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ABSTRACT

Productivity growth is a major source of econonic growth; thus, an
under st andi ng of how and why productivity neasures change is of great interest
to econom sts and policynakers. This paper explores the rel ationshi p bet ween
observed total factor productivity (TFP) growth, defined using an i ndex nunber
approach, and exam nes changes in returns to scal e, cost efficiency, and
technol ogy. Several deconpositions are devel oped, using alternatively
production and cost frontiers. The |ast deconposition devel oped al so al | ows

for nultiple outputs.



DECOVPCSI NG TFP GROMH | N THE PRESENCE OF GOST | NEFFI A ENCY,

NONCONSTANT RETURNS TO SCALE. AND TECHNO OF CAL PROGRESS

. Introduction

Measures of productivity have long enjoyed a great deal of interest anong

researchers anal yzing firm perfornance and behavior. The observed growth in
total factor productivity (TFP) is one of the nost w dely enpl oyed neasures of

overal | productivity. The conventional Dvisiaindex of TFP is defined asl

(L) TFP = ¥ - F, where

2) P S Dk

where y i s observed output, F is an aggregate measure of observed input usage,
w, is the price of the i-th input, x, is the observed use of the
i-thinput, and Cis the observed cost.?

Chta(1974) and Denny, Fuss, and Waverman (1981), anong ot hers, have shown
that in the single-product case, with constant returns to scal e and cost
ef ficiency, TFP growt h equal s technol ogi cal progress. Wth nonconst ant

returns to scale and cost efficiency, TFP growth is equal to technol ogi cal

progress plus a termthat adjusts for the degree of returns to scal e:

(3) TFP = £(x,t) + (e, 71-1) F,

where £ is the production function, X is the vector of inputs, t is a tine
index, and e is the cost elasticity with respect to output.
Thi s paper extends the deconposition of observed TFP growt h by show ng how

changes i n cost efficiency over tine also affect the observed measure of TFP



growth. The observed neasure of TFP i s deconposed i nto various conponents
roughly stemming fromchanges inreturns to scale, in cost efficiency, and in
technol ogi cal progress. Biased estimates of firmor industry perfornance will
result if changes in cost efficiency are ignored. Furthernore, since these
deconposi tions are derived froman observed quantity, the appropriate
deconposi tioncoul d be included i n the estimationof the frontier as an
addi tional equation, thus inproving the statistical precisionof the estinates
by providing additional information and increasing the nunber of degrees of
freedom

I nsection II of this paper, TFP growth is deconposed usi ng a production
function approach. Section III derives the deconposition using a cost
function approach for both the single-product and multi product firm Section
IV presents some enpirical exanpl es of the use of some of these

deconposi tions, and the concl usi on appears in Section V.

II. Production Function Approach

Let the production frontier be defined as
(4) y' = £(x,t),

where y* is the nmaxi rumanmount of output that can be produced w th input
vector x at tine t.
A Farrel | -type, out put-based neasure of technical efficiency can be

defined as foll ows:

_ y
(5) T, = T CROL where 0 < T, < 1.



The first TFP deconposition can be derived as follows. First, take the
natural |og of both sides of (5 and totally differentiate it with respect to

tine:

(6) dinT,  dlny Z dlnf(x,t) 9%;  3lnf(x,t)
dt  dt 3%, dt at )

i
This can be rewitten as

Dty - feen - Y ERE ok

1

wher e 'i‘p is the tine rate of change of technical efficiency and f(x,t)
is the tine rate of change of technol ogi cal progress as neasured by shifts in
the production frontier over tine.

Next, (7) can be rearranged using the definition of observed TFP i n(1):

S ; f(x,t) %4 WiXi Y .
®) TPF =T, + £(x,0) + S ( e T o ] %,.

i

The foll owi ng substitutions can be nmade:

(10) s, = =1,



where e,(x,t) is the output elasticity of the i-th input and s, is the

observed share of the i-th input. This yields the follow ng deconposition:

11) TFP = T, + £(x,t) + ;[ei(x,t) - 5,1 %,
whi ch deconposes observed TFP growth i nt o change i n techni cal efficiency,
technol ogi cal progress, and a termthat depends on the degree of the input-
specific returns to scal e and cost inefficiency.® This deconpositionyields
the intuitive result that advances in both technol ogi cal progress and
techni cal efficiency increase observed THP? growth. Wiile the first two terns
have straightforward interpretations, the | ast termrequires further
expl anati on.

