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Regul ating Nonlinear Environnental Systens under Knightian
Uncertai nty
WI liamBrock' and Anast asi os Xepapadeas®

1. Introduction
Joe Siglitz has recently been very active in questioning standard
appr oaches to policy nmaki ng such as the "Wshi ngton Consensus”
and thinking about alternatives toit (Stiglitz, April 1998;
Cctober 1998). Ve think it is fair to say that his critiques have
stimul at ed val uabl e controversy and debate. Prestigi ous economsts
have wei ghed in on both sides of the debate. The reader will find
nuch discussion of this issue in a fewmnutes of search on the
Internet. Joe's paper (Stiglitz, April 1998) exam nes financi al
instabilities and the role pl ayed by inconpl ete and i nperfect
capital markets during financial |iberalizations. Economsts argue
vigorously about the relative roles played by narket inperfections
and governnent inperfections in causing financial instabilities.
Joe's Prebisch Lecture (Stiglitz, Cctober 1998) goes further and
not only chal |l enges nuch of conventional devel opnent policy but
al so proposes rather nmaj or nodifications. Qhe anal ytical and
potentially econonetrically tractabl e way of thinking about such
disputes is to use concepts of scientific nodel uncertainty.

Anintelligent policy maker mght operate in the face of
scientific nodel uncertainty by using concepts fromecononetrics
Ii ke Bayesi an Mbdel Averaging coupl ed with recent advances in
deci sion theory such as nodel | ing "Knightian Ucertainty”. This
approach was taken by Brock and Durlauf (2001) in an attenpt to

constructively critique policy applications of enpirical growh
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anal ysis and to suggest a nodified approach that is still
enpirically disciplined. The idea is to first objectively
represent the anount of scientific uncertainty in what we can
learn fromenpirical exercises when there are | evel s of
uncertainty present such as theory uncertai nty and nodel
uncertai nty above and beyond the usual sanpling uncertainty in
paraneter estinates for a given nodel. This "true" amount of
uncertainty is typically larger than representations of
uncertainty in conventional econonetric studies. Second, given
level s of uncertainty that nust be faced by the policy naker, the
policy maker should indulge in "robust” policy nmaking that
appropriatel y nakes sone attenpt to hedge agai nst worst cases as
wel | as naxi mze the usual estinated net benefit.

In this paper we illustrate how the conceptual i zati on of
Kni ghtian Uncertainty can be applied to the classic probl em of
regul ating human i npact ed ecosystens and howit can lead to a type
of precautionary principle. Joe has witten extensively in the
environnental area. For exanple, we believe that a version of
Joe's pair of classical papers on growh and exhausti bl e resources
(Stiglitz (1974a,b)) coul d be extended to include stochastic
shocks and nodel uncertainty about the inpact of human activities
upon the regenerative power of the ecosystemas wel |l as
uncertainty about the elasticity of substitution between ecosystem
i nputs and human produced inputs into the economc process. In
such an extension of Joe's work, one coul d devel op a policy
anal ysi s framework under Knightian Uncertainty which could lead to

potential |y useful conceptions of nmacrogrow h precautionary



principles as well as useful insights into the interaction anong
uncertainties in different parts of the system

An exanpl e of what this approach mght look like is R zer
(1996), except that we woul d add uncertainty about the elasticity
of substitution between inputs and, especially, nonlinear
regeneration dynamcs for the ecosystemwhich allow multiple
stabl e states for appropriate paraneter val ues. In this way
F zer's Bayesian analysis would al low data to speak to these
uncertainties as well as the uncertainties that he nodels. Ve
believe this kind of anal ysis woul d hel p expl ai n whi ch
uncertainties matter the nost and how scientific resources shoul d
be all ocated across attenpts to reduce uncertainties. Qur current
paper nakes a very nodest start on this chall enging project by
consi dering opti nal nanagenent of a human i npact ed ecosyst em under
determni stic nonlinear ecosystemdynamcs under Knightian
Uncertainty.

