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A TECHNIQUE FOR ESTIMATING A COST SYSTEM THAT ALLOWS FOR INEFFICIENCY 

I. I n t r o d u c t i o n  

The i s sue  o f  how t o  e s t i m a t e  a  system o f  c o s t  and i n p u t  share equa t ions  

t h a t  a l l o w  f o r  i n e f f i c i e n c y  has rece ived  increased a t t e n t i o n  i n  r e c e n t  yea rs .  

Techniques f o r  e s t i m a t i n g  such systems have been proposed by  Schmidt (1984), 

M e l f i  (1984), and Bauer (1985),  b u t  a l l  o f  these techniques so lve  some 

problems a t  the  expense o f  c r e a t i n g  o the rs .  The c e n t r a l  problem i s  how t o  

r e l a t e  t h e  d is tu rbances  i n  t h e  i n p u t  share equat ions (some o f  which a re  t h e  

r e s u l t  o f  a l l o c a t i v e  i n e f f i c i e n c y )  t o  the  a l l o c a t i v e  i n e f f i c i e n c y  term i n  t h e  

c o s t  equa t ion .  With f l e x i b l e ,  f u n c t i o n a l  forms, such as t h e  t r a n s l o g ,  no 

c losed- form express ion f o r  t h i s  r e l a t i o n  i s  p o s s i b l e .  Schmidt,  M e l f i ,  and 

Bauer a l l  t r i e d  t o  model t h i s  r e l a t i o n s h i p  i n  a  f e a s i b l e  and q u a l i t a t i v e l y  

c o n s i s t e n t  manner, and each was successfu l  t o  va r y i ng  degrees. 

Th is  paper presents  a  new e s t i m a t i o n  technique t h a t  c o n f r o n t s  t h i s  prob lem 

by u s i n g  a  c o l l e c t i o n  o f  o f f - t h e - s h e l f  techniques.  The key  t o  t h i s  new 

techn ique  i s  t o  model the  c o s t  and i n p u t  share equat ions i n  a  q u a l i t a t i v e l y  

c o n s i s t e n t  f ash ion ,  bu t  t o  a v o i d  l i n k i n g  e x p l i c i t l y  t he  d is tu rbances  i n  t h e  

i n p u t  share equat ions t o  t h e  d is tu rbances  i n  t he  cos t  equa t ion .  The 

l i k e l i h o o d  f u n c t i o n  f o r  such a  system o f  c o s t  and i n p u t  share equat ions i s  

d e r i v e d  by making the f o l l o w i n g  d i s t r i b u t i o n a l  assumptions. The composed 

e r r o r  te rm on t h e  cos t  equa t i on  (composed of c o s t  i n e f f i c i e n c y  and no i se )  i s  

modeled as the  sum o f  a  t r u n c a t e d  normal-random v a r i a b l e  and a  normal- random 

v a r i a b l e  as proposed by Stevenson (1980). The d is tu rbances  i n  t he  i n p u t  share 



equat ions a re  modeled as normal- random v a r i a b l e s  w i t h  nonzero means as 

suggested by Bauer (1985).  Maximum l i k e l i h o o d  es t imates  o f  the  parameters o f  

t h i s  model w i l l  be a s y m p t o t i c a l l y  e f f i c i e n t .  An es t ima te  o f  o v e r a l l  c o s t  

e f f i c i e n c y  can then be ob ta i ned  u s i n g  a  mod i f i ed  v e r s i o n  o f  a  technique 

developed by Jondrow, Love1 1, Materov,  and Schmidt (1982) t o  decompose t h e  

r e s i d u a l  on t he  cos t  equa t ion  i n t o  es t imates  o f  c o s t  e f f i c i e n c y  and n o i s e .  An 

a l g o r i t h m  proposed by Kopp and D iewer t  (1982) and improved by Zieschang (1983) 

can then be employed t o  decompose t he  es t imate  o f  c o s t  e f f i c i e n c y  i n t o  

est imates o f  t e c h n i c a l  and a l l o c a t i v e  e f f i c i e n c y .  An a t t r a c t i v e  procedure f o r  

e s t i m a t i n g  t he  c o s t  f r o n t i e r  o f  an i n d u s t r y  and f o r  o b t a i n i n g  measures o f  

t e c h n i c a l  and a l l o c a t i v e  e f f i c i e n c y  f o r  each f i r m  i n  t h a t  i n d u s t r y  over  t i m e  

i s  thus cons t ruc ted .  ' 

I n  t h i s  paper,  t he  t heo ry  o f  t he  c o s t  f r o n t i e r  and t h e  F a r r e l l  measures of  

t e c h n i c a l  and a l l o c a t i v e  e f f i c i e n c y  a re  reviewed i n  s e c t i o n  11. Sec t ion  I11 

rev iews t he  work o f  Schmidt, M e l f i ,  and Bauer t o  l a y  t h e  groundwork f o r  t h e  

e m p i r i c a l  technique t h a t  i s  proposed here.  Sec t i on  I V  develops the  e m p i r i c a l  

model and t h e  s teps r e q u i r e d  f o r  i t s  e s t i m a t i o n ,  summarizing t he  r e l a t i v e  

advantages and disadvantages o f f e r e d  by t h i s  e s t i m a t i o n  technique.  The 

conc lus i on  i s  presented i n  s e c t i o n  V. 

