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April, 2008

Abstract

In this paper we describe a methodology for enriching an income

dataset with information on expenditures using a semi-parametric im-

putation technique. Engel curves are �rst estimated semi-parametrically

on household budget data. We then show how the technique can be used

to impute expenditure information into a separate income dataset. As

an example we show results from the imputation of expenditures in a

separate income �le using Belgian household budget data.

1 Introduction

For decades, Engel curves have been estimated parametrically. Many functional
forms have been explored in the literature. One that is often used in applied
work originates from the work of Working (1943) and Leser (1963) and therefore
often referred to as the Working-Leser functional form. It relates budget shares
in a linear way to the logarithm of total expenditures as follows:

wi = αi + βilog (x) , (1)

where wi represents the budget share on good i , x are total expenditures and
αi and βi are parameters to be estimated.

∗The authors are grateful to Frederic Vermeulen, Laurens Cherchye, Guy Van Camp and
especially Bart Capéau for helpful comments. Of course, none of these can be held responsible
for any errors in the paper. A more elaborated version of this paper �especially of the empirical
application� can be found in Decoster et al. (2004).
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Though often used, a strict linear speci�cation not necessarily provides the best
description for every commodity. Indeed, the relation between expenditures and
budget shares may very well be (highly) non-linear for certain commodities. In
the last 15 years an new consensus seems to have emerged that, from the many
possible non-linear functional forms, the quadratic speci�cation �the so-called
QUAIDS-demand system� is su�ciently �exible to capture the non-linearities
of the Engel curves. The new functional form underlying the QUAIDS-demand
system was derived in Banks et al. (1997) and was in fact inspired by a visual
inspection of nonparametrically estimated Engel curves for di�erent commodi-
ties (see also Blundell and Duncan, 1998; Blundell et al., 1998; Blundell et al.,
2003).

Nonparametric estimation of Engel curves has since become common practice in
the empirical literature on consumption behaviour and its (theoretical) advan-
tages are widely described (for an overview see e.g. Yatchew, 1998). The main
advantage of nonparametric estimation is of course the absence of the `strait-
jacket' of a functional form, leaving a maximum of �exibility in the estimation
of the relation between income and expenditures. However, on imputation or
even out-of-sample prediction using nonparametric techniques, the literature
is rather silent. In this paper we try to �ll in part of this gap by describing a
methodology to impute expenditures in an income dataset within the theoretical
framework of semi-parametric (or nonparametric) estimation.

Indeed, why should we give up the praised �exibility of nonparametric estima-
tion when it comes to imputation? A nonparametric estimation does not have
as a result a �xed set of coe�cients that can then be used for imputation or
prediction, but in this paper we demonstrate that it is perfectly possible to use
nonparametric techniques for imputation as well. The paper is organized as
follows. In section 2 we will justify the use of and describe the semi-parametric
estimation technique. Section 3 then describes an algorithm to impute infor-
mation using semi-parametric regression. Section 4 brie�y describes the data.
Results are shown in section 5 while section 6 concludes.

2 Semi-parametric estimation of Engel curves

2.1 nonparametric regression: brief overview

Estimating a regression function boils down to �nding the conditional mean
of the dependent variable given the independent variable(s), that is, given the
(parametric) function y = β′x + ε, we have E (y|x) = β′x. In general, one can
of course write this conditional mean as:

E (y|x) =
ˆ
yf (y|x) dy, (2)

where f (y|x) is the conditional density of y given x. Knowing that f (y|x) =
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f (x, y)
f (x)

and f (x) =
´
f (x, y) dy, where f (x) is the marginal density of x and

f (x, y) the joint density of x and y, we can rewrite the conditional mean as:

E (y|x) =
´
yf (x, y) dy´
f (x, y) dy

. (3)

The objective of a nonparametric regression then, is to replace the numera-
tor and denominator in (3) by nonparametric estimators. Introducing a kernel
smoothing function K (.), H the number of observations and bx the kernel band-
width associated with variable x, the expression in (3) can be written as:

Ê (y|x) =

1
Hbx

H∑
h=1

K

(
xh − x
bx

)
yh

f̂b (x)
, (4)

where f̂b (x) =
1

Hbx

H∑
h=1

K

(
xh − x
bx

)
, the estimated density of x. For a more

formal derivation and necessary conditions we refer the reader to Pagan and
Ullah (1999).1 The estimator in (4) is known as the Nadaraya-Watson estimator
after the work of Nadaraya (1964) and Watson (1964).

