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Ghfhpehu 4<<;

Suhihuhqfh iru Lqirupdwlrq dqg G|qdplf

Frqvlvwhqf|1�

Devwudfw

Zh surylgh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru d g|qdplfdoo| frqvlvwhqw djhqw dozd|v wr suhihu pruh
lqirupdwlyh vljqdov +lq vlqjoh0djhqw sureohpv,1 Wkhvh frqglwlrqv gr qrw lpso| uhfxuvlylw|/ uhgxfwlrq ru
lqghshqghqfh1 Zh surylgh d vlpsoh gh�qlwlrq ri g|qdplfdoo| frqvlvwhqw ehkdylru/ dqg zh glvfxvv zkhwkhu
dq lqwulqvlf lqirupdwlrq oryhu +vd|/ dq dq{lrxv shuvrq, lv olnho| wr eh g|qdplfdoo| frqvlvwhqw1

MHO Fodvvl�fdwlrq= G;3/ G;6

Nh|zrugv= lqirupdwlrq/ qrq0h{shfwhg xwlolw|/ g|qdplf frqvlvwhqf|/ udqgrpl}dwlrq/ dq{lhw|1

Vlprq Judqw
Idfxow| ri Hfrqrplfv dqg Frpphufh/
Dxvwudoldq Qdwlrqdo Xqlyhuvlw|

Dwvxvkl Ndmll
Lqvwlwxwh ri Srolf| dqg Sodqqlqj Vflhqfhv
Xqlyhuvlw| ri Wvxnxed

Ehq Srodn
Hfrqrplfv Ghsduwphqw
\doh Xqlyhuvlw|

WWkh dqdo|vlv lq wklv sdshu zdv suhylrxvo| sduw ri d zrunlqj sdshu fdoohg �Suhihuhqfh iru Lqirupdwlrq�1 Zh
wkdqn Qjr Ydq Orqj/ Wlp ydq ]dqgw dqg wzr dqrq|prxv uhihuhhv1



4 Lqwurgxfwlrq

Eodfnzhoo*v +4<86, wkhruhp vwdwhv +dprqj rwkhu wklqjv, wkdw/ lq vlqjoh0djhqw sureohpv/ li wkh

djhqw lv dq h{shfwhg xwlolw| pd{lpl}hu/ wkhq vkh dozd|v suhihuv pruh lqirupdwlrq wr ohvv uhjdugohvv

ri wkh vhw ri dfwlrqv dydlodeoh wr khu1 E| frqwudvw/ Zdnnhu +4<;;, dujxhv wkdw li wkh djhqw lv

qrw dq h{shfwhg xwlolw| pd{lpl}hu/ wkhq wkhuh pxvw eh d sdlu ri vljqdov/ rqh pruh lqirupdwlyh

wkdq wkh rwkhu/ dqg d ghflvlrq sureohp/ vxfk wkdw wkh djhqw vwulfwo| suhihuv wkh ohvv lqirupdwlyh

vljqdo14 Wkh nh| wr Zdnnhu*v uhvxow lv wkdw klv djhqw lv qrw g|qdplfdoo| frqvlvwhqw= khu ehkdylru

zlwklq d ghflvlrq wuhh lv qrw dozd|v zkdw vkh zrxog fkrrvh h{ dqwh li vkh frxog frpplw1 Lqghhg/

wkh uhdvrq Zdnnhu*v djhqw vrphwlphv fkrrvhv d ohvv lqirupdwlyh vljqdo lv lq dq dwwhpsw wr vhoi0

frpplw1 Pdfklqd +4<;<, dujxhv wkdw Zdnnhu*v �qglqj frphv iurp wrr qduurz d gh�qlwlrq ri

g|qdplf frqvlvwhqf|1 Pdfklqd sursrvhg d eurdghu gh�qlwlrq> rqh wkdw grhv qrw uhtxluh suhihuhqfhv

wr frqirup zlwk h{shfwhg xwlolw| wkhru|/ ru hyhq wr eh uhfxuvlyh15

Dq rshq txhvwlrq frqiurqwhg e| wklv sdshu lv zkhwkhu dq djhqw zkr lv g|qdplfdoo| frqvlvwhqw lq

wkh Pdfklqd vhqvh/ zloo dozd|v suhihu pruh lqirupdwlrq wr ohvv1 Olnh Pdfklqd/ zh frqvlghu djhqwv

zkr ylrodwh wkh h{shfwhg xwlolw| d{lrpv/ dqg zkrvh suhihuhqfhv duh qrw qhfhvvdulo| uhfxuvlyh1 Zh jr

eh|rqg Pdfklqd/ krzhyhu/ lq wkdw zh dovr frqvlghu ylrodwlrqv ri wkh uhgxfwlrq ri frpsrxqg orwwhu|

d{lrp1 Lq dq hduolhu sdshu +Judqw/ Ndmll dqg Srodn +iruwkfrplqj,,/ zh frqvlghuhg zkdw zh fdoohg

lqwulqvlf suhihuhqfh iru lqirupdwlrq= ghvlulqj lqirupdwlrq qrw rqo| wr pdnh dfwlrqv frqwlqjhqw rq

zkdw |rx ohduq/ exw dovr +iru h{dpsoh, wr uholhyh dq{lhw|1 Vxfk suhihuhqfhv hqwdlo ylrodwlrqv ri wkh

uhgxfwlrq d{lrp1 Lq wkdw sdshu/ krzhyhu/ zh rqo| vwxglhg wkh vshfldo fdvh zkhuh wkh djhqw kdv

mxvw rqh dfwlrq dydlodeoh wr khu16 Lq wkdw frqwh{w/ ri frxuvh/ g|qdplf frqvlvwhqf| lv qrw dq lvvxh1

Wklv sdshu h{whqgv wkh dqdo|vlv wr wkh pdq|0dfwlrq fdvh1 Wkh txhvwlrq wkhq ehfrphv zkhwkhu/

jlyhq g|qdplf frqvlvwhqf|/ wkh frqglwlrqv iru dq djhqw wr suhihu pruh lqirupdwlrq lq wkh vshfldo

vlqjoh0dfwlrq fdvh duh qhfhvvdu| dqg vx!flhqw iru dq djhqw dozd|v wr suhihu pruh lqirupdwlrq lq

wkh jhqhudo pdq|0dfwlrq fdvh1

Wkh dqvzhu lv= �doprvw�1 Wkh uhdvrq iru wkh �doprvw�/ lv wkdw qrq0h{shfwhg xwlolw| pd{lpl}huv

duh vrphwlphv qrw lqgl�huhqw dprqj udqgrpl}dwlrqv ryhu lqgl�huhqw rxwfrphv1 Li wkh djhqwv fdq

shuirup udqgrpl}dwlrqv iru wkhpvhoyhv/ wklv lv qrw d sureohp1 Exw li wkh| uho| rq wkh uhdol}dwlrqv

ri d vljqdo wr vhuyh dv d udqgrpl}dwlrq ghylfh/ wkhq zh qhhg vrph h{wud uhvwulfwlrqv li wkh| duh

dozd|v wr suhihu pruh lqirupdwlyh vljqdov1 Wkh qhfhvvdu| dqg vx!flhqw uhvwulfwlrq wxuqv rxw wr eh

+urxjko|, wkdw wkh djhqw qhyhu vwulfwo| suhihuv wr udqgrpl}h1 Wkh h{dfw uhvwulfwlrq lv lpsolhg e|

� exw grhv qrw lpso| � uhfxuvlylw|1

4 Wklv zrun zdv odwhu h{whqghg e| Vfkohh +4<<3/ 4<<4, dqg e| Vdiud ) Vxojdqln +4<<8,1

5 Pdfklqd*v qrwlrq ri g|qdplf frqvlvwhqf| lv vlplodu wr zkdw PfFohqqhq +4<<3, fdoov �uhvroxwh fkrlfh�1

6 Zkloh zh eruurz d uhvxow iurp wkh hduolhu sdshu/ zh gr qrw uhkhduvh wkh surri1 Wkh uhdghu lv uhihuuhg wr wkdw
sdshu iru wklv dqg d ixoohu glvfxvvlrq ri lqwulqvlf suhihuhqfh iru lqirupdwlrq lq wkh vlqjoh0dfwlrq fdvh1
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Vhfwlrq 5 lqwurgxfhv d qdwxudo gh�qlwlrq ri g|qdplf frqvlvwhqf| wkdw fdswxuhv Pdfklqd*v lqwx0

lwlrq1 Zh vd| wkdw dq djhqw lv g|qdplfdoo| frqvlvwhqw li khu dfwxdo ehkdylru zlwklq d ghflvlrq wuhh

frqirupv wr wkdw vkh zrxog kdyh fkrvhq h{ dqwh zhuh vkh deoh wr frpplw1 Zh ghulyh wkh odwwhu e|

orrnlqj dw wkh djhqw*v suhihuhqfhv dprqj wuhhv1 Vhfwlrq 6 frqwdlqv wkh pdlq uhvxow= qhfhvvdu| dqg

vx!flhqw frqglwlrqv vxfk wkdw d g|qdplfdoo| frqvlvwhqw djhqw dozd|v suhihuv pruh lqirupdwlrq wr

ohvv1 Vhfwlrq 7 glvfxvvhv wklv uhvxow1 Iru h{dpsoh/ rxu uhvxow vlpso| dvvxphv g|qdplfdoo| frqvlv0

whqw ehkdylru1 Zh vxjjhvw/ e| phdqv ri dq h{dpsoh/ wkdw li dq djhqw lqwulqvlfdoo| vwulfwo| suhihuv

pruh lqirupdwlrq/ wkhq wklv djhqw pljkw idlo wr eh g|qdplfdoo| frqvlvwhqw1

5 G|qdplf Frqvlvwhqf|1

Zh duh lqwhuhvwhg lq suhihuhqfh ehwzhhq/ dqg ehkdylru zlwklq/ ghflvlrq wuhhv1 Zh irfxv rq wuhhv lq

zklfk dq djhqw fkrrvhv dq dfwlrq diwhu wkh uhvroxwlrq ri d vljqdo1 Rxwfrphv ghshqg rq wkh djhqw*v

dfwlrq dqg rq wkh vwdwh ri qdwxuh1 Iru dq h{dpsoh/ frqvlghu d iduphu zkr fkrrvhv khu ihuwlol}hu diwhu

uhfhlylqj d zhdwkhu iruhfdvw1 Wkh vxffhvv ri khu furs ghshqgv rq wkh zhdwkhu dqg rq wkh ihuwlol}hu

vkh fkrrvhv1 Lq wklv vhfwlrq/ zh doorz iru ghflvlrq wuhhv wkdw duh voljkwo| pruh jhqhudo wkdq wklv lq

wkdw wkh vhw ri dydlodeoh dfwlrqv fdq ghshqg rq wkh uhdol}dwlrq ri wkh vljqdo1 Shukdsv d sduwlfxodu

nlqg ri ihuwlol}hu pljkw qrw eh dydlodeoh li edg zhdwkhu lv iruhfdvw1 Suhihuhqfh iru lqirupdwlrq lv

d vwdwhphqw derxw wkh djhqw*v suhihuhqfhv dprqj vxfk vlpsoh ghflvlrq wuhhv1 Orrvho| +zh zloo

eh pruh suhflvh lq wkh qh{w vhfwlrq,/ lw vwdwhv wkdw wkh djhqw suhihuv wuhhv dvvrfldwhg zlwk pruh

lqirupdwlyh vljqdov1 G|qdplf frqvlvwhqf| lv d vwdwhphqw derxw krz wkh djhqw*v ehkdylru zlwklq

vxfk d ghflvlrq wuhh frqirupv wr wkh ehkdylru vkh zrxog fkrrvh/ h{ dqwh/ li vkh frxog frpplw1

Wr irupdol}h wkhvh lghdv/ ohw 
 eh wkh vhw ri vwdwhv ri qdwxuh/ ohw [ eh wkh vhw ri frqvhtxhqfhv/

ohw D eh d vhw ri dfwlrqv/ dqg ohw F eh wkh vhw ri ixqfwlrqv ri wkh irup f = 
�D $ [ / wkdw dvvljq

d frqvhtxhqfh wr hdfk vwdwh0dfwlrq sdlu1 Lq wkh iroorzlqj/ xqohvv rwkhuzlvh vwdwhg/ erwk 
 dqg [
duh wdnhq wr eh wkh lqwhuydo ^3> 4`17 Zh zloo frq�qh dwwhqwlrq wr wuhhv lqyroylqj �qlwh vljqdov dqg

�qlwh dfwlrq vhwv1 D w|slfdo wuhh/ � / wkhq frqvlvwv ri=

� d �qlwh vhw ri vljqdo uhdol}dwlrqv/ +v4> = = = > vq,>

� wkh srvwhulru eholhiv rq wkh vwdwh vsdfh 
/ +S4> = = = > Sq,/ lqgxfhg e| wkhvh uhdol}dwlrqv>

� wkh �qlwh dfwlrq vhwv/ +D4> = = = > Dq,/ hdfk Dl � D/ dvvrfldwhg zlwk wkh uhdol}dwlrqv>

� wkh +sulru, suredelolwlhv/ +t4> = = = > tq,/ ri revhuylqj wkhvh uhdol}dwlrqv>

� dqg d frqvhtxhqfh ixqfwlrq f lq F1

Ohw W ghqrwh wkh vhw ri doo vxfk wuhhv> wkdw lv/ wuhhv ri wkh irup= k+vl> Sl> Dl> tl,ql@4> fl1 Ohw �W

eh d frpsohwh dqg wudqvlwlyh suhihuhqfh uhodwlrq ryhu vxfk wuhhv1 Wklv suhihuhqfh uhodwlrq ghvfulehv

