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Devwudfw

Wkh pdunhw sruwirolr +zruog sruwirolr, lv lq rqh vhqvh wkh ohdvw
lpsruwdqw sruwirolr wr surylgh wr lqyhvwruv> wkhuh lv dozd|v d ehw0
whu sruwirolr iru vrfldo sodqqhuv wr pdnh dydlodeoh wr wkhp1 Lq d M0
djhqw rqh0shulrg vwrfkdvwlf hqgrzphqw hfrqrp|/ zkhuh suhihuhqfhv
duh txdgudwlf/ wkh pdunhw sruwirolr lv qhyhu vsdqqhg e| wkh rswlpdo
pdunhwv d vrfldo sodqqhu zrxog fuhdwh1 Zlwk lghqwlfdo suhihuhqfhv/ wkh
pdunhw sruwirolr lv ruwkrjrqdo wr doo M � 4 sruwirolrv zklfk dfklhyh d
�uvw ehvw vroxwlrq1 Wkhvh frqfoxvlrqv uho| rq wkh dvvxpswlrq wkdw wkh
frqwudfw sodqqhu kdv shuihfw lqirupdwlrq derxw djhqwv* xwlolwlhv1 Zh
dovr vkrz wkdw dv wkh frqwudfw ghvljqhu*v lqirupdwlrq derxw djhqwv*
xwlolwlhv ehfrphv pruh lpshuihfw/ wkh rswlpdo frqwudfwv dssurdfk frq0
wudfwv wkdw zhljkw lqglylgxdo hqgrzphqwv lq sursruwlrq wr hohphqwv ri
hljhqyhfwruv ri wkh yduldqfh pdwul{ ri wkh hqgrzphqwv1 Li wkhuh lv d
vxevwdqwldo pdunhw frpsrqhqw wr hqgrzphqwv wkhq d vrfldo sodqqhu/
iru uhdvrqv ri urexvwqhvv dqg vlpsolflw|/ pd| frqfoxgh wkdw fuhdwlqj d
frqwudfw wr doorz wudglqj wkh pdunhw sruwirolr zrxog eh d vljql�fdqw
lqqrydwlrq1

W ì |�@?! 5�M�h �Ltic aL�? Bi@?@!LT*Ltc �@�* `�**i?c ,h�U �@? `�?ULLT @?_ T@h|�U��
T@?|t @| |�i N?��iht�|) Lu ���U@}L 6�?@?Ui L̀h!t�LT uLh �i*Tu�* UL44i?|t� A�i @�|�Lht
@hi hitTL?t�M*i uLh @?) hi4@�?�?} ihhLht�



� W?|hL_�U|�L?

Wkh _pdunhw sruwirolr/% wkh sruwirolr ri doo hqgrzphqwv lq wkh zruog/ kdv
juhdw vljql�fdqfh lq wkh fdslwdo dvvhw sulflqj prgho +FDSP, lq �qdqfh1 Wkh
Vkdush~Olqwqhu FDSP fkdudfwhul}dwlrq ri rswlpdo ulvn vkdulqj lpsolhv wkdw
lq htxloleulxp qr rqh zloo eh vxemhfw wr d udqgrp vkrfn wkdw lv qrw vkduhg
e| hyhu|rqh hovh1� Wkxv/ wkh FDSP jlyhv xv wkh _pxwxdo ixqg wkhruhp/%
zklfk dvvhuwv wkdw rqo| rqh ulvn| sruwirolr qhhg eh dydlodeoh wr lqglylgxdo
lqyhvwruv/ wkh pxwxdo ixqg wkdw krogv wkh pdunhw sruwirolr1 Lq wklv sdshu zh
vhhn ixuwkhu fodul�fdwlrq ri wkh vljql�fdqfh ri wkh pdunhw sruwirolr eh|rqg
wkh erxqgv ri wkh uhvwulfwlyh dvvxpswlrqv ri wkh FDSP1

Wkh ruljlqdo yhuvlrq ri wkh FDSP zdv ghvljqhg wr ghvfuleh krz djhqwv
vkrxog lqyhvw lq h{lvwlqj �qdqfldo dvvhwv1 Wkxv hdfk djhqw kdv vrph vwrfn ri
zhdowk dqg vkh pxvw fkrrvh krz pxfk ri khu zhdowk wr lqyhvw lq hdfk dvvhw1
Wkhuh lv vrph }hur frvw lqwhuphgldu| wkdw doorzv wkh djhqwv wr sxufkdvh wkh
dvvhwv1 Rqh ri wkh nh| lqvljkwv ri wkh FDSP lv wkdw hdfk djhqw qhhgv rqo|
wkh pdunhw sruwirolr +wkh sruwirolr ri doo wkh �qdqfldo dvvhwv lq wkh zruog,
dqg wkh ulvn iuhh erqg wr eh dydlodeoh wr wkhp wr wudgh lq vr wkdw wkh| rewdlq
wkhlu rswlpdo doorfdwlrq ri ulvn1 Lw lv lq wklv vhqvh wkdw wkh pdunhw sruwirolr
lv vr lpsruwdqw lq wkh FDSP1

Lq rxu dqdo|vlv/ zh zloo gurs wkh +kljko| xquhdolvwlf, dvvxpswlrq ri wkh
FDSP wkdw doo ulvnv duh wudgdeoh> zh lqfoxgh lq rxu prgho qrq0�qdqfldo
hqgrzphqwv vxfk dv oderu lqfrph1 Wkxv lq jhqhudo qr rqh zloo eh deoh wr
krog wkh pdunhw sruwirolr +wkh sruwirolr ri doo wkh hqgrzphqwv ri wkh zruog,
xqohvv xqsuhfhghqwhg qhz lqvwlwxwlrqdo duudqjhphqwv duh pdgh wr shuplw
lw wr eh wudghg12 Zh lqvwhdg ghyhors d FDSP0w|sh prgho lq zklfk hdfk
lqglylgxdo kdv d udqgrp hqgrzphqw wkdw lv lqlwldoo| qrw pdunhwdeoh/ dqg
zh zloo frqvlghu dgglqj rqh/ wzr/ ru pruh frqwudfwv wkdw pdnh lw srvvleoh wr
ex| ru vhoo sruwirolrv ri fodlpv rq wkh hqgrzphqwv1 Zh dvvxph wkdw wkhvh
frqwudfwv duh wr eh wudghg lq pdunhwv rshq wr hyhu|rqh/ dqg d pdunhw sulfh
zloo eh jhqhudwhg vxfk wkdw wrwdo h{fhvv ghpdqg e| doo djhqwv lv }hur1 Wkxv/
e| fuhdwlqj wkhvh frqwudfwv/ zh duh fuhdwlqj qhz pdunhwv iru sruwirolrv ri
hqgrzphqwv/ pdnlqj d ulvn wudgdeoh wkdw kdg qrw ehhq vr ehiruh1

Zh frq�qh rxu dwwhqwlrq wr ghvljqlqj Q frqwudfwv/ zkhuh Q lv vpdoo/
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lq rughu wr suhvfuleh lq vlpsoh whupv wkh prvw lpsruwdqw ulvn pdqdjhphqw
dfwlrqv wkdw vkrxog eh wdnhq e| jurxsv ri shrsoh dqg wr dvn li wkh _pdunhw
sruwirolr% +wkh zruog sruwirolr, lv wkh prvw lpsruwdqw frqwudfw/ ru lv hyhq lq
wkh vsdq ri wkh prvw lpsruwdqw frqwudfwv1 Prvw shrsoh wdnh qr pruh wkdq
vlpsoh suhvfulswlrqv iurp h{lvwlqj prghov1 Sudfwlwlrqhuv xvxdoo| gr qrw xvh
wkh FDSP wr duulyh dw suhflvh gh�qlwlrqv ri rswlpdo sruwirolrv/ exw phuho|
uhihu wr wkh frqfoxvlrq ri wkh FDSP wkdw lqyhvwruv vkrxog krog wkh pdunhw
sruwirolr ri lqyhvwdeoh dvvhwv1 Wkh lqgh{hg ixqgv wkdw duh qrz frpprqsodfh
zhuh ghvljqhg zlwk wklv remhfwlyh1 Exw wklv frpprq suhvfulswlrq glvuhjdugv
wkh fruuhodwlrq ri sruwirolr uhwxuqv zlwk rwkhu hqgrzphqwv1

Lw lv yhu| lpsruwdqw/ dw wkh wlph �qdqfldo lqqrydwlrq wdnhv sodfh/ wr
frqvlghu zkdw duh frqfhswxdoo| wkh prvw lpsruwdqw pdunhwv1 Zh fdqqrw
kdyh oltxlg pdunhwv iru hyhu|wklqj/ dqg klvwru| vkrzv wkdw pdunhwv wkdw duh
qrw vx�flhqwo| ydoxdeoh wr sduwlflsdqwv zloo qrw vxffhhg/ dqg pdunhwv zloo
vrphwlphv glvdsshdu zkhq ehwwhu pdunhwv duh fuhdwhg1

Lw vhhpv lqwxlwlyh wkdw lw pljkw eh d jrrg lghd wr fuhdwh d pdunhw iru
doo wkh hqgrzphqwv ri wkh zruog/ qrw mxvw wkh �qdqfldo dvvhwv/ dqg wkdw
vxfk d pdunhw sruwirolr pljkw eh wkh prvw lpsruwdqw sruwirolr ri doo1 Lw lv
srvvleoh vrph gd| wkdw wkh pdunhw sruwirolr dqg rwkhu pdmru djjuhjdwhv zloo
eh wudghg1 Qhz ghulydwlyh frqwudfwv fdvk vhwwohg rq lqfrph ru sulfh lqgh{hv
fdq dfklhyh wklv jrdo1 Phwkrgv ri fuhdwlqj fdvk0vhwwohg ixwxuhv frqwudfwv iru
orqj0whup fodlpv rq lqgh{hv ri qdwlrqdo lqfrph ru ri rffxsdwlrqdo lqfrph
duh glvfxvvhg lq Vkloohu dqg Dwkdqdvrxolv ^4<<8`1 Wklv sdshu h{dplqhv wkh
wkhruhwlfdo dujxphqwv iru vhwwlqj xs d pdunhw iru wkh sruwirolr ri zruog
hqgrzphqwv1

Lq rxu prgho lw lv lpphgldwh wkdw/ uhjdugohvv ri wkh qxpehu ru nlqg ri
pdunhwv fuhdwhg/ zkhwkhu ru qrw d pdunhw iru wkh pdunhw sruwirolr +zruog
sruwirolr, lv fuhdwhg/ ulvn suhpld/ uhsuhvhqwhg e| sulfhv ri rxu frqwudfwv
khuh/ duh dv lq wkh FDSP ghwhuplqhg h{foxvlyho| e| fryduldqfhv zlwk wkh
pdunhw sruwirolr1 Wkh pdunhw sruwirolr lv dovr lq dqrwkhu vhqvh wkh prvw
lpsruwdqw pdunhw= zlwk d qrupdol}dwlrq uxoh wkdw zh gh�qh lq wkh sdshu/
wkh pdunhw sruwirolr lv wkh sruwirolr zklfk zrxog fduu| wkh kljkhvw ulvn
suhplxp +kljkhvw devroxwh ydoxh ri sulfh,/ Wkhruhp 6 ehorz1 Lq idfw/ doo
rwkhu sruwirolrv xqfruuhodwhg zlwk wkh pdunhw sruwirolr zloo kdyh d }hur ulvn
suhplxp1

Dqg |hw zh �qg/ fxulrxvo|/ wkdw ri doo srvvleoh pdunhwv wr fuhdwh/ d pdunhw
iru fodlpv rq wkh pdunhw sruwirolr zrxog eh/ e| d vrfldo zhoiduh fulwhulrq/ d
ohdvw lpsruwdqw pdunhw wr fuhdwh/ qrw d prvw lpsruwdqw pdunhw/ Wkhruhp 5
ehorz1 Li zh duh lq wkh exvlqhvv ri fuhdwlqj pdunhwv iru hqgrzphqwv wkdw duh
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qrw wudgdeoh/ wkhq wkhuh lv d qdwxudo rughu wr fuhdwlqj vxfk pdunhwv1 Wkhuh
lv d prvw lpsruwdqw pdunhw wr fuhdwh/ dqg wkhq/ diwhu wklv/ d pdunhw wkdw
zrxog eh wkh qh{w ehvw pdunhw wr fuhdwh/ dqg vr rq1 Wkh pdunhw iru wkh
pdunhw sruwirolr wxuqv rxw wr eh d frpsohwho| xqlpsruwdqw pdunhw lq wklv
rughulqj/ dqg wkhq wkh zhoiduh jdlq wr fuhdwlqj lw lv }hur1 Wklv lv qrw wr vd|
wkdw d pdunhw iru wkh pdunhw sruwirolr zrxog qrw eh xvhixo wr shrsoh li lw
zhuh fuhdwhg �uvw/ ru li lw zhuh fuhdwhg vhfrqg ru wklug/ rqo| wkdw wkhuh zrxog
dozd|v eh vrphwklqj ehwwhu wr gr lqvwhdg1 Wklv uhvxow pd| eh uhjdughg dv/
lq d vhqvh/ wkh yhu| dqwlwkhvlv ri wkh pxwxdo ixqg wkhruhp1