11. The Theory o f  E f f i c i e n c y  Measurement 

Economists r o u t i n e l y  assume t h a t  f i r m s  t r y  t o  m in im ize  t he  c o s t  o f  

p roduc ing  whatever l e v e l  o f  ou tpu t s  t he  f i r m s '  o t h e r  behav io ra l  goa ls  deem 

o p t i m a l .  The s o l u t i o n  o f  t he  f i r m  problem o f  c o s t  m i n i m i z a t i o n  de f i nes  t h e  

c o s t  f u n c t i o n .  The c o s t  f u n c t i o n  has a  number of d e s i r a b l e  p r o p e r t i e s  

i n h e r i t e d  f r om  t h e  u n d e r l y i n g  technology and the  behav io ra l  assumption o f  c o s t  



min im i za t i on  (see D iewer t  C19741). I n  l o g a r i t h m i c  form,  t he  c o s t  f u n c t i o n  can 

be w r i t t e n  as:  

where C* i s  t h e  minimum c o s t  o f  p roduc ing  o u t p u t  v e c t o r  y&RL g iven  i n p u t  

p r i c e  v e c t o r  wsRM, and where L and M a re  the  number o f  ou tpu t s  and i n p u t s ,  

r e s p e c t i v e l y .  Shephard's lemma can be invoked t o  o b t a i n  t he  cos t- min im iz ing  

i n p u t  share equat ions:  

(2 )  alnC* = s , ( y ,w> ,  f o r  i = 1, ..., M. 
a lnwi  

These f u n c t i o n s  desc r i be  t h e  behav io r  o f  c o s t - e f f i c i e n t  f i rms- - the  f i r m s  t h a t  

opera te  on t h e  c o s t  f r o n t i e r .  

I f  a  f i r m  operates above t he  f r o n t i e r ,  a t  higher- than-minimum cos t ,  i t  i s  

c o s t - i n e f f i c i e n t .  F a r r e l l  (1957) developed a  measure o f  o v e r a l l  cos t  

e f f i c i e n c y  and then  decomposed t h a t  measure i n t o  measures o f  t echn i ca l  

e f f i c i e n c y  ( u s i n g  p r o p o r t i o n a l l y  t o o  much of a l l  i n p u t s )  and a l l o c a t i v e  

e f f i c i e n c y  ( u s i n g  the  wrong m i x  o f  i n p u t s ) .  These e f f i c i e n c y  measures a r e  

represen ted  i n  f i g u r e  1,  which i l l u s t r a t e s  the  bas i c  f i r m  problem o f  c o s t  

m in im i za t i on .  The measure o f  o v e r a l l  c o s t  e f f i c i e n c y  i s  E0 = oa loc ,  which 

i s  the  r a t i o  o f  minimum ( o r  e f f i c i e n t )  c o s t  t o  observed c o s t  ( us i ng  t h e  

d e f i n i t i o n  o f  i s o c o s t  cu r ves ) .  The measure o f  t e c h n i c a l  e f f i c i ency ,  g i v e n  t he  

above d e f i n i t i o n ,  i s  E T  = ob loc ,  which i s  t he  r a t i o  o f  c o s t  i f  t he  f i r m  

opera ted  on t h e  r e l e v a n t  i soquan t  ( u s i n g  t he  observed i n p u t  mix)  t o  observed 

c o s t .  F i n a l l y ,  t h e  measure o f  a l l o c a t i v e  e f f i c i e n c y  i s  EA = oa lob,  t h e  

r a t i o  o f  c o s t  on t h e  i soquan t  ( u s i n g  t h e  observed i n p u t  m ix )  t o  minimum c o s t .  



Figure 1 Cost- Minimization Problem 



Note t h a t  E0 = ETEA. These measures have t he  u s e f u l  i n t r e p r e t a t i o n  t h a t  

one minus any o f  t he  measures i s  the p r o p o r t i o n  by which cos t s  cou ld  be 

lowered i f  t h a t  f o rm  o f  i n e f f i c i e n c y  were e l i m i n a t e d .  

