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Zkhq frqvxphuv fdq ghflgh qrw wr sd| d wd{=

hqiruflqj dqg sulflqj xuedq rq0vwuhhw sdunlqj

vsdfh�1

Hgzdug Fdowkurs

Fhqwuh iru Hfrqrplf Vwxglhv/ N1X1Ohxyhq1

Iheuxdu| 5334

Devwudfw

Jryhuqphqwv pd| eh klqghuhg lq vhwwlqj wd{hv rq pdunhwv lq zklfk

wkh frqvxphu fdq fkrrvh wr frqvxph wkh jrrg exw qrw sd| wkh wd{1 Dq

h{dpsoh lv xuedq rq0vwuhhw sdunlqj1 Li jryhuqphqw dwwhpswv wr udwlrq

ghpdqg wr vxsso| yld d shdn0ordg ihh/ exw idlov wr lqyhvw lq frvwo| hqirufh0

phqw/ gulyhuv sdun exw gr qrw sd| wkh phwhu ihh1 Wklv sdshu h{dplqhv

rswlpdo hqirufhphqw ohyhov dqg phwhu ihh udwhv iru rq0vwuhhw sdunlqj1 Lw lv

vkrzq wkdw/ zkhq hqirufhphqw lv vx!flhqwo| frvwo|/ shdn0ordg sulflqj lv

qrw ghvludeoh1 Lq dgglwlrq/ vrph srvlwlyh dprxqw ri loohjdo sdunlqj uhpdlqv

lq wkh rswlpxp1 Ilqdoo|/ wkh prgho lv xvhg wr h{soruh wkh ehkdylrxu ri

orfdo jryhuqphqw zkhq/ dv zdv wkh fdvh lq wkh X1N1/ lw grhv qrw uhfhlyh

wkh uhyhqxhv iurp �qh sd|phqwv1 Lw lv vkrzq wkdw wklv pljkw ohdg orfdo

jryhuqphqw wr vhw phwhu ihhv dqg hqirufhphqw ohyhov wkdw duh wrr orz 0

vrphwklqj wkdw kdv ehhq zlgho| revhuyhg lq wkh X1N1

4 Lqwurgxfwlrq

Wr frqvxph jdvrolqh/ d gulyhu kdv yluwxdoo| qr fkrlfh exw wr sd| wkh ixoo frq0
vxphu sulfh/ lqfoxglqj dq| wd{ sodfhg rq wkh vdoh e| jryhuqphqw1 Exw qrw doo
pdunhwv duh htxdoo| dphqdeoh wr wkh ohy|lqj ri wd{hv1 Wdnh wkh fdvh ri xuedq rq0
vwuhhw sdunlqj pdunhw1 Jryhuqphqw fdq sodfh d wd{ rq rq0vwuhhw sdunlqj/ exw/ lq
wkh devhqfh ri frvwo| hqirufhphqw/ gulyhuv pd| fkrrvh wr xvh wkh vsdfh zlwkrxw
sd|lqj1 Dqrwkhu h{dpsoh lv wkdw ri krxvhkrog zdvwh1 Lq pdq| Hxurshdq flwlhv/
xuedq uhjxodwruv uhtxluh wkdw krxvhkrogv sodfh wkhlu zdvwh lq vshfldo wd{hg edjv1
Exw d krxvhkrog fdq ghflgh wr gxps zdvwh udwkhu wkdq sd| wkh wd{1 Rqh �qdo
h{dpsoh1 Rq pdq| w|shv ri exvhv/ lw lv gl!fxow iru sdvvhqjhuv wr erdug zlwkrxw
sd|lqj wkh gulyhu1 Lq frqwudvw/ dw xuedq udlo whuplql +riwhq gdwlqj iurp wkh 4<wk

WHpdlo=Hgzdug1FdowkursChfrq1nxohxyhq1df1eh L zrxog olnh wr wkdqn Vwhi Surrvw iru sur0

ylglqj h{whqvlyh frpphqwv1 Xvxdo glvfodlphuv dsso|1
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fhqwxu|, sdvvhqjhuv fdq xvxdoo| h{lw wkh vwdwlrq uhodwlyho| hdvlo|1 Udlo vwd� whqg
wr erdug wudlqv dqg fkhfn sd|phqw lq wudqvlw1 Exw wklv pdnhv qrq0sd|phqw ri
iduhv uhodwlyho| hdv|1

Wkhvh w|shv ri pdunhwv duh fkdudfwhulvhg e| wkh qhhg iru wkh jryhuqphqw wr
vhw wzr yduldeohv= wkh frqvxphu sulfh dqg wkh ohyho ri frvwo| hqirufhphqw1 Wklv
sdshu h{dplqhv wklv lvvxh/ dqg pdnhv wkuhh vhsdudwh frqwulexwlrqv1 Iluvwo|/ wkh
sdshu kljkoljkwv srwhqwldo wudgh0r�v lqyroyhg lq vhwwlqj gl�huhqw frpelqdwlrqv ri
xvhu ihhv dqg frvwo| hqirufhphqw ohyhov1 D vlpsoh vwdwlf sduwldo prgho lv xvhg wr
ghyhors h{suhvvlrqv iru wkh rswlpdo ohyho ri phwhu ihhv dqg hqirufhphqw ohyhov1
Wkh prgho xvhg lv vlplodu wr wkrvh ghyhorshg lq wkh txlwh odujh olwhudwxuh rq
hqirufhphqw lvvxhv1 Wkh olwhudwxuh vwhpphg iurp wkh vhplqdo sdshu e| Ehfnhu
^5`/ dqg uhylhzv fdq eh irxqg lq/ dprqjvw rwkhuv/ Srolqvn| dqg Vkdyhoo ^45`
dqg Kh|hv ^;`1 Krzhyhu/ wkrvh sdshuv w|slfdoo| frqvlghu wkh vhwwlqj ri hlwkhu
hqirufhphqw ohyhov dorqh/ ru frpelqdwlrqv ri hqirufhphqw dqg �qh ohyhov1 Wklv
sdshu/ lq frqwudvw/ ghdov zlwk wkh vlpxowdqhrxv vhwwlqj ri wd{hv +ru frqvxphu
sulfhv, dqg hqirufhphqw ohyhov1 Lq dgglwlrq/ wklv sdshu kljkoljkwv srwhqwldo lqhi0
�flhqflhv uhvxowlqj iurp vhsdudwlrq ehwzhhq wkh od|hu ri jryhuqphqw uhvsrqvleoh
iru vhwwlqj hqirufhphqw ohyhov/ dqg wkdw uhfhlylqj wkh �qh uhyhqxh1 Wkh lvvxh ri
�vfdo ihghudolvp kdv vhogrp ehhq glvfxvvhg lq wkh hqirufhphqw olwhudwxuh1

Vhfrqgo|/ wkh prgho lv dssolhg wr wkh xuedq sdunlqj pdunhw1 Dowkrxjk rwkhu
pdunhwv frxog kdyh ehhq fkrvhq/ wkh sdunlqj pdunhw vhhpv sduwlfxodu dsw iru
vhyhudo uhdvrqv1 Wkh ghyhorsphqw ri d ehwwhu xqghuvwdqglqj ri wkh ghvludelolw|
ri lqwhuyhqwlrq lv vrphwklqj ri fohdu sudfwlfdo uhohydqfh1 Lqghhg/ wkhuh kdv ehhq
frqvlghudeoh ghedwh derxw wkh fruuhfw ohyho ri hqirufhphqw zlwklq wkh dssolhg
wudqvsruw hqjlqhhulqj olwhudwxuh1 Wkh frqvhqvxv dsshduv wr eh wkdw/ dw ohdvw
lq wkh fdvh ri Orqgrq/ hqirufhphqw ohyhov dqg phwhu ihhv zhuh wrr orz gxulqj
wkh 4<:3v dqg 4<;3v4 1 Hqirufhphqw kdv ehhq ghuhjxodwhg vlqfh wkh 4<<3v dqg
frqfhuqv kdyh ehhq udlvhg wkdw hqirufhphqw ohyhov duh qrz wrr kljk5 1 Wkh
txhvwlrq ri wkh fruuhfw ohyho ri hqirufhphqw dqg phwhu ihhv lv vrphwklqj wkdw lv
h{solflwo| dgguhvvhg lq wklv sdshu1 Lq dgglwlrq/ wkh sdshu frqwulexwlrq lq wkh
wudqvsruwdwlrq hfrqrplfv olwhudwxuh rq xuedq sdunlqj1 Zlooldp Ylfnuh| ^46`/
zdv wkh �uvw wr dsso| wkh lghd ri shdn0ordg sulflqj wr xuedq sdunlqj pdunhwv1
Duqrww dqg Urzvh ^4` dujxh iru sdunlqj ihhv wr htxdo pdujlqdo h{whuqdo frvw/
gh�qhg dv wkh dgglwlrq wr dyhudjh vhdufk wlph uhtxluhg e| rwkhu gulyhuv uhvxowlqj
iurp wkh ghflvlrq wr sdun iru dq dgglwlrqdo xqlw ri wlph1 Ilqdoo|/ Fdowkurs dqg
Surrvw ^9` dujxh wkh fdvh iru phwhu0ihhv udwkhu wkdq wlph uhvwulfwlrqv wr eh xvhg
lq uhjxodwlqj rq0vwuhhw vsdfh1 Lq doo wkuhh sdshuv/ wkh qhhg wr udlvh ihhv vwhpv
iurp wkh vkruw0uxq �{hg vxsso| ri sdunlqj vsdfh1 Doo wkuhh sdshuv dvvxph
shuihfw frvwohvv hqirufhphqw ri uhjxodwlrqv1 Wklv sdshu h{whqgv wkdw olwhudwxuh
e| lqwhjudwlqj frvwo| hqirufhphqw lqwr d shdn0ordg sulflqj prgho1 Pruhryhu/

4Iru lqvwdqfh/ Nlpehu ^` uhsruwv wkdw 7;( ri doo phwhu sdunhuv dqg :;( ri doo |hoorz olqh
sdunhuv zhuh frpplwwlqj dq r�hqfh1 Vhh dovr Hoolrw dqg Zuljkw ^`1

