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4 Lqwurgxfwlrq

Lw lv xvxdoo| dvvxphg lq wkh dxfwlrq olwhudwxuh wkdw wkh rqo| uhohydqw sulydwh lqirupdwlrq ri

wkh elgghuv frqfhuqv wkhlu ydoxdwlrq dqg wkdw wkh| gr qrw fduh zkhwkhu wklv lqirupdwlrq lv

uhyhdohg ru qrw wr rxwvlgh sduwlhv +ru rwkhu elgghuv, wkurxjk wkh dxfwlrq surfhvv1 Lq vhyhudo

fdvhv ri uhdo zruog dxfwlrqv wklv dvvxpswlrq grhv qrw krog1 H{dpsohv lqfoxgh wdnhryhu

edwwohv/ elgglqj iru sdwhqwhg lqqrydwlrq wkdw fdq uhgxfh surgxfwlrq frvw ru dxfwlrqlqj

olfhqvhv wr rshudwh lq qhz pdunhwv +h1j1/ wkh 6J olfhqvh dxfwlrqv,1

Lq wklv sdshu zh frqvlghu wzr h{dpsohv1 Lq wkh �uvw h{dpsoh ? elgghuv frpshwh iru

d olfhqfh wr hqwhu wr d pdunhw zkhuh wkh sulfh lv uhjxodwhg1 Wkhuh duh lqiruphg dqg

xqlqiruphg frqvxphuv rq wkh pdunhw1 Lq dgglwlrq wr wkh ghflvlrq derxw zkr zlqv wkh

olfhqvh wkh jryhuqphqw kdv dovr wr ghflgh zkdw vljqdo kh vkrxog vhqg wr wkh xqlqiruphg

frqvxphuv derxw wkh txdolw| ohyho ri wkh surgxfw ri wkh zlqqhu +zklfk kh glvfryhuv lq

wkh dxfwlrq surfhvv,1 Zh dvvxph wkdw wkh jryhuqphqw +wkh vhoohu, fdq frpplw wr dq

lqirupdwlrq wudqvplvvlrq phfkdqlvp shuihfwo| dqg wkdw wkh xqlqiruphg fxvwrphuv duh

xqdeoh wr revhuyh wkh elgv ri wkh frpshwlwruv1 Wkhq wkh pdlq txhvwlrq lv krz kh fdq

pd{lpl}h klv uhyhqxh/ lq sduwlfxodu vkrxog kh dozd|v dqqrxqfh wkh w|sh ri wkh zlqqhu ru

vkrxog kh klgh vrph lqirupdwlrq1

Rxu vhfrqg h{dpsoh lv d wdnhryhu edwwoh1 Frqvlghu wkuhh txdqwlw|0vhwwlqj �upv wkdw

surgxfh d krprjhqrxv surgxfw1 Rqh ri wkh wkuhh �upv fdq eh wdnhq ryhu e| rqh ri wkh

rwkhu wzr �upv lq dq dxfwlrq1 Diwhu wkh dxfwlrq wkh uhpdlqlqj wzr �upv frqwlqxh wr

frpshwh lq wkh surgxfw pdunhw lq txdqwlwlhv exw wkh frvw ri wkh phujhg �up uhpdlqv

sulydwh lqirupdwlrq1 Wkh suhplxp sdlg iru wkh wdujhw �up frxog dovr frqyh| lqirupdwlrq

derxw wkh zlqqhu �up wr wkh ulydo/ zklfk d�hfwv wkh ulydo*v srvw0dxfwlrq pdunhw ehkdylru1

Frqglwlrqdo rq orvlqj wkh dxfwlrq/ wkh sd|r� ri wkh orvlqj elgghu zloo qrw eh }hur1 Wkh

zloolqjqhvv wr sd| ri dq| jlyhq elgghu zloo ghshqg rq wkh lghqwlw| ri wkh zlqqhu dqg wkh

lqirupdwlyhqhvv ri wkh phfkdqlvp1 Lq wklv fdvh wkh sur�w ixqfwlrq ri wkh elgghuv grhv

qrw vdwlvi| rxu hduolhu dgglwlyh vhsdudelolw| dvvxpswlrq1 Zh vkrz wkdw/ lq wklv sduwlfxodu

h{dpsoh/ lq wkh rswlpdo phfkdqlvp doo lqirupdwlrq zloo eh uhyhdohg derxw wkh zlqqlqj

elgghu1

Ehvlghv dqdo|}lqj krz wkh srvvlelolwlhv ri lqirupdwlrq wudqvplvvlrq wr wklug sduwlhv

dowhu wkh elgglqj ehkdylru/ rxu pdlq dlp lq wklv sdshu lv wr pdnh d prghvw vwhs lq

4



fkdudfwhul}lqj wkh rswlpdo phfkdqlvp lq wklv qhz/ vrphzkdw eurdghu hqylurqphqw1

Lq wkh phfkdqlvp ghvljq olwhudwxuh Sdydq dqg Fdo}rodul +5334, frqvlghu d vlplodu

prgho wr rxuv1 Wkh| h{dplqh d frqwudfwlqj hqylurqphqw zkhuh wzr sulqflsdov vhtxhq0

wldoo| lqwhudfw zlwk d frpprq djhqw1 Wkh| hqgrjhql}h wkh lqirupdwlrq  rz ehwzhhq wkh

wzr frqwudfwxdo uhodwlrqvkls dqg vkrz krz dq xsvwuhdp sulqflsdo pd| ehqh�w iurp gh0

vljqlqj d phfkdqlvp wkdw vwudwhjlfdoo| glvforvhv lqirupdwlrq wr d grzqvwuhdp sulqflsdo=

E| surylglqj wkh uhfhlyhu zlwk d vljqdo wkdw lv fruuhodwhg zlwk wkh djhqw*v w|sh dqg klv

sdvw frqwudfwxdo h{shulphqw/ wkh xsvwuhdp sulqflsdo vxffhhgv lq dssursuldwlqj sduw ri

wkh djhqw*v vxusoxv iurp grzqvwuhdp frqwudfwlqj1 Rxu prgho frqvlghuv d vlpxowdqhrxv

ghflvlrq pdnlqj jdph lq wkh vhfrqg vwdjh dqg frqwlqxrxv w|sh vsdfh1 Ol}}hul +4<<<, frq0

vlghuv d prgho ri fhuwl�fdwlrq lqvwlwxwhv wkdw diwhu +d frvwohvv, lqyhvwljdwlrq fdq fhuwli|

wkh surgxfw txdolw| ri d �up wkdw dssolhg1 Wkh edvlf txhvwlrq lq wkdw sdshu frqfhuqv wkh

ihdwxuhv ri wkh glvforvxuh srolf| wkdw lv uhyhqxh pd{lpl}lqj iru wkh lqvwlwxwh1 Kh vkrzv

wkdw qr glvforvxuh ri dq| lqirupdwlrq pd| zhoo eh sur�w pd{lpl}lqj iru wkh lqvwlwxwh1 Lq

rxu prgho zh gr qrw doorz frvwohvv revhuydwlrq ri wkh w|sh ri wkh dssolfdqwv vr zh qhhg

wr uho| rq gluhfw uhyhodwlrq phfkdqlvpv wr h{wudfw wklv lqirupdwlrq1 Dqrwkhu gl�huhqfh lv

wkdw zh frqvlghu frqyh{2frqfdyh ixqfwlrqdo irupv zkloh Ol}}hul +4<<<, rqo| frqvlghuv wkh

olqhdu fdvh1 Zh duh deoh wr vkrz lq wklv sdshu wkdw li zh xvh d uhyhodwlrq phfkdqlvp lq

wkh Ol}}hul iudphzrun wkhq hyhu| glvforvxuh srolf| pd{lpl}h sur�wv1

Rxu sdshu lv dovr uhodwhg wr wkh olwhudwxuh ri dxfwlrqv zlwk h{whuqdolwlhv lqlwldwhg e|

Mhklho dqg Progrydqx1 Vhh iru h{dpsoh Mhklho0Progrydqx +4<<:,/ +4<<;, dqg +5333,41 Wkh

pdlq lghd lv wr doorz iru wkh srvvlelolw| wkdw rwkhu pdunhw sduwlflsdqwv +elgghuv ru mxvw

rxwvlgh sod|huv, duh lq xhqfhg e| zkr zlqv wkh remhfw dqg dw zkdw sulfh1 Wkh h{whuqdolw|

fdq eh doorfdwlyh/ l1h1 wkh xwlolw| ri wkh rwkhu elgghuv duh lq xhqfhg e| zkr zlqv wkh remhfw

ru lw fdq eh dq lqirupdwlrqdo h{whuqdolw|> l1h1 wkh elgghuv vhqg vljqdov wkdw zloo fkdqjh wkh

eholhiv ri wkh rwkhu djhqwv1 Lq rxu h{dpsoh 4 li wkh zlqqhu lv wkrxjkw wr surgxfh kljkhu

txdolw| surgxfw/ wkhq wkh xqlqiruphg frqvxphuv zloo kdyh kljkhu ghpdqg iru wkh surgxfw

dqg wkh zlqqhu ri wkh olfhqvh hduqv pruh sur�w lq wkh srvw0dxfwlrq pdunhw1

Wkh vhplqdo sdshu ri Mhklho0Progrydqx +4<<:, pdnhv wkh dvvxpswlrq wkdw wkh sul0

ydwh lqirupdwlrq ri wkh elgghuv lv dxwrpdwlfdoo| uhyhdohg diwhu wkh dxfwlrq surfhvv/ dq

4Lq wklv iudphzrun/ Proqdu +5333, surylghv d udwlrqdo h{sodqdwlrq ri vrph krul}rqwdo phujhuv lq zklfk
wkh vwrfn ydoxh ri wkh dftxluhu �up lv ghfuhdvlqj1
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dvvxpswlrq wkdw h{foxghv wkh srvvlelolw| ri vljqdolqj1 Wkdw dvvxpswlrq lv qrw uhdolvwlf

exw khosv wr dyrlg wkh gl!fxow| ri htxloleulxp vhohfwlrq lq vljqdolqj jdphv1 Zh fdq qrw

dyrlg wklv sureohp wkh vdph zd| wkrxjk/ ehfdxvh lqirupdwlrq wudqvplvvlrq lv rxu pdlq

frqfhuq lq wklv sdshu1 Vlqfh rxu sdshu kdv frqwlqxrxv w|shv/ zh fdqqrw dsso| frpprqo|

xvhg uh�qhphqwv wr holplqdwh xquhdvrqdeoh htxloleuld1 Lq d vlplodu vhwwlqj Jrhuhh +5333,

doorzv iru wkh srvvlelolw| ri vljqdolqj dqg �vroyhv� wkh sureohp ri pxowlsoh htxloleuld lq

�uvw0 dqg vhfrqg0sulfh dxfwlrqv e| lpsolflwo| uxolqj rxw doo ri wkh qrq0vhsdudwlqj htxlole0

uld/ dq dg0krf dvvxpswlrq1 Lq wklv sdshu zh dvvxph wkdw wkh vhoohu lv deoh wr frpplw wr d

phfkdqlvp wkurxjkrxw wkh dxfwlrq surfhvv dqg wklv phfkdqlvp lv frpprq nqrzohgjh eh0

wzhhq wkh elgghuv dqg wkh xqlqiruphg frqvxphuv +h1j1 wkurxjk d sxeolf dqqrxqfhphqw,/

dqg wkh vljqdov zloo eh vhqw wr wkh xqlqiruphg frqvxphuv lq d zd| wkdw lv vshfl�hg e|

wkh phfkdqlvp1 Wklv erwk slqv grzq wkh eholhiv rq wkh htxloleulxp sdwk dqg pdnhv lw

xqqhfhvvdu| wr ghdo zlwk rxw0ri0htxloleulxp eholhiv1

Lq Jrhuhh +5333, wkh orvlqj elgghu lv zruvh r� li wkh zlqqhu lv deoh wr vljqdo kljkhu

w|sh wkurxjk klv elg1 Rxu vhfrqg h{dpsoh h{whqgv Jrhuhh*v dqdo|vlv dqg vkrzv wkdw ixoo

lqirupdwlrq glvforvxuh lv lqghhg rswlpdo lq wklv fdvh15 Wkh dgydqwdjh ri wklv dssurdfk

ryhu Jrhuhh*v lv qrw rqo| wkdw lw khosv dyrlg klv dg0krf dvvxpswlrq derxw wkh vwuxfwxuh

ri htxloleuld1 Wkh phfkdqlvp ghvljq dssurdfk frqiurqwv wkh txhvwlrq ri krz wr ghvljq dq

rswlpdo +uhyhqxh0pd{lpl}lqj, vhoolqj phfkdqlvp lq wkh suhvhqfh ri vljqdolqj srvvlelolwlhv1

Jrhuhh dqdo|}hg rqo| vrph vlpsoh phfkdqlvpv vxfk dv wkh �uvw0 dqg vhfrqg0sulfh dxfwlrqv1

Krzhyhu/ ehfdxvh ri wkh vwurqj frpplwphqw srzhu ri wkh vhoohu/ wkh uhvxowv ri rxu sdshu

pxvw eh frqvlghuhg dv d olplwlqj fdvh1 Qr pdwwhu zkdw wkh vhoohu grhv/ kh zloo qrw eh deoh

wr gr ehwwhu wkdq xqghu wkhvh dvvxpswlrqv1

Rxu �uvw h{dpsoh zloo eh lqwurgxfhg lq wkh qh{w vhfwlrq1 Vhfwlrq 2 h{sodlqv vrph

uhvxowv ri Jrhuhh +5333, derxw wkh �uvw0 dqg vhfrqg0sulfh dxfwlrqv dqg dggv vrph uhvxowv

ri rxuv1 Zh dqdo|}h d vljqdolqj jdph irup lq wklv vhfwlrq/ zklfk pdnhv lw gl�huhqw iurp

wkh odwwhu sduwv1 Vhfwlrq � lqwurgxfhv wkh phfkdqlvp ghvljq dssurdfk dqg fkdudfwhul}hv

rswlpdo phfkdqlvpv1 Vhfwlrq e ghvfulehv rxu vhfrqg h{dpsoh dqg Vhfwlrq D fkdudfwhul}hv

5Proqdu +5333/ s19, dvnv vlplodu txhvwlrqv dv Jrhuhh +5333, dqg kh lqwurgxfhv wkh frqfhsw wkdw zh zloo
fdoo prgl�hg vhfrqg0sulfh dxfwlrq1 Vhh dovr wkh sdshu ri Gdv Ydupd +5333, wkdw ghdov zlwk wkh h{lvwhqfh
ri vhsdudwlqj htxloleulxp ri wkh �uvw0sulfh dxfwlrq li zh doorz vljqdoolqj1 Klv hpskdvlv lv rq wkh h!flhqf|
ri wkh rxwfrph zkloh Jrhuhh +5333, dqg wklv sdshu irfxv rq uhyhqxh pd{lpl}dwlrq lq d zlghu fodvv ri
dxfwlrqv
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wkh rswlpdo phfkdqlvp lq wklv fdvh1 Vhfwlrq S frqfoxghv dqg glvfxvvhv wkh pdlq frqvwudlqwv

ri rxu dssurdfk dqg vrph srvvleoh jhqhudol}dwlrqv iru ixwxuh uhvhdufk1 Prvw ri wkh surriv

zloo eh jlyhq lq wkh Dsshqgl{1

5 H{dpsoh 4

514 Wkh prgho

Wkhuh duh ? �upv frpshwlqj lq dq dxfwlrq iru d vlqjoh lqglylvleoh olfhqvh wr hqwhu lqwr

d pdunhw zkhuh wkh sulfh lv uhjxodwhg e| wkh jryhuqphqw1 Wkh zlqqlqj elgghu jhwv wkh

olfhqvh/ fdq hqwhu wkh pdunhw dqg vhoo wkh surgxfw wr frqvxphuv zkr duh hlwkhu lqiruphg

ru xqlqiruphg derxw wkh txdolw| ri wkh surgxfw1 Wkh surgxfw*v txdolw| ghshqg rq wkh

w|sh ri wkh �up dqg lw fdq qrw eh revhuyhg e| wkh xqlqiruphg frqvxphuv1 Wkh �upv duh

v|pphwulf h{0dqwh1 Wkh glvwulexwlrq ri wkhlu w|sh lv lqghshqghqw dqg lghqwlfdo/ zlwk d

vxssruw
�
|c |

�
c d vwulfwo| srvlwlyh ghqvlw| ixqfwlrq s / dqg d glvwulexwlrq ixqfwlrq 8 1 Zh

zloo ghqrwh elgghuv e| �����?1 Ohw |� eh wkh w|sh ri elgghu �/ | ' E|�c c |?� eh wkh yhfwru ri

w|shv1

Wkh xwlolw| ixqfwlrq ri wkh frqvxphuv lv w|���� Zkhuh w lv wkh w|sh ri wkh frqvxphuv/

glvwulexwhg rq dfc �o zlwk d glvwulexwlrq ixqfwlrqC1 Wkh ghpdqg ixqfwlrq ri wkh frqvxphuv

fdq eh ghulyhg iurp wkhlu xwlolw| ixqfwlrq1 Ghpdqg lv qrupdol}hg wr � zkhuh wkh vkduh ri

wkh lqiruphg frqvxphuv lv k dqg wkh vkduh ri wkh xqlqiruphg lv �� k�

Wkh ghpdqg ri wkh lqiruphg frqvxphuv lv=

^U '

;?
= k li w � �

|�
f rwkhuzlvh

<@
> +4,

Wkh ghpdqg ri wkh xqlqiruphg frqvxphuv lv=

^L '

;?
= E�� k� li w � �

��
f rwkhuzlvh

<@
> +5,

zkhuh �� lv wkh h{shfwhg w|sh ri wkh surgxfw e| wkh xqlqiruphg frqvxphuv1

Wkh xqlqiruphg frqvxphuv zloo irup wkhlu h{shfwdwlrqv edvhg rq wkh lqirupdwlrq zkdw

wkh| jhw iurp wkh phfkdqlvp ghvljqhu1 Wkh phfkdqlvp zloo frqvlvw ri wkh suredelolw| ri
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zlqqlqj dv d ixqfwlrq ri w|shv R�
�h|� c dqg h{shfwhg sd|phqw K�

�h|�� dqg dq lqirupdwlrq

glvforvxuh uxoh1

Wkh xqlqiruphg frqvxphuv zloo jhw d phvvdjh 5 iurp wkh phfkdqlvp ghvljqhu1 Iurp

wklv phvvdjh wkh| lqihu wkh txdolw| ri wkh surgxfw xvlqj wkhlu xsgdwlqj ixqfwlrq � E5� �

Wkh phvvdjh pd| eh udqgrp iurp wkh h{0dqwh srlqw ri ylhz ri elgghu �*v w|sh |�/ exw fdq

ghshqg/ hyhq ghwhuplqlvwlfdoo|/ rq wkh elgv +ru lq d jhqhudo phfkdqlvp wkh dqqrxqfhg

w|sh, ri wkh rwkhu elgghuv1 Zh zloo xvh wkh whup .5�| wr ghqrwh wkh h{shfwdwlrq ri 5

frqglwlrqdo rq |1

Wkh frqvxphuv fduh rqo| derxw wkh h{shfwhg ydoxh ri wkh zlqqhuv* w|sh ehfdxvh ri wkh

olqhdulw| ri wkhlu xwlolw| ixqfwlrq lq |/ vr �E5� fdq eh wkrxjkw ri dv wkh h{shfwhg ydoxh

ri wkh w|shv +frqglwlrqdo rq zlqqlqj, wkdw kdyh wkh vdph vljqdo dv |� grhv1 Ohw 7E5� eh

wkh vhw ri w|shv ri vrph elgghuv wkdw surgxfh vljqdo 5 iru wkh frqvxphuv zlwk srvlwlyh

suredelolw|1 Wkhq

� E5� ' .%"7E5� d%m% lv zlqqhu/ 5E%� ' 5o � +6,

Wr looxplqdwh wkh qdwxuh ri �E5�/ frqvlghu wkuhh srvvleoh fdvhv khuh1 Iluvw vxssrvh

wkdw wkhuh lv ixoo vljqdolqj lq wkh vhqvh wkdw lq htxloleulxp wkh w|sh ri wkh zlqqhu zloo

eh nqrzq vxuho| wr wkh vhoohu dqg wr wkh xqlqiruphg frqvxphuv1 Wkhq �E5� ' |� vxuho|1

