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Summary. Consider the estimation of g*), the v-th derivation of the mean function
in a fixed design, nonparametric regression with a linear, invertible, stationary time
series error process &;. Assume that g € €F and that the spectral density of & has
the form f(A) ~ ¢f|A|7® as A — 0 with constants ¢y > 0 and o € (—1,1). Let
r, = (1 —a)(k —v)/(2k + 1 — «). It is shown that the optimal convergence rate
for §) is n=". This rate is achieved by local polynomial fitting. It is also shown
that the required regular conditions on the innovation distribution in the current

context are the same as those in nonparametric regression with iid errors.
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1 Introduction

Consider the estimation of the v-th derivation of the mean function, ¢), in the equidistant

design nonparametric regression model
(1.1) Yi=g(xi) + &,

where z; = i/n, g : [0,1] — R is a smooth function and &; is a linear, (second order and
strict) stationary process generated by an iid (identically independent distributed) innova-
tion series ; through a linear filter. For the autocovariance function v(k) = cov (&, &i4k),
it is assumed that v(k) — 0 as |k| — oo. Equation (1.1) represents a nonparametric
regression model with short memory (including iid & as a special case), long memory
and antipersistence. Here, a stationary process &; is said to have long memory (or long-

range dependence), if Y (k) = oo. A more strict assumption is that the spectral density
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fN) = (27) 13" ~(k) exp(ik)) has a pole at the origin of the form
(1.2) F(A) ~ep| A %(as A = 0)

for some o € (0,1), where ¢; > 0 is a constant and ‘~’ means that the ratio of the left
and the right hand sides converges to one (see Beran, 1994, and references therein). Note
that, (1.2) implies that y(k) ~ ¢,|k|*"! so that Y (k) = co. Hence now & has long
memory. If (1.2) holds with o = 0, then we have 0 < ) (k) < oo and ¢&; is said to have
short memory. On the other hand, a stationary process is said to be antipersistent, if

(1.2) holds for o € (—1,0) implying that > (k) = 0.

The aim of this paper is to investigate the minimax optimal convergence rate of a
nonparametric estimator of ¢g*) (see e.g. Farrell, 1972, Stone, 1980, 1982 and Hall and
Hart, 1990a for related works). For a summary of the nonparametric minimax theory
we refer the reader to Hall (1989). Hall and Hart (1990a) obtained optimal convergence
rate for estimating ¢ in nonparametric regression with Gaussian stationary short- and
long-memory errors. In this paper a unified formula for the optimal convergence rate
for estimating ¢*) in nonparametric regression with short-memory, long-memory and
antipersistent errors is given. It is shown that this rate is achieved by local polynomial
fitting (Beran and Feng, 2001a). Our finding generalizes in various ways previous results
in Stone (1980) and Hall and Hart (1990a). A simple condition under which a sequence
n~" forms a lower bound to the convergence rate is given for nonparametric regression
with stationary time series errors at any dependence level. Results in this paper are given

for Gaussian and non-Gaussian error processes satisfying some regular conditions.

The estimator and the error process are defined in section 2. Section 3 describes the
conditions on the distribution and provides the main results. It turns out that the required
regular conditions on the marginal innovation distribution are the same for all @« € (=1, 1)
and hence do not depend on the dependence structure. Some auxiliary results, which can
be thought of as a part of the proofs, are given in section 4. Detailed proofs are put in

the appendix.



2 The estimator and the error process

2.1 The local polynomaial fitting

Kernel estimator of ¢ in nonparametric regression with short-memory and long-memory
errors was proposed by Hall and Hart (1990a). Beran (1999) extended the kernel estimator
to nonparametric regression with antipersistence. However, it is well known that the
kernel estimator is affected by the boundary problem. Another attractive nonparametric
approach is the local polynomial fitting introduced by Stone (1977) and Cleveland (1979).
Beran and Feng (2001a) proposed local polynomial fitting in nonparametric regression
with short-memory, long-memory and antipersistent errors. In this paper we will use the
proposal in Beran and Feng (2001a) to show the achievability of the optimal convergence

rate.

