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Devwudfw

Lq wklv sdshu zh frqvlghu d prgho ri frrshudwlyh surgxfwlrq lq zklfk

udwlrqdo djhqwv kdyh wkh srvvlelolw| wr hqjdjh lq vderwdjh dfwlylwlhv wkdw

ghfuhdvh rxwsxw1 Lw lv vkrzq wkdw vderwdjh ghshqgv rq wkh lqwhusod| ehwzhhq

wkh ghjuhh ri frqjhvwlrq/ wkh whfkqrorj| ri vderwdjh/ wkh qxpehu ri djhqwv

wkh ghjuhh ri phulwrfudf| dqg wkh irup ri wkh vkdulqj uxoh1 Lq sduwlfxodu lw

lv vkrzq wkdw/ fhwhulhv sdulexv/ phulwrfudwlf v|vwhpv jlyh pruh lqfhqwlyhv wr

vderwdjh wkdq hjdolwduldq v|vwhpv1 Zh dgguhvv wzr txhvwlrqv= Wkh ghjuhh ri

phulwrfudf| wkdw lv frpsdwleoh zlwk devhqfh ri vderwdjh dqg wkh h{lvwhqfh

ri d Qdvk htxloleulxp zlwk dqg zlwkrxw vderwdjh1
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Hfrqrplfv lv wkh vwxg| ri uhvrxufh doorfdwlrq xqghu fhuwdlq frqvwudlqwv1 Klv0

wrulfdoo|/ wkh �uvw frqvwudlqw frqvlghuhg zdv ihdvlelolw|/ l1h1 wkh txdqwlw| ri wkh

jrrg wr eh doorfdwhg fdq qrw h{fhhg lwv dydlodeoh txdqwlw|1 Dv hfrqrplfv ghyho0

rshg/ rwkhu frqvwudlqwv zhuh frqvlghuhg/ iru lqvwdqfh Lqfhqwlyh Frqvwudlqwv= Dq|

hfrqrplf v|vwhp pxvw qrw jlyh lqfhqwlyhv wr wkh djhqwv wr wudqvplw zurqj lqiru0

pdwlrq 0dgyhuvh vhohfwlrq0 ru wr wdnh vrfldoo| xqzdqwhg dfwlrqv 0prudo kd}dug1

Lq wklv sdshu zh zdqw wr eurdg wkh vfrsh ri lqfhqwlyh wkhru| e| frqvlghulqj

vlwxdwlrqv lq zklfk djhqwv fdq vderwdjh surgxfwlrq e| ghvwur|lqj rwkhu shrsoh

lqsxwv1 Wkxv/ wkh lqsxw vxssolhg e| dq djhqw uh�hfwv khu h�ruw dqg wkh vderwdjh

grqh e| rwkhuv rq wklv djhqw1 Zh dvvxph wkdw vderwdjh lv xqghwhfwdeoh ehfdxvh

h�ruw dqg wkh whfkqrorj| ri vderwdjh duh qrw frqwudfwleoh1� Rq wkh frqwudu|/

lqsxwv duh frqwudfwleoh1 Rxu �uvw frqfhuq lv wr orrn iru glvwulexwlrq uxohv wkdw gr

qrw jlyh lqfhqwlyhv wr udwlrqdo djhqwv wr vderwdjh surgxfwlrq12 Dq h{dpsoh ri

krz vderwdjh pd| dulvh dv d udwlrqdo dfwlrq lv wkh iroorzlqj1

Wzr shrsoh duh froohfwlqj judshv1 Dqg| froohfwv zklwh judshv 0zkrvh txdqwlw|

lv ghqrwhg e| U�� dqg Ehwk froohfwv uhg judshv/ zkrvh txdqwlw| lv ghqrwhg e|

U21 Wkhvh judshv duh wudqviruphg lq zlqh 0ghqrwhg e| \� dffruglqj wr wkh

surgxfwlrq ixqfwlrq \ @ +U� . U2,
�*21 Wkh frqvxpswlrq ri zlqh doorfdwhg wr

hdfk zrunhu 0F� dqg F2 uhvshfwlyho|0 lv ghwhuplqhg e| wkh Sursruwlrqdo Vkdulqj
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Uxoh/ l1h1

F� @
U�

U� .U2
+U� .U2,

�*2> l @ 4> 5=

Iru ixwxuh uhihuhqfh zh qrwlfh wkdw wklv vkdulqj uxoh lv phulwrfudwlf/ lq wkh vhqvh

wkdw doorfdwhv zlqh ghshqglqj rq uhodwlyh lqsxwv1 Vxssrvh wkdw zkhq wkh zrunlqj

gd| lv derxw wr �qlvk/ U� @ U2 @ 83= Wkxv/ \ @ 43/ F� @ F2 @ 8= Qrz dq

xqh{shfwhg hyhqw irufhv Ehwk wr ohdyh1 Fkrlfhv iru Dqg| duh wr uhpdlq idlwkixoo|

ghyrwhg wr klv rzq zrun/ lq zklfk fdvh kh zrxog rewdlq 54 h{wud xqlwv ri judsh

ru wr ghvwur| wkh furs dvvhpeohg e| Ehwk dqg suhwhqg wkdw vrpherg| vwroh lw1�

Lq wkh �uvw fdvh klv frqvxpswlrq ri zlqh 0wkh rqo| wklqj kh fduhv derxw0 lv

F� @
:4

454
+454,�*2 * 9> 78=

Lq wkh vhfrqg fdvh/ Dqg|*v frqvxpswlrq ri zlqh lv

F� @
83

83
+83,�*2 * :> 3:=

Wkhuhiruh/ li Dqg| lv udwlrqdo/ kh zloo ghvwur| Ehwk*v furs1 Vxssrvh qrz wkdw wkh

vkdulqj uxoh lv Hjdolwduldq/ l1h1

F� @
+U� .U2,

�*2

5
> l @ 4> 5=

Zh qrwlfh wkdw wklv uxoh lv qrw phulwrfudwlf dw doo/ lq wkh vhqvh wkdw doorfdwhv

zlqh luuhvshfwlyho| ri uhodwlyh lqsxwv1 Lq wklv fdvh/ idlwkixo zrun |lhogv wr Dqg|

F� @ 8=8 dqg vderwdjh F� @ 6=8/ l1h1 vderwdjh lv qrw d udwlrqdo dfwlrq1e

Zkdw lv jrlqj rq lq wkhvh h{dpsohvB Zkhq dq djhqw ghflghv wr vderwdjh rwkhu

djhqw*v furs/ wkhuh duh wzr h�hfwv1 Rq wkh rqh kdqg zlqh rxwsxw idoov dqg wkhuh lv
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ohvv wr glvwulexwh1 Wklv lv edg iurp wkh vderwhxu*v lqwhuhvw1 Rq wkh rwkhu kdqg/ wkh

uhodwlyh udqnlqj ri wkh djhqw zkrvh furs kdv ehhq vderwdjhg idoov1 Wklv shqdol}hv

wklv djhqw dqg/ zlwk d jlyhq zlqh rxwsxw/ lv jrrg iru wkh vderwhxu1 Lqwxlwlyho|/

wkh lpsruwdqfh ri wkh vhfrqg h�hfw ghshqgv rq krz phulwrfudwlf wkh vkdulqj uxoh

lv/ iru lqvwdqfh lq wkh hjdolwduldq vkdulqj uxoh wklv h�hfw grhv qrw h{lvw1 Zkhq

wkh uxoh lv yhu| phulwrfudwlf/ wkh vhfrqg h�hfw grplqdwhv dqg vderwdjh pd| eh

udwlrqdo/ dv lq wkh fdvh ri wkh sursruwlrqdo vkdulqj uxoh1 Wkh uhodwlrqvkls ehwzhhq

phulwrfudf| dqg vderwdjh zloo eh d fhqwudo wkhph wkurxjkrxw rxu sdshu1 Rxu

dqdo|vlv zloo xqyhlo rwkhu ghwhuplqdqwv ri vderwdjh wrr1

Wkh prgho lv suhvhqwhg lq Vhfwlrq 51 Lq rughu wr vlpsoli| wkh slfwxuh zh pdnh

d qxpehu ri vlpsol�fdwlrqv1 Iluvw zh dvvxph wkdw wkh wrwdo txdqwlw| ri oderu

vxssolhg e| dq| djhqw lv �{hg1 Wkxv/ oderu fdq eh vshqw rq wkh surgxfwlrq ri dq

lqwhuphgldwh lqsxw +e| h{huwlqj h�ruw, ru rq wkh ghvwuxfwlrq ri wkh lqsxwv ri rwkhu

djhqwv +vderwdjh,1 Wklv dvvxpswlrq lv pdgh lq rughu wr irfxv dwwhqwlrq rq wkh

fkrlfh ehwzhhq surgxfwlyh dqg vderwdjh dfwlylwlhv1 Lw lv dssursuldwhg zkhq ohqjwk

ri zrunlqj wlph lv �{hg h{rjhqrxvo| e| odz/ fxvwrp/ hwf1 Vhfrqg zh dvvxph wkdw

lqsxwv duh krprjhqhrxv1 Wkxv wrwdo rxwsxw ghshqgv rq wkh vxp ri lqsxwv1 Wklug/

wkh hodvwlflw| ri rxwsxw zlwk uhvshfw wr lqsxwv lv frqvwdqw1 Wklv hodvwlflw| fdq eh

lqwhusuhwhg dv dq lqyhuvh phdvxuh ri wkh ghjuhh ri frqjhvwlrq1

Lq Vhfwlrq 6 zh suhvhqw d qhfhvvdu| frqglwlrq wr suhyhqw vderwdjh1 Zh gh�qh

wkh ghjuhh ri phulwrfudf| ri d vkdulqj uxoh dv wkh hodvwlflw| ri wkh vkduh ri l lq wkh

rxwsxw zlwk uhvshfw wr wkh lqsxwv surylghg e| l1 Iru lqvwdqfh lq wkh hjdolwduldq

uxoh wklv hodvwlflw| lv }hur dqg lq wkh sursruwlrqdo uxoh wklv hodvwlflw| lv
E?3��
? zkhuh

q lv wkh qxpehu ri djhqwv1 Ohw P eh wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq

vderwdjh dqg surgxfwlyh dfwlylwlhv1 P lv d phdvxuh ri krz srzhuixo ghvwuxfwlrq

dfwlylwlhv duh lq uhodwlrq wr surgxfwlrq dfwlylwlhv1 Wkh qhfhvvdu| frqglwlrq iru
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lqh{lvwhqfh ri vderwdjh kdv wzr sduwv= Hlwkhu P � q � 4 dqg wkhq dq| vkdulqj

uxoh txdol�hv ruP A q�4> dqg lq wklv fdvh wkh ghjuhh ri phulwrfudf| ri d vkdulqj

uxoh pxvw eh ohvv wkdq d qxpehu zklfk ghshqgv rq P dqg wkh hodvwlflw| ri rxwsxw

zlwk uhvshfw wr wrwdo lqsxwv1 Zkhq wkh qxpehu ri djhqwv dqg wkh whfkqrorj| ri

vderwdjh duh yduldeoh dqg wkh| pljkw wdnh dq| ydoxh/ wkh odwwhu frqglwlrq vlpsol�hv

dqg mxvw vd|v wkdw wkh ghjuhh ri phulwrfudf| vkrxog eh ohvv wkdq wkh hodvwlflw| ri