Rq wkh rwkhu kdqg/ li zh dvvxph wkdw qr lqirupdwlrq zloo eh wudqvplwwhg e| wkh dxfwlrq

surfhvv +ru htxlydohqwo| wkh lqirupdwlrq lv klgghq iurp wkh xqlqiruphg frqvxphuv, wkhq

�E5� ' � ' .|E|�m|� lv zlqqhu� iru hyhu| � dqg |�1

Frqvlghu qrz dq h{dpsoh iru d udqgrp rxwfrph1 Dq h{0dqwh udqgrp �E5� lv jlyhq

e| d vhfrqg0sulfh dxfwlrq phfkdqlvp zkhuh rqo| wkh vhfrqg kljkhvw elg lv dqqrxqfhg1

Ghqrwh wklv vhfrqg kljkhvw elg e| 51 Wkhq �E5� lv wkh h{shfwhg ydoxh ri wkh kljkhvw w|sh

frqglwlrqdo rq 51 Wklv odvw h{dpsoh vkrzv d udqgrp phfkdqlvp wkdw lv qrw udqgrp lq

wkh vhqvh wkdw wkh eholhi ixqfwlrq lv d ghwhuplqlvwlf ixqfwlrq ri wkh elgv1 Exw lw lv udqgrp

iurp wkh h{0dqwh srlqw ri ylhz ri w|sh |� ehfdxvh frqglwlrqdo rq zlqqlqj kh grhv qrw nqrz

zkdw wkh vhfrqg kljkhvw elg zloo eh1

Wkh sur�w ixqfwlrq ri wkh zlqqlqj elgghu lq wkh vhfrqg vwdjh lv wkh iroorzlqj=

T E|�c � E5�� ' �k

�
��C

�
�

|�

��
n � E�� k�

�
��C

�
�

� E5�

��
+7,
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Dvvxph lghqwlfdo txdvl0olqhdu xwlolw| ixqfwlrq iru wkh elgghuv1 Wkh h{shfwhg sd|phqw

ri w|sh h|� lv ghqrwhg e| K�Eh|�� dqg R�Eh|� lv wkh suredelolw| ri zlqqlqj iru w|sh h|� li wkh rwkhuv
dqqrxqfh h|3�1 Wkhq wkh xwlolw| ri w|sh |�/ li kh uhsruwv h|� dqg wkh rwkhu w|shv uhsruw h|3� lv
dv iroorzv=

LE|�ch|�c 5� ' .5�h|dR�Eh|�T E|�c � E5��� K�Eh|��oc +8,

Wkh frqvxphuv sod| d sdvvlyh uroh> rqo| wkh xqlqiruphg frqvxphuv* eholhiv zloo eh lpsru0

wdqw zklfk duh slqqhg grzq e| wkh phfkdqlvp h{fhsw lq wkh qh{w vhfwlrq zkhuh uhvwulfwlyh

dvvxpswlrqv duh hpsor|hg wr pdnh eholhiv xqdpeljxrxv1 Vr zh zloo qrw qhhg wr frqvlghu

wkh frqvxphu*v ghflvlrq sureohp lq rxu jdph1

Wkh wlplqj ri rxu jdph lv wkh iroorzlqj1

Vwdjh f� Wkh vhoohu dqqrxqfhv wkh suredelolw| ri zlqqlqj/ wkh sd|phqwv dqg wkh lqiru0

pdwlrq glvforvxuh srolf|1 Qdwxuh fkrrvh wkh w|shv ri wkh elgghuv1

Vwdjh �1 Wkh elgghuv elg iru wkh olfhqvh wr surgxfh wkh surgxfw dw d jlyhq sulfh � 1

Vwdjh 21 Wkh zlqqlqj elgghu surgxfhv d surgxfw ri txdolw| |�1 Wkh xqlqiruphg frq0

vxphuv ohduq 5 dqg ghflgh zkhwkhu wr ex| ru qrw dw sulfh � 1

Lq wkh qh{w vxevhfwlrq zh zloo vkrz wkdw gl�huhqw phfkdqlvpv zloo uhvxow lq gl�huhqw

lqirupdwlrq glvforvxuhv dqg gl�huhqw uhyhqxhv iru wkh vhoohu1 Zh jhqhudol}h rxu prgho dqg

vkrz wkdw li wkh vhfrqg vwdjh sur�w ixqfwlrq lv dgglwlyho| vhsdudeoh lq wkh wuxh w|sh dqg

wkh h{shfwhg w|sh rxu dqdo|vlv jr wkurxjk1 Diwhu wkdw zh ghulyh wkh rswlpdo phfkdqlvp

lq wklv vhwxs1

515 Iluvw0 dqg vhfrqg0sulfh dxfwlrqv zlwk vhsdudwlqj htxloleuld

Lq wklv vhfwlrq zh iroorz Jrhuhh +5333, forvho| lq wkh wuhdwphqw ri wklv wrslf1 Ehfdxvh

elgghuv duh h{0dqwh lghqwlfdo lw lv qdwxudo wr irfxv dwwhqwlrq rq v|pphwulf htxloleuld lq

sxuh vwudwhjlhv1 Wklv dvvxpswlrq lpsolhv wkdw lq wklv vhfwlrq wkh vwudwhj| ri wkh elgghuv

lv fkdudfwhul}hg e| d ghwhuplqlvwlf dqg v|pphwulf elg ixqfwlrq1 Khqfh zh zloo qrw zulwh

wkh vxevfulswv iru sod|huv1 Vr/ khuh | zloo phdq d w|sh dqg qrw wkh yhfwru ri doo ri wkh

w|shv1 Iluvw zh pdnh vrph dvvxpswlrqv6=

Dvvxpswlrq 4 E���= T E|c �� lv vwulfwo| lqfuhdvlqj lq erwk | dqg � dqg wkulfh gl�huhq0

wldeoh lqfoxglqj doo sduwldov1
6Wkhvh dvvxpswlrqv duh vdwlv�hg lq rxu h{dpsoh deryh1

9



Lw lv rqo| d frqyhqwlrqdo rughulqj wkdw T lv vwulfwo| lqfuhdvlqj lq wkh �uvw frpsrqhqw1

Krzhyhu/ Jrhuhh +5333, dovr dqdo|}hv wkh fdvh zkhuh d kljkhu vhfrqg frpsrqhqw E�� lv

zruvh1 Rxu dvvxpswlrq h{foxghv wklv srvvlelolw|1

Wr uhdfk h{lvwhqfh ri d vhsdudwlqj htxloleulxp Jrhuhh pdnhv wkh iroorzlqj wzr dv0

vxpswlrqv=

Dvvxpswlrq 5 E�2�= 8 E|�
sE|�

lv +zhdno|, lqfuhdvlqj iru hyhu| |1

Dvvxpswlrq 6 E���= Wkh sduwldo ghulydwlyh ri T zlwk uhvshfw wr wkh vhfrqg frpsrqhqw

lv lqfuhdvlqj lq erwk frpsrqhqwv= YT E|c��
Y�

m�'& lv lqfuhdvlqj erwk lq | dqg lq &1

Wkh elgghuv nqrz wkh dxfwlrq phfkdqlvp dqg wkh glvforvxuh uxoh ri wkh vhoohu wr wkh

frqvxphuv dqg wkh| zloo wdnh lw lqwr dffrxqw lq wkhlu elg1 Gh�qh dq rxwfrph vhsdudwlqj li

hyhu| w|sh ri elgghu elgv gl�huhqwo| dqg wkxv doo ri wkh lqfhqwlyh0frpsdwlelolw| frqvwudlqwv

dsso|1 Wkh deryh dvvxpswlrqv +D4/ D5 dqg D6, jxdudqwhh +vhh Jrhuhh +5333,, wkdw

erwk wkh �uvw0sulfh dqg wkh vlpsoh vhfrqg0sulfh dxfwlrq kdyh d vhsdudwlqj htxloleulxp1

Zh xvh wkh frqfhsw ri wkh vlpsoh vhfrqg0sulfh dxfwlrq dv wkh vhdohg0elg irup lq zklfk

doo ri wkh elgv duh uhyhdohg wr wkh xqlqiruphg frqvxphuv1 Ehfdxvh wkh zlqqlqj elg lv

uhyhdohg wr wkh frqvxphuv lq erwk wkh �uvw0sulfh dqg wkh +vlpsoh, vhfrqg0sulfh dxfwlrq

wkh frqvxphuv zloo nqrz wkh w|sh ri wkh zlqqhu vxuho|/ vr �E|� ' | krogv zlwk suredelolw|

�1 Fdoo d vhsdudwlqj htxloleulxp lq zklfk �E|� ' | krogv zlwk suredelolw| � d ixoo0vljqdolqj

vhsdudwlqj htxloleulxp1 Vr lq rxu qhz whuplqrorj| wkh vhsdudwlqj htxloleulxp ri erwk wkh

�uvw0sulfh dxfwlrq dqg wkh vhfrqg0sulfh dxfwlrq lv xqltxh li h{lvwv dqg lv d ixoo0vljqdolqj

vhsdudwlqj htxloleulxp1 Zh zloo wkxv uhihu wr wkh vhsdudwlqj htxloleulxp ri wkhvh dxfwlrqv

erwk dv d ixoo0vljqdolqj vhsdudwlqj htxloleulxp dqg vlpso| dv d vhsdudwlqj htxloleulxp1

Zh lqwurgxfh wkh frqfhsw ri d prgl�hg vhfrqg0sulfh dxfwlrq dv wkh vhdohg0elg vhfrqg0

sulfh dxfwlrq irupdw lq zklfk rqo| wkh orvlqj elgv duh uhyhdohg1 Lw lv gl�huhqw iurp wkh

Hqjolvk dxfwlrq dqdo|}hg lq Jrhuhh +5333,1 Lq wkh odwwhu wkh zlqqhu fdq vwloo lqfuhdvh

lwv elg diwhu hyhu|erg| hovh gursshg rxw zkloh lq wkh prgl�hg vhfrqg0sulqfh irupdw zh

h{foxgh wklv srvvlelolw|1 Doo wkuhh w|shv ri dxfwlrqv +vlpsoh0 dqg prgl�hg vhfrqg0sulfh

dqg Hqjolvk0dxfwlrq, duh gl�huhqw vwudwhjlfdoo|71 Qrwh wkdw d vhsdudwlqj htxloleulxp ri

7D uhyhqxh htxlydohqfh uhvxow krogv ehwzhhq wkh vlpsoh vhfrqg0sulfh dxfwlrq dqg wkh Hqjolvk dxfwlrq1
Vhh Jrhuhh +5333,1

:



wkh prgl�hg vhfrqg0sulfh dxfwlrq lv dovr xqltxh li lw h{lvwv exw lw lv qrw d ixoo0vljqdolqj

vhsdudwlqj htxloleulxp ehfdxvh wzr gl�huhqw w|shv fdq zlq dqg surgxfh wkh vdph vljqdo

li wkh vhfrqg odujhvw elg zdv wkh vdph1 Lq idfw/ wkh ixqfwlrq �E|� zloo eh udqgrp ehfdxvh

lw zloo ghshqg rq wkh vhfrqg odujhvw elg/ zklfk lv xqnqrzq wr wkh zlqqhu lq dgydqfh1

Wkhruhp 4 Xqghu D4/ D5 dqg D6 wkh +ixoo vljqdolqj, vhsdudwlqj htxloleulxp ri wkh

�uvw0sulfh dqg wkh vhfrqg0sulfh dxfwlrq zloo h{lvw dqg |lhog wkh vdph uhyhqxh iru wkh vhoohu1

Surri1 Vhh Jrhuhh +2fff,81

Lq rughu wr vkrz wkdw wkh vhsdudwlqj htxloleulxp ri wkh prgl�hg vhfrqg0sulfh dxfwlrq

|lhogv gl�huhqw uhyhqxh wkdq wkh vhsdudwlqj htxloleulxp ri wkh �uvw0 dqg ri wkh +vlpsoh,

vhfrqg0sulfh dxfwlrq +Wkhruhp e, dqg wr eh deoh wr fkdudfwhul}h rswlpdo dxfwlrqv lq wkh

qh{w vhfwlrq zh pdnh wkh iroorzlqj dvvxpswlrq/ wkh dvvxpswlrq ri dgglwlyh vhsdudelolw|=

Dvvxpswlrq 7 E�e�= Dvvxph wkdw T E|c �� ' T�E|� n T2E���

Dvvxpswlrq D7 lv qrw wkh prvw frpshoolqj rqh ehfdxvh lw vwdwhv wkdw dq dgglwlrqdo

vljqdolqj srvvlelolw| |lhogv wkh vdph ehqh�w iru doo ri wkh w|shv1 Wklv lv djdlqvw wkh

lqwxlwlyh jurxqg ri d wudglwlrqdo vljqdolqj vhw0xs zkhuh vljqdolqj wdnhv sodfh ehfdxvh kljk

w|shv kdyh pruh lqfhqwlyh iru lw wkdq orz w|shv1 Lq wklv prgho vljqdolqj zloo kdsshq iru

dqrwkhu uhdvrq1 D orzhu w|sh zloo vlpso| qrw iroorz d kljkhu w|sh ehfdxvh dowkrxjk lw

fdq ex| d kljkhu suredelolw| ri zlqqlqj/ exw grlqj vr lv qrw zruwkzkloh vlqfh kh zloo

dovr kdyh wr sd| pruh1 Vr vhsdudwlrq dulvhv gxh wr wkh vdph uhdvrq dv lq wkh vwdqgdug

dxfwlrq fdvh dqg wkh vljqdolqj ihdwxuh ri wkh rxwfrph zloo dulvh rqo| dv d vlgh h�hfw1 Wklv

dgglwlyh vhsdudelolw| surshuw| krogv iru h{dpsoh lq rxu prwlydwlqj vwru| ri wkh pdunhw

zlwk lqiruphg dqg xqlqiruphg frqvxphuv1

Ehfdxvh ri wkh xvxdo sureohpv ri vljqdolqj jdphv zh pd| kdyh pxowlsoh htxloleuld1

Lw lv hdv| wr vkrz wkdw wkhuh duh pdq| htxloleuld ri erwk dxfwlrq irupdwv91 Lq rughu wr

8Diwhu gl�huhqwldwlqj irupxod +6=9, dqg vhwwlqj �wkh orvlqj whup� wr }hur lq Jrhuhh +5333,/ zh fdq
suryh wkdw rqo| xqghuD4 zloo wkh �uvw0sulfh dxfwlrq kdyh d vhsdudwlqj htxloleulxp ehfdxvh wkh elg ixqwlrq
lv vwulfwo| lqfuhdvlqj dqg wkh vhfrqg0rughu frqglwlrq lv ixo�oohg1 Vr ghvslwh uhyhqxh htxlydohqfh ri wkh
vhsdudwlqj htxloleuld ri wkh �uvw0sulfh dxfwlrq dqg wkh vlpsoh vhfrqg0sulfh dxfwlrq/ wkhuh lv dq dgydqwdjh
ri wkh �uvw0sulfh irupdw/ dq lqwhuhvwlqj ghyldwlrq iurp wkh vwdqgdug fdvh1

9Iru h{dpsoh/ li wkh lqfxpehqw krogv eholhiv wkdw dq| ghyldwlrq ri vrph �qlwh qxpehu ri elgv vljqdov
wkdw wkh orzhvw w|sh kdv zrq/ wkhq lw zloo qrw eh udwlrqdo wr ghyldwh iurp wklv �qlwh qxpehu ri elg ohyhov
vr wkh eholhiv ri wkh lqfxpehqw zloo eh vhoi0hqiruflqj/ wkh xvxdo sureohp ri vljqdolqj jdphv1

;



uhdfk d xqltxhqhvv uhvxow zh lqwurgxfh wkh iroorzlqj yhu| vwurqj/ wkrxjk qrw lpsodxvleoh

dvvxpswlrq=

Dvvxpswlrq 8 E�D�= Dvvxph wkdw wkh eholhi ri wkh xqlqiruphg frqvxphuv derxw wkh

h{shfwhg ydoxh ri wkh w|sh ri wkh zlqqhu/ � lv zhdno| lqfuhdvlqj lq wkh zlqqlqj elg lq wkh

�uvw0 dqg wkh vlpsoh vhfrqg0sulfh dxfwlrqv1:

Dv lw wxuqv rxw D7 lv qrw qhfhvvdu| iru wkh ghvluhg xqltxhqhvv uhvxow vr zh lqwurgxfh

d zhdnhu dvvxpswlrq lqvwhdg ri D7/ wkh dvvxpswlrq ri vlqjoh0furvvlqj=

Dvvxpswlrq ED0VF�= Wkh pl{hg sduwldo ghulydwlyh ri T E|c �� lv qrq0qhjdwlyh

Lq wkh qh{w ohppd zh vwdwh d xqltxhqhvv fodlp xqghu dvvxpswlrqv=

Ohppd 4 Xqghu D4/ D5/ D6/D0VF dqg D8/ wkh rqo| v|pphwulf htxloleulxp ri wkh

�uvw0sulfh dqg wkh vlpsoh vhfrqg0sulfh dxfwlrq lv wkh +ixoo0vljqdolqj, vhsdudwlqj htxlole0

ulxp1

Surri1 Zh rqo| suryh wkh Ohppd iru wkh �uvw sulfh dxfwlrq wkh uhvxow iru wkh rwkhu

irupdw iroorzv vlploduo|1 Iluvw zh vkrz wkdw |� : |2 lpsolhv RE|�� � RE|2� xqghu vlqjoh0

furvvlqj� Dvvxph wkh frqwudu|/ l1h1 wkdw RE|�� 	 RE|2�c zklfk lpsolhv K� 	 K2 dqg wklv

lq wxuq e| D8 lpsolhv �� � �2� Wkhq zh kdyh wkh iroorzlqj lqfhqwlyh frpsdwlelolw|

frqvwudlqwv iru wkh wzr w|shv=

RE|��dT E|�c ���� K�o � RE|2�dT E|�c �2�� K2o

RE|2�dT E|2c �2�� K2o � RE|��dT E|2c ���� K�o

Diwhu dgglqj wkhvh htxdwlrqv xs zh rewdlq=

RE|��dT E|�c ���� T E|2c ���o � RE|2�dT E|�c �2�� T E|2c �2�o

Xqghu vlqjoh0furvvlqj dqg e| RE|�� 	 RE|2� wklv fdq qrw kdsshq/ vr |� : |2 pxvw lpso|

RE|�� � RE|2�1 Li RE|�� ' RE|2� wkhq iru doo |� 5 E|�c |2� RE|�� ' RE|�� pxvw krog e| wkh

suhylrxv vwhs1 Wklv phdqv wkdw doo wkh w|shv rq E|�c |2� pxvw kdyh elg wkh vdph1 Wklv

lv qrw rswlpdo wkrxjk iru wkhvh w|shv ehfdxvh e| udlvlqj wkh elg lq�qlwhvlpdoo| wkh| fdq

lqfuhdvh wkhlu fkdqfh ri zlqqlqj e| d srvlwlyh qxpehu dqg e|D8 dovr � zrxog qrw ghfuhdvh

:Qrwh wkdw wklv grhv qrw phdq qhfhvvdulo| wkdw wkh lqfxpehqw h{foxghv wkh srvvlelolw| wkdw d kljkhu
w|sh elgv ohvv wkdq d orzhu> zh rqo| dvvxph wkdw d kljkhu elg zloo lqgxfh d eholhi wkdw rq dyhudjh wkh
elgghu lv ri kljkhu w|sh/ l1h1 e5 A e4 lpsolhv k5 � k41

