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Abstract

Hart has established necessary and sufficient conditions for the ex-
istence of equilibrium in an economy consisting of two time periods in
which agents trade assets whose returns depend on an uncertain state of
nature. Hammond has enounced an equivalent condition from an alter-
native approach to Hart’s model. In both cases, it is assumed that agents
maximize the expected value of their utility in the second period, when
the asset returns are paid. In this paper, Hart’s model is modified in
such a way that agents also value consumption in the first period and
the implications of this modification on the conditions proposed by these
authors are analyzed.
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Existencia del equilibrio en los mercados
financieros: el modelo de intercambio de activos
de Hart con consumo en el periodo inicial.”

Jean Pietro Bonaldi Varént

Abstract

Hart ha establecido condiciones necesarias y suficientes para la ex-
istencia del equilibrio, en una economia de dos periodos en la cual los
agentes intercambian activos cuyos retornos dependen de un estado de la
naturaleza incierto. Hammond ha enunciado una condicién equivalente a
partir de una aproximacién alternativa al modelo de Hart. En ambos ca-
sos, se supone que los agentes maximizan el valor esperado de su utilidad
en el segundo periodo, cuando se pagan los retornos de los activos. En
este articulo, el modelo de Hart se modifica de tal forma que los agentes
también valoran el consumo en el primer periodo y se analizan las im-
plicaciones de esta modificacién sobre las condiciones propuestas por los
autores mencionados.
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1 Introduction

Assets or securities whose returns are subject to almost unpredictable contin-
gencies are usually exchanged in financial markets. This is why uncertainty
plays a central role in the explanation of agents’ behavior when they enter the
market. Although it is true that individuals can not easily foresee the future
value or dividends of those assets, it is also clear that they can gather informa-
tion from multiple sources in virtue of which they can form expectations about
these returns. Without having to consider the true probability distribution of
future events determining asset returns, the subjective probabilities that agents
assign to these events, based on some signals that markets may send them and
on their previous knowledge of the relevant surrounding circumstances, let us
model their behavior under the uncertainty conditions previously described and,
therefore, increase our understanding of the market.

In this paper, special emphasis is made on the degree of divergence that
agents’ expectations may exhibit. The question of whether or not these expec-
tations correctly predict future events is left aside. Following a line of research
originally developed by Green (1973) and Hart (1974), among other authors that
will be mentioned later, some conditions concerning agents’ expectations about
asset returns will be analyzed here in order to determine their implications for
the existence of equilibrium in financial markets.

The model proposed here is a modification of Hart’s (1974) securities ex-
change model. To describe the agents’ trading decisions, Hart assumes that
they are only interested in maximizing the expected value of their future utility
from wealth, which directly depends on asset returns, but deliberately ignores
the utility they can obtain in the period in which transactions take place, if they
spend part of their income on something different than buying assets. Hart ar-
gues that this omission lets him derive necessary and sufficient conditions for
the existence of equilibrium that are weaker than Green’s (1973), who actually
incorporates in his model the fact that agents value present consumption and
not only care about expected utility derived from future wealth. It is convenient
to observe, however, that Green’s model differs from Hart’s , and also from the
one to be proposed here, in other aspects. The main difference being that, in his
own terms, Green’s model includes markets for both currently deliverable com-
modities and contracts for future delivery through which borrowing and lending
is possible.

Hammond (1983) supports Hart’s (1974) position sustaining that Green’s
conditions are unnecessarily strong; instead he proposes the overlapping expec-
tations assumption and proves that it is equivalent to Hart’s (1974) condition.
Furthermore, Page (1987) makes use of Hart’s model to express the conditions
for the existence of equilibrium in terms of the non-existence of arbitrage prices.
On the other hand, Carvajal and Riascos (2006) include a term on the utility
function that depends on the wealth remaining after exchanging assets but be-
fore their returns are paid. In this aspect, the model proposed in this paper
follows Carvajal and Riascos (2006).

Broadly speaking, the purpose of this paper is to show that the addition



of this term in the agents’ utility functions is not innocuous. More precisely,
it will be proved in section 5, by means of an example, that in an economy
identical to Hammond’s (1983), except for the fact that agents value present
consumption, the overlapping expectations condition is not sufficient for the
existence of equilibrium.

Specifically, this work focuses mainly in the following aspects. To begin
with, a similar model to Hart’s (1974) is proposed, with an additional term in
the utility functions used to incorporate in the model the fact that agents can
derive utility from wealth in the first period. Then, generalizing a condition
initially proposed by Carvajal and Riascos (2006) for an economy consisting of
two agents, a necessary condition for the existence of equilibrium is established,
and it is proved that it is equivalent to Hart (1974) and Hammond’s (1983)
conditions. To emphasize why the model with utility derived from consumption
in the first period has to be considered, it is shown that the overlapping expec-
tations condition is not sufficient for the existence of equilibrium in an economy
in which utility in the first period matters. Finally, the existence of equilibrium
in the proposed economy is proved, under some additional assumptions.

2 The model

As it was mentioned in the introduction, the economy considered in this paper
is identical to Hart "s (1974) securities exchange model, except for the fact that
consumers are also considered here to be interested in present consumption
and not just in the utility that they expect to obtain from the returns of the
assets they exchange in present markets. In fact, the economy described here
consists of two time periods. In the first one, traders can exchange assets whose
returns are paid in the second period. An asset return includes both the total
value of one unit of the asset and the dividends that it could have paid and is
contingent to the state of nature that takes place in the second period. Although
traders ignore future asset returns in the first period, they are assumed to form
expectations about the returns based on which they decide how to exchange
assets.

Let there be a finite number of traders and assets in the economy, represented
by the sets Z = {1,...,I} and A = {1, ..., A}, respectively. In the second period,
one of infinitely many possible states of nature occurs, each of which is identified
with a unique vector of returns of the A assets in the economy. Additionally, it
is assumed that those returns are non-negative, so each state of nature may be
formally represented by a point in Rf.

A bundle of assets is called a portfolio and is represented by a vector z € R4.
Any component of this vector can be positive, negative or zero, since all traders
are allowed to buy or sell every asset. To be more specific, z{ < 0 means
that trader 7 is short selling asset a, assuming no trader receives a positive
endowment of any asset.

Traders are completely characterized by their beliefs or expectations on asset
returns, utility functions describing their preferences for wealth and initial en-



dowments of wealth. For each i € 7, u’ : R — R is a utility function satisfying
the following assumptions:!

(A.1) u’ is concave

(A.2) u® is strictly increasing in R.

It is also assumed that consumers maximize the sum of the utility of present
consumption and the expected utility of future wealth. Clearly, for each trader,
his expected utility depends on his beliefs concerning future asset returns, and it
seems reasonable to suppose those beliefs can be based on previous knowledge,
such as someone else’s beliefs or another kind of information gathered from
the market that may be reflected in asset prices. Following Hart (1974), it is
accordingly supposed that trader’s expectations on future returns depend on
asset prices.

Formally, let p € Rj‘: be a price vector for assets traded in the first period,
r € R4, a vector of returns or a state of nature, B (R%), the Borel c—algebra in
R4 and M (R%), the set containing all probability measures in the measurable
space (R%,B(R%)).? For any trader i € Z, his beliefs about the asset returns
are defined by a function ' : RY — M (R%), where p' (p, X) denotes the
probability that 7 assigns to the fact that the returns vector r belongs to the set
X, given asset prices p. Two regularity assumptions are made initially about
the functions representing traders’ beliefs:

(A.3)* For all p € RY, there is a bounded subset C of RZ such that
p'(p, €)= 1.