Observed c o s t  can be w r i t t e n  as f o l l o w s  u s i n g  these d e f i n i t i o n s :  

where C i s  t h e  observed cos t ,  1nT i s  t he  i nc rease  i n  l o g  c o s t  due t o  t e c h n i c a l  

i n e f f i c i e n c y ,  and 1nA i s  t he  increase i n  l o g  c o s t  due t o  a l l o c a t i v e  

i n e f f i c i e n c y .  Thus, observed c o s t  i s  equal t o  e f f i c i e n t  c o s t  p l us  t he  

inc rease  i n  c o s t  because t he  f i r m  i s  n o t  t e c h n i c a l l y  and a l l o c a t i v e l y  

e f f i c i e n t .  Note t h a t  the  r e l a t i o n s h i p  between t he  e f f i c i e n c y  measures and t he  

above d is tu rbances  i s :  

E T  = e - l n T  , and 

EA = e - I n *  

A mod i f i ed  v e r s i o n  o f  Shephard's lemma y i e l d s :  

( 4 )  alnC = s ,  = s,(y,w> + @, f o r  a l l  i = 1, ...,, M, 
a lnw,  a1 nw 

where s i  i s  t h e  observed i n p u t  share and s l (y ,w> i s  the e f f i c i e n t  i n p u t  

share. Thus, t h e  observed i n p u t  shares a re  equal  t o  the  e f f i c i e n t  i n p u t  

shares p l u s  a  t e rm  t h a t  i s  r e l a t e d  t o  t he  a l l o c a t i v e  i n e f f i c i e n c y  term i n  t h e  

c o s t  equat ions.  The problem o f  model ing t h i s  l a s t  term i s  o f t e n  r e f e r r e d  

t o  as t he  Greene problem. The nex t  s e c t i o n  rev iews  the va r i ous  a t tempts  t o  

model t h i s  term. 
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111. Survey o f  E x i s t i n g  E s t i m a t i o n  Techniques 

I n  genera l ,  t h e  c o s t  sytem t o  be es t ima ted  can be w r i t t e n  as:  

where v and e a l l o w  f o r  no ise  on t h e  c o s t  and i n p u t  share equa t ions ,  

r e s p e c t i v e l y ,  and n and t r e f e r  to t h e  n- th f i r m  and t h e  t - t h  t ime  p e r i o d ,  

r e s p e c t i v e l y .  

The s tandard  econometr ic techn ique  for e s t i m a t i n g  a system o f  'cost  and 

i n p u t  share equa t ions  i n  t h e  absence o f  c o s t  i n e f f i c i e n c y  was developed by 

C h r i s t e n s e n  and Greene (1976). I m p l i c i t l y  they  assume t h a t :  

(6 )  l n T n t  = 1nAnt = a l n A n t / a l n w i  = 0, f o r  a l l  ( n , t ) .  

E x p l i c i t l y  t h e y  assume t h a t  ( v n t , e n t )  - N(O,C), a s p e c i f i c a t i o n  t h a t  

a l l o w s  for  contemporaneous c o r r e l a t i o n s  among t h e  d i s t u r b a n c e s .  One i n p u t  

share e q u a t i o n  must be dropped t o  a v o i d  s i n g u l a r i t y  o f  t h e  system, b u t  i f  

i t e r a t i v e ,  seemingly u n r e l a t e d  r e g r e s s i o n  (ITSUR) i s  employed, t h e  e s t i m a t e s  

w i l l  n o t  depend on which i n p u t  share e q u a t i o n  i s  dropped (see B a r t e n  C19691). 

I f  one i s  i n t e r e s t e d  o n l y  i n  e s t i m a t i n g  t h e  average i n d u s t r y  c o s t  f u n c t i o n  and 

t h e  e r r o r s  a r e  a l l  i n t e r p r e t e d  as r e p r e s e n t i n g  s t a t i s t i c a l  no ise ,  then  t h i s  i s  

a reasonab le  approach. T h i s  i s  a l s o  t h e  a p p r o p r i a t e  approach i f  t h e r e  a r e  few 

degrees o f  freedom. 

N a d i r i  and Schankerman (1981) p o i n t  o u t  t h a t  t h i s  approach may have 

problems i f  d is tu rbances  i n  t h e  i n p u t  share equa t ions  a r e  regarded as 



a r i s i n g  from " e r r o r s  i n  o p t i m i z a t i o n , "  as Chr i s tensen  and Greene p o s t u l a t e  

( a p p a r e n t l y  us i ng  some n o t i o n  o f  a l l o c a t i v e  i n e f f i c i e n c y ) .  The problem i s  

t h a t  i f  t h e  i n p u t  share d is tu rbances  a re  the  r e s u l t  o f  e r r o r s  by t he  f i r m ,  

t hen  t h e y  should be r e l a t e d  t o  t h e  d is tu rbance  i n  t he  c o s t  f u n c t i o n .  Schmidt 

(1984) p u t s  i t  more s u c c i n c t l y :  " I n c o r r e c t  shares r a i s e  cos t s . "  

