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Devwudfw

Zh h{whqg wkh edvlf wd{ hydvlrq prgho wr d pxowl0shulrg hfrqrp| h{klelwlqj

vxvwdlqhg jurzwk1 Zkhq lqglylgxdov frqfhdo sduw ri wkhlu wuxh lqfrph iurp

wkh wd{ dxwkrulw|/ wkh| idfh wkh ulvn ri ehlqj dxglwhg dqg khqfh ri sd|lqj wkh

fruuhvsrqglqj �qh1 Erwk wd{hv dqg �qhv ghwhuplqh lqglylgxdo vdylqj dqg wkh

udwh ri fdslwdo dffxpxodwlrq1 Lq wklv frqwh{w zh vkrz wkdw wkh vljq ri wkh uhodwlrq

ehwzhhq wkh ohyho ri wkh wd{ udwh dqg wkh dprxqw ri hydghg lqfrph lv wkh vdph dv

wkdw rewdlqhg lq vwdwlf vhwxsv1 Wklv lv lq vwdun frqwudvw wr zkdw lv fodlphg e| Olq

dqg \dqj +5334,1 Pruhryhu/ kljk wd{ udwhv rq lqfrph duh w|slfdoo| dvvrfldwhg

zlwk orz jurzwk udwhv dv rffxuv lq vwdqgdug jurzwk prghov wkdw glvuhjdug wkh

wd{ hydvlrq skhqrphqrq1

Nh| zrugv= Wd{ hydvlrq/ Jurzwk1

MHO Fodvvl�fdwlrq Qxpehu= K59/ H95/ R741
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Lq d sdshu uhfhqwo| sxeolvkhg lq wklv mrxuqdo/ Z1 ]1 Olq dqg F1 F1 \dqj +5334,

dujxh wkdw/ zkhq wkh vwdqgdug prgho ri wd{ hydvlrq lv h{whqghg iurp d vwdwlf wr d

g|qdplf hqylurqphqw/ wkh vljq ri wkh uhodwlrqvkls ehwzhhq wkh iudfwlrq ri lqfrph

ghfoduhg e| wd{sd|huv dqg wkh ohyho ri wkh wd{ udwh rq lqfrph lv uhyhuvhg1 \lw}kdnl

+4<:7, lq d yhu| lq�xhqwldo sdshu frqvlghuhg d vwdwlf hfrqrp| zkhuh wkh shqdowlhv

zhuh sursruwlrqdo wr wkh dprxqw ri hydghg wd{hv dqg lqglylgxdo suhihuhqfhv h{klelwhg

ghfuhdvlqj devroxwh ulvn dyhuvlrq1 Lq wklv txlwh uhdolvwlf frqwh{w/ \lw}kdnl vkrzhg wkdw

dq lqfuhdvh lq wkh wd{ udwh uhvxowv lq d vpdoohu dprxqw ri hydghg lqfrph1 Krzhyhu/ d

srvlwlyh uhodwlrq ehwzhhq wd{ udwh ohyhov dqg hydvlrq kdv ehhq grfxphqwhg e| vhyhudo

hpslulfdo vwxglhv +vhh Forwihowhu/ 4<;6> Fudqh dqg Qrxu}dg/ 4<;:> Srwhued/ 4<;:> dqg

Mrxoidldq dqg Ulghu/ 4<<9,1 Lq rughu wr uhfrqfloh wkhru| zlwk hpslulfdo hylghqfh/ dq

lpsruwdqw qxpehu ri sdshuv kdv ehhq ghyrwhg wr jhqhudwh wkdw srvlwlyh uhodwlrq

wkurxjk vxevwdqwldo ghsduwxuhv iurp wkh ruljlqdo \lw}kdnl*v prgho1� Wkhuhiruh/ wkh

uhvxow ri Olq dqg \dqj +O0\/ khqfhiruwk, zrxog frqvwlwxwh lqghhg d yhu| lpsruwdqw

�qglqj zlwklq wkh wd{ hydvlrq olwhudwxuh/ vlqfh wkh| rewdlq wkh frpsdudwlyh vwdwlfv

uhvxow wkdw djuhhv zlwk wkh hpslulfdo hylghqfh e| _vlpso|% h{whqglqj wkh ruljlqdo

prgho wr d pxowl0shulrg hfrqrp|1

O0\ suhvhqw d fdslwdo dffxpxodwlrq prgho zkhuh lqglylgxdov kdyh wr fkrrvh lq

hdfk shulrg wkh dprxqw ri zhdowk wkh| zdqw wr frqvxph dqg wkh iudfwlrq ri lqfrph

wkh| uhsruw wr wkh wd{ djhqf|1 Wkh wd{ djhqf| dxglwv wd{sd|huv zlwk vrph suredelolw|

dqg/ li d wd{sd|hu lv fdxjkw hydglqj/ kh pxvw sd| wkh fruuhvsrqglqj �qh1 Dv d e|0

surgxfw/ wkh suhylrxv lqglylgxdo fkrlfhv ghwhuplqh wkh wrwdo dprxqw ri surgxfwlyh

lqyhvwphqw/ zklfk lq wxuq ghwhuplqhv wkh vwrfn ri fdslwdo +ru zhdowk, lq wkh qh{w

shulrg1 O0\ fodlp wkdw wkh dprxqw ri hydghg lqfrph lqfuhdvhv zlwk wkh wd{ udwh

lq wklv vfhqdulr1 Krzhyhu/ wkh lqwxlwlyh dujxphqwv wkh| xvh wr jlyh vxssruw wr wkhlu

vxusulvlqj uhvxow duh edvlfdoo| wkrvh ri wkh vwdwlf wkhru| ri sruwirolr vhohfwlrq +zklfk

|lhoghg d frpsdudwlyh vwdwlfv uhvxow rssrvlwh wr wkhluv,1 Wkhuhiruh/ wkhvh dujxphqwv

vkrxog qrw ohdg wr d vljq uhyhuvlrq ri wkh frpsdudwlyh vwdwlfv h{huflvh lq d pxowl0

shulrg hfrqrp|1

Ohw xv frqvlghu d vwdwlf iudphzrun zlwk doo lqglylgxdov kdylqj wkh vdph lvrhodvwlf