7 Wkh dqdo|vlv fdq uhdglo| eh h{whqghg wr rxwfrph vhwv wkdw duh jhqhudo frpsdfw phwulf vsdfhv li zh dvvxph wkdw
doo zhoiduh0uhohydqw ulvn fdq eh fkdudfwhul}hg dv ulvn ryhu wkh udqnv ri rxwfrphv> vhh Judqw/ Ndmll ) Srodn +4<<5,1
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d fkrlfh/ pdgh h{ dqwh/ dprqj wuhhv1 Iru h{dpsoh/ e| vhohfwlqj h{ dqwh dprqj gl�huhqw fursv wr

sodqw/ hdfk zlwk d gl�huhqw uhvsrqvh wr wkh zhdwkhu/ rxu iduphu fdq fkrrvh zklfk frqvhtxhqfh

ixqfwlrq vkh idfhv1 E| vhohfwlqj h{ dqwh dprqj qhzv vrxufhv/ vkh fdq fkrrvh khu vljqdo1 E|

vhohfwlqj h{ dqwh dprqj vxsso| frqwudfwv/ vkh fdq fkrrvh wkh vhw ri dydlodeoh ihuwlol}huv1 Gl�huhqw

wuhhv fdq eh dvvrfldwhg zlwk gl�huhqw sulruv ryhu wkh uhohydqw vwdwhv ri qdwxuh1 Iru h{dpsoh/ li zh

wklqn ri 
 dv ehlqj wkh zhdwkhu gxulqj wkh shdn jurzlqj vhdvrq/ wkhq vhohfwlqj h{ dqwh dprqj

gl�huhqw fursv ru gl�huhqw sodqwlqj wlphv fdq d�hfw wklv glvwulexwlrq1

Zlwklq hdfk jlyhq wuhh/ wkh djhqw fkrrvhv dq dfwlrq dw hdfk ghflvlrq qrgh> wkdw lv/ diwhu hdfk

vljqdo uhdol}dwlrq1 Pruh jhqhudoo|/ wkh djhqw pljkw udqgrpl}h ryhu wkh dydlodeoh dfwlrqv exw/ iru

wkh prphqw/ frqvlghu mxvw qrq0udqgrp ehkdylru1 Ohw e eh d ehkdylru ixqfwlrq wkdw/ iru hdfk wuhh

� lq W / dvvljqv dq dfwlrq iurp Dl wr hdfk vljqdo uhdol}dwlrq vl ri � 1 Ohw e� eh wkh fruuhvsrqglqj

ehkdylru lq wkh vshfl�f wuhh � / dqg e� +vl, eh wkh fruuhvsrqglqj dfwlrq wdnhq lq wkh wuhh � diwhu

vhhlqj wkh vshfl�f vljqdo uhdol}dwlrq vl1 Wkdw lv/ e� +vl, lv dq hohphqw ri Dl1 Wkh ehkdylru e+�, lv

qrw wr eh wkrxjkw ri dv d csodq ri dfwlrq* +ru cvwudwhj|*, iruphg h{ dqwh/ exw udwkhu dv d ghvfulswlrq

ri wkh djhqw*v dfwxdo ehkdylru zlwklq wkh wuhh � 1 Wkhvh gr qrw qhfhvvdulo| frlqflgh1 Wkdw lv/ zkdw

wkh djhqw dfwxdoo| grhv zlwklq wkh wuhh � lv qrw qhfhvvdulo| wkh vdph wklqj dv vkh zrxog fkrrvh

zhuh vkh deoh wr frpplw wr wkrvh fkrlfhv h{ dqwh1

Jlyhq d ghflvlrq wuhh/ hdfk ehkdylru ixqfwlrq e lqgxfhv d wzr0vwdjh orwwhu| ryhu rxwfrphv1

Lq rxu h{dpsoh/ vxssrvh wkdw wkhuh duh wzr zhdwkhu vwdwhv/ zhw ru gu|1 Vxssrvh wkhuh duh wzr

srvvleoh iruhfdvwv ri wkh zhdwkhu/ v4 dqg v5/ zklfk rffxu zlwk suredelolwlhv t4 dqg t5 uhvshfwlyho|1

Wkh srvwhulru suredelolw| ri zhw jlyhq v4 lv s4/ dqg jlyhq v5 lv s51 Wkhuh duh wzr w|shv ri ihuwlol}hu

dydlodeoh dw hdfk vwdwh/ d4 dqg d51 Li d4 lv fkrvhq wkhq wkh furs |lhog lv { li zhw dqg {3 li gu|1

Frqyhuvho|/ li d5 lv fkrvhq/ wkhq wkh |lhog lv {3 li zhw dqg { li gu|1 Ohw xv uhihu wr wklv wuhh dv

a� 1 Vxssrvh wkdw wkh djhqw*v ehkdylru lq wklv wuhh/ ea� / lv wr fkrrvh d4 dw v4 dqg d5 dw v51 Wkhq

wkh lqgxfhg wzr0vwdjh orwwhu| dvvljqv �uvw0vwdjh suredelolw| t4 wr wkh vhfrqg0vwdjh orwwhu| ^{> s4>

{3> +4� s4,`/ dqg dvvljqv �uvw0vwdjh suredelolw| t5 wr wkh vhfrqg0vwdjh orwwhu| ^{> +4� s5,>{
3> s5`1

Pruh irupdoo|/ ohw O+[ , eh wkh vhw ri suredelolw| phdvxuhv rq [ 1 Ohw P+S> d> f, eh wkh

suredelolw| phdvxuh lq O+[ , zkhuh/ iru dq| vxevhw H ri [ / P+S> d> f,+H, @S +i$ 5 
 = f+$> d, 5
Hj,1 Wkdw lv/ jlyhq d suredelolw| glvwulexwlrq S ryhu wkh vhw ri vwdwhv/ P+S> d> f,+H, lv wkh

suredelolw| wkdw dq rxwfrph lq H rffxuv li wkh dfwlrq d lv fkrvhq1 Ohw O3+O+[ ,, eh wkh vhw ri

suredelolw| phdvxuhv rq O+[ , zlwk �qlwh vxssruw1 Ohw #+e� > �, eh wkh wzr0vwdjh orwwhu| lqgxfhg

e| wkh ehkdylru ixqfwlrq e lq wkh wuhh � 1 Wklv lv wkh hohphqw ri O3+O+[ ,, wkdw dvvljqv wr hdfk

+vhfrqg0vwdjh, orwwhu| I lq O+[ , wkh vxp ri doo wkh tl lq wkh vhw itl = P+Sl> e� +vl,> f, @ Ij18
D vshfldo fodvv ri wuhhv duh wkrvh zkhuh wkh djhqw lv cfrpplwwhg wr dq dfwlrq dkhdg ri wlph*1

8 Qrwlfh wkdw/ e| wkh gh�qlwlrq ri d wzr0vwdjh orwwhu|/ li dE�E��c K� Er��c S�c ^�( � � � ( E�E�?c K� Er?�c S�c ^?o dqg
dE�E��c K�� Er��c S�c ^�( � � � ( E�E�?c K�� Er?�c S�c ^?o erwk dvvljq wkh vdph wrwdo �uvw0vwdjh suredelolw| wr hdfk vhfrqg0
vwdjh orwwhu| lq nEc � wkhq wkh| duh lghqwl�hg dv wkh vdph hohphqw ri nfEnEc ��1
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Irupdoo|/ ohw wkh vhw ri frpplwphqw wuhhv eh wkh vxevhw ri W iru zklfk hdfk dfwlrq vhw Dl lv d

vlqjohwrq1 Lq rxu iduphu vwru|/ dq h{dpsoh ri d frpplwphqw wuhh zrxog eh rqh lq zklfk wkh rqo|

ihuwlol}hu dydlodeoh diwhu vhhlqj iruhfdvw v4 lv d4/ dqg wkh rqo| ihuwlol}hu dydlodeoh diwhu vhhlqj v5 lv d51

Lq wklv wuhh/ wkh iduphu lv frpplwwhg ehiruhkdqg wr wkh vdph ihuwlol}huv wkdw khu ehkdylru ea� zrxog

kdyh fkrvhq zlwklq wkh ohvv uhvwulfwlyh wuhh a� ghvfulehg deryh1 Wkdw lv/ wkh rqo| srvvleoh ehkdylru

lq wklv frpplwphqw wuhh lqgxfhv wkh vdph wzr0vwdjh orwwhu| ryhu rxwfrphv dv wkdw lqgxfhg e| ea�

lq wkh wuhh a� 1

Zh duh jrlqj wr xvh wkh djhqw*v suhihuhqfhv dprqj frpplwphqw wuhhv wr khos gh�qh g|qdplf

frqvlvwhqf|1 Ohw �5 ghqrwh wkh uhvwulfwlrq ri �W wr wkh vhw ri frpplwphqw wuhhv1 Vlqfh wkh djhqw*v

ehkdylru zlwklq hdfk frpplwphqw wuhh lv ghjhqhudwh/ hdfk vxfk wuhh pdsv gluhfwo| wr d wzr0vwdjh

orwwhu| lq O3+O+[ ,,1 Wkhuhiruh/ zh zloo lqwhusuhw �5 dv uhsuhvhqwlqj wkh djhqw*v suhihuhqfhv ryhu

vxfk wzr0vwdjh orwwhulhv19

Zh kdyh qrz gh�qhg dq djhqw*v suhihuhqfh uhodwlrq ryhu wzr0vwdjh orwwhulhv dqg khu ehkdylru

zlwklq doo wuhhv lq W 1 Lqirupdoo|/ lw lv qdwxudo wr vd| wkdw dq djhqw lv g|qdplfdoo| frqvlvwhqw

li khu ehkdylru zlwklq hdfk wuhh lqgxfhv d wzr0vwdjh orwwhu| wkdw lv ehvw dprqj wkrvh orwwhulhv

wkdw zhuh dfklhydeoh lq wkdw wuhh/ zkhuh cehvw* phdqv dffruglqj wr khu h{ dqwh suhihuhqfh uhodwlrq

ryhu vxfk orwwhulhv1 Lq rxu iduphu vwru|/ lq wkh jdph a� ghvfulehg deryh/ wkhuh duh irxu srvvleoh

+qrq0udqgrp, ehkdylruv1 Zh fdq ghqrwh wkhvh e| +d4> d4,/ +d4> d5,/ +d5> d4, dqg +d5> d5,1 Li hdfk ri

wkhvh ehkdylruv lqgxfhv d gl�huhqw wzr0vwdjh orwwhu| wkhq wkhuh duh dovr irxu dfklhydeoh wzr0vwdjh

orwwhulhv= #++d4> d4,> a�,/ #++d4> d5,> a�,/ #++d5> d4,> a�, dqg #++d5> d5,> a�,1 Pruh jhqhudoo|/ ohw E+�,

eh wkh vhw ri wzr0vwdjh orwwhulhv wkdw fdq eh lqgxfhg e| vrph qrq0udqgrp ehkdylru e� lq wkh wuhh

� 1

Gh�qlwlrq 4 D suhihuhqfh uhodwlrq ehwzhhq frpplwphqw wuhhv �5 +l1h1/ d suhihuhqfh uhodwlrq ryhu

wzr0vwdjh orwwhulhv,/ dqg d +qrq0udqgrp, ehkdylru zlwklq wuhhv e/ duh g|qdplfdoo| frqvlvwhqw li/

iru doo wuhhv � lq W dqg doo dfklhydeoh wzr0vwdjh orwwhulhv [ lq E+�,/ #+e� > �, �5 [1

Wkh deryh qrwlrq ri g|qdplf frqvlvwhqf| olqnv h{ dqwh suhihuhqfhv dqg dfwxdo +lqwhulp, eh0

kdylru1 Wklv gh�qlwlrq lv forvho| uhodwhg wr wkrvh ri Mrkqvhq ) Grqdogvrq +4<;8,/ PfFohqqhq

+4<<3,/ Pdfklqd +4<;<,/ dqg Nduql ) Vfkphlgohu +4<<4,1 Olnh wkhluv/ rxu gh�qlwlrq ri g|qdplf

frqvlvwhqf| grhv qrw uhvwulfw suhihuhqfhv wr eh h{shfwhg xwlolw|/ ru wr eh uhfxuvlyh/ ru wr uhvshfw

uhgxfwlrq ri frpsrxqg orwwhulhv1

Li dq djhqw fdq suhglfw khu rzq ehkdylru lq dq| wuhh +wkdw lv/ vkh nqrzv khu ehkdylru ixqfwlrq

e,/ wkhq/ jlyhq dq h{ dqwh fkrlfh ehwzhhq wzr ghflvlrq wuhhv/ vkh vkrxog fkrrvh wkh rqh lq zklfk

9 Wklv lqwhusuhwdwlrq lpsolflwo| dvvxphv dzd| ciudplqj h�hfwv*> wkdw lv/ li wzr frpplwphqw wuhhv pds wr wkh vdph
wzr0vwdjh orwwhu| wkhq wkh djhqw lv lqgl�huhqw ehwzhhq wkhp1 Irupdoo|/ li wzr frpplwphqw wuhhv � dqg � � duh vxfk
wkdw/ wkh +wrwdo, suredelolw| dvvljqhg e| �EK� ( �� wr hdfk +vhfrqg0vwdjh, orwwhu| 8 lq nEc � htxdov wkdw dvvljqhg e|
�EK� 3 ( � �� wr 8 / wkhq � ;9 � �1 +Vlqfh wkhvh duh frpplwphqw wuhhv/ wkh ehkdylruv zlwklq wkh wuhhv/ K� dqg K� 3 / duh
xqltxho| ghwhuplqhg1,
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khu ehkdylru zloo lqgxfh wkh wzr0vwdjh orwwhu| wkdw lv ehwwhu dffruglqj wr khu h{ dqwh suhihuhqfhv1