Let k > 2 be a positive integer. The function class considered in this paper is €¥(B),

the collection of all £ times differentiable functions g on [0, 1] which satisfy

sup max |¢")(x)| < B.
0<z<1¥=0,1,....k

Let p = k — 1. Then g can be locally approximated by a polynomial of order p for x in

the neighbourhood of a point z:

(2.1) 9(@) = g(x0) + ¢'(wo)(x — o) + ... + gP(w0) (x — 20)" /P! + R,

where R, is a remainder term. Let K be a second order kernel (a symmetric density)
having compact support [—1,1]. Given n observations Yj, ..., Y,, we can obtain an

estimator of g(*) (v < p) by solving the locally weighted least squares problem

n P 2
(2.2) Q:Z{E—Zﬁj(xi—xo)]} K(xi;%) = min,
i=1 =0

where h is the bandwidth. Let 3 = (BO,BI, ...,Bp)’ be the solution of (2.2). Then it is
clear from (2.1) that §*)(z) := V13, estimates ¢) (x9), v = 0,1,...,p, which is the local

polynomial fitting of ¢*). Note in particular that ¢(*) is the same for nonparametric

regression with stationary time series errors at any dependence level.



2.2 The error process

In this paper it is assumed that the spectral density of & has the form (1.2). Hence &
will be called a fractional time series error process. &; is also assumed to be causal, linear

and invertible. That is, & can be expressed in two ways:

and

where the innovations e; are iid mean zero random variables with var (g;) = 02 < oo,

B is the backshift operator, and ¢(B) = > 2 a;B/ and (B) = > 72 b;B’ are the
characteristic polynomials of the MA and AR representations of &;, respectively, with

ag =by =1, Y aj <ooand ) b7 < oo. The causality of & is made here for convenience.

Some properties of & can be understood more easily by means of its inverse process.
Following Chatfield (1979), the inverse process of &, denote by !, is the process with the
same innovations ¢; and ¢(B) rep. 1(B) as its characteristic polynomials for the MA rep.

AR representations, which is given by

(2.5) & = ¢(B)e,
and
(2.6) ei = Y(B)E;.

Following Shaman (1975), the spectral density of &, f1(\) say, is
(2.7) F'O) = ot @m) () ~ AT (as A = 0),

where ¢} = 02(27)(c;) ™" and o! = —a. Equation (2.7) implies that: 1. If & is a short-
memory process, so is & (in particular, the inverse process of an iid process is the process
itself); 2. If & is a long-memory process with 0 < o < 1, then ¢! is an antipersistent

rocess with a! = —q, and vice versa.
)

From (2.3) we see that the autocovariances of & are y(k) = 02" a;ja ;s The inverse

autocovariances of &; (Cleveland, 1972 and Chatfield, 1979), i.e. the autocovariances
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of &, are given by v'(k) = 023 7 bjbjs k. Hence we have Y- (k) = 02(3a;)? and
S 9 k) = 02(>°b;)?. This results in Y a; = oo, >.b; = 0 for @« > 0 and Y a; = 0,
Y- bj = oo for @ < 0. For @ =0 we have both, 0 < > a; <ooand 0 < > b; < 0.

A class of processes having the property (1.2) is the class of the FARIMA(p,d,q)
(fractional ARIMA) processes (Granger and Joyeux, 1980 and Hosking, 1981), where
d € (—0.5,0.5) is the fractional differencing parameter. It is well known that the spectral
density of a FARIMA process has the form (1.2) with o = 24.