Schmidt (1984) was t he  f i r s t  to  propose a  technique f o r  e s t i m a t i n g  a  c o s t  

system t h a t  a l lowed f o r  i n e f f i c i e n c y  us i ng  f l e x i b l e ,  f u n c t i o n a l  forms. The 

key  i s  how t o  model a1 nA/al  nw, . Schmidt and Love1 1  (1  979, 1980) 

es t ima ted  a  system o f  the  p r o d u c t i o n  f u n c t i o n  and t he  f i r s t - o r d e r  c o n d i t i o n s  

f o r  c o s t  m i n i m i z a t i o n  us i ng  t he  Cobb-Douglas f u n c t i o n a l  f o rm  and a l l o w i n g  f o r  

t e c h n i c a l  and a l l o c a t i v e  i n e f f i c i e n c y ,  b u t  t h e i r  technique r e l i e s  h e a v i l y  on 

t he  se l f- dua l  na tu re  o f  the  Cobb-Douglas f u n c t i o n a l  form. For f l e x i b l e ,  

f u n c t i o n a l  forms, such as the  t r a n s l o g ,  t he re  e x i s t s  no such c losed- form 

s o l u t i o n  t o  t he  dual  problem, so one cannot o b t a i n  a  c losed- form express ion  

f o r  a l nA Ia l nw , .  Schmidt (1984) suggests t he  f o l l o w i n g  as a  convenient  

cho i ce  f o r  model ing t h i s  unknown f u n c t i o n a l  r e l a t i o n s h i p  between t he  i n p u t  

share d is tu rbances  and t he  a l l o c a t i v e  i n e f f i c i e n c y  te rm i n  t h e  c o s t  equa t i on  

when u s i n g  f l e x i b l e ,  f u n c t i o n a l  forms:  

(7) l n A n t  = wnt lFwnt ,  

where writ = Vln,lnA and F  i s  a  s p e c i f i e d  MxM p o s i t i v e  semi- de f in i te  

m a t r i x .  Th i s  s p e c i f i c a t i o n  has two d e s i r a b l e  p r o p e r t i e s :  

1 .  l nAn t  2 0, w i t h  l nAn t  = 0  i f  and o n l y  i f  u,, = 0, and 

2.  InA,, and ( w l n t (  a r e  p o s i t i v e l y  c o r r e l a t e d  f o r  a l l  i. 



The problem now i s  how t o  choose F .  Schmidt assumes t h a t  co - N(O,C) and 

se t s  F = D ' / ( ~ - ' )  C',  where D i s  t he  determinant  o f  C and 1' i s  t h e  

genera l i zed  i nve rse  o f  C.  These assumptions r e s u l t  i n  InA,, - x f M - 1 )  and 

InA,, and be ing  p o s i t i v e l y  c o r r e l a t e d  f o r  a l l  i. 

The l i k e l i h o o d  f u n c t i o n  f o r  t h i s  model can be d e r i v e d  a f t e r  p o s i t i n g  an 

app rop r i a t e  one- sided d i s t r i b u t i o n  f o r  InT,, and l e t t i n g  v n t  - N(O,u:); 

and a s y m p t o t i c a l l y  e f f i c i e n t  maximum l i k e l i h o o d  es t imates  f o r  t he  parameters 

can be ob ta ined .  To date,  no one has used t h i s  model e m p i r i c a l l y ,  presumably 

due t o  i t s  r e l a t i v e  i n t r a c t a b i l i t y .  The techniques developed by M e l f i  and 

Bauer, d iscussed below, a re  b e s t  viewed as a t tempts  t o  d e r i v e  a  t r a c t a b l e  

e m p i r i c a l  model u s i n g  Schmidt 's  genera l  approach. 

Most o f  t h e  comp lex i t y  o f  Schmid t ' s  model comes f r om t h e  assumptions 

r e q u i r e d  t o  ensure t h a t  l nAn t  f o l l o w s  a  known d i s t r i b u t i o n .  M e l f i  (1984) 

shows how the  l i k e l i h o o d  f u n c t i o n  f o r  t he  system can be d e r i v e d  g i ven  t h e  

r e l a t i o n  o f  t he  d is tu rbances  i n  t he  i n p u t  share equa t ions  t o  t h e  a l l o c a t i v e  

i n e f f i c i e n c y  t e rm  i n  t he  c o s t  equa t i on  by n o t i n g  t he  f o l l o w i n g :  

where f, g, and h  a re  t h e  d e n s i t y  f u n c t i o n s  f o r  ( l n T n t + l n A n t + v n t ) ,  

( l n T n t + v n t ) ,  and writ, r e s p e c t i v e l y .  I f  InA,, i s  a  f u n c t i o n  o f  

writ, then InA,, i s  f i x e d  g i v e n  writ. Thus, d i s t r i b u t i o n a l  

assumptions need t o  be made o n l y  concern ing l n T n t ,  v n t ,  and writ, which 

M e l f i  assumed t o  f o l l o w  ha l f- norma l ,  normal,  and mu l t i va r i a t e- no rma l  

d i s t r i b u t i o n s ,  r e s p e c t i v e l y .  For t r a c t a b i l i t y ,  M e l f i  modeled F  = IN. Th i s  

seems t o  f o r c e  t h e  es t imates  o f  a l l o c a t i v e  i n e f f i c i e n c y  toward zero,  s i nce  

share  d e v i a t i o n s  a re  l e s s  than  one i n  abso lu te  va lue  and squar ing  them 



" s h r i n k s "  them. 

