be important
issues for market éfusion. However, our concern here is to examine how markeision difers between
market structures when an intertemporal consumption externality exists, and to provide an alternative
explanation of S-shaped markeffdsion and a low introductory price as simply as possible without these
elements. Therefore, this paper is to be regarded as a complement to these issues.

There are the several issues requiring future work. First, the empirical importance of the intertemporal
consumption externality and the relation between market capacity expansion and market concentration.
In addition, this paper ignores the aspect of oligopolistic mark&tigion. My conjecture is that an
oligopolistic market capacity expansion is faster than the monopoly, but slower than the competitive mar-
ket, and that its time pattern is likely to be S-shaped as the number of firms increase. Finally, there is
concern over how general our results are. While the analysis here is couched in terms of a parametric
example, the results may extend to more general settings. We hope this study helps researchers address

these issues.
Appendix
Proof of Lemma 1

Note that for allt = 1,2, .., new entryy; > O satisfiest{ = pyf. It is straightforward that{ is positively
related toyf. i

Proof of Lemma 2

By differentiatingl1(x) with respect tax, we have,
IT'(x) = o’(X) — p, (18)

and

(%) = o (X). (19)

By the definition ofo(.), TI(X) is a strictly concave function fox > 0 and has a unique maximizer

X =o' (p). Itis easy to see thai(X) > I1(0) = p — (1 — B)c andII(x°) = 0. a.
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Proof of Proposition 1

Because the competitiveftlision path eventually becomes concave, it becomes S-shaped if and only if
n{ > 0. This condition is equivalent to:

a(X]) > px. (20)
Puttingx{ = [p + (1 - B)c] into this inequality and rearranging terms, we have inequality (11). O
Proof of Proposition 2

Note that there is a second ordeffeéience equation and one initial conditiog,= 0. By using a phase
diagram, we show that there exist unique sequergs,, which satisfy (i) foraltt = 1,2, .., x? € [0, x°],
and (ii) monotonicityxg = 0 andxy — x° ast — co.

We first show that there exists a unigfe> 0. On the steady state,
pX° = o (x°) = Bo’ (X°)X° = p — (1 - p)C. (21)

Let T(X) = px—o(X) —Bo”’(X). It is easy to see thdt(x) is strictly increasing irx > 0 such thafl (x) > 0.
Therefore, there exists a unigue > 0.
To analyze the property of equation (13) further, we transform equation (13) into an equivalent system

in the (x?_,, x{) space. Solving (13) with respectxf ,, we have:
(o] 1 (o] (o]
X1 = m{pxt —o(X_) —[p - (1 -p)c]}, (22)

forallt = 1,2, ... Note that equation (22) is a second ordefatence equation with one variab, By
definingz’ = x? ,, we translate equation (22) to a simultaneous equation with two varialesdz°.

Let the right hand side of equation (20) #e<, x{_,). Then, equation (20) becomes:

{X?+1 = ¢(X$’ 4))’ (23)
z?+1 = X?
forallt = 1,2, ... By using Taylor’s formula, the linearized system aroxfds denoted by:
1
X?+1_XO:77 B X?_XO' (24)
Za—¥] [1 0]|Z-%
forallt = 1,2, ... Then, the characteristic equation becomes:
0\2 o] 1
(%) =na +,E:O' (25)
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Assumingpn® > 4 andBn > 1+ 3, we have eigenvalue¥, 13 € R? such that 0< 19 < 1 < A3 and

eigenvector corresponding 49 is:
(€1.€9) = (13, 1). (26)

Therefore, the local property of is saddle.

We finally draw the phase diagram. From equation (23)= Z,, locus isZ’ = x{, that is, the 45
degree line of theZ, ) plane. On the other hand, th@ = X7, locus isx} = ¢(x,Z). By solving
(X, ) with respect tag, we have:

Z =0 Yo~ DX ~ o~ (1= B)el), (27)

forallt = 1,2,... Becaused — Bo’' (x)] X is strictly increasing ik’ and convex forg — o’ (x)]x¢ > O,
ando~1(x) is strictly increasing and convex, thé@ = X7, locus is strictly increasing and convex xf.
We next examine whethef andx? are increasing or decreasing above and below the phase-lines. Itis
easy to check that for the points above #fie- Z , line, we havez’ > 2 ;, and for the points below the
z = z),, line, we havez} < z, ;. Also, for the points aboveP = X, line, we havex > X ,, and for
the points below = X7, ;, we havexf < X7, ;. The phase diagram is summarized in Figure 3 where the
arrows show the direction of increase at each point.