The anal ysis of dynamc environnental systens where the
accumul ation of pol lutants cause environnental damages, such as
phosphorus in a | ake, greenhouse gasses in the atnosphere, or acid
deposit in soils, has received extensive attention in the
literature of environnental and resource economcs.® In these
envi ronnental probl ens nany agents (e.g. countries, firns,
farners) contribute through their individual actions (e.g.
emssions) to the accumul ation of the pollutant stock, and the
damages caused by the pol lutant have gl obal characteristics; that
is, they affect all agents involved in the problem In the

anal ysis of environnental systens wth the above characteristics,



the natural systemis described by linear, in nost cases, or
nonlinear transition equations describing pollutant accumul ati on.
Uncertainty has al so been introduced into this framework by

nodel i ng the natural systemthrough Ito stochastic differential
equations and application of the expected utility hypothesis.*

In this paper we consider an environnental systemwhere nany
agents contribute to the accumul ation of a pollutant wth gl obal
characteristics. V& anal yze cooperative and noncooper ative
sol utions under uncertainty which is associated wth the process
of pollution accumul ation. V¢ allow for the presence of nonlinear
feedbacks in the natural systemwhich could result in miltiple
steady state equilibria. The novelty in our approach lies in that:
(1) we seek to explore situations where there is a potential
heterogeneity in risk aversion between a regulator, acting as a
St ackel berg | eader that seeks to inplenent a cooperative sol ution
and i ndi vidual agents that behave in a noncooperative way; and
(i1) we analyze the inplications of this heterogeneity for
regul ati on when nonl i near dynamcs coul d steer the dynamc system
towards alternative basins of attraction

Heterogeneity in risk aversion is a possibility that appears
once we start considering as a possible way to nodel uncertainty
the ideas of the "l east favorable prior” decision theory (G| boa
and Schneil der, 1989) which results in the use of naxi mn expected
utility theory. Sns (2001), for exanple, hints at this
heterogeneity by indicating that the sane naximn criterion shoul d
not be inposed on private agents and opti mzing policy nakers.

In this paper heterogeneity in risk aversion is introduced



inthe followng way. In the cooperative sol ution, the regul ator
faces Knightian uncertainty which is of the e-contamnation type.
That is, the regulator is uncertainty averse (first-order risk
averse) while at the noncooperative solution the agents are risk
averse (second-order risk averse).

This heterogeneity coul d be defended al ong different |ines.
A regul ator could face a dynamcal systemwth at |east two
different tinme scales wth unobservables at a slowtine scal e that
can cause bifurcations. These unobservabl e sl ow novi ng dynam cs
nmay or rmay not be influenced by responses of the regul atees to
controls chosen by the regulator. In any event, these unobservabl e
dynanics can cause flips to undesirabl e steady states,® which hurt
the regul ator's objective. It would be interesting but conplex to
fornmalize this interacti on between tine scal es, unobservabl e sl ow
novi ng bifurcational dynamcs, multiple stable states in the fast
novi ng dynamcs and the regulator's infornation set being coarser
than the regul atees' information set which influences the dynam cs
that the regulator is attenpting to control. In this paper we
abstract away this conplexity by positing that the regulator, a
St ackel berg | eader, views his/her problemas facing a regul atory
obj ective that is e-contamnated Knightian.

In a problemof global pollution a regulator that seeks to
i npl enent a cooperative sol ution under uncertainty coul d face
di vergent beliefs and not consensus, on the part of the agents
involved in the gl obal problem regarding the natural structure
and the dynamcs of the systemas well as its behavi or under

alternative policy shocks. This however inplies that if the



regul ator can not inpose his/her own beliefs, then he/she faces a
probl emof choi ce under Knightian uncertainty and can be

consi dered as uncertainty averse.® Qn the other hand the indivi dual
agents acting noncooperatively do not need to face di vergent

bel i efs; they choose by nmaxi mzing subjective expected utility and
thus can be regarded as ri sk averse.

Another |ine of approach could be to consider the case where
the regul ator's enpl oynent contract and its incentive schedul e are
“as if” the regulator gets puni shed nore severely if sonething
unusual happens in response to his/her instrunment choice than if
soret hi ng opposite in sign that is positive happens. To protect
against this possibility the regul ator coul d operate under the
“l east favorable prior”, inplying uncertainty aversion.