<



li vrph ri wkhp gr wkdw ghyldwlrq1 Vr RE|�� : RE|2� pxvw krog zklfk lpsolhv K� : K2 zklfk

fohduo| slqv grzq d xqltxh htxloleulxp zlwk ixoo vljqdolqj dv lq Jrhuhh +5333,1

Zh zloo dqdo|}h lq wkh vhfrqg sduw ri wklv sdshu d ixqfwlrq wkdw zloo vdwlvi| wkh vwulfw

yhuvlrq ri D0VF +l1h1 vwulfw vlqjoh0furvvlqj,/ exw iru wklv �uvw sduw pdlqo| ehfdxvh ri

dqdo|wlf wudfwdelolw| zh zloo xvh dgglwlyh vhsdudelolw|1 Qrz zh wxuq wr wkh frpsdulvrq

ri wkh uhyhqxh jhqhudwhg e| wkh vlpsoh dqg wkh prgl�hg vhfrqg0sulfh dxfwlrqv xqghu

dvvxpswlrq D7 frqfhqwudwlqj rq wkh vhsdudwlqj htxloleuld1 Iluvw/ d xvhixo Ohppd lv jlyhq

ehorz=

Ohppd 5 Iru dq| lqfhqwlyh frpsdwleoh phfkdqlvp wkh zlqqlqj suredelolw|/ RE|� lv zhdno|

lqfuhdvlqj lq |1 Xqghu D4 dqg D7/ li wzr phfkdqlvpv |lhog wkh vdph htxloleulxp RE|�

ixqfwlrq dqg wkh| jlyh wkh vdph xwlolw| iru wkh orzhvw w|sh/ wkhq hyhu| w|sh zloo jhw wkh vdph

xwlolw| lq wkh wzr phfkdqlvpv* htxloleuld1 Lq sduwlfxodu/ lqghshqghqwo| ri wkh ixqfwlrq �E|�/

li dq htxloleulxp h{lvwv iru d phfkdqlvp lq zklfk wkh suredelolw| ri zlqqlqj iru w|sh | lv

RE|� ' 8 ?3�E|� dqg wkh orzhvw w|sh jhwv }hur xwlolw|/ wkhq lq htxloleulxp wklv phfkdqlvp

zloo jlyh wkh vdph xwlolw| iru hyhu| w|sh | dv wkh �uvw0sulfh dqg wkh vhfrqg0sulfh dxfwlrqv1

Surri1 Wkh h{shfwhg xwlolw| ri w|sh | li kh suhwhqgv wkdw klv w|sh lv h| lv wkh iroorzlqj=
LE|ch|� ' REh|�T�E|� n .5�h|dREh|�T2E�E5��� KEh|�o +9,

Zh pd| zulwh wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv dv iroorzv=

LE|c |� � LE|ch|� +LF4,

LEh|ch|� � LEh|c |� +LF5,

Dgg EU��� wr EU�2� xvlqj irupxod ES�/ fdqfho wkh whupv wkdw dsshdu rq erwk vlghv dqg

jhw=

dRE|�� REh|�odT�E|�� T�Eh|�o � f +:,

Xvlqj D4 zh fdq frqfoxgh qrz wkdw RE|� lv zhdno| lqfuhdvlqj1
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Gh�qh �E|� ' LE|c |�1 E| d vlplodu dujxphqw wr wkh vwdqgdug fdvh lw iroorzv wkdw

�E|� lv lqfuhdvlqj dqg frqwlqxrxv/ vr doprvw hyhu|zkhuh gl�huhqwldeoh1 Xvlqj wkh hqyhorsh

wkhruhp zh duulyh dw=

��E|� ' RE|�T �
�E|� +;,

Iurp EH� wkh frqfoxvlrq iroorzv/ ehfdxvh wkh vorsh ri �E|� lv wkh vdph iru wkh wzr phfkd0

qlvpv dqg �E|� lv wkh vdph e| dvvxpswlrq dqg zh fdq xvh wkh Qhzwrq0Ohleql} Wkhruhp

wr frqfoxgh wkh uhvxow1 Wkh odvw uhvxow lv d gluhfw dssolfdwlrq ri wklv pruh jhqhudo rqh1

Iru odwhu uhihuhqfh zh gh�qh khuh zhoiduh ri elgghu � dv wkh h{shfwhg xwlolw| ri elgghu

� jurvv ri klv sd|phqw wr wkh vhoohu=

`� ' .|d�E|�n KE|�o iru doo � zlwk rxu v|pphwulf phfkdqlvp1 Gh�qh dovr wrwdo zhoiduh

dv ` '
S

�`�1;

Dovr gh�qh wkh h{shfwhg xwlolw| ri djhqw � dv .L� ' .|�E|� iru doo � iru wklv v|pphwulf

phfkdqlvp1

Fruroodu| 4 Li erwk vhfrqg sulfh dxfwlrq irupdwv kdyh d vhsdudwlqj htxloleulxp/ wkhq wkh

vhsdudwlqj htxloleulxp ri wkh prgl�hg vhfrqg0sulfh dxfwlrq |lhogv wkh vdph xwlolw| iru hyhu|

w|sh | dv wkdw ri wkh +vlpsoh, vhfrqg0sulfh dxfwlrq1

Surri1 Zh kdyh douhdg| vhhq lq Ohppd 2 wkdw RE|� lv zhdno| lqfuhdvlqj lq htxloleulxp1

Exw wklv phdqv wkdw wkh elgv pxvw eh zhdno| lqfuhdvlqj lq wklv dxfwlrq irupdw1 E| wkh

dvvxpswlrq wkdw zh kdyh d vhsdudwlqj htxloleulxp/ zh fdq uxoh rxw wkh  dw sduwv ri wkh

elgglqj ixqfwlrq1 Vr wkh elgv pxvw eh vwulfwo| lqfuhdvlqj dqg wkhq RE|� ' 8 ?3�E|� pxvw

krog1 Wkhq Ohppd � dssolhv ehfdxvh RE|� ' f dqg wkxv LE|� ' f iru erwk vhfrqg0sulfh

irupdwv1

Qrwh wkdw D5 dqg D6 duh qrw vx!flhqw wr hqvxuh wkdw d vhsdudwlqj htxloleulxp ri wkh

prgl�hg vhfrqg0sulfh irupdw h{lvwv1 Gh�qh ixqfwlrq }E|� iru wkh prgl�hg vhfrqg0sulfh

dxfwlrq dv wkh ixqfwlrq wkdw vdwlv�hv=

}E|� ' .5�|dT2E�E5��o ' .���$|

k
T2

�
.h|�h|D�

�h|��l +<,

;Qrwh wkdw Z fdq uhdoo| eh lqwhusuhwhg dv wrwdo zhoiduh vlqfh lw lv wkh vxp ri wkh +qhw, xwlolwlhv ri wkh
elgghuv soxv wkh uhyhqxh ri wkh vhoohu1
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Li | lv wkh kljkhvw w|sh wkhq RE|� ' � dqg 5 lv wkh vhfrqg kljkhvw w|sh/ wkxv �E5� lv wkh

frqglwlrqdo h{shfwdwlrq ri wkh kljkhvw w|sh li wkh vhfrqg kljkhvw lv 51 Li | lv qrw wkh kljkhvw

wkhq RE|� ' f dqg �E5� grhv qrw pdwwhu1 +Wklv ixqfwlrq/ }E|� fdq eh lqwhusuhwhg dv wkh

h{shfwhg ydoxh ri �E5� zlwk uhvshfw wr 5 frqglwlrqdo rq | lv zlqqlqj1, Wkhq xvlqj htxdwlrq

ES� zh rewdlq wkh iroorzlqj htxdwlrq xqghu D7=

LE|ch|� ' REh|�dT�E|� n }Eh|�o� KEh|� +43,

Zh fdq jlyh d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri d vhsdudwlqj htxlole0

ulxp ri wkh prgl�hg vhfrqg0sulfh dxfwlrq=

Ohppd 6 Xqghu D4 dqg D7/ wkh vhsdudwlqj htxloleulxp ri wkh prgl�hg vhfrqg0sulfh

dxfwlrq h{lvwv li dqg rqo| li T�E|� n }E|� n
8 E|�}�E|�

E?� ��sE|�
lv vwulfwo| lqfuhdvlqj lq |1

Wkh iroorzlqj ohppd jlyhv d vlplodu frqglwlrq iru wkh vlpsoh vhfrqg0sulfh dxfwlrq fdvh=

Ohppd 7 Xqghu D4 dqg D7/ wkh vhsdudwlqj htxloleulxp ri wkh +vlpsoh, vhfrqg0sulfh

dxfwlrq h{lvwv li dqg rqo| li T�E|� n T2E|� n
8 E|�T �

2E|�

E?� ��sE|�
lv vwulfwo| lqfuhdvlqj lq |1

Surri1 Lq wkh h{lvwhqfh surri ri Jrhuhh +5333,/ kh kdg wr jxdudqwhh rqo| wkdw wkh

elgglqj ixqfwlrq lv vwulfwo| lqfuhdvlqj lq |1 Lq wkh vlpsoh vhfrqg0sulfh fdvh wklv lv wuxh

xqghu wkh frqglwlrqv ri Ohppd e1 Wkh dqdo|vlv ri wkh prgl�hg vhfrqg0sulfh irupdw lv wkh

vdph dv wkh vlpsoh vhfrqg0sulfh dxfwlrq/ zh rqo| qhhg wr xvh }E|� lqvwhdg ri T2E|� dqg

surfhhg dv lq wkh vlpsoh fdvh1 Wklv suryhv Ohppd �1

Wkhruhp 5 Dvvxph wkdw wkh frqglwlrqv ri Ohppd � dqg e krog dqg vr wkh vhsdudwlqj

htxloleuld ri wkh wzr vhfrqg0sulfh irupdwv h{lvw1 Wkhq wkh vhsdudwlqj htxloleulxp ri wkh

prgl�hg vhfrqg sulfh dxfwlrq |lhogv vwulfwo| kljkhu +vpdoohu, uhyhqxh wkdq wkdw ri wkh

+vlpsoh, vhfrqg0sulfh dxfwlrq li wkh ixqfwlrq T2E|� lv vwulfwo| frqfdyh +frqyh{,1 Li T2E|� lv

olqhdu wkhq wkh wzr irupdwv |lhog wkh vdph dprxqw ri uhyhqxh1

Surri1 Ehfdxvh ri Fruroodu| � wkh wzr irupdwv surylgh wkh vdph xwlolw| ohyho lq

htxloleulxp iru hyhu| w|sh |1 Vr ehfdxvh ri wkh txdvl0olqhdulw| ri wkh xwlolw| ixqfwlrq ri

wkh elgghuv zh qhhg wr frpsduh rqo| wrwdo zhoiduh ohyhov ri wkh wzr dxfwlrqv1 Li zh zulwh

grzq wkh wrwdo zhoiduh xqghu wkh wzr phfkdqlvpv wkh gl�huhqfh zloo eh mxvw wkh iroorzlqj=

?{` ' ?
�
.|

�
} E|�8 E|�?3�

�� .|

�
T2 E|�8 E|�?3�

��
� +44,
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Ohw e| eh wkh vhfrqg eljjhvw w|sh frqglwlrqdo rq | lv wkh kljkhvw1 Wkhq wkh ghqvlw| ixqfwlrq

ri e| lv wkh iroorzlqj=
hs �e|� ' E?� ��8 ?32

�e|� s �e|�
8 ?3� E|�

+45,

Iluvw dvvxph frqfdylw|1 E| frqfdylw| ri T2=

} E|� ' .���$|

k
T2

�
.h|�h|D�

�h|��l : .���$|

k
.h|�h|D�

�
T2

�h|��l +46,

zkhuh � vwdqgv iru wkh w|sh ri wkh orvhu dqg h| iru wkh eholhi ri wkh xqlqiruphg frqvxphuv

derxw wkh w|sh ri wkh zlqqhu1 Erwk � dqg h| kdv wkh vdph xqfrqglwlrqdo glvwulexwlrq dv

|1 Lq wkh odvw irupxod/ zh frxog zulwh vwulfw lqhtxdolw|/ ehfdxvh zh dvvxphg wkdw | kdv d

qrq0ghjhqhudwh glvwulexwlrq1

} E|�8 ?3� E|� :

|]
|

E?� ��8 ?32
�e|� s �e|� |]

e|

s E��T2 E��

�� 8
�e|� _�_e| +47,

Qrz/ xvlqj wkh odvw wzr irupxodv zh pd| zulwh wkh iroorzlqj lqhtxdolw|=

.
�
} E|�8 ?3� E|�

�
:

|]
|

|]
e|

|]
e|

E?� ��8 ?32
�e|� s �e|� sE��T2 E�� s E|�
�� 8

�e|� _|_�_e|

'

|]
|

|]
e|

s E��T2 E�� E?� ��8 ?32
�e|� s �e|� _�_e| +48,

Diwhu d fkdqjh ri wkh rughu ri lqwhjudwlrq wklv lpsolhv=

.
�
} E|�8 ?3� E|�

�
:

|]
|

�]
|

s E��T2 E�� E?� ��8 ?32
�e|� s �e|� _e|_�

'

|]
|

s E��T2 E��8
?3� E�� _� ' .

�
T2 E|�8

?3� E|�
�

+49,

Wklv odvw lqhtxdolw| |lhogv wkh uhvxow iru frqfdylw|1 Frqyh{lw| lv kdqgohg vlploduo| dqg wkh

olqhdu fdvh iroorzv hdvlo| dorqj wkh vdph olqhv1

Wkh suhylrxv Wkhruhp vkrzv wkdw lw lv srvvleoh wkdw zlwkkroglqj lqirupdwlrq pd| eh

ehqh�fldo iru wkh vhoohu1 Wklv txhvwlrq lv dqdo|}hg lq wkh qh{w vhfwlrq lq pruh ghwdlo1 Zh

qhhg wr wdnh iurp wklv h{dpsoh rqo| wkdw lw lv qrw qhfhvvdulo| dssursuldwh iru wkh vhoohu wr

frpsohwho| h{sorlw wkh vljqdolqj ihdwxuh ri wkh jdph1
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516 Rswlpdo phfkdqlvpv

Wklv vhfwlrq wxuqv wr wkh vwxg| ri wkh phfkdqlvp ghvljq sureohp1 Wkh v|pphwulf vhw0xs ri

wkh suhylrxv vhfwlrq zloo eh xvhg/ dqg zh ghdo rqo| zlwk wkh wzr srodu fdvhv> l1h1 wkh fdvhv

zkhuh T lv frqfdyh ru frqyh{ lq �1 Qrwh wkdw frqfdylw|2frqyh{lw| kdyh wkhlu vwuhqjwk

rqo| ehfdxvh ri wkh h{shfwhg ydoxh lqwhusuhwdwlrq ri �E5�1 Zh pdlqwdlq wkh dvvxpswlrq

ri dgglwlyh vhsdudelolw| wkurxjkrxw1 Vhh rxu vhfrqg h{dpsoh dqg wkh frqfoxvlrq iru wkh

lpsolfdwlrqv ri gursslqj wklv dvvxpswlrq1

Dqrwkhu vhw ri dvvxpswlrqv frqfhuqv wkh vhw ri ihdvleoh phfkdqlvpv dqg wkh wlplqj

ri wkh jdph1 Lq wklv vhfwlrq wkh vhoohu lv deoh wr frpplw wr wkh phfkdqlvp/ lq sduwlfxodu

kh fdq frpplw qrw wr frooxgh zlwk wkh zlqqhu h{ srvw1 Wkh eholhi ri wkh xqlqiruphg

frqvxphuv lv gulyhq frpsohwho| e| wkh dqqrxqfhg phfkdqlvp ri wkh vhoohu +dqg wkxv rxw0

ri0htxloleulxp eholhiv duh lqhvvhqwldo,1 Wkhvh ihdwxuhv duh yhu| xvhixo ehfdxvh zh fdq

wudqvirup wkh sureohp dw kdqg iurp d sureohpdwlf vljqdolqj jdph +vwxglhg lq wkh odvw

vhfwlrq zkhuh dg0krf dvvxpswlrqv frqfhuqlqj eholhiv zhuh xvhg wr uhdfk xqltxhqhvv, wr d

idluo| vwdqgdug Ed|hvldq phfkdqlvp ghvljq sureohp1

Wkh xvh ri dv|pphwulf phfkdqlvpv lv doorzhg exw wklv zloo qrw fkdqjh rxu uhvxowv/

ehfdxvh wkh rswlpdo phfkdqlvp zloo eh v|pphwulf +dv zh vkrz lw odwhu, lq rxu v|pphwulf

hqylurqphqw1 Lq wklv vhfwlrq elgghuv zloo eh ghqrwhg e| �����?1 Ohw |� eh wkh w|sh ri elgghu

�/ dqg ohw | ' E|�c ��c |?� eh wkh yhfwru ri w|shv1

Zh wxuq qrz wr wkh ghvfulswlrq ri wkh wlplqj lq rxu vlwxdwlrq1 Iluvw wkh vhoohu ghvljqv

d phfkdqlvp/ zklfk lqfoxghv wkh iroorzlqj lqjuhglhqwv< =

�1 Ghvfulswlrq ri wkh zlqqlqj suredelolwlhv ri hyhu| w|sh1

21 Wkh h{shfwhg ydoxh ri sd|phqwv iru hyhu| w|sh

�1 5 lv wkh +srvvleo| udqgrp, vljqdo vhqw wr wkh xqlqiruphg frqvxphuv e| wkh vhoohu

derxw wkh zlqqlqj elgghu diwhu kh uhsruwhg h|�143
Lq wkh qh{w vwhs wkh elgglqj �upv dqqrxqfh wkhlu uhsruwv/ h|1 Zh dvvxph wkdw lq

<Vhh wkh uhyhodwlrq sulqflsoh +h1j1 P|huvrq +4<:<,,/ zklfk doorzv xv wr frqfhqwudwh rq d gluhfw phfk0
dqlvp1

43Zh dvvxph wkdw wkdw zkdwhyhu vljqdo lv vhqw wr wkh frqvxphuv zloo eh uhyhdohg dovr iru wkh zlqqhu ri
wkh dxfwlrq +dqg wklv lv frpprq nqrzohgjh, lq rughu wr dyrlg wkh frpsolfdwlrqv ri kdylqj wr ghdo zlwk
wkh fdvh zkhuh wkh frqvxphuv zrxog dovr kdyh sulydwh lqirupdwlrq1 Wklv dvvxpswlrq fdswxuhv wkh lghd
wkdw wkh vljqdolqj dfwlylw| wdnhv sodfh wr lq xhqfh wkh eholhi ri wkh frqvxphuv dqg vr lw lv qdwxudo wr
dvvxph wkdw wkh zlqqhu zloo nqrz wkh eholhi ri wkh frqvxphuv iru vxuh1
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htxloleulxp wkh elgghuv iroorz wkh sxuh vwudwhjlhv ri dozd|v whoolqj wkh wuxwk hyhq li wkh|

duh lqgl�huhqw ehwzhhq whoolqj wkh wuxwk dqg dqqrxqflqj d gl�huhqw w|sh1

Lq wkh wklug vwhs wkh vhoohu ghwhuplqhv zkr zrq +zklfk fdq vwloo eh d vwrfkdvwlf yduldeoh,

dqg dqqrxqfhv wkh ydoxh ri 5 iru wkh frqvxphuv dqg froohfwv wkh sd|phqwv ri wkh elgghuv441

Edvhg rq wkh uhdol}dwlrq ri wkh udqgrp yduldeoh 5 wkh xqlqiruphg frqvxphuv fdq fdofxodwh

wkh h{shfwhg ydoxh ��E5� iru hyhu| 51

Dvvxplqj wkdw w|sh |� uhsruwhg h|� dqg wkh rwkhu uhsruwv zhuh h|3�=
LE|�ch|�ch|3�c 5� ' R�Eh|�dT�E|�� n T2E��E5��o� K�Eh|�� +4:,

Ohw

��E|�c |3�c c 5� ' ��E|c 5� ' LE|�c |�c |3�c 5�� +4;,

Gh�qh wkh htxloleulxp xwlolw| ri w|sh |� ri elgghu � dv iroorzv=

��E|�� ' .5*|���E|c 5�� +4<,

Gh�qh wkh zlqqlqj suredelolw| ri elgghu � li h|� zdv wkh dqqrxqfhphqw ri wkh elgghuv wr
wkh vhoohu/ dv iroorzv=

