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THE LINEAR EXCHANGE MODEL AND INDUCED WELFARE OPTIMA¥
by
Rolf R. Mantel

0. Introduction
Gale (1957) was first in analyzing the pure trade model of general

competitive equilibrium in which consumers have linear utility functions.
Using Kekutani's fixed point theorem, he showed that an equilibrium exists if
the economy is irreducible. He also showed that in the latter case the util-
ity levels achieved by the traders are uniquely determined by the equilibrium
conditions.

Eaves (1975) demonstrated that Lemke's algorithm can be used to
compute an equilibrium for this model in a finite number of steps. The finite-
ness 1s explained by an argument of Gale that a solution exists which is a
rational function of the coefficlents of the system of inequalities defining
an equilibrium.

It is the purpose of the present paper to show that the fixed point
methods employed by Gale and Eaves are not necessary for the linear utility
pure trade model. This will be done by presenting a concave, monotone, social
welfare function which has the property that maximizing feasible utility alloca-
tions are competitive equilibrium utility allocations, so that the equilibrium
problem is effectively reduced to a concave nonlinear programming problem with
linear constraints. This perhaps surprising result follows quite easily from
the special structufe of the problem, using the tools for equilibrium analysis
set forth in Mantel (1965, 1966); the relation of those investigations with

the present one is pursued more closely in other work of the author (1976).

*The research described in this paper was undertaken by grants from the Ford
Foundation and from the National Science Foundation.



1. The linear utility model
Following Faves {1975)in its description, with some changes in
notation, let the linear utility pure traede model be described by two
positive n x m matrices
C = (cl,...,cm) and W = (wl,...,wm) .
The i-th consumer, 1 ¢ {1,...,m'! = M, has an endowment vector W,
His utility is given by u; = ci .xi » Where xi , the i-th column

of the nonnegetive allocation n xm wetrix X , is a vector of quantities

of commodities, his consumption bundle.
An equilibrium for (C,W) is a pair (p, X) such that the price
n
i i = 1
vector p 1is in P R+\\{o » X295 ana

i, for every i, x* maximizes his utllity on the budget set

fy 20§ p.x £ p.wi1

i1, 0 x* <0 w

2

Condition 1. scates the usual preference maximizing behavior of
consumers, wheras 1ii. 1s the requirement of market balance, so that
demand does not exceed supply.

Remark: The assumption that the tastes matrix C and the endowments W

be both positive is too strong for the results in the sequel to hold.

These would be true if these matrices weré assumed to be nonnegative and
the economy irreducible, meaning that for a1l I ¢ M and J ¢ N = f1,...,n}

whenever wi =C for ell (i,J) ¢ I x J , there exists a pair (1,J) ¢ M\I x WJ

J

such that cg £ 0O . The added generality does not seem to be warranted, since

the proofs would be considerably less transparent, and the final result could



be mchieved anyhow by slightly perturbing the original matrices.
By an ingenious transformation, Eaves converts the equilibrium

conditions into a linear complementarity problem. He shows how the

solution can be computed by Lemke's algorithms.

2. The existence of equilibrium in the linear utility model

Ccale (1957) showed the existence of equilibrium using Kakutani's
fixed point theorem. Faves (1975) showed existence by an application of
Lemke's algorithm. It is known, and has been shown by Scarf (1973) that
a modification of the latter can be used to prove Kekutani's fixed point
theorem, 82 that even thougnh Eaves proccddure allows a relatively simple
computation of an equilibrium solution, he did not achieve & conceptual
simplification over Gale's ex}stence proof.