rxwsxw zlwk uhvshfw wr wkh lqsxwv1

Lq Vhfwlrq 7 zh lqyhvwljdwh wkh lvvxh ri wkh h{lvwhqfh ri d Qdvk htxloleulxp1

Zh dvvxph wkdw vkdulqj uxohv duh dqrq|prxv/ vdwlvi| d vhsdudelolw| dvvxpswlrq

+D4, dqg d whfkqlfdo dvvxpswlrq lqyroylqj wkh vljq ri fhuwdlq ghulydwlyhv +D5,1

Dvvxpswlrqv D4�5 duh vdwlv�hg e| prvw vkdulqj uxohv xvhg lq wkh olwhudwxuh1 Zh

zloo nhhs wkhp wkurxjkrxw wkh sdshu1 Zh vkrz wkdw li P lv vpdoohu wkdq rqh/ d

Qdvk htxloleulxp zlwk }hur vderwdjh h{lvwv/ dqg li wkhuh duh wzr djhqwv 0ru pruh

wkdq wzr dqg wkh vkdulqj uxoh vdwlv�hv d vwurqj vhsdudelolw| dvvxpswlrq +D4�,0

}hur vderwdjh lv wkh xqltxh Qdvk htxloleulxp +Sursrvlwlrq 4,1 Krzhyhu/ li D4�

grhv qrw krog/ wkhuh duh fdvhv lq zklfk d Qdvk Htxloleulxp zlwk vderwdjh h{lvwv

+H{dpsoh 4,1 LiP lv odujhu wkdq rqh wkhuh duh dozd|v Qdvk htxloleuld lq zklfk doo

ru doo plqxv rqh djhqwv gr qrw vxsso| d srvlwlyh txdqwlw| ri lqsxw +Uhpdun 4,1 Lq

idfw/ zh suhvhqw dq h{dpsoh lq zklfk wkh qhfhvvdu| frqglwlrq iru wkh lqh{lvwhqfh

ri vderwdjh krogv exw wkh rqo| Qdvk htxloleuld duh wkrvh ghvfulehg lq Uhpdun 4

+H{dpsoh 5,1 Wkh vkdulqj uxoh xvhg lq wklv h{dpsoh/ djdlq/ vdwlv�hv D4 exw qrw

D4�1 Xqghu wkh odwwhu dvvxpswlrq zh suryh wkdw li P � q� 4 +vr wkh �uvw sduw

ri wkh qhfhvvdu| frqglwlrq krogv, wkhuh lv d Qdvk htxloleulxp zlwk }hur vderwdjh

+Sursrvlwlrq 5,1 Ilqdoo|/ zh ghdo zlwk wkh fdvh zkhuh P A q� 4= Lq wklv fdvh wkh

whfkqrorj| ri ghvwuxfwlrq lv yhu| srzhuixo dqg zh qhhg d qhz dvvxpswlrq +D6,

wkdw olplwv wkh ghjuhh ri phulwrfudf| ri wkh vkdulqj uxoh1 Dvvxpswlrq D6 lv mxvw
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d jhqhudol}dwlrq ri wkh vhfrqg sduw ri wkh qhfhvvdu| frqglwlrq iru qr vderwdjh

wr qrq v|pphwulf doorfdwlrqv1 Iru wkh fodvv ri vkdulqj uxohv vdwlvi|lqj D4� � 6/

d Qdvk htxloleulxp zlwk }hur vderwdjh h{lvwv +Sursrvlwlrq 6,1 Vxpplqj xs iru

dq| sdudphwhuv/ wkhuh lv d Qdvk htxloleulxp dqg iru frqglwlrqv wkdw duh voljkwo|

vwurqjhu wkdq wkh qhfhvvdu| frqglwlrq dqg iru d vrphzkdw uhvwulfwhg vhw ri dgplv0

vleoh vkdulqj uxohv/ wkhuh lv d Qdvk htxloleulxp zlwk }hur vderwdjh1 Qrwlfh wkdw

fhuwdlq irupv ri vkdulqj uxohv +wkrvh vdwlvi|lqj D4 exw qrw D4�, duh pruh surqh

wr |lhog vderwdjh lq d Qdvk htxloleulxp wkdq rwkhuv +wkrvh vdwlvi|lqj D4�, dv lw lv

vkrzq lq H{dpsohv 4 dqg 51

Lq rxu prgho/ vlqfh oderu vxsso| lv �{hg/ }hur vderwdjh lpsolhv h�flhqf|1

Wkh uhdghu pd| zrqghu zk| lq rxu fdvh h�flhqf| pd| dulvh lq htxloleulxp=

Kropvwurp +4<;5, kdv vkrzq wkdw li wkh zkroh rxwsxw kdv wr eh glvwulexwhg dqg

lqglylgxdo h�ruwv duh qrw frqwudfwleoh/ dq| Qdvk htxloleulxp ri d jdph zkhuh

h�ruwv duh vwudwhjlhv ohdgv wr dq lqh�flhqw rxwfrph1 Exw lq rxu prgho djhqwv

surgxfh dq lqwhuphgldwh lqsxw wkdw lv frqwudfwleoh1 Dv lw kdv ehhq vkrzq e|

Qdqghledp +5335, lq d prgho zkhuh vderwdjh lv qrw srvvleoh/ h�flhqf| pljkw dulvh

lq htxloleulxp lq d whdpprgho li wkhuh duh frqwudfwleoh lqwhuphgldwh lqsxwv1 Wkxv/

rxu*v dqg Qdqghledp*v uhvxowv vkrz wkh lpsruwdqfh ri frqwudfwleoh lqwhuphgldwh

lqsxwv1

Ohw xv qrz frpphqw rq rwkhu sdshuv ghdolqj zlwk vderwdjh1 Lq wkh fdvh

ri d fdslwdolvwlf �up/ Od}hdu +4<;<, zdv wkh �uvw wr srlqw rxw wkdw/ lq suhvhqfh

ri vderwdjh/ odujh gl�huhqfhv lq vdodulhv ehfrph g|vixqfwlrqdo1 Lq klv prgho/

djhqwv duh sdlg dffruglqj wr wkh srvlwlrq dfklhyhg lq d frqwhvw1 Kropvwurp dqg

Plojurp +4<<4, pdgh wkh srlqw wkdw zkhq d wdvn lv uhpxqhudwhg exw rwkhu lv qrw/

lqfhqwlyhv pxvw eh _orz srzhuhg%1 Xvlqj d Sulqflsdo0Djhqw prgho wkh| vkrzhg

wkdw li frpshqvdwlrq lv olqhdu lq rxwsxw/ rswlpdo frpshqvdwlrq lv �dw rq rxwsxw1
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Wklv olwhudwxuh lv vxuyh|hg lq Jleerqv +4<<;, dqg Suhqghujdvw +4<<<,1 Lq frqwudvw

zlwk wkhvh prghov zh dvvxph wkdw frpshqvdwlrq fdq wdnh d pxfk pruh jhqhudo

irup/ wkdw ri d vkdulqj uxoh1 Wklv fuhdwhv gl�fxowlhv wr vkrz wkh h{lvwhqfh ri d

Qdvk htxloleulxp +lq wkh fdvh ri d wrxuqdphqw ru zkhq frpshqvdwlrq lv olqhdu/

h{lvwhqfh ri d Qdvk htxloleulxp hdvlo| rewdlqv,1D Lq d prgho ri Uhqw0Vhhnlqj/

Nrqudg +5333, frqvlghuhg wkdw wkh h�ruw ri dq djhqw uhgxfhv ulydo�v shuirupdqfh

e| vderwdjlqj wkhlu dfwlylwlhv1 Klv pdlq uhvxow lv wkdw/ lq htxloleulxp/ vderwdjh

glvdsshduv zlwk d odujh qxpehu ri djhqwv1

Vxpplqj xs/ rxu sdshu �qgv wkdw wkh ghvljq ri vkdulqj uxohv lv frqvwudlqhg

e| wkh suhvhqfh ri srwhqwldo vderwdjh zklfk/ lq wxuq/ ghshqgv rq �yh idfwruv= +4,

Wkh ghjuhh ri phulwrfudf| +dv lq Od}hdu hw dold,/ +5, wkh qxpehu ri djhqwv +dv lq

Nrqudg,/ +6, wkh ghjuhh ri frqjhvwlrq/ +7, wkh whfkqrorj| ri ghvwuxfwlrq dqg +8,

wkh irup ri wkh vkdulqj uxoh1 Wkxv rxu dqdo|vlv ri wkh qhfhvvdu| dqg vx�flhqw

frqglwlrqv iru devhqfh ri vderwdjh kdv surgxfhg d slfwxuh wkdw lv frqvlghudeo|

pruh frpsoh{ wkdq wkh rqh zh kdg ehiruh1

�� 
�� �����

Wkh vhwwlqj lv rqh ri frrshudwlyh surgxfwlrq/ vhh/ h1j1/ Urhphu dqg Vloyhvwuh

+4<<6, iru h{dpsohv dqg dssolfdwlrqv1 Wkhuh duh q djhqwv1 Wkh lqsxw surylghg

e| djhqw l lv ghqrwhg e| U� 5 Un= D surgxfwlrq ixqfwlrq uhodwhv wrwdo rxwsxw/ \ /

dqg wkh vxp ri lqsxwv1 Wklv ixqfwlrq lv dvvxphg wr eh ri frqvwdqw hodvwlflw| zlwk

ghfuhdvlqj uhwxuqv wr vfdoh/ l1h1 \ @ +
S?

�'�U�,
o> zkhuh 3 ? u ? 4= Wkh sdudphwhu

DW|L� E�bb�� @?_ �@U�L�5|@_*ih @?_ ��ihi3��@t|h�**L E�bb�� �@�i @?@*)3i_ |�i hi*@|i_ U@ti
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u lv wkh hodvwlflw| ri rxwsxw zlwk uhvshfw wr wrwdo lqsxwv dqg lw fdq eh lqwhusuhwhg

dv wkh lqyhuvh ri wkh ghjuhh ri frqjhvwlrq1 Wkh olplw fdvh u @ 4> lv xqlqwhuhvwlqj

ehfdxvh lq wklv fdvh hdfk djhqw lv qrw frqvwudlqhg e| wkh fkrlfhv pdgh e| rwkhu

djhqwv1 Wrwdo rxwsxw lv vkduhg dprqj djhqwv e| phdqv ri d vkdulqj uxoh/ l1h1 d olvw

ri ixqfwlrqv V� = U
?
n $ Un l @ 4> ====> q vxfk wkdw li F� ghqrwhv wkh frqvxpswlrq

ri l>

F� @ V�+U�> ==> U?, dqg

?[
�'�

V�+U�> ==>U?, @ \ iru doo +U�> ==>U?, 5 U
?
n

zkhuh V� lv d F
� ixqfwlrq lq U?

nn= Vkdulqj uxohv fdq dovr eh zulwwhq dv

F� @ v�+U�> ==>U?,\> zlwk v�+U�> ==>U?, � 3

dqg

?[
�'�

v�+U�> ==>U?, @ 4 iru doo +U�> ==> U?, 5 U
?
n

Zh zloo dvvxph wkdw v�+ , lv qrq ghfuhdvlqj rq U�> v�+U�> ==> U?, A 3 li U� A 3>

dqg wkdw vkdulqj uxohv duh dqrq|prxv lq wkh iroorzlqj vhqvh=

iU� @ U2 @ === @ U?j , iv� @ v� dqg
Cv�

CU�
@

Cv�

CU�
;l> m zlwk l 9@ mj=

Wklv dvvxpswlrq krogv li/ iru h{dpsoh/ v�+U�> ==> U?, @ v+U�>
S?