3 Optimal convergence rates

3.1 Assumptions on the innovation distribution

An important finding of this paper is that the derivation of that a given sequence is a
lower bound to the convergence rate in nonparametric regression with error process §;
is similar to that for nonparametric regression with the iid errors ¢;. Furthermore, it
turns out that the required conditions on the marginal distribution of ; under model
(1.1) with any o € (—1,1) are the same, i.e. which do not depend on the dependence
level. In the following we will adapt the regular conditions in Stone (1980, 1982) to fixed
design nonparametric regression. Assume that Z(g) is a real random variable depending
on g € R. It is assumed that the density function f(z,g) is strictly positive and that
f(z,9) = f(z — ¢,0), where g is the mean function of Z(g), i.e.

[ #tga: =g

for all g € R. It is further assumed that the equation
/ f(z,9)dz=1

can be twice continuously differentiated with respect to ¢ to yield
/f’(zyg)dz =0

and

/ (2 g)dz = 0.



The iid innovations ¢; are generated by the marginal distribution with density f(z,0),
which will be simply denoted by f(z) in the following. Using this notation the density
of Z(g) may be represented as f(z,g9) = f(z —g). Set l(z,g9) = log f(z,g). There are

positive constants 75 and C' and there is a function M(z, g) such that for g € R
(2,9 + 1) < M(z,9) for |t <7

and
/M(z,g)f(z,g)dz <C.

Note that the last condition is fulfilled, if I"(z, g) is bounded.

Remark 1. It is easy to show that all of these conditions are fulfilled, if Z(g) is

Gaussian with

1 _1(=g)?
2 ol —00 < 2,9 < 00.

e ?
V2no,

And it is also not hard to show that these conditions are fulfilled, if the marginal distri-

f(z,9) =

bution of ¢; is the student ¢, distribution with m > 3, i.e. if f(z, g) is given by

_ [L[(m+1)/2] (z — 9)2 —(m+1)/2
fm(Z,g)—W<l+ -~ > 7

—00 < 2,9 < 00.

Remark 2. Observe that however other distributions considered by Stone (1980), e.g.
the exponential distribution, do not satisfy the regular conditions given above. If ¢; are
iid exponential distributed with E(e;) = 0 and var (¢;) = A, then density function of Z(g)
is given by

1
f(z,9) = Xe%mw)/g —o<g<oo and g— A<z < oo

and zero otherwise. The support of f > 0 for this distribution depends on g.

3.2 Lower bounds to convergence rates

For the minimax optimal convergence rate we will use the following definition (see e.g.

Farrell, 1972, Stone, 1980 and Hall and Hart, 1990a). Let v < k be a nonnegative integer

and gf{’) denote a generic nonparametric estimator of ¢ based on (Y1, ...,Y,). Let 7, be



a positive number. The sequence n™" is called a lower bound to the convergence rate at
i) if

(3:1) liminf sup P(|3" (z0) = 9 (a0)| > c,n ™) >0
n geek

for ¢, sufficiently small. n=" is called an achievable convergence rate if there is a sequence
of estimators g,&”) such that

(3.2) lim limsup sup P(|g")(x0) — ¢") (x0)| > ¢,n ™) = 0.

Cy—O0 n geek

Also, the sequence n™" is called the optimal convergence rate if it is an achievable lower
bound to the convergence rate. The optimal convergence rate for a nonparametric regres-
sion estimator of ¢*) with iid errors is n=*=*)/k+1) (Stone, 1980). In fact, n~—(k=)/(k+1)
is also the optimal convergence rate for estimating ¢(*) in nonparametric regression with
short-memory errors (results for v = 0 may be found in Hall and Hart, 1990a). In
the case with 0 < « < 1, Hall and Hart (1990a) shown that the optimal convergence

(I=a)k/(2k+1=0) for estimating ¢. In this paper we will show that n~"* with

rate is n~
r, = (1 —a)(k—v)/(2k +1 — a) is the optimal convergence rate for estimating ¢), uni-
formly for aw € (—1,1). The following theorem shows at first that n=™ is a lower bound

to the convergence rate, i.e. n~" satisfies (3.1).