The existence of raticnal solutions allows one to hope for more,
especially since it is known that the equilibrium utility levels are
unique, The problem is of relatively simple structure. Due to the char-

acteristics of the utility functions, one would expect consumers to

apeci&iize in fhe consumption of a gingle c&gmodity, were iérnotrfg; the

need to satisfy the budget restrictions, in the same way as in the Ricardian
theory of comparative advantage constant costs induce countries to specialize
in the production of a single commodity. Note that for each consumer all
commodities are perfect substitutes in the interior of the positive orthant
of commodity space, becoming complements on the boundary. Each excess de-
mand correspondence has a value equal to a simplex of maximal dimensionality
for a single price vector, For almost all prices--in the sense of Lebesgue

measure-~--is the excess demand a singleton.



In order to exploit the special structure of the problem hinted at in

the previous lines, consider the social welfare function
b(u) =max { min, , fu, p, / ol (wi.p) 1ypeprP?,
1,) 179 J

defined for u ¢ RT . It 1s easily checked that b iz well defined, since
it is sufficient to let p vary on the compact unit simplex S =fp ¢ P{ e.p =11,

where e represents an n-vector whose codrdinates are equal to unity.

The existence of a social welfare function which 1is increasing in
each trader's utility level, and which has the property that the set of maxi-
mizing feasible utility allocations colncides with the set of competitive
utility allocations, is shown by Mantel (1976a). The function b defined
above is derived by a straightforward application of the results in that
reference.

| The fact that b turns out to be concave follows from the very
special structure of the problem. As argued by Mantel (1976b), this will be
50 whenever the economy 1s perfectly balanced, in the sense that the sets of
utility outcomes to the coalitions of traders are the values of an additive

function of individual endowment levels.
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Lemma 1. The soclal welfare function b has the following properties, for

gll u, v e RT and all‘)he R+ .

1. (Monotonicity) u > v implies b{u) > b{v) =2 0C

2. (Homogeneity) b{Au) = bl{u)

3, (Superadditivity) b{utv) = Ddlu) + b(v)

L. (continuity) b 1s continuous at u .
Proof. 1. From the definition of b 1t is obvious that b is nonneéative
if u 1is nonnegative, positive if u 1is positive. Thus, if b{v} =0 the

conelusion follows. Otherwise there exists some p ¢ S such that for all i,

0 <b(v) S v;py/ c; (v .p)
<wuypy/ c; (v .p)
< d(u)
where the first inequality has been assumed, the second follows from the def-
inition of b, the third frém the fact that the first two imply thet p > 0,
and the last again from the definition of b , and holds of course only for

the minimizing pair (1,}) .



2. Follows lmmediately from the definition of b .

3. If b{u) or b(v) 1is zero, the conclusion follows trivially from
1.; thus assume t = b(u) and s = b(v) are positive. There exist p, q in
S5 such that for all i, }J

i i
t < u, p. e W,
i Py / 3 ( p)

/ c3 (wi .q) .

Obviously both price vectors are positive. Set
1/(t+s)

ry = (Pjt qu) )
3ince the srithmetic mean exceeds the geometric mean when the welghts are equal,
it is eamsily checked that for all k, Jj, unless pk/pJ = qk/q{ ,
n/ry < [rle/py) + sla/a))] / (t4s).

Consequently one obtains for a1l 1, J , unless p/p'j = Q/qd
| i1 1,4
(uy +v,) /[ (t+8) 2 [% F (w> .p) / Py + s c) (v .q) / qji] / (t+s)

. i i
> ey (v .r) / r

s0 Lhat 1 i
‘< . »
t4s S m:lni,J (ui + vi) Ty / i (wo .r) < blutv)

This relation 3. holds with strict inequslity whenever p .q .
i i
4. The function f(u,p) = min, ; YRy / ¢ {(w~ .p) 1is continuous
>

on RT X S. Its meximum with respect to p is continuous on RT . Il



Remark: 2. Properties 2. and 3. of b in the previous lemma imply that b
m
is concave on R+ .
Consider now the following concave nonlinear maximization problem

with linear constraints.