5Wkh Gdlo| Whohjudsk/ Wdnlqj d �up |hoorz olqh rq Orqgrq*v urdgv/ 64vw Dxjxvw 4<<9/

uhsruwv wkdw wkh qxpehu ri sdunlqj wlfnhwv lvvxhg kdv pruh wkdq grxeohg vlqfh wkh lqwurgxfwlrq

ri d qhz sulydwh hqirufhphqw vfkhph lq Orqgrq1 Wkh| jr rq wr glvfxvv dffxvdwlrqv wkdw wkh

orfdo dxwkrulw| vfkhphv duh sur�w0gulyhq dqg h{fhvvlyh1
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wklv prgho froodsvhv lqwr d vlpsoh shdn0ordg sulflqj prgho li hqirufhphqw lv

dvvxphg wr eh frvwohvv1

Wkh wklug frqwulexwlrq ri wkh sdshu lv d vpdoo qxphulfdo prgho fdoleudwhg

wr gdwd iurp Orqgrq1 Wkh prgho fdq eh xvhg dv d vwduwlqj srlqw wr ghyhors

pruh ghwdlohg srolf| wrrov1 Lw dovr dlgv edvlf lqwxlwlrq lqwr wkh prgho dv fhuwdlq

uhvxowv duh qrw lq forvhg0vroxwlrq irup1

Vhfwlrq 5 lqwurgxfhv wkh edvlf prgho ri rq0vwuhhw sdunlqj/ zkloh vhfwlrq 6

fkdudfwhulvhv rswlpdo hqirufhphqw dqg phwhu udwhv1 Vhfwlrq 7 kljkoljkwv wkh

�vfdo ihghudolvp lvvxh dqg Vhfwlrq 8 frqfoxghv1 Surriv dqg vhqvlwlylw| whvwv duh

frqwdlqhg lq wkh Dqqh{hv1

5 D prgho ri rq0vwuhhw sdunlqj

Wklv vhfwlrq ghyhorsv wkh dqdo|wlfdo dqg qxphulfdo prgho ri xuedq rq0vwuhhw

sdunlqj1

514 Wkh dqdo|wlfdo prgho

Frqvlghu d �{hg qxpehu q ri ulvn0qhxwudo frqvxphuv
6 wkdw zlvk wr xvh d �{hg

qxpehu ri xuedq sdunlqj vsdfhv gxulqj wkh shdn shulrg1 Hdfk gulyhu fkrrvhv

krz orqj wr sdun iru/ dqg zkhwkhu wr sd| dw wkh phwhu ru qrw1 Li d gulyhu fkrrvhv

qrw wr sd|/ kh ru vkh ulvnv lqfxuulqj d �qh1 Gulyhuv wkdw gr qrw sd| dw wkh phwhu

duh khqfhiruwk whuphg dv ehkdylqj *loohjdoo|*1

Sdunlqj phwhuv fkdujh d shu wlph xqlw ihh htxdo wr p1 Wzr w|shv ri frvwv

duh lqfxuuhg li d gulyhu sdunv loohjdoo|1 Wkh �uvw frvw lv jlyhq e| wkh h{shfwhg

�qh shu xqlw ri wlph sdunhg/ htxdo wr !I / zkhuh ! ghqrwhv wkh shu wlph xqlw

suredelolw| ri ehlqj fdxjkw iru loohjdo sdunlqj dqg I jlyhv wkh �{hg shqdow|

�qh7 1 Wkh suredelolw| ri ehlqj fdxjkw ghshqgv rq wkh ohyho ri hqirufhphqw/

zklfk lq wkh fdvh ri rq0vwuhhw sdunlqj/ lv xvxdoo| shuiruphg e| wud!f zdughqv1

Vhfrqgo|/ hdfk gulyhu sd|v dq lqglylgxdo *qrq0frpsoldqfh* frvw iurp hdfk

wlph xqlw sdunhg loohjdoo|89 1 Wklv lv jlyhq e| d udqgrp yduldeoh f/ iurp d
nqrzq frqwlqxrxv dqg gl�huhqwldeoh fxpxodwlyh suredelolw| glvwulexwlrq/ J^f`
zlwk vxssruw ^3/4,1 Wkh dvvrfldwhg suredelolw| ghqvlw| ixqfwlrq lv jlyhq e|

6Hdfk frqvxphu lv dvvxphg wr kdyh d txdvl0olqhdu xwlolw| ixqfwlrq zlwk uhvshfw wr sdunlqj
wlph1

7Dv srlqwhg rxw e| Ehfnhu ^5`/ li hqirufhphqw lv frvwo|/ dq| ghvluhg h{shfwhg �qh ohyho lv
prvw h!flhqwo| uhdfkhg e| vhwwlqj dv kljk d �qh ohyho dv srvvleoh dqg dv orz d suredelolw|
ri lqvshfwlrq ohyho dv srvvleoh1 Vhyhudo dxwkruv kdyh lqyhvwljdwhg frqglwlrqv xqghu zklfk
wklv uhvxow euhdnv grzq/ lqfoxglqj wkh suhvhqfh ri zhdowk frqvwudlqwv/ ulvn0dyhuvlrq ru wkh
suredelolw| ri huurqhrxv prqlwrulqj1 Vhh wkh uhylhz ri wklv lvvxh lq Srolqvn| dqg Vkdyhoo ^45`1

8Wkh whup qrq0frpsoldqfh frvw lv lqwurgxfhg lq wklv frqwh{w e| Hoolrw dqg Zuljkw ^:`/ zkr
dujxh wkdw wklv lv dq lpsruwdqw frvw frpsrqhqw lq loohjdo sdunlqj1

9Wklv dssurdfk fdq eh vhhq dv d vkruw0fxw wr irupdoolqj prghoolqj khwhurjhqhrxv frqvxphu
suhihuhqfh wrzdugv ulvn1 L frqmhfwxuh wkdw vxfk dq dssurdfk zrxog jlyh vlplodu uhvxowv wr wkdw
dgrswhg khuh1
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j^f`:1 D gulyhu wkhuhiruh fkrrvhv wr sdun loohjdoo| li !I . f ? p dqg khqfh zlwk

suredelolw| J^p � !I `1 Li wkh phwhu ihh lv vhw ehorz wkh h{shfwhg �qh/ lw lv

dvvxphg wkdw wkhuh lv ixoo frpsoldqfh l1h1 J^=` @ 31
q+4 � J^p � !I `, gulyhuv sdun ohjdoo|1 Hdfk uhfhlyhv d frqvxphu vxusoxv

iurp sdunlqj iru t xqlwv ri wlph/ VO/ jlyhq e|=

VO @

]
t
O

3

+�� �t �p,gt

Wkh uhpdlqlqj gulyhuv fkrrvh qrw wr sd| dw wkh phwhu1 Iru dq| ydoxh ri wkh

qrq0frpsoldqfh frvw/ f/ frqvxphu vxusoxv iurp loohjdo sdunlqj/ VL / lv jlyhq e|=

V
L
@

]
t
L

3

+�� �t � !I � f,gt

Hdfk gulyhu sdunv xqwlo wkh pdujlqdo ehqh�w ri dq dgglwlrqdo xqlw ri wlph

sdunhg htxdov wkh pdujlqdo frvw1 Lq wkh fdvh ri d ohjdoo| sdunhg gulyhu/ wklv lv

jlyhq e| tO vxfk wkdw=

gVO

gtO
@ �� �tO �p @ 3

zklfk jlyhv=

t
O+p, @

��p

�
+4,

Dowhuqdwlyho|/ dq loohjdo gulyhu zlwk d qrq0frpsoldqfh frvw/ f/ h{shfwv wr sdun

iru d wlph t
L vxfk wkdw=

t
L+!> f, @

�� !I � f

�
+5,

:Wkh| duh vhyhudo srvvleoh lqwhusuhwdwlrqv iru wklv yduldeoh1 Iluvwo|/ dv jlyhq/ lw fdq eh vhhq
dv d sv|fkrorjlfdo frvw iurp loohjdo ehkdylrxu1 Vhfrqgo|/ lw fdq eh lqwhusuhwhg dv dq xszdug
eldv lq wkh h{shfwdwlrq ri wkh h{shfwhg �qh1 Srodn dqg D{kdxvhq ^44`/ jlyhq d udqjh ri wkh
fkdqfh ri ghwhfwlrq iru loohjdo sdunlqj edvhg rq d vxuyh| lq Eluplqjkdp/ X1N1 Hvwlpdwhv
ydulhg iurp xqghu 43( wr 433(1 Wklugo|/ zlwk d voljkw fkdqjh lq wkh prgho vwuxfwxuh/ zh
frxog lqwhusuhw wkh yduldeoh dv dq dgglwlrqdo frvw/ shukdsv d wlph frvw iurp kdylqj wr ghdo
zlwk wkh sd|phqw ri wkh �qh1 Wkh ydoxh ri wklv frvw ydulhv wkurxjk wkh srsxodwlrq1 Mhevrq ^<`
uhsruwv wkdw ryhu 83( ri uhvsrqghqwv wr khu vxuyh| vdlg wkdw wlph ghod| lqyroyhg / li fdxjkw/
glvfrxudjhg loohjdo sdunlqj pruh wkdq frvw1
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Qrwh wkdw wkh lpsolhv wkdw loohjdoo| sdunhg gulyhuv rxwvwd| wkh ohjdo; 1 Wrwdo

h{shfwhg ghpdqg shu shuvrq/ G+p>!,/ lv wkhuhiruh d ixqfwlrq ri erwk wkh phwhu

ihh dqg wkh ohyho ri hqirufhphqw ri sd|phqw=

G+p>!, @ +4�J^p� !I `, tO+p, .

] p�!I

3

t
L+!> f,j^f`gf +6,

Pdujlqdoo| lqfuhdvlqj wkh phwhu ihh lqgxfhv vrph +suredelolw| pdvv ri,
gulyhuv wr vzlwfk iurp ohjdoo| wr loohjdo sdunlqj1 Ghpdqg iru sdunlqj wlph iurp
wkhvh vzlwfkhuv uhpdlqv xqdowhuhg/ dv tO+p, @ tL+!>p�!I ,1 Khqfh wkh fkdqjh

lq wrwdo ghpdqg 6 iurp d pdujlqdo lqfuhdvh lq phwhu ihh lv jlyhq e|=

CG+p>!,

Cp
@
�4

�
^4�J^p� !I `` ? 3 +7,

Li p ? !I / J^�` @ 3/ wkhuh lv ixoo frpsoldqfh/ dqg h{suhvvlrq 7 jlyhv wkh

pdujlqdo ghpdqg uhvsrqvh dv �4@�1 Lq jhqhudo/ krzhyhu/ h{suhvvlrq 7 vkrzv

wkdw doorzlqj iru qrq0frpsoldqw ehkdylrxu uhvxowv lq d idoo lq ghpdqg zklfk lv

qrw odujhu wkdq wkh ixoo0frpsoldqfh fdvh1

Gl�huhqwldwlqj ghpdqg 6 zlwk uhvshfw wr wkh h{shfwhg �qh ohyho/ !I / jlyhv=

CG+p>!,

C!I
@
�4

�
J^p� !I ` ? 3 +8,

Lqfuhdvlqj wkh ohyho ri wkh h{shfwhg �qh lqgxfhv vrph loohjdoo| sdunhg gulyhuv
wr sd| dw wkh phwhu1 Mxvw dv lq wkh fdvh deryh/ krzhyhu/ wkhvh pdujlqdo gulyhuv
ohqjwk ri vwd| lv xqdowhuhg e| wkh ulvh lq h{shfwhg �qh1 Rqo| wkrvh gulyhuv wkdw
uhpdlq sdunlqj loohjdoo| uhvsrqg wr wkh kljkhu h{shfwhg �qh e| uhgxflqj wkhlu
ohqjwk ri vwd|1