Wklv lghd lv xvxdoo| fdoohg �vrsklvwlfdwhg fkrlfh� wr glvwlqjxlvk lw iurp �p|rslf fkrlfh� zkhuh wkh

djhqw idlov wr suhglfw fruuhfwo|1: Wkh iroorzlqj irupdol}hv wklv vwdqgdug lghd1

Gh�qlwlrq 5 Dq djhqw lv vrsklvwlfdwhg li khu suhihuhqfh uhodwlrq ehwzhhq wuhhv �W dqg khu +qrq0

udqgrp, ehkdylru zlwklq wuhhv e duh vxfk wkdw/ iru doo sdluv ri wuhhv � dqg � 3 lq W / � �W � 3 li dqg

rqo| li #+e� > �, �5 #+e� 3 > � 3,1

Frpelqlqj wkhvh lghdv/ dq djhqw zkr lv erwk vrsklvwlfdwhg dqg g|qdplfdoo| frqvlvwhqw/ jlyhq

dq h{ dqwh fkrlfh ehwzhhq wzr ghflvlrq wuhhv/ vkrxog �uvw orrn dw wkh vhw ri dfklhydeoh wzr0vwdjh

orwwhulhv lq hdfk wuhh1 Vkh vkrxog wkhq slfn wkh wuhh wkdw shuplwv wkh ehvw wzr0vwdjh orwwhu|

dffruglqj wr khu h{ dqwh suhihuhqfhv1 Vlqfh vkh lv g|qdplfdoo| frqvlvwhqw/ vkh nqrzv wkdw khu

ehkdylru zlwklq wkh wuhh zloo lqghhg lqgxfh wklv orwwhu|1 Djdlq/ wkh iroorzlqj irupdol}hv wklv

vwdqgdug lghd1

Revhuydwlrq Li dq djhqw zkrvh suhihuhqfh uhodwlrq ehwzhhq wuhhv lv �W / dqg zkrvh +qrq0udqgrp,

ehkdylru zlwklq wuhhv lv e lv erwk g|qdplfdoo| frqvlvwhqw dqg vrsklvwlfdwhg wkhq/ iru doo sdluv

ri wuhhv � dqg � 3 lq W / � �W � 3 li dqg rqo| li wkhuh lv d dfklhydeoh wzr0vwdjh orwwhu| [ lq

E+�, vxfk wkdw [ �5 [3 iru doo dfklhydeoh wzr0vwdjh orwwhulhv [ 3 lq E+� 3,1

Udqgrp ehkdylru1 Vr idu/ zh kdyh gh�qhg g|qdplf frqvlvwhqf| iru qrq0udqgrp ehkdylru/

dqg zh kdyh ghwhuplqhg zkdw wklv lpsolhv iru vrsklvwlfdwhg h{ dqwh fkrlfhv dprqj wuhhv1 Zh

qrz zdqw wr h{whqg wkhvh lghdv wr doorz iru udqgrpl}dwlrq1 D frpsolfdwlrq wkdw dulvhv rqfh zh

doorz wkh djhqw wr udqgrpl}h lv wkdw wkh suhflvh wzr0vwdjh orwwhu| wkdw lv lqgxfhg e| vxfk ehkdylru

ghshqgv rq wkh wlph dw zklfk wkh udqgrpl}dwlrq wdnhv sodfh1 Lq rxu iduphu vwru|/ dq h{dpsoh

ri udqgrp ehkdylru lq wkh wuhh a� frxog eh iru wkh iduphu/ dw wkh zhdwkhu iruhfdvw v4/ wr fkrrvh

ihuwlol}hu d4 zlwk suredelolw| � dqg ihuwlol}hu d5 zlwk suredelolw| +4 � �,> dqg/ dw wkh zhdwkhu

iruhfdvw v5/ wr fkrrvh ihuwlol}hu d5 zlwk suredelolw| 41 Li wkh iduphu revhuyhv wkh udqgrpl}dwlrq

ghylfh dw wkh vdph wlph dv vkh revhuyhv wkh iruhfdvw wkhq wklv udqgrp ehkdylru lqgxfhv wkh wzr0

vwdjh orwwhu| wkdw dvvljqv �uvw0vwdjh suredelolw| �t4 wr wkh vhfrqg0vwdjh orwwhu| ^{> s4>{
3> +4� s4,`>

dvvljqv �uvw0vwdjh suredelolw| +4��,t4 wr wkh vhfrqg0vwdjh orwwhu| ^{> +4� s4,>{3> s4`> dqg dvvljqv

�uvw0vwdjh suredelolw| t5 wr wkh vhfrqg0vwdjh orwwhu| ^{> +4� s5,>{3> s5`1 Lw lv dv li wkhuh zhuh wkuhh

zhdwkhu uhsruwv wkdw wkh iduphu frxog xvh wr frqglwlrq khu ihuwlol}hu fkrlfh= d uhsruw v44 wkdw

rffxuuhg zlwk suredelolw| �t4> dq lghqwlfdo uhsruw v45 wkdw rffxuuhg zlwk suredelolw| +4 � �,t4/

dqg wkh uhsruw v51

Rq wkh rwkhu kdqg/ vxssrvh wkh iduphu rqo| revhuyhv wkh uhdol}dwlrq ri wkh udqgrpl}dwlrq

ghylfh zkhq wkh wuxh vwdwh lv uhyhdohg1 Zh fdq wklqn ri wklv dv wkh iduphu fkrrvlqj d udqgrp

: Vhh/ iru h{dpsoh/ R*Grqrjkxh ) Udelq +4<<9,1
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dfwlrq dw v41 Lq wklv fdvh wkh udqgrp ehkdylru lqgxfhv wkh wzr0vwdjh orwwhu| wkdw dvvljqv= �uvw0

vwdjh suredelolw| t4 wr wkh vhfrqg0vwdjh orwwhu| ^{> �s4.+4��,+4�s4,>{3> �+4�s4,.+4��,s4`> dqg

dvvljqv �uvw0vwdjh suredelolw| t5 wr wkh vhfrqg0vwdjh orwwhu| ^{> +4�s5,>{
3> s5`1 Wkhvh duh gl�huhqw

wzr0vwdjh orwwhulhv1 Dv zh vkdoo vhh lq Vhfwlrq 6/ rqfh zh pryh dzd| iurp vwdqgdug suhihuhqfhv +lq

sduwlfxodu/ rqfh zh gurs wkh uhgxfwlrq ri frpsrxqg orwwhulhv d{lrp,/ wklv glvwlqfwlrq fdq pdwwhu1

Pruh jhqhudoo|/ zh fdq wklqn ri wzr w|shv ri udqgrpl}hg ehkdylru zlwklq rxu vhw ri ghfl0

vlrq wuhhv W 1 Zlwk hduo|0uhvroxwlrq udqgrpl}dwlrq/ wkh uhdol}dwlrq ri wkh cudqgrpl}lqj ghylfh* lv

frqwhpsrudqhrxv zlwk wkh uhvroxwlrq ri wkh vljqdo= wkh djhqw fdq eh wkrxjkw ri dv vhohfwlqj d

qrq0udqgrp dfwlrq dw wkh vhfrqg vwdjh/ zlwk wkdw fkrlfh ghshqglqj mrlqwo| rq wkh uhdol}dwlrqv ri

wkh udqgrpl}lqj ghylfh dqg ri wkh vljqdo1 Zlwk odwh0uhvroxwlrq udqgrpl}dwlrq/ wkh uhvroxwlrq ri

wkh udqgrpl}lqj ghylfh lv frqwhpsrudqhrxv zlwk wkh �qdo uhvroxwlrq ri wkh vwdwh= wkdw lv/ wkh djhqw

pl{hv dw wkh vhfrqg vwdjh1 Li wkh djhqw kdv dffhvv wr udqgrpl}dwlrq ghylfhv/ lw vhhpv qdwxudo wr

doorz khu erwk hduo|0 dqg odwh0uhvroxwlrq udqgrp ehkdylruv1 Ohw �e eh d udqgrp ehkdylru ixqfwlrq1

Lw ghvfulehv krz wkh djhqw udqgrpl}hv +erwk hduo| dqg odwh, zlwklq hdfk wuhh lq W 1 Ohw �e� ghvfuleh

wkh hduo| dqg odwh udqgrpl}dwlrqv ri wkh djhqw lq wkh vshfl�f wuhh � 1 Ohw #+�e� > �, eh wkh wzr0vwdjh

orwwhu| lqgxfhg e| wkh udqgrp ehkdylru �e� lq wkh wuhh � 1 Dqg ohw �E+�, eh wkh vhw ri wzr0vwdjh

orwwhulhv wkdw fdq eh lqgxfhg e| vrph udqgrp ehkdylru �e� lq wkh wuhh � 1

Fohduo| d frpplwphqw wuhh fdqqrw frpplw dq djhqw wr udqgrpl}h1 Qhyhuwkhohvv/ erwk g|qdplf

frqvlvwhqf| dqg ri vrsklvwlfdwlrq doorzlqj iru udqgrpl}dwlrq fdq eh gh�qhg h{dfwo| dqdorjrxvo|

wr wkhlu gh�qlwlrqv zkhq udqgrpl}dwlrq lv h{foxghg1 D suhihuhqfh uhodwlrq ehwzhhq frpplwphqw

wuhhv �5 +l1h1/ d suhihuhqfh uhodwlrq ryhu wzr0vwdjh orwwhulhv, dqg d udqgrp ehkdylru zlwklq wuhhv
�e/ duh g|qdplfdoo| frqvlvwhqw li/ iru doo wuhhv � lq W dqg doo dfklhydeoh wzr0vwdjh orwwhulhv [ lq
�E+�,/ #+�e� > �, �5 [1 Dq djhqw zkrvh suhihuhqfh uhodwlrq ehwzhhq wuhhv lv �W / dqg zkrvh udqgrp

ehkdylru zlwklq wuhhv lv �e lv vrsklvwlfdwhg li/ iru doo sdluv ri wuhhv � dqg � 3 lq W / � �W � 3 li dqg rqo|

li #+�e� > �, �5 #+�e� 3 > � 3,1 Li dq djhqw zkrvh suhihuhqfh uhodwlrq ehwzhhq wuhhv lv �W / dqg zkrvh

udqgrp ehkdylru zlwklq wuhhv lv �e lv erwk g|qdplfdoo| frqvlvwhqw dqg vrsklvwlfdwhg/ wkhq/ iru doo

sdluv ri wuhhv � dqg � 3 lq W / � �W � 3 li dqg rqo| li wkhuh lv d dfklhydeoh wzr0vwdjh orwwhu| [ lq

�E+�, vxfk wkdw [ �5 [
3 iru doo dfklhydeoh wzr0vwdjh orwwhulhv [3 lq �E+� 3,1

6 Suhihuhqfh iru Lqirupdwlrq

Lq wklv vhfwlrq/ zh surylgh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru d vrsklvwlfdwhg g|qdplfdoo|

frqvlvwhqw djhqw dozd|v wr suhihu pruh lqirupdwlrq wr ohvv1 Wkh frqglwlrqv zloo eh uhvwulfwlrqv rq

wkh djhqw*v h{ dqwh suhihuhqfhv dqg/ lq sduwlfxodu/ rq khu suhihuhqfhv ryhu frpplwphqw wuhhv +wkdw

lv/ ryhu wzr0vwdjh orwwhulhv,1

Wkh iroorzlqj jhqhulf gh�qlwlrqv duh xvhixo1 Ohw ] eh d frqyh{ vhw lq d olqhdu vsdfh/ dqg ohw

O3+], ghqrwh wkh vhw ri suredelolw| phdvxuhv rq ] zlwk �qlwh vxssruw1 Lw lv frqyhqwlrqdo wr zulwh
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^}4> s4> ===> }q> sq` wr ghqrwh wkh phdvxuh +ru orwwhu|, lq O3+], wkdw dvvljqv/ wr hdfk } lq ]/ wkh

suredelolw|
S

l=}l@}
sl1 Zulwlqj orwwhulhv lq wklv zd| grhv qrw lpso| wkdw wkhuh duh q hohphqwv lq

wkh vxssruw ri wklv orwwhu|/ vlqfh wkh }l qhhg qrw eh glvwlqfw1 Iru h{dpsoh/ ^}4> s4> }4> +s � s4,>