Theorem 1 Let model (1.1) hold with g € C*. Let zy € (0,1) be an interior point of the
support of g. Let v < k andr, = (1 —a)(k —v)/(2k + 1 — «). Assume that the regular
conditions on the marginal innovation distribution as described in Section 3.1 hold. Then

n~" is a lower bound to the convergence rate for estimating g% (x).

The proof of Theorem 1 is given in the appendix.

Theorem 1 extends previous results as obtained by Stone (1980) and Hall and Hart
(1990a) in different ways. The results in Stone (1980) are extended to nonparametric
regression with fractional time series errors. Main differences between results of Theorem 1
and those given in Hall and Hart (1990a) are: 1. These results are given for all « € (—1,1)
including the antipersistent case and 2. These results are available for non-Gaussian error
processes satisfying regular conditions on the marginal innovation distribution. 3. The

estimation of derivatives is also considered.



Remark 3. The sequence n™"™ as defined in Theorem 1 is of cause also a lower bound
to the convergence rate for the estimation at the two boundary points g = 0 or g = 1,
since the set of all measurable functions of the observations at xy = 0 (rep. zp = 1) under
the restriction that there are no observations on the left (rep. right) hand side is a subset

of all measurable functions.

Remark 4. In the proof of Theorem 1 a two-point discrimination argument is used. It
will be shown that the probability on the right hand side of (3.1) can be made arbitrarily
close to % If a more sophisticated multi-point discrimination argument is used as in Stone

(1980), then it can be shown that

(3.3) lim liminf sup P(| 39 (x0) — g™ (x0)] > eyn™™) = 1.
—

Cv n geek

Remark 5. Results of Theorem 1 are in general not available for random design
nonparametric regression or density estimation with dependent observations, since the
effect of dependence in such cases tends to be less profound than in the model to be

discussed here (see Hall and Hart, 1990b).

3.3 Achievability

Beran and Feng (2001a) shown that for ¢ € C* with k — v even, the uniform convergence
rate of the local polynomial fitting §*) is of order n™™ for all € [0, 1], if a bandwidth
of the optimal order n~(!1=®)/(2k+1=a) j5 ysed, where r is as defined in Theorem 1 (see
Theorem 2 in Beran and Feng, 2001a). Similar results hold for function class C* with
k —v > 0 odd. This result can be used to show the achievability of the lower bound to
the convergence rate as defined in Theorem 1, i.e. (3.2) holds for the local polynomial

fitting ¢*) with n ", also at the two boundary points 29 = 0 and z¢ = 1. This results in

Theorem 2 Let zy € [0,1]. Under the conditions of Theorem 1 it can be shown that,

n~" is the optimal convergence rate for estimating g®*) (x0).

The additional proof of Theorem 2 is straightforward and is omitted to save place.

Remark 6. Indeed, the convergence rate n="* as defined in Theorem 1 may be achieved
under much weaker conditions. It is clear that, (3.2) will hold, if §*) is asymptotically
normal. Some sufficient conditions under which §®*) is asymptotically normal are given

in Beran and Feng (2001b), which are much weaker than those described in Section 3.1.

8



4 Auxiliary results

4.1 Notations

Note that 7, < 1 for all @ € (—1, 1) and that the interpolation error is of order n~!, which
is hence negligible. Therefore we may assume without loss of generality that z¢ is of the
form ig/n. It is notationally convenient to take xy = ig/n = 0, so we will consider the
shifted model

Yi=g(i/n)+&,i=—-n,..,—1,0,1,...,n,

and estimate ¢g) at the origin. Moreover, we shall assume that both, the infinite past

and the infinite future, are given, i.e. we observe
(4.1) Yi=g(i/n) + &, —o0 < i < 0.

Model (4.1) is assumed only for notational convenience, which helps us to save symbols
for distinguishing finite and infinite sample paths. It turns out that the extra information

is of negligible benefit for the derivation of a lower bound to the convergence rate.