Wsi ng an open | oop - nost rapid approach path (MRAP) concept’
as the equilibriumconcept for the noncooperative sol ution, we
show that the deviation between the cooperative optinal steady
state (B85 and the noncooperative C5S can be broken down into two
conponents: one which is due to the public bad externality of the
gl obal pollutant, while the other is due to the heterogeneity in
ri sk aversion between the regul ator and the agents. The second
effect can be identified as a precautionary effect. Thus the
regul atory instrunent shoul d account both for the public bad
externality and the uncertainty aversion effect, which inplies
that under heterogeneity in the type of risk aversion regul ation
is nore stringent. V& also showthat in the presence of multiple
equilibria, narket-based instrunents such as taxes or tradabl e

permts mght have sone difficulties in attaining the steady state



chosen by the regul at or because of hysteresis effects.

Finally we examne regul ati on when the regul ator faces
random shocks to the initial values of the regul ated systemt hat
can nove the systemto an undesired basin of attraction. V¢ derive
the optinmal regulation in a franework where the paraneters of the
e-contamnation in Knightian uncertainty are endogeni zed. Thus, at
a second | evel our paper contributes to the literature by having
the e-contamnation paraneter and the inplied worst case outcone
derived fromthe underlying structure of the probl emrather than
i nposed in a sonewhat ad hoc matter which has been the nost common
way of handling Knightian uncertainty of the e-contamnation type.
2. The (ooperative Sol ution
There are i = 1,...,n players (e.g. countries) that emt
pol lutant a, per unit tine wth global effects. Goss benefits
froma, are pa, where p is sone fixed price (snmall countries,
snal | players). The environnental cost of the accunul ated
pol lutant for player iis c,(x), ¢, > 0,¢c’ > 0. The pol | utant
accumul ates according to

X:iai—berf(x),x(O):xo,xeXC5R+ (1)

i=1

where f(x) is a convex-concave function reflecting the

nonlinearity associated wth feedbacks of the natural system
The cooperative probl emassumng symetric players is:

maaxje*ﬂt[pa— HdX)]dty Zai =a,s.t.1) and0 £ a < e (2)
0 i=1

Equation (1) can be witten as: a = % + bx — f(x). Substituting
into (2), the problemcan be rewitten in the MRAP formul ation as:

maxje_pt[p(bx — f(x)) = ndx) + pox|dt s.t.0 < x < x™ (3)



The cooperative C8S is determned by:

max W(x, b) = max [p(bx — f(x)) - nc(x) + ppx] (4)

The optinmality condition is:

plb + p - £'(x)) = nc'(x) (5)
Suppose a solution x°“to (5) exists. Then the approach to the

cooperative optinal steady state is according to

a=20 if x > x°
a = bx" - f(xc) if x = x° (6)
a=a"" if x < x°

Gven the nonlinearity in transition equation (1), the first-order
condition (5 mght have nore than one solution. Brock and
Sarrett (1999) determne conditions under which there are an odd
nunber of solutions for (5). Therefore,

if Jor(x) + HC(X)E 8 tpep X local maximum -

o}

x~ local minimum

This is shown in figure 1. The C8Ss are defined by the
intersection of the R curve and the C curve. Local naxima are
(le, xj3) and local mnimmis x;,.
[Fgure 1]
I f we assune an adj ust nent nechani smin the nei ghbor hood of
the GBS of the form x = ¢[p(b + p - £'(x)) - nc'(x)], ¢ > 0
it is clear that since the slope at any equilibriumpoint x° is

given by (7), local naxina are locally stable equilibria, while

local nminina are locally unstable. The sign of f"(x) depends on
the curvature of the feedback function £(x) in the nei ghborhood of

an equilibriumpoint, while c'(x) > 0V x € x. It follows then,

that sone n exists such that for n > n (7) is negative for all

X. In this case only one global ly stable C5S exi sts. Therefore



cooperation of nany players acts as a stabilizer and coul d

elimnate multiple equilibria. This is show in figure 1 where the

C, curve drawn for n, > n intersects Ronly once at F to define

a uni que GBS,

Suppose that the pl anner nanagi ng the cooperative sol ution
faces Knightian uncertainty wth regard to the paraneters of the
natural system Assune that the uncertainty for b - that is,
uncertai nty about the self-cleaning process in a shallow | ake
wher e phosphorus accumul ates, or about the GJ absorption
capability of oceans - is of the e-contamnation type
P(e) = (l - e)b +em , m € M(B)
where b represents a point nass of unity at b and Mrepresents the
entire set of probability neasures wth support [b-B, b+B.