R�
�h|�� ' .|

3�
R�
�h|�c |3�� +53,

D frqglwlrq wkdw lv sdudooho wr P|huvrq +4<;4, zloo khos xv fkdudfwhul}lqj rxu rswlpdo

phfkdqlvp=

Dvvxpswlrq 9 E�S�= 6E|�� lv lqfuhdvlqj dqg srvlwlyh iru hyhu| |�/ zkhuh 6 E|�� '

T� E|��� �38 E|��
sE|��

T �
� E|��1

Wkh sd|phqw ri wkh elgghuv hqwhuv lq wkh vdph txdvl0olqhdu zd| wr wkh xwlolw| ixqfwlrqv

vr rqo| wkh h{shfwhg ydoxh ri wkh sd|phqwv pdwwhu wr erwk wkh elgghuv dqg wkh vhoohu1 Lq

frqwudvw/ wkh udqgrpl}dwlrq ri wkh dqqrxqfhphqw pdwwhuv ehfdxvh wkh elgghuv zloo eh �ulvn

dyhuvh� ru �ulvn orylqj� lq � ghshqglqj rq zkhwkhu zh kdyh frqfdylw| ru frqyh{lw| lq �1

44Dowhuqdwlyho| wkh vhoohu klpvhoi frxog fdofxodwh kl+}, dqg dqqrxqfh wklv yduldeoh rqo|1 Xqghu rxu
dvvxpswlrqv wklv zrxog pdnh qr gl�huhqfh dqg zrxog frpsohwho| holplqdwh wkh frqvxphuv iurp rxu
prgho1
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Vlploduo| wr pruh vwdqgdug vhw0xsv/ d �ulvn dyhuvh� djhqw zloo qrw olnh udqgrpl}dwlrq exw

d �ulvn orylqj� zloo1 Wklv zloo eh d yhu| lpsruwdqw surshuw| ri rxu rswlpdo phfkdqlvpv1

Ehfdxvh xqghu D7 wkh T2 frpsrqhqw ri wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv fdq eh

shuihfwo| r�vhw e| wkh h{shfwhg sd|phqw/ lw zloo qrw d�hfw wkh EU�� frqvwudlqwv1 Wklv lp0

solhv wkdw dq| +zhdno|, lqfuhdvlqj R� E|�� ixqfwlrq fdq eh lpsohphqwhg dqg zh gr qrw kdyh

wr zruu| derxw wkh vhfrqg rughu frqglwlrqv1 Wklv ihdwxuh zloo eh pdgh xvh ri wkurxjkrxw

wklv vhfwlrq1

517 Wkh frqfdyh fdvh= �ulvn dyhuvlrq�

Dvvxpswlrq : E�.�= Dvvxph wkdw T lv vwulfwo| frqfdyh lq �1

D frpsohwho| vhsdudwlqj phfkdqlvp lv rqh lq zkrvh htxloleulxp R�E|�� ' 8 ?3�E|��

krogv/ l1h1 dozd|v wkh kljkhvw w|sh zlqv1 Qrwh wkdw lq wkh fdvh ri wkh �uvw0sulfh dqg vhfrqg0

sulfh dxfwlrqv ri wkh suhylrxv vhfwlrq d vhsdudwlqj htxloleulxp lv frpsohwho| vhsdudwlqj lq

rxu qhz gh�qlwlrq1

Wkhruhp 6 Dvvxph wkdw T2 lv qrq0qhjdwlyh iru hyhu| srvvleoh ydoxh ri wkh eholhiv ri wkh

xqlqiruphg frqvxphuv1 Wkhq xqghu D4/ D5/ D9/ D: wkh rswlpdo phfkdqlvp iru wkh

vhoohu lv dq| qr0vljqdolqj phfkdqlvp/ lq zklfk dozd|v wkh elgghu zlwk wkh kljkhvw w|sh

zlqv145

Surri1 Ohw xv zulwh �uvw wkh h{shfwhg xwlolw| ri djhqw � dv iroorzv=

.L� '

|]
|

sE|���� E|�� _|� +54,

Diwhu uhfdoolqj wkh gh�qlwlrq ri zhoiduh zh kdyh wkdw wkh gl�huhqfh ri wrwdo zhoiduh dqg

wkh vxp ri wrwdo +qhw h{shfwhg, xwlolwlhv jlyhv -/ wkh uhyhqxh ri wkh vhoohu=

- '
?[
�'�

d`� �.L�o � +55,

45H1j1 d �uvw0sulfh dxfwlrq zlwk klglqj wkh elgv iurp wkh lqfxpehqw1
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Lq htxloleulxp zhoiduh lv jlyhq e| wkh iroorzlqj h{suhvvlrq=

?[
�'�

`� '
?[
�'�

3
C |]

|

R� E|�� s E|��T� E|�� _|�

4
Dn .5 dT2 E� E5��o � +56,

E| d vlplodu dujxphqw wr wkh rqh lq wkh surri ri Ohppd 2 zh pd| zulwh wkh htxloleulxp

vxp ri xwlolwlhv dv iroorzv=

AL '
?[
�'�

.L� '
?[
�'�

|]
|

s E|�� �� E|�� _|� '
?[
�'�

|]
|

s E|��

|�]
|

R� E���T
�
� E|�� _��_|�

'
?[
�'�

|]
|

R� E|��T
�
� E|�� E�� 8 E|��� _|�c +57,

zkhuh ��E|�� lv wkh xwlolw| dfklhyhg e| elgghu �*v w|sh |� lq htxloleulxp1 Vr/

- '
?[
�'�

�
.|

�
R� E|��

�
T� E|��� �� 8 E|��

s E|��
T �
� E|��

���
n .5 dT2 E� E5��o � +58,

E| frqfdylw| ri T2 zh kdyh wkh iroorzlqj lqhtxdolw|=

.5dT2E�E5��o � T2E.|c5d�E5�m|� zlqqhuo�� +59,

Dqg zh dovr nqrz wkdw=

.E|c5�dE�E5�m|�zlqqhuo ' .E|c5�i.E%c+�"7E|�c5��d%mE%c +�zlqqhuom|�zlqqhuj
' .|d|�m|� zlqqhuoc +5:,

wklv odvw htxdwlrq krogv e| wkh surshuw| ri frqglwlrqdo h{shfwdwlrq1 Vr/

.E|c5�dT2E�E5��m|� zlqqhuo � T2i.|d|�m|� zlqqhuoj � T2i.|d|�m|� lv wkh kljkhvwo +5;,

Wkh odvw lqhtxdolw| krogv ehfdxvh zh vhoo wkh jrrg zlwk suredelolw| � lq wkh rswlpdo

phfkdqlvp146 Iurp E2H� lw iroorzv wkdw

- �
?[
�'�

�
.|

�
R� E|��

�
T� E|��� �� 8 E|��

s E|��
T �
� E|��

���
n T2 E.| d|�m|� lv wkh kljkhvwo� +5<,

46Lw vhhpv srvvleoh wr lqfuhdvh wkh h{shfwhg ydoxh ri Y5 frqglwlrqdo rq vhoolqj wkh jrrg e| vrphwlphv
zlwkkroglqj wkh jrrg1 Krzhyhu/ li zh zlwkkrog wkh jrrg wkhq wkh Y5 frpsrqhqw lv qrw uhdol}hg +l1h1 zh
fdq wdnh lwv ydoxh }hur,1 Zh fdq suryh wkdw wklv orvv iurp zlwkkroglqj wkh jrrg h{fhhgv wkh jdlq xqghu
frqfdylw|1
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XqghuD9 zh fdq frqfoxgh +vlploduo| wr P|huvrq +4<;4,, wkdw wkh �uvw whup lv pd{lpl}hg

li zh vhoo wkh jrrg wr wkh kljkhvw w|sh/ vr=

- �
?[
�'�

�
.|

�
8 ?3� E|��

�
T� E|��� �� 8 E|��

s E|��
T �
� E|��

���
n T2 E.| d|�m|� lv wkh kljkhvwo�

+63,

Wkxv/ zh fdq frqfoxgh wkdw d qr0vljqdolqj/ frpsohwho| vhsdudwlqj phfkdqlvp/ zklfk

dfklhyhv wkh xsshu erxqg +jlyhq e| wkh uljkw kdqg vlgh ri wkh suhylrxv lqhtxdolw|, lv

rswlpdo xqghu frqfdylw|1

Lw hdvlo| iroorzv iurp vwdqgdug dxfwlrq wkhru| wkdw xqghu D4 dqg D7 wklv nlqg ri

phfkdqlvp h{lvwv/ h1j1 d �uvw0sulfh dxfwlrq zlwk klglqj wkh elgv iurp wkh xqlqiruphg

frqvxphuv147

D qr0vljqdolqj/ vhsdudwlqj phfkdqlvp uhtxluhv frpplwphqw rq wkh sduw ri wkh vhoohu

vlqfh kh lv ixoo| dzduh ri wkh w|sh ri wkh zlqqhu vwloo kh klghv wklv lqirupdwlrq iurp

wkh xqlqiruphg frqvxphuv1 Wklv lv rqo| srvvleoh xqghu frpplwphqw ehfdxvh kh zrxog

gh�qlwho| kdyh wkh lqfhqwlyh wr uhyhdo wkh w|sh ri wkh zlqqhu li wklv w|sh lv kljk dqg

vkduh wkh ehqh�w zlwk wkh zlqqhu1 Exw wklv ehkdylru zrxog ri frxuvh ghvwur| wkh zkroh

phfkdqlvp1 Li wklv frpplwphqw srzhu lv qrw dvvxphg wkhq wkh fkdudfwhul}dwlrq ri wkh

rswlpdo frpplwphqw xqghu frqfdylw| lv dq rshq txhvwlrq148

Wkhruhp � fkdudfwhul}hv wkh rswlpdo phfkdqlvp lq d yhu| zlgh fodvv ri phfkdqlvpv1

Zh zloo glvfxvv lq wkh Frqfoxvlrq zkhwkhu wklv phfkdqlvp lv sodxvleoh dqg zkdw kdsshqv

li zh fkdqjh vrph dvvxpswlrqv frqfhuqlqj frpplwphqw srvvlelolwlhv dqg2ru wkh ixqfwlrqdo

irup dvvxpswlrqv ri D7 ru wkh h{shfwhg ydoxh lqwhusuhwdwlrq ri ��E|��1

518 Wkh frqyh{ fdvh= �ulvn orylqj elgghuv�

Dvvxpswlrq ; E�H�= Dvvxph wkdw T lv vwulfwo| frqyh{ lq �1

47Dorqj wkh olqhv ri irrwqrwh <*v surri zh fdq vkrz wkdw zh gr qrw qhhg wr dvvxph D5 ru D6 iru
h{lvwhqfh1 Xqghu D4 dqg D7 iru dq| ghwhuplqlvwlf kl+wl, vwuxfwxuh lq zklfk kl+wl, lv zhdno| lqfuhdvlqj/
d vhsdudwlqj htxloleulxp h{lvwv iru wkh �uvw0sulfh dxfwlrq +zlwk wkh qhz eholhi ixqfwlrq kl lqvwhdg ri
ixoo vljqdolqj,1 Wklv vhsdudwlqj htxloleulxp lv ri frxuvh d frpsohwho| vhsdudwlqj rqh1 Lq d qr0vljqdolqj
phfkdqlvp kl+wl, lv frqvwdqw vr lw lv zhdno| lqfuhdvlqj wkxv wkh htxloleulxp uhtxluhg lq wkh Wkhruhp
h{lvwv/ vlploduo| iru d ixoo vljqdolqj phfkdqlvp +wkdw lv dqdo|}hg xqghu frqyh{lw|,/ zkhuh k+w, @ w1

48D prgl�hg vhfrqg0sulfh dxfwlrq pd| eh dq dghtxdwh phfkdqlvp li wkh vhoohu kdv wr dqqrxqfh doo wkh
lqirupdwlrq kh kdv1 +Wklv dxfwlrq fdq eh rujdql}hg dv dq dvfhqglqj dxfwlrq1,

4;



Uhphpehu wkdw zh fdoo d phfkdqlvp ghwhuplqlvwlf li ��E|�� grhv qrw kdyh d udqgrp

frpsrqhqw dqg ghshqgv rqo| rq |� dqg qrw rq wkh rwkhu uhsruwv1

Wkhruhp 7 Dvvxph wkdw T2 lv qrq0qhjdwlyh iru hyhu| srvvleoh ydoxh ri wkh eholhiv ri

wkh xqlqiruphg frqvxphuv1 Wkhq xqghu D4/ D7/ D9/ D; wkh rswlpdo ghwhuplqlvwlf

phfkdqlvp iru wkh vhoohu lv d ixoo vljqdolqj/ frpsohwho| vhsdudwlqj phfkdqlvp149

Surri1 Zh fdq surfhhg vlploduo| wr zkdw zh glg lq wkh frqfdyh fdvh wr vkrz wkdw wkh

iroorzlqj krogv iru d ghwhuplqlvwlf phfkdqlvp=

- '

?[
�'�

�
.|

�
R� E|��

�
T� E|��� �� 8 E|��

s E|��
T �
� E|��

���
n .| dT2 E� E|��� m|� lv zlqqhuo +64,

Zh zloo suryh wkdw wkh vhfrqg whup rq wkh uljkw kdqg vlgh dfklhyhv lwv pd{lpxp ydoxh

xqghu ixoo vljqdolqj1 Dvvxph wkdw |� kdv wkh vdph vljqdo dv wkh vhw A dqg vr wkh vdph

�1 Ghqrwh wklv � e| �EA �1 Vzlwfk qrz wr wkh phfkdqlvp lq zklfk zh uhsruw ixoo|/ vr

�E|�� ' |� krogv iru hyhu| w|sh |� lq A 1 Wkhq e| frqyh{lw| ri T2 wklv vwhs zloo lqfuhdvh wkh

h{shfwdwlrq ri wkh whup lq txhvwlrq rq wklv vhw A zlwkrxw fkdqjlqj lw rxwvlgh ri A 1 Pruh

irupdoo|=

RE|�"A m|� zlqqhu�.|�"A dT2E|��m|� zlqqhujo n RE|�"A
Sm|� zlqqhu�.|�"A SdT2i�E|��m|� zlqqhujo �

RE|�"A m|� zlqqhu�T2i.|�"A d|�m|� zlqqhuojn RE|�"A
Sm|� zlqqhu�.|�"A SdT2i�E|��m|� zlqqhujo '

RE|�"A m|� zlqqhu�T2i�EA �jn RE|�"A
Sm|� zlqqhu�.|�"A SdT2i�E|��m|� zlqqhujo

' .|dT2i�E|��m|� zlqqhujo
+65,

zkhuh A S lv wkh frpsohphqw ri A 1

E| d uhshdwhg dssolfdwlrq ri wklv surfhgxuh xqwlo ixoo vljqdolqj lv dfklhyhg/ zh fdq vwloo

lqfuhdvh wkh whup lq txhvwlrq xqwlo wkhuh lv dq| srrohg uhsruwlqj rq dq| vhw A wkdw kdv

srvlwlyh phdvxuh1 Xvlqj wklv odvw uhvxow zh jhw=

- �
?[
�'�

�
.|

�
R� E|��

�
T� E|��� �� 8 E|��

s E|��
T �
� E|��

���
n .| dT2 E|�� m|� lv zlqqhuo +66,

XqghuD9 zh fdq frqfoxgh +vlploduo| wr P|huvrq +4<;4,, wkdw wkh �uvw whup lv pd{lpl}hg

li zh dozd|v vhoo wkh jrrg wr wkh kljkhvw w|sh/ vr=

- �
?[
�'�

�
.|

�
8 ?3� E|��

�
T� E|��� �� 8 E|��

s E|��
T �
� E|��

���
n .| dT2 E|�� m|� lv zlqqhuo +67,

49H1j1 d �uvw0sulfh dxfwlrq zlwkrxw klglqj wkh elgv iurp wkh lqfxpehqw1
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Ehfdxvh ri prqrwrqlflw| dqg wkh qrq0qhjdwlylw| ri wkh ixqfwlrq T2/ lw lv hdv| wr vhh wkdw wkh

vhfrqg frqglwlrqdo h{shfwdwlrq rq wkh uljkw kdqg vlgh ri wkh odvw lqhtxdolw| lv pd{lpl}hg

li zh vhoo dozd|v wr wkh kljkhvw w|sh1 Wklv |lhogv=

- �
?[
�'�

�
.|

�
8 ?3� E|��

�
T� E|��� �� 8 E|��

s E|��
T �
� E|��

���
n .| dT2 E|�� m|� lv wkh kljkhvwo

+68,

Wkxv/ zh fdq frqfoxgh wkdw d ixoo vljqdolqj/ frpsohwho| vhsdudwlqj phfkdqlvp +wkh rqh

wkdw dfklhyhv wkh xsshu erxqg jlyhq e| wkh uljkw kdqg vlgh h{suhvvlrq, lv rswlpdo lq wkh

fodvv ri ghwhuplqlvwlf phfkdqlvpv xqghu frqyh{lw|1

Xqghu D7/ wkh vhoolqj sureohp fdq eh frqvlghuhg lq wzr vwhsv= Iluvw pd{lpl}h wkh

h{shfwhg vljqdolqj T2 frpsrqhqw frqglwlrqdo rq zlqqlqj iru hyhu| suredelolw| vwuxfwxuh/

R�E|��1 Wkhq wdnlqj wklv dv frqvwdqw zh qhhg wr fkrrvh wkh suredelolw| vwuxfwxuh/ R�E|��/

wkdw pd{lpl}hv wkh �uvw frpsrqhqw ri wrwdo uhyhqxh soxv wkh ydoxh ixqfwlrq wkdw zh jrw

iru wkh vljqdolqj frpsrqhqw1 Xqghu frqyh{lw| ru frqfdylw|/ frpsohwh vhsdudwlrq +l1h1

RE|� ' 8 ?3�E|�, suryhv wr eh wkh rswlpdo rxwfrph exw li zh kdyh d jhqhudo T2 ixqfwlrq

rxu surri grhv qrw jr wkurxjk1 Dw wklv srlqw zh gr qrw nqrz zkhwkhu wkh uhvxow jrhv

wkurxjk ru qrw1

Wkhruhp e lv ri ohvv jhqhudolw| wkdq Wkhruhp � ehfdxvh lw dssolhv rqo| wr wkh fodvv

ri ghwhuplqlvwlf phfkdqlvpv1 Li zh vwlfn wr rxu lqwhusuhwdwlrq wkdw frqyh{lw| dprxqwv wr

ulvn orylqj� wkhq rqh zrqghuv zkhwkhu udqgrpl}dwlrq pd| lpsuryh zhoiduh1 Lq wkh surri

ri wkh iroorzlqj Sursrvlwlrq lq wkh Dsshqgl{ zh zloo vhh dq h{dpsoh iru wkdw srvvlelolw|1