This termhas two informative properties. First, under cost efficiency,

this term is equal to the last termin(3) , since cost ninimzation requires

(12) IE Y for all .

%y ac
dy

Second, when the firmis cost inefficient, this last termis a bundl e conposed
of nonconstant returns to scal e and both technical and al |l ocative
inefficiency. Qne can further deconpose this termusing duality; however, the
cost functi on approach devel oped i n the next section does this in a much nore
straightforward manner. But first, consider the relation between this

deconposi tion and that of N shimzu and Page (1982).



N shi m zu and Page derived their deconposition as follows. First, they

define what mght be called the "average" production function, g(x,t), as

(13) y = g(x,t).

Incontrast to the frontier production function, £(x,t), the observed
production function yields what each firmactually produces. They transform
(13) by taking the natural logarithmand totally differentiating w th respect

totine to obtain

(14) g(X,t) = Y - Zi egi(xit) }.{i:

where e, (x,t) is the output elasticity of the i-th input wth respect
to the "average" production function.
N shi m zu and Page then enpl oy an al ternative approach to defini ng TFP.

Instead of defining TFP with respect to a Dvisia index, they define TFP wth

respect to the rate of shift in the "average" production function, g(x,t).*

The next step in deriving their decompositionis to rewite equation(7)

as

(15) y=1T, 1t £(x,t) + ), e(x,t) %,.

Substituting for y in(14) and sinplifyingyields



(16) g(x,t) = £(x,0) + T, + ¥ [e;(x,0)-€,(x,8) ] %y.

This is the N shimzu and Page deconposition; equation(16) separates observed
TFP growt h into technol ogi cal progress, change in efficiency, and differences
inoutput elasticities between the frontier and the interior for a firm
operating in the interior. Wile(16) is quite simlar informto (11), there
are two inportant differences.

First, it must be recalled that N shimzu and Page enpl oy a different
definition of TFP than the one enpl oyed here. They define it to be the rate
of shift in the "average" production function, whereas the deconpositions
derived here are based on a definition of observed TFP using the D visia
i ndex. The potential advantage of the latter approach is that it creates the
possi bility of addi ng another equation to the systemto be estinmated(in
additionto the cost and input share equations) since the |l eft side of

equation(1l) is observed and the right side of equation(1l) is a function of

the paraneters to be estimated.” Including the TFP equation in the
regression increases the nunber of degrees of freedom(since no new parareters
are added) and al so provides informationthat is not found in the cost or
i nput denand equat i ons.

Second, the use of an "average" production function, g(x,t), nay be of use
conceptual Iy, gi ven N shimzu and Page's assunption that firns operati ng anay
fromthe frontier have a good reason for doing so. This is not useful

enpirically, however, because g(x,t) cannot be estinated sinultaneously with



the frontier production function unless the reason for the deviationfromthe
frontier is al so nodel ed. Wthout this type of nodeling, the only possible

definition of g(x,t) is

7 g(x,t) = f(x,t) - T

This inplies that their "average™ production function nodel s not only the
frontier production function, but also inefficiency. |n other words, it
predicts the level of inefficiency--withthe sane argunents as the frontier

production function. The cost function TFP deconpositions are now deri ved.

IITI. Cost Function Approach

The TFP deconpositionis first derived in the case of the singl e-product
firmand is then generalized for the nultiproduct firm Let the single-

product cost frontier be represented by

(18) c" = C(y,w,t),

where C is the efficient cost given (y,w,t). Follow ng Farrell (1957), an

overal | neasure of cost efficiency may be defined as

_ C(y,w,t)

(19) E C

From these i nput -based neasures of technical and allocative efficiency, one

can derive



(20) E=T. A, wiichinplies

(21) E=T+ A, (which wll be used later),

where T and A are the Farrell neasures of technical and allocative efficiency,
respecti vel y.