&'� i+U&,,> l1h1 li

wkh vkduh ri l lv d ixqfwlrq lqghshqghqw ri l/ zklfk ghshqgv rq wkh lqsxw ri l

dqg wkh vxp ri d ixqfwlrq ri lqsxwv1 H{dpsohv ri vkdulqj uxohv ixo�oolqj wkhvh

frqglwlrqv duh +vhh Prxolq +4<;:, dqg S�qjvwhq +4<<4,,=

F� @
\

q
> l @ 4> ===> q +Hjdolwduldq,= +514,

F� @
U�S?
&'�U&

\> l @ 4> ===> q +Sursruwlrqdo,= +515,

F� @
+U�,

bS?
&'�+U&,b

\> � 5 ^3> 4`> l @ 4> ===> q= +516,

;



F� @ j+

?[
&'�

U&,U� . +4@q,+\ � j+

?[
&'�

U&,

?[
&'�

U&,,> l @ 4> ===> q/ +517,

zkhuh 3 � j+

?[
&'�

U&, �
\S?

&'�U&
iru doo +U�> ==>U?, 5 U

?
n=

Lq +516, zh kdyh ghvfulehg d fodvv ri vkdulqj uxohv sdudphwul}hg e| �= Li � @ 3

zh jhw wkh hjdolwduldq vkdulqj uxoh dqg li � @ 4> zh kdyh wkh sursruwlrqdo vkdulqj

uxoh1 Wkxv/ � fdq eh lqwhusuhwhg dv d phdvxuh ri phulwrfudf|1 Lq +517, wkh frq0

vxpswlrq ri dq djhqw lv pdgh ri d sd|phqw wr wkh lqsxw surylghg e| wkh djhqw dqg

dq htxdo vkduh rq sur�wv1 Li j+
S?

&'�U&,, @ 3 zh jhw wkh hjdolwduldq vkdulqj uxoh/

dqg li j+
S?

&'�U&, @
tS

?

&'�
-&

zh kdyh wkh sursruwlrqdo vkdulqj uxoh1 Wkh ixqfwlrq

j lv d phdvxuh ri krz uhodwlyh h�ruw lv ydoxhg dqg wkxv phdvxuhv wkh ghjuhh ri

phulwrfudf|1 D sduwlfxodu vxefodvv ri +517, lv gh�qhg e| j+
S?

&'�U&, @
ktS
?

&'�
-&

zlwk 3 � � � 4= Iru wklv sduwlfxodu ixqfwlrq j zh jhw d frqyh{ frpelqdwlrq ri

wkh sursruwlrqdo dqg wkh hjdolwduldq vkdulqj uxohv1

F� @ +
�U�S?
&'�U&

.
4� �

q
,\> � 5 ^3> 4`> l @ 4> ===> q= +518,

Wkh sdudphwhu � vhuyhv dv d phdvxuh ri wkh ghjuhh ri phulwrfudf|1 Dqrwkhu

vxefodvv ri +517, lv jlyhq e| j+
S?

&'�U&, @ �u+
S?

&'�U&,
o3� zlwk 3 � � � �

o =

F� @ �u+

?[
&'�

U&,
o3�U� .

4

q
+

?[
&'�

U&,
o+4� �u,/ � 5 ^3>

4

u
`> l @ 4> ==> q= +519,

Iru � @ 4/ hdfk djhqw lv sdlg dffruglqj wr khu pdujlqdo surgxfwlylw| soxv dqg

dq htxdo vkduh ri wkh vxusoxv1 Djdlq/ wkh sdudphwhu � vhuyhv dv d phdvxuh ri

wkh ghjuhh ri phulwrfudf|1 Iru � @ 3 zh jhw wkh hjdolwduldq vkdulqj uxoh dqg iru

� @ �
o wkh sursruwlrqdo vkdulqj uxoh1

Djhqwv fduh rqo| derxw wkhlu rzq frqvxpswlrq1 Dv zh uhpdunhg lq wkh Lq0

wurgxfwlrq/ wkh txdqwlw| ri oderu wlph lv �{hg1 Dq djhqw/ vd| l/ fdq glylgh khu

<



zrunlqj wlph/ ghqrwhg e| W> ehwzhhq surgxfwlyh oderu/ ghqrwhg e| o�� dqg vde0

rwdjh dfwlylwlhv1S Ohw o�� eh wkh txdqwlw| ri oderu doorfdwhg e| l wr vderwdjh wkh

lqsxw ri djhqw m1 Wkh wlph frqvwudlqw uhdgv/ W @ o�� .
S

� �'� o��= Wkh lqsxw sur0

ylghg e| djhqw l ghshqgv rq khu rzq surgxfwlyh h�ruw dqg wkh dprxqw ri wlph

ghyrwhg e| wkh uhpdlqlqj djhqwv wr vderwdjh wkh lqsxw ri l> l1h1

U� @ U+o�� > o��> ===oE�3���> oE�n���> ===o?�,

zkhuh U+ , lv d F� ixqfwlrq vxfk wkdw

CU

Co��
A 3 dqg

CU

Co��
? 3= +51:,

Zh zloo dvvxph wkdw iru hdfk djhqw/ vd| l/ wkh vwudwhjlf yduldeoh lv wkh wlph ghyrwhg

wr vderwdjh dfwlylwlhv/ l1h1 wkh yhfwru +o��> o�2> o�E�3��> o�E�n��> o�?,= Wlph ghyrwhg wr

surgxfwlyh dfwlylwlhv lv ghwhuplqhg e| wkh frqvwudlqw o�� @ W �
S

� �'� o��= Wkxv/

wkh ghflvlrq sureohp iru dq djhqw lv wr fkrrvh wkh yhfwru ri vderwdjh dfwlylwlhv lq

rughu wr pd{lpl}h v�+U�> ===>U?,+
S?

&'�U&,
o vxemhfw wr

U� @ U+W �
[
� �'�

o��> o�� > ===oE�3���> oE�n��� > ===o?�,> m @ 4> ===> q>

dqg wdnlqj wkh fkrlfh ri vderwdjh dfwlylwlhv ri wkh uhvw ri wkh djhqwv dv jlyhq1 Lq

rwkhu zrugv/ zh orrn iru d Qdvk Htxloleulxp +QH, lq zklfk wkh vwudwhjlhv duh

vderwdjh dfwlylwlhv1

Zh srvwsrqh wr Vhfwlrq 7 wkh sureohp ri h{lvwhqfh ri QH1 Lq Vhfwlrq 6 ehorz

zh frqfhqwudwh rq wkh lpsolfdwlrqv ri jxdudqwhhlqj wkdw qr djhqw kdv lqfhqwlyhv

wr hqjdjh lq vderwdjh1

S ì @hi @tt�4�?} |�@| |�ihi �t ?L TLtt�M*i ThL|iU|�L? @}@�?t| t@ML|@}i� A��t �t L?*) 4@_i

M) t�4T*�U�|)� W| U@? Mi t�L�? |�@| �_i?|�U@* hit�*|t |L |�Lti Thiti?|i_ �ihi �L*_ �u @}i?|t U@?

_i�L|i T@h| Lu |�i�h |�4i |L Thi�i?| t@ML|@}i M) L|�iht�
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�� � ��
������ ��������� ��� �� ��������

Li qr djhqw kdv lqfhqwlyh wr vderwdjh li doo rwkhu djhqwv gr qrw vderwdjh/ lw pxvw

eh wkdw ;l> m=

CF�

Co��
@ +

?[
&'�

U&,
o+
Cv�

CU�

CU�

Co��
�

Cv�

CU�

CU�

Co��
, . v�u+

?[
&'�

U&,
o3�+

CU�

Co��
�

CU�

Co��
, � 3>

+614,

zkhuh wkh sduwldo ghulydwlyhv duh hydoxdwhg dw wkh srlqw zkhuh doo zrunlqj wlph

lv ghyrwhg wr surgxfwlyh dfwlylwlhv1 Wklv lv d plqlpdo uhtxluhphqw ehfdxvh li lw lv

qrw ixo�oohg/ doo QH lpso| vderwdjh1 Zh zloo vhh wkdw vxfk d plqlpdo uhtxluhphqw

lpsrvhv vwurqj frqglwlrqv rq wkh irup ri wkh vkdulqj uxoh dqg wkdw vxfk frqglwlrq

erlogv grzq wr d vlpsoh irupxod1 Ohw

P @ �

Y-�

Y,��
Y-�

Y,�
�

hydoxdwhg dw wkh srlqw zkhuh doo zrunlqj wlph lv ghyrwhg wr surgxfwlyh dfwlylwlhv1

P lv wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq vderwdjh dqg surgxfwlyh dfwlyl0

wlhv1. Iurp rxu dvvxpswlrqv lw iroorzv wkdw P A 3= Qrz xvlqj wkh gh�qlwlrq ri

P dqg glylglqj e| +
S?

&'�U&,
o> htxdwlrq +614, deryh uhdgv

�

Cv�

CU�
P �

Cv�

CU�
.

v�uS?
&'�U&

+�P � 4, � 3=

Gl�huhqwldwlqj
S?

�'� v�+U�> ===>U?, @ 4 dqg xvlqj rxu dqrq|plw| dvvxpswlrq/

Cv�

CU�
@ �+q� 4,

Cv�

CU�
@ �+q� 4,

Cv�

CU�
= Wkxv/

v�u+P . 4,

qU�
�

Cv�

CU�
+
P � q. 4

q� 4
,= +615,

.�L|�Ui |�@| MiU@�ti L�h t)44i|h) @tt�4T|�L? L? -E �c � ' 3Y-u

Y,
V

lu

* Y-l
Y,
S

l

@?) o �' ��
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Gh�qh

� @
Cv�

CU�

U�

v�

dv wkh hodvwlflw| ri wkh vkduh ri l zlwk uhvshfw wr wkh lqsxw ri l> hydoxdwhg dw wkh

srlqw ri }hur vderwdjh +wklv hodvwlflw| zloo eh lqwhusuhwhg ehorz,1 Iurp +614,/

u+P . 4,

q
� �+

P � q. 4

q� 4
,= +616,

Qrz zh kdyh wzr fdvhv1 Li P � q�4/ wkh lqhtxdolw| +616, dozd|v krogv= Lq zrugv/

li wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq vderwdjh dqg surgxfwlyh dfwlylwlhv lv

vpdoo lq uhodwlrqvkls zlwk wkh qxpehu ri djhqwv/ qr djhqw kdv lqfhqwlyhv wr vwduw

vderwdjh dfwlylwlhv qr pdwwhu krz phulwrfudwlf wkh vkdulqj uxoh lv1 Krzhyhu/ li

P A q� 4 wkh deryh lqhtxdolw| lpsolhv wkdw

� �
u+P . 4,+q� 4,

q+P � q. 4,
= +617,

Lq wklv fdvh/ � lv erxqghg1 Zkhq wkh ixqfwlrq U+ , fdq ydu|/ P fdq wdnh dq|

ydoxh dqg wkh htxdwlrq deryh kdv wr krog iru dq| ydoxh ri P> wkh deryh htxdwlrq

uhdgv

� �
u+q� 4,

q
> +618,

zklfk lq wxuq lpsolhv � ? u1

Wkh hodvwlflw|/ � lv wkh ghjuhh ri uhvsrqvlyhqhvv ri wkh vkdulqj uxoh wr wkh lqsxw

surylghg e| dq djhqw1 Wkxv lw phdvxuhv krz phulwrfudwlf d vkdulqj uxoh lv1 Lw fdq

eh hdvlo| fkhfnhg wkdw wkh phdvxuhv ri phulwrfudf| glvfxvvhg deryh lq vkdulqj

uxohv +516,0+519, duh uhodwhg wr �/ l1h1

� @
�+q� 4,

q
> � @

U�j+qU�,+q� 4,

+qU�,o
/ � @

�+q� 4,

q
> � @

u�+q� 4,

q
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uhvshfwlyho|1 Lq wkhvh fdvhv wkh qhfhvvdu| frqglwlrq +618 deryh, uhdgv dv iroorzv=