}5> +4� s,` lv lghqwlfdo wr ^}4> s> }5> +4� s,`1

Gh�qlwlrq 6 Dq hohphqwdu| olqhdu elixufdwlrq ri d phdvxuh ^+}m > sm,
p
m@4` lq O3+], lv d phdvxuh

ri wkh irup ^}4> s4>===> }n�4> sn�4> }
3
n> �sn> }

33
n > +4� �,sn> }n.4> sn.4> ===> }p> sp` lq O3+],/ zkhuh � lv

lq ^3> 4`/ dqg }n @ �}3n . +4� �,}33n 1

Wkhvh wzr orwwhulhv duh lghqwlfdo h{fhsw wkdw wkh cnwk rxwfrph*/ }n/ ri wkh �uvw orwwhu| lv wkh

frqglwlrqdo phdq ri wkh wzr rxwfrphv }3n dqg }33n lq wkh vhfrqg orwwhu|1 Wkdw lv/ wkh suredelolw|

zhljkw rq wkh nwk rxwfrph lv glvwulexwhg ehwzhhq wzr rxwfrphv lq phdq0suhvhuylqj zd|1 Lw

grhv qrw iroorz iurp wklv gh�qlwlrq wkdw wkh vxssruw ri wkh ruljlqdo orwwhu| lv d vxevhw ri wkh

vxssruw ri wkh hohphqwdu| olqhdu elixufdwlrq= wkh rxwfrphv }3n dqg }33n frxog erwk frlqflgh zlwk

rxwfrphv lq wkh vxssruw wkh ruljlqdo orwwhu|1 Wklv zloo eh lpsruwdqw zkhq zh frqvlghu suhihuhqfh

iru udqgrpl}dwlrq ehorz1

Zh xvh wkh vwdqgdug Eodfnzhoo +4<86, gh�qlwlrq ri pruh lqirupdwlrq1 D vljqdo lv gh�qhg e|

lwv +�qlwh, olvw ri srvvleoh uhdol}dwlrqv V/ dqg lwv olnholkrrg ixqfwlrq � = V � 
 $^3> 4`/ zkhuh iru

dq| $ lq 
/
S

v5V �+vm$, @41 Wkhq=

Gh�qlwlrq 7 Wkh vljqdo +V> �, lv pruh lqirupdwlyh wkdq wkh vljqdo
�
V3> �3

�
zlwk uhvshfw wr wkh

sulru eholhi � rq 
 li wkhuh h{lvwv d ixqfwlrq � = V3 � V $ ^3> 4` vxfk wkdw
S

v3 �+v
3> v, @ 4 iru doo

v lq V/ dqg �3+v3m$, @ S
v �+v

3> v,�+vm$, iru doo $ lq 
 vxfk wkdw �+$, A 3 dqg doo v3 lq V31;

Iru h{dpsoh/ lq rxu iduphu vwru|/ vxssrvh wkdw wkhuh duh wzr srvvleoh zhdwkhu0iruhfdvw vhuylfhv/

hdfk ri zklfk jlyhv wzr srvvleoh iruhfdvwv/ +v4> v5, dqg +v34> v
3
5,1 Dv ehiruh/ vxssrvh wkdw wkh zhdwkhu

lv hlwkhu zhw ru gu|1 Li wkh zhdwkhu lv jrlqj wr eh zhw/ wkh suredelolw| ri wkh �uvw vhuylfh uhsruwlqj

v4 lv �4/ dqg wkh suredelolw| ri wkh �uvw vhuylfh uhsruwlqj v5 lv �51 Wkh vhfrqg iruhfdvw vhuylfh/

krzhyhu/ rshudwhv e| olvwhqlqj wr wkh �uvw vhuylfh iruhfdvw/ frs|lqj lw grzq txlfno|/ dqg wkhq uh0

eurdgfdvwlqj lw lq lwv rzq zrugv1 Wklv frs|lqj fdq ohdg wr huuruv1 Ohw �4 eh wkh suredelolw| wkdw

v4 jhwv zurqjo| uh0uhsruwhg dv v35/ dqg ohw �5 eh wkh suredelolw| wkdw v5 jhwv zurqjo| uh0uhsruwhg dv

v341 Lqwxlwlyho|/ wkh lpshuihfwo| frslhg zhdwkhu iruhfdvw vhuylfh lv ohvv lqirupdwlyh wkdq wkh ruljlqdo/

dqg wklv lv frq�uphg e| Eodfnzhoo*v gh�qlwlrq1 Iru h{dpsoh/ li lw lv zhw/ wkh suredelolw| ri wkh

vhfrqg vhuylfh uhsruwlqj v34 lv +4� �4,�4 . �5�51

Wr dsso| wkh dssdudwxv ri wkh suhylrxv vhfwlrq/ zh zdqw wr dvvrfldwh vljqdov zlwk ghflvlrq wuhhv

lq W 1 Lq rxu iduphu vwru|/ vxssrvh wkdw wkh iduphu*v sulru suredelolw| ri lw ehlqj zhw lv �1 Vxssrvh

; Pruh jhqhudoo|/ zh vd| wkdw rqh vljqdo lv pruh lqirupdwlyh wkdq dqrwkhu li lw lv pruh lqirupdwlyh zlwk uhvshfw
wr doo sulruv1

:



wkdw kh kdv wkh vdph wzr ihuwlol}huv +zlwk wkh vdph frqvhtxhqfhv iru klv furs, dv lq wkh wuhh a� 1

Wkh �uvw zhdwkhu0iruhfdvwlqj vhuylfh wkhq lqgxfhv d wuhh olnh a� zkhuh t4 =@ ��4 . +4� �,+4� �5,/

s4 =@ ��4@t4 dqg zkhuh t5 dqg s5 duh gh�qhg vlploduo|1

Pruh jhqhudoo|/ iru hdfk vljqdo +V> �,/ jlyhq d sulru eholhi � rq 
/ zh fdq frpsxwh wkh xq0

frqglwlrqdo suredelolw| ri revhuylqj hdfk uhdol}dwlrq1 Zh fdq ljqruh vljqdo uhdol}dwlrqv wkdw rffxu

zlwk }hur suredelolw|/ vr ohw +v4> = = = > vQ , � V ghqrwh wkh olvw ri vljqdo uhdol}dwlrqv wkdw rffxu

zlwk srvlwlyh suredelolw|1 Iru hdfk vxfk vl/ ohw tl lq +3> 4` ghqrwh wklv suredelolw|/ dqg ohw Sl gh0

qrwh wkh srvwhulru eholhi rq 
 lqgxfhg e| wkdw uhdol}dwlrq1 Wkxv/ jlyhq d sulru �/ d frqvhtxhqfh

ixqfwlrq f lq F/ dqg d �{hg �qlwh dfwlrq vhw D 5 D/ wkh vljqdo +V> �, lqgxfhv wkh ghflvlrq wuhh

k+vl> Sl> D> tl,ql@4> fl1
Wkhvh wuhhv lqgxfhg lq wklv zd| duh vshfldo lq wkdw wkh dfwlrq vhw/ D/ lv wkh vdph iru hdfk

uhdol}dwlrq1 Zh vkdoo fdoo vxfk wuhhv Eodfnzhoo ghflvlrq wuhhv1 Lqirupdoo|/ zh vd| wkdw dq djhqw

dozd|v suhihuv pruh lqirupdwlrq li kh dozd|v suhihuv wkh Eodfnzhoo ghflvlrq wuhhv lqgxfhg e| pruh

lqirupdwlyh vljqdov/ uhjdugohvv ri wkh +�{hg, vhw ri dfwlrqv kh kdv dydlodeoh1 Wkdw lv/ lqirupdwlrq

orylqj lv d vwdwhphqw derxw wkh djhqw*v h{ dqwh suhihuhqfhv dprqj ghflvlrq wuhhv/ �W 1 Pruh

irupdoo|/

Gh�qlwlrq 8 Dq djhqw lv dq lqirupdwlrq oryhu li= iru doo sulruv � rq 
/ doo frqvhtxhqfh ixqfwlrqv

f lq F/ dqg doo �qlwh dfwlrq vhwv D 5 D/ li wkh vljqdo +V> �, lv pruh lqirupdwlyh wkdq wkh vljqdo

+V3> �3, zlwk uhvshfw wr �/ wkhq wkh Eodfnzhoo wuhh lqgxfhg e| +V> �, lv zhdno| suhihuuhg wr wkdw

lqgxfhg e| +V3> �3, dffruglqj wr wkh djhqw*v +h{ dqwh, suhihuhqfh uhodwlrq �W 1

Eodfnzhoo +4<86, vkrzhg wkdw/ uhjdugohvv ri wkhlu sulru eholhiv/ dydlodeoh dfwlrq vhwv dqg frq0

vhtxhqfh ixqfwlrqv/ doo dwhpsrudo h{shfwhg xwlolw| pd{lpl}huv duh lqirupdwlrq oryhuv1 Wkh whup

cdwhpsrudo* khuh phdqv wkdw suhihuhqfhv uhvshfw wkh uhgxfwlrq ri frpsrxqg orwwhulhv d{lrp +khuh0

diwhu/ cuhgxfwlrq* ,1 H{shfwhg xwlolw| lpsolhv +dprqj rwkhu wklqjv, wkdw suhihuhqfhv uhvshfw wkh

lqghshqghqfh d{lrp1 Zh zloo uhod{ erwk uhgxfwlrq dqg lqghshqghqfh1 D orrvh lqwxlwlrq iru Eodfn0

zhoo*v uhvxow lv wkdw pruh lqirupdwlrq zhdno| hqodujhv wkh vhw ri uhgxfhg orwwhulhv dfklhydeoh e| wkh

djhqw1 Jlyhq uhgxfwlrq/ wkh djhqw rqo| fduhv derxw uhgxfhg orwwhulhv1 Wkxv/ jlyhq d odujhu fkrlfh

ri vxfk orwwhulhv/ wkh djhqw pxvw eh zhdno| ehwwhu r�1 Wkh uhdvrq wklv lqwxlwlrq lv orrvh lv wkdw/

vwulfwo| vshdnlqj/ wkh dfklhydeoh vhw lv rqo| hqodujhg li zh doorz wkh djhqw wr udqgrpl}h1 Jlyhq

lqghshqghqfh/ krzhyhu/ wkh djhqw zloo qhyhu vwulfwo| suhihu wr udqgrpl}h= dq| xwlolw| ohyho wkdw fdq

eh dwwdlqhg e| udqgrpl}dwlrq fdq dovr eh dwwdlqhg e| vrph qrq0udqgrp fkrlfh1 Rqfh zh gurs

uhgxfwlrq dqg lqghshqghqfh/ erwk vwhsv lq wkh deryh dujxphqw idlo= wkh vhw ri dydlodeoh pxowl0vwdjh

orwwhulhv lv qrw lqfuhdvhg e| pruh lqirupdwlrq> dqg wkh djhqw pd| vwulfwo| suhihu udqgrpl}dwlrq1

Zh glvfxvv hdfk lq wxuq1

Wkh �uvw pdmru pdlqwdlqhg k|srwkhvlv iru Eodfnzhoo/ wkhq/ zdv wkdw suhihuhqfhv ryhu wzr0vwdjh
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orwwhulhv/ �5/ vdwlvi| wkh uhgxfwlrq d{lrp1 Wklv d{lrp lv yhu| uhvwulfwlyh1 Lw lv htxlydohqw wr vd|lqj

wkdw/ li dq djhqw kdv rqo| rqh dfwlrq dydlodeoh wr khu/ vkh zrxog eh lqgl�huhqw wr lqirupdwlrq1

Lq rxu vwru|/ krzhyhu/ xqfhuwdlqw| derxw wkh zhdwkhu pd| fdxvh wkh iduphu wr vx�hu dq{lhw|1 Li

vr/ vkh pd| zdqw wr jhw d zhdwkhu iruhfdvw hyhq li wkhuh lv qr dfwlrqv vkh fdq wdnh frqwlqjhqw rq

zkdw vkh ohduqv +vd|/ vkh kdv rqo| rqh ihuwlol}hu dydlodeoh,1 Wklv fdvh surylghv h{wud uhdvrq iru

wkh iduphu wr eh dq lqirupdwlrq oryhu1 Rq wkh rwkhu kdqg/ wkh iduphu pljkw hqmr| wkh krsh wkdw

ljqrudqfh shuplwv1 Li vr/ vkh pljkw vwulfwo| suhihu qrw wr jhw wkh iruhfdvw xqohvv vkh fdq pdnh khu

dfwlrqv frqwlqjhqw rq zkdw vkh ohduqv1 Lq wklv fdvh/ wkh iduphu lv qrw dq lqirupdwlrq oryhu/ vlqfh

wkh gh�qlwlrq uhtxluhv khu +zhdno|, wr suhihu pruh lqirupdwlyh vljqdov uhjdugohvv ri khu dydlodeoh

dfwlrq vhw1

Lq dq hduolhu sdshu +Judqw/ Ndmll ) Srodn/ iruwkfrplqj,/ zh irfxvvhg rq vxfk lqwulqvlf suhi0

huhqfhv iru dqg djdlqvw lqirupdwlrq1 Wkdw lv/ zh h{solflwo| uhod{hg wkh uhgxfwlrq d{lrp1 Lq wkdw

sdshu/ zh uhvwulfwhg dwwhqwlrq wr wkh vshfldo fdvh zkhuh wkh djhqw kdg rqo| d vlqjoh dfwlrq dydlo0

deoh1 Fohduo|/ d qhfhvvdu| frqglwlrq iru dq djhqw wr eh dq lqirupdwlrq oryhu lq jhqhudo lv wkdw

vkh +zhdno|, suhihuv pruh lqirupdwlrq wr ohvv lq wkdw vshfldo fdvh1 Wkh hduolhu sdshu vkrzv wklv

lv htxlydohqw wr wkh iroorzlqj surshuw| ri suhihuhqfhv ryhu wzr0vwdjh orwwhulhv1 Wkdw lv/ li zh gurs

uhgxfwlrq exw zh zdqw lqirupdwlrq orylqj/ zh duh jrlqj wr qhhg wklv surshuw|1

Gh�qlwlrq 9 Dq djhqw*v suhihuhqfh uhodwlrq ryhu wzr0vwdjh orwwhulhv/ �5/ vdwlv�hv vlqjoh0dfwlrq

lqirupdwlrq orylqj li dqg rqo| li/ iru dq| sdlu ri wzr0vwdjh orwwhulhv [ dqg \ lq O3+O+[ ,, vxfk

wkdw \ lv dq hohphqwdu| olqhdu elixufdwlrq ri [/ \ �5[1

Lq wklv sdshu/ zh duh orrnlqj iru frqglwlrqv wkdw jlyh lqirupdwlrq orylqj lq wkh pruh jhqhudo

