
RXWSXW DQG SULFH OHYHO HIIHFWV RI PRQHWDU\
XQFHUWDLQW\ LQ D PDWFKLQJ PRGHO

EUHWW NDW]PDQ/ MRKQ NHQQDQ/ DQG QHLO ZDOODFH

Devwudfw1 Prqhwdu| xqfhuwdlqw| dqg lqirupdwlrq odjv duh sxw lqwr d udq0
grp pdwfklqj prgho vr wkdw wkh uhvxowlqj vhwwlqj kdv vrph phhwlqjv lq
zklfk surgxfhuv duh uhodwlyho| lqiruphg dqg rwkhuv lq zklfk frqvxphuv duh
uhodwlyho| lqiruphg1

Iru wkdw vhwwlqj/ wkh h{ dqwh vrfldoo| rswlpdo zd| wr frqgxfw wudgh lv
fkdudfwhul}hg1 Wkh rswlpxp fdq glvsod| d ydulhw| ri uhodwlrqvklsv ehwzhhq
prqh| dqg wrwdo rxwsxw dqg wkh sulfh ohyho1 Zkloh wkh sulfh ohyho lv dozd|v
vwlfn|/ hyhq wkh gluhfwlrq ri lwv uhvsrqvh dqg wkdw ri wrwdo rxwsxw ghshqg
rq wkh pdjqlwxgh ri wkh odj dqg rq vxewoh ihdwxuhv ri wkh vhuldo fruuhodwlrq
surshuwlhv ri wkh prqh| vxsso|1

MHO fodvvl�fdwlrq &*v= H63/ H73/ G;51

41 Lqwurgxfwlrq

Zh hpehg djjuhjdwh prqhwdu| vkrfnv dqg odjv lq vhhlqj prqhwdu| uhdol}d0
wlrqv lqwr wkh udqgrp0pdwfklqj prgho hqylurqphqw ri Vkl ^4<<8` dqg Wuhmrv
dqg Zuljkw ^4<<8`1 Dv uhjdugv odjv/ zh dvvxph wkdw vrph shrsoh vhh prqhwdu|
uhdol}dwlrqv dv wkh| rffxu dqg rwkhuv vhh wkhp rqo| zlwk d rqh0gdwh odj1 Zh xvh
wkh uhvxowlqj prgho wr vwxg| wkh ehkdylru ri wrwdo rxwsxw dqg wkh sulfh ohyho
lq dq h{ dqwh rswlpxp/ dq rswlpxp wkdw lv vxemhfw wr wkh dvvxphg prqhwdu|
vkrfnv dqg wkh dvvxphg lqirupdwlrq vwuxfwxuh1 Zkloh wkh prqhwdu| vkrfnv
iroorz d �uvw0rughu Pdunry surfhvv/ wkh odj pdnhv wkh sulfh ohyho dqg wrwdo
rxwsxw iroorz d vhfrqg0rughu surfhvv1 Zh fkdudfwhul}h dqdo|wlfdoo| wkh rswl0
pxp lq whupv ri zkdw kdsshqv lq wkh gl�huhqw nlqgv ri phhwlqjv�phhwlqjv lq
zklfk erwk wkh frqvxphu dqg wkh surgxfhu duh lqiruphg derxw fxuuhqw uhdol}d0
wlrqv/ wkrvh lq zklfk qhlwkhu lv lqiruphg/ dqg wkrvh lq zklfk rqh lv lqiruphg
dqg wkh rwkhu xqlqiruphg1 Ehfdxvh wkh sulfh ohyho dqg wrwdo rxwsxw duh frp0
solfdwhg zhljkwhg vxpv ri zkdw kdsshqv lq wkh gl�huhqw nlqgv ri phhwlqjv/
zh duh qrw deoh wr fkdudfwhul}h wkrvh djjuhjdwhv dqdo|wlfdoo|1 Wkhuhiruh/ zh
looxvwudwh vrph ri wkh srvvlelolwlhv iru djjuhjdwhv e| zd| ri vhyhudo h{dpsohv1

Gdwh= Iheuxdu|/ 53341
Zh wkdqn Hgzdug M1 Juhhq/ Qrexklur Nl|rwdnl/ Qdud|dqd Nrfkhuodnrwd/ Urg| Pdqxhool/

Qdqf| Vwrnh|/ dqg pdq| vhplqdu sduwlflsdqwv iru khosixo frpphqwv1
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5 EUHWW NDW]PDQ/ MRKQ NHQQDQ/ DQG QHLO ZDOODFH

Wkh frpsxwdwlrqdo vfkhph zh xvh iru h{dpsohv uholhv khdylo| rq rxu dqdo|wlfdo
fkdudfwhul}dwlrq ri zkdw kdsshqv lq phhwlqjv1
Dv pljkw eh h{shfwhg/ erwk wkh pdlq dqdo|wlfdo fkdoohqjh lq vwxg|lqj wkh

prgho dqg wkh lqwhuhvwlqj srvvlelolwlhv iru djjuhjdwhv lpsolhg e| lw duh gxh wr
wkh phhwlqjv lq zklfk rqh shuvrq kdv vxshulru lqirupdwlrq derxw wkh ixwxuh
ydoxh ri prqh|1 Lv lw sodxvleoh wkdw vxfk gl�huhqwldo lqirupdwlrq lv lpsruwdqw
lq dfwxdo hfrqrplhv/ sdvw dqg suhvhqwB Fkdqjhv lq wkh ydoxh ri prqh| duh d
shuydvlyh ihdwxuh ri hfrqrplhv wkdw xvh prqh| ri dq| nlqg1 Li wkh ydoxh ri
prqh| lv frqvwdqwo| fkdqjlqj/ wkhq lw lv kdug wr eholhyh wkdw hyhu|rqh kdv wkh
vdph lqirupdwlrq dw doo wlphv14 Lq frpprglw| prqhwdu| v|vwhpv/ gl�huhqwldo
lqirupdwlrq frxog kdyh dulvhq iurp wkh vorz vsuhdg ri lqirupdwlrq derxw glv0
fryhulhv ri wkh frpprglw|�glvfryhulhv ri jrog dqg vloyhu1 Pruh jhqhudoo|/ lw
frxog dulvh iurp wkh h{lvwhqfh ri frvwv ri dftxlulqj lqirupdwlrq15 Gl�huhqwldo
lqirupdwlrq frxog dovr khos h{sodlq zk| vr pxfk dwwhqwlrq lv irfxvhg rq sulfh
vwdelolw| dv d jrdo ri srolf|1 Jlyhq gl�huhqwldo lqirupdwlrq/ sulfh ohyho lqvwdelo0
lw| zrxog qdwxudoo| lqklelw wudgh/ ehfdxvh wudgh zrxog eh ylhzhg dv ehqh�wlqj
wkh ehwwhu lqiruphg dw wkh h{shqvh ri wkh ohvv zhoo0lqiruphg1 Lq rxu prgho/
wkh gl�huhqwldo lqirupdwlrq lv vwdun dqg lv lpsrvhg lq d zd| wkdw devwudfwv
iurp glvwulexwlrqdo lvvxhv= dw hdfk gdwh/ vrph udqgrpo| vhohfwhg shrsoh duh
lqiruphg derxw wkh fxuuhqw uhdol}dwlrq ri wkh prqh| vxsso| dqg wkh uhvw duh
lqiruphg zlwk d rqh0gdwh odj1 Rxu irfxv lv sulpdulo| rq wkh srvlwlyh lpsolfd0
wlrqv ri wkh lpsolhg gl�huhqwldo lqirupdwlrq1 Zh vwxg| wkrvh lpsolfdwlrqv e|
ydu|lqj wkh iudfwlrq zkr duh lqiruphg zlwkrxw d odj�wkh ehqfkpdun ehlqj
wkh fdvh ri hyhu|rqh lqiruphg +qr gl�huhqwldo lqirupdwlrq,1
Rxu prgho kdv vhyhudo dwwudfwlyh ihdwxuhv1 Iluvw/ zh xvh dq hqylurqphqw lq

zklfk wkh xvh ri prqh| lv hvvhqwldo/ dq hqylurqphqw zklfk zdv qrw irupxodwhg
ruljlqdoo| wr vwxg| wkh h�hfwv ri prqhwdu| vkrfnv1 Qhyhuwkhohvv/ wkh ihdwxuhv
wkdw pdnh prqh| hvvhqwldo dqg wkh gl�huhqwldo lqirupdwlrq �w zhoo wrjhwkhu1
Lq rughu iru prqh| wr eh hvvhqwldo/ lw lv qhfhvvdu| wkdw lqglylgxdo klvwrulhv duh
qrw frpprq nqrzohgjh +vhh Nrfkhuodnrwd ^4<<;` dqg Zdoodfh ^4<<;`,1 Wkhuh0
iruh/ h{rjhqrxv fkdqjhv lq lqglylgxdo prqh| kroglqjv fdq sodxvleo| eh sduw ri
zkdw lv qrw frpprq nqrzohgjh1 Dovr/ ehfdxvh wudgh rffxuv lq lqirupdwlrqdoo|
vhsdudwhg phhwlqjv/ wkhuh duh qr frpprqo| revhuyhg sulfhv iurp zklfk shrsoh
fdq gudz ixoo| uhyhdolqj lqihuhqfhv derxw djjuhjdwh prqhwdu| uhdol}dwlrqv hyhq
li wkrvh duh wkh rqo| vkrfnv1 Vhfrqg/ zh vwxg| dq h{ dqwh rswlpxp1 Prvw suh0
ylrxv zrun rq pdwfklqj prghov kdv dvvxphg d edujdlqlqj uxoh wkdw jlyhv hdfk

4Iru h{dpsoh/ zkhq dq djhqw zkr wudghv iuhtxhqwo| h{fkdqjhv prqh| iru jrrgv zlwk dq
djhqw zkr vhogrp wudghv/ wkh iuhtxhqw wudghu xvxdoo| kdv vxshulru lqirupdwlrq derxw wkh
ydoxh ri prqh| lq uhfhqw wudqvdfwlrqv1

5Mrqhv dqg Pdqxhool +5333, vkrz wkdw li lw lv frvwo| wr dftxluh lqirupdwlrq/ wkhq lqiru0
pdwlrqdo gl�huhqfhv pd| dulvh hyhq li hyhu|rqh kdv dffhvv wr wkh vdph lqirupdwlrq1
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vlgh vrph �{hg vkduh ri wkh �edujdlqlqj srzhu1� Zlwk gl�huhqwldo lqirupd0
wlrq/ wkhuh duh dq| qxpehu ri zd|v wkdw wudgh frxog eh frqgxfwhg lq phhwlqjv1
Udwkhu wkdq dgrsw dq duelwudu| rqh/ zh dqdo|}h wkh ehvw rqh lq d zhoo0gh�qhg
fodvv> wkdw lv/ wkh vrflhw| fkrrvhv wkh rswlpdo zd| wr frqgxfw wudgh lq phhwlqjv
vxemhfw wr +vhtxhqwldo, lqglylgxdo udwlrqdolw| dqg wuxwk0whoolqj frqvwudlqwv1 Rxu
dssurdfk hqvxuhv wkdw wkh uhodwlrqvklsv ehwzhhq prqh| dqg rwkhu djjuhjdwhv
wkdw zh �qg duh qrw gxh wr kdylqj lpsrvhg dq lqh!flhqw zd| wr frqgxfw wudgh1
Wklug/ zh vhsdudwh frqvxphu0surgxfhu vwdwxv iurp lqiruphg0xqlqiruphg vwd0
wxv1 Wkh h�hfwv ri prqhwdu| vkrfnv zlwk lqirupdwlrq odjv zhuh �uvw dqdo|}hg
uljrurxvo| e| Oxfdv +4<:5,1 Kh dvvxphg wkdw surgxfhuv/ wkh |rxqj lq klv ryhu0
odsslqj jhqhudwlrqv vwuxfwxuh/ zhuh uhodwlyho| xqlqiruphg1 H{fhsw lq Mrqhv dqg
Pdqxhool +5333,/ doo vxevhtxhqw zrun sxuvxlqj wkh lqirupdwlrq0odj dssurdfk
kdv iroorzhg Oxfdv lq dvvxplqj wkdw surgxfhuv duh uhodwlyho| xqlqiruphg16 Zh
wuhdw frqvxphuv dqg surgxfhuv v|pphwulfdoo| zlwk uhvshfw wr lqirupdwlrq1
Eduur +4<;<, vxjjhvwhg wkdw vxfk v|pphwu| zrxog ryhuwxuq wkh h{sdqvlrqdu|
h�hfwv ri lqfuhdvhv lq wkh txdqwlw| ri prqh|17 Zkloh wkdw lv d srvvlelolw| lq
rxu prgho/ rxu h{dpsohv vxjjhvw wkdw lw kdsshqv rqo| iru lqfuhdvhv zklfk duh
yhu| xqolnho|1
Rxu prgho kdv rqh pdlq olplwdwlrq1 Zkloh jrrgv duh glylvleoh/ prqh| lv

lqglylvleoh dqg hdfk shuvrq*v kroglqj lv olplwhg wr eh }hur ru rqh xqlw1 Wklv
uhvwulfwlrq rq prqh| kroglqjv vlpsol�hv wkh dqdo|vlv lq wzr zd|v1 Ehfdxvh zh
gr qrw shuplw shrsoh wr frpplw wr udqgrpl}dwlrq lq d phhwlqj/ wkh frqvxphu
lq d phhwlqj hlwkhu vxuuhqghuv d xqlw ri prqh| ru qrw/ dqg li qrw/ wkhq wkhuh lv
qr wudgh lq wkdw phhwlqj1 Wklv vlpsol�hv wkh frqvhtxhqfhv ri wuxwk0whoolqj lq
wkh iroorzlqj zd|1 Lq phhwlqjv lq zklfk rqh shuvrq lv lqiruphg dqg wkh rwkhu
xqlqiruphg/ hlwkhu wkhuh lv d srrolqj rxwfrph lq zklfk wkh wudgh grhv qrw
ghshqg rq wkh fxuuhqw vwdwh ru wkhuh lv vhsdudwlrq/ exw rqo| ri wkh iroorzlqj
vruw= wkhuh lv d vlqjoh rxwsxw txdqwlw| wkdw lv wudghg iru prqh| lq vrph fxuuhqw
vwdwhv dqg wkhuh lv qr wudgh lq wkh uhpdlqlqj vwdwhv1 Hyhq pruh lpsruwdqw/
wkh }hur0rqh uhvwulfwlrq rq prqh| kroglqjv lpsolhv wkdw wkh glvwulexwlrq ri
prqh| kroglqjv dw wkh vwduw ri hdfk gdwh lv jlyhq e| wkh odvw uhdol}dwlrq ri wkh

6Rxu prgho prvw forvho| uhvhpeohv Zdoodfh +4<<:, dqg Mrqhv dqg Pdqxhool +5333,�
Zdoodfh ehfdxvh lw xvhv wkh vdph edfnjurxqg hqylurqphqw dqg Mrqhv dqg Pdqxhool ehfdxvh
wkh| shuplw hlwkhu frqvxphuv ru surgxfhuv wr eh uhodwlyho| lqiruphg1 Krzhyhu/ erwk kdyh
d glvwlqfw sduwldo htxloleulxp  dyru ehfdxvh erwk vwxg| wkh h�hfwv ri rqh0wlph xqfhuwdlqw|1
Dovr/ erwk dvvxph jlyhq edujdlqlqj uxohv1

7�Vhfrqg/ wkh suhglfwhg srvlwlyh h�hfw ri vxusulvh prqh| rq rxwsxw dqg hpsor|phqw zdv
vhqvlwlyh wr fkdqjhv lq vshfl�fdwlrq1 Dowkrxjk wkh eholhi wkdw d fxuuhqw sulfh ru zdjh lv
whpsrudulo| kljk uhsuhvhqwv d shufhlyhg sur�w rssruwxqlw| iru vxssolhuv ri jrrgv dqg oderu/
lw uhsuhvhqwv d fruuhvsrqglqjo| edg ghdo iru ghpdqghuv1 Khqfh d ehqfkpdun/ v|pphwulf
prgho lpsolhv wkdw vxusulvhv lq prqh| dqg sulfhv� hyhq li wkh| duh vxevwdqwldo ehfdxvh
ri lpshuihfw lqirupdwlrq� ohdyh rxwsxw dqg hpsor|phqw xqfkdqjhg +vhh Eduur dqg Nlqj/
4<;7,� ^sdjh 5`1
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dvvxphg Pdunry surfhvv iru wkh prqh| vxsso| dqg/ wkhuhiruh/ lv h{rjhqrxv1
Zlwk ulfkhu lqglylgxdo prqh| kroglqjv/ wkhuh zrxog eh lqwhudfwlrq ehwzhhq
wkh wudghv dqg wkh glvwulexwlrq1 Dv d fuxgh zd| wr frqwuro iru wkh h�hfwv ri
uhvwulfwlqj lqglylgxdo prqh| kroglqjv wr eh }hur ru rqh xqlw/ zh glvfxvv uhvxowv
uhodwlyh wr wkh ehqfkpdun lq zklfk hyhu|rqh lv lqiruphg derxw wkh fxuuhqw
uhdol}dwlrq zkhq lw rffxuv1
Uhodwlyh wr wkh ehqfkpdun/ wkh prgho lpsolhv wzr vrxufhv ri sulfh0ohyho

vwlfnlqhvv1 +Ehfdxvh rqh xqlw ri prqh| h{fkdqjhv iru vrph rxwsxw lq d phhw0
lqj/ wkh sulfh lq d phhwlqj lv wkh lqyhuvh ri rxwsxw lq wkh phhwlqj1 Wkh sulfh
ohyho lv gh�qhg wr eh wkh lpsolhg wrwdo rxwsxw gh dwru1, Iluvw/ zkhq wzr xqlq0
iruphg shrsoh phhw/ wkh sulfh lq wkdw phhwlqj fdqqrw ghshqg rq wkh fxuuhqw
uhdol}dwlrq1 Vhfrqg/ zkhq rqh wudghu lv uhodwlyho| lqiruphg/ wkdw lqirupdwlrq
fdqqrw d�hfw wkh sulfh lq wkh phhwlqj zlwkrxw ylrodwlqj wkh wuxwk0whoolqj frq0
vwudlqwv1 Dv iru wrwdo rxwsxw/ uhodwlyh wr wkh ehqfkpdun lw uhvsrqgv srvlwlyho|
wr dq lqfuhdvh lq wkh dprxqw ri prqh| h{fhsw zkhq wkdw lqfuhdvh lv vx!flhqwo|
xqolnho|1 Wkhq qhjdwlyh lpsdfw h�hfwv fdq rffxu1
Dowkrxjk rxu lqirupdwlrq vwuxfwxuh wuhdwv surgxfhuv dqg frqvxphuv v|p0

phwulfdoo|/ wkh lpsdfw h�hfwv ri lqfuhdvhv dqg ghfuhdvhv lq wkh dprxqw ri prqh|
duh qrw v|pphwulf/ hyhq zkhq wkh Pdunry surfhvv iru wkh prqh| vxsso| lv
v|pphwulf1 Li d kljk prqhwdu| uhdol}dwlrq lv vx!flhqwo| xqolnho|/ wkhq wkh rs0
wlpxp kdv qr0wudgh lq phhwlqjv ehwzhhq lqiruphg surgxfhuv dqg xqlqiruphg
frqvxphuv zkhq vxfk d uhdol}dwlrq rffxuv +ehfdxvh lw lv wkhq srvvleoh wr kdyh
kljkhu rxwsxw zkhq wkh xqolnho| uhdol}dwlrq grhv qrw rffxu,1 Rq wkh rwkhu
kdqg/ iru wkh udqjh ri sdudphwhu ydoxhv wkdw zh frqvlghu/ wkh rswlpxp grhv
qrw kdyh qr0wudgh zkhq d prqhwdu| ghfuhdvh rffxuv1 Hpslulfdo vwxglhv ri
wkh prqh|0rxwsxw uhodwlrqvkls w|slfdoo| xvh yhfwru dxwruhjuhvvlrqv wkdw lp0
srvh v|pphwulfdo h�hfwv ri lqfuhdvhv dqg ghfuhdvhv lq prqh|1 Lq frqwudvw/ wkh
dssursuldwh hfrqrphwulf vshfl�fdwlrq iru rxu prgho lv d Pdunry fkdlq1
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5/ zh ghvfuleh wkh hqylurqphqw1

Lq vhfwlrq 6/ zh suhvhqw d suhylhz ri wkh dqdo|vlv dqg uhvxowv1 Lq vhfwlrq 7/ zh
ghvfuleh wkh phfkdqlvpv zh frqvlghu dqg wkh rswlpxp sureohp1 Lq vhfwlrq 8/
zh suhvhqw d fkdudfwhul}dwlrq ri wkh rswlpxp1 Vhfwlrq 9 frqwdlqv wkh h{dpsohv1
Vhfwlrq : frqwdlqv d glvfxvvlrq ri udqgrpl}dwlrq/ zkloh vhfwlrq ; frqwdlqv
d glvfxvvlrq ri wkh uhodwlrqvkls ehwzhhq wkh rswlpxp dqg wkh rxwfrph iru
edujdlqlqj lq zklfk frqvxphuv pdnh wdnh0lw0ru0ohdyh0lw r�huv1Surriv duh jlyhq
lq wkh Dsshqgl{1