� � u> j+qU�, �
u+qU�,

o

qU�
> � � u> � � 4=

Lq doo wkh deryh fdvhv wkh ghjuhh ri phulwrfudf| lv erxqghg1 Lq sduwlfxodu/ wkh

sursruwlrqdo vkdulqj uxoh qhyhu vdwlv�hv wklv frqglwlrq1 Ixuwkhupruh/ iru wkh fodvv

ri vkdulqj uxohv +519, wkh frqglwlrq whoov xv wkdw wkh sd|phqw wr wkh lqsxw surylghg

e| dq djhqw fdq qrw eh deryh pdujlqdo surgxfwlylw|1

Lq Iljxuh 4 zh kdyh slfwxuhg wkh uhjlrq lq wkh +�> P, sodqh iru zklfk wkh

qhfhvvdu| frqglwlrq krogv1

M

n

nr )1( −

1−n

)1(

)1)(1(

+−
−+=

nMn

nMrε

ε

Sabotage

Iljxuh 4

Qrwlfh wkh iroorzlqj=

4= Dq lqfuhdvh lq u vkliwv wkh ixqfwlrq
oE�n��E?3��
?E�3?n�� wr wkh uljkw dqg h{sdqgv

wkh duhd iru zklfk wkh qhfhvvdu| frqglwlrq krogv1 Wklv lv h{sodlqhg e| wkh idfw

wkdw li frqjhvwlrq lv kljk 0u lv vpdoo0 djjuhjdwh rxwsxw lv qrw vhqvlwlyh wr lqsxwv1

Wkhuhiruh/ vderwdjh d�hfwv hvvhqwldoo| wr wkh vkduhv v�*v/ dqg d ghfuhdvh lq vrph0
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erg|* vkduhv phdqv dq lqfuhdvh lq hyhu|erg|*v hovh vkduhv1 Frqyhuvho| zlwk orz

frqjhvwlrq/ uhwxuqv iurp vderwdjh duh vpdoo1

5= Dq lqfuhdvh lq wkh qxpehu ri djhqwv vkliwv wkh ixqfwlrq
oE�n��E?3��
?E�3?n�� wr

wkh uljkw dqg h{sdqgv wkh duhd iru zklfk wkh qhfhvvdu| frqglwlrq krogv1 Wklv lv

h{sodlqhg e| wkh idfw wkdw zlwk d odujh q/ wkh vkduh doorfdwhg wr/ vd| l/ ghshqgv

yhu| olwwoh rq wkh vxp ri U�

�v1 Wkxv wkh rqo| h�hfw ri vderwdjh lv wkurxjk U�1

Vxpplqj xs/ wkh qhfhvvdu| frqglwlrq vd|v wkdw vderwdjh lv olnho| lq phulwr0

fudwlf rujdql}dwlrqv zkhuh wkh qxpehu ri djhqwv +q, lv vpdoo/ lq zklfk wkh whfkqro0

rj| ri ghvwuxfwlrq +P, lv yhu| surgxfwlyh dqg lq zklfk wkh ghjuhh ri frqjhvwlrq

+�o , lv odujh1

�� �������
� �� ���� � 	������	!

Lq wklv vhfwlrq zh vwxg| xqghu zkdw frqglwlrqv d Qdvk htxloleulxp h{lvwv1 Zh

dvvxph wkdw wkh lqglylgxdo*v lqsxw lv jlyhq e|

U� @ pd{+W �
[
� �'�

o�� �P
[
� �'�

o��> 3,> l 5 i4> ==> qj=

Ohw xv dgg wkh iroorzlqj dvvxpswlrqv=

D4= Iru doo l 5 i4> ==> qj> v� @ v+{�> |, zlwk {� @ U�/ | @
S?

&'� i+U&, dqg i d

qrq ghfuhdvlqj dqg frqfdyh ixqfwlrq1

D51 Yr
Y+ � 3> Y2r

Y%�Y+
� 3=

Dvvxpswlrq D4 vd|v wkdw wkh vkduh doorfdwhg wr l ghshqgv rq wkh lqsxw vxs0

solhg e| l dqg dq dgglwlyho| vhsdudeoh ixqfwlrq ri wkh lqsxwv vxssolhg e| doo djhqwv1

Lw lv d vshfldo fdvh ri wkh dqrq|plw| dvvxpswlrq lqwurgxfhg lq Vhfwlrq 51 Qrwlfh

wkdw vkdulqj uxohv +5=6,> +5=8, dqg +5=9, vdwlvi| D4 � 5= Vrphwlphv zh zloo xvh d

vwurqjhu yhuvlrq ri D4> qdpho|=
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D4�1 Iru doo l 5 i4> ==> qj> v� @ v+{�> |, zkhuh {� @ U� dqg | @
S?

&'�U&=

Dvvxpswlrq D4� h{foxghv vkdulqj uxohv olnh +5=6,=

Sursrvlwlrq 41 Xqghu dvvxpswlrqv D4�D5 zh jhw wkdw=

+l, li P � 4> }hur vderwdjh iru doo l lv d Qdvk htxloleulxp1

+ll, li P ? 4 dqg q @ 5> }hur vderwdjh iru doo l lv wkh xqltxh Qdvk htxloleulxp1

+lll, li P ? 4> q A 5> dqg D4� krogv/ }hur vderwdjh iru doo l lv wkh xqltxh Qdvk

htxloleulxp1

Surri1 +l, Ohw xv vhh wkdw li o�� @ 3> wkhq wkh ehvw uhvsrqvh iru djhqw l lv

o�� @ 31 Iru wkdw lw lv hqrxjk wr suryh wkdw Y��

Y,��
� 3 iru doo o�� = Li zh suryh wkdw

Yr�
Y,��

� 3 iru doo o�� zh duh grqh +e| +614,,1 Zh frpsxwh

Cv�

Co��
@ +�4,^

Cv�

CU�
.P

Cv�

CU�
`=

Vlqfh v� @ v+{�> |, zkhuh {� @ U� dqg | @
S?

&'� i+U&,> zh kdyh wkdw=

Cv�

CU�
@

Cv+U�> |,

C|

C|

CU�
=

Zkhuh Y+
Y-�

@ i �+U�,= Qrwlfh wkdw U� @ W �Po�� > dqg U� @ W � o��= Vlqfh P � 4>

U� � U� = Vlqfh i lv frqfdyh/ i �+U�, � i �+U�,> dqg vlqfh Yr
Y+ � 3 dqg Y2r

Y%�Y+
� 3 zh

jhw wkh iroorzlqj=

Cv�

CU�
@

Cv+U�> |,

C|

C|

CU�
@

Cv+U�> |,

C|
i �+U�, �

Cv+U�> |,

C|
i �+U�, @

Cv�

CU�
=

Wkxv/

Cv�

Co��
@ +�4,^

Cv�

CU�
.P

Cv�

CU�
` � +�4,^

Cv�

CU�
.P

Cv�

CU�
`=

Vlqfh
S?

&'� v& @ 4> wkhq
S?

&'�
Yr&
Y-�

@ 3> wkhuhiruh/

Cv�

CU�
.

Cv�

CU�
@ �

[
& �'�c& �'�

Cv&

CU�
� 3=
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zklfk lpsolhv wkdw

Cv�

Co��
� +�4,^

Cv�

CU�
.P

Cv�

CU�
` � +�4,^

Cv�

CU�
.

Cv�

CU�
` � 3=

+ll, Ohw xv vkrz wkdw li P ? 4 dqg q @ 5> wklv htxloleulxp lv xqltxh1 Vxssrvh zh

kdyh d Qdvk htxloleulxp zlwk srvlwlyh vderwdjh +oW�� > o
W

��,1 Vlqfh zh kdyh suryhg

wkdw wkh ehvw uhvsrqvh wr }hur vderwdjh lv }hur vderwdjh/ lq d Qdvk htxloleulxp

zlwk srvlwlyh vderwdjh/ oW�� A 3> dqg oW�� A 3= Vlqfh P ? 4/ zh fdqqrw kdyh d

Qdvk htxloleulxp zlwk U� @ U2 @ 3= Ohw UW

� dqg UW

� wkh lqglylgxdo*v lqsxw dw wkh

htxloleulxp1 Vxssrvh wkdw UW

� � UW

� = Wkhq/ F�+o
W

��> o
W

��, �
�
2
+UW

� . UW

� ,
o= Li djhqw l

uhgxfhv wkh vderwdjh dfwlylwlhv wr o�� @ 3> U� @ W �PoW�� dqg U� @ W � oW��= Wkhq/

U� A U� dqg wkh wrwdo rxwsxw lqfuhdvhv1 Wkxv/ F�+3> o
W

��, �
�
2+U�.U�,

o A �
2+U

W

� .

UW

� ,
o
� F�+o

W

�� > o
W

��,= Vr/ zh fdq qrw kdyh dq htxloleulxp zlwk srvlwlyh vderwdjh1

+lll, Ohw xv vhh wkdw li v� @ v+U�>
S

� U�, zh fdq dovr jxdudqwhh wkdw wkh htxloleulxp

lv xqltxh iru dq| qxpehu ri djhqwv1 Vxssrvh zh kdyh dq htxloleulxp zlwk srvlwlyh

vderwdjh1 Wkhq/

Vwhs 41 Wkhuh lv dw ohdvw rqh djhqw l vxfk wkdw
S?

�'�c� �'� o�� � W=

Vxssrvh wkdw iru doo djhqw l
S?

�'�c� �'� o�� A W= wkhq/ li zh vxp iru doo djhqwv/S
�

S?
�'�c� �'� o�� A qW> exw wklv lv lpsrvvleoh vlqfh/ e| wkh wlph frqvwudlqw/ iru doo

m>
S?

�'�c� �'� o�� � W=

Vwhs 51 Wkhuh lv dw ohdvw rqh djhqw l vxfk wkdw U� A 3=

Vxssrvh wkdw/ iru doo djhqw m / U� @ 3= Wkhq F� @ 3 iru doo m= E| Vwhs 4 zh nqrz

wkdw wkhuh lv dq djhqw l vxfk wkdw
S?