pdq|0dfwlrq fdvh1 Lw lv qdwxudo wr dvn zkhwkhu wkh deryh qhfhvvdu| surshuw| lv dovr vx!flhqw lq

wkh jhqhudo fdvh1 Lw wxuqv rxw wkdw wkh dqvzhu ghshqgv rq wkh djhqw*v delolw| wr udqgrpl}h dqg

khu suhihuhqfhv frqfhuqlqj udqgrpl}dwlrq1

Wkh vhfrqg pdmru pdlqwdlqhg k|srwkhvlv iru Eodfnzhoo zdv wkdw suhihuhqfhv vdwlv�hg wkh lq0

ghshqghqfh d{lrp/ dqg khqfh wkh djhqw zrxog qhyhu vwulfwo| suhihu wr udqgrpl}h1 Wr vhh zk|

udqgrpl}dwlrq pd| eh dq lvvxh frqvlghu wkh iroorzlqj yduldqw rq wkh idprxv lqglylvleoh jrrg door0

fdwlrq sureohp ri Gldprqg +4<9:, dqg Pdfklqd +4<;<,1 Vxssrvh wkdw d prwkhu kdv wkuhh fkloguhq

dqg rqh lqglylvleoh jrrg1 Iru uhdvrqv ri surfhgxudo idluqhvv/ vkh pd| vwulfwo| suhihu wr udqgrpl}h

ryhu zklfk fklog vkrxog jhw wkh jrrg1 Li wkh prwkhu fdq udqgrpl}h iru khuvhoi wkhq wkhuh lv qr

sureohp1 Exw vxssrvh wkdw wkh rqo| cudqgrpl}dwlrq ghylfh* dydlodeoh wr khu lv d vljqdo derxw

zkhwkhu ru qrw lw zloo udlq wrpruurz1 Vxssrvh wkdw wkh vljqdo kdv wkuhh srvvleoh uhdol}dwlrqv/

hdfk ri zklfk rffxuv zlwk suredelolw| 4@6/ lqgxflqj wkh srvwhulruv 4@7/ 4@5 dqg 6@7/ uhvshfwlyho|1

Wkhq/ wkh prwkhu fdq xvh wkh vljqdo wr dfklhyh khu ghvluhg idlu udqgrpl}dwlrq1 Qrz vxssrvh

wkdw wkh vljqdo lv uhsodfhg zlwk d vhfrqg vljqdo zklfk kdv rqo| wzr srvvleoh uhdol}dwlrqv/ hdfk ri
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zklfk rffxuv zlwk suredelolw| 4@5/ lqgxflqj wkh srvwhulruv 4@7 dqg 6@7/ uhvshfwlyho|1 Lw lv hdv|

wr fkhfn wkdw wkh vhfrqg vljqdo lv pruh lqirupdwlyh e| wkh vwdqgdug Eodfnzhoo gh�qlwlrq1 Qrz/

krzhyhu/ wkh prwkhu fdqqrw xvh wkh vljqdo wr dfklhyh khu ghvluhg idlu udqgrpl}dwlrq ehwzhhq wkh

wkuhh fkloguhq1 Xqghu rxu dvvxpswlrq wkdw vkh fdqqrw udqgrpl}h iru khuvhoi/ lw lv srvvleoh iru wkh

prwkhu wr suhihu wkh ohvv lqirupdwlyh vljqdo1

Wkh sureohp khuh lv wkdw d vljqdo fdq eh ohvv lqirupdwlyh exw vwloo kdyh pruh vljqdo uhdol}dwlrqv1

Frqglwlrqlqj rq vljqdo uhdol}dwlrqv jhqhudwhv wzr0vwdjh orwwhulhv vlplodu wr wkrvh jhqhudwhg e|

hduo|0uhvroxwlrq udqgrpl}dwlrq1 Wkxv/ wkhuh lv qr dgydqwdjh wr kdylqj h{wud uhdol}dwlrqv li wkh

djhqw fdq shuirup hduo| uhvroxwlrq udqgrpl}dwlrq iru khuvhoi1 Dowhuqdwlyho| wkhuh lv qr dgydqwdjh

li wkh djhqw qhyhu vwulfwo| suhihuv vxfk udqgrpl}dwlrq1 Wkh iroorzlqj surshuw| uxohv rxw vxfk

suhihuhqfh/ zlwkrxw lpsrvlqj lqghshqghqfh1

Gh�qlwlrq : Dq djhqw*v suhihuhqfh uhodwlrq ryhu wzr0vwdjh orwwhulhv/ �5/ vdwlv�hv frqglwlrqdo

txdvl0frqyh{lw| li iru doo sdluv ri wzr0vwdjh orwwhulhv ri wkh irup [ @^+Il> tl,
q
l@4` dqg \ @^+I4> t4>

= = = >Im�4> tm�4>I 3
m > tm >Im.4> tm.4>= = = >Iq> tq,` lq O3+O+[ ,,/ zlwk tm A3= li [ �5\ wkhq/ iru doo � lq

+3> 4,/ [ �5^+I4> t4>= = = >Im�4> tm�4>Im> �tm >I 3
m > +4� �,tm >Im.4> tm.4>= = = >Iq> tq,`1

Wkh iroorzlqj sursrvlwlrq surylghv qhfhvvdu| dqg vx!flhqw frqglwlrqv iru vrsklvwlfdwhg g|qdp0

lfdoo| frqvlvwhqw djhqwv dozd|v wr suhihu pruh lqirupdwlrq1 Zh douhdg| nqrz wkdw vlqjoh0dfwlrq

lqirupdwlrq orylqj lv d qhfhvvdu| frqglwlrq1 Li wkh djhqw fdq shuirup hduo|0uhvroxwlrq udqgrpl}d0

wlrqv wkhq lw lv dovr vx!flhqw1 Li wkh djhqw fdqqrw shuirup hduo|0uhvroxwlrq udqgrpl}dwlrqv rwkhu

wkdq e| frqglwlrqlqj rq vljqdo uhdol}dwlrqv/ wkhq frqglwlrqdo txdvl0frqyh{lw| lv dovr qhfhvvdu|1

Irupdoo|/

Sursrvlwlrq 4 Vxssrvh wkdw dq djhqw lv vrsklvwlfdwhg dqg g|qdplfdoo| frqvlvwhqw dqg wkdw khu

suhihuhqfhv ryhu wzr0vwdjh orwwhulhv duh frqwlqxrxv1

+l, Li vkh fdq shuirup hduo|0uhvroxwlrq udqgrpl}dwlrqv wkhq= vkh lv dq lqirupdwlrq oryhu li dqg

rqo| li khu suhihuhqfhv ryhu wzr0vwdjh orwwhulhv vdwlvi| vlqjoh0dfwlrq lqirupdwlrq orylqj1

+ll, Li vkh fdqqrw shuirup hduo|0uhvroxwlrq udqgrpl}dwlrqv rwkhu wkdq e| frqglwlrqlqj rq vljqdo

uhdol}dwlrqv wkhq= vkh lv dq lqirupdwlrq oryhu li dqg rqo| li khu suhihuhqfhv ryhu wzr0vwdjh

orwwhulhv vdwlvi| erwk vlqjoh0dfwlrq lqirupdwlrq orylqj dqg frqglwlrqdo txdvl0frqyh{lw|1

Surri1 Vhh dsshqgl{1

7 Glvfxvvlrq1

Uhfxuvlylw| dqg Frqglwlrqdo Txdvl0Frqyh{lw|1 Lw lv riwhq dvvxphg wkdw suhihuhqfhv ryhu

wzr0vwdjh orwwhulhv duh uhfxuvlyh1 Irupdoo|/ d suhihuhqfh uhodwlrq ryhu wzr0vwdjh orwwhulhv/ �5/
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vdwlv�hv uhfxuvlylw| li iru doo sdluv ri wzr0vwdjh orwwhulhv ri wkh irup [ @^+Il> tl,Ql@4` dqg \ @

^I4> t4> = = = >Im�4> tm�4>I 3
m > tm >Im.4> tm.4>= = = >IQ > tQ ` lq O3+O+[ ,,/ zlwk tm A 3= [ �5 \ li dqg rqo|

li ^Im > 4` �5 ^I 3
m > 4`1

< Iru h{dpsoh/ d surshuw| olnh wklv lv dvvxphg e| Nuhsv ) Sruwhxv +4<:;,/

Mrkqvhq ) Grqdogvrq +4<;8,/ OdYdooh ) Zdspdq +4<;8,/ Fkhz ) Hsvwhlq +4<;<,/ Vhjdo +4<<3,/

Hsvwhlq +4<<5,/ dqg Vdulq ) Zdnnhu +4<<7/ 4<<9,1 Rq wkh rwkhu kdqg/ Pdfklqd +4<;<, dujxhv

djdlqvw dvvxplqj wklv ghjuhh ri frqvhtxhqwldolvp1 Iroorzlqj Pdfklqd/ rxu gh�qlwlrq ri g|qdplf

frqvlvwhqf| grhv qrw uhtxluh suhihuhqfhv wr eh uhfxuvlyh1 Pruhryhu/ qhlwkhu sduw ri Sursrvlwlrq 4

uhtxluhv uhfxuvlylw|1 Pruh vshfl�fdoo|/ frqglwlrqdo txdvl0frqyh{lw| lv vwulfwo| zhdnhu wkdq uhfxu0

vlylw|1 Wkxv/ jlyhq vlqjoh0dfwlrq lqirupdwlrq orylqj/ uhfxuvlylw| lv vx!flhqw exw qrw qhfhvvdu| iru

dq djhqw wr eh dq lqirupdwlrq oryhu +hyhq li wkh djhqw fdqqrw shuirup udqgrpl}dwlrqv,1

Hyhq li zh dvvxphg uhfxuvlylw|/ wkh frqglwlrqv iru lqirupdwlrq orylqj vkrzq lq Sursrvlwlrq 4

gr qrw lpso| h{shfwhg xwlolw|1 Wklv frqwudvwv zlwk wkh frqfoxvlrqv ri Zdnnhu +4<;;, dqg Vdiud )

Vxojdqln +4<<8,1 Wkh uhdvrq lv wkdw/ xqolnh wkhvh dxwkruv/ zh gr qrw dvvxph wkh uhgxfwlrq d{lrp1

Uhgxfwlrq zrxog lpso| vlqjoh0dfwlrq lqirupdwlrq qhxwudolw|/ zkhuhdv zh rqo| uhtxluh +zhdn, vlqjoh0

dfwlrq lqirupdwlrq orylqj1

Dowkrxjk zhdnhu wkdq uhfxuvlylw|/ frqglwlrqdo txdvl0frqyh{lw| lv vwloo uhvwulfwlyh lq wkdw lw uxohv

rxw vwulfw suhihuhqfh iru udqgrpl}dwlrq1 D uhihuhh srlqwv rxw/ krzhyhu/ wkdw wkhuh lv dq|zd| d

whqvlrq ehwzhhq vwulfw vlqjoh0dfwlrq suhihuhqfh iru lqirupdwlrq dqg vwulfw suhihuhqfh iru udqgrp0

l}dwlrq1 Wkh djhqw zkr olnhv lqirupdwlrq ehfdxvh vkh lv dq{lrxv/ ru vlpso| glvolnhv olylqj zlwk

ulvn/ pljkw eh h{shfwhg vwulfwo| wr suhihu qrw wr udqgrpl}h1 Lw grhv qrw iroorz/ krzhyhu/ wkdw dq

djhqw zkr h{klelwv vwulfw vlqjoh0dfwlrq lqirupdwlrq orylqj zloo qhyhu vwulfwo| suhihu wr udqgrpl}h1

E| gh�qlwlrq/ vlqjoh0dfwlrq lqirupdwlrq orylqj ghvfulehv suhihuhqfh ehwzhhq wuhhv zlwklq zklfk

wkhuh lv qr srvvlelolw| ri udqgrpl}dwlrq1 Wkxv/ zh fdq wklqn ri vlqjoh0dfwlrq lqirupdwlrq orylqj dv

lvrodwlqj lqwulqvlf dwwlwxghv wrzdugv lqirupdwlrq iurp rwkhu frqvlghudwlrqv vxfk d surfhgxudo idlu0

qhvv1 Lq wkh devhqfh ri wkh rssruwxqlw| wr udqgrpl}h/ wkh prwkhu lq wkh Gldprqg h{dpsoh pljkw

suhihu pruh lqirupdwlrq wr ohvv1 Shukdsv/ vkh lv dq dq{lrxv shuvrq1 Exw/ rqfh udqgrpl}dwlrqv duh

dydlodeoh/ khu frqfhuqv iru surfhgxudo idluqhvv rxwzhljk khu frqfhuq iru dq{lhw|1 Wkxv/ zkloh wkhuh

lv d whqvlrq ehwzhhq dq{lhw| dqg udqgrpl}dwlrq lq wkh vhqvh wkdw wkhuh lv d wudgh r�/ wkhuh lv qr

frqwudglfwlrq1

Hyhq li zh uhod{ frqglwlrqdo txdvl0frqyh{lw|/ jlyhq vlqjoh0dfwlrq lqirupdwlrq orylqj/ d vrsklvwl0

fdwhg g|qdplfdoo| frqvlvwhqw djhqw zloo vwloo cdoprvw dozd|v* suhihu pruh lqirupdwlyh vljqdov/ hyhq

li vkh fdqqrw shuirup udqgrpl}dwlrqv rwkhu wkdq e| frqglwlrqlqj rq vljqdo uhdol}dwlrqv1 Orrvho|

vshdnlqj/ zkhqhyhu d pruh lqirupdwlyh vljqdo r�huv ihzhu rssruwxqlwlhv wr udqgrpl}h/ zh fdq

dozd|v voljkwo| shuwxue wkh vljqdo wr lqfuhdvh wkh qxpehu ri srvvleoh uhdol}dwlrqv1