51 Wkh hqylurqphqw

Dvlgh iurp wkh xqfhuwdlqw| derxw wkh vwrfn ri prqh|/ wkh hqylurqphqw lv
wkdw lq Zdoodfh +4<<:,/ zklfk/ lq wxuq/ lv hvvhqwldoo| wkdw lq Vkl +4<<8, dqg
Wuhmrv dqg Zuljkw +4<<8,1 Wlph lv glvfuhwh dqg wkh krul}rq lv lq�qlwh1 Wkhuh
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duh � glvwlqfw/ glylvleoh/ dqg shulvkdeoh w|shv ri jrrgv dw hdfk gdwh dqg wkhuh
lv d dfc �o frqwlqxxp ri hdfk ri � vshfldol}dwlrq w|shv ri shrsoh/ zkhuh � �
�1 D vshfldol}dwlrq w|sh0? shuvrq frqvxphv rqo| jrrg ? dqg surgxfhv rqo|
jrrg ?n � +prgxor �,/ iru ? ' �c 2c ���c � 1 Hdfk shuvrq pd{lpl}hv h{shfwhg
glvfrxqwhg xwlolw| zlwk glvfrxqw idfwru q 5 Efc ��1 Xwlolw| lq d shulrg lv jlyhq
e| �E%�� +/ zkhuh % lv wkh dprxqw frqvxphg dqg + lv wkh dprxqw surgxfhg1
Wkh ixqfwlrq � lv gh�qhg rq dfc4�c lv lqfuhdvlqj/ vwulfwo| frqfdyh/ dqg vdwlv�hv
�Ef� ' f/ ��Ef� ' 4/ dqg ��E4� 	 �1 Lq hdfk shulrg/ shrsoh duh udqgrpo|
pdwfkhg lq sdluv1 Phhwlqjv duh ri wzr vruwv= vlqjoh0frlqflghqfh phhwlqjv/
wkrvh ehwzhhq d w|sh ? shuvrq +wkh surgxfhu, dqg d w|sh ? n � shuvrq +wkh
frqvxphu, iru vrph ?> dqg qr0frlqflghqfh phhwlqjv/ wkrvh lq zklfk qhlwkhu
shuvrq surgxfhv zkdw wkh rwkhu frqvxphv1 +Ehfdxvh wkh qxpehu ri w|shv/
� / h{fhhgv wzr/ wkhuh duh qr grxeoh0frlqflghqfh phhwlqjv1, Zh dvvxph wkdw
shrsoh fdqqrw frpplw wr zkdw wkh| zloo gr lq ixwxuh phhwlqjv1 Prqh| frqvlvwv
ri shuihfwo| gxudeoh dqg lqglylvleoh remhfwv zklfk fdqqrw eh surgxfhg dqg
zklfk gr qrw |lhog xwlolw| gluhfwo|1 Zh dvvxph wkdw hdfk shuvrq fdq fduu|
iurp rqh gdwh wr wkh qh{w dw prvw rqh xqlw ri prqh|1 Zh dovr dvvxph wkdw
hdfk wudghu lq d phhwlqj lv deoh wr vhh wkh wudglqj sduwqhu*v vshfldol}dwlrq w|sh/
prqh| kroglqjv/ dqg zkhwkhu wkh shuvrq lv lqiruphg ru qrw/ exw lv rwkhuzlvh
ljqrudqw derxw wkh wudglqj sduwqhu*v klvwru|1
Wkh txdqwlw| ri prqh| iroorzv dq 70vwdwh Pdunry surfhvv1 Wkdw lv/ wkhuh

duh 7 srwhqwldo ohyhov iru wkh vwrfn ri prqh|= 6�c62c ���c67 zkhuh 6� 5 Efc �
2
o

dqg 6� 	 6�n�� Khuh 6� lv wkh vwdwh � dprxqw ri prqh| shu vshfldol}dwlrq
w|sh18 Zh ohw Z�� ghqrwh wkh suredelolw| wkdw wkh fxuuhqw vwdwh lv � jlyhq wkdw
wkh suhylrxv vwdwh lv � dqg ohw � ghqrwh wkh dvvrfldwhg wudqvlwlrq pdwul{1 Zh
dvvxph wkdw Z�� : f zklfk lpsolhv wkdw � kdv d xqltxh lqyduldqw glvwulexwlrq
zklfk dvvljqv srvlwlyh suredelolw| wr hdfk vwdwh1
Zh zdqw fkdqjhv lq wkh prqh| vxsso| wr frph derxw lq d zd| wkdw jlyhv

qr lpphgldwh lqirupdwlrq wr wkh xqlqiruphg1 Wkdw lv dffrpsolvkhg e| kdylqj
rqo| lqiruphg shrsoh h{shulhqfh wudqvihuv ri prqh| lq wkh iroorzlqj zd|19 Dw
wkh hqg ri hdfk gdwh diwhu phhwlqjv kdyh glvvroyhg/ wkh fxuuhqw dprxqw ri
prqh| lv sxeolfo| dqqrxqfhg1 +Frqvhtxhqwo|/ dw wkdw wlph/ shrsoh gl�hu rqo|
lq prqh| kroglqjv/ qrw lq lqirupdwlrq1, Wkhq/ d udqgrpo| fkrvhq vxevhw ri
hdfk vshfldol}dwlrq w|sh/ ri phdvxuh bc lv vhohfwhg dqg lv lqiruphg derxw wkh
qhz vwdwh1 Li wkh suhylrxv vwdwh lv �c wkhq wkh phdvxuh ri qhzo| lqiruphg zlwk

8Wkh xsshu erxqg rq pl dvvxuhv wkdw lqfuhdvhv lq wkh dprxqw ri prqh| gr qrw/ e|
wkhpvhoyhv/ furzg rxw wudgh1 Wkdw srvvlelolw| dulvhv rqo| ehfdxvh ri wkh erxqg rq lqglylgxdo
kroglqjv1 Wkhuhiruh/ lw vhhpv ehvw wr suhfoxgh lw e| olplwlqj wkh vxssruw dv zh gr1

9Li hyhu|rqh frxog h{shulhqfh wudqvihuv/ wkhq zh zrxog kdyh wr glvwlqjxlvk dgglwlrqdo
w|shv> lq sduwlfxodu/ zh zrxog kdyh wr glvwlqjxlvk ehwzhhq xqlqiruphg zkr h{shulhqfh
d wudqvihu dqg xqlqiruphg zkr gr qrw1 Dowkrxjk wkdw vshfl�fdwlrq zrxog �w ehwwhu zlwk
h{rjhqrxv fkdqjhv lq wkh txdqwlw| ri prqh|/ wkh dgghg frpsoh{lw| glg qrw vhhp zruwkzkloh1
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prqh| lv 6�b dqg wkh phdvxuh zlwkrxw prqh| lv E��6��b1 Li wkh qhz vwdwh lv
� : �c wkhq d udqgrpo| fkrvhq vxevhw ri wkh lqiruphg zlwkrxw prqh|/ d vxevhw
ri phdvxuh 6� �6�c lv jlyhq d xqlw ri prqh|1 Li wkh qhz vwdwh lv � 	 �c wkhq
d udqgrpo| fkrvhq vxevhw ri wkh lqiruphg zlwk prqh|/ d vxevhw ri phdvxuh
6� � 6�c orvhv d xqlw ri prqh|1 Wkhq phhwlqjv rffxu dqg wkh vhtxhqfh lv
uhshdwhg1
Wkh iroorzlqj wdeoh vkrzv wkh iudfwlrq ri hdfk vshfldol}dwlrq w|sh dffruglqj

wr zkhwkhu wkh| duh lqiruphg dqg zkhwkhu wkh| kdyh prqh| jlyhq wkh suhylrxv
dqg fxuuhqw vwdwhv1

Wdeoh 41 Glvwulexwlrq zkhq wkh suhylrxv vwdwh lv � dqg wkh fxuuhqw vwdwh lv ��
f xqlwv ri prqh| � xqlw ri prqh| vxpv

lqiruphg bE��6��� E6� �6�� � w�� b6� n6� �6� � b� w�� b
xqlqiruphg E�� b�E��6�� E�� b�6� �� b

vxpv ��6� 6� �

Lq rughu wr eh deoh wr kdyh doo fkdqjhv lq wkh dprxqw ri prqh| eh h{shulhqfhg
e| wkrvh zkr duh lqiruphg/ zh qhhg wr dvvxph wkdw b lv odujh hqrxjk uhodwlyh
wr wkh prqhwdu| fkdqjhv1 Wkh uhohydqw erxqg lv b � 6736�

67
�:

Wkh prqhwdu| xqfhuwdlqw| kdv reylrxv lqfhqwlyh h�hfwv lq rxu prgho1 Lw
pdnhv wkrvh zlwkrxw prqh|/ wkh srwhqwldo surgxfhuv/ ohvv zloolqj wr surgxfh
lq rughu dftxluh prqh| ehfdxvh +l, wkh| pd| orvh wkh prqh| dftxluhg ehiruh
wkh| jhw wr vshqg lw> dqg +ll, li wkh| gr qrw surgxfh/ wkhq wkh| pd| eh jlyhq
d xqlw1 Lw dovr pdnhv wkrvh zlwk prqh|/ wkh srwhqwldo frqvxphuv/ pruh zloolqj
wr vshqg prqh| ehfdxvh +l, li wkh| gr qrw vshqg lw/ wkhq wkh| pd| orvh lw> dqg
+ll, li wkh| gr vshqg lw/ wkhq wkh| pd| eh jlyhq d xqlw1

61 Suhylhz ri wkh dqdo|vlv dqg uhvxowv

Zh vwxg| d fodvv ri ghwhuplqlvwlf phfkdqlvpv zklfk fdq eh ghvfulehg dv
iroorzv1 Dw hdfk phhwlqj/ wkhuh lv d frpsxwhu wkdw lv surjudpphg dw gdwh
f ehiruh shrsoh jr r� wr wkhlu phhwlqjv/ exw lv deoh wr uhfhlyh phvvdjhv1 Dw
wkh ehjlqqlqj ri d gdwh/ zkhq wkh suhylrxv vwdwh lv sxeolfo| dqqrxqfhg/ wkdw
lqirupdwlrq lv uhfhlyhg e| hdfk frpsxwhu1 Lq dgglwlrq/ wkh frpsxwhu dw d
phhwlqj vhhv zkr lv lqiruphg dqg zkr lv d surgxfhu dqg zkr lv d frqvxphu1
Li erwk duh lqiruphg/ wkhq erwk vlpxowdqhrxvo| dqqrxqfh wr wkh frpsxwhu d
srvvleoh fxuuhqw vwdwh1 Li rqh shuvrq lv lqiruphg/ wkhq wkdw shuvrq dqqrxqfhv
wr wkh frpsxwhu d srvvleoh vwdwh1 Wkh xqlqiruphg shuvrq lq wkh phhwlqj grhv
qrw vhh wkh dqqrxqfhphqw1 Lq doo fdvhv/ wkh frpsxwhu wkhq sursrvhv d wudgh/

:Wklv orzhu erxqg rq �/ wrjhwkhu zlwk wkh dvvxpswlrq wkdw pV � 4
5 lpsolhv +4 �pl,�

� +4�pV,� � pV� � pV �p4 � pm �pl1 Wkxv �ml � 3= Dovr/ +4� �,pl � +4� �,pV @
pV � �pV � pV � +pV �p4, � pm > zkhuh wkh vhfrqg lqhtxdolw| iroorzv iurp wkh orzhu
erxqg rq �= Wklv lpsolhv wkdw pm � +4� �,pl> dqg/ khqfh/ wkdw �� �ml lv qrq0qhjdwlyh1
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zklfk pd| eh qr wudgh1 Wkhq hdfk shuvrq*v fkrlfh lv hlwkhu wr dffhsw ru uhmhfw/
zkhuh uhmhfwlrq e| hlwkhu shuvrq lpsolhv qr wudgh1 Dffhswdqfh e| erwk lpsolhv
wkdw wkh sursrvhg wudgh lv fduulhg rxw1 Zkhwkhu wudgh rffxuv ru qrw/ wkh
phhwlqj hqgv1 D phfkdqlvp lv lqfhqwlyh ihdvleoh li lw lqgxfhv wuxwk0whoolqj dqg
li wkh sursrvhg wudgh vdwlv�hv lqglylgxdo udwlrqdolw|/ dqg/ wkhuhiruh/ lqgxfhv
dffhswdqfh1;

Ehfdxvh wkh phfkdqlvpv duh ghwhuplqlvwlf/ rxwsxw lq d phhwlqj lv srvlwlyh
li dqg rqo| li prqh| lv wudqvihuuhg1 Lw iroorzv wkdw wkh rqo| phhwlqjv lq zklfk
wudgh fdq rffxu duh vlqjoh0frlqflghqfh phhwlqjv lq zklfk wkh frqvxphu kdv
prqh| dqg wkh surgxfhu grhv qrw1 Zh fdoo wkhvh wudgh phhwlqjv1 Zh ehjlq
e| srlqwlqj rxw wkh glvwlqfw srwhqwldo urohv ri wkh fxuuhqw prqh| vxsso|1 Wkh
dprxqw ri prqh| kdv d gluhfw h�hfw rq wkh qxpehu ri wudgh phhwlqjv> lq
sduwlfxodu/ ehfdxvh wkh dprxqw ri prqh| lv qr juhdwhu wkdq �

2
c wkh qxpehu

ri wudgh phhwlqjv/ zklfk lv sursruwlrqdo wr E� � 6r�6rc lv lqfuhdvlqj lq 6r1
Wklv lv wkh h{whqvlyh0pdujlq h�hfw ri wkh fxuuhqw prqh| vxsso|1 Lq frqwudvw/
wkh fxuuhqw prqh| vxsso| kdv rqo| dq lqgluhfw h�hfw rq zkdw kdsshqv lq
wudgh phhwlqjv/ wkh lqwhqvlyh pdujlqv1 Ehfdxvh/ e| dvvxpswlrq/ wkhuh lv rqh
xqlw ri prqh| lq hdfk wudgh phhwlqj/ dq| h�hfw rq zkdw kdsshqv lq wudgh
phhwlqjv lv gxh wr wkh h�hfw ri wkh fxuuhqw prqh| vxsso| rq h{shfwdwlrqv=
srwhqwldo surgxfhuv wklqn derxw krz ydoxdeoh dq| dftxluhg prqh| zloo eh
lq wkh ixwxuh/ zkloh srwhqwldo frqvxphuv frpsduh wkh fxuuhqw vwdwh dqg ixwxuh
vwdwhv dv dowhuqdwlyh wlphv wr vshqg prqh|1 Lw iroorzv wkdw wkh vhuldo fruuhodwlrq
surshuwlhv ri � duh fulwlfdo> lq sduwlfxodu/ wkhuh zrxog eh qr lqwhqvlyh pdujlq
h�hfwv li wkh prqh| vxsso| surfhvv zdv l1l1g1 Krzhyhu/ vhuldo fruuhodwlrq lv qrw
vx!flhqw iru lqwhqvlyh0pdujlq h�hfwv1 Wr vhh zk|/ lw lv khosixo wr h{dplqh wkh
rswlpxp sureohp iru wkh fdvh ri dowhuqdwlyh frqvwdqw prqh| vxssolhv1
Vxssrvh wkh prqh| vxsso|6r lv nqrzq dqg frqvwdqw1 Wkhq rxu phfkdqlvpv

uhgxfh wr rqhv zlwk d frqvwdqw dprxqw + surgxfhg lq hyhu| wudgh phhwlqj1
Zlwk qr gl�huhqwldo lqirupdwlrq/ wkh rqo| frqvwudlqwv duh lqglylgxdo udwlrqdolw|
+LU, frqvwudlqwv/ rqh iru wkh surgxfhu dqg rqh iru wkh frqvxphu1 Ohw T& eh wkh
glvfrxqwhg h{shfwhg xwlolw| dw wkh vwduw ri d shulrg dvvrfldwhg zlwk kroglqj &
xqlwv ri prqh|/ zkhuh & ' fc �� Wkhq Tf ' qTfn

6r

�
E�+nqdT��Tfo� dqg T� '

qT�n
�36r

�
E�E+��qdT��Tfo�� Wkhvh wzr htxdwlrqv duh olqhdu lq wkh T& dqg fdq

eh vroyhg xqltxho| iru wkhp lq whupv ri +� Ohw{E+� ghqrwh wkh lpsolhg vroxwlrq
iru T� � Tf� Wkh surgxfhu*v LU frqvwudlqw lv + � q{E+�c zkloh wkh frqvxphu*v

;Qrwh wkdw wkh h{ srvw vwdjh khuh lv wdnhq wr eh wkh vlwxdwlrq dw wkh hqg ri d phhwlqj/
udwkhu wkdq wkh vxevhtxhqw vwdjh dw zklfk wkh fxuuhqw prqh| vxsso| lv sxeolfo| dqqrxqfhg
+zklfk lv wkh srlqw dw zklfk h{ srvw zhoiduh frpsdulvrqv zrxog frqyhqwlrqdoo| eh pdgh,1 Li
lw lv dvvxphg wkdw doo lqirupdwlrq dydlodeoh wr wkh sduwlflsdqwv lq hdfk phhwlqj lv uhyhdohg
lq wkdw phhwlqj/ wkhq wkhuh duh dgglwlrqdo uhvwulfwlrqv rq wkh vhw ri phfkdqlvpv1 Zh duh
lqghewhg wr Qrexklur Nl|rwdnl dqg Qdud|dqd Nrfkhuodnrwd iru frqyhuvdwlrqv wkdw khoshg
vwhhu xv dzd| iurp vxfk d pruh uhvwulfwlyh vshfl�fdwlrq1
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u(y)

R  u(y)

y*ymaxymax
S 1

RS u(y)

1

Iljxuh 4

lv q{E+� � �E+�� Wzr idfwv duh hdvlo| ghulyhg1 Iluvw/ vdwlvidfwlrq ri wkh wkh
surgxfhu*v LU frqvwudlqw lpsolhv vdwlvidfwlrq ri wkh frqvxphu*v1 +Diwhu doo/ wkh
surgxfhu h{shulhqfhv fxuuhqw glvxwlolw| iru d suredelolw| ri frqvxplqj wkh vdph
dprxqw lq wkh ixwxuh1 Khqfh/ �E+� pxvw h{fhhg + e| d vx!flhqw pdujlq1 Wkh
frqvxphu/ wkrxjk/ lv lq wkh rssrvlwh vlwxdwlrq/ vr �E+� � + lv vx!flhqw iru wkh
frqvxphu*v LU frqvwudlqw1, Vhfrqg/ wkh surgxfhu*v LU frqvwudlqw lv vdwlv�hg
iru doo + wkdw vdwlvi| + � +r4@ / zkhuh +r4@ lv wkh xqltxh srvlwlyh vroxwlrq wr
+ ' q{E+�( qdpho|/ wkh xqltxh srvlwlyh vroxwlrq wr

-r�E+� ' +� +614,

zkhuh -rc wkh glvfrxqw idfwru iru d fodlp wkdw zloo eh uhghhphg dw wkh qh{w
frqvxpswlrq rssruwxqlw|/ lv jlyhq e| �

-r
' � n E�3q��

qE�36r�
1

Wklv vlwxdwlrq lv looxvwudwhg lq Iljxuh 41 Hylghqwo|/ +r4@ lv ghfuhdvlqj lq 6r/
�c dqg �

q
c dqg +r4@ dssurdfkhv f dv hlwkhu � ru �

q
jrhv wr lq�qlw|1 H{ dqwh

xwlolw|/ rxu remhfwlyh/ lv E��6r�Tfn6rT�c zklfk lv htxdo wr
6rE�36r�
E�3q��

5E+�c zkhuh
5E+� � �E+��+� Wkhuhiruh/ wkh rswlpxp sureohp lq wklv fdvh lv wr fkrrvh + wr
pd{lpl}h 5E+� vxemhfw wr + � +r4@ 1 Ohw +

W ghqrwh wkh xqfrqvwudlqhg pd{lpxp



HIIHFWV RI PRQHWDU\ XQFHUWDLQW\ <

ri 5( qdpho|/ wkh xqltxh vroxwlrq wr ��E+W� ' �� Wkhq wkh vroxwlrq wr wkh
rswlpxp sureohp lv 4�?E+r4@ /+

W�1 Qrwlfh wkdw li +r4@ : +Wc wkhq wkh vroxwlrq
lv +W dqg grhv qrw ghshqg rq 6r1 Li/ lqvwhdg/ +r4@ 	 +Wc wkhq wkh vroxwlrq
lv +r4@ � Wr dyrlg wkh xqlqwhuhvwlqj vroxwlrq lq zklfk rxwsxw lq hyhu| wudgh
phhwlqj lv +W lq wkh frpsohwh prgho/ zh dvvxph wkurxjkrxw wkdw +�4@ � +W +d
frqglwlrq wkdw fdq dozd|v eh phw e| pdnlqj q vpdoo ru e| pdnlqj � odujh,1<

Dv zh vkrz ehorz/ wklv lv vx!flhqw wr hqvxuh wkdw rxwsxw lq dq| phhwlqj lv
ohvv wkdq +W1
Dv zh dovr vkrz ehorz/ wkdw xsshu erxqg rq rxwsxw lpsolhv wkdw wkh re0

mhfwlyh iru wkh frpsohwh prgho lv lqfuhdvlqj lq rxwsxwv1 Wkhuhiruh/ wkh erxqg
whqgv wr surgxfh dq rswlpxp zlwk elqglqj surgxfhu LU frqvwudlqwv1 Iru wkh
fdvh ri d frqvwdqw prqh| vxsso|/ dv qrwhg deryh/ lw iroorzv wkdw wkh frq0
vxphu LU frqvwudlqw lv vodfn1 Iru wkh frpsohwh prgho/ zh lpsrvh sdudphwhu
uhvwulfwlrqv vr wkdw elqglqj surgxfhu LU frqvwudlqwv lpso| vodfn frqvxphu LU
frqvwudlqwv1 Wkdw lv dfklhyhg/ dv zh vkrz/ e| dvvxplqj wkdw wkh udqjh ri wkh
vxssruw iru wkh prqh| vxsso| lv qrw wrr odujh143

Lw lv xqghu wkh deryh wzr dvvxpswlrqv ++�4@ � +W dqg vodfn frqvxphu LU
frqvwudlqwv, wkdw zh fkdudfwhul}h wkh rswlpxp1 Wkh frqmhfwxuhv derxw wkh
rswlpxp lq wkh jhqhudo fdvh frph iurp wklqnlqj derxw wkh sduwldo htxloleulxp
sureohp lq zklfk wudghv gr qrw d�hfw wkh ixwxuh ydoxh ri prqh|1 Ehfdxvh h{0
dqwh zhoiduh lv lqfuhdvlqj lq rxwsxw lq hyhu| nlqg ri phhwlqj/ li frqvxphu LU
frqvwudlqwv qhyhu elqg dqg li wkhuh zhuh qr wuxwk0whoolqj frqvwudlqwv/ wkhq dq
rswlpxp zrxog vdwlvi| surgxfhu LU frqvwudlqwv zlwk htxdolw| +wkdw lv/ doo ri wkh
jdlqv iurp wudgh zrxog dffuxh wr wkh frqvxphu,1 Krzhyhu/ wkhuh duh wuxwk0
whoolqj frqvwudlqwv iru phhwlqjv lq zklfk rqh shuvrq lv uhodwlyho| lqiruphg1
Ehfdxvh wkh dprxqw ri prqh| wkdw fkdqjhv kdqgv lv dozd|v rqh xqlw/ wkh
dprxqw surgxfhg lq h{fkdqjh iru prqh| lq vxfk phhwlqjv fdqqrw ghshqg rq
wkh fxuuhqw vwdwh1 +Li lw glg/ wkhq lw zrxog qrw eh frqvlvwhqw zlwk wuxwk0whoolqj
e| wkh lqiruphg shuvrq1, Wkhuhiruh/ iru vxfk phhwlqjv/ wkh phfkdqlvp kdv
rqo| wr ghvfuleh wkh dprxqw surgxfhg dqg d sduwlwlrq ri wkh vhw ri fxuuhqw
vwdwhv lqwr wudgh dqg qr0wudgh vhwv1 Pruhryhu/ wkrvh vhwv kdyh wr eh rughuhg= li
wkh surgxfhu lv lqiruphg/ wkhq wkh vhw ri vwdwhv lq zklfk wudgh rffxuv kdv wr eh

<Wkh srvvlelolw| wkdw rxwsxw lv frqvwdqw dw |� zkhqhyhu wudgh rffxuv lv dq duwlidfw ri wkh
xqlw xsshu erxqg rq kroglqjv1 Li prqh| lv glylvleoh ru hyhq li lqglylgxdov fdq krog pdq|
xqlwv ri lqglylvleoh prqh| dqg li h{shfwhg glvfrxqwhg xwlolw| lv vwulfwo| lqfuhdvlqj lq prqh|
kroglqjv/ wkhq rxwsxw htxdo wr |� zrxog idlo wr vdwlvi| surgxfhu lu frqvwudlqwv lq phhwlqjv
ehwzhhq surgxfhuv zlwk vx!flhqwo| kljk prqh| kroglqjv dqg frqvxphuv zlwk vx!flhqwo|
orz prqh| kroglqjv1