Fol | ow ng Epstein and Wang (1994, p. 288, equations (2.3.1) and
(2.3.2)) we shall assune the planner w shes to choose total

emssions a to naxinize wW(x, b). Then the e-contanination MRAP

probl emunder Knightian uncertainty is to naxi mze
[wap(e) = (1 ~ ei(b, x) + elint [ W(x, b)an| (8)

It can be shown by using the envel ope theoremin (4) that
w(x, b) is increasing in b. Snce Mcontains all probability
neasures over b values wth support [b-B b+B], then (8) can be
witten as
max IWdP(e) = max (1 — eWi(x, b) + ew(x, b — B) (9
The equivalent to optinality condition (5) under Knightian
uncertainty is
p(b —eB + p - f'(x)) = nc'(x) (10)

By conparing (5) to (10) the follow ng result can be stated.



Proposition 1 Under uncertainty aversion the regulator is first-

order risk averse for all the local naxima x°(e) of the welfare

naxi mzation problem(8), and it hol ds that dx—(e) < 0. Under

de
risk aversion the regul ator i s second-order risk averse and
dx® .
2—(6) = 0. For proof see Appendi x.
e

In terns of figure 1 the solution for the first-order risk

averse regulator is given by the intersections of the Ucurve wth

the C curve. Local naxina are (xf,xg) and local mnimumis x;. n

the other hand, the solution for a second order risk averse
regulator is given by the intersections of the Rcurve and the C
curve. The deviations x;, — x; and x{ — x; can be characterized
as the reductions in the socially-optinal steady state for the
accunul ation of the pollutant due to precautionary effect.

It can also be noted in the same figure that if e or B are
sufficiently large such that p(b — eB + p — £(x)) shifts further
down like curve U then there is only one globally stable G8S for
the uncertainty averse regulator, at a. In this case uncertainty
aversion elimnates multiple equilibria, and directs the system
towards the snal | est concentration of the pollutant. This effect
is not, however, present when the regul ator is second-order risk
aver se.

3. The Noncooperative Sol ution

In the noncooperative case each player (country) i naximzes

its own payoff given the best response a, of the rest of the
j # 1 players. Thus in the determnistic case each player sol ves

the open | oop probl em

10



max J.: e *[pa, - c(x)ht
l . (11)
s.t.X=ai+Z§j—bx+f(x),OSa.Sa.

i i
Jj#1i

Because pl ayers are symmetric, a, is the sane for all i. Wing the

1

MRAP fornul ati on the noncooperative C5S is determned under
symetry by
max W'(x, b) = max {p(bx - Z a; - f(x)] — c(x) + ppx:l Vi

J#i

and the optinality condition is

plb + p - £(x)) = c(x) (12)

If a solution x” to (12) exists, then the approach to the
noncooperative locally stable &S follows a MRAP. Furthernore, as
in the cooperative case, |ocal nmaxima are locally stable and | ocal
mninma are | ocal ly unstabl e.

By conparing (5) to (12) the public bad-type of externality
characterizing the global pollutant can be easily identified
through the nc'(x) term Then the well known result that the
pol  utant accunul ati on at the noncooperative sol uti on exceeds the
pol | utant accunul ation at the cooperative solution i medi ately
follows. As shown in figure 1, where the two solutions are
conpared, the C curve shifts down to the N curve for the
noncooper ative case, and the solution is determned by the
intersection of the Ncurve wth the R curve.