Bauer (1985) made severa l  m o d i f i c a t i o n s  t o  M e l f i ' s  approach. F i r s t ,  

a l l o c a t i v e  i n e f f i c i e n c y  i s  modeled as:  

where, go ing  back t o  Schmid t ' s  o r i g i n a l  i dea ,  F i s  a  p o s i t i v e ,  s e m i d e f i n i t e  

m a t r i x ,  b u t  now the  elements o f  F a re  t r e a t e d  as parameters t o  be es t imated .  

I n  p r a c t i c e ,  Bauer r e s t r i c t e d  F t o  be a  d iagonal  m a t r i x  w i t h  nonnegat ive 

elements t o  reduce the  d i m e n s i o n a l i t y  o f  the  maximum l i k e l i h o o d  problem. 

Bauer ' s  second m o d i f i c a t i o n  i s  t o  assume W ,  n t  - N(a, ,,I>. A l l o w i n g  

w , , ,  t o  have a  nonzero mean enables a  g i ven  f i r m  t o  over-  o r  under-employ a  

g i ven  i n p u t  over  t ime--a p r o p o s i t i o n  t h a t  seems h i g h l y  p l a u s i b l e .  

By the  t ime o f  Bauer ' s  a n a l y s i s  (1985>, a  f a i r l y  f l e x i b l e  technique f o r  

e s t i m a t i n g  a  system o f  c o s t  and i n p u t  share equat ions i n  t he  presence of  

i n e f f i c i e n c y  had evo lved.  I n e f f i c i e n c y  i s  modeled i n  a  q u a l i t a t i v e l y  

c o n s i s t e n t  f ash ion ,  and t he  Greene problem i s  so lved u s i n g  a  second-order 

q u a d r a t i c  f u n c t i o n  t o  model t h e  r e l a t i o n s h i p  between writ and l nAn t .  Th is  

takes  t he  Schmidt approach about as f a r  as i t  can go; however, some problems 

remain.  F i r s t ,  even f o r  a  smal l  number o f  i npu t s  and o u t p u t s ,  t he re  a re  a  

l a r g e  number o f  parameters t o  es t ima te .  Some of these parameters, such as t h e  

o f f- d iagona l  elements o f  F  and 2, would be ve ry  d i f f i c u l t  t o  es t imate  

e m p i r i c a l l y  w i t h o u t  simp1 i f y i n g  t he  model. More fundamenta l l y ,  t he  use o f  

an approx imat ing  f u n c t i o n  t o  r e l a t e  w,, t o  InA,, may have conceptual  

problems. The most severe i s  t h a t  a1 though w,, i s  r e l a t e d  t o  InA,, as 

desc r i bed  above, one cannot w r i t e  the  l a t t e r  as a  f u n c t i o n  o f  the  former  even 

if t h e  c o s t  f u n c t i o n  i s  homothet ic  (which i s  r e q u i r e d  to  ensure t h a t  t he  l e v e l  



o f  o u t p u t  does n o t  a f f e c t  t he  measure o f  a l l o c a t i v e  i n e f f i c i e n c y ) .  Th i s  

l i m i t s  how a c c u r a t e l y  any approx imat ing f u n c t i o n  o f  t h i s  t ype  can t r a c k  t h e  

t r u e  f u n c t i o n a l  r e l a t i o n s h i p .  Consequently, u s i n g  an approx imat ion  so lves  

some problems a t  t he  expense o f  c r e a t i n g  o the rs ,  making e m p i r i c a l  t he  i s sue  of  

whether an approach t h a t  ignores  the  l i n k  among t h e  i n e f f i c i e n c y  terms m igh t  

y i e l d  b e t t e r  es t imates .  