(A.4) For all i € 1, the function p': RY — M (RY) is continuous in the
topology of weak convergence of probability measures.?

Although the economy concerned involves two time periods, Hart assumes
the trader’s utility is completely determined by his second period expected
utility of wealth. Here, an additional term is added to the utility function,
representing the utility that traders gain from the remaining wealth they keep
after trading assets in the first period. Additionally, it is assumed in this model
that each trader i receives positive initial endowments of wealth, wj and w?, in
the first and second periods, respectively.* So, given a price vector p € R4 for
the first period, trader i chooses a portfolio z = (21, ..., zm) € R4 to maximize
the following function describing his preferences on the set of feasible portfolios
at prices p:°

IThe same notation is used here for Hart (1974) and Hammond ‘s (1983) assumptions.

2For a formal definition of the measurable space (Rﬂ, B (Rﬂ)), see Cohn (1980).

3Hart’s condition (A.3) has been replaced here temporarily by (A.3)*, which is weaker.
Latter in this paper, the consequences of the assumption (A.3) on the existence of equilibrium
in the financial market will be made clear.

41t would be broader to assume the second period initial endowment is contingent on the
corresponding state of nature, as it is done by Carvajal and Riascos (2006). However, the
proof of the existence of equilibrium proposed in section 6 would have to be modified.

5When defining function V? (p, z), pz and 7z denote the dot product of the respective
vectors and ffd,ui (p) is the Lebesgue integral of function f with respect to the measure
p? (p). It should be noted that, if f(r) = u® (w} + rz), since u’ is a coninuous function, by
(A.2), then f is also continuous (in r) and Borel-measurable.



Vi(z,p) =u' (wo — pz) + /uz (wy +r2) du’ (p) (1)

Note that, by assumption (A 3)*, [ul (wi +rz)du’ (p) = [, u' (w1 +rz)du’ (p),
then the function f(r) = u'(w; +172) is u—lntegrable for all p € RY and
z € RA, so Vs well deﬁned Moreover, since u is concave and the dot product
is linear, V' is concave and therefore continuous in z, for a given p.

As it should be expected, traders are subject to certain restrictions. Partic-
ularly, at prices p, trader “s i budget restriction can be defined by the set:

B'(p)={z€ R4 : wp — pz > 0} (2)

Furthermore, an additional restriction is imposed here to the agents, con-
cerning the impossibility to plan bankruptcy for the second period. Intuitively,
if traders derive utility from wealth, it seems reasonable to suppose they do
not consider viable to make transactions that could imply a negative level of
wealth in the future. That is, if a trader assigns a positive probability to a state
of nature, he will not be willing to acquire a portfolio that would lead him to
receive a negative income if such a state occurs. Correspondingly, at prices p,
trader i’s feasible portfolio set is defined as:

X' (p {zeRA vr e S (p): rz—|—w120} (3)

where S? (p) is the support of the probability measure u (p).5

Specifically in this aspect, the model proposed here is less general than
Hart’s (1974), because his feasible portfolio sets are assumed just to satisfy
some conditions, but they are not assigned any explicit form. In fact, the feasi-
ble sets X (p) defined in 3 satisfy Hart’s assumptions (A.5) - (A.7) and (A.9),
and it is enough to assume further on that S®(p) # {0}, for all i € Z and
p € RY, for condition (A.8) to be satisfied.” As it will be made clear, the fact
that the supports of the probability measures contain more than one point is an
immediate consequence of Hammond’s assumption (A.12). It is convenient to
add that Green (1973) imposes a restriction on the set of actions, equivalent to

6Let 4 be a measure in (X, B(X)). The support of u, denoted by suppg, is defined as the
set {x € X : p(U) > 0, for all open set U such that z € U}

Note further that assumption (A.3)* holds if and only if, for all p, suppu? (p) is a bounded
set.

"THart make the following assumptions on the feasible sets X*:

(A.5) X is closed and convex for all i € T.

(A.6) For each i = 1,...,n there exists 2° € X? satisfying 2? < z*

(A.7) Given a € A, there exists some ¢ € Z with the following property: if 2, > zq and
2y =z for all k € A, k # a, then z € X implies that 2z’ € X,

(A.8) Given any ¢t € Z, p € Rf_ and z € X?, there exists 2 € X* such that V? (z%,p) >
Vi (zi,p)

It should be noted that (A.6) does not apply strictly to our model since we have no initial
endowments of assets z. However, our representative trader 4 receives an initial amount of
wealth w* > 0 and, at any price p € R+7 there are infinite portfolios Zl € Rﬁ, such that
pz' = W', for each of which there exists a 27 € X* satisfying 2! < Z*



the previous one defining the feasible sets. Moreover, Hammond (1983) consid-
ers this a plausible restriction and shows how it satisfies his assumptions (A.10)
and (A.11), an important fact that will be used later on in this paper.

Briefly speaking, any trader ¢ in this economy faces the problem of choosing
a z in B'(p) N X (p) that maximizes the function V? (-, p), taken prices p as
given. Therefore, trader i’ individual demand correspondence, Z¢ : R4 = R4,
can be defined as follows:

Z'(p)= argmax V' (zp)
z€Bi(p)NX*(p)
For the sake of briefness, the economy described in this section will be de-
noted & hereafter.

3 Individual Demands

It could be the case that the individual demand correspondence takes empty
values. In other words, the utility maximization problem, as it was stated pre-
viously, could have no solution for some prices and, in that case, it is obvious
that equilibrium would not exist. This is why it is important to establish neces-
sary and sufficient conditions for the existence of such a solution. Carvajal and
Riascos (2006), for example, prove (lemma 1) that Z¢ (p) # @ if and only if the
following conditions are satisfied:

1. There does not exist a z € R4 such that pz < 0 and p’ (p, {r : rz < 0}) =
0, and

2. There does not exist a z € R4 such that pz = 0, u (p,{r:rz <0}) =0
and p® (p, {r : 72 >0}) >0

Intuitively, it is clear that if there were a portfolio that does not fulfill con-
dition 1 or 2, trader ¢ would have incentives to demand an infinite amount of it,
since, in either case, he could obtain more utility by augmenting the quantity
hold of such portfolio, without assuming the risk of loosing with the transaction,
according to his beliefs. This argument can be easily translated into formal
terms to demonstrate that if any of those conditions does not hold, trader i s
demand for assets is not determined. The proof of that result, concerning econ-
omy &, is very similar to the one proposed by Carvajal and Riascos (2006).
However, their proof of the other direction of lemma 1 supposes an economy
with a finite number of possible states of nature in the second period and does
not apply to our case of interest.

Green (1973) also states necessary and sufficient conditions for the existence
of a solution to the utility maximization problem faced by the agents in his
model, described exclusively in terms of their expectations concerning future
commodity prices. As it will be proved, under an additional assumption about
trader “s beliefs, conditions 1 and 2 in Carvajal and Riascos’ (2006) lemma 1
are equivalent to a natural adaptation of Green’s condition, appropriate for



the asset market, and also necessary and sufficient for the individual demand
correspondences to be non empty.

In what follows, some concepts and results belonging to the field of Con-
vex Analysis will be needed, so an appendix has been added including respec-
tive definitions and references. Most of this material was based on, or taken
directly from Rockafellar (1970) and the corresponding notation is the same
as in Hammond (1983). This said, K’ (p) denotes the convex cone generated
by S%(p), the support of the probability measure u(p), and for any cone C,
Ct ={z:Vr e C,rz > 0} is the polar cone of C.