�'�c� �'� o�� � W 1 VlqfhP ? 4> dqg U� @ 3> wkh

dprxqw ri wlph ghyrwhg wr vderwdjh dfwlylwlhv e| wklv djhqw l vkrxog eh vwulfwo|

srvlwlyh1 Exw wklv fdq qrw eh dq htxloleulxp1 Li wklv djhqw uhgxfh khu vderwdjh

dfwlylwlhv/ wkh wrwdo rxwsxw zloo eh srvlwlyh dqg khu lqsxw srvlwlyh1 Frqvhtxhqwo|/

vkh zloo jhw d srvlwlyh dprxqw1 Wkhuhiruh/ vkh zloo eh ehwwhu r�1

Vwhs 61 Wkhuh lv qr dq htxloleulxp zlwk srvlwlyh vderwdjh vxfk wkdw U� @ U2 @
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=== @ U?1

Vxssrvh rq wkh frqwudu| wkdw vxfk dq htxloleulxp h{lvw1 Wkhq e| wkh dqrq|plw|

frqglwlrq/ F� @
�
?+
S

� U�,
o= Vxssrvh djhqw l uhgxfhv khu vderwdjh dfwlylw| wr }hur1

Iru hdfk m ohw aU� eh wkh lqsxw lq wkh qhz vlwxdwlrq1 Vlqfh P ? 4> aU� A aU� iru doo

m 9@ l= Wkxv/ aF� �
�
?+
S

�
aU�,

o A �
?+
S

� U�,
o> zklfk lpsolhv wkdw djhqw l lv ehwwhu

r�1

Vwhs 71 Lq dq htxloleulxp zlwk srvlwlyh vderwdjh/ li U� � U� wkhq o�� @ 3=

Vxssrvh rq wkh frqwudu| wkdw o�� A 3= Ohw xv vhh wkdw wklv fdq qrw eh dq htxlole0

ulxp ehfdxvh Yr�
Y,��

? 3=

Cv�

Co��
@ +�4,^

Cv�

CU�
.P

Cv�

CU�
`=

Vlqfh v� @ v+U�> |, zlwk | @
S

� U� > zh kdyh wkdw=

Cv�

CU�
@

Cv+U�> |,

C|
=

Vlqfh U� � U� dqg
Y2r

Y%�Y+
� 3 zh jhw wkh iroorzlqj=

Cv+U�> |,

C|
�

Cv+U� > |,

C|
@

Cv�

CU�
=

Wkxv/

Cv�

Co��
@ +�4,^

Cv�

CU�
.P

Cv�

CU�
` � +�4,^

Cv�

CU�
.P

Cv�

CU�
`=

Vlqfh
S?

&'� v& @ 4> wkhq
S?

&'�
Yr&
Y-�

@ 3> wkhuhiruh/

Cv�

CU�
.

Cv�

CU�
@ �

[
& �'�c& �'�

Cv&

CU�
� 3=

zklfk/ vlqfh P ? 4> lpsolhv wkdw

Cv�

Co��
� +�4,^

Cv�

CU�
.P

Cv�

CU�
` ? +�4,^

Cv�

CU�
.

Cv�

CU�
` � 3=
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Vwhs 81 Vxssrvh wkdw/ lq dq htxloleulxp zlwk srvlwlyh vderwdjh/ U� � U2 � === �

U? zlwk d vwulfw lqhtxdolw| ehfdxvh Vwhs 61 Wkhq li U� � U� dqg l 9@ q> o�� @ 3=

Vxssrvh rq wkh frqwudu| wkdw o�� A 3= Ohw xv vhh wkdw wklv fdq qrw eh dq htxloleulxp

ehfdxvh Yr�
Y,��

? 3=

Cv�

Co��
@ +�4,^

Cv�

CU�
.P

Cv�

CU�
`=

Vlqfh l 9@ q> U� � U? dqg vlqfh Y2r
Y%�Y+

� 3 zh jhw wkdw=

Cv�

CU�
@

Cv+U�> |,

C|
�

Cv+U?> |,

C|
@

Cv?

CU�
=

Dv lw zdv vkrz lq Vwhs 7/

Cv�

CU�
.

Cv?

CU�
@ �

[
& �'�c& �'�

Cv&

CU�
� 3=

zklfk/ vlqfh P ? 4> lpsolhv wkdw

Cv�

Co��
� +�4,^

Cv�

CU�
.P

Cv?

CU�
` ? +�4,^

Cv�

CU�
.

Cv?

CU�
` � 3=

Vwhs 91 Wkhuh lv qr dq htxloleulxp zlwk srvlwlyh vderwdjh1

E| Vwhs 7 dqg Vwhs 8/ zh nqrz wkdw iru doo l 9@ q> dqg iru doo m> o�� @ 3= Wkxv/

li wkhuh lv dq htxloleulxp zlwk srvlwlyh vderwdjh/ rqo| djhqw q lv xvlqj sduw ri

khu wlph lq vderwdjh dfwlylwlhv1 Exw vlqfh P ? 4> dqg U? � U� iru doo l> wkh

surgxfwlyh dfwlylwlhv ri djhqw q lv odujhu wkdq wkh surgxfwlyh dfwlylwlhv ri dq| ri

wkh rwkhu djhqwv1 Zklfk lpsolhv wkdw zh fdq qrw jhw dq htxloleulxp zlwk srvlwlyh

vderwdjh1

Lq wkh deryh sursrvlwlrq zh kdyh vkrzq wkdw lq rughu wr jxdudqwhh xqltxhqhvv

zh kdyh wr uhvwulfw wkh fodvv ri dgplvvleoh vkdulqj uxohv iru q A 51 Wkh iroorzlqj

h{dpsoh vkrzv wkdw zlwkrxw vxfk uhvwulfwlrq/ xqltxhqhvv qr orqjhu krogv1

4;



H{dpsoh 41 Ohw q @ 7 dqg

F� @
Ub
�S
Ub
�

�[
U�

�o

Qrwlfh wkdw wklv vkdulqj uxoh lv ri wkh irup v�+U�> |, zkhuh | @
Se

�'� i+U�, zlwk i

qrq ghfuhdvlqj dqg vwulfwo| frqfdyh/ Yr�Y+ � 3 dqg Y2r�
Y+Y%�

� 31 Wkhuhiruh D4�5 krog1

Ohw � @ �
e / u @

�
�f / P @ �

2 dqg W @ 4= E| Sursrvlwlrq 4/ }hur vderwdjh lv d Qdvk

htxloleulxp1 Frqvlghu qrz wkh iroorzlqj vwudwhj| zkhuh djhqw 4 lv vderwdjhg e| doo

rwkhu djhqwv/ dqg vkh grhv qrw vderwdjh wr dq| rqh1 Wkdw lv/ o�2 @ o�� @ o�e @ 3>

o2� @ o2e @ 3> o�2 @ o�e @ 3> oe2 @ oe� @ 3> dqg o2� @ o�� @ oe� @ 2
� = Jlyhq wklv

vwudwhj|/ U� @ 3> U2 @ U� @ Ue @ �
� = Wkxv F� @ 3> F2 @ F� @ Fe @ �

� = Wkh

surri wkdw wklv vwudwhj| lv d Qdvk htxloleulxp lv ohiw wr wkh Dsshqgl{1

Ohw xv qrz frqvlghu wkh fdvh zkhuh P � 4= Lq wklv fdvh/ wkhuh duh wzr nlqgv

ri wulyldo Qdvk htxloleuld= Lq wkh �uvw nlqg/ qr srvlwlyh rxwsxw lv surgxfhg1 Lq wkh

vhfrqg nlqg +rqo| srvvleoh li q A 5,/ rqo| rqh djhqw surgxfhv d srvlwlyh lqsxw1

Uhpdun 41 Ohw P � 4=

L, Wkhuh lv d Qdvk htxloleulxp vxfk wkdw U� @ 3 iru doo l +Surri= Iru hdfk l/ ohw

o��n� @ W + prgxor q, dqg o�� @ 3 rwkhuzlvh1 Fohduo| U� @ 3 iru doo l= Lw lv dovr

fohdu wkdw qr djhqw fdq ghyldwh sur�wdeo|,1

LL, Li q A 5/ wkhuh lv d Qdvk htxloleulxp vxfk wkdw wkhuh lv d vlqjoh djhqw m zlwk

U� A 3 dqg U� @ 3 iru doo l 9@ m +Surri= zorj ohw m @ q= Iru hdfk l 9@ q/ ohw

o��n� @ W +prgxor q� 4, dqg o�� @ 3 rwkhuzlvh/ o?� @ 3 iru doo l1 Fohduo| U� @ 3

iru doo l 9@ q= Lw lv dovr fohdu wkdw qr djhqw fdq ghyldwh sur�wdeo|,1

Wkh Qdvk htxloleuld lq wkh uhpdun deryh duh qrw vwulfw/ ehfdxvh doo exw/ dw

prvw rqh djhqw/ duh lqgl�huhqw dprqj dq| glvwulexwlrq ri wkhlu wlph1 Wkhuhiruh

wkhvh nlqg ri htxloleuld duh qrw yhu| urexvw1 Krzhyhu/ lq vrph fdvhv wkh| duh wkh

4<



rqo| Qdvk htxloleuld= Wkh qh{w h{dpsoh vkrzv wkdw li q A 5> iru fhuwdlq vkdulqj

uxohv ixo�oolqj D4> exw qrw D4�> hyhq li P � q� 4 +vr wkh qhfhvvdu| frqglwlrq iru

}hur wr eh dq htxloleulxp lv vdwlv�hg,/ }hur vderwdjh lv qrw dq htxloleulxp/ dqg

wkhuh lv qr dq htxloleulxp zkhuh dw ohdvw wzr djhqwv surgxfh d srvlwlyh lqsxw1

H{dpsoh 51 Ohw q @ 6 dqg

F� @
Ub
�S
Ub
�

�[
U�

�o

Ohw � @ �
2 dqg u @ 3=6> P @ 5 dqg W @ 4= Wkhq }hur lv qrw dq htxloleulxp1

Ohw xv vhh iru h{dpsoh wkdw o�2 @ o�� @ 3 lv qrw d ehvw uhvsrqvh iru djhqw 4

wr +o2�> o2�> o��> o�2, @ +3> 3> 3> 3,= Li djhqw rqh xvhv kdoi ri khu wlph wr vderwdjh

djhqw wzr/ vkh lv ehwwhu r� wkdq mxvw zrunlqj doo wkh wlph1 Wkdw lv/ F�+3> ===> 3, ?

F�+3=8> 3> 3> 3> 3> 3,=

F�+3> ===> 3, @
4

6
+6,f�� @ =79679

F�+3=8> 3> ==> 3, @
+3=8,f�D

+3=8,f�D . 4
+4=8,f�� @ =79::<

Wkh surri wkdw wkhuh lv qr htxloleulxp rwkhu wkdq wkrvh ghvfulehg lq Uhpdunv L

dqg LL lv ohiw wr wkh Dsshqgl{1

Iurp wkh suhylrxv h{dpsoh/ lw lv fohdu wkdw htxloleulxp zlwk qr vderwdjh zloo

qrw h{lvwv iru fhuwdlq vkdulqj uxohv1 Wkxv/ lq zkdw iroorzv zh uhvwulfw wr wkrvh

vkdulqj uxohv ixo�oolqj D4�=

Wkh iroorzlqj Ohppd whoo xv wkdw/ xqghu D4� zh fdq uhvwulfw rxu dwwhqwlrq wr

v|pphwulf ehvw uhvsrqvhv1
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Ohppd 41 Li o� @ +o��> ===> o��3�> o��n�> ==> o�?, lv d ehvw uhvsrqvh iru djhqw l wr o3� @

3> wkhq ao� @ +o> ===> o, zlwk o @

S
?

�'�c� �'�
,��

?3� lv dovr d ehvw uhvsrqvh iru djhqw l wr

o3� @ 3=

Surri1 Qrwlfh �uvw wkdw li o� lv d ehvw uhvsrqvh wr o3� @ 3> wkhq W�Po�� � 3 iru

doo m= Vxssrvh qrw/ wkdw lv/ vxssrvh wkdw wkhuh lv dq djhqw m vxfk wkdw W�Po�� ? 3=

Wkhq djhqw l fdq ghfuhdvh wkh wlph ghglfdwhg wr vderwdjh djhqw m xs wr d srlqw

vxfk wkdw W �Po��� @ 3= Wkxv djhqw l zloo lqfuhdvh khu rxwsxw zlwkrxw d�hfwlqj

wkh rxwsxw ri wkh rwkhu djhqwv/ zklfk lpsolhv wkdw vkh zloo eh ehwwhu r� dqg zloo

frqwudglfw wkdw o� lv d ehvw uhvsrqvh djdlqvw o3� @ 3=

Vlqfh W�Po�� � 3 iru doo m> wkh wrwdo rxwsxw ri doo djhqwv exw l lv=
S

� �'�U�+o�> o3�, @

+q� 4,W �P
S?