I V .  Proposed New E s t i m a t i o n  Technique 

The new e s t i m a t i o n  technique i s  presented i n  t h i s  s e c t i o n .  F i r s t ,  r e w r i t e  

t h e  c o s t  equat ion i n  ( 5 )  as:  

The t e c h n i c a l  and a l l o c a t i v e  i n e f f i c i e n c y  terms ( l n T n t + l n A n t )  a re  combined 

i n t o  t he  s i n g l e  term u n t .  Since no e x p l i c i t  r e l a t i o n s h i p  between t h e  c o s t  

and i n p u t  share equa t ions  i s  employed, model ing bo th  t e c h n i c a l  and a l l o c a t i v e  

i n e f f i c i e n c y  as a  s i n g l e ,  random v a r i a b l e  i n  t he  c o s t  equa t ion  s imp ly  

acknowledges t h a t  bo th  r a i s e  cos ts  and t h a t  t h e i r  e f f e c t s  cannot be separated 

u s i n g  s t a t i s t i c a l  means. L a t e r  i t  w i l l  be shown how es t imates  o f  t he  two 

types  o f  c o s t  i n e f f i c i e n c y  may be ob ta i ned  us i ng  c o s t  t heo ry  and t h e  

d e f i n i t i o n s  o f  t e c h n i c a l  and a l l o c a t i v e  e f f i c i e n c y .  

The i n e f f i c i e n c y  term, u n t ,  f o l l o w s  a  t runcated- normal d i s t r i b u t i o n  w i t h  

mode p and unde r l y i ng  va r i ance  a: such t h a t  u n t  2 0. The no i se  

te rm,  vnt., i s  assumed t o  be independent o f  u n t  and t o  f o l l o w  a  normal 

d i s t r i b u t i o n  w i t h  mean z e r o  and var iance  a;. Stevenson (1980) d e r i v e d  

t h e  d e n s i t y  f u n c t i o n  f o r  t h e  sum o f  a  t runcated- normal and a  normal random 



v a r i a b l e  ( E  = u+v1 as:  

where o  = ( ~ i + u : 1 " ~ ,  X = u,/u,, and f * ( * >  and F * ( * >  a r e  the  s tandard normal 

d e n s i t y  and d i s t r i b u t i o n  f u n c t i o n s ,  r e s p e c t i v e l y .  

A l l  parameters o f  t h e  model cou ld  be est imated u s i n g  maximum l i k e l i h o o d  

e s t i m a t i o n  on j u s t  t h e  c o s t  equa t ion ,  as proposed by  Stevenson (19801, w i t h o u t  

making use o f  t he  i n p u t  share equat ions a t  a l l .  However, t he  i n p u t  share 

equa t ions  con ta i n  a d d i t i o n a l  i n f o r m a t i o n  and i nc rease  the  number o f  degrees o f  

freedom i n  the  system, so i t  would be i n e f f i c i e n t  i n  a  s t a t i s t i c a l  sense n o t  

t o  use them. The observed i n p u t  share equat ions can be w r i t t e n  as: 

(121 s i n t  = s l . ( yn t ,wn t l  + @ + e i n t ,  f o r  i = 1, . . . ,  M-1. 
a lnwi  

L e t  e i n t  be no rma l l y  d i s t r i b u t e d  w i t h  mean ze ro  and represen t  no i se  on t h e  

i - t h  i n p u t  share e q ~ a t i o n . ~  

The term alnA/i31nwi can be g r e a t e r  than, equal  t o ,  o r  l e ss  than  z e r o  

depending on whether t h e  i - t h  i n p u t  i s  over-  o r  under-employed f o r  a  g i v e n  

f i r m  a t  a  p a r t i c u l a r  t ime .  I d e a l l y ,  t h i s  te rm would be r e l a t e d  t o  t h e  

i n e f f i c i e n c y  term i n  t h e  c o s t  equat ion,  as t he  techniques descr ibed  i n  t h e  

l a s t  s e c t i o n  a t tempted t o  do. Given t he  problems d iscussed i n  t he  l a s t  

s e c t i o n ,  i t  may be b e t t e r  t o  avo id  t r y i n g  t o  l i n k  t h e  d is tu rbances  i n  t h e  c o s t  

and i n p u t  share equa t ions .  

The f o l l o w i n g  i s  a  t h e o r e t i c a l l y  c o n s i s t e n t  way t o  proceed g i ven  t h a t  t h e  

l i n k  between u n t  and a lnA/a lnw l  i s  neglected.  L e t  a lnA/a lnwi  - N(ai  , o i l  1, 

where ai i s  the  tendency f o r  f i r m s  t o  over-  o r  under-employ t he  i - t h  i n p u t  



over t ime.  There i s  abso lu te l y  no reason t o  assume t h a t  a1 = 0 a  p r i o r i  . 
The d is tu rbance i n  the  i - t h  i n p u t  share equat ion can be w r i t t e n  as: 

(1 3)  m i n t  = (a lnA/a lnwi  + e i n t ) ,  where 

a l n t  - N(ai,o&i+o;i), o r  w l n t  - ~ ( a i , o $ i ) ,  and 

a n t = ( u l n t ,  . . . , ~ ~ - , , ~ t ) l - N ( a , Q ) . '  , 

The complete cos t  system can now be w r i t t e n  as: 

(1 4) 1nC = lnC(y,w> + un t  + v,, 

S i n t  = Si(y,w> + a i n t ,  i = l ,  ..., M - I .  