(P) max b(u), subject to
(1) uy - ci e £0 ieM
(2) XesWe
(u,X) 20
where the utility vector u and the allocation matrix X wlll be called

feasible 1f they satisfy the constraints. Note that (1) gives bounds on each
consumer's utility, and (2} is the requirement that markets be in balance.
Note that this i3 a standard concave programming problem with very
simple constraints, hence should be solvable by any of the currently standard
procedures.
The following upper bound on feasible social welfare levels is easily

obtained.

Lemma 2. If the pair (u,X) is feasible for (P) , then b(u) <1 .

Proof.

Since the inequality is obviously satisfied if b(u) = 0, we may restrict
our attention to the case in which b(u)} > 0 . There exists & positive bp
in S such that for all 1, J

b(u) € uy Py cj (v .p)

or

b(u) cj (wi D) & uy Py -



Multiplying by x;

and summing over J , one obtains for sll 1

o(u) (e x') (w! p) < uy (pux') .

Since u » 0 , considering inequalities (1) one has
(3) b(u) (v .p) € (pox’)
s0 that adding over i ,
b{u) (p.We) € p.Xe € p.We ,

where the last inequality follows from (2) when multiplied by p . Since
p.We 1is positive, the conelusion follows.

The following result is fundamental for the proof of the existence of
competitive equilibrium.
Lemma 3. There exists a feasible pair (u*, X*) such that b{u*) =1 ,
Proof. The constraint set of the nonlinear programming problem (P) is
Jbviously compact, and b is continuous by 4. of Lemma 1. Thus there
exists a pair (u*, X*) which solves (P) . It remains to show that for
this maximum b{u*) =1 .,

Define the Lagrangean function 1L by

L{u,X,a,q) = blu) + & o:i(ci .xi - ui) + q.(We - Xe) .
Note that for a convenlent choice of (u,X) the éonstraints of (P) will
be satisfied everywhere with strict inequality, so that Slater's constraint
qualification holds. An application of Uzawa's (1959) theorem provides two
vectors (a*, q*) of Lagrange multipliers such that the Lagrangean L has
& nonnegative saddle point at (u*, X*, o*, q*) . This means that

L{u,X,a*,q%) < L(u*, X*, o*, q*) < L(u*, X*, @, q) for all nonnegative
(u,X,0,9). The right hend saddie point inequality implies that the constraints

of (P) are satisfied by (u*,X*) ; so are also the complementary sleckness

conditions
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a; (c1 XK - u;) =0, 1ieM

g* (We - X*e) =0 .
Taus L{u*, X*, a*, g*) = blu*) .

From the left hand saddle point inequality one obtains, by considering
arbitrarily large X,

(1) a* zel o, ieM
1

For X =0 one can then deduce the complementary slackness conditions

(5) Q¥ xTF = o’ (el iy, ieM
It is easily verified that there exists a feasible utility vector which
is strictly positive, so that b{u*) » 0, and as a consequence u* >0,
Trom the left hand saddle point inequality one obtains, by varying u,
that
(6) b(u) - a*.u € blu*) - a@t.u* =0
for all nonnegative u . By lemma 1, b 1is homogeneous, so that the right
hand side of this inequality is necessarily zero, and u* maximizes the
left hand side. Since b takes on positive values and is homogeneous,
o cannot be zero. But then (4) implies that q* >0 . Since u* >0,
(1) implies that xi* is not zero. Therefore, the left hand side of (5)

*
is positive, and sc must be o* . Note that xi ¥ 0 means, because of

(5), that (4) does not hold with strict inequality, so that for all { e¢M
i
(7) af = min.j qg / e
Define for all 1,

(8) u, = (ghw') / o



Then, from (6)
b(u*) =d(u) + a*.(u* - u) ;
from (8),
= b(u) + a*.u* - g*.We;
from (1), (2), and complementary slackness,
= b(u) + L[dq (ci.xi*) - q*.xi*J ;
from (5), = b(u) ;
from the definition of b ,
> ming vy af / cg (whg¥)
from (8) ,