Ehuqrxool xwlolw| gh�qhg rq frqvxpswlrq/ x+f, @ S
�3j

�3j
zlwk � A 3 = Wkh sduwlfxodu

fdvh frqvlghuhg e| O0\ fruuhvsrqgv wr xwlolw| ixqfwlrqv zkhuh wkh lqgh{ � ri uhodwlyh

ulvn dyhuvlrq lv xqlwdu|1 Ohw | eh wkh lqfrph ri dq lqglylgxdo/ { lv wkh dprxqw ri

yroxqwdulo| uhsruwhg lqfrph/ � 5 +3> 4, lv wkh �dw wd{ udwh rq lqfrph/ s 5 +3> 4, lv
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wkh suredelolw| ri ehlqj dxglwhg e| wkh wd{ hqirufhphqw djhqf|/ dqg � A 4 lv wkh

sursruwlrqdo shqdow| lpsrvhg rq wkh dprxqw ri hydghg wd{hv zkhq d wd{sd|hu lv

fdxjkw hydglqj12 Wkhuhiruh/ frqvxpswlrq wxuqv rxw wr eh d udqgrp yduldeoh wdnlqj

wkh ydoxh | � �{� ��+| � {, zlwk suredelolw| s dqg | � �{ zlwk suredelolw| 4 � s=

Ohw h @ |�{ eh wkh dprxqw ri lqfrph frqfhdohg iurp wkh wd{ dxwkrulw|1 Wkhuhiruh/

wkh �qdo glvsrvdeoh lqfrph lv +4 � �,| . h�hk zkhuh hk lv d udqgrp yduldeoh zkrvh

suredelolw| ixqfwlrq lv

i +k, @

;A?A=
s iru k @ 4� �>

4� s iru k @ 4=

+414,

Qrwh wkdw H
�hk� @ 4� s�= Zh dvvxph wkdw s� ? 4 +l1h1/ H

�hk� A 3, dv lv fxvwrpdu|

lq wkh wd{ hydvlrq olwhudwxuh lq rughu wr jxdudqwhh wkdw vrph hydvlrq wdnhv sodfh1 D

wd{sd|hu vroyhv wkxv wkh iroorzlqj sureohp=

Pd{
e

H

�
4

4� �

k
+4� �, | . h�hkl�3j� >

zklfk/ diwhu pdnlqj dq d�qh wudqvirupdwlrq/ lv htxlydohqw wr

Pd{
e

H

+
4

4� �

��
4

�
� 4

�
| . hhk��3j, = +415,

Qrwh wkdw wkh suhylrxv sureohp fdq eh ylhzhg dv rqh ri vhohfwlqj wkh dprxqw h

lqyhvwhg lq d ulvn| dvvhw zlwk udqgrp uhwxuq hk1 Vlqfh H

�hk� A 3> zh nqrz wkdw

wkh djhqw zloo lqyhvw vrph srvlwlyh dprxqw lq wkh ulvn| dvvhw/ wkdw lv/ h A 3 ru/

htxlydohqwo|/ { ? |= Dv � lqfuhdvhv/ wkh dujxphqw ri wkh Ehuqrxool xwlolw| ixqfwlrq

lq +4=5, ghfuhdvhv iru d jlyhq ohyho h ri hydvlrq1 Vlqfh wkh lvrhodvwlf xwlolw| glvsod|v

ghfuhdvlqj devroxwh ulvn dyhuvlrq/ dq lqfuhdvh lq � pdnhv lqglylgxdov pruh ulvn dyhuvh/

dqg wklv reylrxvo| lpsolhv wkdw wkh rswlpdo dprxqw h lqyhvwhg lq wkh ulvn| dvvhw

vkrxog ghfuhdvh +vhh Duurz/ 4<:3> dqg Sudww/ 4<97,1 Lq idfw/ \lw}kdnl +4<:7, douhdg|

suryhg wkdw wkh qhjdwlyh uhodwlrqvkls ehwzhhq wkh dprxqw h ri lqfrph frqfhdohg iurp

wkh wd{ dxwkrulw| dqg wkh wd{ udwh � krogv iru doo wkh xwlolwlhv glvsod|lqj d ghfuhdvlqj

lqgh{ ri devroxwh ulvn dyhuvlrq1 Ohw xv srlqw rxw wkdw wklv dujxphqw vkrxog dovr dsso|

wr d g|qdplf hqylurqphqw/ vlqfh wkh vljq ri wkh uhodwlrq ehwzhhq zhdowk dqg dprxqw

lqyhvwhg lq ulvn| dvvhw lv suhvhuyhg lq pxowl0shulrg prghov ri sruwirolr vhohfwlrq1

O0\ frqvlghu d pxowl0shulrg hfrqrp| zlwk frqwlqxrxv wlph lq rughu wr shuirup wkh

g|qdplf h{whqvlrq ri wkh suhylrxv prgho1 Qhhgohvv wr vd|/ wkh prgho zrxog ehfrph

pruh wudqvsduhqw li lw zhuh suhvhqwhg xvlqj d glvfuhwh wlph irupxodwlrq/ vlqfh wkh

whfkqlfdolwlhv dvvrfldwhg zlwk vwrfkdvwlf fdofxoxv zrxog eh flufxpyhqwhg1 Zh zloo

vkrz wkdw lq d glvfuhwh wlph hfrqrp| wkh dprxqw ri hydghg lqfrph lv ghfuhdvlqj

lq wkh wd{ udwh/ dv vkrxog eh h{shfwhg iurp rxu suhylrxv glvfxvvlrq1 Wklv reylrxvo|

frqwudglfwv wkh uhvxow rewdlqhg e| O0\1 Qrwh wkdw wkhuh lv qr dssduhqw uhdvrq iru

vxfk d glvfuhsdqf| vlqfh/ uhjdugohvv ri zkhwkhu zh frqvlghu dq hfrqrp| lq glvfuhwh

ru lq frqwlqxrxv wlph/ wkh rswlpdo ghflvlrq frqfhuqlqj wd{ hydvlrq vkrxog eh jhduhg

2Wu |�i Ti?@*|) h@|i Z �ihi t4@**ih |�@? L?ic i�@_�?} |@ T@)iht �L�*_ ?i�ih Mi T�?�t�i_�
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wrzdugv pd{lpl}lqj wkh h{shfwhg ydoxh ixqfwlrq ri qh{w shulrg zhdowk1 Vlqfh wkh

ydoxh ixqfwlrq dvvrfldwhg zlwk dq lvrhodvwlf Ehuqrxool ixqfwlrq lv dovr lvrhodvwlf +vhh