The deconposition of THP growth can now be derived using the cost function
approach. Taking the natural |ogarithmof each side of (19), totally

differentiating, and naking a fewmnor substitutions yields

aC(Y:W,t) wi
aw, C(y,w,t)

(22)  E= e (y,w,0) §+ O W, + C@y,w,t) - €,
i

where e, (y,w,t) = al—nca(lb;]ywit) Wsing the definition of observed TFP in equation

(1), equation(22) can be sinplified as fol | ows:

(23) PP = [l-e (y,w,6)] ¥ + & - C(rw,0) - > &g(_;zﬁg W,

W.X. .
- > A o+ G
i

At this point, note the foll ow ng:

(24) c=) WX,
i

dc _ dx, dw;
(25) d—t—gwiﬁg+izxi_cft:—’



(26) ¢=> % x, > %% g, and

w. X, . W.X.
(27) > EE R =0 - Y At

Substituting(27) into(23) vyields

(28) TFP = [l-ep(y,w,£)] J + E - C(y,w,t) + Z [Wi:i i Wicx(i}fyv;wt’)t)

Substituting(21) into(28) and naki ng sone straightforward substitutions

yi el ds the singl e-product cost function deconposition of observed TFP:
(29) TFP = [l (y,w,t) ] §+ T + A - C(y,w,t) + ] [s;-s,(y,w,0) ] w,.

Thi s expressi on deconposes TFP growth into terns related to returns to scal e,
changes in technical and all ocative efficiency, technol ogical progress, and a
residual term(which will be discussed below. This deconpositionis
consistent with expectations; in particular, the expectation that increases in
cost efficiency increase observed TFP.

The last termclearly reflects the presence of allocative inefficiency.
If the firmis allocatively efficient, then s;=s;(y,w,t), and this termis

equal to zero. This termis also equal to zero when input prices change at

the sane rate, since )[s;-s,(y,w,t)]=0. Sone insight into this term
i



can be obtained by noting that in the presence of allocative inefficiency,
since the observed i nput shares, s;, are not equal to the efficient input
shares, s;(y,w,t), the aggregate index of input usage F(used to define
observed TFP) does not wei ght the observed inputs according to the cost-
mnimzing input shares. The last termcorrects for any bias this nay have on
observed TFP.

A mul ti product version of the deconpositioncan al so be derived. For the

mul tiproduct firm observed TFP is usual |y defined as®

D

(3) TFP —y° - ¥, where y* = ¥ J"Jyj and F - § W5 g,
3 i

R

where y® is a revenue-wei ghted i ndex of output, Fis a cost share index of
aggregate input usage, w, is the price of the i-thinput, %, is the
observed use of the i-th input, and Cis the observed cost.

Usi ng the sane basic steps used i n the singl e-product case above for
handl i ng cost inefficiency and i n Denny, Fuss, and Waverman(1981) for
handl ing mul tipl e out puts, observed TFP for a nultiproduct firmcan be shown

to be equal to the foll ow ng:

(31) TFP - [1-Zecy (y,%,2,t) :l v+ T +A - C(y,w,z,t)
J J

P .c c ecyi .
+Y [oswmz 0] % +y -3, werey” = 3 | 2 | 5,
J 4 Ccy



Thi s expressi on deconposes TFP growth into terns related to ray returns to
scal e, changes in technical and all ocative efficiency, and technol ogi cal
progress. The next-to-last termhas the sane properties as the last termin
equation (25). The last termsinply neasures any effect that nonnarginal cost

pricing nay have on the observed neasure of TFP. Denny, Fuss, and Waverman

have shown that y®=y® under narginal cost pricing and proportional markup
prici ng.