�'�c� �'� o��= Qrwlfh dovr wkdw W �Po � 3> rwkhuzlvh iru wkh djhqw

n vxfk wkdw o�& @ pd{� o�� > W �Po�& ? 3= Wkhq/ wkh rxwsxw ri doo djhqwv exw

l xqghu ao� lv U�+ao�> o�, @ W � Po> dqg
S

� �'�U�+ao�> o3�, @ +q � 4,W � P+q �

4,o @
S

� �'�U�+o�> o3�,= Ixuwkhupruh/ U�+o�> o3�, @ U�+ao�> o3�,= Wkhuhiruh v�+o�> o3�, @

v�+ao�> o3�, zklfk lpsolhv wkdw F�+o�> o3�, @ F�+ao�> o3�,=

Qh{w Sursrvlwlrq vkrzv wkdw/ xqghu D4��5/ li wkh pdujlqdo udwh ri vxevwlwxwlrq

ehwzhhq vderwdjh dqg surgxfwlyh dfwlylwlhv/ P> lv ohvv wkdq q�4> +vr wkh �uvw sduw

ri wkh qhfhvvdu| frqglwlrq rewdlqhg lq wkh suhylrxv vhfwlrq krogv, }hur vderwdjh

lv d Qdvk htxloleulxp1 Wkh lqwxlwlrq lv wkdw lq wklv fdvh wkh gdpdjh wkdw djhqwv

fdq lq�lfw hdfk rwkhu lv vpdoo1

Sursrvlwlrq 51 Xqghu dvvxpswlrqv D4�> D5 dqg li P � q � 4> o�� @ 3 iru doo

l> m 5 i4> ==> qj lv d Qdvk htxloleulxp1

Surri1 Ohw xv vhh wkdw li o3� @ 3/ wkh ehvw uhvsrqvh iru djhqw l lv o� @ 31

Ehfdxvh ri wkh suhylrxv Ohppd/ li zh suryh wkdw iru doo m 9@ l/
Y��E,�cf�

Y,��
� 3 iru doo
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o� @ +o> ===> o,> wkhq o� @ 3 lv wkh ehvw uhvsrqvh iru wklv djhqw1 Zh nqrz wkdw

CF�

Co��
@

�
Cv�

Co��

�
|o . v�u ^�4�P ` |o3�=

Wkhuhiruh/ Y��

Y,��
� 3> zkhqhyhu Yr�

Y,��
� 3> zkhuh/

Cv�

Co��
@

Cv�

CU�
+
CU�

Co��
, .

Cv�

CU�
+
CU�

Co��
, @

+�4,^
Cv�

CU�
.P

Cv�

CU�
`=

Vlqfh v� @ v+{�> |, zkhuh {� @ U� dqg | @
S?

&'�U&> zh kdyh wkdw=

Cv�

CU�
@

Cv�

C|

C|

CU�
@

Cv�

C|
=

Qrwlfh wkdw iru doo yhfwruv o� @ +o> ==> o, dqg ehfdxvhP � q�4> U� @ W�+q�4,o �

U� @ W �Po= E| Dvvxpswlrq D5/ Y2r
Y%�Y+

� 3> zh jhw Yr�
Y-�

@
YrE-�c+�

Y+ �
YrE-� c+�

Y+ @

Yr�
Y-�

1 Wkxv/

Cv�

Co��
@ +�4,^

Cv�

CU�
.P

Cv�

CU�
` � +�4,^

Cv�

CU�
.P

Cv�

CU�
`=

Vlqfh
S?

&'� v& @ 4> wkhq
S?

&'�
Yr&
Y-�

@ 3= Ixuwkhupruh/ zh nqrz wkdw Yr&
Y-�

@
Yr�
Y-�

iru doo m> n 9@ l= Wkhuhiruh/

Cv�

CU�
. +q� 4,

Cv�

CU�
@ 3=

Vlqfh P � q� 4/

Cv�

CU�
.P

Cv�

CU�
�

Cv�

CU�
. +q� 4,

Cv�

CU�
@ 3>

zklfk lpsolhv wkdw Yr�
Y,��

� 3 dv zh zdqwhg wr suryh1

Ilqdoo|/ zh vwxg| wkh fdvh zkhuh P A q� 41 Lq wklv fdvh/ wkh vhfrqg sduw ri

wkh qhfhvvdu| frqglwlrq rewdlqhg lq wkh suhylrxv vhfwlrq vxjjhvwv wkdw zh kdyh wr

lpsrvh dq dgglwlrqdo frqglwlrq lq rughu wr jxdudqwhh }hur vderwdjh lq htxloleulxp1
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Wklv frqglwlrq lv wkh iroorzlqj1

D6= Iru hdfk djhqw l> dqg iru o� @ +o> ==> o,> o � 3> o3� @ 3> �Yr
Y+

+
r�
� u=

Dvvxpswlrq D6 uhtxluhv wkh hodvwlflw| ri wkh vkduh ri l zlwk uhvshfw wr wkh

wrwdo rxwsxw hydoxdwhg dw srlqwv zkhuh wkh vderwdjh dfwlylwlhv ri doo djhqwv exw l

lv fhur wr eh ohvv wkdq u= Wklv frqglwlrq/ hydoxdwhg dw wkh srlqw ri }hur vderwdjh/

frlqflghv zlwk wkh vhfrqg sduw ri wkh qhfhvvdu| frqglwlrq/ htxdwlrq +618,1 Wr vhh

wklv/ qrwlfh wkdw/ lq wkrvh srlqwv/

Cv�

CU�
@ �+q� 4,

Cv

C|
>

dqg vlqfh | @ qU�>

�

Cv

C|

|

v�
@

Cv�

CU�

qU�

+q� 4,v�
� u>

zklfk lpsolhv wkdw

Cv�

CU�

U�

v�
�

u+q� 4,

q
=

Iru vkdulqj uxohv +5=8, dqg +5=9, Dvvxpswlrq D6 lv vdwlv�hg li=

� �
u

q
> � �

4

q
>

zklfk lpsrvhv dq h{wud uhvwulfwlrq rq wkh ghjuhh ri phulwrfudf|1

Sursrvlwlrq 61 Xqghu dvvxpswlrqv D4�>D5 dqg D6 li P A q� 4> o�� @ 3 iru doo

l> m 5 i4> ==> qj lv d Qdvk htxloleulxp1

Surri1 Ohw xv vhh wkdw li o3� @ 3/ wkh ehvw uhvsrqvh iru djhqw l lv o� @ 31

Ehfdxvh ri wkh suhylrxv Ohppd/ li zh suryh wkdw iru doo m 9@ l/
Y��E,�cf�

Y,��
� 3 iru doo

o� @ +o> ===> o,> wkhq o� @ 3 lv wkh ehvw uhvsrqvh iru wklv djhqw1 Zh nqrz wkdw

CF�

Co��
@ |o3�^

Cv�

Co��
| . v�u+�4�P,`=
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Xqghu rxu dvvxpswlrqv/ wkh ghulydwlyh ri wkh vkduh ri djhqw l zlwk uhvshfw wr wkh

vderwdjh dfwlylw| fdq eh zulwwhq dv iroorzv=

Cv�

Co��
@ +�4,

Cv�

C{�
.
Cv�

C|
+�4�P,=

Ixuwkhupruh/ vlqfh Yr�
Y-�

� 3> dqg Yr�
Y-�

@ Yr�
Y%�

. Yr�
Y+ > zh kdyh wkdw +�4,

Yr�
Y%�

�
Yr�
Y+ =

Wkxv/

Cv�

Co��
�

Cv�

C|
+�P,=

Vlqfh �Yr�
Y+

+
r�
� u>

Cv�

Co��
| � v�u+4 .P, � �P

Cv�

C|
| � v�u+4 .P, �Pv�u � v�u+4 .P, @ �v�u � 3>

zklfk lpsolhv wkdw
Y��E,�cf�

Y,��
� 3 dv zh zdqwhg wr suryh1

"� ���
�	����

Wkh fodvvlfdo dssurdfk wr frrshudwlyh surgxfwlrq +vhh/ h1j1/ Vhq +4<99,/

Kropvwurp +4<;5, dqg Idehood +4<;;,, dvvxphv wkdw vklunlqj pd| eh d sureohp

exw djhqwv qhyhu hqjdjh lq vderwdjh dfwlylwlhv1 Lq wklv sdshu zh kdyh zrunhg rxw

wkh frqvhtxhqfhv ri dvvxplqj wkdw djhqwv fdq vderwdjh rwkhu djhqw*v lqsxwv dqg

zh kdyh vwxglhg qhfhvvdu| dqg vx�flhqw frqglwlrqv wr dyrlg vderwdjh lq d Qdvk

htxloleulxp1 Ohw xv frpphqw rq vrph srvvleoh h{whqvlrqv ri rxu zrun1

41 Whfkqrorj|= Zh kdyh dvvxphg wkdw lqsxwv duh vxevwlwxwhv1 Wkh fdvh lq

zklfk lqsxwv duh frpsohphqwv ghvhuyhv dwwhqwlrq1 Lq wklv fdvh/ rqh zrxog h{shfw

ohvv lqfhqwlyh wr vderwdjh wkdq lq wkh fdvh dvvxphg lq wklv sdshu1 Wklv zrxog

rqo| uhlqirufh rqh ri wkh srlqwv ri wklv sdshu/ qdpho|/ wkdw wkh whfkqrorj| lv rqh

ri wkh pdlq irufhv vkdslqj wkh uhodwlrqvkls ehwzhhq phulwrfudf| dqg vderwdjh1
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51 Uhshdwhg Lqwhudfwlrq= Rqh frxog dujxh wkdw lq wkh vhwwlqj ri frrshudwlyh

surgxfwlrq/ djhqwv lqwhudfw uhshdwhgo| dqg wkxv/ wkh uljkw dssurdfk wr prgho

wkh vwudwhjlf dvshfwv lv e| phdqv ri d Vxshujdph1 Xqiruwxqdwho|/ wkh wkhru| ri

vxshujdphv suhglfwv d odujh qxpehu ri srvvleoh rxwfrphv/ vshfldoo| li djhqwv duh

vx�flhqwo| sdwlhqw1 Krzhyhu/ li zh uhvwulfw rxu dwwhqwlrq wr wuljjhu vwudwhjlhv/

+vkruw0uxq, Qdvk htxloleulxp ri wkh vruw dqdo|}hg lq wklv sdshu lv yhu| lpsruwdqw

ehfdxvh= l, lw vhuyhv dv wkh rqo| fuhgleoh wkuhdw dqg ll, sd|r�v dfklhyhg lq dq|

orqj0uxq Shuihfw Qdvk Htxloleulxp pxvw eh juhdwhu ru htxdo wkdq wkh sd|r�v

dfklhyhg lq wkh vkruw0uxq Qdvk htxloleulxp +vhh Iulhgpdq +4<:4,,1 Xqltxhqhvv ri

vkruw0uxq Qdvk htxloleulxp +ru odfn ri lw, lv dovr lpsruwdqw lq �qlwho| uhshdwhg

jdphv +vhh wkh glvfxvvlrq lq Rveruqh dqg Uxelqvwhlq +4<<7,/ ss1 48<093,1

61 Dqrq|plw| dqg V|pphwu|1 Rxu uhvxowv duh uhvwulfwhg wr dqrq|prxv ru

v|pphwulf vkdulqj uxohv/ zklfk duh wkrvh fxvwrpdulo| xvhg lq wkh olwhudwxuh +vhh

h1j1 Prxolq +4<;:,/ S�qjvwhq/ D1 +4<<4, ru Urhphu dqg Vloyhvwuh +4<<6,,1 Rxu

phwkrgv fdq eh xvhg wr vkrz wkdw/ lq vrph fdvhv/ v|pphwu| pd| eh qhfhvvdu|

li zh zdqw wr dyrlg vderwdjh1 Iru lqvwdqfh/ wdnh wkh jhqhudol}hg htxdo ehqh�w

vkdulqj uxoh=

F� @ u+

?[
�'�

U�,
o3�U� . ��++

?[
�'�

U�,
o
� u+

?[
�'�

U�,
o3�

?[
�'�

U�,

zlwk
S?