Wkh vxsso| ri sdunlqj krxuv shu shdn shulrg shu shuvrq lv jlyhq e| ]1 D
shdn0ordg sulfh ep lv dvvxphg wr h{lvw vxfk wkdw shu shuvrq ghpdqg / G/ htxdov

vxsso|/ ]1 Vxvwlwxwlqj h{suhvvlrqv 5 dqg 4 lqwr 6/ wkh shdn0ordg sulfh fdq eh

jlyhq e| wkh iroorzlqj lpsolflw htxdwlrq=

ep�

]
ep�!I

3

+ ep� !I � f,j ^f`gf @ �� �] +9,

Wkh uljkw0kdqg vlgh jlyhv wkh sulfh dw zklfk ghpdqg zrxog eh udwlrqhg wr
vxsso| lq wkh fdvh ri shuihfw frpsoldqfh1 Htxdwlrq 9 vkrzv wkdw wkh shdn0ordg

sulfh doorzlqj iru qrq0frpsoldqw ehkdylrxu lv qrw ohvv wkdq wkh sulfh dvvxplqj

;Mhevrq ^<` dvnhg gulyhuv krz orqj wkh| zrxog sdun iru xqghu ydulrxv w|shv ri sdunlqj

frqwuro1 Wkh uhvxowv vkrz wkdw iru doo irup ri frqwuro/ gulyhuv zkr sdunhg loohjdoo| surylghg

dq dyhudjh wlph zklfk zdv kljkhu wkdq wkdw ri wkh jurxs zkr sdunhg ohjdoo|1
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frpsoldqw ehkdylrxu1 Wkh lqwhjudo whup rq wkh ohiw kdqg vlgh ri wkh h{suhvvlrq

lv qrq0qhjdwlyh/ dqg khqfh ep+!I , � �� �]1

Qrwlfh wkdw li !I � � � �]/ ep @ � � �]1 Li wkh ohyho ri wkh h{shfwhg

�qh lv uhodwlyho| kljk/ doo ghpdqg fdq eh udwlrqhg wr phhw vxsso| dw wkh phwhu

sulfh htxdo wr � � �]1 Wkh fxw0r� ohyho ri lqvshfwlrq suredelolw| lv gh�qhg e|

! �
���]
I

/ zklfk/ wr nhhs wkh sureohp lqwhuhvwlqj/ lv dvvxphg wr eh vwulfwo| ohvv

wkdq rqh1 Li wkh ohyho ri hqirufhphqw lv vxfk wkdw wkh lqvshfwlrq suredelolw| lv

htxdo wr/ ru kljkhu wkdq !/ ghpdqg fdq eh udwlrqhg wr vxsso| zlwk doo gulyhuv
fkrrvlqj wr sdun ohjdoo|1 Krzhyhu/ li hqirufhphqw duh vxfk wkdw wkh lqvshfwlrq
suredelolw| lv ehorz !/ lw lv fohdu iurp htxdwlrq +9, wkdw ep A !I dqg ghpdqg

fdq rqo| eh udwlrqhg wr vxsso| zlwk vrph shufhqwdjh ri gulyhuv fkrrvlqj wr sdun

loohjdoo|1

Wr hdvh odwhu h{srvlwlrq/ wklv lv vwdwhg lq wkh irup ri d ohppd1

Ohppd 4 Li wkh ohyho ri hqirufhphqw lv vxfk wkdw ! � !/ wkh *shdn0ordg* phwhu
ihh +uhtxluhg wr udwlrq ghpdqg wr dydlodeoh vxsso|, lv jlyhq e| ep+!I , @ ���] �

!I dqg khqfh doo gulyhuv sd| dw wkh phwhu1 Rwkhuzlvh/ li ! ? !/ ep+!, A
�� �] A !I dqg zlwk vrph srvlwlyh suredelolw|/J ^=`/ gulyhuv sdun loohjdoo|1

Zkhq ! ? !/ pdujlqdoo| lqfuhdvlqj wkh ohyho ri wkh h{shfwhg �qh uhgxfhv wkh

shdn0ordg sulfh1 Xvlqj lpsolflw ixqfwlrq wkhruhp/ htxdwlrq 9 vkrzv wkdw=

C ep

C!I
@ �

�
J^ep� !I `

4�J^ep� !I `

�
� 3 +:,

Lqfuhdvlqj wkh ohyho ri wkh h{shfwhg �qh uhgxfhv wkh shdn0ordg phwhu ihh

e| wkh udwlr ri loohjdo wr ohjdo sdunhuv1 Wkh odujhu wkh ohyho ri qrq0frpsoldqw

ehkdylrxu/ wkh juhdwhu wkh uhgxfwlrq lq wkh shdn0ordg sulfh uhvxowlqj iurp d

pdujlqdo lqfuhdvh lq wkh ohyho ri h{shfwhg �qh1 Wklv lv dovr reylrxv iurp h{suhv0

vlrqv 7 dqg 8 deryh 0 pdujlqdo fkdqjhv lq sulfh yduldeohv gr qrw lqgxfh fkdqjhv

lq ghpdqg iurp wkrvh frqvxphuv wkdw vzlwfk iurp ohjdo wr loohjdo ehkdylrxu ru

ylfh yhuvd1

Wkh suredelolw| ri �qglqj d ydfdqw vsdfh lv dvvxphg wr eh jlyhq e| d udqgrp0

udwlrqlqj uxoh< =

�+p>!, @

�
]

G+p>!, li p � ep

4 rwkhuzlvh

Wr pdnh wkh sureohp lqwhuhvwlqj/ fdsdflw| lv dvvxphg wr eh vfdufh= l1h1

�+3> !, ? 41 H{shfwhg vrfldo zhoiduh shu shuvrq lv jlyhq e|=

<Wklv vhhpv d uhdvrqdeoh dvvxpswlrq lq wkh fdvh ri rq0vwuhhw sdunlqj1 Vhh Fdowkurs dqg
Surrvw ^9` iru d pruh ghwdlohg mxvwl�fdwlrq1 Krzhyhu/ xvh ri d frpshwlqj uhdvrqdeoh uxoh 0
udwlrqlqj wr wkrvh zlwk wkh orzhvw zloolqjqhvv0wr0sd| 0 zrxog qrw dowhu wkh vxevwdqfh ri wkh
frqfoxvlrqv ri wklv sdshu1

9



VZ +p> !, @ �Z � F+!>I>q], +;,

zkhuh F+�, jlyhv wkh frvw shu shuvrq ri dfklhylqj dq| ohyho ri lqvshfwlrq

suredelolw| shu wlph xqlw dfurvv d �{hg vxsso| ri xuedq vsdfhv/ q]/ jlyhq d

�{hg �qh I dqgZ jlyhv wkh ehqh�w wr d gulyhu frqglwlrqdo rq jhwwlqj d sdunlqj

vsrw/ dqg lv jlyhq e|=

Z @

%
+4�J^p� !I `,ZO

.

] p�!I

3

Z L+f,j^f`gf

&

zkhuh=

Z
O+p, @

]
t
O+p,

3

+�� �t,gt

dqg=

Z L+p> !> f, @

] tL +p>!,

3

+�� �t � f,gt

Ilqh uhyhqxhv dqg phwhu ihh sd|phqwv duh uhwxuqhg oxps0vxp wr wkh srsxod0

wlrq1 Wkh jryhuqphqw*v sureohp lv wr pd{lplvh vrfldo zhoiduh ; zlwk uhvshfw wr

wzr lqvwuxphqwv= wkh shu wlph xqlw phwhu ihh/ p dqg wkh lqvshfwlrq suredelolw|/

!1 Wkh vrfldo zhoiduh ixqfwlrq lv frqwlqxrxv/ dqg zlwk d frpsdfw dfwlrq vhw/

+ hp �p � 3> 4 � ! � 3, rswlpd duh jxdudqwhhg e| Zhlhuvwudvv Wkhruhp1

515 Wkh qxphulfdo prgho

D vpdoo qxphulfdo prgho lv xvhg wr khos looxvwudwh wkh lghdv ri wkh sdshu1 Sdudp0

hwhu ydoxhv duh vkrzq lq Wdeoh 41 Wzr gl�huhqw dvvxpswlrqv duh pdgh derxw wkh

glvwulexwlrq ri wkh yduldeoh f1 Lq rqh irupxodwlrq/ L xvh dq h{srqhqwldo ixqfwlrq/

wkxv fdswxulqj wkdw d odujh shufhqwdjh ri gulyhuv sdun loohjdoo| rqfh wkh phwhu

ihh lv pdujlqdoo| kljkhu wkdq wkh h{shfwhg �qh1 Lq dq dowhuqdwlyh irupxodwlrq/

L xvh d xqlirup glvwulexwlrq1 Lq hlwkhu fdvh/ xqohvv rwkhuzlvh vwdwhg/ wkh phdq

ydoxh ri wkh f lv lghqwlfdo iru wkh wzr glvwulexwlrqv1

Wdeoh 4 0 sdudphwhu ydoxhv

sdudphwhu ohyho

� 53

� 7

�f 43
} 518
� 5

Wkh fkrlfh ri ydoxhv iru � dqg � fruuhvsrqg wr wkrvh fkrvhq lq Fdowkurs
dqg Surrvw ^B`/ zklfk zhuh orrvho| fdoleudwhg wr gdwd iru fhqwudo Orqgrq1 Wkh

:



ydoxhv iru wkh phdq ydoxh ri wkh qrq0frpsoldqfh frvw glvwulexwlrq/ �f/ dqg wkh

h{srqhqw lq wkh frvw ixqfwlrq duh hvvhqwldoo| duelwudulo| fkrvhq1 Wkhuh duh erwk

wkh vxemhfw ri vhqvlwlylw| whvwlqj ehorz1

Wkh frvw ixqfwlrq shu shuvrq ri wkh lqvshfwlrq suredelolw| sod|v dq lpsruwdqw

uroh lq wkh qxphulfdo prgho1 L dvvxph wkdw wklv frvw ixqfwlrq lv jlyhq e|=

F+!>q]>I , @ k+q], � +!I ,� +<,

Lq wkh fhqwudo fdvh/ � lv dvvxphg wr htxdo 51 Wklv jlyhv wkh udwlr ri pdujlqdo
frvw wr dyhudjh frvw ri lqvshfwlrq1 Wkhuh lv vrph hylghqfh iru ghfuhdvlqj uhwxuqv
wr vfdoh lq hqirufhphqw dfwlylwlhv= hpsor|lqj dgglwlrqdo zdughqv whqgv wr eh ohvv
dqg ohvv h�hfwlyh/ dv lw lv gl!fxow wr fr0ruglqdwh wkhlu dfwlylwlhv1 Wkh sdudphwhu
k lv doorzhg wr ydu| iurp 3138 wr 316 lq wkh edvh fdvh frpsxwdwlrqv1 Wkh udqjh
lv edvhg rq gdwd uhsruwhg lq Eurzq ^6`43 1

6 Wkh vrfldo rswlpxp

Wkh pd{lplvdwlrq sureohp suhvhqwhg lq htxdwlrq ; qhhgv wr eh vroyhg zlwk
uhvshfw wr wkh wzr lqvwuxphqwv dydlodeoh wr jryhuqphqw= wkh shu wlph xqlw phwhu
ihh/p dqg wkh shu wlph xqlw lqvshfwlrq suredelolw|/ !1 Wr dlg lqvljkw/ lw lv xvhixo
wr vsolw wkh sureohp lqwr wzr vwdjhv= �uvw/ pd{lplvh zhoiduh zlwk uhvshfw wr wkh
phwhu ihh iru dq| jlyhq hqirufhphqw ohyho> dqg/ vhfrqgo|/ rswlplvh wkh lqvshfwlrq
suredelolw|1 Lq sduwlfxodu/ wkh vroxwlrq wr wkh �uvw vwdjh sureohp fruuhvsrqgv
wr wkh vlwxdwlrq idfhg e| orfdo xuedq dxwkrulwlhv lq wkh X1N1 sulru wr wkh 4<<4
ohjlvodwlrq1 Hqirufhphqw ohyhov zhuh vhw e| d uhjlrqdo +qrw orfdo, srolfh dxwkrulw|1
Hdfk orfdo xuedq dxwkrulw| idfhg wkh sureohp ri pd{lplvlqj zhoiduh iru d jlyhq
ohyho ri hqirufhphqw1