More generally we can write any nonparametric estimator as
∑
wbh

(x) yh where
wbh

(x) = wb (xh, x) the weight assigned to observation h. For the Nadaraya

Watson estimator (4), wbh
(x) is given by

1
Hbx

K

(
xh − x
bx

)
1

Hbx

H∑
h=1

K

(
xh − x
bx

) .

2.2 Engel curves: semi-parametric estimation

The general form for Engel curves can be written as follows:

yi = gi (x) + εi, (5)

where the dependent variabel yi might be the expenditures on good i or the
budget share for good i and x is an explanatory variable such as total disposable
income or total expenditures. The function gi (.) is an unknown function and
εi a random error term.

It is well known that expenditure patterns apart from total expenditures or
disposable income also depend on other socio-economic and demographic char-
acteristics. To include other characteristics in the speci�cation, equation (5)

1One of the conditions needed for this result to hold is that the kernel function be symmet-
ric. A Gaussian kernel based on the (symmetric) standard normal distribution is an example
of a kernel smoothing function that satis�es this condition.
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can be adapted to read as follows:

yi = gi (x, z) + εi, (6)

where z now represents a vector of characteristics.

Estimating equation (6) as stated would imply a fully nonparametric estima-
tion of the relation between consumption, income and household characteristics.
Theoretically there are no problems in estimating this relationship. It involves
a straightforward generalization of the techniques described in the previous sec-
tions. For an n-dimensional problem we could use an n-variate standard normal
distribution as the kernel function, rather than a univariate Gaussian one for
example. The problem, however, is of a practical nature and has to do with data
requirements. If the dimension of the vector is relatively large we would need
immensely large datasets to estimate this relationship accurately. This problem
is known in nonparametric analysis as the `curse of dimensionality'. Intuitively,
the higher the dimension of the vector of variables, the sparser will be the data
in a neighbourhood (however de�ned) around the data point where we wish
to estimate the relationship, and hence the fewer will be the observations over
which to locally smooth or average, leading to inaccurate estimates with very
slow rates of convergence to the true regression function.2

A proposed solution to this problem is the use of semi-parametric models, where
part of the regression is entirely nonparametric and another part enters the
equation in a parametric way. The model in (6) can then be rewritten as3:

yi = β′
ig (z) + Fi (x) + εi, (7)

where z is the vector of household characteristics, g (.) a known function, β a
vector of parameters to be estimated, Fi (.) an unknown function to be deter-
mined as well and εi a random error term with conditional mean equal to zero
and variance σ2

ε . The nonparametric part, the function F (.), is now of lower

2A small numerical example will illustrate (Yatchew, 1998). Suppose we have a function
f de�ned on the unit interval, i.e. we are considering the one-dimensional case �rst. If we
uniformly distribute T data points over this interval, the typical distance between observations
will be 1/T , and hence the approximation error will reduce at rate O (1/T) O (.) stands for
order of magnitude as we increase the density of points. Now suppose that f is de�ned over
the unit square and we again uniformly distribute T data points over this square. The typical
distance between data points will now be 1/

√
T (each data point occupies an `area' of 1/T). The

approximation error will consequently reduce at rate O (1/
√

T) as the number of data points
increases. More generally, for n-dimensional problems, the approximation error reduces at rate
O (1/ n√

T). This implies, for example, that for a sample where T = 100 the approximation error
will be 10 times as large in two dimensions as it would be in one dimension. Put di�erently,
10.000 observations would be needed in two dimensions to obtain the same accuracy as 100
observations in one dimension.