We now characterize the optimal solution by using the above properties. It satisfies the following

conditions: (i) thexp = X7, ; locus is increasing and (i® € [x°, x°] forall t = 1,2, .., where:
X° = {X€ Ry 1 [p— B’ (X)]x=p - (1-p)c}. (28)

Becaused — Bo’(X)]x is strictly increasing irx for all [p — Bo”’(X)]x > 0, there exists a uniqueé > 0.

This implies that the® = x?, ; locus intersects the , = 0 axis once ak® > 0. Any x{ ¢ [X°, x°] does not
become the optimal solution. Therefore, we conclude that the optimal solution that satisfies conditions
(i) and (ii) is restricted in the shaded portion. Any points outside the shaded portion diverge and do not
become the optimal solution. For the points abovezhe: 2, locus, x? becomes negative in finite

time but this violates a feasibility condition. On the other hand, for the points atjgve z but below

X = X0,1, X is increasing over time satisfyirg},, > ' (x} > x{,). However, for largex} such that

xp > X, the inverse demand function becon®g? ,, x7) = 0. In these circumstances, Euler equation
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(13) does not hold. It is easy to see that there exists a unique path that convexgestbthe optimal

solution consists of the points that belong to the stable manifold.of |
o
zZ o _ o
( ot) xt - xz+1 r’
X, o 0
' Zy = Zin
(xH =X )
&
x ____________
N L
A\
4 LA
1
-0
0 x x° .. Stable manifold xto

Figure 3: The dynamical system of socially optimafasion path

Proof of Proposition 3

Let U(X 1. %) = p + (X ;) — px{ + Bo’ (X)X, ,. Rearranging equation (9), the competitivéfation
path is denoted by:
U(X_1, %) = Bo’ (X)X, = C. (29)

Let X7 ; < X ;. Suppose in negation thaf > x{. Then, by using the properties bf.,.), we have the
following inequalities:

U1, %) = U g, X)) 2 U4, %), (30)

forallt = 1,2,.., where the first inequality follows fromJ,(x._1, %) < 0 and the second inequality
follows from U1(x-1. %) > 0. Becausd&J(x?, x7) = c in the equilibrium, we havé) (X7 ;, x{) < ¢ which

contradicts equation (29) becay®e (x{)x{, , is positive. m]
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Proof of Proposition 4

Note that there is a second ordeffeience equation and one initial conditioff = 0. By using a
phase diagram, we show that there exist unique sequen¢dg, which satisfy (i) for allt = 1,2, .,
X" € [0, x™], and (ii) monotonicityxT' = 0 andx" — x™ ast — co.

We first show that there exists a unigqxi® > 0. In the steady state,
2pX™ = o (X") = po’ (X")x" = p = (1 - B)C. (31)

Let F(X) = 20x—o(X)—Bo’(X). Itis easy to see th&t(x) is strictly increasing ik > 0 such thaf(x) > 0.
Therefore, there exists a uniqu@ > 0.
To analyze the properties of equation (16) further, we transform equation (16) to an equivalent system

in (x",, %) space. Solving (16) with respectxf,, we have:

mo_ 1
Xt+1 - ﬁo"(xtm)

(2ox" = o (") = [o - (1 - B)cl}, (32)

forallt = 1,2, ... Note that equation (32) is a second orddfedence equation with one variabié). By
definingz" = x",, we translate equation (32) to a set of simultaneous equations with two varigBles,

andz™. Let the right hand side of equation (32) béx", x,). Then, equation (32) becomes:

Zh = X"
forallt = 1,2, ... By using Taylor’s formula, the linearized system aroufids denoted by:
1
thll_xm — Y B Xtm_xm ] (34)
forallt = 1,2,... Then, the characteristic equation becomes:
m2 m 1
(A" =ya +E=O. (35)

AssumingBy? > 4, it is easy to check th@y > 1 + 3 because > Bo’(xM)16. Therefore, we have

eigenvaluesl], 7' R? such that O< AT < 1 < AT and an eigenvector correspondingitbis:

(€].€5) = (17 1). (36)

18This property is proved in Lemma 3.
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Therefore, the local property of" is saddle.