43Wklv dvvxpswlrq uxohv rxw dq lqwhuhvwlqj srvvlelolw|> qdpho|/ wkdw d vx!flhqwo| odujh
dqg uduh ghfuhdvh lq wkh dprxqw ri prqh| surgxfhv d odujh ghfolqh lq rxwsxw ehfdxvh lw lv
rswlpdo iru wkhuh wr eh qr wudgh lq vxfk vwdwhv zkhq lqiruphg frqvxphuv phhw xqlqiruphg
surgxfhuv1 Rxu dvvxpswlrq uxohv rxw odujh fkdqjhv1
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frpsrvhg ri wkrvh lq zklfk dftxlulqj d xqlw ri prqh| lv prvw ydoxdeoh> li wkh
frqvxphu lv lqiruphg/ wkhq lw kdv wr eh frpsrvhg ri wkrvh lq zklfk dftxlulqj
d xqlw ri prqh| lv ohdvw ydoxdeoh1
Li wkh frqvxphu lv uhodwlyho| lqiruphg dqg wkhuh lv wudgh lq doo vwdwhv/ wkhq

wkh odujhvw srvvleoh rxwsxw lv wkdw frqvlvwhqw zlwk wkh surgxfhu*v sduwlflsdwlrq
frqvwudlqw/ jlyhq wkh lqirupdwlrq dydlodeoh wr wkh surgxfhu +zklfk lqfoxghv
wkh suhylrxv vwdwh dqg wkh revhuydwlrq wkdw wkh frqvxphu kdv prqh|,1 Frxog
lw/ lqvwhdg/ eh zruwkzkloh wr kdyh }hur rxwsxw lq vrph vwdwhv vr dv wr kdyh
kljkhu rxwsxw lq rwkhu vwdwhvB Ehfdxvh wkh frqvxphu lv lqiruphg/ wuxwk0whoolqj
lpsolhv wkdw wkh ydoxh ri prqh| zrxog kdyh wr eh kljkhu zkhq rxwsxw lv }hur1
Exw h{foxglqj vxfk kljk0ydoxh vwdwhv uhgxfhv wkh h{shfwhg ydoxh ri wkh prqh|
uhfhlyhg e| wkh surgxfhu/ dqg/ wkhuhiruh/ ohdgv wr orzhu rxwsxw1 Wkxv/ lw lv
xqghvludeoh wr h{foxgh vwdwhv lq wklv zd|1
Li wkh surgxfhu lv uhodwlyho| lqiruphg dqg wkhuh lv wudgh lq doo vwdwhv/ wkhq

wkh odujhvw srvvleoh rxwsxw lv wkdw frqvlvwhqw zlwk wkh surgxfhu*v sduwlflsdwlrq
frqvwudlqw iru wkh plqlpdo ydoxh ri dftxlulqj prqh|1 Li/ lqvwhdg/ rxwsxw lv
}hur lq vwdwhv lq zklfk wkh ydoxh ri prqh| lv orz/ wkhq lw lv srvvleoh wr lqfuhdvh
rxwsxw lq wkh rwkhu vwdwhv zlwkrxw ylrodwlqj wkh surgxfhu*v sduwlflsdwlrq frq0
vwudlqw1 Khqfh/ lw lv ghvludeoh wr vhw rxwsxw wr }hur lq wkh orz0ydoxh vwdwhv li
wkh| duh xqolnho| hqrxjk jlyhq wkh suhylrxv vwdwh1
Wkh deryh frqvlghudwlrqv ohg xv wr wkh iroorzlqj frqmhfwxuh derxw wkh rswl0

pxp iru wkh frpsohwh prgho1 Lw lv rswlpdo wr kdyh wudgh rffxu lq hyhu| wudgh
phhwlqj h{fhsw srvvleo| lq vrph ri wkh phhwlqjv ehwzhhq lqiruphg surgxf0
huv dqg xqlqiruphg frqvxphuv1 Pruhryhu/ lq doo phhwlqjv/ wkhuh duh elqglqj
surgxfhu lqglylgxdo0udwlrqdolw| frqvwudlqwv1 Zh vxevwdqwldwh wklv fodlp lq wkh
qh{w wzr vhfwlrqv1

71 Phfkdqlvpv dqg wkh rswlpxp sureohp

Wkh phfkdqlvp ghvljq sureohp lv suhvhqwhg lq wkuhh vwhsv1 Iluvw/ zh gh0
vfuleh d vhw ri ghwhuplqlvwlf Pdunry phfkdqlvpv1 Vhfrqg/ zh ghvfuleh wkh
vxevhw ri phfkdqlvpv wkdw zh fdoo lqfhqwlyh0ihdvleoh1 Odvwo|/ zh ghvfuleh rxu
vhohfwlrq iurp wkh vhw ri lqfhqwlyh0ihdvleoh phfkdqlvpv1
Lq jhqhudo/ wkh rxwfrph ri d wudgh phhwlqj ghshqgv rq krz wkh frqvxphu

dqg wkh surgxfhu edujdlq ryhu wkh txdqwlw| ri rxwsxw wkdw lv h{fkdqjhg iru
d xqlw ri prqh|1 Iru dq| jlyhq edujdlqlqj surfhgxuh/ wkh rxwfrph lv dq
htxloleulxp ri d jdph lq zklfk wkh sod|huv* vwudwhjlhv pd| ghshqg rq wkh
klvwru| ri suhylrxv vwdwhv1 Lq rxu hqylurqphqw/ lw lv qdwxudo wr uhvwulfw dwwhqwlrq
wr vwudwhjlhv wkdw ghshqg rq klvwru| rqo| wr wkh h{whqw wkdw lw khosv wr suhglfw
wkh dprxqw ri prqh| lq ixwxuh shulrgv= wkdw lv/ vwudwhjlhv wkdw ghshqg rqo| rq
wkh fxuuhqw vwdwh dqg wkh suhylrxv vwdwh1 Wkhq wkh Uhyhodwlrq Sulqflsoh lpsolhv
wkdw wkhuh lv qr ixuwkhu orvv ri jhqhudolw| li zh frqvlghu rqo| gluhfw uhyhodwlrq
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phfkdqlvpv= wkrvh lq zklfk wkh surgxfhu dqg frqvxphu lq d wudgh phhwlqj
duh dvnhg wr vd| zkdw wkh| nqrz derxw wkh fxuuhqw vwdwh/ dqg lq zklfk wkh
rxwfrph ghshqgv rq wkhvh vwdwhphqwv dqg rq wkh suhylrxv vwdwh1 Iru whfkqlfdo
uhdvrqv/ zh lpsrvh wkh ixuwkhu uhvwulfwlrq wkdw wkh rxwfrph ri hdfk phhwlqj
lv d ghwhuplqlvwlf ixqfwlrq ri wkh dqqrxqfhphqwv dqg wkh suhylrxv vwdwh> wklv
uhvwulfwlrq lv glvfxvvhg ixuwkhu lq Vhfwlrq : ehorz1
Ohw Vn � i�c 2c ���c 7j dqg V � Vn ^ ifj1 Zh xvh V wr ghqrwh wkh vhw

ri lqglylgxdo lqirupdwlrq vwdwhv/ zkhuh r ' f phdqv xqlqiruphg derxw wkh
fxuuhqw vwdwh dqg r : f phdqv lqiruphg dqg wkdw wkh fxuuhqw dprxqw ri
prqh| lv 6r� Zh gh�qh d +Pdunry, phfkdqlvp dv iroorzv=

Gh�qlwlrq 41 D phfkdqlvp lv d sdlu E+c @� zkhuh + G V� V� Vn $ -n dqg
@ G V� V� Vn $ ifc �j�
Khuh +ErSc rRc �� ghqrwhv rxwsxw lq d wudgh phhwlqj zkhq wkh frqvxphu dq0

qrxqfhv lqirupdwlrq vwdwh rSc wkh surgxfhu dqqrxqfhv rRc dqg wkh suhylrxv
prqh|0vxsso| uhdol}dwlrq lv �/ dqg @ErSc rRc �� ghqrwhv wkh prqh| wudqvihu +f
phdqv qr wudqvihu/ � phdqv wudqvihu, lq vxfk d phhwlqj1
Lq rughu wr h{suhvv wkh frqvwudlqwv rq phfkdqlvpv lpsolhg e| rxu vshfl0

�fdwlrq ri lqfhqwlyh0ihdvlelolw|/ lw lv khosixo wr kdyh d qrwdwlrq iru h{shfwhg
glvfrxqwhg xwlolwlhv1 Zh ohw T&E�� ghqrwh wkh h{shfwhg xwlolw| ri vrphrqh zkr
kdv & xqlwv prqh| mxvw diwhu wkh suhylrxv vwdwh � lv dqqrxqfhg +dqg ehiruh
wkh ghwhuplqdwlrq ri wkh qhz vwdwh dqg wkh qhz vhw ri lqiruphg shrsoh,1 Zh
ohw T& ghqrwh wkh 70hohphqw yhfwru zlwk jhqhulf frpsrqhqw T&E��� Zh dovr ohw
{� � T�E���TfE�� dqg{ � T��Tf1 Zh vkrz lq wkh Dsshqgl{ wkdw hdfk phfk0
dqlvp E+c @� lpsolhv xqltxh h{shfwhg xwlolwlhv iTfc T�j dqg/ khqfh/ d xqltxh {1
Wkhuhiruh/ zkhq frqyhqlhqw/ zh zulwh {E+c @� wr h{suhvv wkh ghshqghqfh ri {
rq E+c @��
Lw lv dovr khosixo wr ohw C&E


Sc 
Rc rc �� eh wkh jdlq/ uhodwlyh wr qrw wudglqj/ lq d
wudgh phhwlqj ri vrphrqh zlwk & xqlwv ri prqh| zkhq wkh fxuuhqw uhdol}dwlrq lv
r dqg wkh suhylrxv uhdol}dwlrq lv �/ dqg zkhq erwk sduwlhv dqqrxqfh wuxwkixoo|1
Khuh/ 
S 5 ifc �j lqglfdwhv zkhwkhu wkh frqvxphu lv lqiruphg +
S ' �, ru
xqlqiruphg +
S ' f,/ dqg 
R 5 ifc �j lqglfdwhv/ lq wkh vdph zd|/ zkhwkhu wkh
surgxfhu lv lqiruphg1 Wkhq/

CfE

Sc 
Rc rc �� ' �+E
Src 
Rrc �� n @E
Src 
Rrc ��q{r

C�E

Sc 
Rc rc �� ' �E+E
Src 
Rrc ���� @E
Src 
Rrc ��q{r� +714,

Qrwlfh wkdw

CfE

Sc 
Rc rc �� nC�E


Sc 
Rc rc �� ' 5E+E
Src 
Rrc ��� +715,
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zkhuh 5E+� � �E+�� +�44

Zh fdq xvh wkhvh jdlq gh�qlwlrqv wr h{suhvv wkh wuxwk0whoolqj dqg LU frq0
vwudlqwv1 Iru wudgh phhwlqjv zlwk v|pphwulf lqirupdwlrq/ wkh LU frqvwudlqwv
duh

CfE�c �c rc �� � f dqg
7[

�'�

Z��CfEfc fc �c �� � f +716,

C�E�c �c rc �� � f dqg
7[

�'�

Z��C�Efc fc �c �� � f +717,

zkhuh +716, uhihuv wr surgxfhuv/ dqg +717, uhihuv wr frqvxphuv1 Lq hdfk fdvh/ wkh
�uvw lqhtxdolw| shuwdlqv wr dq lqiruphg shuvrq zkr phhwv dq lqiruphg shuvrq/
zkloh wkh vhfrqg shuwdlqv wr dq xqlqiruphg shuvrq zkr phhwv dq xqlqiruphg
shuvrq1 +Ri frxuvh/ iru xqlqiruphg shrsoh/ wkh frqglwlrq lv wkdw wkhuh eh
h{shfwhg jdlqv iurp wudgh ehfdxvh wkh wudgh rffxuv ehiruh wkh sduwlflsdqwv
nqrz wkh fxuuhqw vwdwh1, Zkhq erwk duh lqiruphg/ wuxwk0whoolqj lv dozd|v d ehvw
uhvsrqvh +surylghg wkh phfkdqlvp sursrvhv qr0wudgh zkhq lw uhfhlyhv pxwxdoo|
lqfrqvlvwhqw uhsruwv,1 Khqfh/ wuxwk0whoolqj lq phhwlqjv zlwkrxw gl�huhqwldo
lqirupdwlrq grhv qrw lpso| dgglwlrqdo frqvwudlqwv1
Zh qh{w frqvlghu wuxwk0whoolqj frqvwudlqwv lq wudgh phhwlqjv ehwzhhq wkh

lqiruphg dqg wkh xqlqiruphg1 Iru doo Erc r�� 5 Vn � Vnc zh uhtxluh

@Efc rc ��q{r � +Efc rc �� � @Efc r�c ��q{r � +Efc r�c �� +718,

�E+Erc fc ���� @Erc fc ��q{r � �E+Er�c fc ���� @Er�c fc ��q{r +719,
zkhuh +718, uhihuv wr lqiruphg surgxfhuv/ dqg +719, uhihuv wr lqiruphg frq0
vxphuv1 Wkxv/ dv qrwhg deryh/ li @Efc rc �� ' @Efc r�c ��c wkhq wkh surgxfhu*v
frqvwudlqw lpsolhv +Efc rc �� ' +Efc r�c ��( zkloh li @Erc fc �� ' @Er�c fc ��c wkhq wkh
frqvxphu*v frqvwudlqw lpsolhv +Erc fc �� ' +Er�c fc ��� Wkhuhiruh/ zh ohw

7RE�� ' i� 5 Vn G @Efc �c �� ' �j dqg 7SE�� ' i� 5 Vn G @E�c fc �� ' �j +71:,

dqg ohw +Efc �c �� ' t RE�� iru � 5 7RE�� dqg +E�c fc �� ' t SE�� iru � 5 7SE��1 Wkhq
wkh wuxwk0whoolqj frqvwudlqwv duh htxlydohqw wr

4@ 
�MVn37RE��

iq{�j � t RE�� � 4�?
�M7RE��

iq{�j +71;,

4@ 
�M7SE��

iq{�j � �Et SE��� � 4�?
�MVn37SE��

iq{�j +71<,

zkhuh zh lqwhusuhw +71;, wr eh ydfxrxv li 7RE�� ru Vn � 7RE�� lv hpsw| dqg
+71<, wr eh ydfxrxv li 7SE�� ru Vn�7SE�� lv hpsw|1 Wkhvh duh wkh wuxwk0whoolqj
frqvwudlqwv zlwk uhjdug wr wkh sduwlwlrq ri fxuuhqw vwdwhv ehwzhhq wkh qr0wudgh

44Wkh h{suhvvlrq iru J3 iroorzv iurp J3 @ �| . d�Y4 . +4� d,�Y3 � �Y3 dqg vlploduo|
iru J4=
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vwdwhv dqg wkh wudgh vwdwhv1 Wkh| ghvfuleh wkh vhqvh lq zklfk wkh jdlq iurp
dftxlulqj prqh| kdv wr eh rughuhg dfurvv wudgh dqg qr0wudgh vwdwhv1
Ilqdoo|/ zh kdyh LU frqvwudlqwv iru sduwlflsdqwv lq wkhvh phhwlqjv1 Iru dq

lqiruphg surgxfhu/ wkh LU frqvwudlqw lv wkh vhfrqg lqhtxdolw| lq +71;,/ zkloh
iru dq xqlqiruphg surgxfhu/ lw lv

t SE�� �
S

�M7SE�� Z��Eb� w���q{�S
&M7SE�� Z�&Eb� w&��

� +7143,

Iru dq lqiruphg frqvxphu/ wkh LU frqvwudlqw lv wkh �uvw lqhtxdolw| lq +71<,/
zkloh iru dq xqlqiruphg frqvxphu/ lw lv

S
�M7RE�� Z��w��q{�S

&M7RE�� Z�&w&�
� �Et RE���� +7144,

Wkh suredelolw| zhljkwv lq wkhvh h{suhvvlrqv uhsuhvhqw wkh eholhiv ri dq xqlq0
iruphg shuvrq/ jlyhq wkh lqirupdwlrq lpsolhg e| wuxwk0whoolqj/ zklfk uhyhdov
wkh vhw ri wudgh vwdwhv/ dqg wkh nqrzohgjh derxw wkh fxuuhqw vwdwh lpsolhg e|
revhuylqj wkh prqh| kroglqj ri vrphrqh zkr frxog kdyh jdlqhg ru orvw prqh|1
Zh fdq qrz uhfrug wkh gh�qlwlrq ri dq lqfhqwlyh0ihdvleoh phfkdqlvp1

Gh�qlwlrq 51 D phfkdqlvp E+c @� lv lqfhqwlyh ihdvleoh li wkhuh h{lvwv ETfc T��
wkdw vdwlv�hv +714,0+7144,1

Dq lpphgldwh lpsolfdwlrq lv wkdw li E+c @� lv lqfhqwlyh0ihdvleoh +lq sduwlfxodu/
vdwlv�hv wkh LU frqvwudlqwv,/ wkhq Tf dqg T� duh qrq0qhjdwlyh1
Zh qrz ghvfuleh rxu vhohfwlrq iurp wkh deryh vhw ri lqfhqwlyh0ihdvleoh phfk0

dqlvpv1 Rxu vhohfwlrq pd{lpl}hv h{ dqwh xwlolw|/ ghqrwhg ~c zklfk lv gh�qhg
dv

~ '
7[

r'�

Rrd6rT�Er� n E��6r�TfEr�o� +7145,

Khuh R� ghqrwhv wkh lqyduldqw suredelolw|/ lpsolhg e| �c wkdw wkh dprxqw ri
prqh| lv6�� Wklv remhfwlyh fruuhvsrqgv wr vwduwlqj xs wkh hfrqrp| e| gudzlqj
wkh suhylrxv vwdwh iurp wkdw lqyduldqw glvwulexwlrq dqg frqvlghulqj h{shfwhg
xwlolw| sulru wr vxfk d gudz dqg wr lqlwldo dvvljqphqwv ri prqh| kroglqjv1 Wkh
iroorzlqj ohppd h{suhvvhv ~ lq whupv ri wkh sdudphwhuv ri wkh hqylurqphqw
dqg wkh rxwsxw ohyhov lq dq duelwudu| phfkdqlvp1
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Ohppd 41 Iru dq| phfkdqlvp/

~E�� q�� ' E�� b�2
7[

�'�

R�6�E��6��5d+Efc fc ��o

n
7[

�'�

R�

7[
r'�

Z�rwr�Eb� wr��5d+Erc rc ��o

nE�� b�i
7[

�'�

R�6�

7[
r'�

Z�rwr�5d+Efc rc ��o

n
7[

�'�

R�E��6��
7[

r'�

Z�rEb� wr��5d+Erc fc ��oj� +7146,

Qrwlfh wkdw rxwsxw ohyhov/ wkh frpsrqhqwv ri +c dsshdu lq ~ rqo| e| zd| ri
wkh ixqfwlrq 5 dqg wkdw @/ wkh prqh| wudqvihu yduldeoh/ grhv qrw dsshdu1 Wkxv
~ lv dq dyhudjh ri wkh mrlqw jdlqv iurp wudgh lq wkh ydulrxv nlqgv ri phhwlqjv/
zhljkwhg e| wkh uhodwlyh iuhtxhqflhv ri wkhvh phhwlqjv1
Lw lv qrw gl!fxow wr vkrz wkdw dq rswlpdo phfkdqlvp h{lvwv1 Uhfdoo wkdw

d phfkdqlvp E+c @� lv d sdlu ri ixqfwlrqv zlwk �qlwh grpdlq= lq sduwlfxodu/ +
fdq eh uhjdughg dv d �qlwh glphqvlrqdo yhfwru1 Ehfdxvh 5E+W�c zkhuh ��E+W� '
�c lv dq xsshu erxqg rq 5EE+Erc r�c ��� dqg ehfdxvh wkh zhljkwv lq +7146, duh
qrq0qhjdwlyh/ dq xsshu erxqg rq ~ lv rewdlqhg e| kdylqj +W surgxfhg dqg
frqvxphg lq doo wudgh phhwlqjv1 Ehfdxvh rqh0txduwhu ri doo vlqjoh0frlqflghqfh
phhwlqjv/ wkh pd{lpxp ri wkh ixqfwlrq 6E� �6� iru 6 5 dfc �

2
oc lv dq xsshu

erxqg rq wkh qxpehu ri wudgh phhwlqjv/ lw iroorzv wkdw dq xsshu erxqg rq ~
lv 5E+W�

e�E�3q�
� ~W�Wklv lpsolhv d erxqg rq wkh vhw ri lqfhqwlyh0ihdvleoh rxwsxwv1

Ohw ^ ' 4�?rERr6r�� E| +7145,/ li E+c @� lv lqfhqwlyh0ihdvleoh/ wkhq T�Er� � ~W*^
dqg {r � ~W*^c e| wkh qrq0qhjdwlylw| ri wkh T&Er�� E| wkh LU frqvwudlqwv/ lw
iroorzv wkdw hdfk frpsrqhqw ri dq lqfhqwlyh0ihdvleoh + lv erxqghg deryh e|
q~W*^� Pruhryhu/ ehfdxvh wkh T&Er� dqg/ wkhuhiruh/ {r duh frqwlqxrxv lq +c
dqg ehfdxvh wkh frqvwudlqwv duh h{suhvvhg dv zhdn lqhtxdolwlhv/ lw iroorzv wkdw
wkh rswlpxp sureohp dprxqwv wr pd{lpl}lqj d frqwlqxrxv ixqfwlrq ryhu d
qrq hpsw| frpsdfw vhw145 Wkhuhiruh/ d pd{lpxp h{lvwv1

81 D Sduwldo Fkdudfwhul}dwlrq ri wkh Rswlpxp

Dv qrwhg deryh/ zh frqfhqwudwh rxu vwxg| ri rswlpd lq d uhjlrq ri wkh
sdudphwhu vsdfh wkdw lv erwk lqwhuhvwlqj dqg wudfwdeoh> qdpho|/ wkdw iru zklfk

45Qrq0hpswlqhvv lv lpsolhg e| wkh idfw wkdw qr wudgh vdwlv�hv doo wkh frqvwudlqwv1 Qrwh
wkdw wkh Wkhruhp ri wkh Pd{lpxp grhv qrw dsso| ehfdxvh wkh frqvwudlqw vhw lv qrw orzhu
khplfrqwlqxrxv1



HIIHFWV RI PRQHWDU\ XQFHUWDLQW\ 48

+W � +�4@ dqg �Eq4�?r{r� � +�4@ 1
46 Wkh iroorzlqj ohppd/ zklfk xvhv wkh

�uvw dvvxpswlrq/ vkrzv wkdw vdwlvidfwlrq ri surgxfhu LU frqvwudlqwv lpsolhv
wkdw +�4@ lv dq xsshu erxqg rq q{�E+c @� dqg rq rxwsxw1
Ohppd 51 Li E+c @� vdwlv�hv surgxfhu LU frqvwudlqwv/ wkhq +Erc r�c �� � q4@ �{�E+c @� �
+�4@ �

Rqh frqvhtxhqfh lv wkdw wkh remhfwlyh ~ lv lqfuhdvlqj lq hdfk frpsrqhqw ri dq
lqfhqwlyh0ihdvleoh +1 Dqrwkhu lv wkdw rxu vhfrqg dvvxpswlrq/ �Eq4�?r{r� �
+�4@ c lpsolhv �Eq4�?r{r� � q4@ r{r/ zklfk/ lq wxuq/ lpsolhv wkdw frqvxphu
LU frqvwudlqwv duh qrw elqglqj dw dq rswlpxp1
Rxu pdlq uhvxow lv Sursrvlwlrq 4/ zklfk jlyhv qhfhvvdu| frqglwlrqv iru dq

rswlpxp1
Sursrvlwlrq 41 Li E+c @� lv rswlpdo dqg vdwlv�hv �Eq4�?r{rE+c @�� � +�4@ c
wkhq +l, 7SE�� � Vnc

t SE�� '

S
�MVn

Z��Eb� w���q{�E+c @�

S
�MVn

Z��Eb� w���
iru doo � 5 Vnc +814,

@Efc fc �� ' � dqg +Efc fc �� '
7[

�'�

Z��q{�E+c @� iru doo � 5 Vnc +815,

@E�c �c �� ' � dqg +E�c �c �� ' q{�E+c @� iru doo E�c �� 5 Vn � Vnc +816,

dqg
t RE�� ' 4�?