Following Hammond (1983), and using the notation just introduced, a new
assumption on trader s beliefs is introduced now:

(A.12) For all i € I and p € RY, intK' (p) # @, where intC denotes the
interior of C (in the usual topology of R™).

As it will be shown later, this assumption is necessary for the existence
of equilibrium in the proposed economy. This is why, despite the fact that
it implies some restrictions on the functions pu’ : Rﬁ — M (]Rﬁ) describing
trader’s beliefs, its introduction does not make the existence proof less general.
Moreover, as it was mentioned previously, under this assumption it is possible
to establish necessary and sufficient conditions for the existence of a solution to
the utility maximization problem of the traders, just in terms of their beliefs or
expectations concerning asset returns, as it is shown in theorem 1.

Before stating a proof of theorem 1, it is convenient to enounce a proposition
that will be useful in its demonstration.

Proposition 1 Let K C R be a closed convex cone and k € K, then there
exists z € K such that z # 0 and kz = 0 if and only if k € OK™, where
OK™ =clK+\intK™ is the boundary of K and clK™ its closure.

Proof See the Appendix. m

Theorem 1 Let p € Rﬁ be a asset prices vector, if (A.12) holds then the fol-
lowing are equivalent:

1. Z' (p) # @.
2. Conditions 1 and 2 in Carvajal and Riascos’ (2006) lemma 1 are satisfied
at prices p

3. p €intK* (p)

Proof As it was mentioned before, Carvajal and Riascos (2006) proved that 1
implies 2. Now, suppose that 2 holds and let z € K’ (p)", which is a closed
convex cone (see Rockafellar, 1970. Section 14). If pz < 0, condition 1 of lemma
1 implies that p® (p, {r : 7z < 0}) > 0 or, equivalently, that there exists a r € S*
such that 7z < 0, then z ¢ K’ (p)", therefore pz > 0 and p € K*(p)™" =
clK* (p) (see Rockafellar, 1970. Section 14). If, on the other hand, pz = 0 and
z€ K? (p)Jr7 by condition 2 of lemma 1, u¢ (p, {r : rz > 0}) = 0 or, equivalently,



for all 7 € S%, rz < 0, and then, for all k € K’ (p), kz = 0. However, by
assumption (A.12), intK®(p) # @, and it is easy to verify that intK®(p) =

int (K ‘ (p)++> (see Rockafellar, 1970. Sections 6 and 14), therefore there exists

ak e int(Ki (p)++) and proposition 1 implies that for all z € K*(p)", if
z # 0, then kz > 0, which contradicts a previous result. It follows that z = 0 or
pz > 0, in other words, that there does not exist a z € K* (p)+ such that z # 0
and pz = 0. Then, again by proposition 1, p ¢ OK® (p)++ or, equivalently, p
¢ OK® (p) and given that p € clK® (p) it follows that p € intK* (p).

To complete the proof, let’s suppose that p € int K* (p). It will be shown now
that in such case the set X (p) N B?(p) is compact. It is clear that X (p) and
B (p) are closed and convex, in fact, X* (p) is the intersection of the closed upper
half-spaces determined by all the hyperplanes rz = —w, with r € S%(p), and
B (p) is the closed lower half-space determined by the hyperplane zp = —w,,
therefore X (p) N B? (p) is also closed and convex. Moreover, it is evident that
0 € X% (p)N B’ (p), and since this set is closed and convex, it is also bounded if
and only if its unique direction of recession is 0 (Rockafellar, 1970. Theorem 8.4).
To obtain a contradiction, let’s suppose that e # 0 is a direction of recession of
X% (p)N B (p), then, it is evident that e is a direction of recession of X* (p) and
B (p), s0 zp+ Aep < —w,, for all z € B* (p) and A > 0, and then ep < 0. If e is
a direction of recession of X' (p) it is easy to verify that e is also a direction of
recession of K (p)*, that is, if zk > 0 for all k € K (p) then (z + Xe) k > 0 for
all A > 0, hence, ek > 0 for all k € K’ (p) and then e € K’ (p)", particularly,
ep > 0, because p € intK*®(p). Consequently ep = 0 and, since intK®(p) =
int (Ki (p)++), proposition 1 implies that p € OK* (p)++, which is impossible.

In conclusion, X* (p) N B (p) has no directions of recession different from zero,
so it is bounded.

Finally, as the utility function V' is continuous on the compact set X (p) N
B (p), it reaches a maximum in that set, so at prices p there exists a solution
to trader i’s maximization problem, and then Z* (p) # . =

4 Necessary conditions for the existence of equi-
librium
Definition 1 (z,p) € RAT x Rf_ denotes an equilibrium for the described econ-

omy if:

As it can be observed, these are the standard properties defining an equilib-
rium. The first one requires that, at prices p, there exists a vector of demands,



one for each trader in the economy, such that everyone maximizes his utility, and
the second one establishes that the corresponding resource allocation should be
feasible, furthermore, that the aggregate demand for assets equals the aggregate
supply, which is assumed to be constant and equal to zero.

For a less general economy than the one previously described, consisting
of two agents whose beliefs do not depend on the asset prices, with a finite
number of possible states of nature and incomplete asset markets, Carvajal and
Riascos (2006) proposed a necessary and sufficient condition for the existence
of equilibrium called constrained-compatibility. Their objective is to show that
when markets are incomplete, belief equivalence, which is a necessary condition
for the existence of equilibrium in an economy with infinite periods and complete
financial markets, as Araujo and Sandroni (1999) prove, is so strong that it is
no longer necessary. In fact, Carvajal and Riascos (2006) prove that, if the
market is sufficiently incomplete, the constrained-compatibility condition holds
generically, and thus equilibrium exists generically, although agents’ beliefs are
not equivalent, i.e., they disagree on the null events.

Even though the question about the completeness of the market is not going
to be dealt with explicitly in this paper, it is convenient to point out that the
proposed model includes the two relevant cases. Note that every point in ]Rﬁ
represents a possible return for each of the A assets in the economy, therefore,
there could be as many returns for each asset as there are (positive) real num-
bers. If this is the case, asset a can be described as a function « : Rﬁ — Ry,
where « (s) denotes its return if the state of nature s € Rf occurs; in fact, a (s)
is just the projection of s to its a-th coordinate. According to this represen-
tation, the asset market is incomplete since it is not possible to express every
function from Rﬁ to Ry as a linear combination of a given finite set of such
functions. However, an additional restriction can be included to confine the
model to the case where the states of nature belong to a finite subset of Rf, as
in Carvajal and Riascos (2006). This is why it can be said that Hart’s general
representation of the financial structure and the corresponding traders’ expecta-
tions contains, as particular cases, both complete and incomplete markets. This
said, we can turn our attention back on the constrained-compatibility condition
proposed by Carvajal and Riascos.

Definition 2 j’s beliefs are constrained compatible with i’s beliefs if there does
not exist a z € R such that p* ({r:rz<0}) =0, p*({r:rz>0}) > 0 and

w ({r:r(=2) <0})=0.

It is clear that if such a z € R exists, agents ¢ and j could make a transac-
tion, consisting of buying and selling portfolio z respectively, from which non
of them would expect negative returns. Moreover, in such case agent ¢ would
assign a positive probability to the possibility of deriving some gain from that
transaction, and therefore he could be interested in acquiring portfolio z in un-
limited amounts which, on the other hand, agent j could sell him, being, at
least, indifferent between making or not making the corresponding transaction.