3Remark that is considered here as a single variable, i.e. total expenditures or disposable
income. However, can also be a vector of variables, the dimension depending on the number of
observations available for estimation (see text and footnote 2). In the results shown in section
5 both income and age were used in the nonparametric part. See also Decoster et al. (2004)
and Schmalensee and Stoker (1999).
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dimension as compared to expression (6). The estimation of this model and the
parameters involved follows the method proposed by Robinson (1988). Take the
expectation of expression (7) conditional on x to get:

E (yi|x) = β′
iE (z|x) + Fi (x) . (8)

Now subtract expression (8) from expression (7) to obtain:

yi − E (yi|x) = β′
i [z− E (z|x)] + εi. (9)

Equation (9) can now be estimated using ordinary least squares regression
(OLS). Since we have no observations on the conditional means of y, these
are replaced by their nonparametric estimates. That is, we replace E (yi|x) by

its estimate

H∑
h=1

K

(
xh − x
bx

)
yih

H∑
h=1

K

(
xh − x
bx

) , and E (z|x) by

H∑
h=1

K

(
xh − x
bx

)
zh

H∑
h=1

K

(
xh − x
bx

) , for each

element z of vector z.

The function F (.) can then be estimated from (8) as:

F̂i (x) = Ê (yi|x)− β̂′
iÊ (z|x) . (10)

Alternatively, one can consider Fi (x) in (7) as the conditional mean of yi−β′
iz

given x. That is:
Fi (x) = E

(
yi − β′

iz|x
)
, (11)

which can be estimated by nonparametrically regressing yi − β′
iz on x. To

compute this, one can replace the vector of parameters βby the vector of their
estimates obtained from (9).4 It can easily be veri�ed that adding-up is auto-
matically satis�ed if the same bandwidth b is used for all variables.

3 Semi-parametric imputation of expenditures

The techniques described in the previous section are well-known and can be
found in any handbook on nonparametric econometrics (e.g. Härdle, 1990;
Pagan and Ullah, 1999). Why then are these techniques not widely used in
imputation? Yet, as we show in this section, it is perfectly possible and quite
straightforward to do so.

4Note that both expression (10) and the procedure described in expression (11) yield con-
sistent estimators for the function and should give similar results. For later imputation ex-
pression (11) is more interesting from a computational point of view. When using expression
(10) imputation of the conditional mean of each of the demographic variables separately is
needed, whereas using (11) only requires a single imputation step.
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Intuitively, one might think of the imputation procedure as a missing values
problem. That is, consider an expenditure survey with H observations on ex-
penditures, income and household characteristics z and an income survey with
J observations on income and (conceptually) the same household characteristics
z as one �le with a total of H + J observations and J missing values for the
expenditures on each of the goods.5 Each missing value will now be replaced
by an imputed value that is calculated from the H values that we do observe.

For the imputation of the parametric part we follow the normal procedure and
use the estimated β-coe�cients from (9) and apply them to the vector of house-
hold characteristics z in the income survey. It is the imputation of the non-
parametric part in (7) that requires some more elaborate computations. The
formal expression for the nonparametric part of the imputation of expenditures
on commodity i for a unit j in the income survey with income xj is as follows:

F̃i (xj) =


H∑

h=1

K

(
xh − xj

bx

)
4yih

H∑
h=1

K

(
xh − xj

bx

)
 , (12)

where H is the number of observations in the expenditure survey, bx the same
bandwidth as in the estimation of (9). The expression 4yih for each good i

is given by 4yih = yih − β̂′
izh. Applying (12) boils down to a nonparametric

estimation of the function F (.) where the points of estimation, xj , are (the
incomes of) the households in the income survey and the result are J imputed
values for the function F (.) in the income survey. Expenditures can now be
imputed by adding the parametric part of the imputation to the imputed values
of the function F (.). For each good i and for every household j in the income
survey we then have:

ỹij = F̃i (xj) + β̂′
izj + ε̃i, (13)

where a tilde indicates an imputed value and a hat an estimated one. The
vector zj is again the vector of household characteristics, now for household j
in the income survey and ε̃i is an error term that we add to have the necessary
variability in the imputed expenditures. Not adding this error term would boil
down to an imputation of conditional means, with smaller standard errors and
less variability. The choice whether or not to add an error term is entirely the
researcher's to make and will probably depend on the type of analysis one wants
to perform using the enriched data.

Adding error terms can be accomplished by taking random draws from the
empirical distribution of residuals obtained from the estimation of regression (9)
for each imputed value. That is, for each value that is imputed in the income
survey a single value from the empirical distribution of residuals is randomly

5Obviously the income survey contains many more variables not registered in the expen-
diture survey. An imputation of expenditures would otherwise be useless.
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drawn and added to the imputed conditional mean. Expenditures imputed with
a negative value as a consequence can be replaced by zero and the remainder
rescaled such that adding-up is not violated.