The main idea to prove Theorem 1 is to construct two sequences of functions. If
these two sequences are “hard to distinguish”, then the difference of them will form a
lower bound to the convergence rate. If they are “far apart” at the same time, then
the difference of them will form an achievable convergence rate, hence we will obtain the
optimal convergence rate. Following Stone (1980) and Hall and Hart (1990a), let ¥ > 0
be a k + 1-differentiable function on (—oo, 00), vanishing outside (—1,1) and satisfying
W (0) >0 forv=0,1,..,k Put

B'= sup max [ (z)].

0<z<1 v=0,1,....k

Choose a > 0 so small that aB’ < B. Let 0 < s < 1 and set h = n~*. Define
(4.2) go(x) = 0ah* ¥ (z/h).

Then gy(z) for 6 € {0,1} are two sequences of functions in C*.

n n

In the following we will denote the limits lim J] and lim > by [] and )_ for

simplicity. For —oo < i < oo, define the doubly infinitive column vectors & = (&),

e = (&) and g = (g1(i/n)). Define the doubly infinite matrices ¥ = (y(i — j)) and
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' = (y'(i—j)). Let A = (b;_;) as given in (A.6) in the appendix, where b; = 0 for i < 0.
Let € = (a;_;) be the as A but with b;_; being replaced by a;_;. Then we have £ = Qe
and € = A€. Let Y = (Y;). We have Yy = 0g + €. Define Xy = AYy = 0n + €, where
n = Ag. Note that Xy = € and Yy = €. Furthermore, we see that X; is a sequence of

independent random variables.

4.2 The likelihood functions and the error probabilities

Let Ly and Ly denote the likelihood functions of Xy = € and Y, = &, respectively.
Observe that Ly(xz) = [] f(x;), where x = (...,x_1, 2o, x1,...)" is a doubly infinite vector
and f is the marginal density function of ¢;. The following lemma gives the relationship

between these two likelihood functions.

Lemma 1 For the fractional time series process defined by (2.3) and (2.4), and a doubly

infinite real vector y we have
(4.3) Lo(y) = Lo(w) = H f(zi),

where x = Ay with ©; = Y 22 bjyi—;, —00 < i < 0o, and f is the marginal density

j=—00

function of ;.

The proof of Lemma 1 is given in the appendix. Lemma 1 shows that L is uniquely
determined by L. Note that, inversely, L is also uniquely determined by L. Following
Lemma 1 the estimation of the likelihood function of an invertible stationary time series is
equivalent to that of the corresponding iid innovations. The idea behind this lemma plays
a very important role for the derivation of asymptotic results in nonparametric regression
with dependent errors, which shows that discussions on asymptotic results in this case
may often be reduced to those for models with iid errors after a suitable transformation.

Note that Lemma 1 only holds for causal processes.

Let L; and L; denote the likelihood functions of X; = e +np and Y, = £+ g,
respectively. To prove Theorem 1 we need to estimate P(Ly < £;|6 = 0) and P(Lq >
L1]0 = 1). The following corollary of lemma 1 reduces the estimation of these error

probabilities to that of the independent sequences Xj.
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Corollary 1 Let Xy and Yy are defined above. Let y is a doubly infinite real vector.

Then, under the assumptions of Lemma 1, we have
P(Lo(y) < L1(y)|# = 0) = P(Lo(z) < Li(x)|0 = 0)

and

P(Lo(y) > Li(y)|0 = 1) = P(Lo(z) > L1(2)[0 = 1),

where v = Ay.

The proof of Corollary 1 is given in the appendix. Following Corollary 1, a method for
estimating the error probability developed for nonparametric regression with iid errors
could be adapted to the current case. In this paper we will use the methodology proposed
by Stone (1980). Note that 7, the deterministic part of X;, does not necessarily have the
same smooth properties as g, the deterministic part of Y;. However, this does not affect

the estimation of the error probability.