For an economy with more than two traders, to have constrained-compatibility
of beliefs between pairs of agents is also necessary for the existence of equilib-



rium, but no longer guarantees it. It is possible that a trader can not find
an arbitrage opportunity as the one previously described, if he just considers
making bilateral transactions with some other trader, but that he can instead
take advantage from all the market, if he satisfies his demand for assets with
the corresponding offers of various traders simultaneously. This is why it is
necessary to generalize the notion of belief compatibility, for an economy with
a finite, but arbitrary large, number of agents. ®

Definition 3 At prices p € Rf, traders’ beliefs are constrained compatible if
there does not exist a z € RA! such that:

1. Y2 =0

JjeEL
2.1 (p, {7‘ crd < O}) =0, foralljeT.
3. ul (p, {r crzt > 0}) >0, for somei€eT.

It is easy to verify that this condition on traders’ beliefs is necessary for the
existence of equilibrium in economy &.

Proposition 2 If (z,p) € RY xRY is an equilibrium of economy & (definition
1), then traders’ beliefs are constrained compatible at prices p.

Proof This result is an immediate consequence of Carvajal and Riascos’s (2006)
lemma 1 and its proof, for economy &, is very similar to the one proposed there.
]

The constrained-compatibility condition (definition 3) is equivalent, and sim-
ilar in its formulation, to others founded in the literature. Hart (1974), for
example, establishes necessary conditions for the existence of equilibrium very
similar to those in the definition 3. Hammond (1983), expresses these con-
ditions in terms of the supports of the probability measures defining traders’
belief. Page (1987) and Werner (1987), on the other hand, enounce necessary
and sufficient conditions based mainly on the non- existence of arbitrage prices
and show that, under some assumptions, such conditions are equivalent to Hart
and Hammond’s. A relevant question is why this other conditions also apply to
the case of an economy in which traders are interested in consumption in the
first period.

Definition 4 At prices p € Rf_,g Hart’s (1974) necessary condition is satisfied
if there does not exists a z € R such that:

8 Alvaro Riascos suggested the compatibility condition of definition 3 in a conversation we
had.

9Hart only considers prices in the simplex A = {p S Rﬁ : > pa= 1}. This normaliza-
acA

tion is valid and convinient, given that agents only are interested in their (second period)
expected utility.

Our model, however, can be described as if it contains a single consumption good called
wealth, whose price is numeraire, in terms of which asset prices are expressed. In other words,
asset prices in economy & can not be further normalized, so it is necessary to consider Rjﬁ,
and not just a proper subset, as the set containing all possible vector prices.



(H1) 3> 29 =0
JjET
(H.2) 29 is a direction of recession of X7 (p) and §J+E;” (p)—!—gj_E;j (p) >0,
forall j € T.
(H.3) ' (p, {r:r27 =0}) <1 for some i € T.

Where §J+ = lim 4 §J_ = lim % FH(p) = Jerres0y 77 dp? (p) and

2
w—oo dw wW——00

E;j (p) = f{r:rz<0} rz d'u’J (p)10

Remark 1 Note that, according to the definition of the feasible portfolio sets
(8), the second part of condition (H.2) follows directly from the first one.

In fact, if 27 is a direction of recession of X7 (p), then 2/ € K/ (p)+, in other
words, rz/ > 0 for all r in the support of u’ (p), hence p? (p, {r : rz < 0}) =0
and, consequently, E7 (p) = 0. Since S;-r > 0, because v’ is increasing, and

clearly Ef7 (p) > 0, then §j+Ej‘J (p) + §;E;j (p) > 0.

Proposition 3 For a fived p € RY, z € RA! satisfies (H.1) - (H.3) if and only
if it also satisfies conditions 1, 2 and 3 of definition 3. In other words, Hart’s
necessary condition and the constrained-compatibility condition are equivalent.

Proof Let z € R4 satisfy (H.1) - (H.3), since 27 is a direction of recession of X7,
23 € K%, thus , for all 7 € S, rz > 0, which implies that p/ ({r : re/ < 0}) =
0. By (H.3) there exists some i such that p’ ({r : re’ = 0}) < 1 or, equivalently,
there exists a » € S? such that rz’ # 0; since z* € K%, then rz* > 0 and it
follows that s’ ({r szt > 0}) > 0.

Now let’s suppose that z € R4/ satisfies 1 - 3 (of definition 3). By condition
2, we know that p/ (p7 {7“ il < 0}) =0, for all j € Z, then, for all r € S7,
rel >0, ie., e € K;r. Therefore, if v € X;, » € S and A > 0, it is clear
that r (m + )\ej) +w; > 0, thus e/ is a direction of recession of X7. Finally, by
condition 3, there exists an i € T for which p ({7“ szt > O}) > 0, particularly,
1 ({’I“ izt = 0}) <1l =m

Hammond (1982) introduces another condition on the supports of the prob-
ability measures representing traders’ expectations, and then Werner (1987)
interprets it as a non arbitrage condition in a more general model that includes
markets for goods and assets. Furthermore, Hammond proves that, under as-
sumption (A.12), his condition is equivalent to Hart’s necessary condition (def-
inition 4).

Definition 5 Traders in the economy have overlapping expectations at p if
N intK’ (p) # @.

jET

Proposition 4 Hammond’s (1982) theorem 1: Under assumption (A.12), traders
have overlapping expectations at p if and only if the economy satisfies Hart’s
necessary condition.

10Hart admits the possibility that §J_ = oo, and assumes that 0 X co = 0.

10



Proof See Hammond (1982) m

Proposition 5 Under (A.12), traders have overlapping expectations at p if and
only if their beliefs are constrained-compatible in the sense of definition 3.

Proof Such equivalence is an immediate consequence of propositions 3 and 4.
]

Proposition 6 The overlapping expectations condition is necessary for the ex-
istence of equilibrium in economy &.

Proof This follows directly from propositions 5 and 2. =
Note that, as Hammond (1983) points out following Green (1973), a stronger

necessary condition is that p € () intK” (p). However, Hammond’s assertion
JET
applies to an economy in which traders do not derive utility from their wealth

in the first period, since this is precisely his case of interest. Despite this fact, as
it was mentioned before, theorem 1 implies that this condition is also necessary
for the existence of equilibrium in economy &.

Corollary 1 Given assumption (A.12), ifp € Ri‘ s an equiltbrium price vector

for economy &, then p € () intK7 (p).
JjeET

Proof If p € Rfﬁ is an equilibrium price vector for economy &£ then, by the
definition of equilibrium, Z7 (p) # @ for all j € 7 and, in consequence, theorem
1 implies that p € () intK7 (p). m
jeT

Hammond alsojproves that the overlapping expectations condition is suffi-
cient for the existence of equilibrium in Hart’s securities exchange model. In
fact, by Hammond’s (1984) theorem 2, under Hart’s assumptions (A.1), (A.2),
(A.4) and (A.6) besides Hammond’s (A.10) and (A.11), if () intK7 (p) # @ for

JET

all p, then the equilibrium exists. Nevertheless, in the next section it will be
shown, by means of an example, that in an economy that differs from Hart’s
(1974) because traders assign some value, in terms of utility, to consumption in
the first period, the hyphothesis of Hammond’s (1984) theorem 2, specifically
the overlapping expectations condition, does not guarantee the existence of equi-
librium. It should be noted that Page (1987) also proposes an example showing
that the overlapping expectations conditions is not sufficient for the existence
of equilibrium (in Hart"s (1974) model!), however, his example does not fulfill
assumption (A.10) which is part of the hypothesis of Hammond’s theorem.