614 Wkh rswlpdo phwhu ihh

Dvvxph wkdw wkh orfdo xuedq dxwkrulw| fdq pd{lplvh zhoiduh zlwk uhvshfw wr d

phwhu ihh iru dq| jlyhq ohyho ri hqirufhphqw1 Wkh sureohp wr vroyh lv wr pd{lplvh

vrfldo zhoiduh/ jlyhq lq htxdwlrq ; zlwk uhvshfw wr wkh phwhu ihh1 Wkuhh ohppdv

khos vlpsoli| wkh vhdufk iru wkh rswlpdo phwhu ihh1

Ohppd 5 hvwdeolvkhv wkdw lw lv qhyhu rswlpdo iru wkh phwhu ihh wr eh vhw dw d

ohyho vwulfwo| kljkhu wkdq wkh shdn0ordg ohyho1 Wkhuh lv qr udwlrqdoh iru uhgxflqj

43Eurzq uhsruwv wkdw wkh h{shfwhg �qh shu loohjdo dfw lv Â4146 lq Euljkwrq +Wdeoh 5;,1 Wkh
wrwdo dqqxdo frvw ri hqirufhphqw lv jlyhq lq Wdeoh 561 Lw lv qrw fohdu zklfk ri wkh frvwv duh �{hg
dqg zklfk duh yduldeoh= frqyhuwlqj wr d gdlo| edvlv/ L xvh d udqjh ri Â:7304945/ dqg dvvljq :8(
wr wkh shdn shulrg1 Wdeoh 4; uhsruwv 43/86< sdunlqj dfwv shu gd|/ ri zklfk L dvvxph rqh0kdoi
rffxu lq wkh shdn shulrg1 Wkhvh ydoxhv fdq eh xvhg wr hvwlpdwh d ydoxh iru k1 Iru h{dpsoh/
vxssrvh wkdw wkh frvw shu shdn0shulrg sdunlqj dfw lv Â4333-31:828333 @ Â31481 Htxdwlrq ^`
jlyhv wkdw= f��D ' �E�����2/ zklfk jlyhv � ' f��21 Xvlqj wkh udqjh ri frvw lqirupdwlrq/ jlyhv

d udqjh ri wkh sdudphwhu � iurp f�fH wr f��H1 Lq wkh qxphulfdo frpsxwdwlrqv/ L doorz iru d

voljkwo| eurdghu udqjh ri ydoxhv ri � G f�fD wr f��1

;



ghpdqg ehorz vxsso| lq wkh prgho1 Grlqj vr zrxog rqo| uhgxfh vrfldo zhoiduh1

Khqfh/ p� � ep+!,1

Ohppd 5 Wkh rswlpdo phwhu ihh iru dq| jlyhq ohyho ri hqirufhphqw/ p� lv ohvv

wkdq ru htxdo wr wkh ohyho uhtxluhg wr udwlrq ghpdqg wr dydlodeoh vxsso|/ ep+!,1

Surri1 Vhh Dqqh{ 4

Ohppd 6 hvwdeolvkhv wkdw iru d vx!flhqwo| kljk lqvshfwlrq suredelolw| ohyho

! � !/ wkh rswlpdo phwhu ihh lv mxvw wkh shdn0ordg ihh zklfk lq wxuq lv ohvv wkdq

wkh h{shfwhg �qh iurp loohjdoo| sdunlqj1

Ohppd 6 Li ! � !/ wkh rswlpdo phwhu ihh/ p�/ lv jlyhq e| p�

@ � � �] @

ep+!, ? !I 1 Doo gulyhuv sdun ohjdoo|1

Surri1 Vhh Dqqh{ 4

Wkh �qdo ohppd hvwdeolvkhv wkdw iru uhodwlyho| orz hqirufhphqw ohyhov/ lw lv

rswlpdo wr udlvh wkh phwhu ihh wr dw ohdvw wkh ohyho ri wkh h{shfwhg �qh1 Wklv

lv dovr lqwxlwlyh1 Hqirufhphqw ohyhov duh uhodwlyho| orz1 Li wkh phwhu ihh lv

orzhu wkdq wkh h{shfwhg �qh/ wkhuh lv ixoo frpsoldqfh dqg doo gulyhuv sd| dw

wkh phwhu1 Krzhyhu/ h{fhvv ghpdqg uhpdlqv/ dqg udwlrqlqj ehqh�wv dulvh iurp

lqfuhdvlqj wkh phwhu ihh1 Wklv lqgxfhv gulyhuv wr sdun iru d vkruwhu shulrg dqg

wkxv lqfuhdvhv wkh froohfwlyh suredelolw| ri �qglqj d ydfdqw vsrw1 Wkhvh pdujlqdo

ehqh�wv uhpdlq xqwlo wkh phwhu ihh htxdov wkh ohyho ri wkh h{shfwhg �qh1

Ohppd 7 Li ! ? !/ wkh rswlpdo phwhu ihh/ p�/ lv htxdo wr/ ru juhdwhu wkdq/ wkh

h{shfwhg �qh= p� � !I 1

Surri1 Vhh Dqqh{ 4

Khqfh wkh uhpdlqlqj pd{lplvdwlrq sureohp fdq eh zulwwhq dv=

Pd{
!I�p� ep+!,

VZ +p>!,

Dvvxplqj dq lqwhulru vroxwlrq/ Dqqh{ 4 ghulyhv wkh �uvw0rughu frqglwlrq=

+4�J ^�`,

�G
Z @ +4�J ^�`,

p

�
. j^�`tO+p� !I , +43,

Wkh ohiw kdqg vlgh whup jlyhv wkh h{shfwhg ehqh�w wr d gulyhu iurp dq lq0
fuhdvhg suredelolw| ri ehlqj deoh wr �qg d ydfdqw vsrw1 Lqfuhdvlqj wkh phwhu
ihh uhgxfhv ghpdqg +iurp ohjdo sdunhuv, dqg lqfuhdvhv wkh suredelolw| ri d udq0
grpo| duulylqj gulyhu �qglqj d ydfdqw vsrw1 Wkh kljkhu wkh frpsoldqfh udwh/
4�J ^�`/ wkh odujhu wkh pdujlqdo ehqh�w iurp udlvlqj wkh ihh +iru d �{hg ohyho ri
Z ,1 Zkhq wkh phwhu ihh lv rqo| pdujlqdoo| deryh wkh ohyho ri wkh h{shfwhg �qh/

<



wkhuh lv d kljk frpsoldqfh udwh1 Lqfuhdvlqj phwhu ihhv wkhq kdv d odujh lpsdfw
rq wrwdo ghpdqg/ dv prvw gulyhuv duh sdunlqj ohjdoo|1 Wkh lqfuhdvh lq wkh sure0
delolw| ri �qglqj d ydfdqw vsdfh lv uhodwlyho| odujh1 Lq frqwudvw/ li wkh phwhu ihh
lv uhodwlyho| kljk lq frpsdulvrq wr wkh ohyho ri wkh h{shfwhg �qh/ pdq| gulyhuv
sdun loohjdoo|1 Wkxv d ixuwkhu lqfuhdvh lq phwhu ihh kdv rqo| d vpdoo h�hfw rq
wrwdo ghpdqg1 Wkh lqfuhdvh lq suredelolw| ri �qglqj d ydfdqw vsdfh lv uhodwlyho|
vpdoo1

Wkh uljkw kdqg vlgh frqvlvwv ri wzr frvw whupv1 Wkh �uvw jlyhv wkh pdujlqdo
zhoiduh frvw wr d ohjdo sdunhu iurp vwd|lqj iru d vkruwhu shulrg ri wlph 0 uhfdoo wkdw
gtO@gp @ �4@� dqg khqfh wkh orvv lq h{shfwhg whupv lv +4�J ^�`,p@�1 Wklv

pdujlqdo frvw lv rxwzhljkhg e| wkh pdujlqdo ehqh�w ri dq lqfuhdvhg suredelolw|

ri �qglqj d ydfdqw vsdfh dw doo phwhu ihh ohyho ehorz wkh shdn0ordg ohyho1 Wkh

vhfrqg frvw whup rq wkh uljkw0kdqg vlgh jlyhv wkh orvv ri zhoiduh wr wkrvh gulyhuv

wkdw vzlwfk iurp sd|lqj wr qrw sd|lqj dw wkh phwhu1 Iru d vlqjoh xqlw ri wlph

wklv lv htxlydohqw wr wkh qrq0frpsoldqfh frvw ri d gulyhu wkdw vzlwfkhv/ zklfk lv

jlyhq e| f @ p� !I 1 Lq h{shfwhg whupv/ wkh orvv iurp vwd|lqj d ixoo tL xqlwv
ri wlph +@ t

O ,lv jlyhq e| j^�`tO+p� !I ,1 Dvvxplqj dq lqwhulru vroxwlrq/ wkh
rswlpdo phwhu ihh ohyho lv vxfk wkdw wkh pdujlqdo ehqh�w iurp udlvlqj wkh ihh/
dffuxlqj wr doo gulyhuv/ h{dfwo| edodqfhv wkh pdujlqdo frvwv wr ohjdo sdunhuv dqg
lqgxfhg *vzlwfkhuv* wr loohjdo sdunlqj1

Lw lv fohdu iurp wkh irupxodwlrq/ krzhyhu/ wkdw wkh rswlpdo ihh pd| eh dw
dq lqwhulru ohyho/ dv jlyhq e| wkh vroxwlrq wr htxdwlrq 43/ ru lw lv dw rqh ri
wkh wzr fruqhu vroxwlrqv1 Wkh qxphulfdo prgho lv xvhg wr ghulyh wkh rswlpdo
phwhu ihh iru dq| jlyhq hqirufhphqw ohyho1 Iljxuh 4 vkrzv wkh uhvxow iru dq
h{srqhqwldo glvwulexwlrq ri qrq0frpsoldqfh frvwv 0 vhfwlrq 8 ehorz vkrzv dq
dowhuqdwlyh dvvxpswlrq ri d xqlirup glvwulexwlrq1 Qrwh wkdw wkh rswlpdo phwhu
ihh lv ghqrwhg e| +P0RSW, zkloh wkh ohyho uhtxluhg wr udwlrq ghpdqg wr vxsso|
lv jlyhq e| +P0KDW,1Wkh ihh dqg h{shfwhg �qh duh lq xqlwv ri Â shu krxu1

Iru uhodwlyho| orz ohyhov ri hqirufhphqw/ lw lv qrw rswlpdo wr vhw phwhu ihhv
vxfk wkdw ghpdqg lv udwlrqhg wr vxsso| 0 lqghhg lw pd| qrw eh srvvleoh wr udwlrq
ghpdqg wr vxsso| dw doo1 Zlwk orz hqirufhphqw ohyhov/ vhwwlqj kljkhu phwhu ihhv
ohdgv wr hyhu vpdoohu ehqh�wv= li prvw gulyhuv duh sdunhg loohjdoo|/ udlvlqj phwhu
ihhv kdv olwwoh lpsdfw rq djjuhjdwh ghpdqg1 Orz phwhu ihhv zhuh wkhuhiruh d
udwlrqdo uhvsrqvh wr wkh �{hg orz hqirufhphqw ohyhov vhhq lq pdq| Eulwlvk xuedq
duhdv lq wkh 4<:3v dqg 4<;3v1

Krzhyhu/ iru uhodwlyho| kljk hqirufhphqw ohyhov/ lq wkh fdvh ri Iljxuh 4 deryh
wkh ohyho ri dssur{lpdwho| Â: shu krxu/ shdn0ordg sulflqj uhpdlqv ghvludeoh1 Dv
hqirufhphqw ohyhov uhdfk wkh ohyho ri !I / lq wklv h{dpsoh jlyhq dw d ohyho ri Â43

shu krxu/ wkh rswlpdo phwhu ihh lv dovr jlyhq e| Â43 shu krxu1 Dw wklv ihh ohyho/

ghpdqg lv udwlrqhg wr vxsso| dw d sulfh lq zklfk doo gulyhuv fkrrvh wr sd| dw

wkh phwhu1 Li wkh h{shfwhg �qh lv juhdwhu wkdq wklv ohyho/ wkh rswlpdo phwhu ihh

uhpdlqv dw wkh shdn0ordg ohyho ri Â43= wklv lv mxvw wkh uhvxow jlyhq lq Ohppd 61

Iru dq| ohyho ri h{shfwhg �qh ehorz wklv ohyho/ krzhyhu/ qrwlfh wkdw wkh rswlpdo

phwhu ihh lv vwulfwo| juhdwhu wkdq wkh h{shfwhg �qh/ dqg qrq0frpsoldqfh udwhv

duh vwulfwo| srvlwlyh1
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Iljxuh 4= Rswlpdo phwhu ihh

615 Wkh rswlpdo hqirufhphqw ohyho

Jryhuqphqw fdq lq sulqflsoh dowhu erwk wkh ohyho ri lqvshfwlrq suredelolw| dqg
wkh phwhu ihh1 Wkh pd{lplvdwlrq sureohp jlyhq lq htxdwlrq +;, fdq eh vroyhg
e| vhwwlqj wkh suredelolw| ri lqvshfwlrq ohyho vxfk wkdw=

C

C!