These TFP deconpositions provi de useful conceptual and enpirical tools for
assi gni ng the observed changes in TFP growh to the various root sources.
Note that the cost function approach provides a nore conpl ete partitioning of

the sources of observed TFP growth than the producti on approach did.

I'V. Enpirical Application

This sectionillustrates a use of one of the nultiproduct TFP
deconpositions. The exanple is drawn fromthe US airline industry, and
these results are discussed nore fully i n Bauer (1988). First, the nmodel that
was estimated and the data set that was enpl oyed are briefly di scussed; then
the enpirical results and the TFP deconposition are presented.

The translog systemof cost and input share equations that was esti nmated

is presented bel ow(omtting firmand tine subscripts):

(32) 1InC = InC(y,w,z,t) +u+ v



-8, + 18,

ilnyi + 2} ﬂwilnwi + ﬂldflnzle1£ + ﬂstgllnzstgl + Bt

+ 1/2 ; § ﬁyiyjlnyi Iny, + ; § ﬁyiwjlnyi Low,
+ 1/2 21: § ,Bwiwjlnwilnwj +u+ v,
(33) s; = 8;(y, W) + w,
=ﬂ +Zﬁ ]_ny'i-zﬂ 1nW-+wi, i=]—,--';M7
W Ty T8 Ty :

where y is a vector of outputs, wis a vector of input prices, z is a vector
of network characteristics, andt is a tine index. The translog functi onal
formwas sel ected on the basis of its being a second-order approxi mation to
any cost function about a poi nt of expansion(here, the sanpl e neans) .’

Note that the network and tine variables were not interacted with input prices
inorder to reduce the nunber of paraneters to a manageabl e | evel and to

| essen the effects of multicollinearity. Symmetry and |inear honogeneity in

i nput prices inpose the follow ng restrictions on the cost system

By construction, Zsi(y,w)=1, so that one input share equation nust be
i

dropped before estimationto avoid singularity. Barten(1969) has
shown that asynptotically, the paraneter estinmates are invariant as to which

i nput share equation is dropped.



The fol low ng distributional assunptions are inposed. The inefficiency

term u,, is assumed to followa truncated-normal distributionwth
nmode p and underlying variance 0,2 such that u, > 0. The noise

term v, , is assuned to be independent of u, and to followa

nt ?

normal distributionw th nean zero and variance ¢ 2. The disturbances on
the input share equations are assumed to followa nultivariate nornal
distribution: w . = (upe,.-« g 0) ~ N(a,0).

The Iikelihood function for this systemcan be witten as®

(35) 1oL = - T 1n0n) - N 1no? - gy

2 2 X 1njo

L

507 Z‘: ; (lnCnt-lnC(ynt,wnt,zm,t) - p)z

+ 3 L In[1-F (0735 - (InCuy-1nC(y_ Wy Zngs £)IA)) ]

t n

-(TN  1n[1-F'((-2) A 21) M2y - %Zz (w,-a)' O (wy-a).

Maxi mum | i kel i hood estimates can be obtained for all the paraneters in (35),
and these estimates will be asynptotically efficient. A nunber of
specification tests can be performed using likelihoodratio tests simlar to
t hose proposed by Stevenson(1980).

The data set enployed i n this paper was constructed by Robin S ckles using
the AMS 41 formthat all interstate airlines were required to subm't
periodically as part of the Gvil Aeronautics Board' s regul ation of the
industry. Included are 12 firns and 48 quarters of data from1970:1IQ to
1981:1vQ. The airline industry is considered to produce revenue passenger ton

ml es (yP) and revenue cargo ton mles (y ) using four inputs: | abor (L),

capital (K, energy(B, and materials(M. Labor is an aggregate of 55

separat e | abor accounts; capital is a conbination of flight equi pent, ground



equi pnent, and | anding fees; energy is the quantity of fuel used converted to
BTU equi val ents; and naterials is an aggregate of 56 different accounts
conposed nai nly of advertising, insurance, comm ssions, and passenger

meal s. °

The networ k t hrough which airlines supply their outputs has an inportant
i nfluence on the cost of providing that output. The average | oad factor,

Z4¢o fOr @agivenairlineinagiventine period is the proportion of an
airline's capacity that is actually sold in that tine period. The average
stage length, z,,, is the average distance of an airline's flights in

a given quarter. These two network characteristics are incorporated into the
two translog cost nodel s as presented i n equation(32).