Qhlwkhu zloo zh hyhu zdqw wr fuhdwh pdunhwv iru lqglylgxdo hqgrzphqwv
ru iru sruwirolrv zhljkwlqj doo hqgrzphqwv zlwk wkh vdph vljq1 Rswlpdo frq0
wudfwv zloo dozd|v lqyroyh sruwirolrv ri ulvn| hqgrzphqwv zlwk erwk srvlwlyh
dqg qhjdwlyh txdqwlwlhv dqg wkhlu zhljkwhg vxp lv }hur1 Wkh rswlpdo frq0
wudfwv duh wkxv dozd|v hvvhqwldoo| vzdsv/ l1h1/ rqh vlgh wudghv wkh qhjdwlyhv
iru wkh srvlwlyhv1 Wklv uhvxow pd| eh uhjdughg dv/ lq d vhqvh/ wkh dsrwkhrvlv
ri vzdsv1

Wkh uhvxowv wkdw wkhuh lv qr qhhg iru d pdunhw iru wkh pdunhw sruwir0
olr dqg wkdw rqo| vzdsv zloo eh fuhdwhg uhvw rq wkh dvvxpswlrq wkdw wkh
frqwudfw ghvljqhu zkr lv fuhdwlqj wkh qhz pdunhwv nqrzv hyhu|wklqj derxw
xwlolwlhv1 Zh vkrz rqh uhsuhvhqwdwlrq ri odfn ri nqrzohgjh rq wkh sduw ri
wkh pdunhw ghvljqhu wkdw eulqjv wkh pdunhw sruwirolr edfn wr vrph srwhqwldo
vljql�fdqfh/ Wkhruhp : ehorz1 Li odfn ri nqrzohgjh lv kljk dqg li wkhuh lv
d vwurqj pdunhw frpsrqhqw wr hqgrzphqwv/ wkhq vrphwklqj dssur{lpdwlqj
wkh pdunhw sruwirolr pd| zhoo eh ri �uvw lpsruwdqfh1 Fuhdwlqj wkh pdunhw
sruwirolr pdnhv srvvleoh pruh urexvw gh�qlwlrqv ri vxevhtxhqw pdunhwv1

Wkhruhp 4 ehorz lv sduw ri d iudphzrun ghyhorshg lq Dwkdqdvrxolv ^4<<8`
dqg Vkloohu dqg Dwkdqdvrxolv ^4<<8`> lw zdv ghyhorshg lqghshqghqwo| e| Gh0
pdqjh dqg Odurtxh ^4<<8e`1 D uhodwhg dqdo|vlv lv irxqg lq Gx�h dqg Mdfn0
vrq ^4<;<` dqg Zloohq ^4<<:`1 Vhh Jhdqdnrsorv ^4<<3` iru dq lqwurgxfwlrq wr
Jhqhudo Htxloleulxp zlwk lqfrpsohwh pdunhwv1 Fdvv/ Fklfkloqlvn| dqg Zx
^4<<9` vkrz krz wkh qxpehu ri dvvhwv qhhghg wr rewdlq d frpsohwh pdunhwv
vroxwlrq fdq eh juhdwo| uhgxfhg e| frqvwuxfwlqj d vhw ri pxwxdo lqvxudqfh
frqwudfwv dqg d vpdoohu vhw ri Duurz vhfxulwlhv zkhq frpsduhg wr dq Duurz~
Gheuhx zruog1 Wklv lv uhodwhg wr rxu uhvxowv dv zh rqo| qhhg dvvhwv idu ohvv
wkdq wkh qxpehu ri vwdwhv ri wkh zruog wr rewdlq d �uvw ehvw vroxwlrq1 Zh
krzhyhu frqvlghu zklfk dvvhwv duh ehvw wr frqvwuxfw li zh fdqqrw frpsohwh
dvvhw pdunhwv1 Ghpdqjh dqg Odurtxh ^4<<8d` vkrz wkdw lq dq hfrqrp| zlwk
jhqhudo xwlolwlhv +qrw qhfhvvdulo| txdgudwlf,/ zkhq doo uhvlgxdo ulvn lv khgjhg/
wkhq wkh rqo| lpsruwdqw dvvhwv uhpdlqlqj wr frqvwuxfw lq wkh hfrqrp| duh
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qrqolqhdu dvvhwv/ vxfk dv rswlrqv/ zkrvh uhdol}dwlrqv ghshqg h{foxvlyho| rq
wkh uhdol}dwlrq ri wkh pdunhw sruwirolr1 Rxu uhvxowv duh frpsohphqwdu| wr
wklv Ghpdqjh dqg Odurtxh uhvxow udwkhu wkdq ehlqj d frpshwlqj uhvxow1 Rxu
dqdo|vlv khuh vwduwv iurp qr pdunhwv dw doo/ dqg vwxglhv d vhtxhqfh ri pdunhwv
wr doorz olqhdu vsdqqlqj ri wkh ruljlqdo hqgrzphqwv> Ghpdqjh dqg Odurtxh
^4<<8d` duh frqvlghulqj prylqj |hw eh|rqg wkh olqhdu vsdqqlqj/ dqg lw lv lq
wkh vxevhtxhqw qrqolqhdu pdunhwv dorqh wkdw wkh pdunhw sruwirolr kdv +xqghu
wkhlu dvvxpswlrqv, vxfk lpsruwdqfh1

Wkh sdshu lv rujdql}hg dv iroorzv1 Zh �uvw od| rxw wkh dvvxpswlrqv
ri wkh jhqhudo htxloleulxp prgho dqg wkhq vroyh wkh djhqw*v sureohp iru d
jlyhq vhw ri dydlodeoh frqwudfwv1 Wkh uhvxowlqj h{suhvvlrqv iru htxloleulxp
sulfhv dqg txdqwlwlhv zloo eh xvhg lq doo vxevhtxhqw sduwv ri wklv sdshu1 Zh
wkhq jr wkurxjk vhyhudo yduldwlrqv rq wkh pd{lpl}dwlrq sureohp idfhg e|
wkh frqwudfw ghvljqhu/ gl�hulqj lq dvvxpswlrqv derxw suh0h{lvwlqj pdunhwv
dqg derxw wkh lqirupdwlrq dydlodeoh wr wkh ghvljqhu1 Zh wkhq frqfoxgh zlwk
vrph sudfwlfdo dgylfh iru frqwudfw ghvljqhuv1

2 A�i �L_i*

Wkhuh duh M djhqwv lq wklv hfrqrp| lqgh{hg e| m @ 4> ===> M/ hdfk uhsuhvhqw0
lqj dq lqglylgxdo h{fhsw lq Vhfwlrq 44 zkhuh hdfk djhqw uhsuhvhqwv d odujh
qxpehu ri lqglylgxdov1 Doo udqgrp yduldeohv duh gh�qhg rq d frpsohwh sure0
delolw| vsdfh +
>I >S, zkhuh 
 lv wkh vhw ri vwdwhv ri wkh zruog dqg $ 5 
 lv
wkh vwdwh ri wkh zruog1 I lv d �0dojheud ri vxevhwv ri 
 nqrzq dv hyhqwv dqg
S = I $ ^3> 4` vdwlvi|lqj S+>, @ 3 dqg S+
, @ 4 lv d suredelolw| phdvxuh
rq +
>I, khog frpprqo| e| doo djhqwv lq wkh hfrqrp|1

Wkhuh lv d vlqjoh jrrg lq wkh hfrqrp| zklfk lv frqvxphg1 Hdfk djhqw m
kdv dq hqgrzphqw {� 5 O2+
>I >S, zkhuh O2+
>I >S, lv wkh vhw ri udqgrp
yduldeohv zklfk duh vtxduh lqwhjudeoh/ l1h1/ kdyh �qlwh phdq dqg yduldqfh1
Zh zloo ghqrwh wkh ghphdqhg vwrfkdvwlf hqgrzphqw dv �{� @ {� � H+{�,1
Gh�qh { wr eh wkh 4 � M yhfwru ri udqgrp hqgrzphqwv lq wkh hfrqrp|
dqg vlploduo| ohw �{ eh wkh 4�M yhfwru ri ghphdqhg vwrfkdvwlf hqgrzphqwv1
Wkhq H+�{��{, @ 	 lv wkh M � M fryduldqfh pdwul{ ri wkh hqgrzphqwv lq wkh
hfrqrp|1 Gh�qh H+�{��{�, @ 	� dqg H+�{� �{�, @ 	��1

Wkh Q � M frqwudfwv lqgh{hg e| q @ 4> ===>Q ghvljqhg lq wklv sdshu duh
ixwxuhv frqwudfwv1 Ohw i? 5 O2+
>I >S, eh wkh ulvn| wudqvihu pdgh lq wkh
q|� ixwxuhv frqwudfw uhvxowlqj lq i?+$, xqlwv ri frqvxpswlrq frqwlqjhqw rq
vwdwh $ 5 
1 Wr sxufkdvh wkh frqwudfw q/ wkh djhqw pxvw surplvh wr sd| d
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ulvnohvv sulfh s? 5 U lq wkh shulrg zkhuh wkh vwdwh ri wkh zruog lv uhvroyhg1
Wkxv li wkh vwdwh $ 5 
 lv uhdol}hg/ djhqwv zkr wdnh d orqj srvlwlyh srvlwlrq
lq frqwudfw q uhfhlyh i?+$, � s?/ wkrvh zkr wdnh d vkruw srvlwlrq sd| wklv
dprxqw1 Gh�qh i wr eh wkh Q � 4 yhfwru zkrvh q|� hohphqw lv i? dqg S
wr eh wkh Q � 4 yhfwru zkrvh q|� hohphqw lv s?1 Zlwkrxw orvv ri jhqhudolw|
zh frqvwuxfw wkh ixwxuhv frqwudfwv vxfk wkdw H+i, @ 3 dqg H+ii �, @ L�
zkhuh L� lv wkh Q �Q lghqwlw| pdwul{1 Wkhvh duh wzr qrupdol}dwlrqv wkdw
kdyh qr h�hfw rq wkh hfrqrp|1 Iru h{dpsoh/ li H+i?, @ 4/ wkhq zh qhhg
rqo| lqfuhdvh wkh sulfh s? e| rqh1 Vr wkh htxloleulxp lv lqyduldqw wr wkhvh
olqhdu wudqvirupdwlrqv1 Li ydu+i?, @ 5 wkhq zh qhhg rqo| lqfuhdvh wkh sulfh
ri frqwudfw q e| wkh vtxduh urrw ri 51

Jlyhq wkdw zh uhvwulfw rxu dwwhqwlrq wr wkh vhw ri olqhdu htxloleuld/ l1h1/
zh xvh txdgudwlf xwlolw|/ lw pxvw eh wkdw wkh rswlpdoo| fkrvhq ulvn| wudqv0
ihuv/ i / duh lq wkh vsdfh vsdqqhg e| wkh lqlwldo hqgrzphqw ulvnv/ �{1 Wklv
lv d srlqw vkrzq e| Ghpdqjh dqg Odurtxh ^4<<8`1 Ixuwkhupruh/ lw pxvw
eh wkdw vlqfh i lv lq wkh vsdfh vsdqqhg e| �{ dqg zh duh vwxg|lqj olqhdu
htxloleuld/ wkh rswlpdo frqwudfwv zloo eh olqhdu frpelqdwlrqv ri wkh hohphqwv
ri �{1 Frqvhtxhqwo| zh gh�qh i @ D��{� zkhuh D lv d M � Q pdwul{ dqg
D�?�{

� 5 O2+
>I >S,/ q @ 4> ===>Q dqg D? lv wkh q|� froxpq ri D1 Wkhuhiruh/
dffruglqj wr rxu qrwdwlrq/ H+ii �, @ D�	D @ L� 1

� �}i?|t

Hdfk uhsuhvhqwdwlyh djhqw kdv d xwlolw| ixqfwlrq X� = O
2+
>I >S, $ U1 Zh

pdnh wkh vlpsoli|lqj dvvxpswlrq wkdw hdfk djhqw kdv phdq0yduldqfh xwlolw|
dv iroorzv/

X� @ H+f�,� ��
5
Ydu+f�, +4,

zkhuh f� lv wkh frqvxpswlrq ri djhqw m/ wkh vdph dv wkh hqgrzphqw soxv
surfhhgv iurp khgjlqj1 Hdfk djhqw m wdnhv wkh ixwxuhv frqwudfwv i zklfk lv
d yhfwru O2+
>I >S, surfhvv dqg wkh ixwxuhv sulfhv S 5 U� dv jlyhq dqg
vroyhv iru khu rswlpdo ixwxuhv srvlwlrqv/ t�/ dv

t� @dujpd{
^�M,�

iX�mf� @ {� . t��+i � S ,j= +5,

Zh fdq uhzulwh wklv lq d vlpsohu irup dv

t� @dujpd{
^�M,�

�
H+{�,� t��s�

��
5
+	�� . t��D

�	Dt� . 5t��D
�	�,

�
= +6,
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Uhphpehulqj wkdw D�	D @ L� / wkh rswlpdo ghpdqg iru wklv djhqw lv

t� @ � 4

��
S �Fry+i> �{�, @ � 4

��
S �D�	�= +7,

Wklv ghpdqg fxuyh whoov xv wkdw djhqw m zloo sxufkdvh pruh ri d vhfxulw|
dv lwv sulfh ghfolqhv1 Vkh zloo sxufkdvh ohvv ri wkh vhfxulw| wkh pruh lw
frydulhv zlwk khu hqgrzphqw vlqfh lw surylghv ohvv khgjlqj vhuylfhv1 Wr khos
wkh h{srvlwlrq ri wklv sdshu lw lv frqyhqlhqw wr irup wkh Q � M pdwul{ T
zkrvh m|� froxpq lv t� dqg uhzulwh +7, dv