For the noncooperative gane, under uncertainty, the sol ution
of the e-contamnated problemis characterized by the optinality
conditionp(b — e,B + p — f(x)) = c/(x). It is clear that if

e # e, that is the e-contamnation paraneters are different

11



between the players and the regul ator, then a new di screpancy is

i ntroduced because the p(b — eB + p) part of the optimality
condition wll not be the sane in the two sol utions. Thus the U
curve is different for the two problens in figure 1, since the e-
contamnation paraneters are different between the cooperative and
t he noncooper ative sol uti ons.

If the players are risk averse, with b = b + ew where w is a

randomvariable with zero nean and finite vari ance, then each
pl ayer sol ves the probl em max Ew’(x, b + ew) wWth FONC

p(b + p - £'(x)) = c'(x).
The devi ati on between the cooperative and the noncooperative
solutions, as shown in figure 1 for the two locally stabl e G5Ss,

(o}
1

is x,” —x,°,x" —x°. This deviation can be broken into two parts

whi ch can be attributed to two different sources:
1. The public bad externality PB = (xl“ - xrlc) or (x3“ - xr;) due
to the shift of the Ccurve to the N curve.

2. The uncertainty aversion effect U= (xr3c - xj) or (x ¢ - ch)

1
due to the shift of the Rcurve to the Ucurve. This effect can be
identified as a precautionary effect stetming fromthe fact that
the regulator is uncertainty averse wth respect to the val ues of
the natural system

Under these conditions regulation that seeks to attain the

soci al ly-optimal outcone, as this outcone is determned under
uncertai nty aversion, should correct not only for the public bad
externality which is the standard approach in a gl obal pollution
problem but also for the uncertainty aversion effect. This effect

is induced by the fact that while the regul ator managi ng the

12



cooperative solution exhibits first-order risk aversion, the
i ndi vidual players determning the noncooperative sol ution exhibit
second- order risk aversion.
4. Regul ation

G ven the di screpancy between the cooperative and the
noncooper ati ve G8S, the regul ator seeks to inpl enent the
cooperative G5S by introducing a regul atory instrunent. Assune
that the regul ator uses a linear tax r on emssions to inpl enent

x“. Then, using the MRAP formul ati on, the noncooperative C5S under

regul ation is determned as

max w'(x, b, 7) = max l:(p - t){bx - i a; — f(X)J - c(x) + p(p - t)x

J#1i

The FONC inply that the opti mal 7 shoul d be chosen so that
(p-17)b+p-f(x)-c(x) =0 implies x = x5, 1 = 1,3 (13)

The tax inpact is determned in the fol | ow ng proposition.

Proposition 2 Let x,” be an unregul at ed noncooperative steady

n

dx, . .
state (z= 0). Then ;1 <0 if x," islocally stable (Iocal
T

n
ax,

drt

naxi mun), and >0 if x,” islocally unstable (local

mni mun) . For proof see Appendi x.
[Figure 2]

Assune that the regulator wants to inplenent x,°. It is
clear from(13) that an increase in the tax rate rwll shift the R
curve defined by (p — z)(b + p — f'(x)) dowward. The purpose is to
shift the R curve downmward to R (Figure 2) so that it intersects
the Ncurve at the point E corresponding to x,°. If the initial
noncooper ative steady state was x,”, then the regul ator's steady

state is attained in a straightforward way. The reduction x,"u is

13



attributed to the correction for the uncertai nty aversion effect

while the reduction ux“ is attributed to the correction for the

public bad externality. If the initial noncooperative steady state

was x.”,

then there could be conplications. The tax shoul d shift
the Rcurve sufficiently to elimnate the basin JK that attracts
the systemto x,”. Wen this basin shrinks to zero, the systemis

attracted to x,°, which is the only stable equilibrium However,

if the JK basinis large enough so that when it has been
elimnated the | ower branch of the R curve intersects the N curve

tothe left of E as does the curve R, in figure 2, then the

systemis attracted to a steady state which is bel ow the desired
one. To bring the systemback to E, the tax needs to be reduced
so that the curve R shifts upward to R.. The fact that we need to
rai se the tax beyond the desired point and then reduce it is a
hysteresis effect resulting fromthe nonlinearity of the
transition equation of the natural system® This discussion
suggests that in the presence of hysteresis effects a command- and-
control regulation that sets a nontransferable limt mght be nore
effective in inplenenting the desired steady state.
4.1 Regul ation under Large Rare Shocks