Fromtable 1 it can be seen that all but two of the paraneter estinates
are statistically significant. The paraneters reported here are froma node
slightly more restricted than the one devel oped in section III., Instead of
the nore general truncated-normal distribution, the hal f-nornal distribution
was assumed, which is equivalent to restricting =0, This restriction could
not be rejected using a t-test based on the results of the nmore general nodel.

Table 2 reports the results of the TFP deconposition techni que. Cbserved
TFP grewon average for all of the firns, although there was a great deal of
variation across firns. Mich of this increase is the result of technol ogi cal
progress that ran at a rate of 0.274 percent per quarter, as reported earlier.
The scal e effect was a significant source of TFP gains for the smaller
airlines, which were free to grow under the regul atcry reformprocess, but not
for the four largest airlines. The inefficiency effects varied considerably
fromairline to airline, but were generally small. Over time, changes in the

airlines' networks have general |y boosted productivity. The average | oad
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factors and stage |l engths of the airlines have risen(al though unevenly across
airlines), each resultingin increases in observed TFP of about the sane order
of magni tude as those stenm ng fromtechnol ogi cal progress.

The biases i n the observed neasure of TFP as a result of nonmarginal cost
pricing(the output effect) and observed i nput shares not being equal to the
| east-cost input shares(the price effect) are found to have a small effect on
observed TFP. A "pure" neasure of TFP growth coul d be constructed by summ ng
the scal e, cost efficiency, technol ogi cal change, and network effects. In
general , these estinates indicate that the observed neasure of TFP is a bi ased
estinate of technol ogi cal progress, not just because of the scal e and out put
effects (as Denny, Fuss, and Waverman have shown), but al so because of the

ef ficiency, network, and input price effects.

V. Conclusi on

(bserved TFP growt h has been deconposed i nto scal e, change i n effi ci ency,
and t echnol ogi cal progress effects using both production and cost function
approaches for both singl e-product and nul ti product firns. The production
functi on approach was conpared to the deconpositionof N shimzu and Page
(1982) and was found to have at |east the possibl e advantage that the observed
TFP equation mght be added to the systemof equations to be estimated. 1In
addi tion, the deconposition derived here does not depend on the artificial
construction of an "average" production function. In this respect, the
deconposi tion proposed here seens to be nore firmy based i n cost theory and
ef fi ci ency neasurenent.

The deconposi tions of TFP devel oped here will have at | east two uses in

enpirical work. First, thereis the potential that the TFP equati on coul d be



added to the systemof equations to be estinated. Since this equation

provi des i nformati on not contained in the others and increases the nunber of
degrees of freedom better estimates of technol ogy(as enbodied in the
production or cost function) and the | evel of cost efficiency will be
obtained. Second, it will also be of use ininterpreting and expl ai ni ng
enpirical results. For exanple, TFP growt h has been negative i n sone
industries inrecent years--a fact that is sometines difficult to explainin a
framework that does not allowfor cost inefficiency(see Gollop and Roberts
[1981]). UWsing this decomnposition, negative TFP growth could turn out to be a

result of declines in cost efficiency, both technical and all ocati ve.



Foot not es

Variables with a dot over themare defined as follows: 2z = ‘%%‘-z

See Jorgenson and Giliches (1967), Rchter (1966), Hulten (1973),

D ewert (1976), and Denny, Fuss, and Waverman (1981), anong ot hers, for
uses of this definition.

Returns to scal e can be defined as fol |l ows: RTS =Z e(Xx, t) .
|

For a discussion of the various approaches to defining TFP growt h, see
D ewert (1981).

Exactly how to inpl ement this potential advantage both econonetrical ly
and practical ly has not yet been sol ved.

See Denny, Fuss, and Waverman (1981).