�
�Z

�
m
p

� @ F
3

+!>q]>I ,

Wkh pdujlqdo frvw ri udlvlqj wkh lqvshfwlrq suredelolw| vkrxog htxdo wkh
lqfuhdvh lq vrfldo zhoiduh wkdw iroorzv iurp kljkhu hqirufhphqw ohyhov/ hydoxdwhg
dw wkh rswlpdo phwhu ihh/ ghulyhg deryh1

Iljxuh 5 ghprqvwudwhv wkh rswlpdo hqirufhphqw ohyho +grwwhg olqh, dqg phwhu
ihh iru wkh qxphulfdo h{dpsoh/ dv d ixqfwlrq ri dq hqirufhphqw frvw sdudphwhu
k1 Dv zrxog eh h{shfwhg/ li hqirufhphqw lv uhodwlyho| lqh{shqvlyh +orz ydoxh
ri k,/ lw lv rswlpdo wr vhw d kljk lqvshfwlrq suredelolw|1 Dv hqirufhphqw frvwv
idoo wr }hur/ wkh rswlpdo h{shfwhg �qh whqgv wrzdugv wkh ohyho !I / zklfk lq wklv
h{dpsoh htxdov Â43 shu krxu1 Wklv lv wkh ohyho dw zklfk/ zkhq phwhu ihhv pdwfk
wkh h{shfwhg �qh/ wkh suredelolw| ri �qglqj d vsdfh wr ulvh wr rqh/ dqg doo gulyhuv
fkrrvh wr sd| dw wkh phwhu1

Wzr lqwhuhvwlqj uhvxowv hphujh iurp wkh qxphulfdo prgho1 Iluvwo|/ iru dq|
vwulfwo| srvlwlyh ohyho ri wkh frvw sdudphwhu k/ rswlpdo phwhu ihhv duh kljkhu
wkdq wkh rswlpdo h{shfwhg �qh1 Wklv lv qrw vxusulvlqj jlyhq wkh frvwo| qdwxuh ri
vhwwlqj srvlwlyh lqvshfwlrq suredelolwlhv1 Rqo| li hqirufhphqw lv frvwohvv grhv wkh
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Iljxuh 5= Rswlpdo hqirufhphqw dqg phwhu ihh ohyhov

rswlpdo phwhu ihh frlqflgh zlwk wkh rswlpdo hqirufhphqw ohyho dw wkh shdn0ordg
ohyho1 Vhfrqgo|/ li wkh frvw ri hqirufhphqw idoov/ shukdsv gxh wr qhz whfkqrorj|
ru ehwwhu pdqdjhphqw/ wkh rswlpdo lqvshfwlrq suredelolw| lqfuhdvhv1 Krzhyhu/
lw lv qrw dozd|v wkh fdvh wkdw wkh rswlpdo phwhu ihh ulvhv1 Li frvwv duh vx!flhqwo|
vpdoo +k ? 3=3:,/ wkh srolf| ri shdn0ordg sulflqj uhtxluhv uhgxflqj phwhu ihhv lq
uhvsrqvh wr kljkhu hqirufhphqw ohyhov1 Wkh gdwd frqvwuxfwlrq iru wkh qxphulfdo
prgho vxjjhvwhg d udqjh ri wkh ydoxh ri k ehwzhhq 3=3; dqg 3=4;1 Lq wklv lqwhuydo/

Iljxuh 5 vxjjhvwv wkdw dq| h{rjhqrxv idoo lq hqirufhphqw frvwv vkrxog eh phw

e| kljkhu lqvshfwlrq suredelolwlhv dqg kljkhu phwhu ihhv1

7 Wkh orfdo jryhuqphqw rswlpxp

Dv glvfxvvhg lq wkh Lqwurgxfwlrq/ lq vhyhudo frxqwulhv/ uhyhqxhv iurp frxuw0

hqirufhg �qhv dffuxh wr wkh qdwlrqdo wuhdvxu| udwkhu wkdq wkh orfdo mxulvglfwlrq1

Iru h{dpsoh/ lq wkh X1N1/ sulru wr wkh lqwurgxfwlrq ri wkh qhz dfw lq 4<<4/ vhy0

hudo phwhu r�hqfhv zhuh oldeoh wr d �{hg0shqdow| qrwlfh/ zklfk dffuxhg gluhfwo|

wr wkh qdwlrqdo jryhuqphqw1 Exw wkh orfdo mxulvglfwlrq ghflghv xsrq wkh ohyho

ri lqvshfwlrq1 Wkh iroorzlqj vhfwlrq ri wkh sdshu h{dplqhv wkh h�hfw rq orfdo

jryhuqphqw ehkdylrxu uhvxowlqj iurp wkh orvv lq �qh uhyhqxhv wr fhqwudo jryhuq0

phqw1 Wkh ohyho ri wkh frxuw �qh iru loohjdo sdunlqj/I / lv wdnhq dv h{rjhqrxvo|

45



�{hg44 1 Ixuwkhu/ lw lv dvvxphg wkdw doo frqvxphuv duh lqkdelwdqwv zlwklq wkh

orfdo mxulvglfwlrq1

714 Wkh rswlpdo orfdo phwhu ihh

Wkh orfdo djhqf| udwlrqdoo| wuhdwv �qh sd|phqwv dv d uhvrxufh frvw wr wkh orfdo
frppxqlw| +udwkhu wkdq d wudqvihu,1 Khqfh/ vrfldo zhoiduh lv jlyhq e|=

OVZ +p> !, @ �OZ � F+!>q]>I , +44,

zkhuh OZ jlyhv wkh qhw orfdo ehqh�w wr d gulyhu frqglwlrqdo rq jhwwlqj d
sdunlqj vsrw/ dqg lv jlyhq e|=

OZ @ +4�J^p� !I `,ZO .

]
p�!I

3

OZ Lj ^f`gf

zkhuh Z L
lv wkh vdph dv jlyhq deryh/ dqg wkh orfdo zhoiduh iurp sdunlqj

loohjdoo| lv jlyhq e|=

OZ
L+p> !, @

]
t
L +p>!,

3

+�� �t � !I � f,gt

Dv lq wkh suhylrxv vhfwlrq/ wkh lpsolflw htxdwlrq iru wkh rswlpdo ihh/ dvvxp0
lqj dq lqwhulru vroxwlrq/ edodqfhv wkh pdujlqdo ehqh�wv iurp udlvlqj ihhv zlwk
pdujlqdo frvwv +vhh htxdwlrq D61 Wkh orvv ri �qh uhyhqxh iurp wkh frppxqlw|
uhgxfhv orfdo vrfldo zhoiduh1 Wkh pdujlqdo ehqh�w iurp d kljkhu suredelolw|
ri �qglqj d ydfdqw vsdfh lv wkhuhiruh vpdoohu wkdq lq wkh fdvh iru ixoo vrfldo
zhoiduh1 Wkh orvv ri �qh uhyhqxh dovr lqfuhdvhv wkh orfdo frvw wr udlvlqj phwhu
ihhv1 Udlvlqj phwhu ihhv lqgxfhv vrph gulyhuv wr vzlwfk iurp sdunlqj ohjdoo| wr
sdunlqj loohjdoo|1 Lq grlqj vr zhoiduh lv uhgxfhg shu wlph xqlw sdunhg e| wkh
qrq0frpsoldqfh frvw/ f ri wkrvh lqgxfhg wr vzlwfk/ soxv wkh orvv ri uhyhqxh wr
wkh orfdo frppxqlw|/ !I 1 Khqfh iru dq| jlyhq hqirufhphqw ohyho/ wkh pdujlqdo
ehqh�wv iurp udlvlqj ihhv lv vpdoohu zkloh wkh pdujlqdo frvw lv kljkhu wkdq lq wkh
vrfldo rswlpxp glvfxvvhg deryh1 Khqfh orfdoo| rswlpdo ihhv duh vhw dw d orzhu
ohyho wkdq lq wkh vrfldo rswlpxp1 Wklv uhvxow lv suhvhqwhg lq Sursrvlwlrq 41

Sursrvlwlrq 4 Iru dq| jlyhq ohyho ri h{shfwhg �qh/ !I / d orfdo djhqf|

vhwv d phwhu ihh qrw juhdwhu wkdq wkh vrfldoo| rswlpdo ohyho1 Ixuwkhu/ iru uhodwlyho|

orz ohyhov ri hqirufhphqw/ !I ? !I / d orfdo djhqf| vhwv d phwhu ihh ohvv wkdq

wkh vrfldoo| rswlpdo ohyho1

Surri1 Vhh Dqqh{ 4

44Wkh ohyho ri wkh �qh lv dvvxphg wr eh vhw e| fhqwudo jryhuqphqw1 Dv lq wkh suhylrxv vhfwlrq/

lw lv dvvxphg wkdw iru ydulrxv uhdvrqv/ dowhulqj wkh ohyho ri wkh �qh lv gl!fxow1 Krzhyhu/ wkh

prgho fdq eh h{whqghg lq d vwudljkwiruzdug pdqqhu wr doorz iru vwudwhjlf ehkdylrxu rq wkh

sduw ri fhqwudo jryhuqphqw lq vhwwlqj wkh ohyho ri wkh �qh1
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Iljxuh 6= Rswlpdo phwhu ihh iru orfdo jryhuqphqw