U

i
min, minJ qg / (cj OT) ;

and from (7),

L]
[

: H

Theorem 1. An optimal solution to (P) provides & competitive allocation
X* , with corresponding utility levels u* .
Proof. ILet p* in S maximize f{u*,p) . By lemma 3., b(u*) =1, so
that {3) becomes

wi.p* < xi*.p* 3
which together with (2) implies that the allocation X* satisfles all
consumer's budget restrictions with equality. Furthermore, the definition

of b implies

1

blu*) = 1 < u¥ pg / cj (w™ .p*)

for all i, Jj, so that for all 1

(9) p*zc o

with oq defined by

(10) ot = (w' o%) /g
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Consequently, if x is nonnegative and satisfies the budget restriction

i
p¥ .x < p¥.w , one has

ci.x“s {p*.x) u; / (p*. w1) < u¥ .

Therefore, each consumer is maximizing his preferences subject to the budget

constraint. "

Corollary 1. An optimal solution (u*,X*) to (P) maximizes q*.u
subject to the restrictions of (P) , with o as defined in (10) .
Proof. Consider the following sequence of inequalities satisfied by any

feasible pair (u,X) .

a¥ou K 2 o (ci .xi) by (1)
< Lop* ot by (9)
< b op* ot by (2)
= o*,u¥ by (10)

Corollary 2. Let (p*,X*) be an equilibrium, and let u* be the correspond-
ing utility vector. The pair (u*,X*) solves (P) .
Proof.  Obviously, ({u*,X*) is feasible for (P} . 1In view of lemma 2., it
is only necessary to demonstrate that b{u*) =1 . Since =11 consumers have
monotone preferences, equilibrium prices must be positive. Since the 1i-th
consumer maximizes his preferences subject to the budget constraint, which is
satisfied by the bundle (p*.wi) e’ / p3 , where eJ is the Jj-th unit
vector, one has

ut 2 °§ (' p%) / P}

for all 1, j. Consequently, from the definition of b ,
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M) 2 ming w03 / <) kot 23 ]

Corollary 3. Equilibrium prices, p* , utility levels u* , and welfare

weights ¥ are unique,

Froof. At equilibrium, for each 1 one has p*.xi* = p*.wi -0 4, 80 that
there exists some J for which x§* >0 ., From relation (9), by comple-
mentary slackness it is know that p; = c§ a; ; therefore it follows that

o = minj pg / c§
50 that equilibrium prleces uniquely determine the welfare weights. From
equations {10) it then follows that equilibrium prices uniquely determine
the utility levels. It only needs to be shown now that equilibrium prices
are unique.

Let two asterisks distinguish the second equilibrium. By corollary 2.,
and lemmas 2. and 3., b{u*) =%b(u**¥) =1 . Since by remark 2 b is concave,
whereas the constraint set of (FP) is convex, lemma 2. implies that

b[(u* + u¥*) /2} =1 . The sentence at the end of the proof of 3, of lemms I,

implies then that p* = p** , ll
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Corollary 4.

Equilibrium prices p* , wutility levels u* , and

welfare weights o* are rational functions of the elements of the

matrices C and W .

Proof: Eaves (1975) shows that the equilibrium problem is equivalent
to a linear complementarity problem, with coefficlents which are either
zerc or unity or elements of C or W, The variables of the two
problems &are linked by rational relations.

Linear complementarity problems have rational solutions;

the conclusion follows from corollary 3.

Remark 3. The conclusion to be drawn from these results is that
the linear utility model can be solved for its eguilibrium solution by
concave programming methods, due to the existence of a concave welfare
function consistent with the soecial ordering implied by the initial
distribution of individual endowments. Note that the constraints of
(P) are linear, though the welfare function need not be linear. It
can be shown that by & change in the varisbles the problem can be cast
into a form in which the objective function is linear, and the con-
straints, if not linear, are described by additively separable concave

funetions.
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