Sursrvlwlrq 4 Xqghu D4/ D7/ D9/ D;/ wkh rswlpdo v|pphwulf phfkdqlvp lv qrw qhf0

hvvdulo| ghwhuplqlvwlf1

Surri1 Vhh Dsshqgl{1

Lw lv lqvwuxfwlyh wr kljkoljkw wkh txhvwlrq ri rswlpdolw| ri d udqgrp phfkdqlvp xqghu

frqyh{lw|1 Lw lv fhuwdlqo| wuxh wkdw li zh fdq �qg d udqgrp ��E|�� vwuxfwxuh/ zklfk lv/

h{shfwhg ydoxh suhvhuylqj lq wkh vhqvh wkdw iru hyhu| |�

.5�|d��E5�m|� zlqqhuo ' |� +69,

wkhq frqyh{lw| lpsolhv wkdw

.E|c5�dT2i��E5�jm|� zlqqhuo � .E|c5�dT2E|��m|� zlqqhuo +6:,
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vr wklv phfkdqlvp zrxog lpsuryh rq wkh ixoo0vljqdolqj vhsdudwlqj rqh1 Lw lv qrw hdv|

wkrxjk wr �qg d ��E5� vwuxfwxuh wkdw vdwlv�hv E�S�1 Lq rxu h{dpsoh lq wkh Dsshqgl{ lw

grhv qrw krog hlwkhu1

Wkhuh lv dq dgglwlrqdo dqg rssrvlwh h�hfw1 D udqgrp ��E5� rq dyhudjh whqgv wr idyru

orzhu w|shv lq whupv ri wkh h{shfwhg ydoxh ri ��E5� zklfk pd| eh frqvlghuhg dv d srro0

lqj ihdwxuh wkdw lv qrw ehqh�fldo xqghu frqyh{lw| +xqghu frqyh{lw| wkh zruvw frpsohwho|

vhsdudwlqj phfkdqlvp lv wkh qr0vljqdolqj rqh,1 Wkh ehvw h{dpsoh ri wkhvh wzr rssrvlwh

h�hfwv lv rxu prgl�hg vhfrqg0sulfh dxfwlrq zkhuh

.5�|d��E5�m|� zlqqhuo � |� iru vpdoo |� dqg +6;,

.5�|d��E5�m|� zlqqhuo � |� iru odujh |�� +6<,

Wklv lv jrrg xqghu frqfdylw| exw dgyhuvh xqghu frqyh{lw|1 Ri wkh wzr h�hfwv/ wkh �uvw

zdv vwurqjhu lq wkh vhqvh wkdw d prgl�hg vhfrqg0sulfh dxfwlrq lv ehwwhu wkdq d +vlpsoh,

vhfrqg0sulfh irupdw xqghu frqfdylw| dqg zruvh lq wkh frqyh{ fdvh1

6 H{dpsoh 5

614 Prgho

Dvvxph wkdw wkuhh �upv duh frpshwlqj lq d krprjhqrxv surgxfw pdunhw zlwk wkh iroorzlqj

ghpdqg ixqfwlrq � E'� ' @ �' zkhuh � lv wkh sulfh dqg ' lv wkh lqgxvwu| rxwsxw1 Ohw

wkh pdujlqdo frvw ri surgxfwlrq frqvwdqw/ S dqg wkh vdph iru hyhu| �upv1

Wkh htxloleulxp sur�w ri wklv lqlwldo wkuhh �upv Frxuqrw jdph lv=

T� ' E^��
2 ' E

@� S

e
�2 +73,

zkhuh ^� lv wkh txdqwlw| surgxfhg e| �up � dqg S lv wkh frqvwdqw pdujlqdo frvw1

Hlwkhu �up rqh ru wzr fdq phujh zlwk �up wkuhh exw wkh| fdq*w phujh wr prqrsro|1

Erwk frpelqdwlrqv ri �upv fdq uhvxow lq ghfuhdvhg pdujlqdo frvw iru wkh phujhg �up1

Vxssrvh wkdw �up rqh fdq ghfuhdvh lwv pdujlqdo frvw e| |� dqg �up wzr e| |2� Wkh

frvw vdylqjv duh sulydwh lqirupdwlrqv dqg lqghshqghqwo| gudzq iurp wkh lqwhuydo dfc So

dffruglqj wr wkh ghqvlw| s�� Ghqrwh wkh glvwulexwlrq ri s� e| 8� dqg vxssrvh lw lv xqlirup
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dqg frpprq nqrzohgjh1 Li �up � ghflghv wr dftxluh �up wkuhh diwhu wkh dftxlvlwlrq wkhuh

zloo eh wzr �upv lq wkh lqgxvwu|1 Wkh phujhg frpsdq| zlwk pdujlqdo frvw ri S� |� dqg

wkh rwkhu �up zlwk pdujlqdo frvw S1 Vr wkh sur�w ri wkh frpelqhg �up fdq eh fdofxodwhg

dv Z�E|�� ' E� � ES � |���^�/ zkloh wkh sur�w ri wkh wklug �up lv Z�E|�� ' E� � S�^�� Zh

vshfli| d wzr0vwdjh jdph1 Iluvw wkh vhoohu ghvljqv d phfkdqlvp dqg wkhq li wkh frpsdq| lv

vrog wkh wzr �upv zloo sod| wkh srvw0dxfwlrq Frxuqrw jdph/ lq zklfk wkh zlqqhu kdv frvw

dgydqwdjh> li lw lv qrw vrog wkhq wkh Frxuqrw jdph sod|hg lv mxvw wkh v|pphwulf yhuvlrq/

zlwk pdujlqdo frvwv htxdo wr S iru doo wkuhh �upv1

615 Wkh srvw dxfwlrq Frxuqrw jdph

Iluvw ghvfuleh wkh rxwfrph ri wkh srvw dxfwlrq pdunhw jdph li phujhu rffxuuhg vxssrvlqj

wkdw �up � lv wkh rqh wkdw phujhg dqg �up , lv wkh rwkhu �up rq wkh pdunhw1 Zh zloo

dvvxph wkurxjkrxw wkdw �up , zloo surgxfh srvlwlyh txdqwlw| uhjdugohvv ri klv eholhi derxw

�up �1 +Zh zloo jlyh frqglwlrqv iru wklv wr krog odwhu1, Zh dovr dvvxph wkdw wkh orvlqj

�up grhv qrw kdyh dq| sulydwh lqirupdwlrq +qrw nqrzq wr wkh zlqqhu, lq wklv vwdjh14:

Wkhq wkh zlqqhu zloo kdyh wkh iroorzlqj pd{lpl}dwlrq sureohp=

�@%
^�

E@� ^, � ^� � ES� |���^� +74,

Wkh �uvw rughu frqglwlrq |lhogv=

^� '
@� ^, � ES� |��

2
+75,

Wkh sureohp ri wkh �orvlqj �up� lv d elw pruh frpsolfdwhg vlqfh lw grhv qrw nqrz wkh

w|sh ri wkh zlqqhu1 Lw kdv d eholhi zklfk lv frplqj iurp wkh xqlirup sulru glvwulexwlrq

dqg wkh lqirupdwlrq wkdw zdv wudqvplwwhg e| wkh dxfwlrq dqg wkh nqrzohgjh ri lwv rzq

w|sh/ |�� Wkhq �up � zloo pd{lpl}h lwv h{shfwhg sur�w/ dqg wkh glvwulexwlrq lw lv xvlqj lv

dffruglqj wr wkh eholhi lw kdv=

6@%
^,

.,E@� ^, � ^� � S�^, +76,

4:Wklv phdqv wkdw zkdwhyhu lqirupdwlrq lv wudqvplwwhg e| wkh dxfwlrq phfkdqlvp wr wkh orvhu lv dovr
nqrzq e| wkh zlqqhu dqg wkdw wkh w|sh ri wkh orvhu lv uhyhdohg wr wkh zlqqhu +dqg wklv lv frpprq
nqrzohgjh,1 Wkhvh dvvxpswlrqv jxdudqwhh wkdw wkh zlqqhu zloo nqrz wkh srvwhulru eholhiv ri wkh orvhu dqg
wkxv kh nqrzv zkdw wkh htxololeulxp txdqwlw| ri wkh orvhu zloo eh1 Wklv uhvwulfwlrq pd| eh zlwk orvv ri
jhqhudolw|1
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Wkh �uvw rughu frqglwlrq |lhogv=

^, '
@� S� .,^�

2
+77,

Xvlqj Ee2� dqg Eee� |lhogv=

^� '
@� Sn 2|� n .,^�

e
+78,

Li zh wdnh h{shfwdwlrqv ri erwk vlghv ri EeD� diwhu vrph dojheud lw |lhogv=

.,^� '
@� Sn 2.,|�

�
+79,

Zh fdq uhzulwh EeD� dqg Eee� dv=

^� '
@� S

�
n

|�
2
n

.,|�
S

+7:,

^, '
@� S

�
� .,|�

�
+7;,

Qrwh wkdw e| wkh wlph ri wkh srvw dxfwlrq Frxuqrw jdph wkh eholhiv ri �up , duh suhgh0

whuplqhg/ vr .,^� dqg .,|� duh jlyhq1 Iurp Ee.� dqg EeH� zh fdofxodwh wkh sur�wv ri wkh

wzr �upv dv iroorzv=

T��? ' E@� ^, � ^� � ES� |���^� ' E@3S�2

b
n

|2�
e
n t.,|��

2

�S
n E@3S�|,

�
n E@3S�.,|�

b
n |�.,|�

S

+7<,

T,Jre ' .,E@� ^, � ^� � S�^, '
E@3S�2

b
� t.,|��

2

�H
� E@3S�|�

S
� E@3S�.,|�

�H
n |�.,|�

S
+83,

Lw lv d yhu| lpsruwdqw ihdwxuh ri wklv olqhdu prgho wkdw wkh orvhu*v eholhi fdq eh ghvfulehg

e| lwv h{shfwhg ydoxh iru rxu sxusrvhv1 Vr/ wkh lqirupdwlrq wudqvplwwhg e| wkh dxfwlrq

phfkdqlvp pdwwhuv rqo| ehfdxvh ri lwv h�hfw rq wkh h{shfwhg ydoxh ri wkh zlqqhu*v w|sh

iurp wkh orvhu*v srlqw ri ylhz1

616 Wkh dxfwlrq surfhvv

Qrz/ zh wxuq wr wkh �uvw vwdjh ri wkh jdph/ l1h1 wkh dxfwlrq surfhvv1 Wkh pdlq gl�huhqfh

ehwzhhq wklv surfhvv dqg d vwdqgdug dxfwlrq lv wkdw khuh wkh vhoohu fdq lq xhqfh wkh

eholhiv ri wkh orvhu dqg wkhuhe| dovr klv rzq uhyhqxh e| fkrrvlqj krz pxfk lqirupdwlrq
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wr dqqrxqfh derxw wkh zlqqhu1 Wklv dgglwlrqdo ihdwxuh lv uh hfwhg lq wkh wklug frpsrqhqw

ri wkh phfkdqlvp ehorz1 Wkh vhoohu zdqwv wr pd{lpl}h klv uhyhqxh> lq rughu wr gr wkdw

kh ghvljqv d gluhfw phfkdqlvp wkdw lqfoxghv wkh iroorzlqj lqjuhglhqwv4; =

�1 Ghvfulswlrq ri wkh zlqqlqj suredelolwlhv ri hyhu| w|sh ri hyhu| sod|huv1 Ohw R�Eh|�ch|��
eh wkh suredelolw| wkdw vrpherg| zlwk uhsruw h|� zlqv li klv rssrqhqw uhsruwhg h|��

21 Wkh h{shfwhg ydoxh ri sd|phqwv iru hyhu| w|sh1

�1 Wkh udqgrp vljqdo ,�Eh|�ch|��/ wkh vhoohu vhqgv wr wkh sod|huv derxw elgghu � diwhu kh

uhsruwhg h|� dqg wkh orvhu uhsruwhg h|�1 Wkh vhoohu fdq lqwurgxfh dgglwlrqdo qrlvh vr pdnh

,� d udqgrp yduldeoh hyhq frqglwlrqdo rq Eh|�ch|��� Dv lw zdv phqwlrqhg douhdg| lq Irrwqrwh

4; wkh phvvdjh vhqw wr wkh sod|huv lv dydlodeoh iru erwk sod|huv/ vr lw lv sxeolf1

Lq wkh qh{w vwhs wkh ex|huv dqqrxqfh wkhlu uhsruwv/ h| ' Eh|�ch|��1 Dvvxph wkdw lq

htxloleulxp wkh elgghuv iroorz wkh sxuh vwudwhjlhv ri dozd|v whoolqj wkh wuxwk hyhq li wkh|

duh lqgl�huhqw ehwzhhq whoolqj wkh wuxwk dqg dqqrxqflqj d gl�huhqw w|sh1

Lq wkh wklug vwhs wkh vhoohu dqqrxqfhv zkr zrq dqg wkh uhdol}dwlrq ri wkh udqgrp

vljqdo/ ,�Eh|�ch|�� dqg froohfwv wkh uhyhqxh iurp wkh elgghuv1 Diwhu wklv dxfwlrq skdvh wkh

elgghuv sod| wkh Frxuqrw jdph dqg �qdoo| wkh| froohfw wkhlu sd|r�v1

Ohw*v lqwurgxfh wkh iroorzlqj slhfh ri qrwdwlrq1 Ohw wkh udqgrp yduldeoh/ ��E|�c |��

ghqrwh wkh h{shfwhg ydoxh ri wkh zlqqhu*v +sod|hu �� w|sh iurp wkh orvhu*v +sod|hu �, srlqw

ri ylhz diwhu wkh dxfwlrq li wkh zlqqhu*v w|sh zdv |� dqg wkh orvhu*v w|sh zdv |�� Zh fdq

fdofxodwh wkh eholhi ri wkh orvhu frqglwlrqdo rq kdylqj w|sh |� dqg revhuylqj vljqdo , dv

iroorzv=

��E|�c |�� ' .|�d|� m i|� lv zlqqhuc |�c ,jo +84,

Qrwh wkdw wklv yduldeoh/ ��E|�c |�� fdq eh d udqgrp yduldeoh li wkh vhoohu pdnhv udqgrp

dqqrxqfhphqwv frqglwlrqdo rq revhuylqj E|�c |��1 Iru wklv uhdvrq zh zloo wdnh h{shfwdwlrq

dovr zlwk uhvshfw wr �1 +Wkh suhylrxvo| xvhg yduldeoh/ .,E|�� lv mxvw rqh sduwlfxodu uhdo0

l}dwlrq ri wklv � yduldeoh1, Dvvxph wkdw wkh vhoohu fdq fuhgleo| frpplw wr wkh phfkdqlvp

kh ghvljqhg vr wkdw kh lv gluhfwo| deoh wr ghwhuplqh wkh eholhiv ri wkh �orvhu� zlwk uhvshfw

wr vrph frqvwudlqwv jlyhq odwhu1 Lq wklv zd| zh fdq wdnh wkh eholhiv/ ��E|�c |�� dv wkh fkrlfh

yduldeoh1 Zh zloo iroorz wklv dssurdfk wkurxjkrxw wklv Vhfwlrq1 Zh zloo frqfhqwudwh rq

4;Vhh wkh uhyhodwlrq sulqflsoh +h1j1 P|huvrq +4<:<,,/ zklfk doorzv xv wr frqfhqwudwh rq d gluhfw phfk0
dqlvp1
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v|pphwulf phfkdqlvpv> zh fdq gr wkdw zlwkrxw orvv ri jhqhudolw|/ iru wklv vhh Pdvnlq0

Uloh| +4<;7, irrwqrwh ��1 Ohw T��?c�E|�c ��E|�c |��� eh wkh xwlolw| ri w|sh � li kh zlqv dqg

T,Jrec�E|�c ��E|�c |��� li kh orvhv1 +Qrwh khuh wkdw zh kdyh wzr elgghuv/ � qrw htxdo �/ vr wkh

�orvlqj xwlolw|� ghshqgv rq wkh zlqqhu*v w|sh/ olnh lq Jrhuhh +5333,1,

Vr uhzulwlqj Eeb� dqg EDf� zlwk wklv qhz qrwdwlrq |lhogv=

T��?c�E|�c ��E|�c |��� '
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S
+86,

Lq wkh suhylrxv htxdwlrq lw zdv dvvxphg +dqg lqghhg zh zloo vwlfn wr wklv fdvh wkurxjkrxw,

wkdw wkh orvhu zloo qrw h{lw iurp wkh pdunhw dqg surgxfhv d srvlwlyh dprxqw lq hyhu|

flufxpvwdqfhv1 Wkh frqglwlrq iru wklv lv wkdw wkh �orvlqj sur�w� zloo eh srvlwlyh hyhq dw

wkh kljkhvw |� dqg �� +l1h1 �� ' |� ' S�� Wklv sur�w lv jlyhq e|= E@32S�2

b
� Wklv pxvw eh

dozd|v srvlwlyh1 Wkh txdqwlw| surgxfhg e| wkh orvhu dovr qhhg wr eh qrq0qhjdwlyh hyhq

dw wkh kljkhvw |� dqg �� +l1h1 �� ' |� ' S�� Wkh txdqwlw| lv jlyhq e|= @32S
�

� Vr zh qhhg wr

uhtxluh wkdw @ � 2S�

617 Wkh elgghuv sureohp

Li elgghu � zlwk w|sh |� zlqv wkh dxfwlrq dqg wkh h{shfwhg ydoxh ri klv w|sh dffruglqj wr

wkh orvhu*v eholhi lv �� wkhq kh zloo kdyh xwlolw| T��?c�E|�c ��� lq wkh Frxuqrw jdph1 Li kh

orvhv djdlqvw d w|sh |� dqg klv eholhi derxw wkh w|sh ri wkh zlqqhu lv ghvfulehg e| �� wkhq

klv xwlolw| lq wkh Frxuqrw jdph lv jlyhq e| T,Jrec�E|�c ���� Ilqdoo| li qhlwkhu ri wkh �upv fdq

ex| wkh wklug wkhq wkh htxloleulxp sur�w ri �up � lv E@3S�2

�S
� Sod|huv* ryhudoo xwlolw| pxvw

eh ghfuhdvhg e| wkh h{shfwhg sd|phqw wkh| pdnh wr wkh vhoohu lq wkh dxfwlrq skdvh/ K��4<

Wkxv wkh xwlolw| ri w|sh |� ri sod|hu l li kh uhsruwv r� lv wkh iroorzlqj=

L�E|�ch|�� ' .|� c��c�� dR�Eh|�c |��ET��?c�E|�c ��Eh|�c |���� K�Eh|�c |���
n R�Eh|�c |���T,Jrec�E|�c ��Eh|�c |��� n E�� R�Eh|�c |��� R�Eh|�c |���E@� S�2

�S
o +87,

4<Zh dvvxph khuh zlwkrxw orvv ri jhqhudolw| wkdw rqo| wkh zlqlqj elghu sd|v1
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Elgghu � zlwk w|sh |� kdv wr pd{lpl}h L�E|�ch|�� zlwk uhvshfw wr h|�( lq htxloleulxp kh pxvw

fkrrvh h|� ' |�� Wkh htxloleulxp xwlolw| ri w|sh |� lv wkh iroorzlqj=

��E|�� ' L�E|�c |�� ' .|� c��c�� dR�E|�c |��ET��?c�E|�c ��E|�c |���� K�E|�c |���

n R�E|�c |���T,Jrec�E|�c ��E|�c |��� n E�� R�E|�c |��� R�E|�c |���
E@� S�2

�S
o +88,

Lw lv hdv| wr vhh wkdw ��E|�� lv +zhdno|, lqfuhdvlqj dqg frqwlqxrxv ixqfwlrq/ vr lw lv doprvw

hyhu|zkhuh gl�huhqwldeoh1 Wkhq xvlqj wkh idfw wkdw L�E|�c r�� lv pd{lpl}hg dw r� ' |� wkh

hqyhorsh wkhruhp |lhogv=

���E|�� ' L
E��
� E|�c |�� ' .|�c�� dR�E|�c |��T

E��
��?c�E|�c ��E|�c |���o +89,

zkhuh L E��c T E�� duh wkh sduwldo ghulydwlyhv ri Lc T zlwk uhvshfw wr wkh �uvw yduldeoh1

Htxdwlrq EDS� iroorzv iurp wkh +qhfhvvdu|, �uvw rughu frqglwlrqv iru wkh sureohp ri

wkh elgghuv1 Dv zh zloo vhh wklv zloo ghwhuplqh wkh uhyhqxh ri wkh vhoohu gluhfwo| zlwkrxw

dq| uhihuhqfh wr wkh vridu ljqruhg vhfrqg rughu frqglwlrqv1 Wr yhuli| wkdw zh uhdoo| kdyh

d pd{lpxp iru wkh elgghuv dw h|� ' |� zh vkrxog fkhfn wkh +vx!flhqw, joredo vhfrqg rughu

frqglwlrqv1 Zh zloo qrw fkdudfwhul}h wkhvh frqglwlrqv iru d jhqhudo phfkdqlvp lqvwhdg zh

zloo suryh dw wkh hqg ri wkh qh{w Vhfwlrq wkdw wkh dxfwlrq wkdw pd{lpl}hv uhyhqxh zloo

vdwlvi| wkh vhfrqg rughu frqglwlrqv dovr/ vr lw lv uhdoo| lqfhqwlyh frpsdwleoh1

7 Wkh fkdudfwhul}dwlrq ri wkh rswlpdo phfkdqlvp

Ohppd 8 Iru dq| v|pphwulf/ lqfhqwlyh frpsdwleoh phfkdqlvp wkh uhyhqxh ri wkh vhoohu

lv jlyhq e| wkh iroorzlqj h{suhvvlrq=
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zkhuh ( lv d frqvwdqw wkdw grhv qrw ghshqg rq wkh phfkdqlvp153