4 The data

The expenditure information we use comes from the 2001 Belgian Household
Budget Survey, while the income dataset we use is an administrative �le of tax
returns for incomes earned in 2001. In what follows we will brie�y describe
the two datasets and point out their di�erences and how we dealt with them.
The main di�erence of course is that one is survey data while the other is an
administrative dataset. We will �rst describe the budget survey, followed by a
brief description of the income data.

4.1 Household Budget Survey

The expenditure survey of 2000 is a sample of Belgian private sociological house-
holds. In this context a household is de�ned as all people that live together and
who jointly make decisions concerning, for example, the household budget. Col-
lective households such as convent communities, hospitals or prisons are not
included in the expenditure survey. In total 3,816 households participated in
the expenditure survey 2000 representing 8,892 individuals. We can further
distinguish three broad categories of information in the survey.

• Household expenditures. These are always reported at the household level.
Hence, we cannot attribute consumption expenditures to individual house-
hold members.

• Income. Amounts are reported by the household members personally.
It are mostly net incomes that we observe in the budget survey. Some
incomes that are not attributable to individual household members are
reported for the household as a whole.

• Household characteristics. At the household level we �nd for example
dwelling characteristics, number of children, etc. At the individual level
it will mostly be relationship characteristics, such as the relation of a
household member to the head of the household. The latter is considered
the one who defends the household's interests and takes care of most of
the administrative duties. Typically it is the person that has the highest
income and contributes most to household income.

This information is collected by e�ectively contacting the respondents who �ll
out most of the requested information. As of 1999 a random sample of about

7



300 households is drawn each month. Those households then record all ex-
penditures and income during that month. Additional questionnaires provide
information concerning the dwelling and other socio-economic and demographic
characteristics. This way we can think of the budget survey as a continuous

survey.

4.2 Income dataset

The income dataset we use is an administrative �le of tax forms �lled in by �scal

units in 2001 (income earned in 2000). The �le contains detailed income and
tax information on 24,881 �scal units, drawn at random from the administrative
�le which covers the whole population of �scal units. The distinction between
`�scal households' and sociological households is of course a crucial one. The �le
consists of tax units who actually received and returned a tax form. This has
two important implications. First, we do not observe sociological households,
since di�erent records in the �le with tax return data might actually belong to
the same sociological household. The reconstruction of �scal households into
sociological ones is impossible from the information available in the income
�le at our disposal. Secondly, even if sociological households could have been
constructed, we miss a considerable part of the population which does not receive
and/or return a tax form.6

A way to proceed is to `construct' �scal units in the budget survey, i.e. to break
down sociological households into �scal households. However, since expenditures
are recorded at the household level it was both theoretically and practically
unfeasible to assign `household' expenditures to individual household members,
let alone to possibly di�erent tax units in a sociological household. As a result
we did not work with constructed �scal units in the budget survey. We therefore
neglect this lack of comparability in the household de�nition for the remainder
of the paper. Needless to say that this lack of uniformity in the household
de�nition may compromise the results reported here. Yet, we feel that the
procedure described in the preceding sections, i.e. imputation via nonparametric
estimation of Engel curves, is a viable and promising one and it would give better
results when applied to datasets for which the observation units are comparable.

To apply the nonparametric Engel curve regressions on the income data, we
do still need common explanatory variables in the two datasets. The following
variables are common and can therefore be used: net disposable income, number
of dependent children, number of other dependent persons, number of children
younger than three years of age, civil status (married or not), region, age of the
reference person and sex of the reference person.

6We estimate this to be about 11% of the population (see Decoster and Van Camp, 2002).
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5 Results

In both the expenditure survey and the income data �le observations with miss-
ing values for income and/or age of the reference person were left out of the
analysis. Also observations with a reference person younger than 20 years have
been discarded in the income data �le. There were instances in the income
dataset where the age of the head of the household was implausible, e.g. 1 or
2. The cut-o� point was taken as the minimum age of the head of household
observed in the expenditure survey, i.e. 20 years. This resulted in 3,207 ob-
servations for the expenditure survey and 23,820 observations for the income
dataset.