5 Example
Let’s suppose an economy consisting of two traders, Z = {1,2}, and markets

for two assets. In the first period both traders receive the same positive initial
endowment of wealth, wg, and the markets for the two assets are open. Asset

11
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Figure 1:

returns are paid in the second period, and no more exchange is possible. 1 € A
is a risk free asset; it pays one unit of wealth with certainty, 2 € A, instead,
is a risky asset; its return depends on the state of nature, and traders form
expectations on this return based on its price. More precisely, if ps is the price
of asset 2, trader 1 assigns the same probability to the fact that its return will be
%pg +e, or %pg +0.5¢, for some £ > 0. On the other hand, trader 2 believes that
the return of the risky asset could be %pg + 0.6¢ or %pg, and assigns the same
probability to both events. As it can be noted, the previous description defines
two functions p' and p? from R? to M (Ri) Moreover, the beliefs represented
by these functions satisfy the overlapping expectations condition for all p € Ri,
as it can clearly be seen in figure 1.1

Traders budget sets and portfolio feasible sets are defined as before, that is;
B (p) =B?*(p) = {2 € R? :wy —pz > 0} and X" (p) = {z € R? : Vr € S* (p) ,wy + 72 > 0},
for all ¢ € Z, and it is supposed further that wy > w; > 0.

The utility function of wealth for each trader is linear, moreover, u! (w) =
u? (w) = w, and their total utility is the sum of their utility of wealth in the
first period and the expected value of their utility in the second period, then:

1 1 1 1
vt (p,2) = wo—plzl—p22’2+§ <z1 + <2p2 + €> 22)—1-2 <z1 + <2p2 + 0.55) 2’2) and

11
In figure 1 and further on, C* (p) denotes int K¢ (p).

12



, 1 1 1 1
V= (p,z) = wo — p121 — p2z2 + 3\ + 5P2 +0.6e ) 22 | + 3\ + 5P222

or, in a more concise fashion,

1
Vi(p,z) =wo+ (1 —p1) 2 + (0.755 — 2p2> 2o and

V2(p,z) =wo+ (1—p1) 21 + (0-35 - ;172) 22

Note that this is a particular case of economy £, and that it satisfies all the
assumptions in the hypothesis of Hammond’s (1984) theorem 2 also. In fact,
the utility functions satisfy (A.1) and (A.2) because they are linear. Besides, it
is clear, intuitively, that functions p! and p? satisfy (A.4), since the probability
measures p! (p) and p? (p) change continuously with changes in p.!? Since the
portfolio feasible sets have the general form in (3), they satisfy Hart’s (1974)
(A.6) and Hammond’s (A.10) and (A.11), as Hammond asserts. Finally, it is
clear that traders in this economy have overlapping expectations as it is shown
in figure 1. Briefly speaking, the only difference between the economy just
described and Hammond’s (1983) is that in the latter, consumption in the first
period matters.

Now it will be proved, by contradiction, that there does not exist an equilib-
rium for this economy. Lets suppose then that p € Ri is an equilibrium price
vector, by corollary 1, it follows that p € Cy (p) N Cs (p) and, for the economy
concerned, this condition is equivalent to:

p2

+05e < 22 <22 406 (4)
2 D1

2

Two different cases will be considered now separately. First, if 0 < p; < 1, it
is clear that V' and V? are strictly increasing in z; and then, the corresponding
equilibrium allocation must satisfy the budget constraint of both traders, wy —
pz > 0, with equality. In fact, since the points in the supports of the probability
measures u' (p) and u? (p) have non-zero coordinates, (1,0) is a direction of
recession of X*(p), hence, if z € X% (p), but wy — pz > 0, there exists a A > 0
such that Z = z + (1,0) A € X; (p) and wy — pz = wy — pz — Ap; = 0. Clearly
V(p,2) > V1 (p,z), so z can not be an equilibrium allocation. Summarizing,

12Formally, let (p") be a sequence in Rﬁ_ such that p" — p and B € B (Rﬁ_), then
ul (p™, B) = % (xm (1, %p" +e)+xp (1, %p" + 0.5¢)), where xp : ]R?F — {0,1} is the indi-
cator function of B € B (RT) Now, if B is such that u! (p,dB) = 0, then (17 %p + s) € intB
or (1, %p + a) ¢ clB, and the same is true for (1, %p + 0.55). In any of the four possible cases,
those two points belong to open sets contained in B or in B¢, therefore u! (p™, B) — u! (p, B)
and, by Pormateau s theorem (See Aliprantis and Border, 1994. Theorem 12.3) u! (p™) con-
verges weakly to ! (p). In a very similar fashion, it can be shown that p? is continuous in
the topology of weak convergence of probability measures.

13



if 2! and 22 were the equilibrium allocations corresponding to p; < 1, then
wo — pz! = wy —pz? =0, but wy > 0, so it follows that z' + 22 # 0 ,i.e., 2" and
22 can not be equilibrium allocations, therefore p; > 1.

In the second case, where p; > 1, it will be shown initially that the demands
for assets that maximizes traders’ utility are on the boundary of their portfolio
feasible sets. As it can be seen in figure 1, each of these sets is determined by

two linear inequalities:
2 b2 p2
X1 (p) = {z eR*: 2z + (? +O.55> 29 > —wi and z1 + (5 +5) 20 > fwl} and

Xo (p) = {z eR?: z —1—%22 > —w; and z1 + (% +0.65) 20 > —wl}.

If p1 > 1, one of these inequalities is satisfied with equality for both traders,
more specifically, if z* € Z1 (p) and 22 € Z2 (p) then, as it will be shown now:

Z% + (% + 055) z% = —w; and (5‘3‘)
22+ (% + 0.65) z5 = —wy (5b)

So let’s suppose that 2! € X' (p) N B! (p), but 21 + (8 +0.5¢) 23 > —w;.
Clearly, there exists a § > 0 such that 2} — (%pg + s) o+ (%2 + 0.55) (221 + 5) =
21 + (B +0.5e) 23 — 0566 = —wy. Let (21,23) = (21 — (3p2+€) 8,23 +6),
then:

~ 1 1
Vl (p,Zl) = wo + (1 _pl) (le - <2p2 + E) (5) + (0758 — 2p2> (Z% + (5)

1 1
=V (p,z") + <p1p2 - (2p1 - 2> € — 2;02) 59

By (4), in equilibrium 2ps < pips + 1.2p1e which, together with p; > 1,
implies that p1p2 + (2p1 — 3) € > pip2 + (2p1 — 3p1) € = p1p2 + 1.5p1e > 2ps.
Therefore, pips + (2p1 — %) € —2ps > 0 and then V! (p, 21) >Vl (p,zl). Be-
sides, it can be easily verified that 2z} + (%2 + 5) Zs > —w; and wo — pz! > 0, so
zt € X! (p) N B! (p) and it can be concluded that z! ¢ Z! (p).

With a very similar argument, it can be shown that, if 22 € X?2(p) N
B?(p) but 2z + (B +0.6¢) 23 > —wy, there exists a § > 0 such that 22 =
(224 0622,23 —6) € X?(p) N B*(p) and V2 (p,2?) > V?(p,2?), then 2? ¢
Z? (p).