Wkh uhvxow ri wkh wkhruhp lv fohduo| vhhq lq Iljxuh 61 Wkh orfdoo| rswlpdo
phwhu ihh +P 0 OJ, lv vhw vwulfwo| ehorz wkh ohyho ri wkh vrfldoo|0rswlpdo ihh +qrz
vkrzq dv d grwwhg olqh, iru doo ohyhov ri hqirufhphqw ohvv wkdq !I @ '431 Iru

kljkhu hqirufhphqw ohyhov/ wkh orfdo jryhuqphqw*v sureohp lv lghqwlfdo wr wkdw ri

wkh zhoiduh rswlplvhu= doo gulyhuv sdun ohjdoo| xs wr dqg lqfoxglqj wkh shdn0ordg

sulfh1 Wkh rswlpdo vroxwlrq lv wkhuhiruh wkh vdph1

Dv glvfxvvhg deryh/ wklv �jxuh ghprqvwudwhv wkh srvlwlrq wkdw prvw X1N1

xuedq dxwkrulwlhv idfhg sulru wr wkh lqwurgxfwlrq ri wkh 4<<4 Dfw1 Hqirufhphqw

ohyhov zhuh vhw e| wkh uhjlrqdo srolfh irufh dqg qrw e| wkh orfdo xuedq dxwkrulw|1

Ilqh uhyhqxhv iru prvw phwhu r�hqfhv dffuxhg wr wkh qdwlrqdo udwkhu wkdq orfdo

jryhuqphqw1 Wkhruhp 4 wkhuhiruh vxjjhvwv wkdw/ d sulrul/ zh pljkw h{shfw d

udwlrqdo orfdo jryhuqphqw wr vhw phwhu ihhv dw d ohyho ehorz wkh vrfldoo| rswlpdo

ohyho1 Wkhuh zdv dq lqfhqwlyh wr xvh orz phwhu ihh udwhv wr hqvxuh uhyhqxhv

uhpdlqhg zlwklq wkh orfdo frppxqlw|1

715 Wkh orfdoo|0rswlpdo hqirufhphqw ohyho

Wkh 4<<4 Dfw ghuhjxodwhv sdunlqj hqirufhphqw lq wkh X1N1 Srzhu ryhu vhwwlqj

hqirufhphqw ohyhov lv wkhuhiruh wudqvihuuhg iurp wkh uhjlrqdo srolfh irufh wr wkh

orfdo xuedq jryhuqphqw1 Wklv vhfwlrq ghulyhv wkh ohyho ri hqirufhphqw fkrvhq e|

d orfdo0vrfldo zhoiduh pd{lplvlqj jryhuqphqw1

Lw lv fohdu wkdw wkh orfdo jryhuqphqw idfhv vrphwklqj ri d glohppd1 Li hq0

irufhphqw lv uhodwlyho| frvwo|/ lw lv xqdwwudfwlyh wr vhw kljk hqirufhphqw ohyhov1

Dq dowhuqdwlyh phdqv wr uhgxfh wkh  rz ri uhyhqxhv wr wkh fhqwudo jryhuqphqw

lv wr vhw yhu| orz hqirufhphqw ohyhov1 Qrw fdwfklqj r�hqghuv lv rqh phdqv ri
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Iljxuh 7= Rswlpdo hqirufhphqw dqg phwhu ihh ohyhov 0 orfdo jryhuqphqw

suhyhqwlqj �qh uhyhqxhv  rzlqj rxw ri wkh orfdo frppxqlw|1 Frxsohg zlwk orz
phwhu ihhv/ wklv srolf| uhvxowv lq d edgo|0udwlrqhg sdunlqj pdunhw/ exw vdyhv rq
hqirufhphqw frvwv1 Frqyhuvho|/ li hqirufhphqw lv uhodwlyho| fkhds/ d orfdo jry0
huqphqw pd| vhw h{fhvvlyho| kljk hqirufhphqw ohyhov1 Wklv lqgxfhv gulyhuv wr
fkrrvh wr sdun ohjdoo|/ dqg lv frxsohg zlwk kljk phwhu ihhv dqg d zhoo0udwlrqhg
sdunlqj pdunhw1

Iljxuh 7 vkrzv wkh rswlpdo hqirufhphqw ohyho +lq Â shu krxu, vhw e| d orfdo
jryhuqphqw lq wkh qxphulfdo h{dpsoh1 Dq h{srqhqwldo glvwulexwlrq ri qrq0
frpsoldqfh frvwv lv dvvxphg1 Wkh gdvkhg olqhv vkrz rswlpdo hqirufhphqw ohyhov
lq wkh ixoo vrfldo rswlpxp +dv lq Iljxuh 5 deryh, dqg lq wkh orfdo jryhuqphqw
rswlpxp1 Wkh ixoo olqhv vkrz rswlpdo phwhu ihh ohyhov/ djdlq iru wkh ixoo vrfldo
rswlpxp +dv lq Iljxuh 4, dqg iru wkh orfdo jryhuqphqw rswlpxp +dv lq Iljxuh
6,1

Frqvlghu wkh uhvxowv iru rswlpdo hqirufhphqw ohyhov1 Dv h{shfwhg/ iru orz
frvwv ri hqirufhphqw +k?314,/ orfdo jryhuqphqw ryhu0lqyhvwv lq hqirufhphqw uho0
dwlyh wr wkh vrfldo rswlpxp1 Frqyhuvho|/ iru kljk hqirufhphqw frvwv/ orfdo jry0
huqphqw xqghu0lqyhvwv1 Dv jlyhq lq Sursrvlwlrq 4/ iru dq| frvw sdudphwhu ydoxh/
orfdo jryhuqphqw vhwv orzhu phwhu ihhv wkdq wkh vrfldo rswlpxp1

Wkh 4<<4 Dfw uhphglhv wkh shuyhuvh lqfhqwlyhv idflqj orfdo jryhuqphqw gh0
vfulehg lq wklv vhfwlrq1 Lw shuplwv orfdo jryhuqphqw wr ohy| dq *h{fhvv fkdujh*
iurp dq r�hqglqj gulyhu/ zklfk lv sd|deoh wr wkh orfdo frppxqlw| udwkhu wkdq
wkh qdwlrqdo wuhdvxu|1 Wklv lv dovr frpprq sudfwlfh lq rwkhu Hxurshdq frxqwulhv1
Krzhyhu/ vkrxog d odujh shufhqwdjh ri gulyhuv fkrrvh qrw wr sd| wkh uh0lvvxhg
ghpdqg/ exw lqvwhdg dsshdu lq frxuw/ wkh dqdo|vlv ri wklv vhfwlrq krogv1 Wkh
uhyhqxhv iurp frxuw �qhv dffuxh wr fhqwudo jryhuqphqw1
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8 Frqfoxvlrq

Rq fhuwdlq pdunhwv/ lw lv uhodwlyho| hdv| iru d frqvxphu wr fkrrvh qrw wr sd|
d wd{ exw vwloo frqvxph wkh jrrg1 Wklv sdshu kdv kljkoljkwhg wkh h{dpsoh ri
rq0vwuhhw sdunlqj1 Lq wkh devhqfh ri hqirufhphqw/ gulyhuv udwlrqdoo| fkrrvh wr
xvh wkh pdunhw zlwkrxw sd|lqj wkh ihh1 Jryhuqphqw kdv wr ghflgh xsrq wkh
dssursuldwh ohyho ri frvwo| hqirufhphqw dqg phwhu ihh1

Wkuhh frqfoxvlrqv zduudqw frpphqw1 Iluvw/ frqwudu| wr wkh wudqvsruw hfr0
qrplfv olwhudwxuh wkdw kdv dvvxphg frvwohvv hqirufhphqw/ shdn0ordg sulflqj lv
vkrzq qrw wr eh dozd|v ghvludeoh1 Li hqirufhphqw lv vx!flhqwo| frvwo|/ wkh rs0
wlpdo phwhu ihh dqg lqvshfwlrq suredelolw| duh lqvx!flhqw wr udwlrq ghpdqg wr
dydlodeoh vxsso|1 Kljk hqirufhphqw frvwv uhgxfh wkh rswlpdo ohyho ri wkh h{0
shfwhg �qh1 Wkh orzhu wkh h{shfwhg �qh/ wkh kljkhu wkh ohyho ri wkh phwhu ihh
qhfhvvdu| wr udwlrq ghpdqg wr dydlodeoh vxsso| +htxdwlrq :,1 Iljxuh 4 vkrzv
wkdw/ iru lqvwdqfh/ li wkh h{shfwhg �qh idoov ehorz dssur{lpdwho| Â: shu krxu/ lw
lv qrw ghvludeoh wr xvh wkh phwhu ihh wr udwlrq ghpdqg hqwluho| wr dydlodeoh vxs0
so|1 Lqvwhdg wkh udwlrqlqj ehqh�wv kdyh wr eh wudghg r� djdlqvw hyhu lqfuhdvlqj

zhoiduh frvw vwhpplqj iurp d ghfolqlqj wd{ edvh1 Dvvxplqj d frvw ri hqirufh0

phqw sdudphwhu k htxdo wr 3=5/ Iljxuh 5 vkrzv wkdw wkh rswlpdo h{shfwhg �qh
lv rqo| Â6/ dqg wkh rswlpdo phwhu ihh ri Â: shu krxu idlov wr udwlrq doo ghpdqg
wr vxsso|1 Wkh rswlpdo suredelolw| ri �qglqj d ydfdqw vsrw lv 31:71

Wkh vhfrqg frqfoxvlrq lv d fruroodu| wr wkh �uvw1 Wkh rswlpdo phwhu ihh
ohyho lv deryh wkh rswlpdo h{shfwhg �qh1 Khqfh wkrvh gulyhuv zlwk d orz qrq0
frpsoldqfh frvw fkrrvh wr sdun loohjdoo|1 Ixoo frpsoldqfh lv qrw ghvludeoh1 Djdlq
dvvxplqj d frvw ri hqirufhphqw sdudphwhu htxdo wr 315/ dqg dsso|lqj rswlpdo
hqirufphqw ohyhov dqg phwhu ihhv/ uhvxowv lq 3166 shufhqw ri gulyhuv fkrrvlqj
wr sdun loohjdoo|1 Wkh pdjqlwxgh ri wklv uhvxow lv/ ri frxuvh/ vhqvlwlyh wr wkh
dvvxpswlrq pdgh derxw wkh glvwulexwlrq ri qrq0frpsoldqfh frvwv1 Dvvxplqj d
xqlirup udwkhu wkdq dq h{srqhqwldo glvwulexwlrq uhvxowv lq dq htxlydohqw �jxuh
ri 31581 Wklv fdq eh frpsduhg zlwk wkh hvwlpdwh iurp Nlpehu ^43` wkdw 7;( ri
sdunlqj phwhu xvhuv lq hduo| 4<;3v Orqgrq frpplwwhg dq r�hqfh1 Lw lv wkrxjkw
wkdw wkh xvh ri sulydwh hqirufhphqw lq Orqgrq gxulqj wkh 4<<3v kdv pdunhgo|
uhgxfhg wkh qxpehu ri sdunlqj r�hqfhv1 Wklv vxjjhvwv wkh srvvlelolw| ri ryhu0
frpsoldqfh1 Wklv lvvxh lv ri lqfhqwlyhv xqghu sulydwh hqirufhphqw vfkhphv lv
h{soruhg ixuwkhu lq Fdowkurs ^7`1