The above results inply that in the presence of nultiple
locally stabl e steady states, regul ation design depends on the
specific basin of attraction where the systemis slaved. Oice the
regul ator knows the basin of attraction of the system then the
regul ation discussed in the previous sections applies. The
regul ator mght however be uncertain of the systems basin of

attraction. This is because the specific basin of attraction

14



depends on initial conditions which in cases of a natural system
could very well be subjected to | arge rare random shocks whi ch can
nove themfromone basin of attraction to the other. It is clear
that optinal regul ation should take into account such an event.

Let g denote the probability that a | arge shock noves the
initial value x(0) = x° of our systemto the high pol | utant
accunul ation basin of attraction. In order to expose the effects
of large rare shocks in a clearer way, assune that B=0 in (9) so
that there is no uncertainty regarding the natural paranmeter b of
the system Then the optinmal regul ation problemfor the regul ator

isto determine an optinmal tax r  such that

T = arg max |_(l - q)W(Xln(r)) + gWw (X3”(r))_| (14

x,"(r),1i = 1,3 is asolution of (13) and Wis defined by (4).

Proposition 3 For an optinal tax that solves (14), C;i > 0.
q

For proof see Appendi X.
Thus the regulator will react to an increase in the probability
that a randomshock nmight nove the systemto a “bad” basin of
attraction by increasing the optimal tax.

Problem (14) can be interpreted in a way that is very cl ose
to the e-contamnation fornul ati on of Knightian uncertainty (9)
wth g = e. Inthe Knightian formul ation (9) the second term has
been transforned to reflect the worst case scenario which is the
wor st possi bl e val ue that Nature can choose for b. In (14) the
wor st possi bl e choi ce of Nature woul d be to shock the initial
condition in such a way that the systemnoves to the hi gh

pol | utant accunul ati on basin of attraction and converges

eventual |y to the high pol | utant accunul ation steady state x.,”.

15



Thus (14) can be regarded as an e-contamnation fornul ation of

Kni ghtian uncertainty regarding the basin of attraction of the
system wth the e-contamnati on paraneter being the probability
that Nature woul d choose the worst possible case. This way we
provide a straightforward interpretation of the e-contam nation
paraneter. This paraneter can even be endogeni zed if we take into
account that the probability of the systemending in the high
pol | utant accurmul ation basin of attraction can be affected by the
choi ce of the optinmal tax .

Assune that initially the systemis in the basin of
attraction of the |ow pollutant accunul ation steady state. Let the
timng be such that the regul ator chooses r and Nature adds a
random shock. The systemw || junp to the basin of attraction of
the high pol | utant accumul ation steady state if the shock is such
that the initial value passes to the right of point J in figure 2,
which is the locally unstabl e equilibriumthat separates the two
locally stabl e basins of attraction. However, by setting a tax,
the regul ator affects the position of this basin-separation point,
since increasing that tax reduces the high pol | utant accumul ation
basin of attraction JK In a situation |ike this the regul ator
coul d have two alternative courses of action. he is to choose a
tax so that the probability of a shock noving the systemto a high
pol | utant accunul ati on basin of attraction is zero. The second is
to choose the tax by optinally taking into account the effect of
the tax on the basin separation point.

To nake the probability of the systembeing shocked to a

hi gh pol l utant accunul ati on basin of attraction zero, the high

16



pol | utant accunul ati on steady state should be elimnated. This
neans that the tax shoul d be chosen so that curve R, in figure 2
shifts downward until the point where the intersections at J and K
are elimnated. The follow ng proposition defines this tax.

Proposition 4 Let 7 be a tax rate such that

(p - 7)b + p — £'(x(7)) - c'(x(f)) = 0 has two sol utions:

<, () : pf"(xl(r_)) + c"(xl(r_)) > 0

<,(F) : pf"(x,(7)) + c"(x,(7)) = 0
Then for any = > 7 the high pol | utant accumul ati on basi n of
attraction is elimnated and the regul ated systemhas only one
steady state wth | ow pol [ uti on accumul ati on.
For Proof see Appendi Xx.