4.3 A sufficient condition

Let Y, = 1¢1(0) = La¥(0)h* = coh¥, where ¢g = £a¥(0). Let T% = ¢,h*™"), where
¢, = £a¥)(0) for v < k. If & in model (1.1) are iid, then, following Stone (1980), it can
be shown that a sufficient condition, under which Y is a lower rate of convergence for
estimating ¢g*), is that there is an M > 0 such that Y ¢%(i/n) < M (see equation (2.1)
in Stone, 1980). The following lemma gives a simple extension of this result to the case

when ¢; are fractional stationary time series errors defined by (2.3) and (2.4).

Lemma 2 Let & be defined by (2.3) and (2.4). Consider the estimation of g"). Then

TV is a lower rate of convergence, if there is an M > 0 such that

(4.4) Z n? =g'ANAg < M,

1=—00

where n; are the elements of n = Ag.

The proof of Lemma 2 is given in the appendix. Note that gy = 0 and hence g is

the difference sequence between the two functions gy and g;. Lemma 2 shows that this
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sequence will form a lower rate of convergence for estimating g, if the transferred difference
sequence m is squared summable. From Lemma 2 we can also see that, if T, is a lower
rate of convergence for estimating ¢, then Y”, the sequence of the v-th derivative Y,,, is

a lower rate of convergence for estimating ¢*) providing ¥®)(0) > 0.
It is easy to show that condition (4.4) is equivalent to

(4.5) gTg < o’M

and further equivalent to

(4.6) g 'g <o M.

Proofs of (4.5) and (4.6) are given in the appendix. These two representations are easy to
understand. Equation (4.6) directly shows the change in this sufficient condition caused

by the dependence structure. The following remarks clarify the above results.

Remark 7. For iid errors & = &; we have A = I, T = 02T and 7' = 0721, where I
denote the doubly infinite identity matrix. In this case we have simply > ¢%(i/n) < M.
Note that D = \/W is the L?-norm of g. Lemma 2 implies that any method of
deciding between # = 0 and # = 1, i.e. of deciding between the vector g and the zero

vector must have overall positive error probability, if the norm of g is bounded.

Remark 8. Assume that ¢; are normal. Following Hall and Hart (1990a) it can be

shown that, the overall error probability of any estimator of # based on Y is at least

(4.7) P=1-0 <(g'2_1g)1/2) ,

where ® is the standard normal distribution function. The error probability P, will be
positive, if g'¥'g is finite. P, in (4.7) can be made arbitrarily close to £ by choosing the

constant a in (4.2) so that @ — 0 and hence g'S7'g — 0.
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Appendix: Proofs

Proof of Lemma 1. It is well known that, under common conditions, the likelihood
functions of two random vectors forming a reciprocal one-to-one mapping are uniquely
determined by each other (see e.g. Theorem 2 of Section 4.4 in Rohatgi and Saleh, 2001,
pp. 127ff). Note that this result can be extended to doubly infinite random vectors. The
proof of Lemma 1 remains to check that all of the conditions of this theorem hold. At first,
€ = Ag form a doubly infinite dimensional reciprocal one-to-one-mapping with the inverse
transformation & = Qe, where both, the original function and the inverse transformation
are linear. Hence, conditions (a) to (c¢) of Theorem 2 of Section 4.4 in Rohatgi and Saleh
(2001) hold. Furthermore, A is also the matrix of the partial derivatives of € with respect
to & And the Jacobian J of the inverse transformation is the determinant |A| = 1, since
A is a (doubly infinite) lower triangle matrix, whose diagonal elements are identically one.