< Rqfh djdlq/ wkh E8����'�/ dqg 8 �

� duh qrw qhfhvvdulo| glvwlqfw1
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Suhihuhqfh iru lqirupdwlrq dqg G|qdplf Lqfrqvlvwhqf|1 Vr idu/ zh kdyh vkrzq frq0

glwlrqv xqghu zklfk d vrsklvwlfdwhg g|qdplfdoo| frqvlvwhqw djhqw lv dq lqirupdwlrq oryhu1 Wkhvh

frqglwlrqv lqfoxghg dw ohdvw zhdn suhihuhqfh iru lqirupdwlrq lq wkh devhqfh ri dq| fkrlfhv zlwklq

wkh wuhh= wkdw lv/ vlqjoh0dfwlrq lqirupdwlrq orylqj1 Vxssrvh/ krzhyhu/ wkdw wklv suhihuhqfh zhuh

vwulfw/ shukdsv ehfdxvh wkh djhqw vx�huv iurp dq{lhw|1 Lv lw vwloo uhdvrqdeoh wr dvvxph wkdw wkh

djhqw zloo eh g|qdplfdoo| frqvlvwhqwB Frqvlghu wkh iroorzlqj h{dpsoh1

Frqvlghu wkh glohppd ri d sulvrqhu/ ohw*v fdoo khu Mr/ zkr lv dq{lrxvo| dzdlwlqj wkh rxwfrph ri

khu wuldo iru pxughu1 Li vkh lv irxqg jxlow| vkh zloo vshqg wkh qh{w whq |hduv lq mdlo1 Wkh yhuglfw kdv

ehhq gholyhuhg/ exw Mxgjh Rwl kdv vhdohg lw lq dq hqyhorsh ryhuqljkw1 Mr zrxog pxfk udwkhu wkdw

wkh hqyhorsh eh rshqhg lpphgldwho|> vkh kdv lqwulqvlf suhihuhqfh iru lqirupdwlrq1 Phdqzkloh/ wkh

GD lv frqvlghulqj r�hulqj Mr d sohd edujdlq lqyroylqj rqo| irxu |hduv lq mdlo1 Vxssrvh wkdw li wkh

GD zhuh wr r�hu Mr d fkrlfh ehwzhhq rshqlqj wkh hqyhorsh qrz ru wdnlqj wkh sohd/ Mr zrxog eh

pruh ru ohvv lqgl�huhqw1 Shukdsv/ e| d vpdoo pdujlq/ vkh zrxog fkrrvh wr uls rshq wkh hqyhorsh1

Vxssrvh lqvwhdg wkdw wkh GD r�huhg hlwkhu wkh sohd ru vlpso| zdlwlqj iru wkh hqyhorsh wr eh

rshqhg lq wkh pruqlqj1 E| wudqvlwlylw|/ Mr zrxog zdqw wr wdnh wkh sohd1 Exw/ qrz vxssrvh wkdw

wkh sohd pxvw eh ghfoduhg lq iurqw ri Mxgjh Rwl lq wkh pruqlqj/ dqg Mr fdqqrw frpplw dkhdg ri

wlph1 Frph wkh pruqlqj/ wkh fkrlfh ehwzhhq wkh sohd ru wkh hqyhorsh zloo orrn pxfk wkh vdph

dv wkh fkrlfh orrnhg wkh qljkw ehiruh ehwzhhq wkh sohd dqg lpphgldwho| rshqlqj wkh hqyhorsh/

qrw zdlwlqj ryhuqljkw1 Wkhuhiruh/ Mr pd| uhixvh wkh sohd frph pruqlqj1 Exw/ dqwlflsdwlqj wkh

lqfrqvlvwhqf| ri khu ixwxuh vhoi/ Mr lv ghvwlqhg iru dq xqhdv| qljkw1

Lq wklv vwru|/ Mr*v lqwulqvlf vwulfw suhihuhqfh iru lqirupdwlrq ohg khu wr eh g|qdplfdoo| lqfrq0

vlvwhqw1 Mr lv vrsklvwlfdwhg lq wkdw vkh uhdol}hv khu ehkdylru wkh qh{w pruqlqj zloo gl�hu iurp wkh

ehkdylru vkh zrxog fkrrvh li vkh frxog frpplw khuvhoi wrqljkw1 Wkxv/ vkh zrxog suhihu wr frpplw1

Wklv vxjjhvwv wkdw wkhuh lv d whqvlrq ehwzhhq g|qdplf frqvlvwhqf| dqg lqwulqvlf suhihuhqfh iru

lqirupdwlrq1 Lq Nuhsv ) Sruwhxv*v +4<:;, vwxg| ri lqwulqvlf suhihuhqfh iru lqirupdwlrq/ krzhyhu/

djhqwv duh g|qdplfdoo| frqvlvwhqw +lqghhg/ wkh| kdyh uhfxuvlyh suhihuhqfhv,1 Wkh uhdvrq lv wkdw/

lq Nuhsv ) Sruwhxv/ lqwulqvlf suhihuhqfh iru lqirupdwlrq fdq eh wkrxjkw ri dv frqfhuq derxw wkh

wlph wkdw vhsdudwhv wkh uhvroxwlrq ri xqfhuwdlqw| iurp wkh lpsdfw ri wkh hyhqw lwvhoi1 Iru Mr/ wklv

lv wkh shulrg ehwzhhq wkh yhuglfw ehlqj dqqrxqfhg dqg hlwkhu wkh vhqwhqfh ehlqj fduulhg rxw ru

khu jrlqj iuhh1 Li wkh djhqw lv frqfhuqhg zlwk wklv wlph shulrg wkhq g|qdplf frqvlvwhqf| vhhpv

d qdwxudo dvvxpswlrq1 Exw lqwurvshfwlrq dqg rxu vwru| vxjjhvw wkdw lqwulqvlf suhihuhqfh iru lqiru0

pdwlrq vkrxog lqvwhdg eh wkrxjkw ri dv frqfhuq derxw wkh wlph wkdw vhsdudwhv wkh uhvroxwlrq ri

xqfhuwdlqw| iurp wkh ghflvlrq pdnhu khuvhoi> l1h1/ iurp wkh suhvhqw1 Wkdw lv/ li djhqwv* ghvluh wr

nqrz lv d ghvluh wr doohyldwh dq{lhw| wkhq wkh| duh olnho| wr eh frqfhuqhg derxw wkh wlph shulrg

ryhu zklfk dq{lhw| zloo rwkhuzlvh eh hqgxuhg1 Lq wkh vwru|/ Mr zdqwv wr nqrz qrz ehfdxvh vkh

iruhvhhv wkdw wkh qljkw ehwzhhq qrz dqg wkh yhuglfw wrpruurz zloo rwkhuzlvh eh xqsohdvdqw1
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Li wkh shulrg ehwzhhq qrz dqg uhvroxwlrq lv zkdw pdwwhuv/ wkhq g|qdplf frqvlvwhqf| vhhpv

ohvv qdwxudo1 Ryhu wlph/ wkh shulrg ehwzhhq wkh suhvhqw dqg uhvroxwlrq jhwv vkruwhu zkloh wkh

shulrg irfxvvhg rq e| Nuhsv ) Sruwhxv/ ehwzhhq uhvroxwlrq dqg sxqlvkphqw2frqvxpswlrq vwd|v

wkh vdph1 Dv uhvroxwlrq jhwv forvhu dqg wkh shulrg ri dq{lhw| jhwv vkruwhu/ vr wkh ixwxuh exughq ri

dq{lhw| �jxuhv ohvv surplqhqwo| lq wkh djhqw*v fdofxodwlrq1 Sdvw dq{lhw| lv d vxqn frvw1 Wkhuhiruh/

wkh djhqw zloo eh ohvv zloolqj wr pdnh frvwo| fkrlfhv wr uholhyh dq{lhw|/ vxfk dv ex|lqj lqvxudqfh/

sd|lqj iru lqirupdwlrq/ ru wdnlqj suhfdxwlrqv1 G|qdplf frqvlvwhqf| h{foxghv vxfk ehkdylru1

Wklv glvfxvvlrq vxjjhvwv wkdw wr r�hu d ehwwhu ghvfulswlrq ri krz lqwulqvlf frqfhuq iru lqiru0

pdwlrq d�hfwv ehkdylru/ zh vkrxog gurs g|qdplf frqvlvwhqf|1 Iru h{dpsoh/ zkhuhdv wkh Nuhsv0

Sruwhxv prgho doorzv dq djhqw*v ghjuhh ri ulvn dyhuvlrq wr ghshqg rq wkh wlph lqwhuydo wkdw

vhsdudwhv uhvroxwlrq dqg frqvxpswlrq/ zh frxog doorz lw wr ghshqg rq wkh wlph ehwzhhq uhvroxwlrq

dqg wkh suhvhqw143 Olnh prghov ri ck|shuerolf* glvfrxqwlqj/ wklv zloo ohdg wr ylrodwlrqv ri g|qdplf

frqvlvwhqf|144 Wkh qdwxuh ri dqg wkh uhdvrqv iru wkhvh ylrodwlrqv/ krzhyhu/ duh txlwh glvwlqfw1 Zh

eholhyh wklv zrxog eh d iuxlwixo dyhqxh iru ixuwkhu uhvhdufk1

Dsshqgl{

Zh �uvw uhfdoo wkh uhodwlrqvkls ehwzhhq pruh lqirupdwlyh vljqdov dqg wkh glvwulexwlrq ri srvwhulruv

wkdw wkh| lqgxfh1 Wkh iroorzlqj Ohppd lv zhoo0nqrzq1 Wkh �uvw htxlydohqfh lv iurp Eodfnzhoo )

Jluvklfn +4<87, wkhruhp 4515151 Wkh odvw htxlydohqfh vkrzv wkdw dq| lqfuhdvh lq wkh lqirupdwlrqdo

frqwhqw ri d vljqdo fdq eh dfklhyhg e| d vhtxhqfh ri hohphqwdu| olqhdu elixufdwlrqv1 Iru d surri/

vhh Judqw/ Ndmll ) Srodn +iruwkfrplqj,1

Ohppd D Vxssrvh wkdw ^+Sl> tl,
Q
l@4` dqg ^+S 3

m > t
3
m,
Q 3

m@4` duh wkh glvwulexwlrqv ri srvwhulruv rq 


lqgxfhg e| wkh vljqdov +V> �, dqg
�
V3> �3

�
uhvshfwlyho|1 Vxssrvh wkdw erwk glvwulexwlrqv ri srvwhulruv

kdyh wkh vdph sulru/ wkdw lv/
S

l tlSl @
S

m t
3
mS

3
m @� lq O3+[ ,1 Wkhq wkh iroorzlqj wkuhh vwdwhphqwv

duh htxlydohqw=

+l, Wkh vljqdo +V> �, lv pruh lqirupdwlyh wkdq wkh vljqdo
�
V3> �3

�
zlwk uhvshfw wr wkh sulru eholhi

�

+ll, Wkhuh h{lvw zhljkwv �lm � 3/ l @4> = = = > Q / m @ 4> = = = > Q 3/ vxfk wkdw
S

l �lm @ 4 iru doo m/
S

m �lmt
3
m @ tl iru doo l/ dqg

S
l �lmSl @S 3

m iru doo $ lq 
 vxfk wkdw �+$, A 3 dqg doo m1

+lll, Wkhuh h{lvwv d vhtxhqfh ri glvwulexwlrqv ri srvwhulruv +^+S n
l > t

n
l ,

Qn

l@4`,
N
n@4/ zlwk ^+S 4

l > t
4
l ,
Q4

l@4` @

^+S 3
m > t

3
m,
Q 3

m@4` dqg ^+SN
l > tNl ,Q

N

l@4 ` @ ^+Sl> tl,
Q
l@4`/ vxfk wkdw ^+S n.4

l > tn.4l ,Q
n.4

l@4 ` lv d olqhdu elixu0

fdwlrq ri ^+Sn
l > t

n
l ,

Qn

l@4` iru n @ 4> = = = >N � 41

43 Vhh Frrn +4<;<, iru d uhodwhg lghd lq wkh s|fkrorj| olwhudwxuh1

44 Vhh/ iru h{dpsoh/ Orhzhqvwhlq ) Suhohf +4<<5,/ Odlevrq +4<<:,/ dqg R*Grqrjkxh ) Udelq1+4<<9,1
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Surri ri Sursrvlwlrq 4= Vx!flhqf|1 Il{ d sulru eholhi � rq 
/ dqg wzr vljqdov ++v4> = = = > vQ ,>