Summarizing, if p is an equilibrium price vector with p; > 1 and 2!,z
are the corresponding demands for assets, then they satisfy equations (5a) and
(5b), respectively. Furthermore, it must be the case that 23 # 0 (and hence
23 # 0 also), otherwise 21 = —w; and 27 = —w; contradicting the fact that, in
equilibrium, z{ + 22 = 0.

2
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Therefore, since the utility functions V! and V2 are linear and their gradients
are the vectors (1 — p1,0.75¢ — %pg) and (1 —p1,0.3¢ — %pg), respectively, z!

1
and z? satisfy the conditions stated above only if p; > 1, —Mfiipfpz < %pg +0.5¢
_1
and 70'315_7;11)2 > %pg +0.6¢, but this is impossible since %pg +0.5e < %pg +0.6¢
1 1
and 23c72pz - 0Tz apz ) p1 > 1.

p1— p1i—1 7
After considering the two cases, 0 < p; < 1 and p; > 1, it is concluded that

there does not exist an equilibrium price vector for this economy'?, despite the
fact that, for all p € Ri, the overlapping expectations condition holds.

It must be noted that Hart’s (1974) proof of the existence of equilibrium is
based on more assumptions than Hammond’s. Particularly, Hart’s assumption
(A.3), claiming the existence of a bounded set C C R% such that p’ (p,C) =1
for all p € ]Rﬁ and 7 € Z, is not included in Hammond’s hypothesis. Further-
more, this assumption is not satisfied in the previous example, in fact, the sets

U S%(p) are not bounded. So, it is interesting to ask what would be the im-
peRZ
plications for the existence of equilibrium if we replace assumption (A.3)* with
(A.3) in economy &. In section 6 it will be proved that under an even stronger
assumption, that is, that traders’ beliefs do not depend on asset prices (together
with (A.3)*), which trivially implies condition (A.3), the equilibrium actually
exists in the asset markets.

6 Sufficient conditions for the existence of equi-
librium

As Hart (1974) points out, if traders’ beliefs do not depend on asset prices,
the necessary conditions of definition 4 are also sufficient for the existence of
equilibrium. Such claim is also true for economy &, despite of the emphasized
difference between the two models. However, Hart’s proof of the existence of
equilibrium, using assumption (A.3) which is weaker than assuming beliefs that
are constant in asset prices, may not be applied to economy &, since it is based
on a result that does not hold when traders derive utility from first period
consumption.

This result is Hart’s (1974) lemma 1, and it states that, under assumptions
(A1) - (A3),ifp € Rf and z,e € R4, then vk (p,z + Ae) > vk (p, 2), for all
A >0, if and only if

§;E:k (p) + §,;Ee_k (p) > 0.(See definition 4) (6)

Utility function V* differs from the one proposed here (1) precisely because
of the fact that it does not include the term u* (w — pz) representing the utility
derived from consumption in the first period. If such term is added and the

131f p; = 0, the non-existence of equilibrium follows trivialy, in fact, Z1 (0,p2) = Z2 (0, p2) =
.
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feasible portfolio sets have the form of expression (3), it could easily happen that
(6) is satisfied and, nevertheless, there exists A > 0 such that V¥ (p,z + \e) <
VE (p, ).

In fact, as it was mentioned previously, in economy & inequality 6 holds
trivially if e is a direction of recession of X* (p) or, equivalently, if e € K* (p)+,
and, in such case, it is does not depend on the values taken by the limits

lim % and lim %14
w——0Q0 w—00
is that the concavity of function u
satisfied or not.

For example, suppose that:

. In general terms, what is being pointed out here

k¥ can play no role in determining if (6) is

VE(p,2z) = —exp (— (w — pz)) — exp (— (w + 0.2521 + 0.252y))

and let e = (1,1). It is obvious that e is a direction of recession of X%, how-
ever, V¥ (p,0) = —2exp (—w) and V¥ (p,0 + Xe) = —exp (— (w — p1 A — paA)) —
exp (— (w + 0.5X)). Clearly, there exists some A > 0 and a price vector p such
that V* (p,0 4+ Xe) < V¥ (p,0).

This example shows that a proof of the existence of equilibrium in economy
&, as the one included in the next section, must be proposed, even though the
assumptions under which it is established here are stronger than the conditions
supposed by Hart (1974).

Finally, it could be noted further that the equivalence claimed by Page
(1986) between his non-arbitrage condition, Hart’s (1974) necessary condition
and Hammond’s (1982) overlapping expectations condition, holds for Hart’s
(1974) securities exchange model, but not necessarily for economy &. In fact,
Page’s proofs of these equivalences are based on Hart’s lemma 1.

7 Proof of the existence of equilibrium

Definition 6 It is said that trader i’s beliefs do not include zero if 0 ¢ S*(p),
for allp e Rﬁ.

Remark 2 Given that S (p) is a closed set, it follows immediately from the
previous definition that trader i’s beliefs do not include zero if and only if there
does not exist a sequence in S (p) that converges to zero, for all p € Rf.

Lemma 1 Let S C Rf, w € Ryy and X = {xGRA:VTE S,rx—i—sz},
If there does not exist a sequence in S that converges to zero then there exists
av e Rﬁ such that X +v C K+, where KT is the polar of the conver cone
generated by S

Proof As it was mentioned previously, KT = {x eERA:Vre S re>0} To
obtain a contradiction, let’s suppose that there does not exist a v € R4 such

4 The limits lim ‘fiL and lim U(liL can be considered as a measure of the concavity of
w——oo W w—oo W

the function u* and, hence, of agent k’s risk aversion degree.
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that X +v C Kt.i.e., that forallv € Rﬁ there are ¥V € X and r¥ € S such that
rV (z¥ +v) < 0, and thus ¥ +v ¢ K. Particularly, for all n € N positive, there

A
are 2" and r™ such that r™ (™ + 1n) < 0 or, equivalently, "z < —n Y rP,

i=1
where 1 is a vector in R? such that all its coordinates are equal to 1. Since

A
zn € X and 1, € S, rpry, > —w, therefore n ) r? < w. This inequality holds
A i=1
for all n € N positive, so it follows that Y 7 — 0 as n — oo, and then ™ — 0,
i=1

because r” € Rf, which contradicts the fact that there are no sequences in S
converging to zero. m

The proof of theorem 2, is a reconstruction of the corresponding proof in
Carvajal and Riascos (2006). However, the one proposed here is more general
in various aspects. In fact, economy £ consists of more than two agents, the
number of states of nature is infinite and traders can assign positive probabilities
to states in which some assets have zero returns. The strategy of the proof is
standard. First of all a sequence of bounded economies for which equilibrium
exists is built. Then, to prove the existence of those equilibria, a correspondence
to which a fixed point theorem can be applied is conveniently defined; in this
particular case Kakutani’s theorem is used. Finally, it is shown that from some
point in the sequence of bounded economies the equilibrium lies in their interior
and then it is also an equilibrium of the unbounded economy. Hart (1974) and
Page (1987), among many others, use similar strategies in their corresponding
proofs.

Theorem 2 Suppose that all traders’ beliefs are constant in asset prices, do
not include zero and are constrained-compatible, then an equilibrium exists for
economy .

Proof Let P = {p = (po,p) € Ry x R¥ Zf:opa = 1} and n € N fixed.