�M7RE��
iq{�E+c @�j iru doo � 5 Vn> +817,

+ll, iru hdfk �c 7RE�� lv qrw hpsw|( dqg +lll, li {�E+c @� ' {&E+c @�c wkhq iru hdfk
� hlwkhu �c & 5 7RE�� ru �c & 5 Vn � 7RE���
Wkh udwkhu ohqjwk| surri surfhhgv e| frqwudglfwlrq1 Zh �uvw vxssrvh wkdw

E+c @� lv rswlpdo/ exw grhv qrw vdwlvi| +l,1 Wkhq zh frqvlghu E+�c @�� jlyhq e|
+l,/ exw zlwk {E+c @� lqvhuwhg rq wkh uljkw0kdqg vlghv ri +814,0+817,1 Wkhq
lqfhqwlyh ihdvlelolw| ri + lpsolhv wkdw +� � +� Wkh pdlq sduw ri wkh surri
lqyroyhv vkrzlqj wkdw {E+�c @�� � {E+c @�� Jlyhq wkdw lqhtxdolw| dqg ohppd 5/
lw iroorzv wkdw E+�c @�� vdwlv�hv doo wkh frqvwudlqwv h{fhsw srvvleo| wuxwk0whoolqj
iru surgxfhuv1 Li lw grhv/ wkhq zh kdyh d frqwudglfwlrq ehfdxvh +�4@ � +� � +
dqg zh kdyh hlwkhu lqfuhdvhg rxwsxw ru uhsodfhg qr0wudgh e| wudgh/ erwk ri
zklfk lqfuhdvh ~� Li qrw/ wkhq wkhuh lv vrph suhylrxv vwdwh � dqg vrph fxuuhqw
vwdwh o vxfk wkdw wkh surgxfhu zrxog olnh wr surgxfh dqg dftxluh prqh|>
qdpho|/ q{oE+

�c @�� : t RE��� � q{oE+c @�� Zh wkhq frqvlghu E+�c @���c zkhuh @��

46Odwhu/ zh suhvhqw d vx!flhqw frqglwlrq lq whupv ri sdudphwhuv�hvvhqwldoo|/ d olplwdwlrq
rq wkh udqjh ri wkh vxssruw iru wkh prqh| vxsso|�iru vdwlvidfwlrq ri x+�plqv �v, � |4pd{/
wkh dvvxpswlrq wkdw lpsolhv wkdw frqvxphu lu frqvwudlqwv duh vodfn1
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gl�huv iurp @� rqo| lq dgglqj vwdwh o wr 7RE��c wkh vhw ri wudgh vwdwhv1 Zh fdq
vkrz wkdw {E+�c @��� � {E+c @�� Uhshwlwlrq ri wklv dujxphqw dw prvw 7 wlphv
ohdgv wr wudgh lq hyhu| vwdwh/ zklfk uhqghuv wuxwk0whoolqj ydfxrxv1 Sduwv +ll,
dqg +lll, duh suryhg xvlqj vlpsoh yhuvlrqv ri wkh vdph dujxphqw1
Wkh qh{w ohppd vkrzv wkdw iru d jlyhq vshfl�fdwlrq ri wkh 7RE�� vhwv wkhuh

lv d xqltxh prqhwdu| phfkdqlvp +l1h1/ d phfkdqlvp zlwk srvlwlyh wudgh, wkdw
vdwlv�hv frqglwlrq +l, ri Sursrvlwlrq 41

Ohppd 61 Jlyhq 7RE�� iru hdfk � 5 Vnc wkhuh h{lvwv d xqltxh prqhwdu| phfk0
dqlvp wkdw vdwlv�hv +814,0+817,1

Wkh surri vkrzv wkdw d prqrwrqh dqg frqfdyh pdsslqj zkrvh �{hg srlqwv
frlqflgh zlwk vroxwlrqv wr +814,0+817, kdv d xqltxh srvlwlyh �{hg srlqw1
Sursrvlwlrq 4 dqg ohppd 6 jlyh xv d vlpsoh surfhgxuh iru �qglqj wkh rswl0

pxp iru d jlyhq hqylurqphqw +wkdw vdwlv�hv wkh k|srwkhvhv ri Sursrvlwlrq 4,1
Iru hdfk vshfl�fdwlrq ri wkh 7RE�� vhwv/ rewdlq wkh xqltxh prqhwdu| phfkdqlvp
wkdw vdwlv�hv +814,0+817,1 Glvfdug wkrvh wkdw duh lqfrqvlvwhqw zlwk wuxwk0whoolqj
iru wkh lqiruphg surgxfhu1 Dprqj wkrvh wkdw uhpdlq/ wkh rswlpxp lv wkh rqh
wkdw jlyhv wkh kljkhvw ~� Ehfdxvh 7RE�� � Vn vdwlv�hv wuxwk0whoolqj/ wkhuh lv dw
ohdvw rqh vxfk prqhwdu| phfkdqlvp zklfk lv lqfhqwlyh0ihdvleoh1
Zh qrz vkrz wkdw wkh pd{lpl}hg remhfwlyh lv frqwlqxrxv lq � surylghg

wkdw Z�� lv erxqghg dzd| iurp f iru hdfk �1 Zh hvwdeolvk vxfk frqwlqxlw|
lq wzr vwhsv1 Iluvw/ zh vkrz wkdw iru jlyhq 7RE�� vhwv/ wkh xqltxh prqhwdu|
phfkdqlvp wkdw vdwlv�hv +814,0+817, lv frqwlqxrxv lq �1

Ohppd 71 Ohw 7RE�� iru � 5 Vn eh jlyhq1 Ohw S ' i� G Z�� � k : f iru doo �j�
Wkhq wkh xqltxh prqhwdu| phfkdqlvp wkdw vdwlv�hv +814,0+817, lv frqwlqxrxv
lq � iru � 5 S1

Qrz zh jlyh wkh pdlq frqwlqxlw| uhvxow1

Sursrvlwlrq 51 Li wkh rswlpxp vdwlv�hv �Eq4�?r{r� � +�4@ c wkhq wkh pd{0
lpl}hg remhfwlyh lv frqwlqxrxv lq � iru � vxfk wkdw Z�� lv srvlwlyh dqg Z�� lv
erxqghg dzd| iurp f1

Zkloh wkh surri xvhv ohppd 7/ lw pxvw gr pruh wkdq dsshdo wr wkh idfw wkdw
wkh pd{lpxp ri frqwlqxrxv ixqfwlrqv lv frqwlqxrxv1 Wkh xqltxh prqhwdu|
phfkdqlvp wkdw vdwlv�hv +814,0+817, iru jlyhq 7RE�� vhwv pd| vdwlvi| wuxwk0
whoolqj iru lqiruphg surgxfhuv iru vrph ��r dqg qrw rwkhuv1 Zh fdq vkrz wkdw
li wuxwk0whoolqj krogv dw �f exw qrw lq wkh qhljkerukrrg ri �f/ wkhq frqglwlrq
+lll, lq Sursrvlwlrq 4 idlov dw �f1 Wkdw/ lq wxuq/ lpsolhv wkdw wkh pd{lpxp
fdqqrw eh dw vxfk d srlqw1 Wkdw dqg ohppd 7 lpso| wkdw wkh pd{lpl}hg
remhfwlyh lv frqwlqxrxv1
Wkhuh lv d vhqvh lq zklfk rswlpd duh xqlqwhuhvwlqj li wkh| dozd|v vdwlvi|

7RE�� � Vn� Dv rxu suhylhz glvfxvvlrq vxjjhvwv/ wkdw grhv qrw dozd|v kdsshq1
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Wkh iroorzlqj sursrvlwlrq vd|v wkdw li wkhuh lv vx!flhqw shuvlvwhqfh/ wkhq wkh
rswlpxp kdv qr wudgh zkhqhyhu wkh prqh| vxsso| lqfuhdvhv1

Sursrvlwlrq 61 Ohw i�&j $ U +wkh lghqwlw| pdwul{, dqg eh vxfk wkdw wkh fru0
uhvsrqglqj vhtxhqfh ri lqyduldqw suredelolw| yhfwruv iR&j frqyhujhv wr d vwulfwo|
srvlwlyh yhfwru1 Dvvxph wkdw wkh rswlpxp iru dq| � lq wkh qhljkerukrrg ri
� ' U vdwlv�hv �Eq4�?r{r� � +�4@ � Wkhuh h{lvwv g vxfk wkdw li & : gc wkhq
wkh rswlpxp iru �& kdv qr0wudgh ehwzhhq lqiruphg surgxfhuv dqg xqlqiruphg
frqvxphuv zkhqhyhu wkh fxuuhqw vwdwh/ �c h{fhhgv wkh suhylrxv vwdwh/ �1

Wkh rswlpxp zh kdyh ghvfulehg lv hdv| wr lpsohphqw/ dqg zlwkrxw xvlqj
wkh �fwlrq ri d frpsxwhu dw hdfk phhwlqj wkdw uhfhlyhv uhsruwv dqg lv xsgdwhg
zkhq wkh suhylrxv vwdwh lv sxeolfo| dqqrxqfhg1 Dw hdfk wudgh phhwlqj dqg
frqglwlrqdo rq wkh nqrzohgjh wkdw lv frpprq wr wkh wzr shrsoh lq wkh phhwlqj/
wkh rswlpxp kdv d vlqjoh srvlwlyh wudgh sursrvdo1 Lqghhg/ wklv lv d ihdwxuh ri
dq| lqfhqwlyh0ihdvleoh phfkdqlvp1 Wkhuhiruh/ zh fdq ohw wkh wzr shrsoh sod| d
vlpxowdqhrxv pryh jdph lq zklfk wkh vwudwhjlhv duh vlpso| ~wudgh/ qr0wudgh�1
Li erwk vd| wudgh/ wkhq wkh srvlwlyh wudgh sursrvdo lv fduulhg rxw1 Li hlwkhu vd|v
qr0wudgh/ wkhq wkhuh lv qr wudgh dqg hdfk jrhv rq wr wkh qh{w gdwh1 Lq sduw
ehfdxvh wkh rswlpxp kdv srvlwlyh wudgh lq hyhu| vwdwh zkhq wkh frqvxphu lv
lqiruphg dqg wkh surgxfhu lv qrw/ lw lv d grplqdqw vwudwhj| iru wkh frqvxphu
lq hyhu| wudgh phhwlqj wr sod| wudgh1 Jlyhq wkdw sod| e| wkh frqvxphu/ lw
lv d ehvw uhvsrqvh iru wkh surgxfhu wr sod| wkh vwudwhj| wkdw lpsohphqwv wkh
rswlpxp1
Ilqdoo|/ zh surylgh d vx!flhqw frqglwlrq iru dvvxulqj wkdw dq| rswlpxp

vdwlv�hv �Eq4�?r{r� � +�4@ c wkh k|srwkhvlv ri Sursrvlwlrqv 4061 Wkh vx!flhqw
frqglwlrq xvhv d orzhu erxqg rq wkh rswlpdo pdjqlwxgh ri ~c d erxqg zh fdoo
~4�?� Dv sduw ri wkh surri wkdw vkrzv wkdw d vpdoo hqrxjk udqjh iru wkh vxssruw
ri wkh prqh| vxsso| lv vx!flhqw wr hqvxuh �Eq4�?r{r� � +�4@ +ohppd 9
ehorz,c zh surylgh rqh vxfk ~4�?� Pruh jhqhudoo|/ ~4�? frxog eh rewdlqhg
iurp dq| ohppd 6 phfkdqlvp wkdw lv lqfhqwlyh ihdvleoh1
Zh ehjlq e| frqvwuxfwlqj dq xsshu erxqg rq h{ dqwh xwlolw| lpsolhg e| dq|

doorfdwlrq wkdw ylrodwhv �Eq4�?r{r� � +�4@ � Wkh lghd lv wkdw ylrodwlqj wklv
lqhtxdolw| lpsolhv wkdw dw ohdvw rqh frpsrqhqw ri q{ lv ohvv wkdq �3�E+�4@ �
dqg wkdw wklv lpsolhv xsshu erxqgv rq rxwsxwv dqg/ khqfh/ rq h{ dqwh xwlolw|1
Iru hdfk & 5 Vnc ohw {& 5 -7 eh gh�qhg e| {&

� ' +�4@ *q iru � 9' & dqg
q{&

& ' �3�E+�4@ �� Wkhq ohw +& eh gh�qhg e|
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iru doo �c � 5 Vn� Wkh iroorzlqj ohppd vd|v wkdw li wkh h{ dqwh xwlolw| lpsolhg
e| +& lv ohvv wkdq wkdw lpsolhg e| vrph lqfhqwlyh0ihdvleoh phfkdqlvp/ wkhq wkh
rswlpxp vdwlv�hv �Eq4�?r{r� � +�4@ 1

Ohppd 81 Ohw ~E+&� eh h{ dqwh zhoiduh lpsolhg e| +& dv jlyhq e| +818,1 Ohw
~4�? eh wkh h{ dqwh zhoiduh lpsolhg e| vrph lqfhqwlyh0ihdvleoh phfkdqlvp1 Li
wkhuh h{lvwv ~4�? vxfk wkdw ~E+&� � ~4�? iru hdfk & 5 5nc wkhq dq| rswlpxp
vdwlv�hv �Eq4�?r{r� � +�4@ �

Dowkrxjk ohppd 8 lv d fuxgh uhvxow ehfdxvh wkh vshfl�fdwlrq lq +818, lv d
fuxgh xsshu erxqg rq dq lqfhqwlyh ihdvleoh + jlyhq wkdw q{& 	 �3�E+�4@ � iru
vrph &c wkh qh{w uhvxow vd|v wkdw lwv k|srwkhvlv fdq dozd|v eh phw li wkh udqjh
ri wkh vxssruw iru wkh prqh| vxsso| lv vx!flhqwo| vpdoo1

Ohppd 91 Wkhuh h{lvwv 0 : f vxfk wkdw li 67 �6� 	 0c wkhq wkh k|srwkhvlv
ri ohppd 8 krogv�

Wr vxppdul}h/ zh fdq ghwhuplqh lq wzr vwhsv zkhwkhu d jlyhq hqylurqphqw
vdwlv�hv frqglwlrqv vx!flhqw wr hqvxuh wkdw dq| rswlpxp vdwlv�hv +�4@ � +W

dqg �Eq4�?{�� � +�4@ � Iluvw/ zh frpsxwh +�4@ dqg +W dqg fkhfn zkhwkhu
+�4@ � +W� +Wkhq ohppd 5 lpsolhv wkdw dq| rswlpxp vdwlv�hv +�4@ � q4@ {���
Vhfrqg/ zh dwwhpsw wr �qg vrph ~4�? +wkh rswlpxp iurp ohppd 6 dqg wkh
frqvwuxfwlrq lq wkh surri ri ohppd 9 duh srvvlelolwlhv, iru zklfk wkh k|srwkhvlv
ri ohppd 8 krogv1

91 H{dpsohv

Zh suhvhqw wkuhh h{dpsohv ghvljqhg pdlqo| wr hpskdvl}h wkh frqvhtxhqfhv
iru djjuhjdwhv ri zkhwkhu wudgh lv vkxw grzq lq vrph phhwlqjv ehwzhhq lq0
iruphg surgxfhuv dqg xqlqiruphg frqvxphuv1 Dv glvfxvvhg lq wkh lqwurgxf0
wlrq/ zh h{shfw dq| vxfk vkxwwlqj grzq wr d�hfw wkh pdjqlwxgh ri wkh wrwdo
rxwsxw uhvsrqvh wr fkdqjhv lq wkh dprxqw ri prqh| uhodwlyh wr zkdw kdsshqv
lq wkh ehqfkpdun fdvh ri hyhu|rqh lqiruphg +b ' �,�
Wkh djjuhjdwhv zh vwxg| duh wrwdo rxwsxw dqg wkh sulfh ohyho1 Iru hdfk

h{dpsoh/ zh suhvhqw wkh rswlpdo Pdunry surfhvv iru hdfk djjuhjdwh1 Ohw t��

dqg ��� ghqrwh wrwdo rxwsxw dqg wkh sulfh ohyho/ uhvshfwlyho|/ zkhq wkh suhylrxv
vwdwh lv � dqg wkh fxuuhqw vwdwh lv �� Iru d jlyhq phfkdqlvp/ wrwdo rxwsxw lv wkh
dssursuldwh vxp ri rxwsxwv ryhu phhwlqjv=

�t�� ' 6�E��6��E�� b�2+Efc fc �� n Eb� w���w��+E�c �c �� n

Eb� w���E��6��E�� b�+E�c fc �� n6�w��E�� b�+Efc �c ��� +914,
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Zh wdnh ��� wr eh wkh wrwdo rxwsxw gh dwru> qdpho|/ wrwdo qrplqdo rxwsxw/
ghqrwhg f��c glylghg e| t���

47 Ehfdxvh rqh xqlw ri prqh| lv wudghg lq hdfk
phhwlqj lq zklfk wudgh rffxuv/ iru d jlyhq phfkdqlvp wrwdo qrplqdo rxwsxw lv
d zhljkwhg vxp ri wkh qxpehu ri wudghv1 Wkdw lv/ �f�� lv wkh uljkw0kdqg vlgh
ri +914, zlwk +Erc r�c �� uhsodfhg e| @Erc r�c ��� Wkh sdlu Et��c ���� rffxuv zlwk
suredelolw| R�Z��c zkhuh/ dv deryh/ R� ghqrwhv wkh lqyduldqw suredelolw| wkdw
wkh vwdwh lv �� Wkhuhiruh/ wkh sdlu Et��c ���� dqg wkh h{rjhqrxv suredelolw| R�Z��

iru hdfk E�c �� frpsohwho| ghvfuleh wkh Pdunry surfhvv iru wrwdo rxwsxw dqg wkh
sulfh ohyho1
Wkh �uvw wzr h{dpsohv vkduh doo exw rqh ihdwxuh1 Erwk kdyh 7 ' 2 dqg

d v|pphwulf � zlwk Z�� ' � � 01 Zh ohw � eh wkh vtxduh0urrw ixqfwlrq�
d vlpsoh ixqfwlrq wkdw vdwlv�hv rxu jhqhudo dvvxpswlrqv1 Iru wkdw fkrlfh ri
�c +W ' �

e
� Zh dovr ohw � ' �c wkh plqlpxp frqvlvwhqw zlwk qr grxeoh0

frlqflghqfh phhwlqjv1 Iru erwk h{dpsohv/ wkh vxssruw iru wkh prqh| vxsso|
lv E6�c62� ' Ee

b
c �
2
�1 Zh fkrrvh q vr wkdw +�4@ ' +Wc zklfk jlyhv q ' 2.