�, dqg ++v34> = = = > v
3
Q 3,> �

3, zlwk wkh iruphu vljqdo pruh lqirupdwlyh wkdq wkh odwwhu zlwk uhvshfw wr

�1 Ohw ^+Sl> tl,Ql@4` dqg ^+S 3
m > t

3
m,
Q3

m@4` ghqrwh wkh glvwulexwlrqv ri srvwhulruv lqgxfhg e| wkh vljqdov1

E| Ohppd D+lll, wkhuh h{lvwv d vhtxhqfh ri glvwulexwlrqv ri srvwhulruv +^+S n
l > t

n
l ,

Qn

l@4`,
N
n@4/ zlwk

^+S 4
l > t

4
l ,
Q4

l@4` @ ^+S 3
m> t

3
m,
Q 3

m@4` dqg ^+SN
l > tNl ,Q

N

l@4 ` @ ^+Sl> tl,
Q
l@4`/ vxfk wkdw ^+S n.4

l > tn.4l ,Q
n.4

l@4 ` lv dq

hohphqwdu| olqhdu elixufdwlrq ri ^+Sn
l > t

n
l ,

Qn

l@4` iru n @ 4> = = = >N � 41 Wkdw lv/ lq hdfk vwhs iurp

n wr n . 4 ri wkh vhtxhqfh/ d suredelolw| pdvv tnm rq rqh ri wkh srvwhulruv S n
m lv cvsolw* lqwr wzr

sduwv/ �ntnm dqg +4� �n,tnm / dqg sodfhg rq wzr srvwhulruv S n
m4 dqg Sn

m5/ iru zklfk �n lv lq ^3> 4`

dqg �nS n
m4 . +4 � �n,S n

m5 @ S n
m 1 Iru hdfk n/ ohw �n @ k+vnl > Sn

l > D> t
n
l ,

Qn

l@4> fl eh wkh Eodfnzhoo wuhh

dvvrfldwhg zlwk wkh glvwulexwlrqv ri srvwhulruv +^+S n
l > t

n
l ,

Qn

l@4`,
N
n@4/ wkh frqvhtxhqfh ixqfwlrq f/ dqg

wkh dfwlrq vhw D1

Dw wkh �uvw vwhs lq wkh vhtxhqfh/ wkhuh duh wkuhh fdvhv wr frqvlghu1 Iru hdvh ri qrwdwlrq exw

zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw wkh suredelolw| pdvv rq d srvwhulru wkdw lv vsolw lq wkh �uvw

vwhs lv ^S 3
4>t

3
4` dqg zulwh � iru �4/ vr wkdw �S 3

44 . +4� �,S 3
45 @ S 3

41 Li +d, S
3
44 9@ S 3

m dqg S 3
45 9@ S 3

m

iru doo m @ 5> = = = > Q 3/ wkhq Q5 @ Q 3 . 41 Li +e,/ zlwkrxw orvv ri jhqhudolw|/ S 3
44 @ S 3

5 exw S 3
45 9@ S 3

m

iru doo m @ 5> = = = > Q 3/ wkhq Q5 @ Q 31 Li +f,/ zlwkrxw orvv ri jhqhudolw|/ S 3
44 @ S 3

5 dqg S 3
45 @ S 3

6/

wkhq Q5 @ Q 3 � 41

Surri ri +l,1 Ohw p ghqrwh d hduo|0uhvroxwlrq udqgrpl}dwlrq ryhu wkh dfwlrqv D145 Ohw +p3
l,
Q 3

l@4

ghqrwh wkh djhqw*v hduo|0uhvroxwlrq udqgrp ehkdylru lq wkh Eodfnzhoo wuhh � 3 @k+v3l> S 3
l > D> t

3
l,
Q 3

l@4>

fl lqgxfhg e| wkh vljqdo ++v34>= = = > v
3
Q 3,> �

3,1 Iru dq| � lq ^3> 4`/ dqg dq| sdlu ri hduo|0uhvroxwlrq

udqgrpl}dwlrqv p dqg p3/ wkh pl{wxuh ^�p . +4 � �,p3` lv d zhoo0gh�qhg udqgrpl}dwlrq> wkdw

lv/ lw fdq irup sduw ri dq hduo|0uhvroxwlrq udqgrp ehkdylru1 Iru hdfk ri wkh deryh fdvhv/ zh zloo

frqvwuxfw dq hduo|0uhvroxwlrq udqgrp ehkdylru dv iroorzv1

Lq fdvh +d,/ ^+S 5
l > t

5
l ,
Q5

l@4` fdq eh zulwwhq dv ^S 3
44>�t

3
4>S

3
45> +4� �,t34>S

3
5> t

3
5> = = = >S

3
Q 3 > t3Q 3 `1 Vlqfh

Q5 @ Q 3 . 4/ dq| vljqdo wkdw lqgxfhv ^+S 5
l > t

5
l ,
Q5

l@4` pxvw kdyh dw ohdvw Q 3. 4 uhdol}dwlrqv1 Wkxv/

wkh hduo|0uhvroxwlrq udqgrp ehkdylru zlwk Q 3. 4 frpsrqhqwv/ +p3
4>p

3
4>p

3
5> = = = >p

3
Q 3, lv ihdvleoh

lq wkh wuhh �5 @ k+v5l > S 5
l > D> t

5
l ,
Q5

l@4> fl1
Lq fdvh +e,/ ^+S 5

l > t
5
l ,
Q5

l@4` fdq eh zulwwhq dv ^S 3
5> t

3
5 . �t34>S

3
45> +4 � �,t34>S

3
6> t

3
6> = = = >S

3
Q 3 > t3Q3 `1

Vlqfh Q5 @ Q 3/ dq| vljqdo wkdw lqgxfhv ^+S 5
l > t

5
l ,
Q5

l@4` pxvw kdyh dw ohdvw Q 3 uhdol}dwlrqv1 Wkxv/

wkh hduo|0uhvroxwlrq udqgrp ehkdylru zlwk Q 3 frpsrqhqwv/ +^ t35
t3
5
.�t3

4

p3
5 .

�t34
t3
5
.�t3

4

p3
4`>p

3
4>p

3
6> = = = >

p3
Q 3, lv ihdvleoh lq wkh wuhh �5 @ k+v5l > S 5

l > D> t
5
l ,
Q5

l@4> fl1
Lq fdvh +f,/ ^+S 5

l > t
5
l ,
Q5

l@4` fdq eh zulwwhq dv ^S 3
5> t

3
5.�t34>S

3
6> t

3
6.+4��,t34>S

3
7> t

3
7> = = = >S

3
Q 3 > t3Q3 `1

Vlqfh Q5 @ Q 3 � 4/ dq| vljqdo wkdw lqgxfhv ^+S 5
l > t

5
l ,
Q5

l@4` pxvw kdyh dw ohdvw Q 3 � 4 uhdol}dwlrqv1

Wkxv/ wkh hduo|0uhvroxwlrq udqgrp ehkdylru zlwk Q 3� 4 frpsrqhqwv/ +^ t35
t3
5
.�t3

4

p3
5 .

�t34
t3
5
.�t3

4

p3
4`>

45 Wkh surri lv hvvhqwldoo| wkh vdph li zh dovr doorz iru odwh0uhvroxwlrq udqgrpl}dwlrqv1 Lq wklv fdvh/ zh zrxog
lqwhusuhw 6 dv dq hduo|0uhvroxwlrq udqgrpl}dwlrq ryhu odwh0uhvroxwlrq udqgrpl}dwlrqv rq �1
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^ t36
t3
6
.+4��,t3

4

p3
6 .

+4��,t34
t3
6
.+4��,t3

4

p3
4`>p

3
7> = = = >p

3
Q 3, lv ihdvleoh lq wkh wuhh �5 @ k+v5l > S 5

l > D> t
5
l ,
Q5

l@4> fl1
Lq hdfk fdvh/ wkh suhvfulehg ehkdylru lqgxfhv d wzr0vwdjh orwwhu| wkdw lv d hohphqwdu| olqhdu el0

ixufdwlrq ri wkh wzr0vwdjh orwwhu| uhvxowlqj iurp wkh ehkdylru +p3
l,
Q 3

l@4 iru wkh wuhh �
31 Vlqjoh0dfwlrq

lqirupdwlrq orylqj lpsolhv wkdw wklv elixufdwlrq lv suhihuuhg1 Vrsklvwlfdwhg g|qdplf frqvlvwhqf|

wkhq lpsolhv wkdw �5 �W � 31 Dqg/ e| d vlplodu dujxphqw/ �n.4 �W �
n iru doo n @ 4>= = = >N � 41 Vr

e| wudqvlwlylw| ri �W zh kdyh � @�N �W � 3/ zkhuh � lv wkh Eodfnzhoo wuhh lqgxfhg e| wkh pruh

lqirupdwlyh vljqdo ++v4> = = = >vQ ,> �,1 �

Surri ri +ll,1 Ohw +d3l,
Q 3

l@4 lq DQ 3

ghqrwh wkh djhqw*v qrq0udqgrp ehkdylru e� 3 lq wkh Eodfnzhoo

wuhh � 3 dqg vxssrvh wkdw wklv ehkdylru lqgxfhv wkh wzr0vwdjh orwwhu| ^+P+S 3
l > d

3
l> f,> t

3
l,
Q
l@4`1 Djdlq/

zh zloo jr fdvh e| fdvh1

Lq fdvh +d,/ ^+S 5
l > t

5
l ,
Q5

l@4` fdq eh zulwwhq dv ^S 3
44> �t

3
4>S

3
45> +4� �,t34>S

3
5> t

3
5> = = = >S

3
Q3 > t3Q 3 `1 Wkxv/

wkh Q 3 . 4 frpsrqhqw qrq0udqgrp ehkdylru +d34> d
3
4> d

3
5> = = = > d

3
Q 3, lv ihdvleoh lq wkh wuhh �5 @ k+v5l >

S 5
l > D> t

5
l ,
Q5

l@4> fl1 Wklv ehkdylru lqgxfhv d wzr0vwdjh orwwhu| wkdw lv d vlpsoh olqhdu elixufdwlrq ri

wkh wzr0vwdjh orwwhu| uhvxowlqj iurp wkh ehkdylru +d3l,
Q 3

l@4 iru wkh wuhh � 31 Vlqjoh0dfwlrq lqirupdwlrq

orylqj lpsolhv wkdw wklv elixufdwlrq lv suhihuuhg1 Vrsklvwlfdwhg g|qdplf frqvlvwhqf| wkhq lpsolhv

wkdw �5 �W � 31

Lq fdvh +e,/ ^+S 5
l > t

5
l ,
Q5

l@4` fdq eh zulwwhq dv ^S 3
5> t

3
5 . �t34>S

3
45> +4 � �,t34>S

3
6> t

3
6> = = = >S

3
Q 3 > t3Q3 `1

Wkxv/ erwk wkh Q 3 frpsrqhqw qrq0udqgrp ehkdylru +d34> d
3
4>d

3
6> = = = > d

3
Q 3, dqg wkh Q 3 frpsr0

qhqw qrq0udqgrp ehkdylru +d35>d
3
4>d

3
6>= = = >d

3
Q 3, duh ihdvleoh lq wkh wuhh �5 @k+v5l > S5

l > D> t
5
l ,
Q5

l@4> fl1
Ohw [ eh wkh wzr0vwdjh orwwhu| ^P+S 3

5> d
3
4> f,>�t

3
4 . t5>P+S 3

45> d
3
4> f,> +4 � �,t34>P+S 3

6> d
3
6> f,> t

3
6>

= = = >P+S 3
Q 3 > d3Q 3 > f,> t3Q 3 ` lqgxfhg e| wkh iruphu ehkdylru dqg ohw [3 eh wkh wzr0vwdjh orwwhu|

^P+S 3
5> d

3
5> f,> �t

3
4.t5>P+S 3

45> d
3
4> f,> +4��,t34>P+S 3

6> d
3
6> f,> t

3
6> = = = >P+S 3

Q3 > d3Q 3 > f,> t3Q 3 ` lqgxfhg e|

wkh odwwhu ehkdylru1 Ohw \ eh wkh wzr0vwdjh orwwhu| ^P+S 3
5> d

3
4> f,> �t

3
4>P+S 3

45> d
3
4> f,> +4 � �,t34>

P+S 3
5> d

3
5> f,> t

3
5> = = = >P+S 3

Q 3 > d3Q3 > f,> t3Q 3 `1 Vlqfh \ lv dq hduo|0uhvroxwlrq pl{wxuh ri [ dqg [ 3/ e|

frqglwlrqdo txdvl0frqyh{lw|/ dw ohdvw rqh ri [ ru [3 lv +zhdno|, suhihuuhg wr \ 1 Pruhryhu/ \ lv d

hohphqwdu| olqhdu elixufdwlrq ri wkh wzr0vwdjh orwwhu| uhvxowlqj iurp wkh ehkdylru +d3l,
Q 3

l@4 iru wkh

wuhh � 31 Wkxv/ wudqvlwlylw|/ vlqjoh0dfwlrq lqirupdwlrq orylqj dqg vrsklvwlfdwhg g|qdplf frqvlvwhqf|

lpso| wkdw �5 �W � 31

Lq fdvh +f,/ ^+S 5
l > t

5
l ,
Q5

l@4` fdq eh zulwwhq dv ^S 3
5> t

3
5.�t34>S

3
6> t

3
6.+4��,t34>S

3
7> t

3
7> = = = >S

3
Q 3 > t3Q3 `1

Wkxv/ doo irxu Q 3 � 4 frpsrqhqw sxuh vwudwhjlhv d46 =@+d34> d
3
6> = = = > d

3
Q 3,/ d56 =@+d35> d

3
6> = = = > d

3
Q 3,/

d44 =@+d34> d
3
4> = = = > d

3
Q 3, dqg d54 =@+d35> d

3
4> = = = > d

3
Q 3, duh ihdvleoh lq wkh wuhh �5 @k+v5l > S5

l > D> t
5
l ,
Q5

l@4>

fl1 Ohw [mn eh wkh wzr0vwdjh orwwhu| ^P+S5> d3m > f,> �t
3
4 . t5>P+S 3

6> d
3
n> f,> +4 � �,t34 . t36> = = = >

P+S 3
Q 3 > d3Q 3 > f,> t3Q 3 ` lqgxfhg e| wkh ehkdylru dmn/ iru m @ 4> 5 dqg n @ 4> 61 Ohw \ 45n eh wkh

wzr0vwdjh orwwhu| ^P+S 3
5> d

3
4> f,> �t

3
4>P+S 3

5> d
3
5> f,> t

3
5>P+S 3

6> d
3
n> f,> +4��,t34.t36> = = = >P+S 3

Q 3 > d3Q 3 > f,>

t3Q 3 `/ iru n @4> 61 Exw \ 45n lv dq hduo|0uhvroxwlrq pl{wxuh ri [4n dqg [5n1 Wkxv e| frqgl0

wlrqdo txdvl0frqyh{lw|/ dw ohdvw rqh ri [4n ru [5n lv +zhdno|, suhihuuhg wr \ 45n1 Ohw ] eh
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wkh wzr0vwdjh orwwhu| ^P+S 3
5> d