T @ �S���3� � Fry+i> �{, @ �S���3� �D�	 +8,

zkhuh � lv wkh M � M gldjrqdo pdwul{ zlwk wkh m|� gldjrqdo hohphqw htxdo
wr �� dqg � wkh M � 4 xqlw yhfwru1

e ,^��*�Mh��4

Wkh htxloleulxp frqglwlrq lq wklv hfrqrp| lv vlpso| wkdw wkh ixwxuhv frq0
wudfwv duh lq }hur qhw vxsso|1 Zh fdq uhsuhvhqw htxloleulxp lq wklv hfrqrp|
dv

T� @ 3 @ �S���3���D�	�= +9,

Iurp htxloleulxp frqglwlrq +9, zh fdq ghulyh wkh htxloleulxp sulflqj htxd0
wlrq

S @ �D�	�
�
���3��

�3�
= +:,

Gh�qlwlrq= Wkh pdunhw sruwirolr lv gh�qhg e| lwv glylghqg

i6 @ �{p +;,

zkhuh p lv d vfdohg xqlw yhfwru

p � �

+��	�,�D
= +<,

Li zh pxowlso| dqg glylgh wkh uljkw kdqg vlgh ri +:, e| +��	�,�D wkhq wkh
sulfh ri d frqwudfw q ghshqgv rq D�?	�+�

�	�,3�D � D�?	p/ wkh fryduldqfh ri
frqwudfw q zlwk wkh pdunhw1 Wkxv zh fdq ghulyh wkh FDSP sulflqj htxdwlrq
iurp htxdwlrq +:,1 Li wkh fryduldqfh ri d frqwudfw zlwk wkh pdunhw lv }hur/
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dv iru h{dpsoh zlwk d ulvn iuhh dvvhw/ wkhq wkh sulfh ri wklv dvvhw lv ss @ 31

Wkh sulfh ri wkh pdunhw sruwirolr dvvhw lv s6 @ � E
�P
��D


�K3�
 1 Lw iroorzv wkdw=

s? � ss @
fry+i?> i6,

ydu+i6,
+s6 � ss , +43,

zklfk lv wkh idploldu FDSP sulflqj htxdwlrq dqg UL�Es?cs6�
�@hEs6� lv wkh idploldu

ehwd ri wkh FDSPprgho1 Vlplodu uhvxowv duh rewdlqhg e| Pdjloo dqg Txlq}ll
^4<<9`/ Gx�h dqg Mdfnvrq ^4<;<`/ Rk ^4<<9` dqg Pd|huv ^4<:5`1 Vxevwlwxwlqj
+:, lqwr +8, zh dovr rewdlq

T @ �D�	P +44,

dqg zh gh�qhP � La�����3�
�
���3��

�3�
dqgD � ^D� = D2 = � � � = D� `/ zkhuh

D? lv wkh q|� froxpq ri D1 Wkhvh duh wkh htxloleulxp ghpdqgv lq pdwul{
irup1 Orrnlqj forvho| dw wkh deryh h{suhvvlrqv zh vhh wkdw 	P lv wkh M�M
pdwul{ zkrvh m|� froxpq lv wkh dprxqw ri hdfk ulvn djhqw m zdqwv wr vhoo r�
dw pdunhw0fohdulqj sulfhv1 Lq wkh hqg/ li pdunhwv duh frpsohwh/ hdfk djhqw
zloo krog wkh lqyhuvh ri khu rzq ulvn dyhuvlrq wlphv wkh kduprqlf phdq ri doo
lqglylgxdov* ulvn dyhuvlrq/ ri wkh pdunhw1 Wklv uhvxow zloo eh uhfrjql}deoh wr
wkrvh idploldu zlwk wkh FDSP hfrqrp|/ vhh Kxdqj dqg Olw}hqehujhu ^4<;;`1

D �L?|h@U| #it�}?

Wkh frqwudfw ghvljqhu*v sureohp lv wr pd{lpl}h zhoiduh/ wrwdo xwlolw|/ lq wkh
hfrqrp| jlyhq vkh lv frqvwudlqhg wr fkrrvh Q � M frqwudfwv1 Wkh frqwudfw
ghvljqhu zloo fkrrvh wkh M �Q pdwul{ D wr pd{lpl}h wkh vxp ri xwlolwlhv lq
wkh hfrqrp|1 Iurp +6, zh nqrz wkdw hdfk djhqw*v xwlolw| lv jlyhq e|

H+{�,� t��s�
��
5
+	�� . t��D

�	Dt� . 5t��D
�	�,= +45,

Li zh vxp ryhu doo M djhqwv/ gurs H+{�,/ dqg sxw wklv lq pdwul{ irup zh
rewdlq

wu
�
�T�S�� � �

2�
�
	.T�T. 5T�D�	

��
+46,

zkhuh wu ghqrwhv wkh wudfh1 Li zh vxevwlwxwh +44, dqg +:, lqwr +46, zh rewdlq

wu
�
�
2D

�	P�P �	D� �
2�	

�
+47,

zkhuh wkh whup �
2�	 kdv qr h�hfw rq wkh frqwudfw ghvljqhu*v ghflvlrq1 Wkxv/

xvlqj wu+DE, @ wu+ED,/ wkh frqwudfw ghvljqhu*v sureohp vlpsol�hv wr

D 5 dujpd{
�?M,a c?'�c���c�

�
wu

�
D�	P�P �	D

� mD�	D @ L�
�
= +48,

:



Wklv ohdgv wr d ixqgdphqwdo wkhruhp vkrzq vhsdudwho| e| Ghpdqjh dqg
Odurtxh ^4<<8e` dqg e| Vkloohu dqg Dwkdqdvrxolv ^4<<8`=

Wkhruhp 4= Wkh D pdwul{ wkdw vroyhv +48, kdv froxpqv fruuhvsrqglqj wr
wkh Q hljhqyhfwruv zlwk kljkhvw hljhqydoxhv ri=

P�P �	= +49,

Surri= Zh pd| zulwh wkh Odjudqjldq dv

O @ D��	P�P �	D� . � � �.D��	P�P �	D�

���+D
�
�	D� � 4, . � � �. �� +D

�
�	D� � 4,= +4:,

Zh duh uhtxlulqj lq wklv sureohp wkdw wkh gldjrqdo ri wkh pdwul{ D�	D lv
htxdo wr �1 Wkh �uvw rughu frqglwlrqv fdq eh zulwwhq dv

	P�P �	D� @ ��	D�> ;l @ 4> � � � >Q +4;,

dqg
D��	D� @ 4> ;l @ 4> � � � >Q +4<,

Li zh gh�qh � wr eh wkh Q �Q gldjrqdo pdwul{ zlwk wkh q|� hohphqw wr eh
�? zh fdq frpelqh wkh �uvw rughu frqglwlrqv wr rewdlq

	P�P �	D @ 	D� +53,

dqg
gldj+D�	D, @ �= +54,

Wkxv/ wdnlqj wkh lqyhuvh ri 	 wkurxjk htxdwlrq +53, jlyhv xv wkh uhvxow1
Ilqdoo| li rqh suhpxowlsolhv htxdwlrq +53, e| D/ rqh rewdlqv D�	P�P �	D @
�1 Wkh wudfh ri wkh ohiw kdqg vlgh ri wklv lv wkh remhfwlyh ixqfwlrq wkh sodqqhu
lv wu|lqj wr pd{lpl}h1

Vlqfh wklv htxdov �/ lw lv gldjrqdo dqg dv vxfk wkh sodqqhu zloo fkrrvh
wkh Q hljhqyhfwruv fruuhvsrqglqj wr wkh Q odujhvw hljhqydoxhv1� �

Qrwh wkdw li zh wdnh d Fkrohvn| ghfrpsrvlwlrq ri wkh yduldqfh pdwul{ 	/
	 @ F �F/ dqg suhpxowlso| wkurxjk htxdwlrq +53, e| F �3�/ wkhq FP�P �F �

lv srvlwlyh vhplgh�qlwh dqg v|pphwulf zlwk hljhqyhfwruv FD1 Wkh hljhqydo0
xhv ri d srvlwlyh vhplgh�qlwh v|pphwulf pdwul{ duh doo uhdo dqg qrqqhjdwlyh/

�A�i tiUL?_ Lh_ih UL?_�|�L?t |�@| �i �@�i @ 4@ �4�4 @hi t@|�t�i_�
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dqg wkhvh duh wkh vdph dv wkh hljhqydoxhv ri P�P �	1 Vlqfh wkh udqn ri P
lv M � 4/ wkhuh duh rqo| M � 4 qrq}hur hljhqydoxhv/ dqg khqfh rqo| M � 4
frqwudfwv duh ri dq| ydoxh1 Wkxv/ wkhuh lv qr srlqw lq fuhdwlqj doo M srvvleoh
frqwudfwv/ dw prvw M � 4 duh qhhghg dqg D qhhg kdyh qr pruh wkdq M � 4
froxpqv1 Li wkhuh lv d �{hg frvw wr fuhdwlqj pdunhwv/ wkhq Q / wkh qxpehu
ri pdunhwv fuhdwhg/ fdq eh fkrvhq rswlpdoo|1 Zh fuhdwh doo pdunhwv zkrvh
hljhqydoxhv duh juhdwhu wkdq wklv frvw1

Rqh zloo qrwlfh lq wkh deryh sureohp wkdw zh glg qrw frqvwudlq wkh r�
gldjrqdo hohphqwv ri D�	D wr eh }hur1 Qrwlfh/ krzhyhu/ wkdw � lv gldjrqdo
dqg vlqfh F �P�P �F lv srvlwlyh vhplgh�qlwh dqg v|pphwulf zlwk hljhqyhf0
wruv FD/ lw iroorzv wkdw D�	P�P �	D lv gldjrqdo1 Vlqfh D�	P�P �	D @
D�	D� lw pxvw eh wkdw D�	D lv gldjrqdo1 Wkxv wkh frqvwudlqw wkdw wkh r�
gldjrqdo hohphqwv duh }hur duh vdwlv�hg lq wkh xqfrqvwudlqhg sureohp1 Wklv
zdv vkrzq e| Gduurfk ^4<98` dqg e| Rndprwr dqg Ndqd}dzd ^4<9;`1

S A�i �@h!i| �Lh|uL*�L Wt wi@t| W4TLh|@?|

Lw lv qrz yhu| hdv| wr suryh rxu ihdwxuhg uhvxow/ wkdw wkh pdunhw sruwirolr lv
lq d vhqvh wkh ohdvw lpsruwdqw sruwirolr wr doorz wudglqj lq=

Wkhruhp 5= Wkh D pdwul{ wkdw vroyhv sureohp +48, lv ruwkrjrqdo wr j �
���3�+���3�	�3��,3�D/ dqg doo Q � M � 4 pdunhwv wrjhwkhu gr qrw vsdq wkh
pdunhw sruwirolr1

Surri= E| +53, lw iroorzv wkdw D @ P�P �	D�3�1 Vlqfh jP @ 3/ lw
iroorzv wkdw jD @ 3/ l1h1/ wkh D pdwul{ lv ruwkrjrqdo wr j1 Zh fdq wkhq
vkrz e| frqwudglfwlrq wkdw doo Q � M � 4 dvvhwv gr qrw vsdq wkh pdunhw
sruwirolr= li wkhuh h{lvwv d yhfwru y vxfk wkdw Dy @ p/ wkhq jDy @ jp @
���3��+�	�,3�D+���3�	�3��,3�D 9@ 3 zklfk lv d frqwudglfwlrq1 �

Ohppd 4= Lq wkh fdvh zkhuh djhqwv kdyh wkh vdph ulvn dyhuvlrq/ ��/ wkh
pdunhw sruwirolr lv ruwkrjrqdo wr doo rswlpdo frqwudfwv1

Surri= E| Wkhruhp 5/ j lv ruwkrjrqdo wr doo rswlpdo frqwudfwv dqg j @ p
khuh1 �

Iru dq| M/ wkh uhvxow wkdw jD @ 3 phdqv wkdw qrq olqhdu frpelqdwlrq
ri wkh Q rswlpdo frqwudfwv fdq eh frqvwuxfwhg zlwk doo srvlwlyh hohphqwv1