�2
� Wkh

wzr h{dpsohv gl�hu uhjduglqj 0� Lq dffrug zlwk Sursrvlwlrq 6/ zh h{shfw wr
kdyh wudgh rffxu doo wkh wlph li 0 lv qrw wrr forvh wr }hur dqg zh h{shfw wr kdyh
qr0wudgh rffxu zkhq E�c �� ' E�c 2� li 0 lv vpdoo hqrxjk1 H{dpsoh 4 kdv 0 ' f��/
zklfk lpsolhv wkdw wudgh dozd|v rffxuv1 H{dpsoh 5 kdv 0 ' �ff2Dc zklfk wxuqv
rxw wr eh vpdoo hqrxjk wr jhw qr0wudgh lq phhwlqjv ehwzhhq lqiruphg surgxfhuv
dqg xqlqiruphg frqvxphuv zkhq E�c �� ' E�c 2��48 Iru hdfk 0c zh uhsruw uhvxowv
iru wkuhh ydoxhv ri b G b ' �

b
c wkh plqlpxp frqvlvwhqw zlwk rxu dvvxpswlrqv>

b ' ��
2f
c wkh pdjqlwxgh zklfk pd{lpl}hv wkh suredelolw| ri phhwlqjv ehwzhhq

lqiruphg surgxfhuv dqg xqlqiruphg frqvxphuv> dqg b ' �c wkh ehqfkpdun1
Ehiruh zh suhvhqw wkh uhvxowv iru djjuhjdwhv/ zh suhvhqw iru rqh fdvh wkh

phhwlqj0vshfl�f rxwsxwv iurp zklfk wkh djjuhjdwhv duh ghgxfhg1 Zkhq hyhu|0
rqh lv lqiruphg/ wkhuh lv rqo| rqh nlqg ri phhwlqj shu gdwh dqg wkh rxwsxw lq
wkdw phhwlqj ghshqgv rqo| rq wkh fxuuhqw vwdwh1 Lq h{dpsoh 4 zkhq b ' �c
+E�c �c �� ' �22.f dqg +E2c 2c �� ' �2�Sf� Ehfdxvh wkhuh lv rqo| rqh nlqg ri
phhwlqj/ wkh sulfh ohyho lv vlpso| wkh lqyhuvh ri phhwlqj0vshfl�f rxwsxw1 Qr0
wlfh wkdw hyhq lq wkh orz prqh| vxsso| vwdwh/ rxwsxw lv ohvv wkdq +�4@ ' �

e
�

Wklv kdsshqv iru wzr uhdvrqv= wkh prqh| vxsso| pd| lqfuhdvh/ zklfk zrxog
uhgxfh wkh suredelolw| ri phhwlqj vrphrqh zlwkrxw prqh|/ dqg wkh surgxfhu
pd| eh jlyhq prqh| zlwkrxw surgxflqj1 Lq doo rxu h{dpsohv/ wkh shuvlvwhqfh

47Zh pxvw xvh d sulfh lqgh{ ehfdxvh/ lq jhqhudo/ wkh sulfh ri rxwsxw ghshqgv rq wkh nlqg
ri phhwlqj1 Wkh sulfh lq d phhwlqj lv 4@|+v> v3> l, iru v dqg v3 5 V1 Wkhuhiruh/ iru jlyhq
sdvw dqg fxuuhqw vwdwhv/ wkh sulfh ydulhv zlwk zkr lq wkh phhwlqj lv lqiruphg1 Dq rxwvlgh
revhuyhu froohfwlqj vxfk sulfhv pxvw xvh dq lqgh{ wr frpsxwh d sulfh ohyho1

48Wkh vx!flhqw frqglwlrq jlyhq lq ohppd 8 lv vdwlv�hg iru h{dpsohv 4 dqg 51 Wkh ydoxh
ri ]+|n,> zklfk lv wkh vdph iru hdfk n e| wkh v|pphwu| ri wkh h{dpsoh/ qhyhu ulvhv deryh
=451 Wklv lv ehorz wkh ydoxhv ri ] vkrzq lq wdeohv 6 dqg 7 ehorz/ wkh ydoxhv iru wkh rswlpd/
zklfk/ dv qrwhg deryh/ fdq sod| wkh uroh ri ]plq lq ohppd 81
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lq wkh prqh| vxsso| surfhvv lv vx!flhqw wr lpso| wkdw {� : {2( pruhryhu/
zkhq b ' � wkh rughulqj iru djjuhjdwh rxwsxw lv wkh vdph dv wkdw iru phhwlqj0
vshfl�f rxwsxw1 Wklv kdsshqv lq sduw ehfdxvh rxu prqh| vxssolhv duh qhdu �

2
c

zkhuh wkh ixqfwlrq 6E��6� lv  dw1

Wdeoh 51 Phhwlqj vshfl�f rxwsxwv iru h{dpsoh 4 zlwk b ' �
b
�

+E�c �c �� +Efc fc �� +E�c fc ��c � : f +Efc �c ��c � : f
� ' � � ' 2 � ' � � ' 2 � ' � � ' 2
15588< 154874 15578; 154975 155698 154874 154874

Wdeoh 5 frqwdlqv phhwlqj0vshfl�f rxwsxwv iru h{dpsoh 4 iru b ' �
b
� Wkh �uvw

wzr froxpqv frqwdlq rxwsxw lq phhwlqjv ehwzhhq lqiruphg shrsoh1 Wkhvh gl�hu
iurp wkrvh lq wkh ehqfkpdun ehfdxvh b d�hfwv {� Wkh qh{w wzr froxpqv frq0
wdlq rxwsxw lq phhwlqjv ehwzhhq xqlqiruphg shrsoh1 Khuh/ wkhuh lv qr ghshq0
ghqfh rq wkh fxuuhqw vwdwh dqg wkh ghshqghqfh rq wkh suhylrxv vwdwh lv zhdnhu
wkdq wkh ghshqghqfh rq wkh fxuuhqw vwdwh iru phhwlqjv ehwzhhq lqiruphg shr0
soh ehfdxvh wkh Pdunry surfhvv jlyhv ulvh wr ohvv wzr0shulrg shuvlvwhqfh wkdq
rqh0shulrg shuvlvwhqfh1 Wkh qh{w wzr froxpqv frqwdlq rxwsxw lq phhwlqjv eh0
wzhhq lqiruphg frqvxphuv dqg xqlqiruphg surgxfhuv1 Khuh/ rxwsxw grhv qrw
ghshqg rq wkh fxuuhqw vwdwh ehfdxvh ri wkh wuxwk0whoolqj uhtxluhphqw1 Qrwlfh
dovr wkdw iru hdfk � rxwsxw lv orzhu wkdq zkhq wzr xqlqiruphg shrsoh phhw1
Wklv kdsshqv ehfdxvh xqlqiruphg surgxfhuv zkr phhw lqiruphg shrsoh zlwk
prqh| sodfh pruh zhljkw wkdq Z�2 rq wkh srvvlelolw| wkdw wkh prqh| vxsso| kdv
lqfuhdvhg1 +Lq idfw/ lq wklv h{dpsoh/ zkhq wkh prqh| vxsso| ghfuhdvhv/ qr lq0
iruphg shuvrq kdv prqh|/ vr zkhq dq xqlqiruphg surgxfhu phhwv dq lqiruphg
frqvxphu zlwk prqh|/ wkh surgxfhu lv deoh wr ghgxfh wkdw wkh fxuuhqw vwdwh lv
vwdwh 2 zklfk lpsolhv wkh vdph rxwsxw ohyho dv iru dq lqiruphg surgxfhu1, Wkh
odvw froxpq frqwdlqv rxwsxw lq phhwlqjv ehwzhhq xqlqiruphg frqvxphuv dqg
lqiruphg surgxfhuv1 Khuh rxwsxw ghshqgv rq qhlwkhu wkh fxuuhqw vwdwh qru wkh
suhylrxv vwdwh dqg lv wkh vdph dv lq d phhwlqj ehwzhhq lqiruphg shrsoh zkhq
wkh fxuuhqw vwdwh lv wkh kljk prqh| vxsso| vwdwh1
Wdeohv 6 dqg 7 frqwdlq ghwdlohg uhvxowv iru h{dpsohv 4 dqg 51 Lq sduwlfxodu/

wkh| frqwdlq wkh Pdunry surfhvvhv iru wrwdo rxwsxw dqg wkh sulfh ohyho1 Wkh
urzv odehohg f���3f��

f��
frqwdlq shufhqwdjh fkdqjhv ri vzlwfklqj vwdwhv uhodwlyh wr

qrw vzlwfklqj vwdwhv/ h{fhsw zkhq wkh| shuwdlq wr{1 Iru{c wkh hqwu| lv {23{�

{�
�

Dovr/ doo wkh phhwlqj0vshfl�f rxwsxwv fdq eh frpsxwhg iurp wkh uhsruwhg {
xvlqj wkh dssolfdeoh frqglwlrqdo h{shfwdwlrqv dv jlyhq lq Sursrvlwlrq 41
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Wdeoh 61 H{dpsoh 4= 0 ' �
�f

b ~ � t�� t2� ��� �2� {
� 134;9;8: 134;9;8: 71738 71738 159<4

� 1465366 2 134;3334 134;3334 71963 71963 15893
f���3f��

f��
0619:( 61;4( 8144( 071;9( 071;:(

� 134;539; 134:<5668 71854 718<5 15987
��
2f

1464<57 2 134;567< 134:<5683 718:3 7197< 15878
f���3f��

f��
3148( 031333;( 413<( 04156( 07146(

� 134;7358 134::<8< 717:58 71957< 159:7
�
b

1464<;; 2 134;9;<4 134;34:8 7178;< 719584 15886
f���3f��

f��
4189( 04156( 03163( 031337( 07185(

Wdeoh 71 H{dpsoh 5= 0 ' �
eff

b ~ � t�� t2� ��� �2� {
� 13538469 13538469 71345 71345 15<873

� 1465658 2 134;9<76 134;9<76 7178; 7178; 1598;:
f���3f��

f��
0;1;:( <1:6( 44143( 0<1<<( 0<1<<(

� 13538336 134<395: 71348 7164; 15<857
��
2f

14655<4 2 1348<;75 134;9<73 714:4 7178; 1598;7
f���3f��

f��
055136( 41<:( 61;<( 06147( 0<1<9(

� 135383:4 134;799: 71346 71789<4 15<86;
�
b

1465657 2 13538876 134;9<:8 71348 71789<6 1598;9
f���3f��

f��
3156( 04156( 3136( 0313336( 0<1<<(

Dv d zd| wr kljkoljkw vrph ri wkh lpsdfw h�hfwv/ zh suhvhqw lq Iljxuhv 5
wkh h�hfwv ri d �shuvlvwhqw� lqfuhdvh lq wkh dprxqw ri prqh| rq rxwsxw dqg
wkh sulfh ohyho1 Wkdw lv/ zh suhvhqw djjuhjdwhv fruuhvsrqglqj wr d vhtxhqfh
ri vwdwhv E�c �c 2c 2� vwduwlqj zlwk wkh vhfrqg whup vr wkdw wkh devflvvd odeho
��� lq wkh �jxuhv lv d gdwh dw zklfk erwk wkh fxuuhqw dqg suhylrxv vwdwhv duh
vwdwh �� +Zkloh zh frxog kdyh suhvhqwhg wkh h�hfwv ri dq lqfuhdvh iroorzhg e| d
ghfuhdvh/ jlyhq wkh kljk ghjuhh ri shuvlvwhqfh lq erwk h{dpsohv/ vxfk dq hyhqw
lv h{wuhpho| uduh1, Dv vxjjhvwhg deryh/ lpsdfw h�hfwv rq djjuhjdwh rxwsxw
ghshqg rq zkhwkhu wudgh lv hyhu vkxw grzq dqg rq wkh suredelolw| ri phhwlqjv
ehwzhhq lqiruphg surgxfhuv dqg xqlqiruphg frqvxphuv1 Iru 0 ' f��c iru zklfk
wkhuh lv dozd|v0wudgh/ wkhuh duh srvlwlyh lpsdfw h�hfwv rq rxwsxw uhodwlyh wr
wkh ehqfkpdun1 +Zkhq wkh prqh| vxsso| lqfuhdvhv/ phhwlqj0vshfl�f rxwsxw
lv kljkhu lq phhwlqjv ehwzhhq lqiruphg frqvxphuv dqg xqlqiruphg surgxfhuv
wkdq lw lv ehwzhhq lqiruphg shrsoh zkhq b ' ��� Iru 0 ' f�ff2Dc iru zklfk
wkhuh lv qr0wudgh zkhq lqiruphg surgxfhuv phhw xqlqiruphg frqvxphuv dqg wkh
prqh| vxsso| kdv lqfuhdvhg/ wkh gluhfwlrq ri h�hfw ghshqgv rq b1 Zkhq b '
��
2f
c zklfk pd{lpl}hv wkh suredelolw| ri phhwlqjv ehwzhhq lqiruphg surgxfhuv
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dqg xqlqiruphg frqvxphuv/ wkh lqfuhdvh surgxfhv d odujh ghfolqh lq rxwsxw
uhodwlyh wr zkdw kdsshqv lq wkh ehqfkpdun1 Zkhq b ' �

b
c wkdw grhv qrw

kdsshq ehfdxvh prvw lqiruphg shrsoh kdyh prqh| zkhq wkh dprxqw ri prqh|
lqfuhdvhv1

λ = 1
λ = 1/9

λ = 11/20

Iljxuh 5d= Rxwsxw/ H{dpsoh 4

λ = 1/9λ = 1

λ = 11/20

Iljxuh 5e= Rxwsxw/ H{dpsoh 5

λ = 1/9

λ = 11/20

λ = 1

Iljxuh 5f= Sulfhv/ H{dpsoh 4

λ = 11/20

λ = 1

λ = 1/9

Iljxuh 5g= Sulfhv/ H{dpsoh 5

Uhfdoo wkdw wkh sulfh lq hdfk nlqg ri phhwlqj lv vlpso| wkh lqyhuvh ri rxwsxw
lq wkh phhwlqj dqg wkdw wkh rqo| phhwlqj0vshfl�f sulfh wkdw fkdqjhv lq h{dpsoh
4 zkhq wkh prqh| vxsso| fkdqjhv lv wkdw lq phhwlqjv ehwzhhq wkh lqiruphg1
Wkdw h�hfw whqgv wr pdnh wkh +djjuhjdwh, sulfh ohyho fkdqjh lq wkh vdph gluhf0
wlrq dv wkh prqh| vxsso|1 Exw/ ehfdxvh lw lv wkh rqo| sulfh wkdw fkdqjhv/ wkh
lpsdfw h�hfwv rq wkh sulfh ohyho whqg wr eh zhdnhu wkh vpdoohu lv b� Pruhryhu/
wkdw h�hfw fdq hyhq eh r�vhw e| frpsrvlwlrqdo h�hfwv/ zklfk kdsshqv lq h{dp0
soh 4 zkhq b ' �

b
� Zkhq b ' �

b
dqg wkh prqh| vxsso| lqfuhdvhv/ rqo| �

�H
ri wkh

lqiruphg duh zlwkrxw prqh|1 Khqfh/ wkhuh duh yhu| ihz wudgh0phhwlqjv dprqj
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wkh lqiruphg1 Dovr/ wkhuh duh ihzhu phhwlqjv ehwzhhq lqiruphg surgxfhuv
dqg xqlqiruphg frqvxphuv dqg pruh phhwlqjv ehwzhhq lqiruphg frqvxphuv
dqg xqlqiruphg surgxfhuv1 Xqghu dozd|v0wudgh/ wkh phhwlqj0vshfl�f sulfh lv
kljkhu zkhq surgxfhuv duh uhodwlyho| lqiruphg wkdq zkhq frqvxphuv duh uho0
dwlyho| lqiruphg1 Khqfh/ wkh dowhuhg frpsrvlwlrq surgxfhg e| wkh prqhwdu|
lqfuhdvh whqgv wr orzhu wkh sulfh lqgh{1
Lq wkhvh h{dpsohv wkh kljkhvw ohyho ri h{ dqwh zhoiduh/ ~c lv dfklhyhg zkhq

hyhu|rqh lv lqiruphg1 Krzhyhu/ h{ dqwh zhoiduh lv qrw prqrwrqh lq b� Wkh
suhydohqfh ri phhwlqjv ehwzhhq lqiruphg surgxfhuv dqg xqlqiruphg frqvxphuv/
zklfk ghshqgv rq b lq d qrq0prqrwrqh zd|/ lv rqh vrxufh ri wkh qrq0prqrwrqlflw|
ri zhoiduh1 Lq h{dpsoh 4/ zkhq wkhuh lv dozd|v0wudgh/ rxwsxw lv plqlpdo lq vxfk
phhwlqjv ehfdxvh lw vdwlv�hv wkh surgxfhu*v lqglylgxdo udwlrqdolw| frqvwudlqw iru
wkh vpdoohu frpsrqhqw ri { qr pdwwhu zkdw lv wkh fxuuhqw vwdwh1 Lq h{dpsoh
5/ wklv orz rxwsxw lv sduwo| ryhufrph/ exw rqo| dw wkh frvw ri vkxwwlqj grzq
wudgh zkhq wkh prqh| vxsso| lqfuhdvhv1
H{dpsoh 6 lv ghvljqhg wr kdyh qrq0prqrwrqh lpsdfw h�hfwv ri lqfuhdvhv

lq wkh dprxqw ri prqh| rq rxwsxw1 Wkh h{dpsoh kdv 7 ' � dqg frpelqhv
ihdwxuhv ri h{dpsohv 4 dqg 5 vr wkdw odujh lqfuhdvhv lq wkh dprxqw ri prqh|
surgxfh d vkxwwlqj grzq ri wudgh/ exw vpdoo lqfuhdvhv gr qrw1 Zh frqwlqxh wr
ohw � eh wkh vtxduh0urrw ixqfwlrq/ dqg ohw � ' �� Wkh vxssruw iru wkh prqh|
vxsso| lv E6�c62c6�� ' E D

�2
c e
b
c �
2
� � E�e�S.c �eeeec �Dfff�c zkloh q ' �S

e�
vr wkdw/

djdlq/ +�4@ ' +W� Iru �/ zh fkrrvh/

� '

5
97

�� 0� � 02 0� 02

0� �� 2 0� 0�

02 0� �� 0� � 02

6
:8 c +915,

zlwk E0�c 02� ' E�fDffc �ff2D�� Hyhq wkrxjk wkh udqjh iru wkh prqh| vxsso| lv
odujhu iru wklv h{dpsoh/ lw uhpdlqv wuxh wkdw wkh k|srwkhvlv ri ohppd 8 krogv149

Iru wklv h{dpsoh/ zh frpsxwhg uhvxowv rqo| iru b ' � dqg b ' ��
2f
�

49Wklv lv vkrzq e| frpsdulqj wkh ydoxh ri ]+|n, @ =4437 +zklfk lv wkh vdph iru hdfk n> e|
wkh v|pphwu| ri wkh h{dpsoh, zlwk wkh ydoxh ri ] lq wkh wdeoh> qrwh wkdw �4 A �5 A �6> vr
wkdw wkh phfkdqlvp wkdw vhwv d+3> 6> 4, @ 3 vdwlv�hv surgxfhu wuxwk0whoolqj1 Dovr/ frqvxphu
lqglylgxdo udwlrqdolw| frqvwudlqwv krog ehfdxvh x+��6, A ��41 Wkhuhiruh/ wkh ydoxh ri ] lv
d ydolg fkrlfh iru ]plq1
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Wdeoh 81 H{dpsoh 6= E0�c 02� ' E �
2f
c �
eff

�
b ~ � t�� t2� t�� ��� �2� ��� {

� 134<86 134<86 134<86 7147; 7147; 7147; 15;:<
� 1458< 2 134;8; 134;8; 134;8; 71763 71763 71763 159<9

� 134:84 134:84 134:84 71:8< 71:8< 71:8< 15843
� 134;:7 134:<: 134:88 71657 7183; 7194: 15;43

��
2f

1458: 2 134;:3 134:<6 134:83 71734 718;< 71:35 1596;
� 134875 134:<4 134:76 71774 71987 71:;4 157<8

Dv lq wkh �uvw wzr h{dpsohv/ lq wkh ehqfkpdun wrwdo rxwsxw lv ghfuhdvlqj lq
wkh dprxqw ri prqh|1 Zkhq b ' ��

2f
c vpdoo lqfuhdvhv lq wkh dprxqw ri prqh|

duh h{sdqvlrqdu| uhodwlyh wr wkh ehqfkpdun1 Wkdw lv/ t�2*t�� dqg t2�*t22
duh hdfk odujhu wkdq wkhlu ydoxhv iru wkh ehqfkpdun1 Krzhyhu/ dv surplvhg/
d odujh lqfuhdvh lv frqwudfwlrqdu| uhodwlyh wr wkh ehqfkpdun1 Wkdw lv/ t��*t��
lv vpdoohu wkdq lwv ydoxh lq wkh ehqfkpdun1 Dv lq wkh rwkhu h{dpsohv/ wkh
sulfh ohyho lv ohvv uhvsrqvlyh wr fkdqjhv lq wkh dprxqw ri prqh| wkdq lw lv lq
wkh ehqfkpdun1 Djdlq/ zhoiduh lv orzhu zlwk xqlqiruphg shrsoh wkdq zkhq
hyhu|rqh lv lqiruphg1

:1 Udqgrpl}dwlrq

Wkh phfkdqlvpv vwxglhg deryh duh ghwhuplqlvwlf1 Pruh jhqhudo phfkdqlvpv
zrxog shuplw udqgrpl}dwlrq1 Wkhuh duh wkuhh frqfhlydeoh nlqgv ri udqgrp0
l}dwlrq1 Iluvw/ wkhuh frxog eh udqgrpl}dwlrq ryhu rxwfrphv/ vrph ri zklfk
lqfoxgh srvlwlyh surgxfwlrq dqg qr wudqvihu ri prqh| iurp wkh frqvxphu wr
wkh surgxfhu1 Vxfk udqgrpl}dwlrq zrxog qrw vdwlvi| rxu lqglylgxdo0udwlrqdolw|
frqvwudlqwv/ ehfdxvh wkh surgxfhu zrxog qrw dffhsw dq rxwfrph wkdw fdoov iru
surgxfwlrq dqg qr wudqvihu ri prqh|14: Vhfrqg/ wkhuh frxog eh udqgrpl}d0
wlrq ryhu rxwfrphv lq zklfk hdfk ri vhyhudo gl�huhqw dprxqwv ri surgxfwlrq
pljkw eh h{fkdqjhg iru d xqlw ri prqh|1 Zkloh vxfk udqgrpl}dwlrq frxog eh
lqfhqwlyh ihdvleoh/ zh grxew wkdw lw frxog eh rswlpdo1 Zh vxvshfw wkdw vkliw0
lqj suredelolw| wrzdug wkh kljkhvw rxwsxw wkdw rffxuv zlwk srvlwlyh suredelolw|
zrxog eh lqfhqwlyh ihdvleoh dqg zrxog udlvh h{ dqwh zhoiduh1 Wklug/ wkhuh frxog
eh udqgrpl}dwlrq ryhu wudgh dqg qr0wudgh vhwv1 Wklv nlqg ri udqgrpl}dwlrq lv
dovr lqfhqwlyh ihdvleoh dqg/ dv zh vkrz e| h{dpsoh/ fdq eh rswlpdo1 Zh �uvw
suhvhqw wkh h{dpsoh dqg wkhq frpphqw pruh jhqhudoo| rq vxfk udqgrpl}dwlrq1
Wkh uhdvrqlqj ehklqg wkh h{dpsoh lv dv iroorzv1 Frqvlghu wkh v|pphwulf �

xvhg lq wkh 7 ' 2 h{dpsohv1 E| Sursrvlwlrq 6 dqg rxu h{dpsohv/ wkhuh lv d
fulwlfdo ydoxh ri 0 dw zklfk wkh rswlpxp vzlwfkhv iurp 7RE�� ' i�j/ wudgh lv
vkxw grzq zkhq wkh prqh| vxsso| lqfuhdvhv/ wr 7RE�� ' i�c 2jc dozd|v0wudgh1

4:Vhh ^5` iru wkh vwxg| ri vxfk udqgrpl}dwlrq lq d vlplodu prgho zlwkrxw xqfhuwdlqw|/ exw
lq zklfk lw lv dvvxphg wkdw shrsoh fdq frpplw wr wkh rxwfrph ri udqgrpl}dwlrq1
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Dw wkdw srlqw/ wkh phfkdqlvp ydulhv glvfrqwlqxrxvo|/ exw ~ grhv qrw1 Udq0
grpl}dwlrq ryhu zkhwkhu wudgh rffxuv frxog vprrwk wkh phfkdqlvp dqg/ dv zh
qrz h{sodlq/ lv olnho| wr udlvh ~� Iru ^ 5 dfc �o/ ohw wkh sdlu d@Efc 2c ��c +Efc 2c ��o
eh vshfl�hg dv d�c q{2o zlwk suredelolw| ^/ dqg dfc fo zlwk suredelolw| � � ^/
dqg ohw +Efc 2c �� ' q{2c dqg +Efc �c �� ' E� � ^�q{� n ^q{2� Iru ^ ' fc wklv
fruuhvsrqgv wr 7RE�� ' i�jc zkloh iru ^ ' �c lw fruuhvsrqgv wr 7RE�� ' i�c 2j�
Dovr/ li {� � {2c wkhq lw vdwlv�hv wuxwk0whoolqj iru wkh lqiruphg surgxfhu1 Wkh
sduw ri ~ wkdw ghshqgv gluhfwo| rq ^ lv sursruwlrqdo wr

E�� 0�w��5 EE�� ^�q{� n ^q{2� n 0w2�^5Eq{2�� +:14,

Kroglqj { �{hg/ wklv whup lv vwulfwo| frqfdyh lq ^� Wkhuhiruh/ li wklv whup kdv
wkh vdph ydoxh dw ^ ' f dqg dw ^ ' �� zklfk/ e| Sursrvlwlrq 5/ kdsshqv
dw wkh fulwlfdo ydoxh ri 0 � wkhq lw wdnhv kljkhu ydoxhv dw lqwhulru ydoxhv ri
^� Dowkrxjk vxjjhvwlyh/ wklv frqfoxvlrq lv qrw ghflvlyh ehfdxvh lw ljqruhv wkh
ghshqghqfh ri { rq ^� Wkhuhiruh/ zh surgxfh dq h{dpsoh zklfk wdnhv wklv
ghshqghqfh lqwr dffrxqw1
Wkh h{dpsoh lv wkh vdph dv wkh 7 ' 2 h{dpsohv lq vhfwlrq 9/ h{fhsw wkdw

b ' �
2
dqg 0 ' �

2ff
� Wklv 0 lv yhu| qhdu wkh fulwlfdo rqh dw zklfk wkh rswl0

pxp vzlwfkhv iurp 7RE�� ' i�j wr 7RE�� ' i�c 2j� Ohwwlqj ~E^� ghqrwh h{
dqwh zhoiduh dv d ixqfwlrq ri ^c zh �qg ~E�� ' ���22D.Dc ~Ef� ' ���22D.2c
dqg ~E�

2
� ' ���22SeD� Wkhuhiruh/ dozd|v0wudgh/ ^ ' �c lv voljkwo| ehwwhu wkdq

vkxwwlqj grzq wudgh/ ^ ' fc exw pl{lqj zlwk ^ ' �
2
lv ehwwhu vwloo1 Wkxv

udqgrpl}dwlrq lv rswlpdo lq wklv h{dpsoh1
Ghvslwh wklv �qglqj/ zh vxvshfw wkdw udqgrpl}dwlrq zrxog qrw gudvwlfdoo|

fkdqjh wkh nlqg ri qhfhvvdu| frqglwlrqv zh irxqg dqg/ wkhuhiruh/ wkh nlqg
ri srvvlelolwlhv iru wkh rswlpxp wkdw zh glvsod|hg lq vhfwlrq 91 Sursrvlwlrq 4
lghqwl�hv d �qlwh vhwP ri phfkdqlvpv wkdw frqwdlqv wkh rswlpxp +zkhuh hdfk
phfkdqlvp lq P fruuhvsrqgv wr d fkrlfh ri wudgh vhwv 7R,1 Wkh zhoiduh ixqf0
wlrq ~ jlyhv dq rughulqj ri P1 Zh frqmhfwxuh wkdw wkh rswlpdo udqgrpl}hg
phfkdqlvp fdq eh lqwhusuhwhg dv d srlqw lq wkh frqyh{ kxoo ri P/ vxssruwhg
e| d vxevhw ri phfkdqlvpv lq P wkdw duh forvh +lq whupv ri zhoiduh, wr wkh
rswlpdo ghwhuplqlvwlf phfkdqlvp1

;1 Wdnh0lw0ru0ohdyh0lw riihuv e| frqvxphuv

Pdwfklqj prghov ri wkh vruw zh duh vwxg|lqj kdyh riwhq ehhq dqdo|}hg xv0
lqj d edujdlqlqj uxoh1 Dprqj wkh prvw frpprqo| xvhg/ ehfdxvh lw lv vlpsoh/
lv wdnh0lw0ru0ohdyh0lw r�huv e| frqvxphuv= wudgh rffxuv li dqg rqo| li wkh sur0
gxfhu djuhhv wr vxsso| vrph dprxqw %/ fkrvhq e| wkh frqvxphu1 Rxu rswlpxp
uhvhpeohv dq htxloleulxp xqghu vxfk edujdlqlqj ehfdxvh/ dffruglqj wr Sursr0
vlwlrq 4/ surgxfhuv duh ehlqj sxvkhg wr zkhuh wkh| duh rq wkh pdujlq ehwzhhq
dffhswlqj dqg uhmhfwlqj wudgh1 Lq idfw/ dq| htxloleulxp xqghu ghwhuplqlvwlf
wdnh0lw0ru0ohdyh0lw r�huv e| frqvxphuv lv rqh ri wkh fdqglgdwhv iru dq rswlpxp/
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rqh ri wkh phfkdqlvpv wkdw vdwlvi| Sursrvlwlrq 41 Krzhyhu/ wkh rswlpxp lv
qrw dozd|v vxfk dq htxloleulxp1 Lq sduwlfxodu/ dw dq rswlpxp/ dq xqlqiruphg
frqvxphu idflqj dq lqiruphg surgxfhu dqg pdnlqj d wdnh0lw0ru0ohdyh0lw r�hu
ohdqv wrzdug dq % wkdw vkxwv grzq wudgh lq pruh vwdwhv wkdq wkh rswlpxp
glfwdwhv14;

Wklv lv hdv| wr vhh li/ iru wkh prphqw/ zh ljqruh wkh ghshqghqfh ri { rq wkh
7RE�� vhwv1 Wkhq/ li {� : {�n�/ wkh h{ dqwh zhoiduh jdlq iurp kdylqj srvlwlyh
rxwsxw lq rqh dgglwlrqdo vwdwh/ o/ zkhq wkh suhylrxv vwdwh lv � lv sursruwlrqdo
wr

5Eq{o�
o[

�'�

Z��w�� � 5Eq{o3��
o3�[
�'�

Z��w�� � �REoc ��� +;14,

Wkh gl�huhqfh khuh uhsuhvhqwv d wudgh0r� ehwzhhq wkh rxwsxw q{o3� zlwk vrph
suredelolw| dqg wkh orzhu rxwsxw q{o zlwk d kljkhu suredelolw|1 Lq frqwudvw/
wkh qhw jdlq wr wkh frqvxphu iurp ghpdqglqj wkh vpdoohu rxwsxw q{o udwkhu
wkdq wkh rxwsxw q{o3� lv sursruwlrqdo wr

o[
�'�

Z��w��d�Eq{o��q{�o�
o3�[
�'�

Z��w��d�Eq{o3���q{�o ' �REoc ���qE{o3��{o�
o3�[
�'�

Z��w��

Wkxv/ wkh frqvxphu vhhv dq dgglwlrqdo frvw wr kdylqj rxwsxw lq rqh dgglwlrqdo
vwdwh> qdpho|/ wkdw wkh frqvxphu vxuuhqghuv prqh| iru ohvv wkdq lwv ydoxh
+frqfhglqj dq lqirupdwlrqdo uhqw wr wkh surgxfhu,1 Exw wklv frvw lv qrw sduw ri
h{ dqwh zhoiduh ehfdxvh wkh glvwulexwlrq ri prqh| dw wkh qh{w gdwh lv xqd�hfwhg
e| zkhwkhu wudgh rffxuv1
Ri frxuvh/ wkh deryh frpsdulvrq lv qrw wkh fruuhfw rqh ehfdxvh lw ljqruhv

wkh ghshqghqfh ri { rq wkh 7RE�� vhwv1 Qhyhuwkhohvv/ wkh frpsdulvrq fru0
uhfwo| vxjjhvwv wkdw li wkh rswlpxp kdv dozd|v0wudgh e| d vpdoo hqrxjk pdu0
jlq/ wkhq wkh rswlpxp lv qrw dq htxloleulxp xqghu wdnh0lw0ru0ohdyh0lw r�huv
e| frqvxphuv Wkdw kdsshqv iru wkh h{dpsoh suhvhqwhg lq wkh glvfxvvlrq ri
udqgrpl}dwlrq1 Wkhuh wkh rswlpxp kdv dozd|v0wudgh dqg lpsolhv E{�c{2� '
E�2HDDD�ec �2SDD�2�� Li wkh xqlqiruphg frqvxphu zkr phhwv dq lqiruphg sur0
gxfhu ghpdqgv q{� lq h{fkdqjh iru vxuuhqghulqj prqh|/ wkhq wkh frqvxphu*v
h{shfwhg jdlq lv �bb

2ff
dEq{��

�
2 �q{�oc zkhuh/ uhfdoo/ q ' 2.

�2
� Li/ lqvwhdg/ wkh frq0

vxphu ghpdqgv q{2 lq h{fkdqjh iru vxuuhqghulqj prqh|/ wkhq wkh h{shfwhg
jdlq lv Eq{2�

�
2 � �bb

2ff
q{�� �

2ff
q{2� Wkh gl�huhqfh ehwzhhq wkh iruphu dqg wkh

odwwhu lv �bb
2ff

Eq{��
�
2 � Eq{2�

�
2 n �

2ff
q{2c zklfk lv srvlwlyh1 Wkhuhiruh/ lq wklv

4;Wkh rqo| uhdvrq wkh wzr pd| frlqflgh lv ehfdxvh zh kdyh lpsrvhg uhvwulfwlrqv wr nhhs
rxwsxw ohvv wkdq |�= Vrphrqh zkr vlpso| dvvxphv wdnh0lw0ru0ohdyh0lw edujdlqlqj zrxog qrw
lpsrvh wkrvh uhvwulfwlrqv1
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fdvh/ wkh dozd|v0wudgh rswlpxp lv qrw dq htxloleulxp xqghu wdnh0lw0ru0ohdyh0lw
r�huv e| frqvxphuv14<

<1 Frqfoxglqj Uhpdunv

Zh kdyh zrunhg zlwk d plqlpdo prgho dqg d plqlpdo fodvv ri phfkdqlvpv1
Lq dgglwlrq wr frqvlghulqj udqgrpl}dwlrq dqg rwkhu uhjlrqv ri wkh sdudphwhu
vsdfh/ lw zrxog eh ghvludeoh wr fkhfn wkh urexvwqhvv ri rxu �qglqjv wr vrph ri
rxu pruh h{wuhph dvvxpswlrqv1 Zh kdyh pdgh vxevwdqwldo xvh ri wkh lqglylvl0
elolw| ri prqh| dqg wkh xqlw xsshu erxqg1 Reylrxvo|/ wuxwk0whoolqj frqvwudlqwv
zrxog qrw kdyh vxfk vlpsoh lpsolfdwlrqv li wkh prqh| wudghv frxog eh rwkhu
wkdq vxuuhqghulqj f ru � xqlw1 Vhwwlqjv zlwk ulfkhu lqglylgxdo kroglqjv ri
prqh| zrxog eh pxfk kdughu wr vwxg| ehfdxvh lq wkhp wkh glvwulexwlrq ri
prqh| kroglqjv ghshqgv rq wkh phfkdqlvp1 Dqrwkhu h{whqvlrq wr frqvlghu lv
dq lqirupdwlrq vwuxfwxuh lq zklfk wkh lghqwlw| ri wkh lqiruphg lv qrw frpprq
nqrzohgjh1 Vxfk d fkdqjh jlyhv ulvh wr dgglwlrqdo wuxwk0whoolqj frqvwudlqwv
dqg wr wzr0vlghg gl�huhqwldo lqirupdwlrq lq phhwlqjv1 D wklug h{whqvlrq zrxog
frqvlghu ohqjwkhqlqj wkh odj zlwk zklfk wkhuh lv d sxeolf dqqrxqfhphqw ri
wkh vwdwh1 Vxfk d yhuvlrq zrxog shuplw wkh vwxg| ri zkhwkhu lw lv rswlpdo iru
uhodwlyho| lqiruphg shrsoh wr whoo wkhlu wudglqj sduwqhuv zkdw wkh| nqrz dv
wkh| ohdyh phhwlqjv1
Lq dq lpsruwdqw vhqvh/ wkrxjk/ wkh vlpsolflw| ri rxu prgho lv d yluwxh1

Rxu edfnjurxqg hqylurqphqw zdv ghvljqhg e| rwkhuv wr ghslfw devhqfh0ri0
grxeoh0frlqflghqfh sureohpv vr vhyhuh wkdw wkh xvh ri prqh| lv wkh rqo| zd| wr
ghsduw iurp dxwdun|1 Zh kdyh sxw lqwr wkdw hqylurqphqw prqhwdu| xqfhuwdlqw|
dqg gl�huhqwldo lqirupdwlrq derxw uhdol}dwlrqv lq d zd| wkdw grhv qrw wlh d
shuvrq*v lqirupdwlrq vwdwxv wr wkh shuvrq*v prqh| kroglqjv1 Wkhq/ ghvslwh
dvvxplqj wkdw prqh| kroglqjv duh hlwkhu f ru � xqlw/ wkdw sxeolf uhyhodwlrq ri
uhdol}dwlrqv rffxuv diwhu rqh shulrg/ wkdw wkhuh lv frpprq nqrzohgjh derxw
zkr lv lqiruphg/ dqg wkdw wkh vrflhw| �qgv wkh ehvw zd| ri frqgxfwlqj wudgh
lq wkh suhvhqfh ri wkh xqfhuwdlqw| dqg wkh lpsolhg gl�huhqwldo lqirupdwlrq/ zh
�qg wkdw wkh prgho gholyhuv d ulfk wkhru| ri rxwsxw dqg sulfh ohyho uhvsrqvhv1
Rxu wkhru| lv vshfldo lq wkdw iru wudfwdelolw| zh kdyh dvvxphg dq duelwudu|

uhvwlfwlrq rq prqh| kroglqjv1 Wr jhw durxqg wklv/ zh frpsduh uhvxowv ri wkh gli0
ihuhqwldo lqirupdwlrq prgho zlwk wkh dqdorjrxv uhvxowv lq d ehqfkpdun prgho
lq zklfk hyhu|rqh lv lqiruphg1 Wklv frpsdulvrq vkrzv wkdw wkh sulfh ohyho
whqgv wr eh vwlfn| dqg wkhuh fdq eh srvlwlyh ru qhjdwlyh lpsdfw h�hfwv rq

4<Dv pljkw eh vxvshfwhg/ dq htxloleulxp xqghu wdnh0lw0ru0ohdyh0lw r�huv e| frqvxphuv
pd| qrw h{lvw xqohvv wkhuh lv udqgrpl}dwlrq zkhq wkh frqvxphu lv lqgl�huhqw ehwzhhq wzr
r�huv1 Lq wkh deryh h{dpsoh/ wkh Vs+4, @ i4j phfkdqlvp wkdw vdwlv�hv sursrvlwlrq 4 lv dq
htxloleulxp xqghu wdnh0lw0ru0ohdyh0lw r�huv e| frqvxphuv1 Wklv lv frq�uphg e| vkrzlqj wkdw
4<<
533+��4,

4
5 � +��5,

4
5 . 4

533��5 � 3 zkhq hydoxdwhg dw wkh � lpsolhg e| wkdw phfkdqlvp�
qdpho|/ +�4>�5, @ +=5<7544> =598:5;,=
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rxwsxw�dowkrxjk qhjdwlyh lpsdfw h�hfwv wxuq xs rqo| iru yhu| orz sured0
elolw| lqfuhdvhv lq wkh prqh| vxsso|1 Hyhq li hyhu|wklqj lv nhsw v|pphwulf/
wkhuh lv d whqghqf| iru prqh| dqg rxwsxw wr eh srvlwlyho| uhodwhg/ exw lq vrph
xqxvxdo frqwlqjhqflhv wkh uhodwlrqvkls jrhv wkh rwkhu zd|1 Pruhryhu/ hyhq lq
wkh fdvh ri d srvlwlyh uhodwlrqvkls/ wkh h�hfwv ri lqfuhdvhv dqg ghfuhdvhv lq wkh
txdqwlw| ri prqh| duh qrw v|pphwulf1 Zh frqmhfwxuh wkdw vlplodu srvvlelolwlhv
dulvlqj iurp gl�huhqwldo lqirupdwlrq zrxog eh suhvhqw lq d prgho zlwk ohvv
uhvwulfwlyh prqh| kroglqjv1

431 Dsshqgl{= Surriv

Wr ehjlq/ zh h{suhvv wkh ghshqghqfh ri wkh T& rq wkh phfkdqlvp1 Lw lv
frqyhqlhqw wr gr wklv lq wzr vwhsv1 Zh ohw �&E
c rc �� G ifc �j � Vn � Vn $ -n

ghqrwh wkh h{shfwhg glvfrxqwhg xwlolw| ri vrphrqh zkr +l, krogv & 5 ifc �j
xqlwv ri prqh|/ dqg +ll, lv hlwkhu lqiruphg +
 ' �, ru xqlqiruphg +
 ' f, zkhq
wkh fxuuhqw vwdwh lv r dqg wkh suhylrxv vwdwh lv ��doo ri wklv sulru wr phhwlqjv
exw diwhu ghwhuplqdwlrq ri wkh vhw ri qhzo| lqiruphg shrsoh dqg diwhu dgglwlrqv
ru vxewudfwlrqv ri prqh|� Wkhvh frqwlqxdwlrq ydoxhv vdwlvi|

��fE
c �c �� ' �qTfE�� n Eb� w���CfE�c 
c �c �� n E�� b�6�CfEfc 
c �c ��

+4314,

���E
c �c �� ' �qT�E�� n w��C�E
c �c �c �� n E�� b� E��6��C�E
c fc �c ���

Lq whupv ri wkhp/ wkh T&E�� duh gh�qhg e|

TfE�� '
7[

�'�

Z��dE�� b� �fEfc �c �� n b�fE�c �c ��o n
7[
�'�

Z��#�� E� �E�c �c ��� �fE�c �c ���

+4315,

T�E�� '
7[

�'�

Z��dE�� b� ��Efc �c �� n b��E�c �c ��o�
�3�[
�'�

Z��#�� E��E�c �c ��� �fE�c �c ��� c

zkhuh

#�� '

;?
=

�� 6�

6�
li � 	 �

�� �36�

�36�
li � � �

� +4316,

Lw iroorzv iurp wkh wkh orzhu erxqg rq b wkdw #�� � b� Htxdwlrqv +4315, zlwk
wkh �&E
c rc �� uhsodfhg e| wkhlu h{suhvvlrqv lq +4314, frqvlvw ri 27 htxdwlrqv lq
Tf dqg T� wkdw duh olqhdu iru d jlyhq E+c @�� Pruhryhu/ zlwk wkdw vxevwlwxwlrq/
iru d jlyhq E+c @� wkh uljkw vlghv ri htxdwlrqv +4315, fdq eh ylhzhg dv d pdsslqj
iurp -27 wr -27� Lw lv lpphgldwh wkdw wkdw pdsslqj vdwlv�hv Eodfnzhoo*v vxi0
�flhqw frqglwlrqv iru frqwudfwlrq= prqrwrqlflw| dqg glvfrxqwlqj1 Wkhuhiruh/
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htxdwlrqv +4315, kdyh d xqltxh vroxwlrq iru Tf dqg T� iru d jlyhq E+c @�� Wkh
lpsolhg xqltxh { � T� � Tf lv ghqrwhg {E+c @��

Ohppd 41 Iru dq| phfkdqlvp/ ~ vdwlv�hv +7146,1

Surri1 Iurp wkh gh�qlwlrq ri #�� deryh/

6� �6� '

;?
=

�6�#�� li � 	 �

E��6��#�� li � � �
�

Wkhq/ li zh vxevwlwxwh +4315, lqwr +7145,/ zh rewdlq

~ '
7[

�'�

R�d6�T�E�� n E��6��TfE��o

'
7[

�'�

7[
�'�

R�Z�� E�� b� d6���Efc �c �� n E��6���fEfc �c ��o

n
7[
�'�

7[
�'�

R�Z��bd6���E�c �c �� n E��6���fE�c �c ��o

n
7[
�'�

7[
�'�

R�Z�� E6� �6�� d��E�c �c ��� �fE�c �c ��o� +4317,

Wkhuhiruh/

~ '
7[

�'�

7[
�'�

R�Z�� E�� b� d6���Efc �c �� n E��6���fEfc �c ��o

n
7[
�'�

7[
�'�

R�Z��dEb� w��� ��E�c �c �� n w���fE�c �c ��o� +4318,
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Xvlqj +4314,/ zh kdyh

~ ' q
7[

�'�

7[
�'�

R�Z�� E�� b� d6�T�E�� n E��6��TfE��o

nq
7[

�'�

7[
�'�

R�Z��dEb� w���T�E�� n w��TfE��o

n
�

�

7[
�'�

7[
�'�

R�Z�� E�� b�6�dw��C�Efc �c �c �� n E�� b� E��6��C�Efc fc �c ��o

n
�

�

7[
�'�

7[
�'�

R�Z�� E�� b� E��6��dEb� w���CfE�c fc �c �� n E�� b�6�CfEfc fc �c ��o

n
�

�

7[
�'�

7[
�'�

R�Z�� Eb� w��� dw��C�E�c �c �c �� n E�� b� E��6��C�E�c fc �c ��o

n
�

�

7[
�'�

7[
�'�

R�Z��w��dEb� w���CfE�c �c �c �� n E�� b�6�CfEfc �c �c ��o� +4319,

Wkhq/ xvlqj +715,/ wklv h{suhvvlrq fdq eh zulwwhq dv

~ ' q
7[

�'�

7[
�'�

R�Z��d6�T�E�� n E��6��TfE��o n

�

�

7[
�'�

7[
�'�

R�Z�� E�� b�6�dw��5E+Efc �c ��� n E�� b� E��6�� 5E+Efc fc ���o n

�

�

7[
�'�

7[
�'�

R�Z�� Eb� w��� dw��5E+E�c �c ��� n E�� b� E��6�� 5E+E�c fc ���o�

+431:,

Ilqdoo|/ xvlqj wkh gh�qlwlrq ri wkh lqyduldqw suredelolwlhv/ wkh R�c
7[
�'�

7[
�'�

R�Z��d6�T�E�� n E��6��TfE��o '

7[
�'�

d6�T�E�� n E��6��TfE��o
7[

�'�

R�Z�� '

7[
�'�

R�d6�T�E�� n E��6��TfE��o ' ~� +431;,
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Zkhq wklv lv vxevwlwxwhg lqwr +431:,/ zh jhw +7146,/ dv uhtxluhg1 �

Zh qh{w hvwdeolvk vrph idfwv derxw {1 Wkh �uvw uhvxow lv derxw wkh zhljkwhg
dyhudjh ri { wkdw dsshduv lq wkh LU frqvwudlqw iru xqlqiruphg surgxfhuv lq
phhwlqjv zlwk lqiruphg frqvxphuv/ +7143,1

Ohppd :1 Li E+c @� lv lqfhqwlyh ihdvleoh/ wkhq {E+c @� vdwlv�hv/

�

��� E7
SE���

[
�M7SE��

Z��Eb� w���q{� � �

��� EVn�

[
�MVn

Z��Eb� w���q{�c +431<,

zkhuh ��� E7
SE�� � S

�M7SE��

Z��Eb� w����

Surri1 Zh kdyh

( � q

��� EVn�

[
�MVn

Z��Eb� w���{� � q

��� E7
SE���

[
�M7SE��

Z��Eb� w���{�

'
qEj � j��

jj�
[

�M7SE��

Z��Eb� w���{� n
q

j�
[

�M5n37SE��

Z��Eb� w���{�c

+43143,

zkhuh j � ��� E7
SE��� � j� � ��� EVn�� Qrz/ ohw % ' 4�?�MVn37SE��{�� Wkhq/ e|

+71<,/

( � qEj � j��
j� %n

q

j� Ej
� � j�% ' fc +43144,

dv uhtxluhg1 �

Wkh qh{w ohppd ghvfulehv vrph surshuwlhv ri d pdsslqj zkrvh �{hg srlqw
lv {E+c @�� Ohw

�E%( +c @� � KE+� n q�E@�% iru % 5 -7� +43145,

zkhuh wkh 7�7 pdwul{ �E@� � dS��E@�o dqg wkh 7� � yhfwru KE+� � dK�E+�o duh
gh�qhg dv