The l i k e 1  ihood f u n c t i o n  f o r  t h i s  system can be w r i t t e n  as:8 

where t = 1, ..., T  and n  = 1, ..., N. Maximum l i k e l i h o o d  est imates can be 

ob ta ined for  a l l  the parameters i n  (15>, and these est imates w i l l  be 

asympto t i ca l l y  e f f i c i e n t .  A number o f  s p e c i f i c a t i o n  t e s t s  can be performed by 

us ing  l i k e l i h o o d  r a t i o  t e s t s  s i m i l a r  t o  those proposed by Stevenson (1980). 

While es t ima t i ng  the cos t  f r o n t i e r  i s  wor thwhi le  and y i e l d s  a  g rea t  deal  

of va luab le  i n fo rma t i on  about bes t- p rac t i ce  technology, est imates o f  l nTn t  

and lnAnt  y i e l d  va luab le  i n fo rma t i on  about i n d i v i d u a l  f i r m  performance ove r  

t ime,  which makes est imates o f  these terms worthwhi le  as w e l l .  The steps 

r e q u i r e d  t o  o b t a i n  est imates o f  these terms a re  now summarized. F i r s t ,  t h e  



work of Jondrow, Love l l ,  Materov, and Schmidt (1982) i s  mod i f ied  t o  a d j u s t  f o r  

the es t imat ion  o f  a  cos t  f r o n t i e r  (no t  a  p roduct ion  f r o n t i e r )  and f o r  the  use 

of an i ne f f i c i ency  d is turbance t h a t  i s  a  truncated-normal (no t  a  hal f- normal)  

random var iabl 'e .  The cond i t i ona l  dens i t y  o f  u  given E = u+v i s :  

(16) ~ ( u J E )  = ~ / ( ~ W U : ) " ~ [ ~ - ~ ( - ~ / O X - E X / U ) ~ - ' ~ X ~ [ - ( ~ / ~ U ~ ) ( U - ( & U ~ + ~ U ~ ) / U ~ ) ~ ] ,  

f o r  u  1 0 .  

2 2  2 9  which i s  j u s t  a  N( (EU~+~U:>/U~,U: )  t runcated a t  zero, where o: = o,o,/a . 
E i t h e r  the mode o r  the mean o f  t h i s  cond i t i ona l  d i s t r i b u t i o n  can be used as a  

p o i n t  est imate o f  u: 

(1 7)  M ( U ~ E )  = (EU~+~U~)IU~, and 

The mode has the appeal ing i n t e r p r e t a t i o n  o f  being the maximum l i k e l i h o o d  

es t imator  o f  u  g iven E = U+V (see Materov C19811). Note t h a t ,  i n  p r a c t i c e ,  

the terms requ i red  t o  compute M ( u ~ E )  and E(u1e) are unobserved and must be 

replaced by est imates o f  these parameters. Asymptot ica l ly ,  the measurement 

e r r o r s  on a l l  the terms disappear as the  sample s i ze  i s  increased. However, u  

would s t i l l  be known imper fec t l y ,  s ince E conta ins o n l y  imperfect  

i n fo rma t ion  about u. 

Once an est imate o f  u  has been obtained, est imates o f  techn ica l  and 

a l l o c a t i v e  e f f i c i e n c y  may be obta ined us ing  a  technique proposed by Kopp and 



Diewer t  (1982) and improved upon by Zieschang (1983). I n t u i t i v e l y ,  g i v e n  an 

es t imate  of o v e r a l l  c o s t  e f f i c i e n c y  and t h e  cos t  f r o n t i e r ,  and us i ng  d u a l i t y  

theory ,  i t  shou ld  be p o s s i b l e  t o  decompose t h e  o v e r a l l  measure o f  c o s t  

e f f i c i e n c y  i n t o  es t imates  o f  t e c h n i c a l  and a l l o c a t i v e  e f f i c i e n c y .  Zieschang 

(1983) demonstrates how t h i s  can be done w i t h  a  minimum o f  e f f o r t  by s o l v i n g  

t he  f o l l o w i n g  s e t  o f  n o n l i n e a r  equa t ions :  

where w-  = ( w , ,  . .., w M - , > '  and x *  = (x l /xM,  ..., x ~ - ~ / x M ) ' .  

Th i s  i s  a  system o f  M-1 equat ions i n  M-1 unknowns, w - .  I f  w*- so lves t h e  

above system, then  Zieschang has shown: 

where x- = ( x l  , . . . , x,-, 1. An es t ima te  o f  E A can e a s i l y  be ob ta i ned  

u s i n g  t he  f o l l o w i n g :  

Thus, es t imates  of EO, E A t ,  and E:t can be ob ta i ned  f o r  each f i r m  

i n  each t ime  p e r i o d .  