Surri1 Vhh Dsshqgl{1

53Dv zh kdyh douhdg| phqwlrqhg zh fdq uhvwulfw dwwhqwlrq wr v|pphwulf phfkdqlvpv zlwkrxw orvv ri
jhqhudolw|1
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Wklv uhvxow iroorzv iurp rxu vshfl�f ixqfwlrqdo irup dvvxpswlrqv diwhu zulwlqj wkh

uhyhqxh dv wkh gl�huhqfh ehwzhhq Wrwdo Zhoiduh dqg Wrwdo Xwlolw| ri wkh elgghuv*1 Xsrq

xvlqj htxdwlrq EDS� wr fkdudfwhul}h wkh htxloleulxp xwlolw| ri wkh gl�huhqw w|shv +dvvxplqj

dq h{rjhqrxv uhvhuydwlrq xwlolw|, dqg fdofxodwlqj Wrwdo Zhoiduh lq wkh vwudljkwiruzdug zd|

zh jhw wkh deryh uhvxow1

Fruroodu| 5 Wkh vhoohu*v sureohp/ +VS, fdq eh zulwwhq dv ehorz=
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v1w1 f � R�E|�c |2� � �

R�E|�c |2� n R�E|2c |�� � �/ iru doo E|�c |2�

f � ��E|�c |2� � S

dqg frqvlvwhqf| +zh zloo dqdo|}h wklv frqvwudlqw odwhu, dqg joredo vhfrqg rughu frqglwlrqv

iru elgghuv* sureohpv krog

Uhpdun 4 Lq d v|pphwulf phfkdqlvp R2E|�c |2� ' R�E|2c |��c vr R�E|�c |2� n R�E|2c |�� � �

pxvw krog1 Qrwh wkdw wkh �uvw rughu frqglwlrqv iru elgghuv* pd{lpl}dwlrq krog e| frq0

vwuxfwlrq/ vr zh mxvw qhhg wr fkhfn wkh vhfrqg rughu frqglwlrqv1 Rxu frqvlvwhqf| fulwhulrq

iru � dprxqwv wr wkh uhtxluhphqw wkdw wkhuh lv d +srvvleo| udqgrp, uhsruwlqj srolf| ri wkh

vhoohu vxfk wkdw wkh orvhu zloo krog eholhiv dv jlyhq e| wkh ixqfwlrq ��54

Gh�qh wkh h{shfwhg ydoxh ri � frqglwlrqdo rq wkh zlqqhu*v w|sh/ |� dv iroorzv +|,

ghqrwhv wkh w|sh ri wkh orvhu,=

+E|�� ' .E|,c���|��E|�c |,� +8<,

54Wkh frqglwlrq fdq eh vwdwhg lq wkh iroorzlqj irup/ dvvxplqj wkdw 4 lv wkh zlqqhu= Wkhuh h{lvwv d
+srvvleo| udqgrp, uhsruwlqj ixqfwlrq/ o4+w4> w5, vxfk wkdw wkh iroorzlqj krogv iru hyhu| sdlu/ +w4> w5, =
k4+w4> w5, @ H+w4>o,mw5 ^w4mw4 lv zlqqhu`
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dqg wkh suredelolw| ri zlqqlqj iru d w|sh/ |�

R�E|�� ' .|�R�E|�c |�� +93,

Qrwh wkdw

.|�+E|�� ' .|�.E|,c���|��E|�c |,� ' .E|�c|,c���E|�c |,� ' .|�|� +94,

zkhuh wkh odvw htxdolw| frphv iurp wkh h{shfwhg ydoxh lqwhusuhwdwlrq ri � diwhu dsso|lqj

wkh odz ri lwhudwhg h{shfwdwlrqv1

Ohppd 9 Iru dq| v|pphwulf/ lqfhqwlyh frpsdwleoh phfkdqlvp wkh iroorzlqj xsshu erxqg

fdq eh jlyhq iru wkh uhyhqxh=
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Surri1 Vhh Dsshqgl{1

Wklv odvw Ohppd iroorzv gluhfwo| iurp wkh Mhqvhq0lqhtxdolw| dssolhg wr d frqfdyh

ixqfwlrq1 Wkh lqwxlwlrq lv wkdw ehfdxvh wkh uhyhqxh lv frqfdyh lq � wkh vhoohu lv ehwwhu r�

li kh grhv qrw udqgrpl}h lq klv uhsruwlqj srolf|1 Wkh elgghuv duh ehwwhu r� +wkhlu wrwdo

zhoiduh lv eljjhu, li qr udqgrpl}dwlrq rffxuv dqg vr wkh vhoohu fdq h{wudfw wklv h{wud xwlolw|

iurp wkhp e| uhtxlulqj wr sd| pruh1 Wklv uhvxow lv vlplodu lq  dyru wr wkdw ri Pdvnlq0Uloh|

+4<;7,/ zkhuh wkh| suryh wkdw xqghu ulvn dyhuvlrq +dqg vrph rwkhu whfkqlfdo frqglwlrqv,

d udqgrp phfkdqlvp lv qhyhu rswlpdo iru wkh vhoohu1

Zh kdyh wkh iroorzlqj xvhixo Ohppd iurp Pdvnlq0Uloh| +4<;7,=

Ohppd : +Pdvnlq0Uloh| +4<;7,,1 Frqvlghu dq| v|pphwulf phfkdqlvp1 Ohw RE|� wkh

suredelolw| ri zlqqlqj iru w|sh | dv gh�qhg lq ESf�� Wkhq RE|� pxvw vdwlvi| wkh iroorzlqj

frqglwlrqv=

] S

%

RE|�_| �
] S

%

8 E|�_| iru hyhu| % 5 dfc So� +96,

f � RE|� � � iru hyhu| | 5 dfc So� +97,

Iru dq| qrq0ghfuhdvlqj/ slhfhzlvh gl�huhqwldeoh RE|� li wkhvh frqglwlrqv krog wkhq wkhuh

h{lvwv d v|pphwulf udqgrp uxoh wkdw doorfdwhv wkh jrrg zlwk suredelolw| RE|� wr w|sh |c l1h1

RE|� vdwlv�hv htxdwlrq ESf� iru vrph v|pphwulf phfkdqlvp +R�c ���1
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Xvlqj rxu vshfldo glvwulexwlrq ixqfwlrq/ 8 E|� ' |
S
zh fdq zulwh frqglwlrq ES�� iru RE|�

wr eh d suredelolw| ri doorfdwlrq iru dq| v|pphwulf uxoh dv iroorzv=
U S

%
RE|�_| � U S

%
8 E|�_|

iru hyhu| % 5 dfc So� Dovr f � RE|� � � pxvw eh vdwlv�hg1

Ohppd ; Wkh iroorzlqj wkuhh frqglwlrqv krog iru +E|� li lw lv gh�qhg dv lq htxdwlrq EDb�=U S

%
RE|�+E|�_| � U S

%
RE|�|_| iru hyhu| % 5 Efc So�U S

f
RE|�+E|�_| '

U S

f
RE|�|_|�

f � +E|� � S iru hyhu| | 5 dfc So�

Surri1 Ehfdxvh wkh udqgrp yduldeoh � 5 dfc So dqg + lv mxvw dq h{shfwhg ydoxh ri � wklv

|lhogv wkh wklug frqglwlrq wulyldoo|1 Frqvlghu wkh h{suhvvlrq
U S

%
RE|�|_|U S

%
RE|�_|

� Jlyhq rxu xqlirup

sulru glvwulexwlrq/ wklv lv mxvw wkh h{shfwhg ydoxh ri wkh zlqqhu/ frqglwlrqdo rq wkdw lw lv

odujhu wkdq %� Wkhq
U S

f
RE|�|_|U S

f
RE|�_|

lv mxvw wkh h{shfwhg ydoxh ri wkh zlqqhu1 Vlploduo|
U S

f
RE|�+E|�_|U S

f
RE|�_|

lv wkh h{shfwhg ydoxh ri +E|� frqglwlrqdo rq | lv zlqqlqj1 Dv zh dujxhg wklv lv e| wkh odz ri

lwhudwhg h{shfwdwlrqv htxdov wkh h{shfwhg ydoxh ri wkh zlqqhu/ khqfh wkh vhfrqg frqglwlrq

iroorzv1 Zh qrz wxuq wr wkh �uvw frqglwlrq1 Lpdjlqh wkdw zlqqhuv wkdw kdyh w|sh kljkhu

wkdq % duh ylhzhg duh lqglvwlqjxlvkdeoh iru wkh orvhu exw wkh| duh glvwlqjxlvkdeoh iurp

zlqqhuv ehorz w|sh %1 Wkhq e| gh�qlwlrq ri +E|� dqg diwhu wkh xvh ri wkh odz ri lwhudwhg

h{shfwdwlrqv wkh �uvw frqglwlrq krogv dv dq htxdolw|1 Qrz vxssrvh wkdw wkh orvhu fdq qrw

glvwlqjxlvk shuihfwo| vrph w|shv deryh % dqg vrph w|shv ehorz %1 Wkhq wkh h{shfwdwlrq

ri wkh orvhu uhjduglqj wkh zlqqhuv w|sh frqglwlrqdo rq wkdw wklv w|sh lv odujhu wkdq % zloo

eh vpdoohu wkdq wkh h{shfwhg ydoxh ri wkh zlqqhuv w|sh frqglwlrqdo rq wkdw lw lv odujhu

wkdq %/ zklfk lv mxvw wkh frqwhqw ri wkh �uvw frqglwlrq1

Ohw xv lqwurgxfh wkh qrwlrq ri prgl�hg uhyhqxh1 L zloo fdoo wkh prgl�hg uhyhqxh ri d

phfkdqlvp/ ER�E|�c |��c ��E|�c |��� wkh iroorzlqj h{suhvvlrq=
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zkhuh +RE|�c +E|�, duh gh�qhg dffruglqj wr htxdwlrqv ESf� dqg EDb�1 Vr zh fdq uhzulwh qrz

rxu lqhtxdolw| ES2� wkdw krogv iru dq| jlyhq dxfwlrq dv iroorzv=

- � -6 +99,

Frqvlghu wkh iroorzlqj surjudp/ +VS*,=
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RE|�|_| iru hyhu| % 5 Efc So

] S
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RE|�+E|�_| '

] S
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RE|�|_|

f � +E|� � S iru hyhu| | 5 dfc So

] S

%

RE|�_| �
] S

%

8 E|�_| iru hyhu| % 5 dfc So

f � RE|� � � iru hyhu| | 5 dfc So

ERE|�c +E|�� duh gh�qhg dffruglqj wr htxdwlrqv ESf� dqg EDb�

Wkhq zh kdyh wkh iroorzlqj fruroodu| ri Ohppd . dqg H=

Fruroodu| 6 Wdnh dq| v|pphwulf/ lqfhqwlyh frpsdwleoh phfkdqlvp ER�E|�c |��c ��E|�c |���1

Li ER�E|�c |��c ��E|�c |��� vdwlv�hv wkh frqvwudlqwv ri surjudp EVS� wkhq lw dovr vdwlv�hv wkh

frqvwudlqwv ri surjudp EVS*�1

Ohppd < Vxssrvh wkdw d v|pphwulf phfkdqlvp �W vdwlv�hv wkh frqvwudlqwv ri EVS�/

lw lv dq rswlpdo vroxwlrq wr EVS*� dqg lw lv ghwhuplqlvwlf +l1h1 �� ghshqgv rqo| rq |�,1

Wkhq wklv phfkdqlvp lv rswlpdo/ l1h1 lw eulqjv wkh kljkhvw uhyhqxh wr wkh vhoohu dprqj doo

+lqfhqwlyh frpsdwleoh, phfkdqlvpv1

Surri1 Ehfdxvh �W vdwlv�hv +VS, lw lv lqfhqwlyh frpsdwleoh1 Dq| rwkhu lqfhqwlyh

frpsdwleoh phfkdqlvp/ � vdwlv�hv wkh frqvwudlqwv ri +VS,/ vr dovr wkdw ri +VS*,1 Wkhq

wkh prgl�hg uhyhqxh ri �W lv +zhdno|, odujhu wkdq wkdw ri �c zklfk lv lq wxuq +zhdno|,

odujhu wkhq wkh uhyhqxh ri �� Ehfdxvh �W lv ghwhuplqlvwlf lw lv hdv| wr vhh wkdw lwv
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uhyhqxh lv wkh vdph dv lwv prgl�hg uhyhqxh zklfk lv +zhdno|, odujhu wkdq wkh uhyhqxh ri

dq| rwkhu v|pphwulf/ lqfhqwlyh frpsdwleoh �� E| rxu hduolhu uhpdun zh fdq frqfhqwudwh

rq v|pphwulf phfkdqlvpv zlwkrxw orvv ri jhqhudolw|/ zklfk frqfoxghv rxu surri1

Zh zloo vkrz ehorz wkdw zh fdq �qg d +ghwhuplqlvwlf, dxfwlrq wkdw vdwlv�hv wkh frq0

glwlrqv ri rxu ohppd/ vr lw lv rswlpdo1 Iru wklv uhdvrq zh qrz wxuq wr surjudp +VS*,1 Zh

�uvw vwdwh d xvhixo Ohppd=

Ohppd 43 Vxssrvh wkdw d phfkdqlvp � ' ER�E|�c |��c ��E|�c |��� lv rswlpdo vroxwlrq wr

+VS*, dqg gh�qh � � ' ERE|�c +E|�� dv lq htxdwlrqv ESf� dqg EDb�1 Wkhq +RE|�c +E|�, lv dovr

dq rswlpdo vroxwlrq wr +VS*,1 Lq vhdufklqj iru wkh rswlpdo vroxwlrq ri +VS*, zh fdq uhvwulfw

rxu dwwhqwlrq wr ghwhuplqlvwlf phfkdqlvpv1

Surri1 E| gh�qlwlrq wkh remhfwlyh ixqfwlrq kdv wkh vdph ydoxh iru � dqg � �� Wkh

frqvwudlqwv duh fohduo| vdwlv�hg iru � � li wkh| krog iru �� Wkh vhfrqg vwdwhphqw wkh

wulyldoo| iroorzv1

Vr lqvwhdg ri pd{lpl}lqj -6 lq wkh fodvv ri doo +srvvleo|, udqgrp lw lv hqrxjk wr

pd{lpl}h zlwk uhvshfw wr doo ghwhuplqlvwlf sdluv/ ERE|�c +E|��� Zh rewdlq wkhq wkh iroorzlqj

surjudp/ +VS�,=
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Wkhruhp 8 +l, Li @ � D�
D
S wkhq wkh rswlpdo vroxwlrq ri +VS�, zloo lqyroyh RE|� ' 8 E|�

dqg +E|� ' |�

+ll, Li @ 	 D�
D
S wkhq wkhuh h{lvwv d srvlwlyh |f vxfk wkdw wkh rswlpdo vroxwlrq ri +VS�,

zloo lqyroyh RE|� ' f li | 	 |f dqg RE|� ' 8 E|�/ +E|� ' | li | � |f�

Surri1
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oc +9:,

vr edvlfdoo| zh qhhg wr pd{lpl}h=

.|RE|�d
DE@� S�2

�ee
� SE@� S�

�
n

�|2

e
n

D@� ��S

b
|� +E|�2

�S
n
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'
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�
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e
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�S
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b
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�
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Zh zdqw wr irupxodwh rxu sureohp dv d Kdplowrqldq/ vr zh �uvw lqwurgxfh

~E%� '

] S

%

RE|�_|�
] S

%

8 E|�_| +9<,

t E%� '

] S

%

RE|��E|�_|�
] S

%

RE|�|_| +:3,

Zh zloo ljqruh wkh frqvwudlqw wkdw f � +E|� � S iru hyhu| | 5 dfc So dqg zloo vhh wkdw lw zloo

eh vdwlv�hg lq wkh rswlpdo vroxwlrq ri wkh uhod{hg surjudp1

Wkhq rxu sureohp lv=

4@ 
RE|�c+E|�

] S

f

RE|�E
DE@� S�2

�ee
� SE@� S�

�
n

�|2

e
� +2E|�

�S
n E

D@� ��S

b
�| n

|+E|�

2
�_| +:4,

r�|� t E%� � f iru hyhu| %c dqg t ES� ' t Ef� ' f

~E%� � f iru hyhu| %c dqg ~ES� ' f
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t �E%� ' RE%�E%� +E%��

~ �E%� ' 8 E%�� RE%�

f � RE|� � �

Wkh Kdplowrqldq fdq eh zulwwhq dv=

M ' RE|�E
DE@� S�2

�ee
� SE@� S�

�
n

�|2

e
� +2E|�

�S
n E

D@� ��S

b
�|n

|+E|�

2
� +:5,

n wE|�RE|�E|� +E|��� ZE|�t E|� n kE|�E8 E|�� RE|��� qE|�~E|� n �E|�RE|� n �E|�E�� RE|��

Khuh wkh qhfhvvdu| frqglwlrqv zloo eh dovr vx!flhqw ehfdxvh wkh remhfwlyh ixqfwlrq dqg

wkh frqvwudlqwv duh frqfdyh lq wkh vwdwh dqg wkh frqwuro yduldeohv wrjhwkhu1 Wkh qhfhvvdu|

frqglwlrqv duh wkh iroorzlqj=

YM
YR

' DE@3S�2

�ee
� SE@3S�

�
n 2.|23+2E|�

�S
n ED@3��S�|

b
n |+E|�

2
n �E|�� �E|�� wE|�E+E|�� |�� kE|� ' f

YM
Y+

' RE|�d |
2
� +E|�

�H
� wE|�o ' f

�YM
Yt

' ZE|� ' w�E|�
�YM

Y~
' qE|� ' k�E|�

+:6,

qc Zc�c � � f dqg qc Zc �c � ' f li wkhlu frqvwudlqwv duh qrw elqglqj/ wc k duh slhfhzlvh

gl�huhqwldeoh dqg kEf� � f1 +Vhh pruh rq wklv lq wkh surri ri Wkhruhp H lq Pdvnlq0Uloh|

+4<;7,,

Zh sursrvh d vroxwlrq wkdw zloo vdwlvi| wkhvh qhfhvvdu| dqg vx!flhqw frqglwlrqv dqg

wkhq zh*uh grqh1 Iluvw dvvxph wkdw @ � D�
D
S� Wkhq zh sursrvh RE|� ' 8 E|�c +E|� ' |

dv d vroxwlrq1 Wklv zloo vxuho| vdwlvi| doo ri rxu frqvwudlqwv dqg dovr srvvleoh> zh mxvw

qhhg wr rujdql}h d �uvw0sulfh dxfwlrq zlwk dqqrxqflqj wkh w|sh ri wkh zlqqhu dqg slfn

wkh frpsohwho| vhsdudwlqj htxloleulxp ri lw1 Wklv htxloleulxp h{lvwv dv lw zdv vkrzq lq

Jrhuhh +5333,1 Ehfdxvh f 	 RE|� 	 � iru doprvw hyhu| w|sh zh kdyh wE|� ' |
2
� |

�H
' D|

b
/

�E|� ' �E|� ' f dqg kE|� ' DE@3S�2

�ee
� SE@3S�

�
n ��|2n|ED@3��S�

b
1 Zh fdq suryh wkdw li @ � D�

D
S

wkhq kEf� � f krogv1 Dovr ZE|� ' w�E|� � f vxuho| dqg qE|� ' k�E|� ' 22|nED@3��S�
b

� f

xqghu rxu dvvxpswlrqv1 Vr zh uhdoo| kdyh dq rswlpdo vroxwlrq lq wklv fdvh1
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Qrz zh wxuq wr wkh fdvh zkhq @ 	 D�
D
S1 Ohw |f eh wkh eljjhu vroxwlrq ri wkh iroorzlqj

htxdwlrq=

�E|� '
DE@� S�2

�ee
� SE@� S�

�
n

��|2 n |ED@� ��S�

b
' f� +:7,

Xqghu rxu dvvxpswlrqv |f : f�

Wkhq ohw RE|� ' f li | � |f rwkhuzlvh ohw RE|� ' 8 E|�1 Ohw +E|� ' | iru hyhu| |1 Vhw wE|�

' D|f
b
dqg kE|� ' f rq dfc |fo� Li | : |f wkhq RE|� : f vr wE|� ' D|

b
dv ehiruh1 Lq wklv udqjh

kE|� ' DE@3S�2

�ee
� SE@3S�

�
n ��|2n|ED@3��S�

b
� Ohw �E|� ' �iDE@3S�2

�ee
� SE@3S�

�
n ��|2n|ED@3��S�

b
j : f rq

dfc |fo dqg �E|� ' f li | : |f� Ohw �E|� ' f iru hyhu| |� Qrz/ e| frqvwuxfwlrq YM
Y�

' YM
YR

' f�

Dovr/ qE|� ' k�E|� ' f rq dfc |f� zkhuh wkh frqvwudlqw +ri zklfk q lv wkh pxowlsolhu, grhv

qrw elqg dqg qE|� ' k�E|� : f li | � |f�
55 Vlploduo|/ ZE|� ' w�E|� ' f rq dfc |f� dqg

ZE|� ' w�E|� : f li | : |fc dqg wkh frqvwudlqw +ri zklfk Z lv wkh Odjudqjh pxowlsolhu,

dozd|v elqgv1 Zh zloo kdyh frqwlqxrxv pxowlsolhuv vr zh grq*w kdyh wr zruu| derxw wkh

mxps frqglwlrqv1 Doo ri wkh qhfhvvdu| +dqg khuh e| frqfdylw| vx!flhqw, frqglwlrqv krog/

vr zh irxqg wkh rswlpdo vroxwlrq1 Wkh rqo| gl�huhqfh ehwzhhq wklv vhfrqg fdvh dqg wkh

�uvw fdvh lv wkdw rxu rswlpdo ixoo0vljqdolqj �uvw0sulfh dxfwlrq qrz suhvfulehv vrph srvlwlyh

uhvhuyh sulfh1

Ohppd 44 Wkhuh h{lvw dq h{fhswhg sd|phqw vfkhgxoh/ �E|� vxfk wkdw wkh phfkdqlvp

ERE|�c +E|�� jlyhq lq wkh suhylrxv ohppd li dssolhg wrjhwkhu zlwk �E|� wkhq erwk wkh �uvw0

dqg wkh joredo vhfrqg0rughu frqglwlrqv iru wkh elgghuv* sureohp zloo krog iru hyhu| |�

Surri1 Dv zh kdyh vhhq douhdg| wkhuh lv d xqltxh �E|� vxfk wkdw wkh �uvw rughu

frqglwlrqv krog li zh xvh wkh phfkdqlvp ERE|�c +E|��� Zh kdyh wr vkrz wkxv rqo| wkdw wkh

vwudwhjlhv ri wkh elgghuv vdwlvi| joredo vhfrqg rughu frqglwlrqv/ li wkh| vdwlvi| wkh �uvw

rughu frqglwlrqv1 Lq wkh sursrvhg phfkdqlvp �E|�� ' |� iru doo |�� Iluvw wdnh wkh fdvh

zkhq zh vhoo wkh jrrg zlwk suredelolw| �/ wklv kdsshqv li @ lv elj hqrxjk uhodwlyh wr S1

Lq wkdw fdvh zh nqrz wkdw RE|�� ' |�
S
dqg wkh ydoxh ri wkh h{shfwhg sd|r� ri w|sh |�c

�E|�� lv lqfuhdvlqj/ frqwlqxrxv lq |� Wkhq lw lv doprvw hyhu|zkhuh gl�huhqwldeoh/ vr zh

55�3+w, A 3 krogv li w A w3 ehfdxvh wkhq �3+w, @ D3+w, dqg D+w, lv d frqyh{/ txdgudwlf ixqfwlrq zklfk
kdv rqh srvlwlyh urrw dqg rqh qhjdwlyh xqghu rxu dvvxpswlrqv +wklv krogv ehfdxvh wkh surgxfw ri wkh wzr

urrwv lv 8+d�f,5

477 � f+d�f,
6 > zklfk lv qhjdwlyh khuh,1 Wklv phdqv wkdw D+w, pxvw eh lqfuhdvlqj li lw lv deryh

lwv odujhu urrw/ l1h1 w3=
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pd| dvvxph wkdw lw lv dfwxdoo| hyhu|zkhuh gl�huhqwldeoh156 Wkh xwlolw| ri d w|sh |� zkr

uhsruwv h|� +dvvxplqj wkdw wkh rwkhu ex|hu uhsruwv wuxwkixoo|, lv dv iroorzv=
L�E|�ch|�� ' REh|��T��?c�E|�ch|�� n E�� REh|���.|�:h|�T,Jrec�E|�c |����Eh|�� +:8,

Wdnh wkh sduwldo ghulydwlyh zlwk uhvshfw wr wkh vhfrqg dujxphqw=

L
E2�
� E|�ch|�� ' R�Eh|��T��?c�E|�ch|�� n REh|��T E2�

��?c�E|�ch|��� R�Eh|��.|�:h|�T,Jrec�E|�c |�����Eh|�� +:9,

Zh qhhg wr vkrz iru wkh joredo vhfrqg rughu frqglwlrq wr krog/ wkdw wklv ydoxh lv srvlwlyh

li h|� 	 |� dqg qhjdwlyh li h|� : |��

Zh dovr nqrz iurp wkh �uvw rughu frqglwlrq iru wuxwkixo uhsruwlqj wkdw=

L E2�
� Eh|�ch|�� ' f +::,

Xsrq vxevwlwxwlqj E..� wr E.S� zh kdyh=

L
E2�
� E|�ch|�� ' L

E2�
� E|�ch|��� L

E2�
� Eh|�ch|��

' R�Eh|��dT��?c�E|�ch|��� T��?c�Eh|�ch|��o n REh|��dT E2�
��?c�E|�ch|��� T

E2�
��?c�Eh|�ch|��o +:;,

Lq wkh sursrvhg phfkdqlvp R�Eh|��c REh|�� : f1 Dovr iru wkh xwlolw| ixqfwlrq jlyhq |� : h|�
lpsolhv wkdw T��?c�E|�ch|�� � T��?c�Eh|�ch|��c T E2�

��?c�E|�ch|�� � T
E2�
��?c�Eh|�ch|�� : f� Vlploduo| |� 	 h|�

lpsolhv wkdw T��?c�E|�ch|���T��?c�Eh|�ch|��c T E2�
��?c�E|�ch|���T E2�

��?c�Eh|�ch|�� 	 f� Sxwwlqj wkhvh uhvxowv

wrjhwkhu |lhogv wkh frqfoxvlrq wkdw wkh joredo vhfrqg rughu frqglwlrq krogv1

Qrz wxuq wr wkh fdvh zkhq zh uhwdlq wkh jrrg zlwk srvlwlyh suredelolw|1 Li zh vhoo wkh

jrrg wr d w|sh |� zlwk srvlwlyh suredelolw| wkhq lw lv vwloo wkh fdvh wkdw RE|�� ' |�
S
c exw qrz

wkhuh lv d w|sh |W vxfk wkdw RE|�� ' f li |� 	 |W� Iru w|shv | � |W wkh dujxphqw deryh jrhv

wkurxjk/ vr lw fohduo| iroorzv wkdw w|shv deryh |W gr qrw zdqw wr plplf hdfk rwkhu1 W|shv

ehorz |W zloo kdyh wkh vdph doorfdwlrq vr wkh| gr qrw zdqw wr plplf hdfk rwkhu1 Rqo| wzr

w|shv ri lqfhqwlyh frqvwudlqwv uhpdlqhg wr fkhfn1 Iluvw/ wkdw w|shv ehorz |W vkrxog qrw

zdqw wr suhwhqg wr eh deryh |W� Wkdw iroorzv/ ehfdxvh ri wkh iroorzlqj dujxphqw1 W|sh

|W lv khog rq klv uhvhuydwlrq xwlolw| lq htxloleulxp/ zklfk lv htxdo wr �Ef�1 Ehfdxvh zh

56Wklv lv ehfdxvh lw grhv qrw lq xhqfh rxu uhyhqxhv zkdw kdsshqv rq d vhw ri w|shv ri phdvxuh }hur1
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douhdg| dujxhg wkdw w|sh |W grhv qrw zdqw wr suhwhqg w|shv vwulfwo| deryh |Wc kh fdq qrw

jhw d odujhu ohyho ri xwlolw| wkdq �Ef� e| suhwhqglqj wkdw kh lv deryh |W1 Wkxv iru hyhu|

| : |W/ L�E|
Wc |� � �Ef�� Exw wkhq prqrwrqlflw| ri L� lq wkh �uvw frpsrqhqw lpsolhv wkdw

li h|� 	 |W 	 |c wkhq L�Eh|�c |� 	 L�E|
Wc |� � �Ef�� Wklv phdqv wkdw w|shv ehorz |W gr qrw

zdqw wr plplf w|sh deryh |W� Vhfrqg/ zh qhhg wr vkrz wkdw w|shv/ | deryh |W gr qrw

zdqw wr uhsruw ehorz |W� Wklv lv wulyldo/ ehfdxvh w|shv deryh |W zloo kdyh d srvlwlyh uhqw lq

htxloleulxp dqg e| plplfnlqj w|shv ehorz |W wkh| zrxog jhw rqo| wkhlu uhvhuydwlrq xwlolw|1

Fruroodu| 7 Wkh vxjjhvwhg phfkdqlvp vdwlv�hv doo ri wkh frqvwudlqw ri +VS,/ li zh xvh

rxu sursrvhg +E|� iru wkh yduldeoh �E|�1

Surri1 Zh kdyh vkrzq wkdw wkh joredo vhfrqg rughu frqglwlrqv krog/ dqg lw lv wulyldo

wkdw wkh rwkhu frqvwudlqwv ri +VS, duh vdwlv�hg h{shfw wkh +ydjxho| vwdwhg, frqglwlrq derxw

+E|� ' �E|�� Exw wklv frqvwudlqw mxvw phdqv wkdw wkhuh h{lvwv d uhsruwlqj dqg doorfdwlqj

srolf| vxfk +E|� zloo eh wkh eholhi ri wkh orvhu frqfhuqlqj wkh w|sh ri wkh zlqqhu1 Exw

+E|� ' | lq rxu sursrvhg vroxwlrq zklfk lv fohduo| srvvleoh/ mxvw iroorz wkh srolf| ri shuihfw

lqirupdwlrq uhyhodwlrq derxw wkh zlqqhu*v w|sh1

Li zh sxw wrjhwkhu rxu uhvxowv zh rewdlq rxu pdlq Wkhruhp=

Wkhruhp 9 Wkh phfkdqlvp sursrvhg lq Wkhruhp D lv uhyhqxh pd{lpl}lqj iru wkh vhoohu1

Vridu zh kdyh dvvxphg wkdw wkh uhvhuydwlrq xwlolw| zdv jlyhq h{rjhqrxvo| exw wklv lv

qrw vr1 Wkh uhdvrq lv wkdw wkh xwlolw| dfklhydeoh iru d sod|hu wkdw grhv qrw sduwlflsdwh

ghshqgv rq zkdw kdsshqv wr wkh rwkhu sod|hu1 Zh qrz vkrz wkrxjk wkdw iru wkh sxusrvh

ri ghvljqlqj rswlpdo phfkdqlvpv lw zdv qrw d idxow| dvvxpswlrq wr wdnh wkh uhvhuydwlrq

xwlolw| ri wkh gl�huhqw w|shv frqvwdqw dprqj w|shv dqg phfkdqlvpv1 Iru wklv zh suhvhqw

wkh iroorzlqj dujxphqw1 Qrw sduwlflsdwlqj rqo| phdqv qrw elgglqj vr KE|� ' RE|� ' f exw

wkh xwlolw| vwloo ghshqgv rq wkh suredelolw| ri wkh rwkhu sod|hu jhwwlqj wkh jrrg dqg klv

dqqrxqfhg w|sh1 Zh zdqw wr dfklhyh lq rxu phfkdqlvp sduwlflsdwlrq rq wkh htxloleulxp

sdwk exw zh kdyh wr doorz wkh elgghuv wr fkrrvh qrw wr sduwlflsdwh1 Irupdoo| zh zloo mxvw

h{sdqg wkh vwudwhj| vsdfh e| doorzlqj wr uhsruw � / l1h1 qrw sduwlflsdwlqj1 Ehfdxvh rq wkh

htxloleulxp sdwk hyhu|erg| zloo sduwlflsdwh wkh rqo| h�hfw ri wklv qhz vwudwhj| zloo eh lv
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wkdw lw zloo ghwhuplqh wkh uhvhuydwlrq xwlolw| ri wkh sod|huv1 Lw lv fohdu wkxv wkdw zh kdyh

wr sxqlvk wkh sod|hu wkh prvw vhyhuho| srvvleoh li kh fkrrvhv qrw sduwlflsdwlqj1 Ehfdxvh

lq wklv fdvh KE|� ' RE|� ' f zh fdq rqo| fkrrvh wkh rwkhu sod|hu doorfdwlrq wr plqlpl}h wkh

qrq0sduwlflsdwlqj djhqw*v xwlolw|1 Khuh zh zloo pdnh wkh frqvlvwhqf| uhtxluhphqw wkdw li d

sod|hu lv qrw sduwlflsdwlqj wkh uhyhdohg w|sh ri wkh rwkhu sod|hu lv fruuhfw rq dyhudjh1 Wklv

plqlpl}dwlrq sureohp fdq qrw ghshqg rq wkh uhdo w|sh ri qrq0sduwlflsdwlqj djhqw ehfdxvh

lw lv xqnqrzq/ dqg lw dovr grhv qrw ghshqg rq zkdw kdsshqv li erwk sod|huv sduwlflsdwh/

vr wkh uhvhuydwlrq xwlolw| lv frqvwdqw iru dq| w|sh dqg srvvleoh phfkdqlvp1 Zh kdyh wr

plqlpl}h wkh iroorzlqj h{suhvvlrq=

.|�T,Jrec�E|�c��E|��� ' .|� dRE|��i
E@� S�2

b
� �2�E|��

�H
� E@� S�|�

S

� E@� S���E|��

�H
n

|���E|��

S
jn E�� R�E|���

E@� S�2

�S
o +:<,

Qrwh wkdw wkh vroxwlrq wr wklv surjudp kdv qrwklqj wr gr zlwk zkdw zh kdyh grqh suhyl0

rxvo|/ vlqfh wklv fkdudfwhul}hv wkh rxw0ri0htxloleulxp �wkuhdwv� ri wkh phfkdqlvp zkloh wkh

suhylrxv vroxwlrqv duh uhohydqw rq wkh htxloleulxp sdwk1 Ehfdxvh zh fdq qrw pdqlsxodwh

|�/ wkh w|sh ri wkh sduwlflsdwlqj djhqw zh mxvw plqlpl}h zlwk uhvshfw wr ��E|�� dqg R�E|���

Lq wklv qrwdwlrq zh xvhg wkh idfw wkdw wkh vljqdo ��c fdq qrw ghshqg rq |�c ehfdxvh |� lv

xqnqrzq1 Li wkh rwkhu sod|hu sduwlflsdwhv doo wkh wlph +dv lw zloo rq wkh htxloleulxp sdwk,

wkhq .|���E|�� ' .|� |� '
S
2
c d frqvwdqw1 Zh zloo qrw vroyh khuh wklv sureohp exw qrwh wkdw

+E|� ' | dqg RE|� dv rq wkh htxloleulxp sdwk deryh +l1h1 lq wkh �uvw fdvh RE|� ' 8 E|� iru

hyhu| |/ zkloh lq wkh vhfrqg fdvh RE|� ' 8 E|� rqo| deryh |f, vdwlv�hv wkh frqvwudlqwv ri

wkh surjudp wkrxjk lw lv qrw qhfhvvdulo| rswlpdo1 Wklv phdqv wkdw zh fdq sxqlvk wkh qrq

sduwlflsdwlqj djhqw dw ohdvw dv vhyhuho| dv li zh mxvw jlyh klp wkh doorfdwlrq wkdw lv jlyhq

wr wkh orzhvw w|sh djhqw lq d �uvw0sulfh dxfwlrq1 Wr krog grzq wkh orzhvw w|sh dw wklv

uhvhuydwlrq xwlolw| ohyho/ zklfk lv jlyhq e| wkh kduvkhvw srvvleoh sxqlvkphqw zh kdyh wr

ohw wkh orzhvw w|sh sod|hu sd| srvlwlyh dprxqw hyhq wkrxjk RE|� ' f� Wklv fdq eh grqh

e| d �uvw sulfh dxfwlrq zlwk hqwu| ihh1 Ilqdoo| lw lv hdv| wr vhh wkdw zh fdq qrw lqfuhdvh

wkh uhyhqxh e| ghvljqlqj d phfkdqlvp wkdw lqgxfhv qrq0sduwlflsdwlrq rq wkh htxloleulxp

sdwk1 Wkh uhdvrq iru wklv lv reylrxv> qrq0sduwlflsdwlrq mxvw phdqv RE|� ' KE|� ' f zklfk

zdv d srvvlelolw| lq rxu vhw ri phfkdqlvp exw glg qrw wxuq rxw wr eh rswlpdo1 +Hyhq lq

wkh vhfrqg fdvh zkhuh RE|� ' f khog iru orz w|shv zh kdg dq hqwu| ihh zklfk reylrxvo|
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udlvhv uhyhqxh1,

Ilqdoo| frqvlghu zkdw kdsshqv li zh gr qrw doorz hqwu| ihh1 Zh gr qrw kdyh d ixoo

dqdo|vlv |hw exw rxu lqwxlwlrq lv wkdw lw pd| zruwk wr fkdqjh wkh phfkdqlvp jlyhq deryh

wr rqh wkdw krogv grzq wkh xwlolw| ri wkh orzhvw w|sh e| sxqlvklqj klp zlwk qrq prqhwdu|

phdqv/ l1h1 e| lqfuhdvlqj wkh suredelolw| wkdw wkh rwkhu sod|hu jhwv wkh jrrg +wklv lv rqo|

uhohydqw lq rxu vhfrqg fdvh, ru fkdqjh wkh vljqdolqj vwuxfwxuh �� lq rughu wr plqlpl}h wkh

sd|r� ri wkh orzhvw w|sh1

714 Jhqhudol}dwlrq

Zh lqglfdwh vrph frqglwlrqv xqghu zklfk zh pd| dfklhyh uhvxowv lq d pruh jhqhudo fdvh1

Ohw T Eh|� ghqrwh wkh uhvhuyh ydoxh ri wkh ex|hu/ dqg T EK� lv wkh xwlolw| ri wkh elgghuv li

wkh jrrg lv qrw doorfdwhg dqg qr sd|phqw lv pdgh +lq rxu prgho wkhvh duh erwk E@3S�2

�S
,1

Gh�qh wkh iroorzlqj qhz yduldeoh57=

gE|�c ��� ' T��?c�E|�c ��� n T,Jrec2E|�c ���� �� 8 E|��

sE|��
T

E��
��?c�E|�c ���� T Er�� 2T EK� +;3,

Ohw*v ghqrwh wkh sduwldo ghulydwlyhv ri gE|�c ��� zlwk uhvshfw wr wkh ,wk frpsrqhqw +, '

�c 2, dv gE,�E|�c ���� Gh�qh dovr

�E|�� ' gE|�c |�� +;4,

Dvvxpswlrq < �E|�� lv lqfuhdvlqj lq |� dqg srvlwlyh iru hyhu| |�

Dvvxpswlrq 43 gE|�c ��� lv frqfdyh lq ��

Dvvxpswlrq 44 gE2�E|�c |�� lv lqfuhdvlqj lq |�

Wkhruhp : Xqghu wkhvh wkuhh dvvxpswlrqv wkh rswlpdo phfkdqlvp lv wr vhw RE|� ' 8 E|�

dqg �E|� ' | iru hyhu| |�

Surri1 Ehfdxvh ri dvvxpswlrq E�f� zh fdq suryh djdlq wkdw wkh prgl�hg uhyhqxh lv

+zhdno|, odujhu wkhq wkh uhdo uhyhqxh1 Vr zh fdq pd{lpl}h wkh prgl�hg uhyhqxh djdlq