Kdndqvvrq/ 4<:3,/ wkh dujxphqw edvhg rq wkh uhodwlrq ehwzhhq wkh ehkdylru ri wkh

lqgh{ ri devroxwh ulvn dyhuvlrq dqg lqglylgxdo ulvn wdnlqj vkrxog dovr dsso| wr wkdw

g|qdplf frqwh{w1 Qrwh dovr wkdw/ zkhq wkh lqvwdqwdqhrxv udwh ri xwlolw| glvfrxqw jrhv

wr lq�qlw|/ wkh frqwlqxrxv wlph prgho ri O0\ frqyhujhv lq idfw wr wkh vwdqgdug vwdwlf

prgho ri wd{ hydvlrq/ zkhuh frqvxpswlrq wdnhv sodfh lpphgldwho| diwhu wkh srwhqwldo

lqvshfwlrq kdv rffxuuhg1 Fohduo|/ wkh frqwlqxlw| ri wkh srolf| ixqfwlrq zrxog suhyhqw

wkh dprxqw ri hydghg lqfrph iurp ehfrplqj vwulfwo| ghfuhdvlqj lq wkh wd{ udwh zkhq

wkh glvfrxqw udwh jrhv wr lq�qlw|/ vlqfh O0\ fodlp wkdw lw lv vwulfwo| lqfuhdvlqj iru doo

�qlwh ydoxhv ri wkdw glvfrxqw udwh1

Zh duh wkxv ohiw zlwk wkh txhvwlrq ri zk| O0\ rewdlq wkhlu vxusulvlqj gl�huhqw

frpsdudwlyh vwdwlfv uhvxow1 Zh wklqn wkdw wkhlu uhvxow lv lqfruuhfw vlqfh/ zkhq wkh|

xvh wkh vprrwk sdwfklqj whfkqltxh lq rughu wr rewdlq wkh frqwlqxrxv wlph yhuvlrq ri

wkhlu prgho/ wkh| gr qrw wdnh lqwr dffrxqw wkh idfw wkdw wkh lqvwdqwdqhrxv vwdqgdug

ghyldwlrq � ri wkh jhrphwulf Eurzqldq prwlrq gh�qlqj wkh hyroxwlrq ri fdslwdo lv

sursruwlrqdo wr wkh wd{ udwh � +vhh htxdwlrq +D16, lq wkh Dsshqgl{ ri wkhlu sdshu,1

Wkhuhiruh/ wkh h{suhvvlrq +44, wkdw wkh| rewdlq iru wkh sursruwlrq ri hydghg lqfrph/eh @
u�

D�2
> lv ghfuhdvlqj/ udwkhu wkdq lqfuhdvlqj/ lq wkh wd{ udwh �= Wkh dxwkruv

glvuhjdug wkh h�hfw wkdw � kdv rq wkh vwdqgdug ghyldwlrq � ri ixwxuh zhdowk dqg/

wkxv/ wkh| plvwdnhqo| wuhdw � dv d frqvwdqw1

O0\ dovr glvfxvv wkh jurzwk lpsolfdwlrqv ri wkhlu �qglqjv1 Lq sduwlfxodu/ vlqfh d

kljkhu wd{ udwh hqfrxudjhv hydvlrq/ wkhuh lv wkh srvvlelolw| wkdw pruh lqfrph ehfrph

dydlodeoh wr sxufkdvh qhz fdslwdo dqg/ wkxv/ wkh hfrqrp| frxog hqg xs jurzlqj idvwhu1

Reylrxvo|/ vlqfh lq wkh suhvhqw sdshu zh rewdlq wkh rssrvlwh uhvxow frqfhuqlqj wkh

uhodwlrq ehwzhhq wkh wd{ udwh dqg wkh dprxqw ri hydghg wd{hv/ zh fdqqrw jhqhudwh d

jurzwk udwh wkdw lqfuhdvhv zlwk wkh wd{ udwh rq lqfrph1

Zh zloo vkrz krzhyhu wkdw/ li wkh shqdow| udwh lv lpsrvhg rq wkh dprxqw ri

xquhsruwhg lqfrph udwkhu wkdq rq wkh dprxqw ri hydghg wd{hv +dv lq Doolqjkdp

dqg Vdgpr/ 4<:7,/ wkhq wkh dprxqw ri lqfrph frqfhdohg iurp wkh wd{ dxwkrulw|

lqfuhdvhv zlwk wkh wd{ udwh1 Hyhq li wklv lv wkh nlqg ri uhvxow wkdw lv vxssruwhg e|

wkh hpslulfdo olwhudwxuh/ zh vkrxog srlqw rxw wkdw dfwxdo wd{ frghv durxqg wkh zruog

xvxdoo| hvwdeolvk shqdowlhv sursruwlrqdo wr wkh dprxqw ri hydghg wd{hv1 Ilqdoo|/ lq

wklv fdvh lw lv srvvleoh wr jhqhudwh d udwh ri hfrqrplf jurzwk wkdw lv orfdoo| lqfuhdvlqj

lq wkh wd{ udwh1

Lq wkh qh{w vhfwlrq zh ghyhors wkh h{dfw frxqwhusduw ri wkh hfrqrp| frqvlghuhg

e| O0\ xvlqj d glvfuhwh wlph irupxodwlrq1 Wklv h{huflvh zloo looxvwudwh wkh urexvwqhvv

ri \lw}kdnl*v dqdo|lvlv1 Lq Vhfwlrq 6 zh frqvlghu wkh fdvh zkhuh wkh sursruwlrqdo

shqdowlhv duh lpsrvhg rq wkh dprxqw ri xquhsruwhg lqfrph1 Zh zloo dovr glvfxvv lq

Vhfwlrq 7 wkh lpsolfdwlrqv ri fkdqjhv lq wkh wd{ udwh iru wkh udwh ri hfrqrplf jurzwk1

Dv xvxdo/ wkh odvw vhfwlrq frqfoxghv wkh sdshu1

�� �� ����
 �����

Ohw xv frqvlghu d frpshwlwlyh hfrqrp| lq glvfuhwh wlph zlwk d frqwlqxxp ri lghqwlfdo

lqglylgxdov zkr duh xqlirupo| glvwulexwhg rq wkh lqwhuydo ^3> 4` = Hdfk lqglylgxdo kdv
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dffhvv wr d whfkqrorj| uhsuhvhqwhg e| wkh qhw surgxfwlrq ixqfwlrq || @ Dn| zlwk