S��E@�

Z��
' E�� b�d�� �� b

�
@Efc fc ��� w��

�
@Efc �c ��� b� w��

�
@E�c fc ��on

Eb� #���i��
b

�
@E�c �c ��� E�� b�

�
dE��6��@E�c fc �� n6�@Efc �c ��oj +43146,
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dqg

�K�E+� ' E�� b�2 dE��6���E+Efc fc ��� n6�+Efc fc ��o n

E�� b�
7[

�'�

Z�� dw���E+Efc �c ��� n Eb� w���+E�c fc ��o n

7[
�'�

Z��Eb� #��� dw���E+E�c �c ��� n Eb� w���+E�c �c ��o n

E�� b�
7[

�'�

Z��Eb� #���dE��6���E+E�c fc ��� n6�+Efc �c ��o�

+43147,

Ohppd ;1 Ohw �E%( +c @� eh jlyhq e| +43145,0+43147,1 Wkhq +l, {E+c @� lv d
�{hg srlqw ri �E�( +c @�> +ll, �E�( +c @� vdwlv�hv Eodfnzhoo*v vx!flhqw frqglwlrqv
iru frqwudfwlrq> +lll, li �E{E+c @�( +�c @�� � {E+c @�c wkhq {E+�c @�� � {E+c @�(
dqg +ly, li +� � +c wkhq {E+�c @� � {E+c @��

Surri1 Iurp +4315,/ zh kdyh

{� '
7[

�'�

Z��dE�� b�B�Efc �� n Eb� #���B�E�c ��oc +43148,

zkhuh B�E
c �� � ��E
c �c ��� �fE
c �c ��� Dovr/ iurp +4314,/ zh kdyh

�B�E
c �� ' �q{� n w��C�E
c �c �c �� n E�� b� E��6��C�E
c fc �c ��

� Eb� w���CfE�c 
c �c ��� E�� b�6�CfEfc 
c �c ��� +43149,

Wkhq/ li zh vxevwlwxwh iurp +43149, lqwr +43148, dqg xvh wkh gh�qlwlrq ri
C&E


Sc 
Rc �c ��c lw iroorzv wkdw {E+c @� vdwlv�hv wkh pdwul{ htxdwlrq/

{E+c @� ' KE+� n q�E@�{E+c @�� +4314:,

E| wkh gh�qlwlrq ri �E�( +c @�c lw iroorzv wkdw {E+c @� lv d �{hg srlqw ri �1
Wkhuhiruh/ +l, lv wuxh1
Dv uhjdugv +ll,/ lw iroorzv iurp +43146, wkdw S��E@�*Z�� 5 E��#���d���3�c �oc

zkhuh wkh orzhu hqgsrlqw lv dwwdlqhg zkhq prqh| lv dozd|v wudqvihuuhg dqg wkh
xsshu hqgsrlqw zkhq prqh| lv qhyhu wudqvihuuhg1 Ehfdxvh #�� 	 �c lw iroorzv
wkdw S��*Z�� 5 Efc �o� Wkdw lpsolhv wkdw �E�( +c @� lv lqfuhdvlqj dqg vdwlv�hv
glvfrxqwlqj/ Eodfnzhoo*v vx!flhqw frqglwlrqv iru frqwudfwlrq1
Fodlp +lll, lv dq reylrxv frqvhtxhqfh ri frqwudfwlrq1 Wkdw lv/ li �E?�E{E+c @�( +�c @��

�{E+c @�c wkhq �E?n��E{E+c @�( +�c @�� ' �d�E?�E{E+c @�( +�c @��( +�c @�o� �E{E+c @�( +�c @��
� {E+c @�c zkhuh �E?� lv wkh ?0wk lwhudwh ri �c zkhuh wkh �uvw lqhtxdolw| iroorzv
iurp prqrwrqlflw| ri � dqg wkh vhfrqg lqhtxdolw| lv wkh k|srwkhvlv/ zklfk
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vhuyhv dv wkh lqlwldo frqglwlrq iru wkh lqgxfwlrq vwhs1 Exw e| wkh frqwudfwlrq
surshuw|/ *�4?<" �E?�E%( +�c @�� ' {E+�c @��c zklfk lpsolhv {E+�c @�� � {E+c @��
Iurp +43147,/ KE+� lv lqfuhdvlqj lq +� Wkdw dqg fodlp +lll, lpso| fodlp +ly,1

�

Ohppd 51 Li E+c @� vdwlv�hv surgxfhu LU frqvwudlqwv/ wkhq +Erc r�c ��� q4@ �{�E+c @�
� +�4@ �

Surri1 Iurp htxdwlrqv +4314, zh kdyh

�B�Efc �� ' �q{� n w��5E+Efc �c ��� n E�� b� E��6�� 5E+Efc fc ���

n E�� b� d+Efc fc ��� @Efc fc ��q{�o n w�� d+Efc �c ��� @Efc �c ��q{�o

n Eb� w��� d+E�c fc ��� @E�c fc ��q{�o

+4314;,

�B�E�c �� ' �q{� n w��5E+E�c �c ��� n E�� b� E��6�� 5E+E�c fc ���

nb d+E�c �c ��� @E�c �c ��q{�o n E�� b�6� d+Efc �c ��� @Efc �c ��q{�o

n E�� b� E��6�� d+E�c fc ��� @E�c fc ��q{�o

zkhuh {� ' {�E+c @�� Lq hdfk ri wkhvh htxdwlrqv/ wkh vxp ri wkh frh!flhqwv ri
q{� lv qrq0qhjdwlyh1 Dovr/ hdfk frh!flhqw ri wkh ixqfwlrq 5 lv qrq0qhjdwlyh1
Wkhuhiruh/ li zh ohw g ' 4@ �{�E+c @� dqg ohw l ' 4@ rcr�c� 5E+Erc r

�c ���c zh jhw
wkh iroorzlqj lqhtxdolwlhv=

�B�Efc �� � �qg n E��6�� l n E�� b� d+Efc fc ��� @Efc fc ��qgo

nw�� d+Efc �c ��� @Efc �c ��qgo

n Eb� w��� d+E�c fc ��� @E�c fc ��qgo

+4314<,

�B�E�c �� � �qg n E��6�� l n b d+E�c �c ��� @E�c �c ��qgo

nE�� b�6� d+Efc �c ��� @Efc �c ��qgo

nE�� b� E��6�� d+E�c fc ��� @E�c fc ��qgo c

zkhuh zh xvhg wkh gh�qlwlrq ri w�� wr uhsodfh w�� nE�� b� E��6�� e| ��6��
Wkh surgxfhu LU frqvwudlqwv lpso| +Erc r�c �� � @Erc r�c ��qgc iru doo rc r�c ��
Wkhuhiruh/ �B�E
c �� � �qg n E��6�� l iru 
 ' fc �1 Qrz iurp +43148,/ zh
kdyh

{� �
7[

�'�

Z��E�� #���

�
q g n

�

�
E��6�� l

�
+43153,
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Wkhq ehfdxvh wklv krogv iru doo �c dqg
S

� Z��E��#��� � �c dqg ��6� � ��6�c

g � lE��6��

�E�� q�
� +43154,

E| wkh gh�qlwlrq ri +�4@ dqg wkh dvvxpswlrq +W � +�4@ c zh kdyh

q5E+W�E��6��

�E�� q�
� +W� +43155,

Wkhq vlqfh l � 5E+W� lw iroorzv wkdw

qg � q5E+W�E��6��

�E�� q�
� +W� +43156,

Qrz ehfdxvh wkh ixqfwlrq 5 lv lqfuhdvlqj rq wkh lqwhuydo dfc +Wo dqg ehfdxvh
+Erc r�c �� � qgc lw iroorzv wkdw l � 5Eqg�� Wkxv +43154, lpsolhv

qg � q5Eqg�E��6��

�E�� q�
� +43157,

Wklv/ lq wxuq/ lpsolhv qg � +�4@ � �

Sursrvlwlrq 41 Li E+c @� lv rswlpdo dqg vdwlv�hv �Eq4�?r{rE+c @�� � +�4@ c
wkhq +l, 7SE�� � Vn dqg E+c @� vdwlv�hv +814,0+817,> +ll, iru hdfk �c 7RE�� lv qrw
hpsw|( dqg +lll, li {�E+c @� ' {&E+c @�c wkhq iru hdfk � hlwkhu �c & 5 7RE�� ru
�c & 5 Vn � 7RE���

Surri1 Vxssrvh wkdw E+c @� lv rswlpdo/ exw grhv qrw vdwlvi| +l,1 Wkhq frqvlghu
E+�c @�� jlyhq e| +814,0+817,/ exw zlwk {E+c @� lqvhuwhg rq wkh uljkw vlghv ri
+814,0+817, dqg zlwk 7SE�� uhsodfhg e| Vn1
Rxu �uvw wdvn lv wr vkrz wkdw +� � +� Iru doo exw t SE���c wklv iroorzv lpph0

gldwho| iurp wkh idfw wkdw hdfk frpsrqhqw ri + vdwlv�hv wkh uhohydqw surgxfhu
LU frqvwudlqw1 Iru t SE���/ zh kdyh/

t SE�� � �

��� E7
SE���

[
�M7SE��

Z��Eb�w���q{� � �

��� EVn�

[
�MVn

Z��Eb�w���q{� ' t SE���c

+43158,
zkhuh wkh �uvw lqhtxdolw| lv e| lqfhqwlyh ihdvlelolw| ri + dqg zkhuh wkh vhfrqg
lv ohppd :1
Zh qh{w vkrz wkdw {E+�c @�� � {E+c @�� E| wkh wklug sduw ri ohppd ;/ lw

lv hqrxjk wr vkrz wkdw ��E{E+c @�( +�c @�� � {�E+c @� ' ��E{E+c @�( +c @�c zkhuh
�� lv wkh �0wk frpsrqhqw ri wkh pdsslqj gh�qhg lq +43145,1 Ehfdxvh �� lv d
vxp ri whupv/ zh fdq ghdo rqh0dw0d0wlph zlwk wkh uhsodfhphqwv jlyhq e| +814,0
+817,1 Ehfdxvh +� � + dqg �E%( +c @� lv lqfuhdvlqj lq +c zh qhhg rqo| h{dplqh
vlwxdwlrqv lq zklfk wkh uhsodfhphqw ri E+c @� e| E+�c @�� lqyroyhv uhsodflqj d
qr0wudgh rxwfrph e| d wudgh rxwfrph1
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+814,Dq lqiruphg frqvxphu phhwv dq xqlqiruphg surgxfhu=
Frqvlghulqj rqo| wkh +814, vxevwlwxwlrq/ +4314: , dqg wkh gh�qlwlrq ri t SE���

lpso| wkdw

�

�� b
d��E{E+c @�( +�c @��� ��E{E+c @�( +c @�o

' E��6��
[

�M7SE��

Z��Eb� #���d�Et
SE����� �Et SE���o

nE��6��
[

�MVn37SE��

Z��Eb� #���d�Et
SE����� q{�o

�
[

�M7SE��

Z��Eb� w���dt
SE��� q{�o�

Ehfdxvh E+c @� vdwlv�hv wkh xqlqiruphg surgxfhu*v LU frqvwudlqw/
S

�M7SE��

Z��Eb�
w���dt

SE��� q{�o � f� Wkhuhiruh/

�

E�� b�E��6��
d��E{E+c @�( +�c @��� ��E{E+c @�( +c @�o �

[
�M7SE��

Z��Eb�#���d�Et
SE������Et SE���on

[
�MVn37SE��

Z��Eb�#���d�Et
SE�����q{�o

+43159,
Wkh �uvw whup lv qrqqhjdwlyh e| +43158,1 Wkh vhfrqg whup lv qrqqhjdwlyh eh0
fdxvh t SE��� � q4�?r{r dqg �Eq4�?r{r� � +�4@ � q4@ r{r e| k|srwkhvlv
dqg ohppd 51

+815, Dq xqlqiruphg frqvxphu phhwv dq xqlqiruphg surgxfhu=
Khuh/ e| +4314:,/ wkh uhsodfhphqw ri qr wudgh e| wudgh jlyhq e| +815, lpsolhv

� d��E{E+c @�( +�c @��� ��E{E+c @�( +c @�o '

E�� b�2E��6��
7[

�'�

Z��d�E+Efc fc ��
��� q{�o � f� +4315:,

Wkh htxdolw| iroorzv iurp wkh gh�qlwlrq ri +Efc fc ��� dqg wkh lqhtxdolw| lv lp0
solhg e| +Efc fc ��� � q4�?r{r dqg �Eq4�?r{r� � +�4@ � q4@ r{r�

+816, Dq lqiruphg frqvxphu phhwv dq lqiruphg surgxfhu
Khuh/ e| +4314:,/ wkh uhsodfhphqw ri qr wudgh e| wudgh jlyhq e| +816, lpsolhv

� d��E{E+c @�( +�c @�����E{E+c @�( +c @�o '
[
�

Z��Eb�#���w��d�Eq{���q{�o � fc

+4315;,
zkhuh wkh vxppdwlrq lv ryhu vrph vhw ri fxuuhqw vwdwhv1
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Zh qrz kdyh +� � + dqg {E+�c @�� � {E+c @�� Lw iroorzv wkdw E+�c @�� vdwlv0
�hv doo wkh surgxfhu LU frqvwudlqwv1 Pruhryhu/ e| ohppd 5/ q{E+�c @�� � +�4@ �
Wkhuhiruh/ �Eq4�?r{rE+

�c @���� �Eq4�?r{rE+c @��� +�4@ � q4@ r{rE+
�c @���

Wklv lpsolhv wkdw E+�c @�� vdwlv�hv doo wkh frqvxphu LU frqvwudlqwv1 Lw dovr vdw0
lv�hv wuxwk0whoolqj iru wkh frqvxphu ehfdxvh lw kdv wudgh lq hyhu| vwdwh zkhq
wkh frqvxphu lv lqiruphg1 Exw E+�c @�� pd| ru pd| qrw vdwlvi| wuxwk0whoolqj iru
surgxfhuv1 Li lw grhv/ wkhq zh kdyh d frqwudglfwlrq ehfdxvh +�4@ � +� � + dqg
zh kdyh hlwkhu lqfuhdvhg rxwsxw ru uhsodfhg qr0wudgh e| wudgh/ erwk ri zklfk
lqfuhdvh ~�
Li qrw/ ehfdxvh {E+�c @�� � {E+c @�c wkhq wkhuh lv vrph suhylrxv vwdwh � dqg

vrph fxuuhqw vwdwh o vxfk wkdw @Efc oc �� ' f dqg

q{oE+
�c @�� : t RE��� � q{oE+c @� +4315<,

zkhuh wkh vhfrqg lqhtxdolw| krogv ehfdxvh E+c @� lv lqfhqwlyh0ihdvleoh1 Wkdw
lv/ wkh lqiruphg surgxfhu zrxog olnh wr jhw prqh| lq dgglwlrqdo vwdwhv zkhq
uhvsrqglqj wr wkh lqfhqwlyhv lpsolhg e| {E+�c @�� dv rssrvhg wr wkrvh lpsolhg
e| {E+c @�� Li vr/ wkhq gh�qh d qhz phfkdqlvp E+��c @��� wkdw djuhhv zlwk E+�c @��
h{fhsw wkdw

@Efc oc ���� ' � dqg +Efc oc ���� ' t RE���� +43163,
iru doo sdluv oc � vdwlvi|lqj +4315<,1 Wklv lqfuhdvhv wkh qxpehu ri vwdwhv zlwk
wudgh zkhq wkh surgxfhu kdv sulydwh lqirupdwlrq1 E| +4314:,/ wkh uhsodfhphqw
ri qr0wudgh e| wudgh lq vwdwh o lpsolhv

�

�� b
d��E{E+c @�( +��c @���� ��E{E+c @�( +c @�o '

Z�owo�d�Et
RE�����q{oE+c @�onZ�oEb� #�o�6�dt

RE����q{oE+c @�o � f� +43164,
Wkhuhiruh/ e| wkh wklug sduw ri ohppd ;/ {E+��c @��� � {E+c @�1 Wkxv +e| uhshdw0
lqj wkh dujxphqwv jlyhq deryh iru E+�c @���/ wkh phfkdqlvp E+��c @��� vdwlv�hv doo
wkh frqvwudlqwv h{fhsw srvvleo| wkh surgxfhu*v wuxwk0whoolqj frqvwudlqwv> li wkhvh
duh dovr vdwlv�hg wkhq E+��c @��� lv lqfhqwlyh0ihdvleoh dqg kdv kljkhu rxwsxw dqg/
wkhuhiruh/ kljkhu zhoiduh wkdq E+c @�c frqwudglfwlqj wkh dvvxpswlrq wkdw E+c @�
lv rswlpdo1 Rwkhuzlvh/ zh dphqg E+��c @��� e| dgglqj vwdwhv lq zklfk wudgh rf0
fxuv1 Vlqfh wkh surgxfhu*v wuxwk0whoolqj frqvwudlqwv duh vdwlv�hg li 7RE�� ' 5nc
dqg vlqfh wkh qxpehu ri vwdwhv lv �qlwh/ uhshwlwlrq ri wkhvh vwhsv pxvw ohdg
wr d phfkdqlvp wkdw vdwlv�hv wkh surgxfhu*v wuxwk0whoolqj frqvwudlqwv/ zlwk
kljkhu rxwsxw dqg wkhuhiruh kljkhu zhoiduh wkdq E+c @�c d frqwudglfwlrq� Wkxv/
frqglwlrq +l, lv qhfhvvdu| iru dq rswlpxp1
Qrz vxssrvh E+c @� lv rswlpdo/ exw 7RE�� lv hpsw|� Ohw & eh vxfk wkdw

{&E+c @� ' 4@ � {�E+c @�� Wkhq frqvlghu E+�c @�� wkdw djuhhv zlwk E+c @� h{0
fhsw wkdw @Efc &c ��� ' � dqg +Efc &c ��� ' q{&E+c @�� Wkhq/ dv deryh/ lw fdq eh
vkrzq wkdw {E+�c @�� � {E+c @�c dqg lw iroorzv wkdw E+�c @�� jlyhv kljkhu zhoiduh
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dqg vdwlv�hv doo wkh frqvwudlqwv h{fhsw shukdsv wkh wuxwk0whoolqj frqvwudlqw iru
surgxfhuv1 Krzhyhu/ li lw idlov wr vdwlvi| wkdw frqvwudlqw/ wkhq wkhuh duh wzr
srvvlelolwlhv1 Rqh lv wkdw +4315<, pljkw krog zlwk uhvshfw wr d suhylrxv vwdwh
�f 9' � dqg/ wkhuhiruh/ vxfk wkdw 7RE�f�

� ' 7RE�f�� Lq wkdw fdvh zh fdq dsso| wkh
dujxphqw deryh zklfk ohdgv wr d frqwudglfwlrq1 Wkh rwkhu lv wkdw

q{oE+
�c @�� : +Efc &c ��� ' q{&E+c @� � q{oE+c @� +43165,

zkhuh wkh odvw lqhtxdolw| krogv ehfdxvh{&E+c @� ' 4@ � {�E+c @�� Exw wklv/ wrr/
lv d yhuvlrq ri +4315<,1 Khqfh/ djdlq/ zh fdq gh�qh d qhz phfkdqlvp E+��c @���
wkdw djuhhv zlwk E+�c @�� h{fhsw wkdw @Efc oc ���� ' � dqg +Efc oc ���� ' q{&E+c @�
iru doo vwdwhv o vdwlvi|lqj +43165,1 Wkxv/ lq wklv fdvh dovr/ zh fdq dujxh wr d
frqwudglfwlrq1
Ilqdoo|/ vxssrvh E+c @� lv rswlpdo exw grhv qrw vdwlvi| +lll,1 Wkhq wkh rswl0

pxp lv vxfk wkdw 7RE�� iru vrph � sduwlwlrqv vwdwhv lq vxfk d zd| wkdw wkhuh
duh wzr fxuuhqw vwdwhv/ vd| � dqg & zlwk {� ' {& dqg � 5 7RE�� dqg & *5 7RE��1
E| wuxwk0whoolqj/ lw iroorzv wkdw {� ' 4�?,M7RE��{,� Wkhuhiruh/ e| qhfhvvdu|
frqglwlrq +l,/ E+c @� kdv t RE�� ' q{�� Wkhq dphqg E+c @� e| pdnlqj wkh rplw0
whg vwdwh d wudgh vwdwh zlwkrxw fkdqjlqj rxwsxw1 Wkh uhvw ri wkh dujxphqw lv
h{dfwo| olnh wkh dujxphqw iru qhfhvvdu| frqglwlrq +l,/ dqg/ wkhuhiruh/ surgxfhv
d frqwudglfwlrq1 �

Ohppd 61 Jlyhq 7RE�� iru hdfk � 5 5nc wkhuh h{lvwv d xqltxh prqhwdu|
phfkdqlvp wkdw vdwlv�hv +814,0+817,1

Surri1 Zh zloo xvh wkh iroorzlqj uhvxow +vhh ^7`,= Vxssrvh s ' Es�c s2c � � � c s?�
lv d ixqfwlrq iurp -? wr -? vxfk wkdw +l, s lv lqfuhdvlqj> +ll, iru hdfk �c s �

lv d vwulfwo| frqfdyh ixqfwlrq iurp -? wr -> +lll, sEf� � f( +ly, wkhuh lv d
srvlwlyh yhfwru %@ vxfk wkdw sE%@� : %@( +y, wkhuh lv d yhfwru %K : %@ vxfk wkdw
sE%K� 	 %K� Wkhq wkhuh h{lvwv d xqltxh srvlwlyh yhfwru % vxfk wkdw sE%� ' %1
Pruhryhu/ % 5 E%@c %K,1
Wkh surri surfhhgv e| gh�qlqj d pdsslqj wkdw vdwlv�hv frqglwlrqv +l,0+y,

dqg hdfk ri zkrvh �{hg srlqwv lv d prqhwdu| phfkdqlvp wkdw vdwlv�hv +814,0
+817,1 Ohw s iurp -7 wr -7 eh gh�qhg dv iroorzv1 Iru { 5 -7 ohw + ' }E{� eh
wkh pdsslqj gh�qhg e| +814,0+817,1 Wkhq gh�qh sE{� � KE}E{�� nq�E@�{/
zkhuh wkh yhfwru K dqg wkh pdwul{ � duh dv gh�qhg lq +4314:,1 Lw iroorzv wkdw
li { lv d �{hg srlqw ri s / wkhq }E{� dqg wkh dvvrfldwhg prqh| wudqvihuv lv d
phfkdqlvp wkdw vdwlv�hv +814,0+817, dqg ylfh yhuvd1 Wkhuhiruh/ iru h{lvwhqfh
dqg xqltxhqhvv/ wkh fodlpv lq wkh ohppd/ lw lv hqrxjk wr vkrz wkdw sE{�
vdwlv�hv frqglwlrqv +l,0+y,1
Wkh pdsslqj } lv lqfuhdvlqj dqg K lv dovr lqfuhdvlqj/ vr s lv lqfuhdvlqj1

Ehfdxvh wkh6�? ixqfwlrq lv frqfdyh/ lw iroorzv wkdw } lv frqfdyh1 Dqg ehfdxvh
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K lv frqfdyh lq +/ KE}E{��/ wkh frpsrvlwlrq ri wzr lqfuhdvlqj frqfdyh ixqfwlrqv/
lv frqfdyh1 Dovr/ s �E{� fdq eh zulwwhq lq wkh irup

s �E{� '
�

�

7[
�'�

Z��Eb� #���w���E+E�c �c ��� n [E{�c

zkhuh [ lv d qrqqhjdwlyh frqfdyh ixqfwlrq/ Z��Eb � #���w�� lv srvlwlyh/ dqg
+E�c �c �� '