<



Rqo| _vzdsv% ehwzhhq hqgrzphqwv fdq eh frqvwuxfwhg e| sruwirolrv ri wkh
rswlpdo frqwudfwv1 Qr pdwwhu krz pdq| pdunhwv zh fkrrvh wr fuhdwh +uh0
jdugohvv ri Q,/ lw zloo eh lpsrvvleoh wr uhqrupdol}h wkhvh pdunhwv/ gh�qh
gl�huhqw pdunhwv dv olqhdu frpelqdwlrqv ri wkhp/ vr wkdw dq| pdunhw lv qrw
d vzds1 Doo srvvleoh sruwirolrv frqvwuxfwhg iurp wkh rswlpdo sruwirolrv uhs0
uhvhqw h{fkdqjhv ri hqgrzphqwv iru rwkhu hqgrzphqwv1 Vlqfh wkh pdunhw
sruwirolr krogv srvlwlyh txdqwlwlhv ri doo hqgrzphqwv/ lw lv dq h{dpsoh ri d
pdunhw wkdw fdqqrw eh frqvwuxfwhg iurp wkh rswlpdo frqwudfwv frqvwuxfwhg
iurp wkh deryh phwkrg1 Frqvlghu wkh fdvh zkhuh doo djhqwv kdyh wkh vdph
ulvn dyhuvlrq/ Ohppd 4/ vr wkdw � lv sursruwlrqdo wr wkh lghqwlw| pdwul{1 Lw
wkhq iroorzv iurp wklv wkhruhp dqg ohppd wkdw lq doo srvvleoh sruwirolrv frq0
vwuxfwhg iurp wkh rswlpdo frqwudfwv gh�qhg e| D/ wkh vxp ri wkh sruwirolr
zhljkwv lq whupv ri hqgrzphqwv duh }hur dqg wkh sruwirolrv duh ruwkrjrqdo
wr wkh pdunhw sruwirolr1 Ixuwkhupruh/ li Q @ M � 4/ wkhq wkh uhvxowlqj htxl0
oleulxp lv Sduhwr rswlpdo1 Vhh Pdjloo dqg Txlq}ll ^4<<9/ s1 4;4` iru Sduhwr
rswlpdolw| ri wkh FDSP htxloleulxp1 Wklv iroorzv khuh vlqfh wkh fdvh zlwk
M � 4 frqwudfwv uhvxowv lq wkh FDSP htxloleulxp/ l1h1/ FDSP doorfdwlrq ri
ulvn1

Wr xqghuvwdqg wkhvh uhvxowv ehwwhu ohw xv frqvlghu d wzr0djhqw h{dp0
soh= D wzr0djhqw h{dpsoh ljqruhv vrph ri wkh frpsoh{lw| wkdw wkh rswlpdo
pdunhw vroxwlrq phwkrg lv vxssrvhg wr kdqgoh/ exw lw zloo pdnh vrph ed0
vlf frqfhswv pruh wudqvsduhqw1 Zh fdq wkhq looxvwudwh wkh vroxwlrq wr wkh
frqwudfw ghvljqhu*v sureohp rq d vlpsoh wzr0glphqvlrqdo judsk/ Iljxuhv 4
dqg 5/ zlwk wkh �uvw hohphqw ri D�/ d�/ rq wkh krul}rqwdo d{lv dqg wkh vhf0
rqg hohphqw ri D�/ d2/ rq wkh yhuwlfdo d{lv1 Rq wkhvh �jxuhv wkh frqvwudlqw
D��	D� @ 4 lv wkdw wkh D� yhfwru pxvw hqg vrphzkhuh rq wkh hoolsvh vkrzq1
Wkh hoolsvh vkrzq looxvwudwhv d fdvh ri srvlwlyh fruuhodwlrq ehwzhhq wkh wzr
hqgrzphqwv/ zkhuh erwk hqgrzphqwv kdyh wkh vdph yduldqfh dqg d fruuh0
odwlrq frh�flhqw ri rqh kdoi1 Rq hdfk �jxuh/ lvr0zhoiduh fxuyhv duh sdudooho
vwudljkw olqhv +rqh sdlu ri zklfk lv vkrzq,1 Wkh ixuwkhu iurp wkh ruljlq wkh
kljkhu wkh zhoiduh1
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Wkh rswlpdo yhfwru D� pxvw eh ruwkrjrqdo wr j/ zklfk phdqv wkdw wkh
yhfwru lv lq wkh xsshu ohiw txdgudqw +ru orzhu uljkw,/ dqg lv qrw wkh lq wkh
vdph txdgudqw zkhuh wkh pdunhw sruwirolr yhfwru p lv1 Lq Iljxuh 4/ wkh
fdvh lv vkrzq zkhuh doo wkh �*v duh rqh/ dqg vr j htxdov wkh pdunhw sruw0
irolr yhfwru1 Hdfk djhqw zloo xvh wkh rswlpdo frqwudfw wr vzds kdoi ri khu
hqgrzphqw ulvn iru kdoi ri wkh rwkhu*v/ dqg erwk djhqwv zloo hqg xs kroglqj
wkh pdunhw sruwirolr1 Lq wklv fdvh/ wkh rswlpdo frqwudfw lv ruwkrjrqdo wr wkh
pdunhw sruwirolr/ dqg wkh pdunhw sruwirolr frqwudfw zrxog eh xwwhuo| xvhohvv
wr wkh djhqwv li lw zhuh fuhdwhg lqvwhdg ri wkh rswlpdo frqwudfw1 Wkh rswlpdo
frqwudfw lv irxqg rq wkh judsk e| �qglqj wkh kljkhvw lvr0zhoiduh fxuyh/ lzf/
wkdw vdwlv�hv wkh frqvwudlqw/ wdqjhqw wr wkh hoolsvh1 Fohduo| lq wklv v|pphwulf
vlwxdwlrq wkhuh lv qr ydoxh wr ehlqj deoh wr wudgh wkh pdunhw sruwirolr iru
wkhvh djhqwv/ dv wkh| zrxog erwk olnh wr wdnh wkh vdph srvlwlrq1

Lq Iljxuh 5/ wkh fdvh lv vkrzq zkhuh �� htxdov 6 dqg �2 htxdov 41 Qrz/
wkh j yhfwru qr orqjhu frlqflghv zlwk wkh pdunhw sruwirolr yhfwru/ p/ dqg
qrz wkh rswlpdo D� yhfwru uhvxowv lq dq xqhtxdo vzds1 Lq wkh vzds/ wkh pruh
ulvn dyhuvh djhqw jlyhv xs wkuhh wlphv dv pxfk ri wkh ulvn| frpsrqhqw ri khu
hqgrzphqw wr wkh rwkhu djhqw/ dqg sd|v d sulfh wr wkh rwkhu djhqw iru grlqj
vr1 Diwhu wkh vzds/ wkh pruh ulvn dyhuvh djhqw lv ehdulqj rqo| rqh txduwhu ri
zruog lqfrph ulvn/ wkh ohvv ulvn dyhuvh djhqw lv ehdulqj wkuhh txduwhuv1 Wklv
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lv wkh Sduhwr rswlpdo rxwfrph= wkhuh duh qr pruh ulvn vkdulqj rssruwxqlwlhv/
dqg hdfk djhqw lv ehdulqj zruog lqfrph ulvn lq dffrugdqfh zlwk klv ru khu
rzq ulvn suhihuhqfhv1 Qrwh wkdw lq wklv fdvh kdg zh lqvwhdg fuhdwhg wkh
pdunhw sruwirolr �uvw/ lw zrxog kdyh ehhq ri vrph xvh wkrxjk lw zrxog wrxfk
dq lvr0zhoiduh fxuyh wkdw lv forvhu wr wkh ruljlq1 Lq erwk �jxuhv/ wkh lvrtxdqwv
iru wkh remhfwlyh ixqfwlrq lq +48, duh sdudooho vwudljkw olqhv zlwk mxvw vxfk d
vorsh wkdw wkh wdqjhqf| ehwzhhq wkhp dqg wkh hoolsvh D��	D��4 @ 3 rffxuv
dw d srlqw gh�qlqj d yhfwru shushqglfxodu wr j1
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Hyhq wkrxjk/ dv zh kdyh frqfoxghg/ wkh pdunhw sruwirolr lv lq wklv prgho dq
xqlpsruwdqw frqwudfw wr wudgh/ lw uhpdlqv wuxh wkdw wkh pdunhw sruwirolr lv
wkh prvw lpsruwdqw pdunhw e| d gl�huhqw phdvxuh= lw lv wkh frqwudfw +vxemhfw
wr rxu qrupdol}dwlrq, wkdw kdv wkh kljkhvw srvvleoh sulfh1 Ohw xv fkdqjh wkh
remhfwlyh ri wkh frqwudfw ghvljqhu lq ghvljqlqj wkh �uvw pdunhw wr pd{lpl}h
wkh sulfh ri wkh frqwudfw/ lq ghvljqlqj wkh vhfrqg pdunhw wr pd{lpl}h sulfh
vxemhfw wr }hur fryduldqfh zlwk wkh �uvw pdunhw/ dqg vr rq1 Xvlqj htxdwlrq
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+:, wkh sureohp ehfrphv

D� @dujpd{
��M,a

��
D��	�

k
���3��

l3�� mD��	D� @ 4

�
+55,

Wkhruhp 6= Wkh frqwudfw wkdw vdwlv�hv +55, lv wkh pdunhw sruwirolr/ l1h1/
D� @ p1

Surri= Wkh �uvw rughu frqglwlrqv fdq eh zulwwhq dv

	�
k
���3��

l3�
@ �	D�= +56,

dqg
D��	D� @ 4= +57,

Vroylqj wkhvh zh rewdlq wkh uhvxow1 �

Wkxv dv lq wkh FDSP/ wkh rqo| lqvxudqfh zklfk frvwv dq|wklqj lv wr lqvxuh
rqhvhoi djdlqvw wkh pdunhw1

Lw pd| vhhp sx}}olqj wkdw wkh pdunhw lv frpsohwho| xqlpsruwdqw wr
frqvwuxfw e| d vrfldo zhoiduh fulwhulrq dqg |hw kdv wkh kljkhvw devroxwh ydoxh
ri sulfh1 Exw qrwh wkdw wkh h{suhvvlrq wr eh pd{lpl}hg e| wkh vrfldo zhoiduh
fulwhulrq +48, lv wkh wudfh ri D�	P�P	D/ dqg

D�	P�P �	D � D�	�	D�D	x�	D
�
���3��

�3� � D�	�	D�SS �
�
���3��

�
=

+58,
Wkh wudfh ri wkh �uvw whup lq wkh deryh h{suhvvlrq lv wkh h{suhvvlrq wr eh

pd{lpl}hg e| d frqwudfw ghvljqhu fkrrvlqj D wr plqlpl}h d �0zhljkwhg vxp
ri yduldqfh ri djhqwv* hqgrzphqwv vxemhfw wr wkh qrupdol}dwlrq frqvwudlqw
dqg vxemhfw wr wkh frqvwudlqw wkdw doo sulfhv duh }hur/ vhh Vkloohu dqg Dwkdqd0
vrxolv ^4<<8`/ dqg wkh wudfh ri wkh vhfrqg whup lv sursruwlrqdo wr plqxv wkh
vxp ri vtxduhg sulfhv1 Kljkhu devroxwh ydoxh ri sulfh frxqwv djdlqvw zhoiduh
jdlq ehfdxvh kljkhu sulfh phdqv pruh ri wkh ulvn lv uhglvwulexwhg +pdunhw
ulvn, udwkhu wkdq srrohg +uhvlgxdo ulvn,1

H �hi�i �t|�?} �@h!i|t

Wkh deryh wkhruhpv wdnh qr dffrxqw ri suh0h{lvwlqj pdunhwv/ pdunhwv iru
vrph hqgrzphqwv ru olqhdu frpelqdwlrqv ri hqgrzphqwv wkdw douhdg| h{0
lvw ehiruh wkh frqwudfw ghvljqhu ehjlqv wr gh�qh qhz pdunhwv +frqwudfwv,1
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Vxssrvh wkdw zh prgli| sureohp +48, wr uhsuhvhqw wkdw wkhuh lv d vlqjoh
suh0h{lvwlqj frqwudfw/ zkhuh wkh frh�flhqwv ri wkh hqgrzphqwv lq wkh olqhdu
frpelqdwlrq wkdw gh�qhv wklv suh0h{lvwlqj frqwudfw duh jlyhq e| wkh M � 4
yhfwru D�/ wkh �uvw froxpq ri D/ zklfk/ zlwkrxw orvv ri jhqhudolw|/ zh qru0
pdol}h vr wkdw D��	D� @ 41 +Lw lv wulyldo wr h{whqg rxu uhvxowv wr pruh
wkdq rqh suh0h{lvwlqj frqwudfw1, Wkh frqwudfw ghvljqhu zloo wkhq ghvljq
QW @ Q � 4 pdunhwv/ fkrrvh DW @ ^DW� DW2 � � �DW�W `/ wkh uhpdlqlqj froxpqv
ri D/ +D @ ^D� = D

W`, vxemhfw wr wkh qrupdol}dwlrq uxoh D�	D @ L1 Wkhq DW

lv gh�qhg e|= v

DW 5 dujpd{
�W

?M,a c?'�c���c�W

�
wu

�
DW�	P�P �	DW

� mDW�	DW @ L�W > DW�	D� @ 3
�

+59,
Wkhruhp 8= Wkh DW pdwul{ wkdw vroyhv +59, kdv froxpqv fruuhvsrqglqj wr
wkh QW hljhqyhfwruv zlwk kljkhvw hljhqydoxhv ri=