D A 3> zkhuh || lv wkh qhw rxwsxw shu fdslwd dqg n| lv wkh fdslwdo shu fdslwd lq shulrg

w1� Rxwsxw fdq eh ghyrwhg wr hlwkhu frqvxpswlrq ru lqyhvwphqw1 Diwhu surgxfwlrq

kdv wdnhq sodfh/ wkh lqglylgxdo ghflghv erwk klv frqvxpswlrq f| dqg wkh dprxqw

{| ri ghfoduhg lqfrph/ dqg wkhq kh sd|v wkh fruuhvsrqglqj lqfrph wd{ dw wkh udwh

� 5 +3> 4, = Li kh lv lqvshfwhg e| wkh wd{ djhqf|/ wkh wrwdo dprxqw ri xquhsruwhg

lqfrph lv glvfryhuhg dqg wkh wd{sd|hu kdv wr sd| d shqdow| dw wkh udwh � A 4> zklfk

lv lpsrvhg rq wkh dprxqw ri hydghg wd{hv +dv lq \lw}kdnl/ 4<:7,1 Lqvshfwlrq ri d

sduwlfxodu lqglylgxdo lv dq hyhqw wkdw rffxuv zlwk suredelolw| s 5 +3> 4, = Wkh dprxqw

ri rxwsxw uhpdlqlqj diwhu frqvxpswlrq kdv wdnhq sodfh dqg wd{hv dqg +srwhqwldo,

shqdowlhv kdyh ehhq sdlg frqvwlwxwhv wkh qhw lqyhvwphqw wkdw lv dgghg wr wkh lqlwldo

fdslwdo vwrfn n|1 Wkh uhvxowlqj vwrfn n|n� lv xvhg iru qh{w shulrg surgxfwlrq1

Wkhuhiruh/ wkh lqglylgxdo exgjhw frqvwudlqw lv

Dn| @ f| . +n|n� � n|, . �{| . �� +Dn| � {|, >

li wkh lqglylgxdo lv dxglwhg/ dqg

Dn| @ f| . +n|n� � n|, . �{|>

li kh lv qrw1

Zh dvvxph wkdw wkh dprxqw ri wd{hv froohfwhg e| wkh wd{ djhqf| lv ghyrwhg

wr �qdqfh d jryhuqphqw vshqglqj wkdw hqwhuv lqwr wkh lqvwdqwdqhrxv xwlolw| ri

lqglylgxdov lq dq dgglwlyh zd|1 Wkhuhiruh/ wkh pdujlqdo udwh ri vxevwlwxwlrq ri sulydwh

frqvxpswlrq ehwzhhq wzr duelwudu| shulrgv lv qrw d�hfwhg e| wkh ohyho ri jryhuqphqw

vshqglqj1 Vlqfh frqvxphuv wdnh dv jlyhq wkh sdwk ri jryhuqphqw vshqglqj/ wkh xwlolw|

dffuxlqj iurp wklv vshqglqj fdq eh vxssuhvvhg iurp wkh frqvxphuv remhfwlyh ixqfwlrq1

Khqfh/ lqglylgxdov pd{lpl}h wkh iroorzlqj glvfrxqwhg vxp ri lqvwdqwdqhrxv xwlolwlhv=

"[
|'f

�
| oq f|> +514,

zkhuh � 5 +3> 4, lv wkh glvfrxqw idfwru1e

Wkh dprxqw ri xquhsruwhg lqfrph lq shulrg w lv h| @ Dn|�{|= Khqfh/ zh fdq xvh

wkh suhylrxv exgjhw frqvwudlqwv wr zulwh wkh odz ri prwlrq ri fdslwdo shu fdslwd dv

n|n� @

;A?A=
^4 . +4� �,D`n| � f| . �+4� �,h|> zlwk suredelolw| s>

^4 . +4� �,D`n| � f| . �h|> zlwk suredelolw| +4� s,>

ru/ htxlydohqwo|/

n|n� @ ^4 . +4� �,D` n| � f| . �h|
�k> +515,

�5ii +iMi*L E�bb�� uLh @ 4L_i* ��ihi |�i �& ThL_�U|�L? u�?U|�L? @h�tit i?_L}i?L�t*) ��i?

T�)t�U@* @?_ ��4@? U@T�|@* @hi TihuiU| t�Mt|�|�|it� W? |��t U@ti |�i U@T�|@* t|LU! & i4ML_�it ML|�

!�?_t Lu U@T�|@*�
e ì �ti |�i *L}@h�|�4�U �?t|@?|@?iL�t �|�*�|) u�?U|�L? �? Lh_ih |L hiT*�U@|i |�i @?@*)t�t Lu w�v�

OL�i�ihc ML|� |�i 4L_i* Lu w�v @?_ L�ht U@? Mi }i?ih@*�3i_ |L @? �tLi*@t|�U �|�*�|) u�?U|�L? ��|�
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zkhuh hk lv d udqgrp yduldeoh kdylqj wkh suredelolw| ixqfwlrq jlyhq lq +4=4, =

Wkh Ehoopdq htxdwlrq iru wkh vwrfkdvwlf g|qdplf sureohp idfhg e| dq lqglylgxdo

lv

Y +n|, @Pd{
S|c e|

ioq f| . �H ^Y +n|n�, mn| `j > +516,

zkhuh n|n� vdwlv�hv +5=5, = Lw lv zhoo nqrzq wkdw wkh ydoxh ixqfwlrq iru wklv sureohp

lv dq d�qh wudqvirupdwlrq ri wkh orjdulwkplf ixqfwlrq/ Y +n|, @ G oqn| . J zlwk

G A 3 +vhh Kdndqvvrq/ 4<:3,= Wkhuhiruh/ xvlqj +5=5, dqg frpsxwlqj wkh h{shfwdwlrq

ri Y +n|n�, frqglwlrqdo rq n|/ wkh rswlpl}dwlrq sureohp idfhg e| d wd{sd|hu zlwk

lqlwldo fdslwdo n| ehfrphv

Pd{
S|c e|

ioq f| . � +G ^s oq +q| � f| . � +4� �, h|, . +4� s, oq +q| � f| . �h|,` .J,j >

zkhuh

q| @ ^4 . +4� �,D`n|= +517,

Gl�huhqwldwlqj zlwk uhvshfw wr f| dqg h|> zh rewdlq wkh iroorzlqj �uvw rughu frqglwlrqv

iru wkh suhylrxv sureohp=

4

f|
@ �G

�
s

q| � f| . � +4� �, h|
.