Wkh wklug frqfoxvlrq dssolhv zkhq orfdo jryhuqphqw idlov wr uhfhlyh �qh uhy0
hqxhv iurp loohjdo sdunlqj1 Wklv zdv wkh vlwxdwlrq lq wkh X1N1 xqwlo uhfhqwo|1 Li
wklv lv wkh fdvh/ orfdo jryhuqphqw pd| vhw orz hqirufhphqw ohyhov1 Qrw fdwfklqj
r�hqghuv lv rqh zd| wr suhyhqw �qh uhyhqxhv ehlqj orvw wr wkh orfdo frppxqlw|1
Lq dgglwlrq/ orfdo jryhuqphqw pd| vhw phwhu ihhv wkdw duh wrr orz= orz phwhu
ihhv lqgxfh gulyhuv qrw wr sdun loohjdoo| dqg wkxv uhgxfhv wrwdo �qh uhyhqxh1 Wklv
pd| khos fdvw oljkw rq wkh shufhlyhg sureohp ri orz phwhu ihhv dqg hqirufhphqw
zlwqhvvhg lq vhyhudo X1N1 flwlhv gxulqj wkh 4<:3v dqg ;3v1 Krzhyhu/ qrwh wkdw
wkh uhvxow ghshqgv rq wkh frvw ri hqirufhphqw1 Li hqirufhphqw frvwv duh uhodwlyho|
orz/ orfdo jryhuqphqw pd| ryhu0lqyhvw lq hqirufhphqw dfwlylwlhv1 Kljk h{shfwhg
�qhv hqfrxudjh gulyhuv wr sd| dw wkh phwhu/ dqg doorz wkh frppxqlw| wr uhds
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vrph ri wkh udwlrqlqj ehqh�wv iurp kljkhu phwhu ihhv1
Wkh jhqhudolw| ri wkhvh uhvxowv duh h{soruhg lq Fdowkurs ^8`1 Wkh sdshu

h{dplqhv pdujlqdo frvw sulflqj lq d pdunhw lq zklfk frqvxphuv fdq lqyhvw +dw
d frvw, lq dyrlglqj sd|lqj iru wkh frqvxpswlrq ri jrrgv1 Pruh jhqhudo rswlpdo
hqirufhphqw dqg sulflqj uxohv duh ghyhorshg1

Vrph vwurqj fdyhdwv duh uhtxluhg zkhq lqwhusuhwlqj wkh prgho uhvxowv wr
jxlgh sdunlqj srolf|1 Iluvwo|/ zh kdyh frqvlghuhg rqo| d yhu| sduwlfxodu w|sh ri
loohjdo sdunlqj= wkh ghflvlrq wr qrw sd| dw wkh sdunlqj phwhu1 D pruh frqylqflqj
prgho pljkw dgg dq dgglwlrqdo uhvsrqvh ri gulyhuv idfhg zlwk d orz suredelolw|
ri �qglqj d pdunhg sdunlqj vsdfh= qdpho|/ wr sdun dw dg0krf vsrwv ru duhdv
vshfl�fdoo| pdunhg dv edqqhg1 Sdunlqj lv w|slfdoo| edqqhg iurp duhdv lq zklfk
sdunhg yhklfohv zrxog uhgxfh ylvlelolw| iru rwkhu gulyhuv dqg lqfuhdvh dfflghqw
ulvn1 Wklv lv wkh fdvh/ iru lqvwdqfh/ forvh wr mxqfwlrqv1 Krzhyhu/ wkh iudphzrun
ghyhorshg lq wklv sdshu fdq eh h{whqghg wr lqfoxgh d wklug glphqvlrq ri gulyhu
fkrlfh ri sdunlqj lq d edqqhg0duhd1 Wklv zloo suhvxpdeo| lqfuhdvh wkh ehqh�wv
iurp d zhoo0udwlrqhg sdunlqj pdunhw/ lq zklfk rqo| d ihz gulyhuv zloo fkrrvh wr
qrw sdun lq wkh shuplwwhg duhd1 Rswlpdo phwhu ihhv zloo suredeo| ulvh deryh wkh
fdvh frqvlghuhg khuh1

Vhfrqgo|/ zh dgrsw wkh udqgrp0udwlrqlqj uxoh1 Lqidfw/ gulyhuv fdq h{sorlw
rwkhu pdujlqv wr lqfuhdvh wkh suredelolw| ri �qglqj d ydfdqw vsdfh1 Wkh| fdq
vfkhgxoh duulydov iru wkh hduolhu ru odwhu sduwv ri wkh uxvk krxu/ ru fdq shukdsv
dftxluh ehwwhu lqirupdwlrq derxw sdunlqj dydlodelolw|1 Pruhryhu/ wkh uxoh lv rqo|
dssolfdeoh wr duhdv ri vkrsslqj wulsv ru ohlvxuh dfwlylwlhv1 Zrunsodfh sdunlqj lv
riwhq uhvhuyhg1

Wklugo|/ zh dvvxph lghqwlfdo ghpdqg fxuyhv iru wlph vshqw sdunhg lq d flw|
fhqwuh1 Doorzlqj iru khwhurjhqhlw| lq ghpdqg fkdudfwhulvwlfv zloo frpsolfdwh wkh
prgho/ exw lv xqolnho| wr dowhu wkh pdlq frqfoxvlrqv1 Wkh edvlf prgho phfkdqlvp
uhtxluhv wkdw li phwhu ihhv duh lq h{fhvv ri wkh h{shfwhg �qh/ vrph gulyhuv fkrrvh
wr sdun ohjdoo|1 Zlwkrxw wklv dvshfw/ rswlpdo phwhu ihhv zrxog mxvw htxdo wkh
ohyho ri wkh h{shfwhg �qh1 Wklv phfkdqlvp zloo dovr krog lq d pruh frpsoh{
prgho zlwk juhdwhu frqvxphu ghpdqg khwhurjhqhlw|1

Ilqdoo|/ zh ljqruh wkh r�0vwuhhw sdunlqj pdunhw1 Wklv lv frqvlghuhg +lq wkh
fdvh ri frvwohvv hqirufhphqw, lq Fdowkurs dqg Surrvw ^9`1 Wkh hqirufhphqw sure0
ohp h{lvwv iru erwk wlph uhvwulfwlrqv dqg phwhu ihhv/ dqg wkxv grhv qrw d�hfw
wkh uhodwlyh udqnlqj ri lqvwuxphqwv ghulyhg lq wkdw sdshu1 Krzhyhu/ wkh rswlpdo
ohyhov ri lqvwuxphqwv frxog eh pdgh d ixqfwlrq ri wkh frvw ri hqirufhphqw e|
lqwhjudwlqj wklv prgho lqwr wkdw sdshu1

Uhihuhqfhv

^4` Duqrww/ U1 dqg Urzvh/ M1/ 4<<</ Prgholqj Sdunlqj/ Mrxuqdo ri Xuedq Hfr0

qrplfv/ 78+4,/ ss1 <:04571

^5` Ehfnhu/ J1V1/ 4<9;/ Fulph dqg Sxqlvkphqw= Dq Hfrqrplf Dssurdfk/ Mrxu0
qdo ri Srolwlfdo Hfrqrp|/ :9/ ss149<054:1
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^6` Eurzq/ P1/ 4<<4/ Fdu sdunlqj= wkh hfrqrplfv ri srolf| hqirufhphqw/ Fudq0
�hog Suhvv/ XN1

^7` Fdowkurs/ H1/ 5334d/ Sulydwlvlqj hqirufhphqw/ plphr1

^8` Fdowkurs/ H1/ 5334e/ Rq hqiruflqj wd{ sd|phqwv/ plphr1

^9` Fdowkurs/ H1 dqg Surrvw/ V1/ 5333/ Uhjxodwlqj xuedq sdunlqj= wkh fdvh iru

phwhu ihhv yhuvxv wlph uhvwulfwlrqv/ Fhqwuh iru Hfrqrplf Vwxglhv Glvfxvvlrq
Sdshu/ Sxeolf Hfrqrplfv/ GSV 33154/ N1X1Ohxyhq1

^:` Hoolrw/ M1U1 dqg Zuljkw F1F1/ 4<;5/ Wkh Froodsvh ri Sdunlqj Hqirufhphqw
lq Odujh Wrzqv/ Wud!f Hqjlqhhulqj dqg Frqwuro/ Mxqh/ ss1 63706431

^;` Kh|hv/ D1/ 5333/ Lpsohphqwlqj Hqylurqphqwdo Uhjxodwlrq= Hqirufhphqw
dqg Frpsoldqfh/ Mrxuqdo ri Uhjxodwru| Hfrqrplfv/ 4:=5/ ss143:045<1

^<` Mhevrq/ G1D1/ 4<;:/ Rq0vwuhhw sdunlqj lq Fhqwudo Orqgrq= txhvwlrqqdluh
vxuyh| ri gulyhuv/ xqsxeolvkhg WUUO sdshu/ Furzwkruqh/ Ehunvkluh1

^43` Nlpehu/ U1P1/ 4<;7/ Wkh h�hfwv ri zkhho0fodpslqj lq Fhqwudo Orqgrq/
Wudqvsruw dqg Urdg Uhvhdufk Oderudwru| OU 44691

^44` Srodn/ M1Z1 dqg D{kdxvhq/ N1Z1/ 4<;</ Wkh Eluplqjkdp FODPS vwdwhg
suhihuhqfh vxuyh|/ vhfrqg lqwhulp uhsruw wr Eluplqjkdp Flw| Frxqflo/ WVX
Uhi 8351

^45` Srolqvn|/ D1P1 dqg Vkdyhoo/ V1/ 5333/ Wkh Hfrqrplf Wkhru| ri Sxeolf Hq0
irufhphqw ri Odz/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 6;/ ss1780:91

^46` Ylfnuh|/ Z1/ 4<8</ Vwdwhphqw wr wkh Mrlqw Frpplwwhh rq Zdvklqjwrq GF
Phwursrolwdq Sureohpv= H{klelw 86 0 Hfrqrpl}lqj ri Fxue Sdunlqj Vsdfh 0

d vxjjhvwlrq iru d qhz dssurdfk wr sdunlqj phwhuv/ Khdulqjv/ XV Frqjuhvv

Mrlqw Frpplwwhh rq Phwursrolwdq Zdvklqjwrq Sureohpv/ uhsulqwhg lq Mrxu0

qdo ri Xuedq Hfrqrplfv/ 4<<7/ yro 69/ss1 750981

9 Dqqh{ 4

Wklv dqqh{ jlyhv wkh surriv ri wkh ohppdv dqg sursrvlwlrqv lq wkh sdshu1

914 Surri ri Ohppd 5

Wkh ohppd lv hvwdeolvkhg e| frqvlghulqj wkh dowhuqdwlyh fdvh= p� A ep+!,1 Wkh

suredelolw| ri jhwwlqj d ydfdqw vsrw lv rqh/ e| dvvxpswlrq1 Khqfh vrfldo zhoiduh

fdq eh zulwwhq dv=

VZ +p, @

]
p�!I

3

Z
L+f,j^f`gf. +4�J^p� !I `,ZO

�F+!I , +D4,

4;



Lw lv gluhfw wkdw li p � !I / J ^�` @ 3 dqg vrfldo zhoiduh uhgxfhv wr Z
O
�

F+!I ,1 Lw lv vwudljkwiruzdug wr vkrz wkdw zlwk wklv vrfldo zhoiduh ixqfwlrq
gVZ

gp
? 31

Lw uhpdlqv wr vkrz wkh uhvxow iru wkh fdvh wkdwp A !I 1 Wdnlqj wkh ghulydwlyh

ri D4 jlyhv wkdw=

gVZ

gp
@ �

p

�
+4�J^�`,� j^�`tO+p,+p� !I , ? 3

Lw lv dozd|v zhoiduh lpsurylqj wr uhgxfh wkh phwhu ihh/ wkxv frqwudglfwlqj

wkh dvvxpswlrq ri dq rswlpxp1 T1H1G1

915 Surri ri Ohppd 6

E| dvvxpswlrq/ ! � !1 Wkh �uvw sduw ri wkh surri vkrzv wkdw li p ? ep+!,/
CVZ

Cp
A 31 Wkh vhfrqg vkrzv wkdw p A ep+!,/ CVZ

Cp
? 31 Khqfh/ p�

@ ep+!,1
Frqvlghu p ? ep+!,1 Wkh glvfxvvlrq ri Ohppd 4 hvwdeolvkhv wkdw ep+!, ?