The tax rate 7 can be obtained iteratively by gradual
increases until the point of tangency between the N curve and the
R, is reached.

To determne the optinal tax rate by taking i nto account the

effect of the tax on the basin separation point |et
F.(z) = Pr[s > z] be the cumul ative distribution function of a

randomshock S. If x° + S < x,7(r) where x,"(r) is the locally

unst abl e steady state of the regul ated system corresponding to

point Jinfigure 2, then the systemconverges to the locally

stabl e | ow pol | utant accumul ation steady state x,”(r) correspondi ng

topoint Hinfigure 2. 1f x° + 5 > x,°(r) then the system

converges to the locally stable high pollutant accunul ati on steady
state x,"(r) corresponding to point Kin figure 2. Then the opti nal

taxation probl emis defined as

max [F (@O (57 (@) + @ - Fl @O (@) (19)

w th FONC
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£1(7(0) L [l (0) = o ()] + () 200 )

dr 0x, dr

+ - mx@) awgfjnff)) dX;I;(T) = 0 16)

Gonparing (15) to (14) and (9) it is clear that the e-
contamnation paraneter is now determned by 1 — Fs(x2”(r)) and it
has been endogeni zed since the probability that Nature w |l choose
the hi gh accunul ation basin of attraction depends on the opti nal
tax choice. In (16) it can be seen that inthe FONCthe first term
reflects the narginal effect of a tax change on the probability
that the shock wll take the systemto the high poll utant
ax,"(z)
dr

accunul ation basin of attraction which is F;(xz”(r)) wei ght ed

by the difference in wel fare between the | ow and the high
pol | utant accunmul ation which is W(Xln(r), b) -~ W(xf(r), b - B).
5. Goncl udi ng Renar ks

Thi s paper introduces a new franmework of anal ysis of
environnental regul ation issues, using a non-linear representation
of the natural system where there is heterogeneity in risk
aversi on between regul ator and regul atees, the regul ator bei ng
first-order risk averse (uncertai nty averse) facing Knightian
uncertainty of the e-contamnation type, while the regul atees are
second-order risk averse.

V¢ are able to identify a precautionary effect in addition
to the public bad externality effect contributing to the deviation
bet ween cooper ati ve and noncooperative sol utions. The
precautionary effect is induced by risk aversion heterogeneity.
The first-order risk averse regul at or shoul d choose policy

instrunents in a way that allows for both the precautionary effect
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and the public bad effect.

Nonlinearities and nultiplicity of basins of attraction
reduce the effectiveness of narket-based instrunents such as taxes
or tradabl e emssion permts. Because of an hysteresis effect, the
achi evenent of the cooperative sol ution could require setting
taxes initially belowthe optimal |evel and then changing themto
nove towards their optinal |evel.

Final |y we consider regul ati on under |arge rare shocks that
coul d nove the systemto an undesirabl e basin of attraction. In
this case the regul ator can choose taxes optinally by taking into
account the effects of the tax choice on the probability that the
systemw || nove to an undesirabl e basin of attraction. In this
way we obtai n an endogeni zati on of the e-contamnation paraneter
of Knightian uncertainty, which is an advance relative to the ad
hoc way in which this paranmeter has been chosen up to now

In this paper we examned only one possi bl e conbi nation of
ri sk aversion heterogeneity and gane formbetween the regul at or
and the regul atees in a nonlinear system nanely the one in which
the regulator is first-order risk averse and | eads, while the
regul atees are second-order risk averse and follow This seens to
be the nost appropriate choice for the specific environnental
problem Dfferent types of regulation problens could fit
different conbi nations of risk aversion and gane forns. This
inplies that our nethodol ogi cal approach, by allow ng for
heterogeneity in risk aversion and nonlinear dynamcs, could | ead
toanore realistic analysis of general classes of regul ation

under uncertainty. It should be noticed that the endogeni zation of
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the e-contamnation paraneter of Knightian uncertainty can al so be
used as a general approach for anal yzing regul ation under rare
shocks in nonlinear systens.