4� s

q| � f| . �h|

�
>

dqg
s +� � 4,

q| � f| . � +4� �, h|
@

4� s

q| � f| . �h|
=

Vroylqj iru f| dqg h| lq wkh suhylrxv wzr htxdwlrqv/ zh rewdlq

f| @
4

4 . �G
q|> +518,

dqg

h| @

�
�G

4 . �G

��
4� s�

� +� � 4,

�
q|= +519,

Xvlqj wkh h{suhvvlrqv iru f| dqg h| zh kdyh mxvw rewdlqhg/ wkh Ehoopdq htxdwlrq +5=6,

ehfrphv

G oq n| .J @

oq
�

�
�nq(

q|

�
. �Gs oq

�
q| �

�
�nq(

q| . � +4� �,
�

q(

�nq(

��
�3RZ

�EZ3��

�
q|

�
.

�G+4� s, oq
�
q| �

�
�nq(

q| . �
�

q(

�nq(

��
�3RZ

�EZ3��

�
q|

�
. �J>

zkhuh q| lv gh�qhg lq +5=7,1 Froohfwlqj wkh frh�flhqwv ri oq n| dsshdulqj lq wkh

suhylrxv h{suhvvlrq/ zh jhw

G @ 4. �Gs. �G+4� s,>

vr wkdw

G @
4

4� �
= +51:,
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Vxevwlwxwlqj +5=:, dqg +5=7, lqwr +5=8, dqg +5=9, > zh jhw wkh iroorzlqj frqvxpswlrq

dqg hydvlrq srolflhv=

f| @ +4� �, ^4 . +4� �,D`n|> +51;,

dqg

h| @
� +4� s�,

� +� � 4,
^4 . +4� �,D` n|= +51<,

Lw lv wkhq fohdu wkdw wkh dprxqw h| ri xquhsruwhg lqfrph lv ghfuhdvlqj lq wkh wd{

udwh � iru d jlyhq ydoxh ri n|> zklfk lv frqvlvwhqw zlwk wkh ruljlqdo uhvxow rewdlqhg e|

\lw}kdnl +4<:7,1D Pruhryhu/ wkh dprxqw ri hydghg wd{hv lv

�h| @
� +4� s�,

+� � 4,
^4 . +4� �,D` n|>

zklfk lv dovr ghfuhdvlqj lq wkh wd{ udwh1 Qrwh wkdw wkh frqvxpswlrq srolf| zh

kdyh mxvw rewdlqhg lv h{dfwo| wkh vdph dv wkh srolf| rewdlqhg zkhq wkh wd{ hydvlrq

skhqrphqrq lv glvuhjdughg1 Wkh odwwhu fdvh lv hdvlo| ghulyhg e| pdnlqj s� @ 4

vr wkdw h| @ 3 +vhh +5=<,,= Lq idfw/ wkh sdudphwhuv s dqg � fkdudfwhul}lqj wkh wd{

hqirufhphqw srolf| gr qrw kdyh dq| h�hfw rq wkh dprxqw ri frqvxpswlrq lq shulrg w

iru jlyhq ydoxhv ri erwk wkh wd{ udwh � dqg wkh fdslwdo vwrfn n|= Wkhuhiruh/ wkh lpsdfw

ri d yduldwlrq lq wkh wd{ hqirufhphqw srolf| lv wrwdoo| devruehg e| wkh dprxqw ri

xquhsruwhg lqfrph1

Rqh gl�huhqfh ehwzhhq rxu glvfuhwh wlph irupxodwlrq dqg lwv frqwlqxrxv wlph

frxqwhusduw lv wkdw wkh frqvxpswlrq srolf| lq glvfuhwh wlph ghshqgv rq wkh wd{ udwh/

zkhuhdv lw lv lqghshqghqw ri � lq frqwlqxrxv wlph1 Krzhyhu/ wklv glvfuhsdqf| lv dovr

rewdlqhg zkhq qr wd{ hydvlrq rffxuv1 Lw lv zhoo nqrzq wkdw/ iru wkh frqwlqxrxv wlph

yhuvlrq ri wklv prgho zlwkrxw wd{ hydvlrq/ wkh frqvxpswlrq srolf| lv

f+w, @ �n+w,> +5143,

zkhuh � A 3 lv wkh lqvwdqwdqhrxv glvfrxqw udwh rq xwlolw|1S Wkh srolf| ixqfwlrq +5=43,

lv lqghshqghqw ri wkh wd{ udwh � / zklfk lv lq frqwudvw wr zkdw lv rewdlqhg lq glvfuhwh

wlph +vhh htxdwlrq +5=;, > zklfk lv dovr wkh frqvxpswlrq srolf| zlwk qr hydvlrq,1

Qhyhuwkhohvv/ lw fdq eh suryhg wkdw wkh frpprq udwh ri jurzwk ri erwk frqvxpswlrq

dqg fdslwdo lq frqwlqxrxv wlph zkhq wkhuh lv qr hydvlrq wxuqv rxw wr eh

bf+w,

f+w,
@

bn+w,

n+w,
@ +4� �,D� �=

D ì U@? �44i_�@|i*) UL4T�|i |�i uh@U|�L? 	e| Lu �?UL4i UL?Ui@*i_ uhL4 |�i |@ @�|�Lh�|)c ���U�
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Lq rxu glvfuhwh wlph irupxodwlrq/ wkh jurzwk udwh ri erwk frqvxpswlrq dqg fdslwdo

zkhq h| @ 3 lv
f|n�

f|

� 4 @
n|n�

n|

� 4 @ � ^4 . +4� �,D` =

Zh vhh wkxv wkdw xqghu erwk irupxodwlrqv wkh udwh ri hfrqrplf jurzwk lv ghfuhdvlqj

lq wkh wd{ udwh zkhq wd{ hydvlrq lv devhqw1

�� ��������� ����������� �� ��� �� �����

Lq wkhlu vhplqdo sdshu/ Doolqjkdp dqg Vdgpr +4<:5, lqwurgxfhg wkh sruwirolr

dssurdfk wr vroyh wkh vwdwlf wd{ hydvlrq sureohp/ dqg wkh| dvvxphg wkdw wkh shqdowlhv