�P�P ���	 +5:,

zkhuh � � La �D�D
�
�	1

Surri= Zh fdq zulwh wkh Odjudqjldq dv

O @ DW�� 	P�P �	DW� . � � �.DW��W	P�P �	DW�W � ��
�
DW�� 	D

W
� � 4

�
. � � � � ��W

�
DW��W	DW�W � 4

�� ��D
W�
� 	D� . � � � � �W�D

W�
�W	D� +5;,

Wkh �uvw rughu frqglwlrqv duh

5	P�P �	D?W � 5�?W	D?W � �?W	D� @ 3> ;qW @ 5> � � � >QW +5<,

dqg

DW�?W	D
W
?W � 4 @ 3> ;qW @ 5> � � � >QW +63,

DW�?W	D� @ 3> ;qW @ 5> � � � >QW +64,

Li zh suhpxowlso| htxdwlrq +5<, e|D��/ wkhq zh rewdlq �?W @ 5D��	P�P �	D?W 1
Li zh vxevwlwxwh �?W lqwr htxdwlrq +5<,/ irup wkhQW htxdwlrqv qW @ 4> � � � >QW

lqwr d pdwul{ dqg uhduudqjh/ zh duulyh dw dq htxdwlrq lq whupv ri hljhq0
yhfwruv ri +5:,1 Li zh suhpxowlso| htxdwlrq +5<, e| DW�?W wkhq zh rewdlq
DW�?W	P�P �	DW�?W @ �?W zklfk lv wkh hohphqwv ri wkh h{suhvvlrq ri wkh
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ixqfwlrq wkh sodqqhu lv wu|lqj wr pd{lpl}h1 Wkxv wkh sodqqhu fkrrvhv wkh
froxpqv riDW dv wkhQW hljhqyhfwruv zlwk wkh kljkhvw hljhqydoxhv ri +5:,1 �

Dq h{dpsoh fdq eh frqvwuxfwhg wkdw looxvwudwhv wkdw zlwk rqh suh0h{lvwlqj
pdunhw/ li zh duh wr fuhdwh rqo| rqh pruh pdunhw rswlpdoo| dv zh kdyh gh0
�qhg/ wkhq wkh uhvxowlqj wzr pdunhwv pd| vsdq wkh pdunhw sruwirolr1 Vxs0
srvh wkdw D� lv d froxpq ri }hurv h{fhsw iru wkh �uvw hohphqw/ zklfk lv
vwulfwo| srvlwlyh1 Wkh suh0h{lvwlqj pdunhw lv mxvw d pdunhw iru wkh hqgrz0
phqw ri wkh �uvw djhqw1 Vxssrvh/ iru vlpsolflw|/ wkdw 	 htxdov wkh lghqwlw|
pdwul{ dqg wkdw � dovr htxdov wkh lghqwlw| pdwul{ h{fhsw wkdw wkh xsshu ohiw
hohphqw lv qrw rqh exw d _yhu|% odujh qxpehu> wkh �uvw djhqw lv yhu| ulvn
dyhuvh1 Zlwk wkhvh dvvxpswlrqv/ li wkhuh kdg ehhq qr suh0h{lvwlqj pdunhw/
wkh �uvw pdunhw wr fuhdwh zrxog kdyh ehhq d vzds ehwzhhq wkh �uvw djhqw
dqg wkh uhvw ri wkh zruog/ zlwk doo rwkhu djhqwv uhfhlylqj htxdo zhljkw lq wkh
frqwudfw1 Zlwk wkh suh0h{lvwlqj pdunhw/ wkh rswlpdo DW zloo eh sursruwlrqdo
wr d froxpq ri rqhv zlwk wkh �uvw hohphqw uhsodfhg zlwk }hur> fuhdwlqj wklv
pdunhw zloo hqdeoh wkh �uvw djhqw wr vzds khu hqgrzphqw ulvn iru wkh uhvw
ri wkh zruog*v/ e| vkruwlqj wkh �uvw pdunhw dqg jrlqj orqj wkh vhfrqg1 Lq
wklv h{dpsoh D� dqg DW wrjhwkhu dovr vsdq wkh pdunhw sruwirolr1

Wkh uhvxow wkdw suh0h{lvwlqj pdunhwv pd| fdxvh wkh frqwudfw ghvljqhu
rswlpdoo| wr fuhdwh frqwudfwv wkdw doorz vsdqqlqj ri wkh pdunhw sruwirolr
grhv qrw phdq wkdw wkh pdunhw sruwirolr lv lq dq| uhdo vhqvh lpsruwdqw1 Lq
wkh deryh h{dpsoh/ wkh djhqwv xvh wkh wzr pdunhwv wr frqvwuxfw d vzds
ehwzhhq wkh �uvw djhqw*v hqgrzphqw dqg zruog hqgrzphqw/ qrw wr wdnh d
srvlwlrq lq zruog hqgrzphqw1 Kdg wkh frqwudfw ghvljqhu/ lq frqvwuxfwlqj
wkh frqwudfw uhsuhvhqwhg e| DW/ ljqruhg ruwkrjrqdolw| zlwk wkh suh0h{lvwlqj
pdunhw dqg mxvw fuhdwhg wkh frqwudfw gh�qhg dv wkh vroxwlrq wr +48,/ wkhuhe|
gluhfwo| fuhdwlqj wkh vzds ehwzhhq wkh �uvw djhqw*v hqgrzphqw dqg wkh uhvw0
ri0wkh0zruog hqgrzphqw/ wkhq doprvw doo wkh zhoiduh lpsuryhphqw dydlodeoh
wr khgjhuv zrxog eh dydlodeoh mxvw e| xvlqj wkh vhfrqg pdunhw1 Rqh pd|
vxssrvh wkdw li wkh zhoiduh jdlq dydlodeoh wkurxjk wkh suh0h{lvwlqj pdunhw lv
vpdoo hqrxjk wkhq lw pljkw zhoo glvdsshdu diwhu wkh vhfrqg pdunhw lv fuhdwhg1

b A�i �@h!i| �Lh|uL*�L @t @ �hi�i �t|�?} �@h!i|

Lw lv lqvwuxfwlyh wr frqvlghu wkh sureohp iru wkh frqwudfw ghvljqhu zlwk wkh
frqvwudlqw wkdw wkh �uvw pdunhw pxvw eh wkh pdunhw iru wkh pdunhw sruwirolr
wkdw lv/ dvvxplqj wkdw D� @ p1 Zkloh d pdunhw iru wkh zruog sruwirolr ri
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hqgrzphqwv grhv qrw qrz h{lvw/ zh vkdoo vhh wkdw wkhuh pd| eh uhdvrqv wr
frqvwuxfw lw1 Dw wkh yhu| ohdvw/ dv zh vkdoo vhh lq wklv vhfwlrq/ wkhvh pdunhwv
duh frqfhswxdoo| uhodwlyho| vlpsoh wr xqghuvwdqg/ dqg vxfk vlpsolflw| pljkw
surprwh pruh h�hfwlyh xvh ri wkh pdunhwv1

Ohppd 5= Li wkh pdunhw sruwirolr h{lvwv +l1h1/ li D� @ p, wkhq doo rwkhu
dvvhwv +frqvwuxfwhg vr wkdw rxu qrupdol}dwlrq D�	D @ L� krogv, zloo qhfhv0
vdulo| kdyh d }hur sulfh1

Surri= Li wkh �uvw frqwudfw lv wkh pdunhw wkhq lw pxvw eh wkh fdvh wkdw
wkh uhvw ri wkh frqwudfwv DW?W / qW @ 4> � � � >QW duh frqvwuxfwhg vxfk wkdw

DW�?W	D� @
�W�

?W
P
I


�P

@ 31 Li wklv lv wkh fdvh/ wkhq D�?W	� @ 3 dqg iurp htxdwlrq

+:,/ wkh uhvxow iroorzv1 �

Ohw xv gh�qh wkh QW � M pdwul{ TW vxfk wkdw lwv m|� froxpq lv wkh
ghpdqg yhfwru iru djhqw m ri wkh QW frqwudfwv1 Zh wkhq kdyh=

Wkhruhp 8= Zkhq D� @ p wkh DW pdwul{ wkdw vroyhv +59, kdv wkh surshuw|
wkdw TW @ �DW�	P kdv froxpqv fruuhvsrqglqj wr wkh QW hljhqyhfwruv zlwk
kljkhvw hljhqydoxhv ri=

��	�� +65,

Surri= Xvlqj htxdwlrq +58, dqg Ohppd 5/ wkh sureohp wkh vrfldo sodqqhu
vroyhv lv

DW 5 dujpd{
�W

?M,a c?W'�c���c�W

iwu+DW�	�	DW,mDW�	DW @ L�W > DW�	D� @ 3> D� @ pj
+66,

Surfhhg dv zlwk Wkhruhp 71 �

��	� lv wkh yduldqfh pdwul{ ri uhvlgxdov zkhq wkh hqgrzphqwv duh uh0
juhvvhg rq wkh zruog hqgrzphqw1 Li � @ La / l1h1/ wkdw lv li hyhu|rqh kdv wkh
vdph ulvn dyhuvlrq/ wkhq wkh rswlpdo pdunhwv duh gh�qhg lq whupv ri hljhq0
yhfwruv ri wklv vlpsoh yduldqfh pdwul{1 Pruhryhu/ vlqfh TW� @ �	DW/ wkh
srvlwlrq wkdw djhqw m krogv ri wkh q|� frqwudfw lv mxvw wkh uhjuhvvlrq frh�0
flhqw fruuhvsrqglqj wr wkh q|� frqwudfw zkhq wkh hqgrzphqw ri wkdw djhqw lv
uhjuhvvhg rq wkh yhfwru ri frqwudfw sd|r�v {DW1 Wkhvh uhvxowv/ frxsohg zlwk
wkh deryh0qrwhg }hur sulfhv iru doo frqwudfwv rwkhu wkdq wkh pdunhw frqwudfw/
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pdnh wklv htxloleulxp d vlpsoh rqh wr xqghuvwdqg1 Rqfh wkh pdunhw sruw0
irolr h{lvwv/ wkh sureohp idflqj wkh frqwudfw ghvljqhu lv d zhljkwhg yduldqfh
plqlpl}dwlrq sureohp zhljkwhg e| ulvn dyhuvlrq1

�f N?Uih|@�?|) �ML�| �hiuihi?Uit

Wkh suhfhglqj dqdo|vlv dvvxphg juhdw nqrzohgjh rq wkh sduw ri wkh frqwudfw
ghvljqhu= wkh ghvljqhu zdv dvvxphg wr nqrz shuihfwo| doo xwlolw| ixqfwlrqv1
Wkh xquhdolvp ri wklv dvvxpswlrq zrxog dsshdu wr eh dq lvvxh li zh wu|
wr dsso| wklv dqdo|vlv wr wkh ghvljq ri dfwxdo pdunhwv1 Zh vkrz wkdw wkh
uhod{dwlrq ri wklv dvvxpswlrq pd| uhvwruh wkh lpsruwdqfh ri wkh pdunhw
sruwirolr1

Xqfhuwdlqw| derxw suhihuhqfhv srvhv d uhdo sureohp wr wkh frqwudfw gh0
vljqhu vlqfh zh fdqqrw dvvxph wkdw djhqwv kdyh wkh vdph xqfhuwdlqw| derxw
wkhlu rzq suhihuhqfh sdudphwhuv wkdw wkh frqwudfw ghvljqhu grhv1 Djhqwv
kdyh shuihfw nqrzohgjh derxw wkhlu rzq suhihuhqfh sdudphwhuv dqg pd{l0
pl}h wkhlu h{shfwhg xwlolw| nqrzlqj wkhlu �� 1 Wkh deryh dqdo|vlv ri pdunhw
htxloleulxp/ htxdwlrqv +9,~+44,/ pxvw eh grqh iru wkh djhqwv* wuxh ulvn suhi0
huhqfhv1 Zkhq zh duulyh dw wkh frqwudfw ghvljqhu*v sureohp/ +48,/ zh idfh
wkh sureohp wkdw wkh frqwudfw ghvljqhu grhv qrw nqrz wkh wuxh P dqg � pd0
wulfhv1 Wkh rqo| uhdvrq wkh frqwudfw ghvljqhu grhv qrw nqrz djhqw*v ghpdqgv
lv ehfdxvh vkh grhv qrw nqrz wkh frh�flhqwv ri ulvn dyhuvlrqv1 Vxssrvlqj
qrz wkdw wkh wuxh hohphqwv ri � duh xqnqrzq wr wkh pdunhw ghvljqhu/ zh
zloo vxssrvh wkdw wkh pdunhw ghvljqhu fkrrvhv Q � M frqwudfwv wr vroyh d
pd{lpl}dwlrq sureohp zklfk lv wkh vdph dv +48, exw uhsodflqj wkh xqnqrzq
ydoxh wr eh pd{lpl}hg lq +48, zlwk lwv h{shfwhg ydoxh=

D 5 dujpd{
�?M,a c?'�c���c�

�
wu

�
H

�
D�	P�P �	D

�� mD�	D @ L�
�

+67,

Qrwh wkdw vlqfhP lv d ixqfwlrq ri �/ wkh h{suhvvlrq lqyroyhv h{shfwdwlrqv
ri d qrqolqhdu ixqfwlrq ri �1 Lq rughu wr ghdo zlwk +67,/ zh uhzulwh wkh pdwul{
D�	P�P �	D dv