Expenditures were aggregated into sixteen di�erent commodity groups and im-
puted as such in the income �le. Table 1 shows some summary statistics for the
di�erent aggregate commodities in the expenditure survey and the income �le
respectively. The results for the income �le are calculated using the imputed
values.7 The last column of the table shows the percentage di�erence in mean
observed (expenditure survey) and imputed values (income �le) for each of the
sixteen commodities as a percentage of the observed (mean) values. Clearly
there are considerable di�erences between the observed and the imputed values.

One of the explanations for the considerable di�erence in observed and imputed
mean expenditures might be the di�erence in units of observation (see section
4.2). As stated before, we were unable to obtain a sample of sociological house-
holds with �scal information. Hence, we had no choice but to treat the �scal
households in the income �le as sociological ones in the imputation procedure
since in the expenditure survey expenditures are at the sociological household
level. Disposable income and household size in the �scal units on average being
smaller than in more comprehensive sociological units, the lower average for
imputed values does not come as a surprise.

A two-sample t-test, the results of which we do not report here, indicated a
rejection of the null hypothesis of equal means in eleven out of the sixteen cases.
Only for `tobacco', `maintenance', `private transport', `fuels (heating,. . . )' and
`car fuel (leaded, unleaded)' could the hypothesis of equal means not be rejected
at a 95% con�dence level or more.

To give a �rst impression of the distribution of the observed and imputed values,
Table 1 also shows the 25th, 50th and 75th percentiles in each of the two �les
respectively. This immediately reveals an additional problem in the imputation
and a second possible explanation for the lower average of the imputed values:
the commodities for which we �nd a large percentage of households in the ex-
penditure survey reporting zero expenditures. For tobacco, public transport

7In the imputation we also include age of the head of the household in the nonparametric
part of (7) (see footnote 3). Instead of using a bivariate Gaussian kernel, we used the product
of two univariate kernels. This boils down to assuming that age and income are independent,
an assumption corroborated by the statistically insigni�cant correlation between the two in
the budget survey.
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and diesel, at least half of the households have zero expenditures. For heating
this amounts to even more than 75%. We do not explore the explanations for
these zero expenditures here: infrequency of purchase (e.g. heating) during the
recall period, or corner solutions (e.g. tobacco).8 But clearly a two-stage es-
timation process would be recommended here: �rstly, a discrete choice model,
secondly, for the positive expenditures a semiparametric model as the one set
out above. We leave this as further research for the moment as it is not as
straightforward as it seems. Furthermore, also the discrete choice part of the
two-stage estimation could be estimated nonparametrically.

To have a detailed picture of how well the distribution of the imputed values
mirrors the distribution of the observed ones, Figure 1 shows the density func-
tions for the di�erent commodities. We have restricted the estimation for the
graphs of Figure 1 to the strictly positive amounts only. The dotted line in each
of the graphs in the �gure shows the density of the observed values (expendi-
ture survey) whereas the solid line is the density function of the imputed values
(income �le). On the horizontal axis the expenditures in Euros are shown. The
density functions were obtained by kernel density estimation.

8See Decoster and Vermeulen (1998) and Vermeulen (2003).
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Figure 1: Density functions for the di�erent commodity groups:

observed (dotted) versus imputed (solid)
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Figure 1: continued
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In general, the density functions in both �les are quite similar and close together
for the majority of the goods analyzed. For food, beverages, alcohol, clothing,
rent, energy, leisure commodities, health expenditures and private transport,
we feel quite con�dent that our approach delivers satisfying results. This se-
riously mitigates the conclusion of Table 1 on the di�erence in the averages.
Moreover, for the other commodities (tobacco, public transport, heating, diesel,
and car fuel) we already predicted that the lack of a model which deals with
zero expenditures, seriously hampers a trustworthy estimation. Table 2 shows
the number and proportion of zero expenditures in the budget survey and after
the imputation in the income �le. On the one hand the commodities for which
we �nd a diverging distribution in Figure 1 perfectly correspond with the ones
who have a large proportion of zeroes in the budget survey. On the other hand
the still larger proportion of zeroes in the income �le for the non-problematic
commodities follows from negative imputed values that were put equal to zero9

(problematic commodities are those with a large proportion of zeroes in the
expenditure survey). Since this probably follows from the addition of the error
term in expression (13), more research is needed here, to explore speci�cations
which preclude these error terms to turn negative ( a lognormal distribution
seems to be a natural candidate for this).