{�

q
� Ehfdxvh � lv vwulfwo| frqfdyh/ wklv lpsolhv wkdw s � lv vwulfwo|

frqfdyh1
Ohw {@ eh wkh frqvwdqw yhfwru zlwk {@

� '
0
q
c � 5 5n� Wkhq

s �E{@� � �E0�

�

7[
�'�

Z��Eb� #���w�� �
�E0�

�
Z��bw�� '

�E0�

�
Z��b

2E��6��� +43166,

Ehfdxvh ��Ef� ' 4c wkh udwlr �E0�
0

ehfrphv duelwudulo| odujh dv 0 $ f1 Fkrrvh
0 vr wkdw

�E0�

0
:

�

qZ��b
2E��6��

� +43167,

Wkhq
s �E{@� :

0

q
' {@� +43168,

Wkxv {@ vdwlv�hv dvvxpswlrq +ly, ri wkh �{hg srlqw wkhruhp1
Ohw {K eh wkh frqvwdqw yhfwru zlwk {K

� '
+W
q
c � 5 5n� +Uhfdoo wkdw ��E+W� '

��, Wkhq s �E{K� 	 +W
q
e| hvvhqwldoo| wkh dujxphqw lq wkh surri ri ohppd 51

Wkhuhiruh/ {K vdwlv�hv dvvxpswlrq +y, ri wkh �{hg srlqw wkhruhp1 Ilqdoo|/
ehfdxvh wkh pdsslqj s vdwlv�hv frqglwlrq +lll, zlwk htxdolw|/ s kdv d xqltxh
srvlwlyh �{hg srlqw 	{1 �

Ohppd 71 Ohw 7RE�� iru � 5 5n eh jlyhq1 Ohw � ' i� G Z�� � k : f iru doo �j�
Wkhq wkh xqltxh prqhwdu| phfkdqlvp wkdw vdwlv�hv +814,0+817, lv frqwlqxrxv
lq � iru � 5 �1

Surri1 Ohw {WE�� eh wkh xqltxh srvlwlyh �{hg srlqw ri sE{(��/ zkhuh/ iru
d jlyhq � 5 �c s lv wkh pdsslqj gh�qhg lq wkh surri ri ohppd 61 Wkdw lv/
sE{(�� � KE}E{��nq�E@�{czkhuh } lv gh�qhg e| +814,0+817,1 Zh qrz uhvwulfw
wkh grpdlq ri s wr { 5 d{@c{Koc zkhuh {K lv wkh erxqg jlyhq lq ohppd 6 dqg
zkhuh {@ lv jlyhq e| +43168,/ exw zlwk Z�� lq +43167, uhsodfhg e| k� Vr gh�qhg/
wkh lqwhuydo d{@c{Ko grhv qrw ghshqg rq �1 Iru d jlyhq {c s lv frqwlqxrxv
lq �c ehfdxvh lw lv d frpsrvlwh ri wzr ixqfwlrqv1 hdfk ri zklfk lv frqwlqxrxv
lq wkh frpsrqhqwv ri �� Dqg zlwk { olplwhg wr wkh frpsdfw grpdlq d{@c{Koc
lw iroorzv wkdw s lv xqlirupo| frqwlqxrxv lq �� Wkdw lv/ iru dq| 0 : f/ wkhuh
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h{lvwv d B� : f vxfk wkdw li mm�� ��2mm 	 B�/ wkhq mmsE{(���� sE{(�2�mm 	 0
�

iru doo {�
Ohw �? eh d vhtxhqfh frqyhujlqj wr �� Ehfdxvh wkh vhtxhqfh {WE�?� olhv lq

d frpsdfw vhw/ lw kdv d frqyhujhqw vxevhtxhqfh {WE�&�1 Ohw 	{ eh wkh olplw
ri wklv vxevhtxhqfh1 Wkhq wkhuh h{lvwv d B2 : f vxfk wkdw mm�& � �mm 	 B2
lpsolhv mmsE{WE�&�( �&� � 	{mm 	 0

�
� Dovr/ ehfdxvh s lv frqfdyh lq {/ dqg/

wkhuhiruh/ frqwlqxrxv lq {c wkhuh h{lvwv d B� : f vxfk wkdw mm�& � �mm 	

B� lpsolhv mmsE{WE�&�( �� � sE 	{(��mm 	 0
�
� Dqg e| xqlirup frqwlqxlw| lq �/

mm�& � �mm 	 B� lpsolhv mmsE{WE�&�( �&� � sE{WE�&�( ��mm 	 0
�
� Wkxv/ li & lv

vxfk wkdw mm�& ��mm 	 4�?EB�c B2c B��c wkhq

mmsE 	{(��� 	{mm � mmsE 	{(��� sE{WE�&�( ��mmn
mmsE{WE�&�( ��� sE{WE�&�( �&�mmn mmsE{WE�&�( �&�� 	{mm 	 0� +43169,

Ehfdxvh wklv krogv iru dq| 0 : f/ sE 	{(�� ' 	{� Dqg ehfdxvh sE 	{(�� kdv
d xqltxh srvlwlyh �{hg srlqw/ lw iroorzv wkdw 	{ ' {WE��� Ilqdoo|/ li wkdw
ruljlqdo vhtxhqfh {WE�?� grhv qrw frqyhujh wr {WE��c wkhq lw pxvw kdyh d
vxevhtxhqfh wkdw lv erxqghg dzd| iurp {WE��1 Exw wkdw vxevhtxhqfh pxvw
lq wxuq kdyh d frqyhujhqw vxevhtxhqfh1 E| wkh dujxphqw mxvw jlyhq/ wkh olplw
ri wkdw vxevhtxhqfh fdq rqo| eh {WE��� Wkxv/ {WE�� lv frqwlqxrxv� �

Sursrvlwlrq 51 Li wkh rswlpxp vdwlv�hv �Eq4�?r{r� � +�4@ c wkhq wkh pd{0
lpl}hg remhfwlyh lv frqwlqxrxv lq � iru � vxfk wkdw Z�� lv srvlwlyh dqg Z�� lv
erxqghg dzd| iurp f1

Surri1 Iru d jlyhq wudqvlwlrq pdwul{ �/ ohw lE�� eh wkh vhw ri phfkdqlvpv
lghqwl�hg lq ohppd 61 Dovr/ ohw lWE�� eh wkh vxevhw ri lE�� wkdw lv lqfhqwlyh0
ihdvleoh1 Ehfdxvh wkh dozd|v0wudgh phfkdqlvp +7RE�� � 5n, lv lqfhqwlyh0
ihdvleoh dqg lv lq lE��/ lWE�� lv qrw hpsw|1
Ohw �? $ �fc dqg ohw ~W

? eh wkh rswlpdo zhoiduh iru � ' �?c zlwk ~W
? '

lE+E�?�c @E�?��/ zkhuh wkh ixqfwlrq l lv gh�qhg e| htxdwlrq +7146,> dovr ohw
~W
f eh wkh rswlpdo zhoiduh iru � ' �fc zlwk ~W

f ' lE+E�f�c @E�f���
Vxssrvh *�4 t�T?<" ~W

? : ~W
f � Wkhq wkhuh lv d srvlwlyh qxpehu 0 dqg d

vxevhtxhqfh ~W
?�
vxfk wkdw ~W

?�
: ~W

fn0 iru doo �/ zlwk ~W
?�

' lE+E�?�
�c @E�?�

���

Ehfdxvh wkh vhw ri srvvleoh @�r lv �qlwh +wkhuh lv d �qlwh qxpehu ri srvvleoh
vshfl�fdwlrqv ri wkh vhw 7RE�� iru hdfk � 5 5n,/ wkhuh pxvw eh dw ohdvw rqh @ wkdw
rffxuv lq�qlwho| riwhq lq wklv vxevhtxhqfh1 Ghqrwh vxfk dq @ e| 	@ 1 Wkhq zh
kdyh/ lE	+E�?� �c 	@� : ~W

f n 0 iru doo �/ zkhuh 	+E�?� � ghqrwhv wkh xqltxh ohppd
6 phfkdqlvp iru @ ' 	@� Wkhq/ e| ohppd 7/ lE	+E�f�c 	@� : ~W

f 1 Wkhuhiruh/ wkh
rswlpdolw| ri ~W

f lpsolhv E	+E�
f�c 	@� *5 lWE�f�� Exw vlqfh E	+E�?��c 	@� 5 lWE�?��c

zh kdyh {oE	+E�?� �c 	@� � {rE	+E�?��c 	@� iru doo �c oc r vxfk wkdw o *5 	7RE�� dqg
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r 5 	7RE��c zkhuh 	7RE�� lv wkh vhw 7RE�� wkdw fruuhvsrqgv wr 	@1 Ehfdxvh/ djdlq
e| ohppd 7/ wkhvh lqhtxdolwlhv duh suhvhuyhg lq wkh olplw dv �?�

$ �fc zh kdyh
E	+E�f�c 	@� 5 lWE�f�c d frqwudglfwlrq1 Wkhuhiruh/ *�4 t�T?<" ~W

? � ~W
f �

Ohw @ ' �@ eh rswlpdo dw � ' �f� E| sduw +lll, ri Sursrvlwlrq 4 zh nqrz wkdw/
iru doo � 5 5n/ o *5 �7RE�� dqg r 5 �7RE�� lpsolhv {oE�+E�

f�c �@� 	 {rE�+E�
f�c �@�c

zkhuh �+E�� ghqrwhv wkh xqltxh ohppd 6 phfkdqlvp iru @ ' �@� Ohppd 7
wkhq lpsolhv wkdw E�+E�?�c �@� 5 lWE�?� iru ? vx!flhqwo| odujh1 Wkxv ~W

? �
lE�+E�?�c �@�/ zklfk lpsolhv *�4 �?u?<" ~W

? � ~W
f �

Lw iroorzv wkdw *�4?<" ~W
? ' ~W

f � �

Sursrvlwlrq 61 Ohw i�&j $ U +wkh lghqwlw| pdwul{, dqg eh vxfk wkdw wkh
fruuhvsrqglqj vhtxhqfh ri lqyduldqw suredelolw| yhfwruv iR&j frqyhujhv wr d
vwulfwo| srvlwlyh yhfwru1 Dvvxph wkdw wkh rswlpxp iru dq| � lq wkh qhljk0
erukrrg ri � ' U vdwlv�hv �Eq4�?r{r� � +�4@ � Wkhuh h{lvwv g vxfk wkdw li
& : gc wkhq wkh rswlpxp iru �& kdv qr wudgh ehwzhhq lqiruphg surgxfhuv
dqg xqlqiruphg frqvxphuv zkhqhyhu wkh fxuuhqw vwdwh/ �c h{fhhgv wkh suhylrxv
vwdwh/ �1

Surri1 Ohw i�&j $ U eh jlyhq dqg ohw iR&j $ R�� Iru � ' Uc gh�qh wkh
ixqfwlrq/ ~EU�/ wr eh ~ zlwk R ' R�� Wkh pd{lpxp ri ~EU� ryhu lqfhqwlyh0
ihdvleoh E+c @� lv +E
S�c 
R�c c �� ' +�4@ � +Zkhq � ' Uc wkh pd{lpxp lv rewdlqhg
vwdwh e| vwdwh dqg iru hdfk vwdwh/ wkh uhvxow lv dv ghvfulehg lq Vhfwlrq 61,
Ghqrwh wkdw pd{lpxp ~WEU��
Qrz ohw 7RE��� ' i�c 2c ���c �j iru hdfk �c dqg ohw +& dqg {& ghqrwh wkh xqltxh

prqhwdu| phfkdqlvp wkdw vdwlv�hv +814,0+817, ri Sursrvlwlrq 4 zkhq 7RE�� '
7RE��� dqg � ' �&( dovr/ ohw +" dqg {" ghqrwh +& dqg {& iru � ' U� Wkhq/
+"E
S�c 
R�c c �� ' +�4@ dqg {"

� ' +�4@ *q� +Wklv lv yhul�hg e| lqvhuwlqj wkhvh
h{suhvvlrqv lqwr +814,0+817, dqg +4314:, dqg qrwlflqj wkdw wkh| krog1, Wkhq/
e| ohppd 7/ *�4&<" +&E
S�c 
R�c c �� ' +�4@ dqg *�4&<"{&

� ' +�4@ *q� Wkdw/ lq
wxuq/ lpsolhv wkdw li & lv vx!flhqwo| odujh/ wkhq +�& lv lqfhqwlyh ihdvleoh1 +Wklv
iroorzv ehfdxvh wkh olplw uhvxow lpsolhv wkdw li & lv odujh/ wkhq {&

� : {&
�n��,

Qrz ohw ~WE�� ghqrwh wkh pd{lpl}hg remhfwlyh1 Lw iroorzv wkdw iru dq| 0 : fc
wkhuh h{lvwv g vxfk wkdw & : g lpsolhv ~WE�&� : ~WEU� � 0� Zh qrz vkrz
wkdw li �& lv forvh hqrxjk wr U/ wkhq d phfkdqlvp zklfk kdv wudgh zkhq wkh
fxuuhqw vwdwh � dqg suhylrxv vwdwh � vdwlvi| � : � jlyhv d ydoxh ri wkh remhfwlyh
wkdw lv ohvv wkdq ~WEU�� 0c dqg/ wkhuhiruh/ fdqqrw eh rswlpdo1
Li E+c @� vdwlv�hv surgxfhu LU frqvwudlqwv/ wkhq

*�4
�<U

{�E+c @( �� � +�4@ *q� +4316:,
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Wklv iroorzv e| wdnlqj wkh olplw ri {�E+c @� dv jlyhq e| +4314:, dqg qrwlqj
wzr wklqjv= rqo| whupv ri wkh irup *�4 +E
S�c 
R�c �� dqg *�4d@E
S�c 
R�c ��q{�o ds0
shdu dqg wkh LU frqvwudlqwv lpso| *�4 +E
S�c 
R�c �� � *�4d@E
S�c 
R�c ��q{�o� Qrz
vxssrvh e| frqwudglfwlrq wkdw wkh qr0wudgh fodlp lv idovh1 Wkhq wkhuh h{lvwv
d vxevhtxhqfh ri wkh jlyhq vhtxhqfh i�&jc vd| i�?jc vxfk wkdw i�?j $ U
dqg iru hdfk ? wkh rswlpxp kdv wudgh lq vrph fxuuhqw vwdwh �c zkhuh � : �c
wkh suhylrxv vwdwh1 Ohw ~ ��E�?� ghqrwh wkh lpsolhg ydoxh ri ~� Wkh surgxfhu
wuxwk0whoolqj frqvwudlqw dqg +4316:, lpso| wkdw iru vx!flhqwo| odujh ?c hlwkhu
@Efc �c ��? ' f ru +Efc �c ��? � +�4@ n 0fc zkhuh � : � dqg zkhuh 0f : f exw
lv rwkhuzlvh duelwudu|1 +Uhfdoo wkdw +�4@ 	 +�4@ li � : � dqg wkdw +�4@ gh0
shqgv rq 6�/ exw qrw rq ��� Exw +4316:, dovr lpsolhv wkdw iru vx!flhqwo|
odujh ?c +E
S�c 
R�c ��? � +�4@ n 0�c zkhuh/ djdlq/ 0� : f exw lv rwkhuzlvh du0
elwudu|1 Ehfdxvh d frpsrqhqw ri + dsshduv zlwk d qrq0ydqlvklqj frh!flhqw
lq *�4?<"~E�?� li dqg rqo| li lw kdv wkh irup +E
S�c 
R�c ��c lw iroorzv wkdw
*�4 t�Ti~ ��E�&�j 	 ~WEU�c d frqwudglfwlrq� �

Ohppd 81 Ohw ~E+&� eh h{ dqwh zhoiduh lpsolhg e| +& dv jlyhq e| +818,1 Ohw
~4�? eh wkh h{ dqwh zhoiduh lpsolhg e| vrph lqfhqwlyh0ihdvleoh phfkdqlvp1 Li
wkhuh h{lvwv ~4�? vxfk wkdw ~E+&� � ~4�? iru hdfk & 5 5nc wkhq dq| rswlpxp
vdwlv�hv �Eq4�?r{r� � +�4@ �

Surri1 Li wkh rswlpxp ylrodwhv �Eq4�?r{r� � +�4@ c wkhq iru vrph & 5 5nc
q{& 	 �3�E+�4@ �� +Qrwlfh wkdw �3�E+�4@ � 	 +�4@ �� Li vr/ wkhq +& lv vwulfwo|
juhdwhu wkdq dq| rswlpdo +1 Iru +&E�c fc ��c wklv iroorzv iurp ohppd 51 Iru
+&E�c �c �� dqg +&Efc fc ��c lw iroorzv gluhfwo| iurp wkh uhvshfwlyh surgxfhu lq0
glylgxdo udwlrqdolw| frqvwudlqwv1 Ilqdoo|/ iru +&Efc �c ��c frqvlghu wkh vhfrqg
lqhtxdolw| lq +71;,/ zklfk lv wkh lqglylgxdo udwlrqdolw| frqvwudlqw iru lqiruphg
surgxfhuv1 Li � 5 7RE��c wkhq wkh plqlpxp lv qr juhdwhu wkdq q{&

� � Li � *5 7RE��c

wkhq +Efc �c �� ' f1 Lq hlwkhu fdvh/ zh jhw +Efc �c �� � +&Efc �c ��� Wkhuhiruh/
~E+&� lv vwulfwo| juhdwhu wkdq wkh rswlpxp ~ 1 Exw li ~E+&� � ~4�? iru
hdfk & 5 5nc wkhq zh kdyh d frqwudglfwlrq dqg wkh rswlpxp fdqqrw vdwlvi|
�Eq4�?r{r� 	 +�4@ � �

Ohppd 91 Wkhuh h{lvwv 0 : f vxfk wkdw li 67 �6� 	 0c wkhq wkh k|srwkhvlv
ri ohppd 8 krogv1

Surri1 Ohw E+%c �� ghqrwh dq dozd|v0wudgh phfkdqlvp zlwk +%Erc r
�c �� � %c d

phfkdqlvp lq zklfk wudgh rffxuv lq hyhu| wudgh phhwlqj dqg rxwsxw lv wkh
vdph lq hyhu| wudgh phhwlqj1 Iru vxfk d phfkdqlvp/

S��E@� ' E�� �

�
�Z��E�� #���c +4316;,
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dqg
�K�E+%� ' E�� b�

[
�

Z��dE��6���E%� n6�%on

[
�

Z��Eb� #���dE��6���E%� n6�%o '

[
�

Z��E�� #���dE��6���E%� n6�%oc +4316<,

zkhuh wkh �uvw htxdolw| lq +4316<, frphv iurp xvlqj wkh gh�qlwlrq ri w�� wr
frpelqh/ lq wxuq/ wkh �uvw wzr olqhv dqg wkh odvw wzr olqhv ri wkh h{suhvvlrq iru
�K�E+� +vhh +43147,,1 Li �E%� � %c zklfk lv lpsolhg e| % � +�4@ / wkhq

�K�E+%� � dE��67��E%� n67%oxE�� +43173,

zkhuh xE�� � S
� Z��E�� #���� Qrz ohw u ' 4�?�{�E+%c ��� Wkhq e| +4314:,/ u

vdwlv�hv
�u � � 4�?

�
K�E+%� n E� � ��qu4�?

�
xE��� +43174,

Wkhuhiruh/ e| +43173,/ u vdwlv�hv

�u � dE��67��E%� n67%ox n E� � ��qux +43175,

zkhuh x � 4�?�xE��� Vxssrvh/ wkhq/ wkdw zh wdnh iru % wkh srvlwlyh vroxwlrq
wr % ' qu dqg +43175, dw htxdolw|�qdpho|/ wkh xqltxh srvlwlyh vroxwlrq iru %
wr

% '
qx5E%�E��67�

E�� qx��
� +43176,

+Qrwlfh wkdw wklv vroxwlrq lv ohvv wkdq +74@ ehfdxvh x 	 �� Lq idfw/ lw lv
+74@ iru dq hfrqrp| zlwk d glvfrxqw idfwru q� ' qx 	 q�, E| frqvwuxf0
wlrq/ wkhq/ E+%c �� zlwk % jlyhq e| wkh srvlwlyh vroxwlrq wr +43176, vdwlv�hv
surgxfhu lqglylgxdo0udwlrqdolw| frqvwudlqwv1 Zh qh{w kdyh wr vdwlvi| frqvxphu
lqglylgxdo0udwlrqdolw| frqvwudlqwv1
Ohw g ' 4@ �{�E+%c ��� Wkhq e| +4314:,/ g vdwlv�hv

�g � � 4@ 
�

K�E+%� n E� � ��qg4@ 
�

xE��� +43177,

Wkhuhiruh/ e| wkh vdph uhdvrqlqj wkdw ohg wr +43173,/ g vdwlv�hv

�g � dE��6���E%� n6�%o n E� � ��qgc +43178,

zkhuh zh kdyh wdnhq xqlw| wr eh dq xsshu erxqg rq xE��� Zlwk % jlyhq e|
wkh srvlwlyh vroxwlrq wr +43176,/ lw iroorzv wkdw g � +�4@ *q� Wkhuhiruh/ lw
lv vx!flhqw iru vdwlvidfwlrq ri frqvxphu lqglylgxdo0udwlrqdolw| frqvwudlqwv iru
wkh phfkdqlvp E+%c �� zlwk % jlyhq e| wkh srvlwlyh vroxwlrq wr +43176, wkdw
�E%� � +�4@ �
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Ehfdxvh wuxwk0whoolqj lv ydfxrxv iru wkh phfkdqlvp E+%c ��/ wkdw phfkdqlvp
lv lqfhqwlyh0ihdvleoh surylghg �E%� � +�4@ c zklfk lv d frqglwlrq wkdw lv hdv| wr
fkhfn1 Li lw krogv/ wkhq ~E+%� lv d srvvleoh pdjqlwxgh iru ~4�?�
Wr frpsohwh wkh surri/ zh �uvw vkrz wkdw % $ +�4@ dv 67 � 6� $ f�

Iurp +4316, lw iroorzv wkdw #�� $ f dv 67 �6� $ f� Wkhuhiruh/ xE�� $ � dv
67 � 6� $ f� Lw iroorzv wkdw dv 67 � 6� $ fcx $ � dqg/ khqfh/ e| wkh
gh�qlwlrq ri % wkdw % $ +�4@ � Wkdw lv/ dv x $ � dqg67 $ 6� lq +43176,/ wkhq
wkh xqltxh srvlwlyh vroxwlrq wr +43176, dssurdfkhv wkh xqltxh srvlwlyh vroxwlrq
wr +614, iru6� ' 6�� Qrz/ iru % vx!flhqwo| forvh wr +�4@ c zh kdyh �E%� � +�4@ �
Ilqdoo|/ iru % vx!flhqwo| forvh wr +�4@ c lw iroorzv wkdw wkh k|srwkhvlv ri ohppd
8 krogv1 �
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