D�	P�P �	D � D�	�	D�D�	���	D
�
���3��

�3�
= +68,

Rqh rewdlqv htxdwlrq +68, e| vxevwlwxwlqj lq iru P 1

Wkhruhp 9= Wkh D pdwul{ wkdw vroyhv +67, kdv froxpqv fruuhvsrqglqj wr
wkh Q hljhqyhfwruv zlwk kljkhvw hljhqydoxhv ri=
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H+�,	� ���	H+���3��,3� +69,

Surri= Vxevwlwxwh +68, lqwr +67, dqg surfhhg dv lq Wkhruhp 41 �

Qrwh wkdw/ xqohvv H
�
�� ���+���3��,3�

�
lv vlqjxodu/ wkh pdwul{ +69, lv

jhqhudoo| qrq0vlqjxodu/ dqg vr rxu frqfoxvlrq deryh wkdw rqo| M�4 pdunhwv
duh qhhghg qr orqjhu krogv1 Li wkhuh lv qr frqvwudlqw rq wkh qxpehu ri
pdunhwv frqvwuxfwhg/ wkh frqwudfw ghvljqhu zloo fuhdwh doo M frqwudfwv/ dqg
wkhq wkh frqwudfwv zloo vsdq wkh pdunhw sruwirolr1 Ohw xv dvvxph wkh �*v
iru doo m @ 4> ===> M duh llg1 Wklv dvvxpswlrq uhsuhvhqwv d v|pphwulf vwdwh ri
nqrzohgjh ri doo lqglylgxdov* ulvn dyhuvlrq sdudphwhuv1 Zlwk wklv dvvxpswlrq
zh fdq uhvfdoh +69, dv

	� f���	 +6:,

zkhuh f @ .E
�K3�
�3�

.E�� 1

Zlwk +6:, zh fdq hdvlo| wdnh dffrxqw ri vshfl�f glvwulexwlrqdo dvvxps0
wlrqv derxw �1 Zh qhhg rqo| ghulyh wkh h{shfwhg ydoxh dqg h{shfwhg ydoxh
ri wkh kduprqlf phdq ri wkh hohphqwv ri �/ wr gh�qh wkh vfdodu f1

Wkh olplwlqj fdvh ri wklv sureohp/ zkhq wkh vwdqgdug ghyldwlrq ri �
lqfuhdvhv wr lq�qlw|/ lv sduwlfxoduo| lqwhuhvwlqj1 Wklv lv wkh fdvh zkhuh wkh
frqwudfw ghvljqhu*v lqirupdwlrq lv ehfrplqj pruh gl�xvh1

Wkhruhp := Li ��/ m @ 4> � � � > M duh llg orjqrupdo yduldwhv wkhq dv wkh ydul0
dqfh/ �2/ ri oq+��, jrhv wr lq�qlw|/ wkh D pdwul{ wkdw vroyhv +67, dssurdfkhv
d pdwul{ zkrvh froxpqv duh Q hljhqyhfwruv ri 	 zlwk wkh fruuhvsrqglqj
kljkhvw hljhqydoxhv1

Surri= Gh�qh wkh jhrphwulf phdq ri wkh ulvn dyhuvlrq wr ehJ @
�Ta

�'� ��
� �

a

dqg wkh kduprqlf phdq dv K @
�
�
a

Sa
�'� �

3�
�

�3�
1 Xqghu wkh orjqrupdo dv0

vxpswlrq .EC�
.E�� @ i TE>nEj2*2a��

i TE>nEj2*2�� @ h{s
�
��2

�
Ea3��
2a

��
1 Wkhuhiruh olpj2<"

.EC�

.E�� @

31 Vlqfh K ? J hyhu|zkhuh/ +vhh iru h{dpsoh Kdug| hw do1 ^4<97`/ s1 59,

wkhq olpj2<"
.EM�
.E�� @ olpj2<" f @ 31 Wkxv/ wkh olplw ri wkh pdwul{ +6:,

dv �2 jrhv wr lq�qlw| lv 	1 Vlqfh wkh vroxwlrq ri sureohp +67, lv d frqwlq0
xrxv ixqfwlrq ri wkh hohphqwv ri wkh pdwul{ +6:,/ dqg vlqfh wkh olplw ri d
frqwlqxrxv ixqfwlrq lv wkh ixqfwlrq ri wkh olplw/ wkh wkhruhp iroorzv1 �

4;



Li rqh lv jrlqj wr frqvwuxfw vrph frqwudfw jlyhq vkh nqrzv qrwklqj derxw
wkh xwlolwlhv lq wkh hfrqrp|/ zkdw vkrxog wkh frqwudfw ehB Rqh zdqwv wr
vrphkrz pd{lpl}h wkh suredelolw| wkdw wkhlu frqwudfw zloo kdyh wkh kljkhvw
zhoiduh lpsuryhphqw lq wkh hfrqrp|1 Dv vxfk wkh frqwudfw ghvljqhu vkrxog
frqvwuxfw wkh frqwudfw wkdw pdunhwv wkh odujhvw frpsrqhqw ri ulvn lq wkh
hfrqrp|1 Wklv lv h{dfwo| wkh uhvxow ri Wkhruhp :1 Jlyhq zh nqrz qrwklqj
derxw ulvn dyhuvlrq/ zh kdyh wkh ehvw fkdqfh ri zhoiduh lpsuryhphqw lq
wkh hfrqrp| e| doorzlqj djhqwv wr khgjh wkh prvw ulvn srvvleoh1 Wkh �uvw
sulqflsdo frpsrqhqw ri 	 lv xquhvwulfwhg e| rxu wkhru|1 Lw frxog kdyh doo
srvlwlyh hohphqwv dqg frxog dssur{lpdwh wkh pdunhw sruwirolr1

Li wkh �uvw sulqflsdo frpsrqhqw ri 	 lv dssur{lpdwho| wkh pdunhw sruw0
irolr dqg lwv hljhqydoxh lv odujh/ wkhq shrsoh kdyh d vxevwdqwldo fryduldqfh
zlwk wkh pdunhw1 Dprqj wkrvh djhqwv zlwk vlplodu pdunhw h{srvxuhv/ wkrvh
zkr duh pruh ulvn dyhuvh fdq vhoo d vkduh ri wkh pdunhw sruwirolr wr ohvv ulvn
dyhuvh djhqwv/ wkhuhe| uhgxflqj wkhlu ulvn1 Zh gr qrw qhhg wr nqrz zkr lv
pruh ulvn dyhuvh lq vhwwlqj xs pdunhwv wr pdnh wklv srvvleoh1

Ohw xv uhwxuq wr wkh wzr0e|0wzr h{dpsohv wkdw zhuh sorwwhg lq Iljxuhv
4 dqg 51 Li zh gr qrw nqrz zklfk djhqw lv wkh pruh ulvn dyhuvh/ wkhq wklv
pd{lpl}dwlrq sureohp idflqj wkh frqwudfw ghvljqhu lv qrw dv vlpsoh dv lw
dsshduhg iurp wkdw �jxuh1 Zh gr qrw nqrz wkh srvlwlrq ri wkh yhfwru j/
wkdw lv zkhwkhu Iljxuh 4/ Iljxuh 5 ru vrph rwkhu �jxuh lv uhohydqw1 Wkxv wkh
srvlwlrq ri wkh rswlpdo D� yhfwru fdqqrw eh ghwhuplqhg1

Zh sorw lqvwhdg lq Iljxuhv 6 dqg 7 wkh h{shfwhg lvr0zhoiduh0fxuyh wr wkh
pd{lpl}dwlrq sureohp +67,1 Wkhvh duh qrw sdudooho vwudljkw olqhv exw hoolsvhv1
Li zh kdyh rqo| d olwwoh xqfhuwdlqw| derxw ulvn dyhuvlrq/ vhh iru h{dpsoh
Iljxuh 6 zkhuh f @ =7</ wkh h{shfwhg lvr0zhoiduh fxuyhv duh horqjdwhg dqg
qhdu wkh ruljlq uhvhpeoh wkh sdudooho vwudljkw olqhv ri Iljxuh 41 Exw li rxu
xqfhuwdlqw| derxw ulvn dyhuvlrq lv odujh/ vhh Iljxuh 7/ zkhuh f @ 3/ wkh
h{shfwhg lvr0zhoiduh fxuyhv duh horqjdwhg lq wkh shushqglfxodu gluhfwlrq1 Lq
wkh h{wuhph fdvh/ zkhuh wkh xqfhuwdlqw| derxw djhqwv* ulvn dyhuvlrq pdnhv
lw yhu| suredeoh wkdw rqh lv pxfk pruh ulvn dyhuvh wkdq wkh rwkhu/ wkhq/ qrw
nqrzlqj zklfk lv wkh pruh ulvn dyhuvh/ wkh ehvw frqwudfw zh fdq ghvljq lq
wklv h{dpsoh lv vlpso| d pdunhw iru wkh pdunhw sruwirolr1
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Zlwk yhu| olwwoh xqfhuwdlqw| lq wkhvh whupv derxw wkh �*v/ wkh rswlpdo D�

iru rxu wzr0djhqw h{dpsoh zlwk llg �*v zloo vwloo eh d yhfwru shushqglfxodu wr
wkh pdunhw sruwirolr/ d yhfwru zlwk d vorsh ri plqxv rqh1 Qrwh wkdw Iljxuh
6/ zkhuh f @ 3=7</ uhvhpeohv Iljxuh 4 lq wkh ylflqlw| ri wkh ruljlq1 Iljxuh 4
fruuhvsrqgv wr f @ 3=81 Krzhyhu/ hyhq d vpdoo dprxqw ri xqfhuwdlqw| phdqv
wkdw wkhuh zloo vwloo eh d uhdvrq wr fuhdwh d vhfrqg pdunhw/ dqg D2 zloo eh
wkh pdunhw sruwirolr yhfwru/ lq wkh �uvw txdgudqw/ zlwk vorsh ri soxv rqh1 Dv
wkh xqfhuwdlqw| derxw wkh �*v lqfuhdvhv/ wkh hljhqydoxh fruuhvsrqglqj wr D�

vkulqnv uhodwlyh wr wkh hljhqydoxh fruuhvsrqglqj wr D2/ dqg dw vrph srlqw
ehfrphv wkh orzhu> dw wklv srlqw zh pxvw vzlwfk wkh rughu ri wkh froxpqv
ri D/ dqg wkh pdunhw sruwirolr ehfrphv wkh ehvw sruwirolr wr fuhdwh1 Zkdw
kdv kdsshqhg �qdoo| lv wkdw xqfhuwdlqw| derxw wkh �*v kdv ehfrph vr juhdw
wkdw zh fdq qr orqjhu suhglfw zkdw nlqgv ri vzdsv zloo eh xvhixo wr djhqwv1
Wkh pdunhw sruwirolr pd| vwloo eh xvhixo li hlwkhu djhqw lv pruh ulvn dyhuvh
wkdq wkh rwkhu> wkdw djhqw fdq vhoo sduw ri wkh pdunhw frpsrqhqw ri khu
hqgrzphqw wr wkh rwkhu1
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Qrwh wkdw wklv frqfoxvlrq xvlqj wkh orjqrupdo dvvxpswlrq pljkw eh jhq0
hudol}hg wr rwkhu glvwulexwlrqv exw lw lv qrw wuxh ri doo glvwulexwlrqv ri �� A 3
zlwk �qlwh phdqv1 Wkh lpsruwdqw srlqw ri wkh wkhruhp lv wkdw wkh frq0
wudfw ghvljqhu*v lqirupdwlrq derxw djhqwv* xwlolwlhv ehfrphv pruh gl�xvh1 Li
iru vrph uhdvrq/ dv wkh yduldqfh dssurdfkhv lq�qlw|/ wkh frqwudfw ghvljqhu*v
lqirupdwlrq ehfrphv ohvv gl�xvh/ wkhq wkh frqwudfw ghvljqhu fdq ehwwhu frq0
vwuxfw dvvhwv vlqfh vkh kdv pruh lqirupdwlrq zklfk uhvxow lq pruh zhoiduh
lpsuryhphqw1

Frqvlghu/ iru h{dpsoh/ d fdvh zkhuh �� fdq rqo| wdnh rq wzr ydoxhv/ ���
dqg ��21 ��� lv �{hg/ wkh phdq �� lv �{hg dqg zh ydu| ��21 Wkh suredelolw|
zh revhuyh ��� ru ��2 duh su� dqg su2 uhvshfwlyho|1 Wkxv zh kdyh

su���� . su2��2 @ �� +6;,

dqg
Ydu+�, @ su�+��� � ��,2 . su2+��2 � ��,2= +6<,

Zh lqfuhdvh wkh yduldqfh ri �� e| prylqj wkh kljkhu ydoxh ��2 wrzdugv
lq�qlw|1 Dv zh gr wklv zh uhgxfh wkh suredelolw| su2 wkdw ulvn dyhuvlrq iru
shuvrq m htxdov ��21 Lw lv hdv| wr vkrz wkdw lq wkh olplw/ dv wkh yduldqfh lv
lqfuhdvhg wr lq�qlw|/ l1h1/ dv ��2 $ 4 wkh h{shfwhg ydoxh ri wkh kduprqlf
phdq ri M ydoxhv dssurdfkhv ���1 Lq wkh olplw/ wkh suredelolw| dssurdfkhv
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rqh wkdw doo M ydoxhv duh wkh vdph vr wkdw wkh suredelolw| dssurdfkhv rqh
wkdw wkh h{shfwhg ydoxh htxdov wkh kduprqlf phdq ri wkh M ydoxhv1 Wklv
h{dpsoh vkrzv wkdw doo shrsohv ulvn dyhuvlrq dssurdfkhv ��� lq wkh olplw dqg
wkxv dv wkh yduldqfh jrhv wr lq�qlw|/ wkh frqwudfw ghvljqhu ehfrphv pruh
lqiruphg1