�'� �� @ 4 dqg �� A 3/ l @ 4> 5> ===> q= Wkh �uvw sduw ri wkh irupxod deryh lv

wkh pdujlqdo surgxfwlylw| ri dq djhqw1 Wkh vhfrqg sduw lv wkh vkduh ri l +��, lq

wkh sur�wv ri wkh �up1 Wkh frqglwlrq ri qr vderwdjh uhdgv=

�� �
U�S?
�'�U�

�

4

+4� u,+4 .P,
=

zklfk iru odujh P uhdgv �� �
-�S
?

�'�
-�

> iru doo l= Jlyhq wkdw
S?

�'� �� @ 4> lw pxvw

eh wkdw �� @
-�S
?

�'�
-�

l1h1 wkh vkduh lq wkh sur�wv ri wkh �up pxvw eh htxdo wr wkh
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rxwsxw ri l glylghg e| wkh vxp ri lqsxwv1 Li wkh txdqwlw| ri lqsxwv surylghg e|

hdfk djhqw lv wkh vdph/ �� @ 4@q iru doo l=

71 Djhqwv zlwk Gl�huhqw Surgxfwlylwlhv= Dq lqwhuhvwlqj h{whqvlrq ri rxu

zrun lv wr frqvlghu wkdw djhqwv kdyh gl�huhqw surgxfwlylwlhv lq erwk surgxfwlyh

dqg vderwdjh dfwlylwlhv1 Iru lqvwdqfh dvvxplqj wkdw djhqwv fdq eh ri wzr w|shv lq

hdfk dfwlylw| zh kdyh irxu w|shv ri djhqwv1 Wklv prgho rshqv xs qhz srvvlelolwlhv

olnh wkh vwxg| ri krz vderwdjh ghshqgv rq wkh uhodwlyh qxpehu ri w|shv dqg rq

wkh uhodwlyh surgxfwlylw| lq surgxfwlrq dqg vderwdjh1

81 Fkdudfwhul}dwlrq ri wkh irup wdnhq e| vderwdjh= Zh kdyh vkrzq wkdw

lq fhuwdlq fdvhv +�uvw sduw ri Uhpdun 4, vderwdjh lv v|pphwulf lq htxloleulxp1

Krzhyhu/ rwkhu uhvxowv vkrz wkdw vderwdjh pd| eh yhu| dv|pphwulf/ l1h1 lw pljkw

eh frqfhqwudwhg rq vrph lqglylgxdov +h1j1 H{dpsoh 4 ru wkh vhfrqg sduw ri Uhpdun

4,1 Dovr vderwdjh frxog eh sduwldo/ zlwk vrph uhvrxufhv ghyrwhg wr vderwdjh dqg

rwkhuv wr surgxfwlyh dfwlylwlhv/ +dv lq H{dpsoh 4, ru h{wuhph zlwk doo uhvrxufhv

ghyrwhg wr vderwdjh +dv lq wkh �uvw sduw ri Uhpdun 4,1 Lw zrxog eh qlfh wr

nqrz pruh derxw zkdw nlqg ri vderwdjh zh pljkw h{shfw lq htxloleulxp dqg krz

wkh irup ri vderwdjh lv vkdshg e| idfwruv olnh wkh irup ri wkh vkdulqj uxohv/ wkh

whfkqrorj| ri ghvwuxfwlrq/ wkh qxpehu ri djhqwv/ hwf1

Vxpplqj xs/ lq wklv sdshu zh kdyh vwxglhg d prgho ri frrshudwlyh surgxfwlrq

dqg zh kdyh vkrzq wkdw dq rujdql}dwlrq srsxodwhg e| udwlrqdo djhqwv pljkw eh

vhoi0ghvwuxfwlyh1 Lq eurdg whupv zh pljkw vxppdul}h rxu �qglqjv e| vd|lqj wkdw

wkh frq�lfw lq dq rujdql}dwlrq ghshqgv srvlwlyho| rq wkh ghjuhh ri frqjhvwlrq

+�o ,/ wkh srvvlelolwlhv ri ghvwuxfwlrq +P, dqg wkh ghjuhh ri phulwrfudf| +�,/ dqg

qhjdwlyho| rq wkh qxpehu ri djhqwv +q,1 Dqg wkdw fhuwdlq irupv ri vkdulqj uxohv

+h1j1 +516,, duh pruh surqh wkdq rwkhuv wr |lhog vderwdjh1 Zh krsh wkdw rxu

sdshu zloo vwlpxodwh pruh zrun lq wklv duhd wkdw zloo surgxfh dgglwlrqdo lqvljkwv
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rq wklv sureohp1

#������
��

^4` Idehood/ U1Y1 +4<;;,1 _Qdwxudo Whdp Vkdulqj dqg Whdp Surgxfwlylw|/% Hfr0

qrplfv Ohwwhuv 5:/ 43804431

^5` Iulhgpdq/ M1 Z1 +4<:4,1 %D Qrq0Frrshudwlyh Htxloleulxp iru Vxshujdphv%/

Uhylhz ri Hfrqrplf Vwxglhv/ 6;/ 4045

^6` Jleerqv/ U1 +4<<;,1 _Lqfhqwlyhv lq Rujdql}dwlrqv/% Mrxuqdo ri Hfrqrplf Shu0

vshfwlyhv/ 45 +7,/ 44804651

^7` Kropvwurp/ E1 +4<;5,1 _Prudo kd}dug dqg Whdpv/% Ehoo Mrxuqdo ri Hfr0

qrplfv/ 46/ 65706731

^8` Kropvwurp/ E1/ dqg Plojurp/ S1 +4<<4,1 _Pxowlwdvn Sulqflsdo0Djhqw Dqdo0

|vhv= Lqfhqwlyh Frqwudfwv/ Dvvhw Rzqhuvkls/ dqg Mre Ghvljq/% Mrxuqdo ri

Odz/ Hfrqrplfv dqg Rujdql}dwlrq/ :/ Vshfldo Lvvxh/ 570851

^9` Lwrk/ K1 +4<<4,1 _Lqfhqwlyhv wr Khos lq Pxowl0Djhqw Vlwxdwlrqv/% Hfrqrphw0

ulfd/ 8< +6,/ 94409691

^:` Nrqudg/ N1 D1 +5333,1 _Vderwdjh lq Uhqw0Vhhnlqj Frqwhvwv/% Mrxuqdo ri

Odz/ Hfrqrplfv dqg Rujdql}dwlrqv/ 49 +4,/ 48804981

^;` Od}hdu/ H1 S1 +4<;<,1 _Sd| Htxdolw| dqg Lqgxvwuldo Srolwlfv/% Mrxuqdo ri Sr0

olwlfdo Hfrqrp|/ <: +6,/ 89408;31

^<` Pdfkr0Vwdhgohu/ L1/ dqg S�huh}0Fdvwuloor/ G1 +4<<6,1 _Prudo Kd}dug zlwk Vhy0

hudo Djhqwv/% Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ 44/ :604331

5:



^43` Prxolq/ K1 +4<;:,1 _Htxdo ru sursruwlrqdo Glylvlrq ri Vxusoxv dqg Rwkhu

Phwkrgv/% Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|/ 49/ 49404;91

^44` Qdqghledp/ V1 +5335,1 _Lpsohphqwdwlrq lq whdpv/% Zrunlqj sdshu/ Xqlyhu0

vlw| ri Eluplqjkdp1

^45` Rveruqh/ P1 M1 dqg Uxelqvwhlq/ D1 +4<<7,1 D Frxuvh lq Jdph Wkhru|1 Wkh

PLW Suhvv1

^46` Suhqghujdvw/ F1 +4<<<,1 _Wkh Surylvlrq ri Lqfhqwlyhv lq Ilupv/% Mrxuqdo ri

Hfrqrplf Olwhudwxuh/ 6:/:0961

^47` S�qjvwhq/ D1 +4<<4,1 _Vxusoxv Vkdulqj Phwkrgv/% Pdwkhpdwlfdo Vrfldo Vfl0

hqfhv/ 54/ 5;:06341

^48` Urhphu/ M1/ dqg Vloyhvwuh/ M1 +4<<6,1 _Wkh Sursruwlrqdo Vroxwlrq iru

Hfrqrplhv zlwk Sulydwh dqg Sxeolf Rzqhuvkls/% Mrxuqdo ri Hfrqrplf Wkh0

ru|/ 8</ 75907771

5;



$� �%%������

Wkh vwudwhj| ghvfulehg lq H{dpsoh 4 lv d Qdvk htxloleulxp1 Ohw xv

vhh wkdw o� @ +3> 3> 3,> o2 @ +2� > 3> 3,> o� @ +2� > 3> 3, dqg oe @ +2� > 3> 3, lv d Qdvk

htxloleulxp1

Iru wklv vwudwhj| U� @ 3 dqg F� @ 3= Wkhuhiruh/ djhqw 4 fdq qrw lpsuryh khu

sd|r� e| lqfuhdvlqj khu vderwdjh dfwlylwlhv1 Wkxv/ o� @ +3> 3> 3, lv d ehvw uhvsrqvh

iru wklv djhqw djdlqvw o3�= Ohw xv vhh wkdw iru hdfk djhqw l @ 5> 6> 7> o� @ +2
�
> 3> 3,

lv d ehvw uhvsrqvh djdlqvw o3�= Ohw xv suryh wklv iru djhqw 7= Wkh vdph dujxphqw

dssolhv iru djhqwv 5 dqg 61

Vwhs 41 Ohw +oe�> oe2> oe�, eh d ehvw uhvsrqvh djdlqvw o3e= Vxssrvh/ zlwkrxw orvv

ri jhqhudolw|/ wkdw U� � U2 � U�= Wkhq li oe2 A 3> U� @ 3=

Vxssrvh wkdw U� A 3= Wklv fdq qrw eh d ehvw uhvsrqvh ehfdxvh djhqw 7 fdq eh

ehwwhu r� xvlqj wkh vwudwhj| +oe� . %> oe2 � %> oe�, zlwk % A 3= Qrwlfh wkdw xqghu

wklv vwudwhj| wkh lqsxw ri djhqw 4 zloo ghfuhdvh lq P%/ wkh lqsxw ri djhqw 5 zloo

lqfuhdvh P%> wkh lqsxw ri djhqw 7 zloo uhpdlq wkh vdph/ dqg dovr wkh wrwdo rxwsxw1