Appendi x

Proof of Proposition 1. Taking the total derivative of (10) with

respect to e we obtain

[per(eee)) + nerle @) ) = pos < o
e
Since pf'(x°(e)) + nc"(x°(e)) > 0 at alocal naximimit follows that
dx °(e)
—= < 0.
de

Gonsider now a risk averse regul ator and a nean preserving
spread around b, to be ew where @ is a randomvariable wth zero
nean and finite variance. The &S for the regul ator is determned
as the solution of the expected wel fare nmaxi mzation probl em
max EW(x, b + ew) With FONC
Elpb + ew + p — £'(x)) - nc'(x)] = p(b + p - £'(x)) = nc'(x) = 0.
The FONC does not change due to the linearity of p(b + ew) andEw = 0.

dx—(e) = 0 trivialy. (&D
de

Thus

Proof of Proposition 2. A a steady state b + p — f'(x) > 0

because c'(x) > 0 in (13). Totally differentiating the FONC we

obtain & = - b+p"—f(x?l . BEvaluating this in the
dr [(p - 2)f"(x) + c"(x)]

nei ghborhood of z = 0 we obtain that d;{i <0 (o) if x"is
T

locally stable (unstable). (ED

Proof of Proposition 3: The optinal regulation is defined as
max G(r) = max (1 - q)i(x,"(z)) + qw(x,”(r)) with FONC
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dx,"(r)

@ - el + o) - £l @] - mel () S

iy (17)
alel(o + p) ~ @) - el @ ZE = g
Assune that second-order conditions are satisfied so that
82(5 =G, <0. A g =20 we have, since (dxln(r) , dX;(T)j <0
ot drt dr
fromProposition 2, that
b @) -y ) e @) - nele0) = 0 (18

ox."

1
The exi stence of a solution for this equation requires, fromthe
inplicit function theorem that — p|£’(x,”(z)) + nc'(x,"(z)) = 0
which is true for a local nmaxinum In this case xl“(r*) = x° . In

the sane way we can prove the exi stence of a solution for the

optinal regul ation problemfor g = 1 with XBH(r*) = x,°. Wking

(17) we obtain:

a1 g - )aw(x;(f), b) dx(r) | _ onlx/(z), b) dx,"(7)

dg G, S 0x," dr & o0x," dr

Evaluating at g = 0 we obtain C;L < 0 because: (i)G, < 0 by
qg

second- order conditions, (ii)%(:)’b) =0 from(18), (iii)
X

1

om(x,"(z), b)

n

dX3—(T) < 0 fromproposition 2 and (iv) > 0 because

dr X,
x,"(r) > Xl”(r*) = x°. (B
Proof of Proposition 4. For r = 7 the systemhas one hyperbolic
equilibriumpoint at x,(7) which is locally stable and a
nonhyper bol i ¢ equilibriumpoint at x,(7). The nonhyperbolic point
is a point of tangency of the Ncurve wth the R, curve. For any

7 > 7 the nonhyperbolic point is elimnated, the R, curve shifts

further to the right and there is only one globally stable point
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of | ow pollutant accumul ation. (ED.
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°0 vergence of experts' beliefs regarding the inplications of

gl obal warmng has been established i n Nordhaus (1994). Véodward
and Bishop (1997) nodel choi ces under expert di sagreenent as a
probl emof choi ce under pure uncertainty. Ludw g, HIborn and

Wl ters (1993) argue that consensus is not possibl e anmong experts
i n ecosyst em managenent which also inplies that the regul ator
mght act as a Knightian.

V¢ doubt that the use of an alternative equilibriumconcept such
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as the closed | oop (feedback-subgane perfect) changes the

subst anti ve concl usi ons or the net hodol ogi cal advances that we are
devel opi ng in this paper.

8

Asimlar result can be shown to hold with tradabl e permts

regul ation under conpetitive narkets.
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Figure 1: Cooperative and noncooperative equilibrium

Figure 2: Regulation
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