lpsrvhg rq fdxjkw hydghuv zhuh lqghshqghqw ri wkh wd{ udwh1 Wkhuhiruh/ lq wkhlu

sdshu wkh shqdow| udwh zdv lpsrvhg rq wkh dprxqw ri hydghg lqfrph udwkhu wkdq rq

wkh dprxqw ri hydghg wd{hv1 Wkh rswlpdo hydghg lqfrph rewdlqhg lq wkh suhylrxv

vhfwlrq fdq eh hdvlo| wudqviruphg wr frsh zlwk wklv dowhuqdwlyh dvvxpswlrq1 Ohwwlqje� eh wkh shqdow| udwh rq xquhsruwhg lqfrph/ zh kdyh wkdw e� @ ��= Wkhuhiruh/ diwhu

uhsodflqj � e| e� 2� / wkh srolf| ixqfwlrq +5=<, ehfrphv

h| @
� +� � se�,
� +e� � �,

^4 . +4� �,D`n|= +614,

Wkh frqvxpswlrq srolf| +5=;, lv qrw d�hfwhg e| wklv dowhuqdwlyh dvvxpswlrq rq wkh

shqdow| vwuxfwxuh1

Hyhq li Doolqjkdp dqg Vdgpr irxqg wkdw wkh h�hfw ri fkdqjhv lq wkh wd{ udwh rq

xquhsruwhg lqfrph zdv dpeljxrxv iru jhqhudo frqfdyh xwlolw| ixqfwlrqv> wkh ghulydwlyh

ri h| zlwk uhvshfw wr � fdq eh xqdpeljxrxvo| vljqhg lq wkh suhvhqw frqwh{w xqghu

vrph sdudphwulf uhvwulfwlrqv1 Dv zh glg lq wkh suhylrxv vhfwlrq/ zh dvvxph wkdw

s� ? 4 lq rughu wr jhqhudwh srvlwlyh hydvlrq1 Wklv lqhtxdolw| ehfrphv se� ? � lq wkh

suhvhqw frqwh{w1 Pruhryhu/ lq rughu wr dffrxqw iru h�hfwlyh sxqlvkphqw wr hydghuv/

zh dvvxphg wkdw � A 4> zklfk qrz ehfrphv e� A �= Ilqdoo|/ zh pdnh wkh hpslulfdoo|

uhdvrqdeoh dvvxpswlrq wkdw wkh �qh wr eh sdlg e| hydghuv grhv qrw h{fhhg wkh dprxqw

ri frqfhdohg lqfrph/ wkdw lv/ e� ? 4=.

Shuiruplqj wkh ghulydwlyh ri h| zlwk uhvshfw wr wkh wd{ udwh � / zh lpphgldwho|

jhw

gh|

g�
@

�
�n|

� +e� � �,

�
� ~} �

7

%
�
2 . se�2 � 5se��
� +e� � �,

^4 . +4� �,D`�D +� � se�,&� ~} �
'

=

Fohduo|/ wkh whup V lv vwulfwo| srvlwlyh dv e� A � / zkhuhdv wkh whup T fdq eh uhzulwwhq

dv

�
2 . se�2 � 5se��
� +e� � �,

.
D

k
s +e� � �,2 . �

2+4� s,+4� e�,l
� +e� � �,

= +615,

Wkh ghqrplqdwru ri wkh �uvw whup ri wkh suhylrxv vxp lv srvlwlyh vlqfh e� A � dqg

wkh qxphudwru vdwlv�hv

�
2 . se�2 � 5se�� A �

2 . se�� � 5se�� @ � +� � se�, A 3>

.
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zkhuh wkh �uvw lqhtxdolw| frphv iurp wkh idfw wkdw e� A �> zkloh wkh odvw lqhtxdolw|

dulvhv vlqfh se� ? �= Ilqdoo|/ wkh vhfrqg whup ri wkh vxp +6=5, lv srvlwlyh vlqfh e� ? 4

dqg e� A �= Wkhuhiruh/ xqghu rxu sdudphwulf uhvwulfwlrqv/ dq lqfuhdvh lq wkh wd{ udwh

uhvxowv lq d odujhu dprxqw ri lqfrph frqfhdohg iurp wkh wd{ dxwkrulw|1 Wklv lv vr

ehfdxvh/ zkhq wkh �qh lpsrvhg rq hydghuv lv lqghshqghqw ri wkh wd{ udwh/ dq lqfuhdvh

lq � pdnhv krqhvw| pruh h{shqvlyh/ zkloh wkh frvw ri hydvlrq uhpdlqv xqfkdqjhg1

Reylrxvo|/ wkh dprxqw �h| ri hydghg wd{hv lv qrz lqfuhdvlqj lq wkh wd{ udwh � iru d

jlyhq ydoxh ri wkh fxuuhqw vwrfn ri fdslwdo n|=

Wkh frpsdudwlyh vwdwlfv uhvxow zh kdyh mxvw rewdlqhg lv hpslulfdoo| pruh sodxvleoh

wkdq wkdw ri Vhfwlrq 51 Krzhyhu/ wkh uhvxow ri wklv vhfwlrq lv rewdlqhg xqghu d ohvv

dsshdolqj dvvxpswlrq/ qdpho|/ wkdw shqdowlhv duh lpsrvhg rq hydghg lqfrph udwkhu

wkdq rq hydghg wd{hv/ zklfk lv dw rggv zlwk wkh surylvlrqv ri dfwxdo wd{ frghv1

Ilqdoo|/ ohw xv srlqw rxw wkdw wkh vljq ri frpsdudwlyh vwdwlfv h{huflvh shuiruphg lq

wklv vhfwlrq djuhhv zlwk wkdw rewdlqhg e| \dqly +4<<7, lq d vwdwlf vhwxs1 Wklv dxwkru

vkrzhg wkdw wkh dprxqw ri lqfrph frqfhdohg iurp wkh wd{ dxwkrulw| lv lqfuhdvlqj lq

wkh wd{ udwh zkhq wkh xwlolw| ixqfwlrq lv lvrhodvwlf zlwk dq lqgh{ � ri uhodwlyh ulvn

dyhuvlrq vdwlvi|lqj � � 4@e�= Wklv dvvxpswlrq lv fohduo| phw lq rxu prgho vlqfh zh

duh dvvxplqj wkdw � @ 4=

�� ������ �����
������ �� ���� �� �� ��� �� ����

Lq rughu wr dqdo|}h wkh h�hfw ri wd{ udwh fkdqjhv rq wkh udwh ri hfrqrplf jurzwk

zkhq �qhv duh sursruwlrqdo wr wkh dprxqw ri hydghg wd{hv/ zh vkrxog �uvw frpsxwh

wkh h{shfwdwlrq ri wkh odz ri prwlrq +5=5, frqglwlrqdo rq wkh vwrfn ri fdslwdo dw w>H

H +n|n�mn|, @ ^4 . +4� �,D` n| � f| . �h| +4� s�,� ~} �
.