Vlqfh i lv vwulfwo| frqfdyh/ i+U2.P%,� i+U2, ? i+U�,� i+U��P%,1 Ohw | @

i+U�,.i+U2,.i+U�,.i+Ue,> dqg |
� @ i+U2.P%,.i+U��P%,.i+U�,.i+Ue,=

Vlqfh Yr�
Y+ ? 3> ve+Ue> |, ? ve+Ue> |

�,= Wkxv djhqw 7 lv ehwwhu r� zlwk wklv qhz

vwudwhj|1

Vwhs 51 Ohw +oe�> oe2> oe�, eh d ehvw uhvsrqvh djdlqvw o3e= Vxssrvh/ zlwkrxw orvv

ri jhqhudolw|/ wkdw U� � U2 � U�= Wkhq oe2 @ oe� @ 3=

Vxssrvh wkdw oe2 A 3> wkhq e| Vwhs 4/ U� @ 3= Zklfk lpsolhv wkdw oe� @ 2
�

+lw fdq qrw eh juhdwhu wkdq 2
�
> rwkhuzlvh wklv djhqw frxog ghfuhdvh oe� zlwkrxw

d�hfwlqj wkh lqsxw ri djhqw 4 dqg lqfuhdvlqj wkh wrwdo rxwsxw/ ehlqj ehwwhu r�

lq wklv fdvh,1 Ixuwkhupruh/ iru wklv vwudwhj|/ Ue ? U� dqg Ue ? U2= Wkxv

Fe ? �
�
+U2 . U� . Ue,

o= Vxssrvh wkdw djhqw 7 xvhv +2
�
> 3> 3,1 Ohw U�

�> U
�

2> U
�

�>

5<



U�

e wkh lqsxwv iru wklv vwudwhj|1 Qrwlfh wkdw U
�

2 @ U�

� @ U�

e> U
�

� @ 3 dqg wkh wrwdo

rxwsxw kdv lqfuhdvhg1 Wkxv/ F�

e @
�
�+U

�

2.U�

�.U�

e,
o A Fe zklfk frqwudglfwv wkdw

+oe�> oe2> oe�, lv d ehvw uhvsrqvh djdlqvw o3e=

Vwhs 61 Wkh vwudwhj| +2
�
> 3> 3, lv d ehvw uhvsrqvh iru djhqw 7 djdlqvw o3e=

E| Vwhs 5/ li oe lv d ehvw uhvsrqvh djdlqvw o3e dqg U� � U2 � U�> wkhq oe @

+oe�> 3> 3, zlwk oe� �
2
� = Iru dq| vwudwhj| olnh oe zh kdyh= U� @

�
� �

�
2 oe�> U2 @

�
� >

U� @
�
�
> dqg Ue @ 4� oe�= Wkxv/

Fe+oe�, @
+4� oe�,

�

e

+4� oe�,
�

e . 5+��,
�

e . +�� �
�
2 oe�,

�

e

+5�
6

5
oe�,

�

�f =

Wkh judsk ri wklv ixqfwlrq lv uhsuhvhqwhg lq wkh iroorzlqj �jxuh=

Fe+oe�,

0.295

0.3

0.305

0.31

0.315

0.32

0.325

0.33

0 0.1 0.2 0.3 0.4 0.5 0.6

Zkhuh Fe+3, @ = 659 ;4> dqg Fe+
2
�, @ = 666 66= Wkhuhiruh/ Fe+oe�, ? Fe+

2
�, iru dq|

oe� ?
2
� =

Wkhuh lv qr htxloleulxp zlwk wzr djhqwv surgxflqj d srvlwlyh lqsxw

lq H{dpsoh 51 Vxssrvh wkdw wkhuh lv dq htxloleulxp zlwk wzr djhqwv surgxflqj

d srvlwlyh lqsxw1 Vlqfh }hur vderwdjh lv qrw dq htxloleulxp/ dq| srvvleoh htxloleuld

lqyroyh srvlwlyh vderwdjh1

Vwhs 41 Wkhuh lv qr htxloleulxp zlwk srvlwlyh vderwdjh vxfk wkdw U� @ U2 @

63



U� A 31

Vxssrvh rq wkh frqwudu| wkdw wkhuh lv dq htxloleulxp ++o�2> o��,> +o2�> o2�,> +o��> o�2,,

vxfk wkdw U� @ U2 @ U�� Exw/ lq wkrvh srlqwv/ lw lv hdv| wr vhh wkdw ehfdxvh

dqrq|plw|

Cv�

Co��
@ �

Cv�

CU�
� 5

Cv�

CU�
@ �

Cv�

CU�
�

Cv�

CU�
�

Cv&

CU�
@ 3=

zklfk lpsolhv Y��

Y,��
? 3/ l1h1 djhqw l lv ehwwhu r� uhgxflqj khu vderwdjh dfwlylwlhv1

Vwhs 51 Lq htxloleulxp/ li U� @ 3 iru vrph l> wkhq o�� @ o�& @ 3=

Iluvw qrwlfh wkdw lq htxloleulxp li U� @ 3> wkhq W�o���o�&�5+o��.o&�, @ 3= Wklv lv

ehfdxvh/ e| dvvxpswlrq/ U� dqg U& duh srvlwlyh dqg li W�o���o�&�5+o��.o&�, ? 3

djhqw m ru n fdq uhgxfh khu vderwdjh dfwlylw| djdlqvw djhqw l d�hfwlqj rqo| khu

lqsxw zklfk pdnhv khu ehwwhu r�1 Wkhq/ o�� @ o�& @ 3/ ehfdxvh rwkhuzlvh djhqw l

ghfuhdvlqj vderwdjh/ lqfuhdvhv khu lqsxw dqg jhwv d srvlwlyh vkduh1

Vwhs 61 Vxssrvh zh kdyh dq htxloleulxp vxfk wkdw U� � U&= Ohw +o�� > o�&, wkh

vwudwhj| ri djhqw l= Li o�& A 3> wkhq U� @ 3=

Vxssrvh wkdw U� A 3= Wklv fdq qrw eh dq htxloleulxp ehfdxvh djhqw l fdq eh

ehwwhu r� xvlqj wkh vwudwhj| +o�� . %> o�& � %, zlwk % A 3= Qrwlfh wkdw xqghu

wklv vwudwhj| wkh lqsxw ri djhqw m zloo ghfuhdvh lq P%/ wkh lqsxw ri djhqw n zloo

lqfuhdvh P%> wkh lqsxw ri djhqw l zloo uhpdlq wkh vdph/ dqg dovr wkh wrwdo rxwsxw1

Vlqfh i lv vwulfwo| frqfdyh/ i+U& .P%, � i+U&, ? i+U�, � i+U� �P%,1 Ohw

| @ i+U�, . i+U&, . i+U�,> dqg |� @ i+U& .P%, . i+U� �P%, . i+U�,= Vlqfh

Yr�
Y+ ? 3> v�+U�> |, ? v�+U�> |

�,= Wkxv djhqw l lv ehwwhu r� zlwk wklv qhz vwudwhj|1

Vwhs 71 Vxssrvh wkdw ++o�2> o��,> +o2�> o2�,> +o��> o�2,, lv dq htxloleulxp vxfk wkdw

U� � U2 � U� zlwk dw ohdvw d vwulfw lqhtxdolw| +wklv iroorzv iurp Vwhs 4,1 Wkhq

o�2 @ o�� @ 3=
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Iluvw zh zloo vhh wkdw/ dw wklv srlqw/ Yr�
Y,�2

? 3>

Cv�

Co�2
@ +�4,^

Cv�

CU�
.P

Cv�

CU2
`=

Vlqfh U� � U2 � U�/ i lv vwulfwo| frqfdyh/ Yr�
Y+ ? 3 dqg Y2r�

Y+Y%�
? 3/

Cv�

CU2
@

Cv+U�> |,

C|
i �+U2, �

Cv+U�> |,

C|
i �+U�, @

Cv�

CU�
zlwk m @ 5> 6=

Wkxv/

Cv�

Co�2
� +�4,^

Cv�

CU�
.

Cv2

CU�
.

Cv�

CU�
` @ 3=

Wklv lpsolhv o�2 @ 3= Zh dovr kdyh o�� @ 3= Rwkhuzlvh/ e| Vwhs 6/ U2 @ 3> dqg

wkhq U� @ 3= Exw/ e| dvvxpswlrq/ dw ohdvw wzr lqsxwv duh srvlwlyh1

Vwhs 81 Lq dq htxloleulxp zkhuh U� � U2 � U�> zlwk d vwulfw lqhtxdolw| U� @ 3=

Vxssrvh wkdw U� A 3= E| Vwhsv 6 dqg 7/ U� @ 4 � 5+o2� . o��,> U2 @ 4 � o2�>

U� @ 4 � o��= Ohw xv vhh wkdw wklv fdq qrw eh dq htxloleulxp ehfdxvh djhqw 6

zloo eh ehwwhu r� e| uhgxflqj wkh lqsxw ri djhqw 4 wr fhur1 Ohw o�� @ o�> o
�

2 @ o2>

o�� @ o�� .
-�

2 = Iru wklv qhz vwudwhj|/ U�

� @ 3> U�

2 @ U2> dqg U�

� @ U� �
-�

2 = Wkh

frqvxpswlrq ri djhqw 6 iru wkrvh vwudwhjlhv lv jlyhq e| wkh iroorzlqj h{suhvvlrqv=

F�+U�>U2> U�, @
+U�,

�D

+U�,�D . +U2,�D . +U�,�D
+U� .U2 .U�,

��>

F�+U
�

�> U
�

2> U
�

�, @
+U� �

-�

2 ,
�D

+U2,�D . +U� �
-�

2 ,
�D
+U2 .U� �

U�

5
,��=

Ohw xv gh�qh z @ -2

-�
> dqg k @ -�

-�
> vlqfh U� � U2 � U�> zlwk d vwulfw lqhtxdolw|

dqg U� A 3> 3 ? k ? z> dqg �
2
? z � 4= Ohw

i+z>k, @
4

4 .z�D . k�D
+4 .z. k,�� �

+4� �
2 ,

�D

+4� �
2 ,

�D .z�D
+4�

k

5
.z,��=
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Wkh qh{w judsk vkrzv wkdw wklv ixqfwlrq lv dozd|v qhjdwlyh iru 3 ? k ? z> dqg

�
2 ? z � 4= Zklfk lpsolhv wkdw F�+U�>U2> U�, ? F�+U

�

�>U
�

2>U
�

�,=

i+z>k,

0
0.2

0.4
0.6

0.8
1

h

0.5
0.6

0.7
0.8

0.9
1

w

-0.08

-0.06

-0.04

-0.02

0

Vwhs 91 Wkhuh lv qr dq htxloleulxp zlwk 3 @ U� ? U2 � U��

Ohw xv vhh wkdw 3 ? U2 � U� fdq qrw eh dq htxloleulxp ehfdxvh djhqw 6 fdq eh

ehwwhu r� e| uhgxflqj wkh lqsxw ri djhqw 5 wr fhur1 Wkh qhz yhfwru ri lqsxwv

lv= U�

� @ 3> U�

2 @ 3> dqg U�

� @ U� �
-2

2 = Wkh frqvxpswlrq ri djhqw 6 lq erwk

vlwxdwlrqv lv jlyhq e|=

F�+U�>U2>U�, @
+U�,

�D

+U2,�D . +U�,�D
+U2 .U�,

��>

F�+U
�

�> U
�

2> U
�

�, @ +U� �
U2

5
,��=

Ohw z @ -2

-�
> wkxv 3 � z � 41 Ohw

j+z, @
4

z�D . 4
+4 .z,�� � +4�

z

5
,��=
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