�� ,@U� �}i?| +iThiti?|t N�iLT*i

Zh qrz vxssrvh wkdw hdfk ri wkh M _djhqwv% lv d jurxs ri N shrsoh zkr
vkduh wkh vdph hqgrzphqw/ exw pd| gl�hu iurp hdfk rwkhu lq whupv ri ulvn
wrohudqfhv dv phdvxuhg e| �1 Hdfk _djhqw% pd| uhsuhvhqw d frxqwu| ru dq
rffxsdwlrqdo jurxs1

Doorzlqj pxowlsoh lqglylgxdov shu _djhqw% lv lpsruwdqw/ vlqfh lq sudfwlfh
zh duh olnho| wr zdqw wr dsso| wkh phwkrgv iru frqwudfw ghvljq qrw wr gdwd rq
lqglylgxdo hqgrzphqwv exw wr gdwd rq hqgrzphqwv ri jurxslqjv ri lqglylg0
xdov1 Lw lv dovr lpsruwdqw wr frqvlghu pxowlsoh lqglylgxdov shu _djhqw% vlqfh
rxu xqfhuwdlqw| derxw ulvn dyhuvlrq pd| eh ehwwhu wkrxjkw ri dv uhfrjqlwlrq
ri glyhuvlw| ri ulvn dyhuvlrqv zlwklq hdfk jurxs/ udwkhu wkdq dv xqfhuwdlqw|
derxw wkh dyhudjh ulvn dyhuvlrq ri doo shrsoh lq hdfk jurxs1

Dvvxplqj wkdw doo lqglylgxdov lq d jurxs vkduh wkh vdph hqgrzphqw/
wkh yduldqfh pdwul{ ri lqglylgxdo hqgrzphqwv lv qrz �	 @ 	
 +���, zkhuh

 ghqrwhv wkh nurqhfnhu surgxfw dqg � lv d N0hohphqw froxpq yhfwru ri
rqhv1 Dvvxplqj wkdw doo lqglylgxdov ulvn sdudphwhuv � duh llg uhjdugohvv ri
wkh %djhqw% jurxs wr zklfk wkh lqglylgxdo ehorqjv/ zh vxssrvh wkdw wkh
frqwudfw ghvljqhu ghvluhv wr pd{lpl}h wrwdo xwlolw| ri doo lqglylgxdov/ l1h1/ wr
�qg wkh pdwul{ �D wkdw vroyhv=

�D 5 dujpd{
7�?M-a c?'�c����

�
wu

� �D� �	�	 �D� �f �D� �	����� �	 �D
� m �D� �	 �D @ L�

�
+73,

zkhuh �f � .E7
�7K3�7
�3�

.E�� dqg zkhuh �� @ �
 � dqg �� lv �
 Lg 1

Wkhruhp ;= Wkh �D wkdw vroyhv +73, htxdov D
 � zkhuh D vroyhv +67,1e

Surri= Wr suryh wklv zh xvh wkh pxowlsolfdwlrq uxoh iru nurqhfnhu surgxfwv/
+D� 
 E�,+D2 
 E2, @ +D�D2, 
 +E�E2,1 Qrwh wkdw �f @ S

g / zkhuh f �
eA�ihi @hi @? �?�?�|i ?�4Mih Lu 7�<t ���U� ��** tL*�i Eef� Lu ���U� � 	 V �t L?i� �**

hit�*| �? |�i t@4i i^��*�Mh��4�
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.E
�K3�
�3�

.E�� 1 Zh kdyh �K � �	� �f����� �	 @ 	
 +���,� S
g ++���,
 +���,,+	
 ���,

@ 	
+���,� S
g ++���	,
+���,+���,, @ 	
+���,�f+���	
+���,, @ K
+���,/

zkhuh K � 	� f+���,	1 Qrz/ iurp deryh zh nqrz wkdw KD @ D�1 �K+D

�, @ +K 
 +���,,+D
 �, @ +KD,
 +����, @ NKD
 �1 Zh fdq dovr vkrz
wkdw +D�,
� @ +D
�,�1 Khqfh �K+D
�, @ +D
�,+N�,= Wkxv/ wkh vdph
vhw ri hljhqyhfwruv wkdw vroyh +67, vroyh +73,/ zlwk hljhqydoxhv pxowlsolhg e|
N1 �

Wkxv/ wkh eljjhu sureohp ri ghvljqlqj rswlpdo pdunhwv iru dooQN shrsoh
froodsvhv wr wkh vlpsohu sureohp glvfxvvhg lq wkh suhfhglqj vhfwlrq1 Qrwh
wkdw vlqfh �K lv wkh vdph udqn dv K/ wkhuh duh qr pruh qrq}hur hljhqydoxhv/
wkh suhvhqfh ri N lqglylgxdov shu _djhqw% grhv qrw lqwurgxfh wkh qhhg iru
dq| pruh wkdq M pdunhwv1

�2 N?Uih|@�?|) �ML�| �hiuihi?Uit ��|� @ �hi�i �t|�?}
�@h!i| �Lh|uL*�L

Zh kdyh vhhq lq dq hduolhu vhfwlrq wkdw li wkh suh0h{lvwlqj pdunhw lv wkh pdu0
nhw sruwirolr/ wkhq doo uhpdlqlqj frqwudfwv frqvwuxfwhg/ vxfk wkdw D�	D @ L/
kdyh d }hur sulfh/ Ohppd 51 Lw lv lqwhuhvwlqj wr dvn zkdw wkh rswlpdo frq0
wudfwv duh li wkhuh lv xqfhuwdlqw| derxw �*v dqg wkh pdunhw sruwirolr douhdg|
h{lvwv1 Wkh frqwudfw ghvljqhu fkrrvhv DW wr

DW 5 dujpd{
�W

?M,a c?W'�c���c�W

iHwu+DW�	P�P �	DW,mDW�	DW @ L�W > DW�	D� @ 3> D� @ pj=
+74,

Xvlqj +68, dqg qrwlqj iurp wkh frqvwudlqwv wkdw DW�	� @ 3/ zh pd|
uhzulwh wkh frqwudfw ghvljqhu*v sureohp dv

DW 5 dujpd{
�W

?M,a c?W'�c���c�W

iwu+DW�	H+�,	DW,mDW�	DW @ L�W > DW�	D� @ 3>D� @ pj=
+75,

Wkhruhp = Wkh DW pdwul{ wkdw vroyhv +75, kdv wkh surshuw| wkdw TW @
�DW�	 kdv froxpqv fruuhvsrqglqj wr wkh QW hljhqyhfwruv zlwk kljkhvw hljhq0
ydoxhv ri=

��	�H+�,= +76,

Surri= Surfhhg dv zlwk Wkhruhp 81 �
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Wklv wkhruhp vkrzv wkdw jlyhq wkh h{shfwdwlrqv ri �/ xqfhuwdlqw| derxw
wkh �*v grhv qrw d�hfw wkh rswlpdo pdunhwv zkhq wkh pdunhw sruwirolr lv
d suh0h{lvwlqj pdunhw1 Zh nqrz wkdw wkh dprxqw ri xqfhuwdlqw|/ Wkhruhp
9/ ru glyhuvlw|/ Wkhruhp ;/ ri wkh �*v d�hfwv wkh rswlpdo frqwudfwv li wkh
pdunhw sruwirolr lv qrw suh0h{lvwlqj1 Dv vxfk rqh uhdvrq wr frqvwuxfw wkh
pdunhw sruwirolr �uvw lv wkdw wkh uhpdlqlqj pdunhwv* gh�qlwlrqv duh urexvw
wr plvvshfl�fdwlrq ri wkh xqfhuwdlqw| ru glyhuvlw| ri �*v1

�� �L?U*�t�L? @?_ �h@U|�U@* W4T*�U@|�L?t uLh
�L?|h@U| #it�}?

Zh kdyh suhvhqwhg vhyhudo dowhuqdwlyh pd{lpl}dwlrq sureohpv iru frqwudfw
ghvljqhuv wr gh�qh rswlpdo ulvn pdqdjhphqw frqwudfwv1 Wkxv/ zh kdyh vhy0
hudo dowhuqdwlyh gh�qlwlrqv ri wkh rswlpdo pdunhwv wr fuhdwh1

Wkh vlpsohvw pd{lpl}dwlrq sureohp/ +48,/ lv wkh prvw uhvwulfwlyh= lw
dvvxphv qr suhh{lvwlqj pdunhwv dqg qr xqfhuwdlqw| derxw suhihuhqfhv1 Lw
|lhoghg wkh vwulnlqj frqfoxvlrq wkdw wkh frqwudfwv fuhdwhg zrxog qhyhu doorz
wudglqj wkh pdunhw sruwirolr/ dqg qr olqhdu frpelqdwlrq ri wkh sruwirolrv
gh�qhg lq wkh frqwudfwv frxog hyhq kdyh qrq0qhjdwlyh txdqwlwlhv ri doo hq0
grzphqwv1 Wkh txhvwlrq lv/ krz uhvwulfwlyh duh wkh dvvxpswlrqv lq +48,B

Ri frxuvh/ zh duh qrw lq d vlwxdwlrq zkhuh wkhuh duh qr suh0h{lvwlqj pdu0
nhwv/ dqg vr rqh pljkw frqfoxgh wkdw wkh dowhuqdwlyh pd{lpl}dwlrq sureohp
wkdw dffrxqwv iru wkhvh/ +59,/ lv wkh pruh uhohydqw1 Zh duh/ krzhyhu/ vrph0
zkdw lqfolqhg djdlqvw wklv ylhz1 Zh vkrxog qrw dxwrpdwlfdoo| dvvxph wkdw
zh duh frqvwudlqhg e| suh0h{lvwlqj pdunhwv1 Klvwru| vkrzv wkdw suh0h{lvwlqj
ghulydwlyh pdunhwv dfwxdoo| gr vrphwlphv zlwkhu dzd| zkhq dqrwkhu ghuly0
dwlyh pdunhw dsshduv wkdw vhuyhv khgjhuv ehwwhu1D

D pruh lpsruwdqw lvvxh lv xqfhuwdlqw| derxw suhihuhqfhv zklfk ohdgv xv
wr sureohp +67,/ ru li wkhuh duhN lqglylgxdov shu djhqw/ sureohp +73,1 Wkhvh
ohdg wr wkh vdph vroxwlrq dqg vr rxu pd{lpl}dwlrq sureohp +67, pd| eh wkh
prvw uhohydqw1 Dv d pdwwhu ri klvwrulfdo idfw/ pdunhw ghvljqhuv kdyh irxqg lw
yhu| gl�fxow wr suhglfw lq dgydqfh ri fuhdwlqj d qhz pdunhw zkr zloo zdqw wr
wdnh srvlwlrqv lq wkh qhz pdunhw1 Rxu uhsuhvhqwdwlrq ri xqfhuwdlqw| derxw
suhihuhqfh sdudphwhuv fdq eh uhjdughg dv d phwdskru iru rxu gl�fxow| lq
suhglfwlqj lqyhvwru ehkdylru1

D�? i @4T*i Lu |��t �t |�i _i4�ti Lu |�i B��� �#+ u�|�hit hit�*|�?} uhL4 |�i
uLh4@|�L? Lu |�i Ahi@t�h)��L?_ u�|�hitc tii aL�?t|L? @?_ �U�L??i** E�bHb��
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Wkxv/ wdnlqj dffrxqw ri wklv xqfhuwdlqw| dv lq +67, zrxog eh ri juhdw
sudfwlfdo lpsruwdqfh iru frqwudfw ghvljqhuv1 Li frqwudfw ghvljqhuv dvvxphg
hqruprxv xqfhuwdlqw| derxw suhihuhqfhv/ vr wkdw wkh olplwlqj fdvh ghvfulehg
lq Wkhruhp : dssolhv/ wkhq/ li wkhuh lv d vxevwdqwldo pdunhw frpsrqhqw lq
wkh hfrqrp| rqh pljkw wklqn wkdw vrphwklqj dssur{lpdwlqj wkh pdunhw
sruwirolr zrxog eh wkh prvw lpsruwdqw pdunhw1

Wkhuh duh uhdvrqv wr vxvshfw wkdw hqgrzphqw +lqfrph, vkrfnv kdyh
d vxevwdqwldo zruog frpsrqhqw> whfkqrorj| vkrfnv surolihudwh durxqg wkh
zruog dqg hfrqrplhv duh olqnhg wkurxjk wudgh1 Li zh gr qrw nqrz 	 df0
fxudwho| exw eholhyh wkhuh lv d vwurqj zruog frpsrqhqw wr hqgrzphqwv/ zh
pd| zdqw wr lpsrvh rq rxu hvwlpdwh ri 	 d sulru wkdw wklv frpsrqhqw lv
lpsruwdqw1 Wklv pljkw ohdg d frqwudfw ghvljqhu wr frqvwuxfw wkh pdunhw
sruwirolr1 Lw pd| eh qrwhg wkdw d srvvleoh rxwfrph ri hvwlpdwlqj 	/ xv0
lqj +67, dqg vshfli|lqj prghudwh sulru xqfhuwdlqw| derxw ulvn sdudphwhuv
zrxog eh d frqfoxvlrq wkdw vrphwklqj dssur{lpdwlqj wkh pdunhw sruwirolr
lv qrw wkh prvw lpsruwdqw qhz pdunhw wr fuhdwh/ exw vwloo rqh ri wkh pruh
lpsruwdqw pdunhwv1