Overall, the results show that this kind of imputation allows enriching an income
�le or survey with a distribution of detailed expenditures on which (policy)
simulations can be run.

Table 2: Zero observations in the budget survey and after imputation in the income �le

Nonzero Zero Percentage Percentage

good (budget survey) (budget survey) (budget survey) (income �le)

Food 3207 0 0.0% 4.1%

Beverages 3164 43 1.3% 10.0%

Alcohol 2486 721 22.5% 32.4%

Tobacco 1082 2125 66.3% 34.5%

Clothing 2669 538 16.8% 25.0%

Rent 3207 0 0.0% 0.3%

Maintenance 1737 1470 45.8% 34.0%

Energy 3207 0 0.0% 1.6%

Private transport 2089 1118 34.9% 35.0%

Public transport 1215 1992 62.1% 31.0%

Health expenditures 3128 79 2.5% 19.4%

Leisure commodities 3204 3 0.1% 12.6%

Fuels (heating, . . . ) 427 2780 86.7% 54.5%

Diesel 1008 2199 68.6% 34.1%

Car fuel (leaded, unleaded) 1982 1225 38.2% 23.7%

Other 3199 8 0.3% 20.4%

9Remember that in the graphs in Figure 1 we show the density functions for the strictly
positive amounts only.
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6 Conclusion

In this paper we described an alternative approach to impute expenditure infor-
mation into an income dataset that lacks such information. In the literature on
consumption theory nonparametric estimation of Engel curves has become com-
mon parlance. However, on imputation or even out-of-sample prediction using
nonparametric techniques, the literature is rather silent. In this paper we have
tried to �ll in part of this gap by describing a methodology to impute expendi-
tures in an income dataset within the framework of semi-parametric estimation.
We illustrated the technique by imputing expenditure information from the 2001
Belgian Household Survey into a dataset with income information coming from
tax returns. As this technique can be used to impute expenditure into any in-
come dataset, it can certainly serve to enrich typical income data �les that are
used as input to tax-bene�t microsimulation models. The enriched dataset then
allows incorporating both indirect as well as direct taxes and bene�ts.

Indeed, often tax-bene�t microsimulation models are developed based on rep-
resentative income surveys. One reason is the focus of interest on changes in
income as a consequence of changes in the tax-bene�t legislation. Income sur-
veys typically contain all the necessary information required for such analyses.
Another reason, however, is that, while interested in the e�ects of both indi-
rect and direct taxation, information on both is often not available in a single
dataset. Having a technique available that helps `combine' this information in
a single dataset and that is founded in economic theory is appealing. Moreover,
with the speed at which processing power of personal computers increases the
computational burden of nonparametric techniques no longer can be � and will
be even less so in the future � the main reason to abstain from using them.

There still is the issue of what is called the `curse of dimensionality' in the litera-
ture on nonparametric regression that might be an argument against using non-
parametric techniques. However, the same argument applies to the estimation
itself. To circumvent this problem use is made of semi-parametric techniques,
both in estimation as well as in the imputation technique described in this pa-
per. Ideally one would want to estimate a fully nonparametric regression, i.e.
imposing no structure whatsoever on the functional form, leaving the relation
between expenditures and explanatory variables completely free. However, the
`curse of dimensionality', entails that such fully nonparametric estimation often
requires (unrealistically) vast amounts of data, increasing with the dimension
of the vector of explanatory variables. However, the techniques for imputation
described in this paper can be easily extended to a fully nonparametric set-
ting were such huge datasets available (or only a limited amount of explanatory
variables su�cient).

The methodology presented here is but one of many that can be used to enrich
income data with information on expenditures. It is therefore important to
compare results obtained by using di�erent techniques in a meaningful way, a
topic that we are currently exploring. Other caveats that arise, and that may
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be speci�c to the estimation of Engel curves and the use of budget surveys, is
the occurrence of zero expenditures. Some will be the result of infrequency of
purchase while others are the result of either corner solutions or non-existing
preferences for the good in question. A case in point is expenditure on tobacco
(e.g. Vermeulen, 2003). An obvious avenue for further research would then be
to �rst estimate a discrete choice model, parametrically or nonparametrically,
and to take account of the resulting probabilities in the imputation step. Also
the replacement of negative imputed values by zeroes as brie�y touched upon
in the text is an ad-hoc way to deal with negative imputed expenditures.
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