We finally draw the phase diagram. From equation (33)zthe Z", locus isz" = x", that is, the 45
degree line of the", ") plane. On the other hand, th§' = X, locus isx" = y(x",Z"). By solving
y(x", ") with respect tag", we have:

"= o ([20 ~ B’ (DX — [20 — (1~ e, (37)

forallt=1,2,... Because [2— B0’ (X"M]X" is strictly increasing in¢" and convex for [2 —Bo”’ (XM X" >
0, ando—1(x) is strictly increasing and convex, thé = X1, locus is strictly increasing and convex in
x". We next examine whethef" andx" are increasing or decreasing above and below the phase-lines.
It is easy to check that for the points abae= 7", line, we havez" > Z",, and for the points below
Z" =z, we havez" < Z7,. Also, for the points above" = x", line, we havex" > x,, and for the
points belowx™ = x|, we havex" < x1,. The phase diagram is presented in Figure 4 where the arrows
show the direction of increase at each point.
We now characterize the optimal monopoly solution by using the above properties. It satisfies the

following conditions: (i) thex" = X}, locus is increasing and (" € [X™, x™] for all t = 1,2, .., where:
X" = {x € Ry 1 [20 = B’ (Q]x = p — (1-)c}. (38)

Because [2 — po’(X)] x is strictly increasing irx for all [2p — Bo”’(X)] x > 0, there exists a uniqué” > 0.

This implies that theq" = x"', locus intersects thg", = 0 axis atx™ > 0. Any x" ¢ [X", x"] does not

become the optimal monopoly solution. Therefore, we conclude that the optimal monopoly solution that
satisfies conditions (i) and (ii) is restricted to the shaded portion. Any points outside the shaded portion
diverge and do not become the optimal monopoly solution. For the points abo#f thez"), locus,

X" becomes negative in finite time, but this violates a feasibility condition. On the other hand, for the
points abovey”, > z", but belowx™ = X', X" is increasing over time satisfying]!, > z" (x" > x,).

However, for largex" such that” > x,;, the inverse demand function becon®",, x") = 0. In

these circumstances, Euler equation (16) does not hold. It is easy to see that there exists a unique path
that converges ta™ and the optimal monopoly solution consists of the points that belong to the stable

manifold of x™. O
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0 x X X,

........ Stable manifold

Figure 4: The dynamical system of monopolyfdsion path

Proof of Proposition 5

Let L(X . X)) = R(X_;, ¥r). We prove the first case. LBt (x")x}; < px" andx™; < X7 ;. Suppose in

negation thak > xf. Then, using the property &f.,.), we have the following inequalities:
I—(Xf_l’ X) > L(Xf_l’ Xtm) e L(X{El, Xtm)’ (39)

forallt > 1suchthak™, < x¢ ,, where the firstinequality follows frofa,(x;_1, X') < 0 andLa (X1, %) >
0. Becausé (X ;. %) = cin the competitive equilibrium, we havgx",, x") < c. This is a contradiction

to equation (16) becauge’ (X)X}, < px{". In the same way, we can prove the second case. m]

Proof of Lemma 3

Suppose in negation thak™ < Bo”’(x™). Then, we have the following inequalities:

pX" < o (X)X < o(XT), (40)
Where the last inequality follows from the propertyae(f). These inequalities imply that:

20X" < o(X™) + Bo’ (XT)X™. (41)
This contradicts the steady state conditignx? > o-(X™) + Bo’ (X™)xX™. O
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Proof of Proposition 6

Suppose in negation that < x™. This implies thalI(x™) < 0. But this contradicts the steady state

condition:

II(X™) = px™ - o’ (xMx™ > 0. (42)
Therefore x¢ > x™M. O
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