�h��
=

Dsso|lqj wkh odz ri odujh qxpehuv wr d frqwlqxxp ri l1l1g1 udqgrp yduldeohv/

zh rewdlq wkdw wkh dyhudjh fdslwdo shu fdslwd �n|n� frlqflghv zlwk lwv frqglwlrqdo

h{shfwdwlrq H +n|n�mn|,1 Wkhuhiruh/ wkh udwh ri jurzwk � ri fdslwdo +dqg/ khqfh/ ri

frqvxpswlrq, lq shu fdslwd whupv vdwlv�hv

� �
�n|n�
�n|

� 4 @ ^4 . +4� �,D`�
f|

n|
. +4� s�, �

�
h|

n|

�
� 4=

Xvlqj wkh srolf| ixqfwlrqv ri frqvxpswlrq dqg hydvlrq +5=;, dqg +5=<, > wkh suhylrxv

h{suhvvlrq ehfrphv

� @ ^4 . +4� �,D`�

%
4 .

+4� s�,2

� � 4

&
� 4> +714,
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dqg/ wkxv/
g�

g�
? 3=

Wklv uhvxow dovr frqwudglfwv wkh rqh irxqg lq O0\1 Wkhvh dxwkruv fodlp wkdw wkh

uhodwlrqvkls ehwzhhq � dqg � lv X0vkdshg lq wklv frqwh{w1 Wklv lv vr ehfdxvh

wkh| plvwdnhqo| rewdlq wkdw dq lqfuhdvh lq wkh wd{ udwh uhvxowv lq kljkhu hydvlrq1

Ixuwkhupruh/ wkh| rewdlq wkdw/ iru vx�flhqwo| kljk ydoxhv ri wkh wd{ udwh/ d ixuwkhu

lqfuhdvh lq wkh wd{ udwh wuljjhuv yhu| odujh ohyhov ri lqglylgxdo hydvlrq1 Wklv

lpsolhv wkdw pruh uhvrxufhv ehfrph dydlodeoh iru fdslwdo dffxpxodwlrq dqg khqfh

wkh hfrqrp| hqgv xs jurzlqj idvwhu1 Krzhyhu/ rxu frpsdudwlyh vwdwlfv h{huflvh

vkrzv wkdw kljkhu wd{ udwhv duh dvvrfldwhg zlwk orzhu hydvlrq ohyhov1 Khqfh/ wkhuh lv

qr fkdqqho iurp zklfk idvwhu fdslwdo dffxpxodwlrq pd| dulvh zkhq wkh wd{ udwh jrhv

xs1

Li zh frqvlghu lqvwhdg wkh iudphzrun sursrvhg e| Doolqjkdp dqg Vdgpr +4<:5,

zlwk shqdowlhv lqghshqghqw ri wkh wd{ udwh/ wkh jurzwk udwh +7=4, zloo ehfrph

� @ ^4 . +4� �,D`�

%
4 .

+� � se�,2
� +e� � �,

&
� 4=

Qrwh wkdw zkhq � jhwv forvh wr }hur/ wkh udwh ri jurzwk dssurdfkhv lq�qlw|/ dqg wkh

vdph rffxuv zkhq � whqgv wr lwv xsshu erxqg e�= Wklv phdqv wkdw � lv d qrq0prqrwrqlf
ixqfwlrq ri wkh wd{ udwh/ dqg/ lq sduwlfxodu/ lw lv ghfuhdvlqj iru orz ydoxhv ri �> zkhuhdv

lw lv lqfuhdvlqj iru kljk ydoxhv ri �= Vlqfh wd{ hydvlrq lv hqfrxudjhg e| kljkhu wd{

udwhv lq wkh Doolqjkdp dqg Vdgpr*v prgho xqghu rxu sdudphwulf uhvwulfwlrqv/ dq

lqfuhdvh lq � frxog uhvxow lq pruh uhvrxufhv dydlodeoh iru dftxlvlwlrq ri fdslwdo dqg

khqfh lq kljkhu jurzwk udwhv1

!� ���
�	����

Lq wklv sdshu zh kdyh vkrzq wkdw wkh qhjdwlyh wkhruhwlfdo uhodwlrqvkls ehwzhhq

xquhsruwhg lqfrph dqg wd{ udwhv lv suhvhuyhg lq d pxowl0shulrg hfrqrp| zkhq

�qhv duh lpsrvhg rq wkh dprxqw ri hydghg wd{hv1 Krzhyhu/ xqghu wkh pxfk pruh

xquhdolvwlf dvvxpswlrq wkdw wkh �qh sdlg e| fdxjkw hydghuv lv lqghshqghqw ri wkh wd{

udwh/ wkh vljq ri wkh suhylrxv uhodwlrq lv uhyhuvhg uhjdugohvv ri zkhwkhu zh frqvlghu

d vwdwlf ru d g|qdplf vhwxs1

Frqfhuqlqj wkh udwh ri hfrqrplf jurzwk zkhq �qhv duh sursruwlrqdo wr wkh wd{

udwh/ zh kdyh vkrzq wkdw wkh udwh ri fdslwdo dffxpxodwlrq fdqqrw lqfuhdvh zlwk

wkh wd{ udwh/ vlqfh wkh dprxqw ri glvsrvdeoh lqfrph dozd|v ghfuhdvhv lq wklv fdvh1