The relationship between Ly and Ly as given in Lemma 1 holds. O

Proof of Corollary 1. Observe that X; = Xy+mn and Y; = Y, +g. Hence we have,
Li(z) = Lo(z — n) and L1(y) = Lo(y — g). It follows from Lemma 1, for any doubly

infinite dimensional real vectors y and g,

Li(y) = Loly—8g)
= Lo(z —n)
(A1) = Li(z) = H flxi —mi),
where x = Ay, n = Ag and f is the marginal density function of ¢;. Equations (4.3) and
(A.1) together show that Ly(y) < L1(y) (or Lo(y) > Li(y), or Lo(y) = L1(y)), if and
only if Ly(z) < Li(x) (or Lo(z) > Ly(x), or Ly(z) = Ly(x)), where z = Ay. Corollary 1
follows from this fact. <&

The proofs given in the following are related to those in Stone (1980) and Hall and
Hart (1990a). Hence some details will be omitted to save place. To this end we refer the
reader to the proofs in these works. We also refer the reader to read Theorem 1 in Hall
(1989) and its proof. Note that the symbol « in this paper is differently defined as that
used in Hall and Hart (1990a).

Proof of Lemma 2. Let T/ is as defined in Lemma 2. Note that

sup P,{15(0) = g/(0)] 2 1} = max Po{1g"(0) = g7 (0)] = 17}
(1S —4Y
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Let 6, = 0 or 1 minimizes 70" (0) — g (0)|. Then 6, # 6 implies [35"”(0) — g (0)] > T,

and hence
max Py{|3")(0) = ¢,”(0)| > T7} > max Fy(0 #6)
> (R0 =1)+Pi(i=0)}
(A.2) > {RB=1)+RE=0)},

where 6 is the maximum likelihood estimator of @ (or the likelihood ratio discriminator) in
the two-parameter problem. The last inequality follows from the Neyman-Pearson lemma.

From Corollary 1 we have
max Po{[5(0) = g(0)) 2 T} 2 S(Po(Bo < £) + Pi(Ls < Lo))
(A.3) _ %(PO(LO < L)+ Pi(Ly < Lo)).
Let Lg denote the likelihood ratio Li/Ly. By calculations similar to those given on

pages 1352 - 1353 of Stone (1980), it can be shown under the regular conditions on the

marginal distribution of ¢; as given in Section 3.1, that there is a positive constant M

such that
and
(A.5) (111—I>% Ey|log(Lr)| = 0.

Similar formulas as given in (A.4) and (A.5) hold for the expectation under # = 1 with
another positive constant M,. Let My = max(M;, Ms). Then we can find an integer K >
2 and 0 < 7 < £ such that if Lg > (1 —7)/7 or Ly < 7/(1 — 7), then |log(Lg)| > K M.
Following the Markov inequality

1— K—1
P0< L T>>

1—71 T K

T 1—71 K-1
Pl( < Lig < >> K

Put priori probabilities 1/2 each on # = 0 and § = 1. Then

1—171 T

17, L

O =1 = T, T Tt
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and

Pr<P@O=1Y)<1-7) = P(T§ L <1—T>

1 T 1—171
= = < Lp <
2 0(1—7'_ R = T >
1 1—
+ =P u <Lg< ’
2 1—7 T
K-1
> —
- K

That is, the error probability of 6 is at least %7’.

Note that %T can be made arbitrarily close to % as 0 — 0 by choosing K sufficiently

large and 7 sufficiently close to % at the same time. O

Proof of equations (4.5) and (4.6). The matrix A is given by

1 0 0 0 0

by 1 0 0 0

(A.6) A= b 1 oo
bot bno by —- 1 0

by by bpo -+ b1 1

Following the definition of 4}(i — j) we have I' = 02AA’. Furthermore, it can be shown
that AA" = A’A. The equivalence between (4.4) and (4.5) follows from this fact. The
equivalence between the two conditions (4.5) and (4.6) is due to the fact that X' = o *T
in the sense that XT'/o? =1 (see e.g. Shaman (1975)and Beran 1994, pp. 109 ff.). <&

Proof of Theorem 1. Without loss of generality we will assume that 0 = 1 for
convenience. For v = 0 let T,, = coh* equal to the rate con ", where 7o = (1 —a)k/(2k +
1 — «) is as defined in Theorem 1. Then we have h = n™* with s = (1 — a)/(2k + 1 — «).
Following Lemma 2, we have to show that the sequence g under this choice of h satisfies
e.g. the condition Y n? = g’A'Ag < oo, in order that ¢,n™"" is a lower rate of convergence

for estimating ¢).
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Let m = [nh] be the integer part of nh. Let v; = ¥(i/m), —oo < i < oo, and let

v = (v;) denote the corresponding doubly infinite vector. Then we have
1
g'A'Ag = Zh%xlﬂ(O)fu'A'Afu.