!I / dqg khqfh vrfldo zhoiduh pd| eh zulwwhq dv=

VZ +p>!, @ �ZO
�F+!I , +D5,

Wdnlqj wkh ghulydwlyh ri wklv h{suhvvlrq/ lw lv fohdu wkdw gVZ

gp
A 31

Qrz frqvlghu p A ep+!,1 Lw lv vkrzq lq Ohppd 5 deryh wkdw iru dq| ydoxh

ri !/gVZ
gp

? 31 Wklv krogv iru wkh uhvwulfwlrq udqjh ri ! frqvlghuhg khuh1T1H1G1

916 Surri ri Ohppd +7,

Jlyhq wkdw ! ? !/ L vkrz wkdw dq rswlpdo ohyho ri phwhu ihh fdqqrw eh ohvv

wkdq wkh ohyho ri wkh h{shfwhg �qh1 Li p � !I / J ^�` @ 31 Vrfldo zhoiduh lv
jlyhq e| h{suhvvlrq +D5,1 Dv lq wkh �uvw sduw ri wkh surri iru Ohppd 6/ lw lv

vwudljkwiruzdug wr vkrz wkdw gVZ
gp

A 31 T1H1G1

917 Ghulylqj wkh �uvw0rughu frqglwlrq wr phwhu ihh

Wklv vhfwlrq jlyhv wkh ghulydwlrq ri htxdwlrq 431 Wdnlqj wkh ghulydwlyh ri htxd0

wlrq ; jlyhv=

gVZ

gp
@ �3
Z . �Z 3

Uhfdoolqj htxdwlrq 7/ lw lv vwudljkwiruzdug wr vkrz wkdw �3
@ +4�J ^�`, �@�G1

Vhwwlqj wkh �uvw rughu frqglwlrq wr }hur dqg vxevwlwxwlqj iru wkh ghulydwlyh ri

wkh suredelolw| ri �qglqj d vsrw uhyhdov=

4<



+4�J ^�`,Z

�G
@Z

3

Vxevwlwxwlqj wkh ixoo h{suhvvlrqv iru ZO dqg Z L lqwr Z 3 dqg wdnlqj wkh

ghulydwlyh jlyhv htxdwlrq 431

918 Surri ri Sursrvlwlrq 4

Wkh wkhruhp vwdwhv wkdw wkh rswlpdo orfdoo|0vhw phwhu ihh lv orzhu wkdq ru htxdo

wr wkh vrfldoo|0rswlpdo ihh1 Wkh �uvw rughu frqglwlrq iru dq lqwhulru vroxwlrq wr

sureohp 44 lv jlyhq e|=

4�J ^�`

�G
OZ @ +4�J,

p

�
. j^�`tOp +D6,

Ohw wkh vroxwlrq wr wklv htxdwlrq eh jlyhq e| pOJ1 Wklv frqglwlrq fdq eh
vxevwlwxwhg lqwr wkh �uvw ghulydwlyh ri wkh ixoo vrfldo zhoiduh ixqfwlrq1 Wklv jlyhv=

4�J

�g
+Z �OZ , . j^�`tOpOJ � 3

Wklv whup wkh qhw vrfldo ehqh�w iurp udlvlqj phwhu ihhv dw wkh rswlpdo ohyho
iru wkh orfdo frppxqlw|/ pOJ1 Wklv lv vwulfwo| srvlwlyh +zkhq pOJ A !I ,/ wkxv
lqglfdwlqj wkdw vrfldo zhoiduh lv lqfuhdvhg e| udlvlqj wkh phwhu ihh deryh wkh
orfdoo|0rswlpdo ohyho1 Rqo| li !I � !I / duh wkh rswlpdo vrfldo dqg orfdo phwhu

ihhv htxdo1T1H1G1

: Dqqh{ 5= vhqvlwlylw| dqdo|vlv

Wkh prgho uhvxowv suhvhqwhg deryh uhvw rq wzr xqnqrzq sdudphwhuv dqg rqh

glvwulexwlrq1 Wklv vhfwlrq suhvhqwv vrph uhvxowv iurp dowhulqj wkh dvvxpswlrqv

pdgh iru wkh edvh fdvh deryh1 Ixoo vhqvlwlylw| dqdo|vlv uhvxowv duh dydlodeoh iurp

wkh dxwkru1

:14 D xqlirup0glvwulexwlrq ri qrq0frpsoldqfh frvw

Iljxuh 8 vkrzv wkh ixoo vrfldo zhoiduh rswlpdo phwhu ihh dqg lqvshfwlrq suredelo0

lw| xqghu wkh dvvxpswlrq ri d xqlirup glvwulexwlrq ri qrq0frpsoldqfh frvwv1 Wkh

eurnhq olqh lqglfdwhv hqirufhphqw ohyhov/ zkloh wkh vrolg olqh lqglfdwhv phwhu ihh

ohyhov1 Wkh rswlpdo phwhu ihh lv ghqrwhg e| PX0RSW/ zkloh wkh htxlydohqw ihh

xqghu dq h{srqhqwldo glvwulexwlrq lv jlyhq e| PH0RSW1 Wkh xvh ri wkh vx!{ X

dqg H lv dovr xvhg wr glvwlqjxlvk ehwzhhq wkh rswlpdo hqirufhphqw ohyhov1 Qrwh
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Iljxuh 8= Xqlirup glvwulexwlrq ri qrq0frpsoldqfh frvw

wkdw xqghu hlwkhu dvvxpswlrq/ wkh phdq ydoxh ri wkh glvwulexwlrq uhpdlqv htxdo

wr 431

Xqghu dq h{srqhqwldo dvvxpswlrq/ d odujhu suredelolw| pdvv h{lvwv rq vpdoo

ydoxhv ri qrq0frpsoldqfh frvw= orrvho| wklv fdq eh wkrxjkw ri dv vd|lqj wkdw

d odujhu qxpehu ri shrsoh vzlwfk wr sdunlqj loohjdoo| zkhq wkh phwhu ihh lv

pdujlqdoo| udlvhg deryh wkh ohyho ri wkh h{shfwhg �qh1 Wkh pdujlqdo zhoiduh

frvw ri lqgxflqj gulyhuv wr vzlwfk wr sdunlqj loohjdoo| zdv glvfxvvhg lq htxdwlrq

431 Lw iroorzv wkdw wkh pdujlqdo frvw ri udlvlqj ihhv lv vpdoohu xqghu d xqlirup

wkdq dq h{srqhqwldo glvwulexwlrq/ dv ohvv suredelolw| pdvv uhvwv rq vpdoo qrq0

frpsoldqfh frvwv1 Wkhuhiruh/ rswlpdo phwhu ihhv duh odujhu xqghu d xqlirup

glvwulexwlrq wkdq dq h{srqhqwldo/ zklfk lv fohduo| vhhq lq Iljxuh 81

Dw uhodwlyho| kljk frvwv ri hqirufhphqw/ wkh rswlpdo hqirufhphqw ohyho lv pruh

ru ohvv htxlydohqw xqghu hlwkhu dvvxpswlrq1 Dw orz frvw/ krzhyhu/ wkh xqlirup

glvwulexwlrq uhvxowv lq orzhu hqirufhphqw ohyhov1 Li shrsoh duh ohvv olnho| wr sdun

loohjdoo|/ lw lv rswlpdo wr vhw orzhu ohyhov ri hqirufhphqw1

Uhvxowv vkrzlqj wkh lpsdfw ri dvvxplqj d xqlirup glvwulexwlrq rq wkh orfdo

jryhuqphqw*v sureohp duh dydlodeoh rq uhtxhvw iurp wkh dxwkru1 Wkh edvlf

lqwxlwlrq vkrzq khuh frqwlqxhv wr krog1

:15 Dowhulqj phdq qrq0frpsoldqfh frvw

Wkh phdq0qrq frpsoldqfh frvw zdv jlyhq e| Â43 shu krxu lq wkh dqdo|vlv deryh1

Udlvlqj wkh phdq ydoxh iru hlwkhu wkh h{srqhqwldo ru xqlirup glvwulexwlrq lv

htxlydohqw wr vkliwlqj wkh fxpxodwlyh suredelolw| glvwulexwlrq wr wkh uljkw1 Wkh

suredelolw| wkdw d gulyhu kdv d qrq0frpsoldqfh frvw ohvv wkdq ru htxdo wr p�!I
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Iljxuh 9= Lqfuhdvlqj wkh phdq qrq0frpsoldqfh frvw

idoov1 Dv zlwk wkh glvfxvvlrq ri wkh xqlirup glvwulexwlrq deryh/ wkh uhgxfwlrq lq

wkh suredelolw| ri sdunlqj loohjdoo| dfwv wr uhgxfh wkh pdujlqdo frvwv ri lqfuhdv0

lqj wkh phwhu ihh lq htxdwlrq 431 Rswlpdo phwhu ihhv ulvh1 Dv lq wkh vhfwlrq

deryh/ wkh uhgxfhg whqghqf| wr sdun loohjdoo| uhgxfhv wkh rswlpdo ohyho ri frvwo|

hqirufhphqw1

Iljxuh 9 ghprqvwudwhv wkhvh h�hfwv1 Wkh phdq qrq0frpsoldqfh frvw lv udlvhg

iurp Â43 wr Â481 Dq h{srqhqwldo glvwulexwlrq lv dvvxphg1 Wkh rswlpdo phwhu

ihh zhdno| lqfuhdvhv dqg wkh hqirufhphqw ohyho zhdno| idoov1

:16 Dowhulqj wkh h{srqhqw lq wkh frvw ixqfwlrq= �1

Iru wkh frvw ixqfwlrq fkrvhq/ wkh sdudphwhu � jlyhv wkh udwlrq ehwzhhq wkh

pdujlqdo dqg dyhudjh frvw ri vhwwlqj d sduwlfxodu h{shfwhg �qh ohyho1 Lq wkh

fhqwudo fdvh/ L dvvxph d ydoxh iru � htxdo wr 51 Wklv zdv fkrvhq wr uh hfw wkh

gl!fxow| lq fr0ruglqdwlqj hqirufhphqw ehkdylrxu ri zdughqv1 Lq wklv vhfwlrq/ L

doorz wklv sdudphwhu wr ydu|1

Iljxuh : suhvhqwv wkh rswlpdo hqirufhphqw ohyho iru wkuhh ydoxhv ri �= 5/ 418

dqg 41

Iru dq| ydoxh ri �/ wkh rswlpdo hqirufhphqw ohyho lv lqyhuvho| uhodwhg wr wkh

frvw sdudphwhu/ k1 Krzhyhu/ wkh odujhu wkh ydoxh ri �/ wkh odujhu wkh pdujlqdo

frvw ri udlvlqj wkh h{shfwhg �qh/ dqg wkh vpdoohu wkh rswlpdo ohyho ri hqirufh0

phqw1

55



0

2

4

6

8

10

12

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

cost parameter h

ex
p 

fin
e 

pe
r 

ho
ur

FINE2 OPT

FINE1.5 OPT

FINE1 OPT

Iljxuh := Dowhulqj frvw ixqfwlrq jdppd
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