Krzhyhu/ li �qhv duh lpsrvhg rq wkh dprxqw ri xquhsruwhg lqfrph/ wkhq wkh odujhu

hydvlrq wuljjhuhg e| kljkhu wd{ udwhv frxog lqfuhdvh wkh dprxqw ri glvsrvdeoh lqfrph

dqg/ wkxv/ fdslwdo frxog eh sxufkdvhg dw d idvwhu sdfh1

Zh kdyh frqvlghuhg d fdslwdo dffxpxodwlrq prgho zkhuh jryhuqphqw vshqglqj lv

wrwdoo| xqsurgxfwlyh1 Zh kdyh dqdo|}hg lq d uhodwhg sdshu +Fdedoo�h dqg Sdqdg�hv/

4<<:, wkh fdvh zkhuh jryhuqphqw vshqglqj lv xvhg dv d surgxfwlyh lqsxw +dv lq Eduur/

4<<3,1 Zh vkrxog srlqw rxw krzhyhu wkdw wkh frpsdudwlyh vwdwlfv uhvxowv frqfhuqlqj

wkh uhodwlrq ehwzhhq wd{ hydvlrq dqg wd{ udwhv rewdlqhg lq wkh suhvhqw sdshu dovr

krog xqghu wklv dowhuqdwlyh dvvxpswlrq rq wkh uroh ri jryhuqphqw vshqglqj1
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^4` Doolqjkdp/ P1 dqg D1 Vdqgpr +4<:5,1 _Lqfrph Wd{ Hydvlrq= D Wkhruhwlfdo

Dqdo|vlv1% Mrxuqdo ri Sxeolf Hfrqrplfv 4/ 656066;1

^5` Duurz/ N1 +4<:3,1 Hvvd|v lq wkh Wkhru| ri Ulvn Ehdulqj1 Qruwk Kroodqg1

Dpvwhugdp1

^6` Eduur/ U11 +4<<3,1 _Jryhuqphqw Vshqglqj lq d Vlpsoh Prgho ri Hqgrjhqrxv

Jurzwk1% Mrxuqdo ri Srolwlfdo Hfrqrp| <;/ V4360V4581

^7` Fdedoo�h/ M1 dqg M1 Sdqdg�hv +4<<:,1 _Wd{ Hydvlrq dqg Hfrqrplf Jurzwk1% Sxeolf

Ilqdqfh 2 Ilqdqfhv Sxeoltxhv 85/ 64;0673 +Sxeolvkhg 5333,1

^8` Forwihowhu/ F1 +4<;6,1 _Wd{ Hydvlrq dqg Wd{ Udwhv= Dq Dqdo|vlv ri Lqglylgxdo

Uhwxuqv1% Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv 98/ 69606:61

^9` Frzhoo/ I1D1 dqg M1S1I1 Jrugrq +4<;;, _Xqzlooljqhvv wr Sd|= Wd{ Hydvlrq dqg

Sxeolf Jrrg Surylvlrq1% Mrxuqdo ri Sxeolf Hfrqrplfv 69/ 63806541

^:` Fudqh/ V1 dqg I1 Qrxu}dg +4<;9,1 _Lq�dwlrq dqg Wd{ Hydvlrq= dq Hpslulfdo

Dqdo|vlv1% Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv 9;/ 54:05561

^;` Kdndqvvrq/ Q1K1 +4<:3,1 _Rswlpdo Lqyhvwphqw dqg Frqvxpswlrq Vwudwhjlhv

xqghu Ulvn iru d Fodvv ri Xwlolw| Ixqfwlrqv1% Hfrqrphwulfd 6;/ 8;:093:1

^<` Mrxoidlq/ G1 dqg P1 Ulghu +4<<9,1 _Wd{ Hydvlrq lq Suhvhqfh ri Qhjdwlyh Lqfrph

Wd{hv1% Qdwlrqdo Wd{ Mrxuqdo 7</ 88608:31

^43` Odqgvnurqhu/ \1/ M1 Sdurxvk/ dqg L1 Vzdu| +4<<3,1 _Wd{ Hydvlrq dqg Sruwirolr

Ghflvlrqv1% Sxeolf Ilqdqfh 2 Ilqdqfhv Sxeoltxhv 78/ 73<07551

^44` Ohh/ N1 +5334,1 _Wd{ Hydvlrq dqg Vhoi0Lqvxudqfh1% Mrxuqdo ri Sxeolf Hfrqrplfv

;4/ :60;41

^45` Olq/ Z0]1 dqg F1F1 \dqj +5334,1 _D G|qdplf Sruwirolr Fkrlfh Prgho ri Wd{

Hydvlrq= Frpsdudwlyh Vwdwlfv ri Wd{ Udwhv dqg lwv Lpsolfdwlrq iru Hfrqrplf

Jurzwk%1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro 58/ 4;5:04;731

^46` Sdqdg�hv/ M1 +5334d,1 _Wd{ Hydvlrq dqg Ulfdugldq Htxlydohqfh1% Hxurshdq

Mrxuqdo ri Srolwlfdo Hfrqrp| +iruwkfrplqj,1

^47` Sdqdg�hv/ M1 +5334e,1 _Wd{ Hydvlrq dqg Uhodwlyh Frqwulexwlrq%1 Plphr1

^48` Srwhued/ M1 +4<;:,1 _Wd{ Hydvlrq dqg Fdslwdo Jdlqv Wd{dwlrq1% Dphulfdq

Hfrqrplf Uhylhz ::/ 567056<1

^49` Sudww/ M1Z1 +4<97,1 _Ulvn Dyhuvlrq lq wkh Vpdoo dqg lq wkh Odujh1% Hfrqrphwulfd

65/ 45504691

43



^4:` Uhehor/ V1 +4<<4,1 _Orqj 0Uxq Srolf| Dqdo|vlv dqg Orqj0Uxq Jurzwk1% Mrxuqdo

ri Srolwlfdo Hfrqrp| <</ 8330854

^4;` \dqly/ J1 +4<<7,1 _Wd{ Hydvlrq dqg wkh Lqfrph Wd{ Udwh= D Wkhruhwlfdo

Uhh{dplqdwlrq1% Sxeolf Ilqdqfh 2 Ilqdqfhv Sxeoltxhv 7</ 43:04451

^4<` \lw}kdnl/ V1 +4<:7,1 _D Qrwh rq Lqfrph Wd{ Hydvlrq= D Wkhruhwlfdo Dqdo|vlv1%

Mrxuqdo ri Sxeolf Hfrqrplfv 6/ 53405351
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