For each k € Z, the truncated budget correspondence BF : P = R4+, can
be defined by:

po (w§ —20) —pz >0
Vre Sk wF4+rz>0
0< 2 <(n+1)wh
Vae A, —n<z,<n

Bf (p)={2z=1(20,2) e RxR":

It is easy to verify that this correspondence has non-empty, compact and
convex values and is upper hemicontinuous. Let n € N | k € 7 and pe P
be fixed, it is clear that, z = (0,0) € B (p), so B% (p) # @. Now, let B; =
{(zo,z) ERXxRA:pgy (w’g—zo) —pzZO},BT = {(zo,z) GRXRA:wk—l—TZZO}
and By = {(zo,z) ERXRA:0< < (n+1)wk AVae A —n<z, Sn}. B,
is closed because it is the inverse image of a closed interval in R under the con-
tinuous function f : R x R4 — R defined by f (20,2) = pozo + pz. Every

17



B, is closed because it is the product of a closed set in R# (the inverse im-
age of a closed set under a continuous function) and all R. Moreover, it is
evident that B is compact, because it is the product of compact sets. Since

Bf (p) = By N () B, N By is the intersection of closed sets with a compact
reSk
set, it follows that it is also compact. Note further that B is the closed lower

halfspace determined by a hyperplane in R x R4, each B, is the product of a
closed lower halfspace in R4 and R, and B, is a box in R x R4, that is, the
product of A + 1 closed intervals in R. Each of these sets are convex and so is
their intersection, B (p).

To prove upper hemicontinuity, take fixed n and k and define the correspon-
dences B : P = RA*! and B : P = R4 las:

B’ (p) = {(20,2) e R x R4 : po (wlg —z9) —pz >0} and

Vre Sk wk +rz2>0
B, (p)={z=(20,2) ERxR': 0<z <(n+1)wf
VGGA,fngzagn

The graph of B is the set {(p,2) = (po, P20, 2) € PxRAT! | py (wf — 29) —pz >0} .
Since the function g : PxR4™! — R defined by g (p,z) = po (wf§ — 20) — pz
is continuous, it follows that the graph of ]§, which is the inverse image of the
closed set R} under function g, is closed. In other words, the correspondence
B is closed.

Note that B is constant in P, in fact, for all p € P, B(p) = () B, NBa..
resk
Additionally, the lower inverse image of a set A C R4+ under correspondence B

is, by definition, the set B (A) ={p e P |B(p)NA#az}, therefore, B (4) =

resk
follows that B’ (F)=Por B (F) = 2, in any case B (F) is closed in P. It is
concluded that the correspondence B is upper hemicontinuous (see Aliprantis
and Border (1994), lemma 14.4) and it is clear that it has compact values.

{p cP| | B,NByNA#2;. Let F be a closed subset of RA! then it

Finally, BE = B N B is upper hemicontinuous (see Aliprantis and Border’s
(1994) theorem 14.24).

BF is also lower hemicontinuous, the proof is the same as in Carvajal and
Riascos (2006).

Applying Berges’ Maximum Theorem to the correspondence BF and the
continuous function v¥ (29, 2) = uk (29) + [k (w1 + r2) du* (p), it can be de-
duced straightforward that the bounded individual demand correspondence,
Zk . P = RA*1, defined by:

ZF (p) = arg max u” (20) + /uk (w’c +rz) du® (p),
zeB’ (p)
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is upper hemicontinuous with non empty and compact values. Besides, this
correspondence has convex values, as it will be shown now. In fact, the function
u* is monotone and concave, and h,. (z) = w¥+rz is linear in z, then the function
u* o h, is concave and, since v¥ (29, 2) = u¥ (20) + [u¥ (w1 + rz) dp (p) is the
sum of concave functions, it also is concave and thus, quasiconcave.

Let z! € Z* (p) and z% € Z* (p), it follows that, for all A € [0, 1]:

ub (Azg + (1= N)23) + /ulc (w* + 7 (A2t + (1= N) 22)) dp® (p)

I
Let N, = 0,(n+1)2w§
k=1

fined by:

I I
P (p,z) = <arg1glear>)<p0 (zo — Zw§> —|—pz> X <Z Zfb (p)>
k=1 k=1

This correspondence can be represented as the product ®, x ®,, where
®,.:N,= P and ®&,: P = N,, are defined by:

I I
®, (z) = arg max po (zo - Zw§> + pz and ®, (p) = Z Zk (p)
k=1 k=1

I
Given that P is compact and the function g (p,z) = po | 20 — Z w’§> —pz
k=1

is continuous, Berges’ Maximum Theorem implies that ®, is upper hemicon-
tinuous and with non-empty and compact values. On the other hand, ®, is
the finite sum of upper hemicontinuous correspondences with compact values
and then, (see Aliprantis and Border (1994), theorem 14.31) it is also upper
hemicontinuous and with compact values. Since the product of upper hemi-
continuous correspondences with compact values is upper hemicontinuous with
compact values too (see Aliprantis and Border (1994), theorem 14.27), it fol-
lows that ® is an upper hemicontinuous correspondence with non-empty and
compact values.

Moreover, for all (p,z) € P x N,,, ® (p,z) is convex. In fact, for a fixed
I

z € N,,, the function g, (p) = po (zo — Zwé) — pz is concave in p, so it
k=1
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follows that the set ®. (z) is convex, by very similar argument than the one
used to prove the convexity of the set Z¥ (p). Since the sum and the product
of convex sets are also convex, it is concluded that ® (p,z) is convex.

Note that ® satisfies the hypothesis of Kakutani’s fixed point theorem, and
then, for each n € N, there exists a (pn,2,) € P x N,, such that (p,,2z,) €

® (pn,2n).

I I
Since z,, € Z Zk (p,), then z, = zy, where zF = (2} o, 2F) € BE (pn),
k=1 k=1
I
hence, by the monotonicity of preferences, py, o <zn,0 — Z w§> + pnzn = 0.
k=1

k=1 k=1
and z, < 0. Besides, since p,, > 0, if 2z, , < 0 for some a € A, then p, , =0,

I I
From p,, € arg lgleagpo (Zn,() — Z w§> +pzp, it follows that ZmO_Z wé“ <0

I

otherwise py, o (Zn,o — Z wé) + pnzn < 0. Let e* € R4 be defined as follows:
k=1

e? =0,if i # a and e = 1, if i = a; then v (20, 2) < vF (29,2 + Ae?) for all

A > 0 because, by hypothesis, int K}, is non-empty, and thus there is some r € S*

such that r, > 0. Now let’s suppose that zfl”a < n, in this case there would
exist a sufficiently small A > 0 such that (2% ,,z% + Ae®) € BE (p,,) which is
not possible because (2 o, 2F) € Zk (pn). Therefore 25 , = n, for all k € T,
hence z, , = In > 0 which, by contradiction, implies z, = 0.

In a similar fashion, if p, o = 0, for all z& € Z¥ (p), 2§ = (n+ 1) w§, then

I I
2n,0 — Zwlg = nZw’g > 0, because it was assumed that wf > 0, which
k=1

k=1
I

contradicts a previous assertion. It follows that p, o > 0 and thus z, ¢ — Z wh =

k=1
I
0, given that p, o | 2n,0 — E w’g + pnzn =0 and z, = 0.
k=1
Therefore, ﬁpnsz = piopn — E zJ | is bounded in n, because ﬁpnzﬁ =
J#k

k_ Lk k j 1 k k E ook 1 k

wy — 2, 0 and z o > 0, then — g wy < onoPnn < wg , 80 2, o = W — pnoPnn
ik

and, consequently, the sequence (zﬁ’o) is bounded.