The advantages o f  t h i s  technique a r e  t h a t  t he  l i k e l i h o o d  f u n c t i o n  i s  more 

t r a c t a b l e ,  t h e r e  a re  fewer  parameters t o  es t ima te  ( s i n c e  t h e r e  i s  no 

e q u i v a l e n t  t o  t h e  F m a t r i x  t o  compute), and a  l ess- a rb i  t r a r y  s t r u c t u r e  i s  

imposed on t he  c o s t  system. 



V .  Conclus ion 

An econometr ic technique was developed f o r  e s t i m a t i n g  a  system o f  c o s t  and 

i n p u t  share equa t ions  by combining a c o l l e c t i o n  o f  e x i s t i n g  techn iques  i n  a  

new way. Th i s  techn ique  p rov i des  a c l eane r  s o l u t i o n  t o  t he  Greene prob lem 

than  any c u r r e n t l y  i n  the  l i t e r a t u r e  by i g n o r i n g  t he  r e l a t i o n s h i p  between t h e  

d is tu rbances  i n  t h e  i n p u t  share equa t i on  and t he  a l l o c a t i v e  i n e f f i c i e n c y  t e r m  

i n  t h e  c o s t  equa t ion ,  b u t  model ing e v e r y t h i n g  e l s e  i n  a  q u a l i t a t i v e l y  

c o n s i s t e n t  f a s h i o n .  Whether t h i s  techn ique  outper forms those c u r r e n t l y  i n  the  

l i t e r a t u r e  t h a t  do n o t  ignore  t h i s  r e l a t i o n s h i p  i s  an e m p i r i c a l  q u e s t i o n  t h a t  

w i l l  be exp lo red  i n  f u t u r e  research .  Th i s  technique does appear t o  have t h e  

advantage o f  be i ng  e a s i e r  t o  implement e m p i r i c a l l y  than o t h e r  proposed 

techniques.  



-1 6- 

Footnotes 

1. Panel da ta  i s  n o t  r e q u i r e d  f o r  es t ima t i on .  

2 .  By d e f i n i t i o n ,  t h i s  t e rm  i s  n o t  r e l a t e d  t o  t echn i ca l  i n e f f i c i e n c y ,  s i nce  
t echn i ca l  e f f i c i e n c y  i s  n o t  a  f u n c t i o n  o f  i n p u t  p r i c e s .  

3. Note t h a t  Bauer C19851 r e s t r i c t e d  bo th  F and E t o  be d iagona l  m a t r i c e s  i n  
o b t a i n i n g  h i s  e m p i r i c a l  es t imates .  

4. Again, one i n p u t  share equa t i on  s t i l l  must be dropped t o  avo id  s i n g u l a r i t y  
o f  t he  system. 

5. Wi th  panel da ta  one c o u l d  even a l l o w  ai , ,  so t h a t  t h e  b i a s  i n  i n p u t  
use cou ld  a l s o  va ry  f r o m  f i r m  t o  f i r m .  

6. I n  f a c t ,  F e r r i e r  and Love11 (1987) have suggested e s t i m a t i n g  a  t r a n s l o g  
system o f  c o s t  and i n p u t  share equat ions w i t h o u t  t he  r e s t r i c t i o n  t h a t  t h e  
i n t e r c e p t  term i n  t he  i n p u t  share equat ions be equal t o  t h e  co r respond ing  
s lope c o e f f i c i e n c y  i n  t h e  c o s t  equat ion as a  t e s t  f o r  t h e  presence o f  
a l l o c a t i v e  i n e f f i c i e n c y .  

7. I t  w i l l  n o t  be p o s s i b l e  t o  i d e n t i f y  o i i  and o:,, b u t  these terms a re  o f  
l i t t l e  i n t e r e s t  i n  themselves. 

8. S t r i c t l y  speaking, i t  i s  i n c o r r e c t  t o  model t he  d is tu rbances  i n  t he  c o s t  
and i n p u t  share equa t ions  as be ing  independent, g i ven  t he  interdependence 
o f  alnA,,/alnwi ,, and u n t .  However, .as  Schmidt (1984) p o i n t e d  
o u t ,  these terms w i l l  t end  t o  be uncor re la ted ,  s ince  bo th  nega t i ve  and 
p o s i t i v e  d e v i a t i o n s  f r o m  e f f i c i e n t  shares r a i s e  c o s t s .  Thus, t h i s  
s p e c i f i c a t i o n  may n o t  be so f a r  f rom the  t r u t h  a f t e r  a l l .  

9. The f i r m  and t ime s u b s c r i p t s  can s a f e l y  be o m i t t e d  a t  t h i s  p o i n t  f o r  
convenience. 
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