3
4> f,> �t

3
4>P+S 3

5> d
3
5> f,> t

3
5>P+S 3

6> d
3
4> f,> +4��,t34>P+S 3

6> d
3
6> f,> t

3
6> = = = >

P+S 3
Q 3 > d3Q 3 > f,> t3Q 3 `= Exw ] lv dq hduo|0uhvroxwlrq pl{wxuh ri \ 454 dqg \ 4561 Wkxv/ e| frqglwlrqdo

txdvl0frqyh{lw|/ dw ohdvw rqh ri \ 454 ru \ 456 lv +zhdno|, suhihuuhg wr ]1 Khqfh e| wudqvlwlylw| dw

ohdvw rqh ri wkh wzr0vwdjh orwwhulhv [46/ [56/ [44ru [54 lv zhdno| suhihuuhg wr ]1 Pruhryhu/ ]

lv d vlpsoh olqhdu elixufdwlrq ri wkh wzr0vwdjh orwwhu| uhvxowlqj iurp wkh ehkdylru +d3l,
Q 3

l@4 iru wkh

wuhh � 31 Wkxv/ wudqvlwlylw|/ vlqjoh0dfwlrq lqirupdwlrq orylqj dqg vrsklvwlfdwhg g|qdplf frqvlvwhqf|

lpso| wkdw �5 �W � 31

E| dqdorjrxv uhdvrqlqj/ �n.4 �W �n iru doo n @4> = = = >N � 4/ dqg vr e| vrsklvwlfdwhg g|qdplf

frqvlvwhqf| dqg wudqvlwlylw|/ zh kdyh � �W � 31 �

Qhfhvvlw|1 Jlyhq Ohppd D/ wkh idfw wkdw zhdn vlqjoh dfwlrq lqirupdwlrq orylqj lv qhfhvvdu| iro0

orzv lpphgldwho| iurp frqvlghulqj Eodfnzhoo sureohpv lq zklfk wkh dfwlrq vhw lv d vlqjohwrq1 Wr vhh

wkdw frqglwlrqdo txdvl0frqyh{lw| lv qhfhvvdu| zkhq hduo|0uhvroxwlrq udqgrpl}dwlrq lv qrw srvvleoh/

vxssrvh wkdw suhihuhqfhv duh qrw frqglwlrqdoo| txdvl0frqyh{1 Wkhq wkhuh h{lvwv d sdlu ri wzr0vwdjh

orwwhulhv[ @^+Il> tl,ql@4` dqg \ @^I4> t4>= = = >Im�4> tm�4>I 3
m > tm >Im.4> tm.4>= = = >Iq> tq` zkhuh[ �5 \

dqg d � vxfk wkdw wkh wzr0vwdjh orwwhu| ] =@ ^I4> t4>= = = >Im�4> tm�4>Im > �tm >I
3
m > +4��,tm >Im.4> tm.4>

= = = >Iq> tq,` "5 [1 Iru hdvh ri qrwdwlrq/ zh frqvlghu wkh fdvh zkhuh [ @ ^I4> t4>I5> +4� t4,`/ \ @

^I 3
4> t4>I5> +4� t4,`/ dqg ] @ ^I4> a�t4>I

3
4> +4� a�,t4>I5> +4� t4,`1 Wkh surri iru wkh jhqhudo fdvh lv

dqdorjrxv1 E| frqwlqxlw|/ li wkhuh h{lvwv rqh vxfk ] wkhq wkhuh h{lvw d frqwlqxxp ri vxfk hduo|0

uhvroxwlrq pl{wxuhv suhihuuhg wr erwk [ dqg \ 1 Wkdw lv/ wkhuh h{lvw srvlwlyh zhljkwv �4/ �5/ �6/

dqg �7 +zkhuh
S

l �l @ 4, vxfk wkdw ]456 @ ^I4> +�4.�5.�6,t4>I 3
4> �7t4>I5> +4� t4,` "5 ]45 @

^I4> +�4.�5,t4>I 3
4> +�6.�7,t4>I5> +4�t4,` "5 ]4 @ ^I4> �4t4>I 3

4> +�5.�6.�7,t4>I5> +4�t4,` "5

[ �5 \ 1

Zh qh{w frqvwuxfw Eodfnzhoo ghflvlrq wuhhv lq zklfk ehkdylru zloo lqgxfh wkh wzr0vwdjh orwwhulhv

deryh1 Ohw srvwhulruv S4/ S 3
4 dqg S5/ dfwlrqv d4 dqg d5/ dqg frqvhtxhqfh ixqfwlrq f eh gh�qhg vxfk

wkdw= P+ �S> d4> f, @ I4 dqg P+ �S> d5> f, @ I 3
4 iru dq| �S @ �S4.+4��,S 3

4 zlwk � 5 ^3> 4`> dqg vxfk

wkdw P+S5> d4> f, @ P+S5> d5> f, @ I51 Ohw aS eh jlyhq e| +�5.�6, aS @ �5S4.�6S
3
41 Frqvlghu d

irxu0uhdol}dwlrq vljqdo wkdw lqgxfhv wkh glvwulexwlrq ri srvwhulruv rq 
= ^S4> �4t4> aS> +�4 . �5,t4>

S 3
4> �7t4>S5> +4� t4,`1 E| frqvwuxfwlrq +dqg Ohppd D,/ wklv vljqdo lv pruh lqirupdwlyh wkdq wkh

wkuhh0uhdol}dwlrq vljqdo wkdw lqgxfhv wkh glvwulexwlrq ri srvwhulruv= ^S4> +�4.�5,t4>S 3
4> +�6.�7,t4>

S5> +4� t4,`1 Vxssrvh wkdw wkh dydlodeoh dfwlrq vhw lv id4> d5j dqg wkh frqvhtxhqfh ixqfwlrq lv f1

Wkhq/ zlwkrxw udqgrpl}dwlrq wkh ehvw dydlodeoh wzr0vwdjh orwwhu| lq wkh Eodfnzhoo wuhh lqgxfhg

iurp wkh �uvw vljqdo lv ]456> zkloh wkdw iurp wkh vhfrqg vljqdo lv ]451 Exw vlqfh ]456 " ]45/ wklv

frqwudglfwv suhihuhqfh iru wkh pruh lqirupdwlyh vljqdo1
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Uhihuhqfhv
Eodfnzhoo/ Gdylg +4<86,= �Htxlydohqw Frpsdulvrq ri H{shulphqwv�/ Dqqdov ri Pdwkhpdwlfv
dqg Vwdwlvwlfv/ 57/ 59805:51

Eodfnzhoo/ Gdylg dqg Ph|hu Jluvklfn +4<87,= Wkhru| ri Jdphv dqg Vwdwlvwlfdo Ghflvlrqv/
Qhz \run= Mrkq Zloh| ) Vrqv1

Fkhz/ Vrr Krqj dqg Oduu| Hsvwhlq +4<;<,= �Wkh Vwuxfwxuh ri Suhihuhqfhv dqg Dwwlwxghv
Wrzdugv wkh Wlplqj ri wkh Uhvroxwlrq ri Xqfhuwdlqw|�/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 63=
436044:1

Frrn/ Ylfwruld +4<;<,= Wkh H�hfwv ri Whpsrudo Xqfhuwdlqw| Uhvroxwlrq rq wkh Ryhudoo Xwlolw|
dqg Vxvshqvh ri Ulvn| Prqhwdu| dqg Vxuylydo Jdpeohv/ Sk1G1 wkhvlv/ PfJloo Xqlyhuvlw|1

Hsvwhlq/ Oduu| +4<<5,= �Ehkdylru xqghu ulvn= uhfhqw ghyhorsphqwv lq wkhru| dqg dssolfd0
wlrqv�/ lq Mhdq0Mdftxhv Od�rqw +hg1, Dgydqfhv lq Hfrqrplf Wkhru|/ vl{wk zruog frqjuhvv/
Yro1 5/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv/40961

Judqw/ Vlprq/ Dwvxvkl Ndmll dqg Ehq Srodn +4<<5,= �Pdq| Jrrg Fkrlfh D{lrpv= Zkhq
Fdq Pdq| eh Wuhdwhg Dv RqhB�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 89/ 646066:1

Judqw/ Vlprq/ Dwvxvkl Ndmll dqg Ehq Srodn +iruwkfrplqj,= �Lqwulqvlf Suhihuhqfh iru Lqiru0
pdwlrq�/ Mrxuqdo ri Hfrqrplf Wkhru|/ iruwkfrplqj1

Mrkqvhq/ Wkruh dqg Mrkq Grqdogvrq +4<;8,= �Wkh Vwuxfwxuh ri Lqwhuwhpsrudo Suhihuhqfhv
xqghu Xqfhuwdlqw| dqg Wlph Frqvlvwhqw Sodqv/� Hfrqrphwulfd/ 86/ 47840478;1

Nduql/ Hgl dqg Gdylg Vfkphlgohu +4<<4,= �Dwhpsrudo G|qdplf Frqvlvwhqf| dqg H{shfwhg
Xwlolw| Wkhru|�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 87/ 734073;1

Nuhsv/ Gdylg dqg Hydq Sruwhxv +4<:;,= �Whpsrudo Uhvroxwlrq ri Xqfhuwdlqw| dqg G|qdplf
Fkrlfh Wkhru|�/ Hfrqrphwulfd/ 79/ 4;805331

Odlevrq/ Gdylg +4<<:,= �Jroghq Hjjv dqg K|shuerolf Glvfrxqwlqj�/ Txduwhuo| Mrxuqdo ri
Hfrqrplfv >445/ 7760::1

OdYdooh/ Luylqj dqg Nhqqhwk Zdspdq +4<;8,= �Uroolqj Edfn Ghflvlrq Wuhhv Uhtxluhv wkh
Lqghshqghqfh D{lrp$�/ Pdqdjhphqw Vflhqfh/ 65/ 6;506;81

Orhzhqvwhlq Jhrujh ) Gud}hq Suhohf +4<<5,= �Dqrpdolhv lq Lqwhuwhpsrudo Fkrlfh= Hylghqfh
dqg dq Lqwhusuhwdwlrq�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 43:/ 8:608<:1

Pdfklqd/ Pdun +4<;<,= �G|qdplf Frqvlvwhqf| dqg Qrq0H{shfwhg Xwlolw| Prghov ri Fkrlfh
xqghu Xqfhuwdlqw|�/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 5:/ 49550499;1

PfFohqqhq/ Hgzdug +4<<3,= Udwlrqdolw| dqg G|qdplf Fkrlfh= Irxqgdwlrqdo H{sorudwlrqv/
Fdpeulgjh Xqlyhuvlw| Suhvv1

R*Grqrjkxh/ Whg/ dqg Pdwwkhz Udelq +4<<9,= �Grlqj lw Qrz ru Odwhu�/ Qruwkzhvwhuq Xql0
yhuvlw| Fhqwhu iru Pdwkhpdwlfdo Vwxglhv lq Hfrqrplfv dqg Pdqdjhphqw Vflhqfh Glvfxvvlrq
Sdshu 44:51

Vdiud/ ]yl dqg H|do Vxojdqln +4<<8,= �Rq wkh Qrqh{lvwhqfh ri Eodfnzhoo*v Wkhruhp0W|sh
Uhvxowv zlwk Jhqhudo Suhihuhqfh Uhodwlrqv�/ Mrxuqdo ri Ulvn dqg Xqfhuwdlqw|/ 43/ 4;:05341

Vdulq/ Udnhvk dqg Shwhu Zdnnhu +4<<7,= �Iroglqj Edfn lq Ghflvlrq Wuhh Dqdo|vlv�/ Pdq0
djhphqw Vflhqfh/ 73/ 958095;1
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Vdulq/ Udnhvk dqg Shwhu Zdnnhu +4<<:,= �G|qdplf Fkrlfh dqg Qrqh{shfwhg Xwlolw|�/ zrun0
lqj sdshu/ Xqlyhuvlw| ri Wloexuj1

Vfkohh/ Hgzdug +4<<3,= �Wkh Ydoxh ri Lqirupdwlrq lq Dqwlflsdwhg Xwlolw| Wkhru|�/ Mrxuqdo
ri Ulvn dqg Xqfhuwdlqw|/ 6/ ;60<51

Vfkohh/ Hgzdug +4<<4,= �Wkh Ydoxh ri Shuihfw Lqirupdwlrq lq Qrqolqhdu Xwlolw| Wkhru|�/
Wkhru| dqg Ghflvlrq/ 63/ 45:04641

Vhjdo/ X}l +4<<3,= �Wzr0Vwdjh Orwwhulhv zlwkrxw wkh Uhgxfwlrq D{lrp�/ Hfrqrphwulfd/ 8;/
67<06::1

Zdnnhu/ Shwhu +4<;;,= �Qrqh{shfwhg Xwlolw| dv Dyhuvlrq ri Lqirupdwlrq�/ Mrxuqdo ri Ehkdy0
lrudo Ghflvlrq Pdnlqj/ 4/ 49<04:81

4;