Now it must be proved that z* is also bounded. Let’s suppose, on the
contrary, that there exists a j € Z such that the sequence (z%) is not bounded.
It is clear that zJ € X/ = {z ERA:Vre S rz+w> 0} for all n and, by
lemma 1, there exists a v/ € Rf such that X; + vl C K37t therefore, the
sequence whose terms are zJ/ = zJ + v’ is completely contained in K7+ and
it is not bounded. Similarly, there is a v* € RT for all k € Z such that
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ZF =2k 4ok € K for all n.
By hypothesis, () intK* is non-empty and, by remark 3 (see the Appen-
keT

+
dix), it is clear that K*+ C ( N inth) ,forall k € Z, and hence () intK* =
ke keT

int (| K* (see Rockafellar (1970), theorem 6.5 ). Then, proposition 1 implies
keT

++ +
that for all p € int( N K"') = () intK* and for all z € < N intK’“) dif-
keT keT keT

+
ferent from zero, pz > 0. Now let p € (] intK* then, since z*¥ € ( N inth)
kel keT

+
forallnandkEI,/ZZE<ﬂinth) , hence pz} — oo and p 3. ZF — 0.

keT keT
It follows that p Y. 28 =p > 28 +p > v* — oo, thus p > 2* — oo, which is
keT keT kET keT
impossible because, as it was previously shown, Y z¥ = 2, = 0. In conclusion,
kET

the sequence (2F) is bounded for all k € Z.

This implies that there exists a bounded set M such that z* = (2570, z’;) eM
for alln and k € Z. The sequence of sets (intN,,) is increasing and unbounded, so
it is clear that there exists a L € N such that M C intINy, for all [ > L. Therefore,

for all [ > L the sequence (zfl) is contained in intIN;. Now it will be shown that

zp, 2L} is an equilibrium of the unbounded economy. We already know that
pL.o

pro > 0, 2f o = wg — L z% and Y 2§ = 0, moreover, if p, = PL then
' kel ’
Z% (p) = arg max u”(z) + [u¥ (wf +rz) dp” (p) = arg max V¥ (py,z).
zeBY (p) zE€B] (p)

Now let’s suppose that z7 ¢ Z7(pr) for some j € Z, hence there exists a
2* € 77 (pr) such that V7 (pr,z*) > VI (ﬁL,z]L> Since V7 is concave in its
second argument and z’z €int Ny, there is a A € (0,1) close enough to 1 such
that, for 2* = )\zi—i—(l — ) z* and 2270 =wk—pr2?, VI (ﬁL, zA) > Vi (ﬁL,zJL>
and (22’0,2)‘) € BJ (p), which is impossible because z/, € ZJ (p). Finally,
2% € ZF (pr) for all k € T and then (21, pr.) is an equilibrium for the unbounded
economy. M

8 Concluding Remarks

The main results found in this paper highlight the importance of an aspect of
the assets exchange model that has not been explored exhaustively so far in
the literature. Considering the value agents assign to consumption in the first
period introduces a significant difference in the model because it changes the
conditions for the existence of equilibrium. Even when those conditions coincide
under an additional set of assumptions, their application to the case concerned
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here is not trivial and requires modifying the corresponding proofs substantially,
or proposing entirely new ones. Moreover, the example presented questions the
forcefulness of previous results highly widespread in the literature on financial
markets, particularly, the overlapping expectations condition.
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9 Appendix

This appendix includes the definitions of some fundamental concepts from con-
vex analysis that are useful in the paper. Some elementary properties of this
concepts are also stated here without demonstration, since they follow easily
from the definitions or were taken directly from Rockafellar (1970). Finally, the
proof of proposition 1 is established.

A subset of RA is a convex cone if it is closed under addition and multipli-
cation by a positive scalar.

If S is an arbitrary subset of R4, the convex cone generated by S, denoted
coS, is the set whose elements are all the non negative linear combinations of
the elements of S.

Note that coS is the union of the smallest convex cone containing S and the
set {0} € RA. In general, a convex cone does not necessarily includes the origin.

Definition 7 Let K be a non-empty convex cone in RA. The polar of K is the
set Kt = {x €eRA:Vke K, kx> O}, where kx denotes the dot product of these
two vectors.'®

It follows immediately from the definition of KT that it is a closed convex
cone. Moreover, as it can be easily verified, K1, the polar of K+, is equal to
clK, the closure of K.

Remark 3 Let K; and Ky be two convex cones, with Ki™ and K5 their respec-
tive polar cones. If K1 C Ko then K2+ - Kf,

Remark 4 If K = coS then K™ = {z e R*: Vs € S, sz > 0}

Another important notion from convex analysis is that of a direction of
recession. If C' is a non-empty convex cone in R4 and e € R4, then e is a
direction of recession of C' if and only if x + Ae € C, for all A > 0 and = € C.
The set consisting of all the directions of recession of a non-empty convex set
C, is called recession cone of C and it is denoted 07 C.

Proposition 7 Let C be a non-empty, closed convex set in R* and e € RA. If
there exists a x € C such that + Xe € C, for all X\ > 0 then z+ Xe € C, for all
A>0and all z € C, that is, e € 07 C.

Proof See Rockafellar (1970), theorem 8.3. m

Proposition 8 Let C be the set of all solutions to an arbitrary system (not nec-
essarily finite or countable) of linear weak inequalities, i.e., C = {x eRA:Vj e, ;T > ozj},

15The definition of the polar of a convex cone proposed here differs from Rockafellar’s. In
terms of his definition, our set K+ is the negative of the polar of K, that is, the polar of K
multiplied by —1. However, all the properties attributed by Rockafellar to the polar still holds
for K1, as previously defined, making the respective changes in the signs and the inequalities
direction.
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where J is an arbitrary index set, r; € R4 and aj €R, forall j € J. The re-
cession cone of C' is determined by the corresponding system of homogeneous
inequalities, that is, 07C' = {x € R* : Vj € J,rjz > 0}.

Proof See Rockafellar (1970), section 8. m

Proposition 1 Let K C R? be a closed convex cone and k € K+, then
there ewists a z € K such that z # 0 and kz = 0 if and only if k € K™, where
OKT =clK+\intK™.
Proof Let’s suppose there exists a 2 € K such that z # 0 and kz = 0, then
for some n, z, # 0. Let k° be defined as follows: k? = k; — 4§, if i = n and
2 >0,k =k +6,ifi=nand z <0 and finally k% = k;, if i # n. Clearly,
K02 =kz+02 <0, thus k¥ ¢ K+, for all § > 0. It follows that k ¢ intK ™, i.e.,
ke K.

To prove the other direction, let’s suppose now that & € K+ and for all
z € K, if z # 0 then zk > 0. Hence, since k ¢ intK ™, for all n €N, withn > 1,
there exists k" € By (k) = {z e R*: ||z — k|| < 1}, such that k" ¢ KT, where
||| denotes the euclidean norm in R4. Since k" ¢ K, there is a 2" € K such
that k"2" < 0, moreover, for all A > 0, i (Az™) < 0, therefore 2™ can be chosen
conveniently such that € < ||2"|| < e+1, where ¢ is a positive arbitrary number.
Is clear that k™ — k and, by construction, the sequence (z") is contained in a
compact set, so it has a convergent subsequence, (2"¢), such that z™ — z for
some z € K, given that K is closed. It follows that Fnizni kz, which is
impossible because zk > 0 and k™2™ < 0 for all 4. In conclusion, if k € KT,
there exists a z # 0 in K such that kz=0. =
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