Observe that v; =0 for ¢ < —m or ¢ > m. We have

(3] m 2
’UIAIA’U = Z <Z Uin_j)

(A7) = (2m+1) Z U(j/m)¥{(j +k)/m)}.

Equation (A.7) can also be obtained by directly analyzing v'T'v.

Based on (A.7) we can obtained results for the cases with @ = 0, 0 < @ < 1 and
—1 < a < 0, separately. Note that the methodology used in the proof of Theorem 3.1 in
Hall and Hart (1990a) for the case with 0 < oz < 1 is based on the assumption b_; = b; for
t=1,2,..., and is hence not suitable for the causal error process in this paper, since now
we have b; = 0 for ¢« < 0. The methodology used in the following is developed based on
the property (1.2) of a fractional time series, which does not involve the exact structure
of b;.

Assume that o = 0. Note that in this case > v(k)' > 0 and > |v(k)'| < co. From
(A.7) we have

v'A'Av = (2m +1 (ny )/ ?(u)du.

Note that h = n /@D and m = nh = n?/@k+) = =2k for o = 0, whence

ith\IJZ(O)U’A'AU < o0.

In the case with 0 < a < 1 the inverse process &' is an antipersistent process with
the parameter —1 < o! = —a < 0 in (2.7) and hence for |k| sufficiently large we have
(k) ~ c[k|7*7, where ¢, = 2¢;T'(1—a') sin(ra'/2) < 0 (see Beran, 1994 and Beran and
Feng, 2001a), which implies that y'(k) are ultimately negative for |k| sufficiently large.
Furthermore, we have >~ 7!(k) = 0 and hence >, ~'(k) = =23,... 7' (k) = O(m™*).
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It follows from (A.7)

UAAY = (@mt1) Y vl<k>2m1+1 3 WG+ k)/m)

Z (3/m)¥{(j + k)/m)}

< @m+1) 3 X 2m+1
k=—m

(2m +1)0 ( > yl(k)> = O(m'™).

k=—m

(1-a)/(2k+1—a) @

2k/(2k+1-0) = Thig results in m*~* =

Now we have h = n~ and m =nh=n
h=2¢ so that

1
Zh%\p?(o)v'A'Av = h*O(h™") < 0.

If -1 < a < 0, the inverse process ¢! is a long-memory process with the parameter
0 <ol = —a < 1in (2.7) and hence, for |k| sufficiently large, 7'(k) ~ ¢! [k]~*"!, where
¢y = 2¢5I'(1 =) sin(ra'/2) > 0, so that 7' (k) > 0 for |k| sufficiently large. Furthermore,
we have Y2~ (k) = co with -7 ~41(k) = O(m~®). Note that ¥ can be chosen so that,
for large k, 337" W(j/m)@{(j +k)/m)} < 37", W(j/m). Hence we have

2m

VAR = Gmtl) 3 oK) 3 WG+ ) m)
< mr)) Yy Y w/m)
= (2m+1) Z v (k) /_I\IJZ(U)du

= O(m'™®).
In fact, we have
vVAAv = O(m'™®)

uniformly for @ € (—1,1). However, the derivation for this result is a little different in
the three cases. Now, note that h = n~(1-®/2k+1-0) whence, as before, m'~® = h=2*_ so
that

1
Zh%\p?(o)v'A'Av = h*O(h™") < 0.

Theorem 1 is proved. %
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