Though the translog functional formis a second-order approxi mation of

the cost function at a point, it is generally only a first-order

appr oxi mati on of the econom c neasures of technol ogy derived fromthe cost
function. For exanple, note that the observed i nput shares are only a
l'inear function of the regressors, being the first derivative of the |og of
the cost function.

Strictly speaking, it is incorrect to nmodel the di sturbances in the cost
and input share equations as bei ng i ndependent, gi ven the interdependence
of 8lnA ,/8lnw, . and u . However, as Schmdt (1984) pointed out, these
ternms will tend to be uncorrel ated, since both negative and positive
deviations fromefficient shares rai se costs.

For a nore detail ed descriptionof this data set see S ckles (1985).



MLE Par anet er

Table 1

Par anet er s Esti mat e
ic 0.328961
X 1.136091
B, 19.368848
B, 0.855741

p
B, 0.140263
B, 0.099889
B, 0.469013
B, 0.232090
B, -0.663032
Boeer -0.292790
B, -0.002744
B 0.085471
yPyP
B -0.121785
YP}'C
B, « -0.036898
P
B, . 0.044412
P
B, & 0.006407
o4
B 0.061784
ycyc
B, « 0.030902
c
B -0.040931
ycL
B, s 0.005638
1/“2,3ICK -0.001860
Be 0.019602
Be -0.019293
1/28,, 0.050961
B -0.063920
1/28,, 0.061453
g 0.087048
o -0.061833
o -0.021023

Esti mat es

Asynptotic Standard Error

.011959

.142654
.036376

.013566

.013380
.015654
.043650
.024935
.041049
.020772
.001055
.019229

.028829
.003079
.004507
.002081

.012200
.002478
.003587
.001655

.002050%*
.003266
.001967
.005694
.005064
.000928

.015658
.043642%
.024930%

OO O O OO O OO0 © © O O © © © © 00 OO0 O O oo

*Not statistically significant at the 0.01 level of significance.

Source: Author's cal cul ations.



Arline TFP

.7195
.3782
.5067
.4529
.3665
.4613
.1749
.8818
.0371
.4081
.5864
.6202

S 2REATREPEE

0.8723

3
o

(Aver age

-0.0189 O
0.2140 -0
0.0377 O
0.0517 O.
-0.0109 O

-0.0174 O
0.2108 -0.
0.4639 -0.
0.2694 -0.
0.3548 0.

-0.0284 0.
0.0483 -0.
0.1317 0.

Tabl e 2

TFP Deconposi ti on

Scale  Qutput
Ef f ect Ef f ect

.0686
.0626
L1717

1058

.0011
.0085

0817
0385
0417
0116
0430
0237

0148

Source: Author's cal cul ati ons.

BEf. Technical
Efect Change

0.0063
0.1945
-0.0294
0.0261
0.0180
0.0489
0.0435
0.1132
0.0717
-0.0256
-0.0576
-0.0317

[ el olNeNeNeoNeNollelNolNe el

o

0.0308

.274
274
274
.274
274
274
.274
.274
.274
.274
.274
274

274

The key to the carrier abbreviations are as fol | ows:

Anerican AA
USAir AL

Braniff

BR

Conti nent al

Delta

East ern

(@) Fronti er
DL North Central

EA Qrar k

guarterly rate of change, in percent)

Price Load
Effect Factor
-0.1270 0.3584
-0.0976 0.4873
-0.0814 0.0041
-0.1101 -0.0017
-0.0632 0.0093
-0.1216 0.2038
-0.1497 0.4287
0.0098 0.4256
-0.1033 0.0492
-0.0225 0.3069
-0.1400 0.3020
-0.1120 0.3249
-0.0937 0.2303
FL Pi ednont
NC Lhi t ed
074 Wst ern

St age
Lengt h

.1578
.3682
.1297
.1066
.1378
.0648
L4490
.6335
.5175
.5086
.1931
.1342

QOO O OO OO0 OO0 OO

o

.2835

PI
UA
WA
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