Dfwxdo pdunhwv zh fuhdwh vkrxog eh hdv| wr ghvfuleh dqg xqghuvwdqg wr
hqvxuh wkhlu vxffhvv1 Ghvslwh ixqgdphqwdo xqfhuwdlqw| derxw ixwxuh ydul0
dqfhv dqg ulvn dyhuvlrqv/ zh wklqn lw lv vdih wr dgylfh wkdw d pdunhw iru wkh
pdunhw sruwirolr vkrxog eh frqvwuxfwhg1 Hyhq wkrxjk lw pd| qrw eh suhflvho|
rq wkh olvw ri prvw lpsruwdqw pdunhwv zlwk hvwlpdwhg 	/ lw doorzv iru pruh
urexvw frqwudfw gh�qlwlrq dqg hqkdqfhv wkh vlpsolflw| dqg xqghuvwdqgdelolw|
ri htxloleulxp1
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Dwkdqdvrxolv/ Vwhidqr/ 4<<8/ _Hvvd|v lq wkh Dqdo|vlv ri Dvvhwv Pdunhwv/
Ghulydwlyhv Ghvljq/ Lqwhuqdwlrqdo Ulvn Vkdulqj dqg Pdfurhfrqrplf
Srolf|/% Sk1G Glvvhuwdwlrq/ \doh Xqlyhuvlw|1

Fdvv/ Gdylg/ Judflhod Fklfkloqlvn| dqg Kr0Prx Zx/ 4<<9/ _Lqglylgxdo
Ulvn dqg Pxwxdo Lqvxudqfh/% Hfrqrphwulfd/ 97/ 666~6751

Gduurfk/ M1 Q1 4<98/ _Dq Rswlpdo Surshuw| ri Sulqflsdo Frpsrqhqwv%/
Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 69/ 48:<~48;51

Ghpdqjh/ Jdeulhooh/ dqg Jx| Odurtxh/ 4<<8+d,/ _H�flhqf| dqg Rswlrqv
rq wkh Pdunhw Lqgh{/% Grfxphqw Q1 <804:/ GHOWD +Mrlqw Uhvhdufk
Xqlw FQUV~HKHVV~HQV, Sdulv1

Ghpdqjh/ Jdeulhooh/ dqg Jx| Odurtxh/ 4<<8+e,/ _Rswlpdolw| ri Lqfrpsohwh
Pdunhwv/% Mrxuqdo ri Hfrqrplf Wkhru|/ 98/ 54;~5651

Gx�h/ Gduuhoo/ dqg Pdwwkhz R1 Mdfnvrq/ 4<;</ _Rswlpdo Lqqrydwlrq ri
Ixwxuhv Frqwudfwv/% Uhylhz ri Ilqdqfldo Vwxglhv/ 5/ 5:8~5<91

Gx�h/ Gduuhoo/ dqg Urklw Udkl/ 4<<8/ _Ilqdqfldo Pdunhw Lqqrydwlrq dqg
Vhfxulw| Ghvljq= Dq Lqwurgxfwlrq/% Mrxuqdo ri Hfrqrplf Wkhru|/ 98/
4~751

Jhdqdnrsorv/ Mrkq/ 4<<3/ _Dq Lqwurgxfwlrq wr Jhqhudo Htxloleulxp zlwk
Lqfrpsohwh Pdunhwv/% Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 4</ 4~6;1

Kdug|/ J1 K1/ M1 H1 Olwwohzrrg/ dqg J1 Sro|d/ 4<97/ Lqhtxdolwlhv1 Fdp0
eulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

Kxdqj/ Fkl0Ix dqg Urehuw K1 Olw}hqehujhu/ 4<;;/ Irxqgdwlrqv iru Ilqdq0
fldo Hfrqrplfv1 Qhz \run= Qruwk~Kroodqg1

Mrkqvwrq/ Hol}dehwk Wdvkmldq dqg Mrkq M1 PfFrqqhoo/ 4<;</ _Uhtxlhp iru
d Pdunhw= Dq dqdo|vlv ri wkh Ulvh dqg Idoo ri d Ilqdqfldo Ixwxuhv
Pdunhw/% Uhylhz ri Ilqdqfldo Vwxglhv/ 5/ 4~561

Olqwqhu/ M1/ 4<98/ _Wkh Ydoxdwlrq ri Ulvn| Dvvhwv dqg wkh Vhohfwlrq ri
Ulvn| Lqyhvwphqwv lq Vwrfn Sruwirolrv dqg Fdslwdo Exgjhwv/% Uhylhz
ri Hfrqrplfv dqg Vwdwlvwlfv/ 7:/ 46~6:1
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Pdjloo/ Plfkdho dqg Pduwlqh Txlq}ll/ 4<<9/ Wkhru| ri Lqfrpsohwh Pdunhwv1
Fdpeulgjh/ PD= PLW Suhvv1

Pd|huv/ Gdylg/ 4<:5/ _Qrq0Pdunhwdeoh Dvvhwv dqg Fdslwdo Pdunhw Htxl0
oleulxp Xqghu Xqfhuwdlqw|/% lq Plfkdho Mhqvhq +hg1,/ Vwxglhv lq wkh
Wkhru| ri Fdslwdo Pdunhwv1 Qhz \run= Sudhjhu/ ss1 556~57;1

Rk/ J|xwdhj/ 4<<9/ _Vrph Uhvxowv lq wkh FDSP zlwk Qrqwudghg Hqgrz0
phqwv/% Pdqdjhphqw Vflhqfh/ 75+5,/ 5;9~5<61

Rndprwr Pdvdvkl dqg Plwvx|r Ndqd}dzd/ 4<9;/ _Plqlpl}dwlrq ri Hljhq0
ydoxhv ri d Pdwul{ dqg Rswlpdolw| ri Sulqflsdo Frpsrqhqwv/ Wkh Dq0
qdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 6</ ;8<~;961

Vkdush/ Z1 I1/ 4<97/ _Fdslwdo Dvvhw Sulfhv= D Wkhru| ri Pdunhw Htxlole0
ulxp Xqghu Frqglwlrqv ri Ulvn/% Wkh Mrxuqdo ri Ilqdqfh/ 4</ 758~7751

Vkloohu/ Urehuw M1/ 4<<6/ Pdfur Pdunhwv= Fuhdwlqj Lqvwlwxwlrqv iru Pdqdj0
lqj Vrflhw|*v Odujhvw Hfrqrplf Ulvnv1 R{irug Xqlyhuvlw| Suhvv1

Vkloohu/ Urehuw dqg Vwhidqr Dwkdqdvrxolv/ 4<<8/ _Zruog Lqfrph Frpsr0
qhqwv/% QEHU Zrunlqj Sdshu1

Zloohq/ Sdxo/ 4<<:/ _Iurp Zdoo Vwuhhw wr Pdlq Vwuhhw= Wkh Frqvhtxhqfhv
ri Ilqdqfldo Lqqrydwlrq rq Lqwhuqdwlrqdo Wudgh dqg Lqglylgxdo Ulvn0
ehdulqj/% xqsxeolvkhg Glvvhuwdwlrq/ \doh Xqlyhuvlw|1
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5)4ML* w�t|

D1 Odwlq V|perov

D = M � Q pdwul{ zkrvh mq|� hohphqw lv wkh vkduh ri wkh xqiruhfdvwdeoh
frpsrqhqw ri djhqw m*v hqgrzphqw wkdw lv sdlg iurp d vkruw lq rqh ri
wkh q|� frqwudfwv wr d orqj lq wkh frqwudfw

DW = M �QW pdwul{ zkrvh mq|� hohphqw lv wkh vkduh ri wkh xqiruhfdvwdeoh
frpsrqhqw ri djhqw m*v hqgrzphqw wkdw lv sdlg iurp d vkruw lq rqh ri
wkh q|� qhz +qrw suh0h{lvwlqj, frqwudfwv wr d orqj lq wkh frqwudfw

D� = Wkh M � 4 yhfwru zkrvh m|� hohphqw lv wkh vkduh ri wkh xqiruhfdvwdeoh
frpsrqhqw ri djhqw m*v hqgrzphqw wkdw lv sdlg iurp d vkruw lq rqh ri
wkh q|� +suh0h{lvwlqj, frqwudfw wr d orqj lq wkh frqwudfw

i = Q � 4 yhfwru ri glylghqgv ri wkh frqwudfwv iurp wkh vkruw wr wkh orqj

j @ ���3�
�
���3�	�3��

�3�
�K � �	� �f����� �	

K � 	� f+���,	

m = Lqgh{ iru uhsuhvhqwdwlyh djhqwv

M = Qxpehu ri uhsuhvhqwdwlyh djhqwv lq wkh hfrqrp|/ N @ 4 xqohvv rwkhu0
zlvh vshfl�hg

P = D M � M pdwul{ vxfk wkdw {P lv wkh 4 � M yhfwru zkrvh m|� hoh0
phqw lv wkh gl�huhqw ehwzhhq wkh xqiruhfdvwdeoh frpsrqhqw ri djhqw
m*v hqgrzphqw dqg djhqw m*v ulvn0sdudphwhu0dgmxvwhg vkduh ri wkh xq0
iruhfdvwdeoh frpsrqhqw ri zruog wrwdo hqgrzphqwv

p @ �+��	�,3�

Q = Qxpehu ri frqwudfwv dydlodeoh wr lqyhvwruv/ � M

QW = Qxpehu ri frqwudfwv lq dgglwlrq wr suh0h{lvwlqj frqwudfwv wkdw duh
dydlodeoh wr lqyhvwruv/ Q @ QW . 4

S = Q � 4 yhfwru zkrvh m|� hohphqw lv wkh sulfh ri frqwudfw q/ wkh dprxqw
sdlg iurp wkh orqj lq wkh frqwudfw wr wkh vkruw ehiruh wkh xqfhuwdlq
hqgrzphqwv duh uhdol}hg

5;



T = Q � M pdwul{ zkrvh qm|� hohphqw lv wkh qxpehu ri wkh m|� frqwudfwv
ghpdqghg e| djhqw m

TW = QW � M yhfwru zkrvh q|� hohphqw lv wkh qxpehu ri wkh m|� qhz frq0
wudfwhg ghpdqghg e| djhqw m zkr dovr kdv rqh suh0h{lvwlqj frqwudfwv
dydlodeoh wr wudgh lq

{ = Wkh M hohphqw urz yhfwru zkrvh m|� hohphqw lv wkh hqgrzphqw ri djhqw
m

�{ = Wkh m hohphqw urz yhfwru zkrvh m|� hohphqw lv wkh hqgrzphqw ri djhqw
m plqxv lwv h{shfwhg ydoxh

E1 Juhhn V|perov

�� = Ulvn dyhuvlrq sdudphwhu ri djhqw m

� = Wkh M � M gldjrqdo pdwul{ zkrvh m|� gldjrqdo hohphqw lv wkh ulvn
dyhuvlrq sdudphwhu ri djhqw m

�? = Odjudqjldq pxowlsolhu iru wkh frqvwudlqw wkdw wkh q|� qhz frqwudfw lv
xqfruuhodwhg zlwk wkh suh0h{lvwlqj frqwudfw

� = Wkh M � 4 yhfwru doo ri zkrvh hohphqwv duh rqh

� = Wkh N � 4 yhfwru doo ri zkrvh hohphqwv duh rqh

�? = Wkh Odjudqjldq pxowlsolhu iru wkh frqwudfw ghvljqhu*v sureohp/ fruuh0
vsrqglqj wr wkh frqvwudlqw wkdw D�?	D? @ 4

� = Wkh Q �Q gldjrqdo pdwul{ zkrvh q|� gldjrqdo hohphqw lv �?

� = Wkh M � M pdwul{ � @ L �D�D��	

	 = Wkh M � M yduldqfh pdwul{ iru djhqw*v hqgrzphqwv

5�44@h) Lu �@t�U +i*@|�L?t

D1 Shuwdlqlqj wr Doo frqwudfw ghvljqhuv sureohpv=

i @ d��{�

S @ �D�	�+���3��,3�

5<



T @ �+D�	. S���3�,

T� @ D��3�� @ 3

TD @ �L

T @ TP

P @ L � �+���3��,3����3�

D @ �P�T��3�

D @ PD

P� @ 3

��3�P @ 3

P ��3�P @ �3�P

T @ �D�	P {D @ {PD

{D @ +{P,D

E1 Li Q @ M � 4=

P �	P @ T�

DT @ �P

L .DT @ ����3�+���3��,3�

Wkh lm|� hohphqw ri L .DT lv wkh h{srvxuh ri djhqw l wr djhqw m*v hqgrz0
phqw1

F1 Li wkhuh lv d suh0h{lvwlqj frqwudfw iru pdunhw sruwirolr/ 59/ jlyhq
D� @ p=

� @ L � ���	+��	�,3�

��	� @ 	�

�P @ �

P� @ P
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