57Iru wkh vhh vljql�fdqfh ri wklv yduldeoh vhh htxdwlrq +445, lq wkh Dsshqgl{ dssolhg wr d v|pphwulf
phfkdqlvp1
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zlwk wkh vdph nlqgv ri frqvwudlqwv dqg li zh duulyh dw d ghwhuplqlvwlf rswlpxp wkhq zh

duh grqh1 Zh kdyh wr fkdqjh wkh iroorzlqj frqvwudlqwv wr doorz iru jhqhudo glvwulexwlrqv=

~E%� '

] S

%

sE|�RE|�_|�
] S

%

sE|�8 E|�_| +;5,

t E%� '

] S

%

RE|�sE|��E|�_|�
] S

%

sE|�RE|�|_| +;6,

Wkxv/

t �E%� ' RE%�sE%�E%� �E%�� +;7,

~ �E%� ' sE%�E8 E%�� RE%�� +;8,

Wkhq rxu sureohp lv +wkh frxqwhusduw ri +VS�, wkh iroorzlqj58=

4@ 
RE|�c�E|�

] S

f

RE|�sE|�gE|c ��_| +;9,

v1w1 t E%� � f iru hyhu| %

t ES� ' t Ef� ' f

~ES� ' fc ~E%� � f iru hyhu| %

t �E%� ' RE%�sE%�E%� �E%��

~ �E%� ' sE%�E8 E%�� RE%��

f � RE|� � �

Li zh iroorz wkh vdph phwkrg dv zh glg lq wkh Frxuqrw0h{dpsoh +exw ri frxuvh zh

kdyh wr xvh d jhqhudo ghqvlw| ixqfwlrq/ s, wkhq zh rewdlq wkh iroorzlqj Kdplowrqldq=

M ' RE|�sE|�gE|c �� n wE|�RE|�sE|�E|� �E|��� ZE|�t E|� n

kE|�sE|�E8 E|�� RE|��� qE|�~E|� n �E|�sE|�RE|� n �E|�sE|�E�� RE|�� +;:,

58Vhh htxdwlrq +445, lq wkh Dsshqgl{/ zkhuh zh fkdudfwhul}hg wkh uyhqxh ri dq duelwudu| phfkdqlvp1
Zh qhhg wr dsso| wklv irupxod wr d v|pphwulf phfkdqlvp dqg dovr wr xvh wkh +qdwxudo|, jhqhudol}hg
gh�qlwlrq ri prgl�hg uhyhqxh lq wklv pruh jhqhudo frqwh{w wr vhh wkdw wklv surjudp lv uhdoo| mxvw wkh
jhqhudo yhuvlrq ri +VS,�1

6<



Xvlqj dvvxpswlrq E�f� djdlq zh fdq vhh wkdw wkh qhfhvvdu| frqglwlrqv ri wkh pd{lpl}dwlrq

zloo eh dovr vx!flhqw1 Zh kdyh wkh iroorzlqj qhfhvvdu| frqglwlrqv=

YM

Y^
' RE|�dgE2�E|c ��� wE|�o ' f +;;,

YM

YR
' gE|c �� n �E|�� �E|�� wE|�E�E|�� |�� kE|� ' f +;<,

�YM

Yt
' ZE|� ' w�E|� +<3,

�YM

Y~
' qE|� ' k�E|� +<4,

qc Zc�c � � f dqg qc Zc �c � ' f li wkhlu frqvwudlqwv duh qrw elqglqj/ wc k duh slhfhzlvh

gl�huhqwldeoh dqg kEf� � f1

Qrz/ lq wkh sursrvhg vroxwlrq wE|� ' gE2�E|c |�c zklfk lv lqfuhdvlqj e| dvvxpswlrq

E���1 Lw lv dovr gl�huhqwldeoh ehfdxvh T��? dqg T,Jre duh gl�huhqwldeoh e| dvvxpswlrq1

Wkxv w�E|� h{lvwv dqg srvlwlyh iru doo |� Dovr e| E�f� +vhwwlqj � ' f dqg � ' f ehfdxvh

wkhlu frqvwudlqwv duh qrw elqglqj, kE|� ' gE|c |� zklfk lv dovr lqfuhdvlqj/ srvlwlyh e|

dvvxpswlrq Eb� dqg gl�huhqwldeoh1 Vr/ k�E|� : f iru doo |� Ilqdoo| zh fdq qrwh wkdw wkh

frqvwudlqw ri ~ dqg t duh dozd|v elqglqj vr qc Z : f lv qrw d sureohp1

Uhpdun 5 Frqvlghu wkh vhw0xs ri wkh �uvw prgho1 Iru wklv/ zh dvvxph T,Jre ' T Er� '

T EK� ' f dqg dgglwlyh vhsdudelolw|/ l1h1 T��?E|c �� ' T�E|� n T2E��1 Wkhq dvvxpswlrq E�f�

dqg E��� frqwudglfwv wr hdfk rwkhu1 Wr vhh wkdw zh qrwh wkdw gE2�E|c |� ' T �
2E|�� Dvvxpswlrq

E��� dprxqwv wkhq wr wkh frqyh{lw| ri T2� Wkh vhfrqg ghulydwlyh ri gE|c �� zlwk uhvshfw

wr � pxvw eh qhjdwlyh iru doo � e| dvvxpswlrq E�f� � Exw wklv vhfrqg ghulydwlyh lv mxvw

T ��
2 E�� dqg wklv vkrxog eh srvlwlyh iru hyhu| ydoxh ri wkh dujxphqw ehfdxvh T2 lv frqyh{ e|

dvvxpswlrq E���1 Wkh Frxuqrw h{dpsoh dyrlgv wklv sureohp e| kdylqj d vlqjoh0furvvlqj

ixqfwlrqdo irup +lw kdv srvlwlyh pl{hg sduwldo ghulydwlyh,1 Lqghhg wkh Frxuqrw h{dpsoh

vdwlv�hv doo wkuhh dvvxpswlrqv zlwk wkh srvvleoh h{fhswlrq ri wkh srvlwlylw| lq dvvxpswlrq

Eb�1
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8 Frqfoxvlrq

Lq wklv frqfoxglqj vhfwlrq/ wkh uroh dqg dffhswdelolw| ri vrph ri rxu pdmru dvvxpswlrqv

dqg wkh sdwkv iru ixwxuh uhvhdufk zloo eh glvfxvvhg1 Iluvw zh dvvhvv krz vwurqj rxu

dvvxpswlrqv derxw wkh frpplwphqw srzhu ri wkh vhoohu duh dqg zklfk ri wkh uhvxowv zrxog

fkdqjh xsrq uhod{lqj wkhp1 Wkh vhoohu fdq erwk fuhgleo| wudqvplw lqirupdwlrq dqg fdq

suhyhqw lqirupdwlrq wudqvplvvlrq li lw lv lq klv ehvw lqwhuhvw1 Wkh lpsohphqwdwlrq ri rxu

rswlpdo phfkdqlvp xqghu frqfdylw| lq H{dpsoh � uholhv rq wkh vhfrqg dvvxpswlrq1 Xsrq

uhod{lqj wklv dvvxpswlrq/ srrolqj zrxog eh pruh dsshdolqj iru wkh vhoohu ehfdxvh wkh vhoohu

fdq fuhgleo| frpplw qrw wr uhohdvh wkh lqirupdwlrq rqo| li kh grhv qrw dftxluh lw1 Dv lw

zdv douhdg| qrwhg/ lq H{dpsoh 4 d srrolqj phfkdqlvp pd| ehfrph rswlpdo xqghu vwurqj

frqfdylw| dqg2ru li wkh T� frpsrqhqw lv pxfk ohvv lpsruwdqw wkdq wkh T2 rqh1 Xqghu

frqyh{lw| lq H{dpsoh 4 wkh rswlpdo ghwhuplqlvwlf phfkdqlvp zrxog vwloo zrun zlwkrxw

dq| ri wklv frpplwphqw srzhu ri wkh vhoohu +l1h1 wkh fdsdelolw| wr vhqg dqg klgh vljqdov

fuhgleo|,1 Iluvw/ wkh ixoo0lqirupdwlrq lv uhyhdohg/ vr klglqj lqirupdwlrq lv qrw qhfhvvdu|1

Vhfrqg/ li zh rujdql}h wklv rswlpdo phfkdqlvp dv d �uvw0sulfh dxfwlrq zlwkrxw klglqj wkh

zlqqhu*v elg +wklv lv srvvleoh/ vhh irrwqrwh �b, wkhq wkh dxfwlrq surfhvv lwvhoi zloo wudqvplw

wkh lqirupdwlrq1 Wklv lqirupdwlrq wudqvplvvlrq phfkdqlvp zloo qrw ghshqg rq wkh vhoohu

li wkh dgplqlvwudwlrq ri wkh dxfwlrq fdq eh frqwuroohg/ d qrw wrr vwurqj dvvxpswlrq1 Lq

rxu H{dpsoh 2 wkh rswlpdo phfkdqlvp lqyroyhv qr klglqj rq lqirupdwlrq iurp wkh orvhu

dqg lw fdq eh rujdql}hg wkurxjk d �uvw0sulfh dxfwlrq/ wkxv wkh frpplwphqw sureohp lv

edvlfdoo| devhqw1 Dorqj wkhvh olqhv/ wkh iroorzlqj txhvwlrq lv udlvhg qdwxudoo|= Zkdw lv wkh

rswlpdo phfkdqlvp lq H{dpsoh � xqghu frqfdylw| li lqirupdwlrq wudqvplvvlrq lv edvhg

h{dfwo| rq wkh vhw ri doo wkh sxeolfo| revhuydeoh yduldeohv/ iru h{dpsoh elgv lq d �uvw0sulfh

dxfwlrqB 59

Wkh fdvh zkhuh vljqdolqj lv kdupixo/ +l1h1 wkh fdvh ri wkh Ehuwudqg frpshwlwlrq lq wkh

srvw0dxfwlrq pdunhw, fdq eh ghdow zlwk xqghu dgglwlyh vhsdudelolw| e| vxevwlwxwlqj E�T2�

iru T21 Gdv Ydupd +5333, dqg Jrhuhh +5333, qrwh wkdw lq d �uvw0sulfh dxfwlrq +zlwk ixoo

59Eh|rqg wkh frpplwphqw sureohpv deryh wkh vhoohu dqg wkh zlqqlqj elgghu pd| kdyh lqfhqwlyhv wr
frooxgh/ l1h1 wr uhsruw kljkhu w|sh dqg vkduh wkh ehqh�w ri wklv fkhdwlqj1 Zh h{foxgh wklv srvvlelolw|>
rwkhuzlvh lw lv hdv| wr vhh wkdw dozd|v wkh kljkhvw w|sh lv uhsruwhg1Li wkh wudqvihu ehwzhhq wkh vhoohu dqg wkh
ex|hu lv yhul�deoh wr wklug sduwlhv wkhq wklv sureohp lv pxfk ohvv vhyhuh/ exw qrw frpsohwho| holplqdwhg1
Zh fdq lpdjlqh wkrxjk wkdw wkh surfxuhphqw surfhvv lv frqwuroohg e| rxwvlgh revhuyhuv zklfk pdnhv
frpplwphqw srvvleoh1
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dqqrxqfhphqw ri wkh elgv, d vhsdudwlqj htxloleulxp grhv qrw qhfhvvdulo| h{lvw1 Krzhyhu

hyhq li h{lvwhqfh sureohpv gr qrw dulvh/ wkh uhvxowv zrxog fkdqjh ehfdxvh li zh vzlwfk

wr frpsohwh vhsdudwlrq wkhq wkh vhfrqg h{shfwdwlrq lq E2.� zloo eh ghfuhdvlqj dqg qrw

lqfuhdvlqj1 Lq jhqhudo li wkh E�T2� frpsrqhqw lv vwurqj wkdq lqvwhdg ri RE|� ' 8 E|� rwkhu

R�E|�� vwuxfwxuh pd| eh rswlpdo/ pd|eh hyhq d frpsohwho|  dw R�E|�� ixqfwlrq1 Krzhyhu/

li wkh T� frpsrqhqw grplqdwhv wkhq RE|� ' 8 E|� +li srvvleoh, pd| uhwdlq rswlpdolw|1

Wkh prvw uhvwulfwlyh srlqw ri wkh sdshu lv wkh lqwhusuhwdwlrq ri wkh vljqdolqj yduldeoh

�1 Wzr nlqgv ri jhqhudol}dwlrqv duh srvvleoh1 Wkh �uvw pdlqwdlqv wkh dvvxpswlrq wkdw

� lv d jlyhq yhfwru0ixqfwlrq exw gursv wkh h{shfwhg ydoxh lqwhusuhwdwlrq dqg frqvlghuv d

pruh jhqhudo fodvv ri yhfwru ydoxhg yduldeohv1 Li zh dvvxph iru h{dpsoh wkdw qrw rqo| wkh

h{shfwhg ydoxh +wkh �uvw prphqw ri wkh glvwulexwlrq, pdwwhuv exw dovr kljkhu prphqwv

dqg li zh dvvxph dovr vrph dssursuldwh ixqfwlrqdo irup +h1j1 frqyh{lw| ru frqfdylw|, wkhq

rxu uhvxowv lq H{dpsoh � vwloo jr wkurxjk1 D sureohp zlwk wklv dssurdfk lv wkdw lw lv hyhq

ohvv fohdu zkdw lw phdqv wkdw xwlolw| lv frqfdyh lq wkh vhfrqg prphqw ri wkh glvwulexwlrq1

Wkh rwkhu srvvlelolw| lv wr dedqgrq wkh uhgxfhg irup frqvlghudwlrqv iru � dqg vhh zkdw wkh

lqwhuhvwlqj vljqdolqj yduldeohv duh lq hfrqrplfdoo| uhohydqw vlwxdwlrqv1 Zh iroorzhg wklv

olqh lq rxu H{dpsoh 2/ zkhuh zh jdyh dq h{dpsoh zkhuh rqo| wkh h{shfwhg ydoxh pdwwhuv

exw wkhuh lv d vwru| ehklqg wkh zkroh sureohp1 Lw lv hdv| wr vhh wkdw li zh kdyh wkh vdph

prgho h{fhsw wkdw zlwk txdgudwlf frvw ixqfwlrq wkhq rxu dssurdfk lv vwloo dssolfdeoh1 Exw

jhqhudol}dwlrq lv h{wuhpho| gl!fxow wr rwkhu frvw ru ghpdqg frqglwlrqv vlqfh iru h{dpsoh

li zh dvvxph fxelf frvw ixqfwlrq wkhq lw lv qrw hyhq srvvleoh wr zulwh wkh sur�w ri wkh

�upv dv d ixqfwlrq wkdw lqyroyhv rqo| prphqwv ri vrph glvwulexwlrq ru dq| rwkhu hdvlo|

wuhdwdeoh yduldeohv1

9 Dsshqgl{

Surri ri Sursrvlwlrq �=

Surri1 Zh zloo jlyh khuh dq h{dpsoh zkhuh wkh ixoo vljqdolqj/ frpsohwho| vhsdudwlqj

phfkdqlvp |lhogv orzhu uhyhqxh wkdq d udqgrp phfkdqlvp jlyhq ehorz1 Iru wklv frqvlghu

wkh hdvlhvw vhwwlqj1 Wdnh ? ' 2 dqg ohw eh wkh w|shv xqlirupo| glvwulexwhg rq wkh xqlw

lqwhuydo1 Lq wklv vhfwlrq zh zloo xvh rqo| v|pphwulf phfkdqlvpv vr zh zloo rplw wkh �

vxevfulswv hyhu|zkhuh dqg xvh ri wkh qrwdwlrq ri vhfwlrq zkhuh | dqg 5 zhuh uhdo qxpehuv
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dqg qrw yhfwruv1 Frqvlghu wkh iroorzlqj udqgrp phfkdqlvp$ Li d w|sh | lv ehwzhhq + dqg

E� � +� wkhq xvh d uhsruwlqj ixqfwlrq ,E|c 5� ' E| n 5� zkhuh 5 lv xqlirup rq E�+c +� dqg

lqghshqghqw ri |1 Li d w|sh | lv dw wkh h{wuhphv wkhq ohw*v xvh ,E|� ' | vxuho|1 Zh wdnh

T2E�� ' �@ dqg �qdoo| ohw RE|� ' 8 E|�/ vr dozd|v wkh kljkhu w|sh zlqv1 Zh zloo suryh

wkdw li zh ohw + wr eh vpdoo dqg wkh lqwhjhu @E: �� wr eh odujh hqrxjk wkhq wklv udqgrp

phfkdqlvp jlyhv kljkhu uhyhqxh wkdq wkh ixoo0vljqdolqj/ frpsohwho| vhsdudwlqj phfkdqlvp1

Zh qhhg wr frpsduh rqo| wkh ohyho ri wrwdo zhoiduh djdlq ehfdxvh erwk phfkdqlvpv

duh frpsohwho| vhsdudwlqj dqg vr xwlolwlhv duh wkh vdph iru hyhu| w|sh1 Iluvw zh qrwh wkdw

erwk phfkdqlvpv jlyh wkh vdph h{shfwhg ydoxh ri wkh �uvw whup lq wrwdo zhoiduh/ htxdwlrq

E2�� vr zh qhhg wr dqdo|}h rqo| wkh ehkdylru ri wkh vhfrqg whup lq E2��1 Wkh rswlpdo

ghwhuplqlvwlf phfkdqlvp |lhogv wkh iroorzlqj h{suhvvlrq iru wkh vhfrqg h{shfwdwlrq diwhu

vxevwlwxwlqj �E|� ' | dqg ? ' 2 lq htxdwlrq E2��=

.|dT2E|�m| zlqqhuo ' .|dT2E|�8 E|�o ' .|d|
@8 E|�o ' .|d|

@m| zlqqhuo� +<5,

Zh fdofxodwh qrz wkh dssursuldwh ydoxh iru rxu vxjjhvwhg udqgrp phfkdqlvp1 Iluvw ohw*v

lqwurgxfh rxu xvxdo ixqfwlrq }E|� dv iroorzv=

RE|�}E|� ' .5*|dRE|c 5�T 2E�E|c 5��mE|c 5� zlqqhuoc +<6,

zkhuh wkh h{shfwdwlrq lv wdnhq dffruglqj wr wkh frqglwlrqdo glvwulexwlrq ri 5 jlyhq | dqg

wkdw E|c 5� lv zlqqhu1 Exw lq rxu fdvh wklv ixqfwlrq vlpsol�hv wr }E|� ' .5�|dT2E�E|c 5�o

zkhuh wkh h{shfwdwlrq lv wdnhq dffruglqj wr wkh frqglwlrqdo glvwulexwlrq ri 5 jlyhq |1 Qrz

wkh vhfrqg whup lq htxdwlrq E2�� fdq eh zulwwhq dv=

.|dT2E|�m| lv zlqqhu lq wklv udqgrp phfkdqlvpo ' .|}E|�8 E|� +<7,

Zh pxvw frqfhqwudwh wkxv rq wkh vljq ri wkh iroorzlqj h{suhvvlrq=

.|di}E|�� |@j8 E|�o '
�]

f

E} E|�� |@� s E|�8 E|� _| +<8,

Iluvw zh qrwh d xvhixo surshuw| ri ,E|c 5�=
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Ohppd 45 Gh�qh &E|c 5� ' .,E%c��',E|c5�d%o1 Li ,E|c 5� � E� � 2+� wkhq &E|c 5� � ,E|c 5��

Pruhryhu li 2+ � ,E|c 5� � E�� 2+� wkhq &E|c 5� ' ,E|c 5�1

Surri1 Zh suryh wkh Ohppd lq wzr sduwv1

Sduw 4= Li + 	 ,E|c 5� 	 2+ wkhq &E|c 5� � ,E|c 5�1

Li 2+ � ,E|c 5� � E��2+� wkhq &E|c 5� ' ,E|c 5�1 Iluvw qrwh wkdw &E|c 5� ' .E%c��r�|�,E%c��',E|c5�d%o�

E| dvvxpswlrq � kdv wkh vdph glvwulexwlrq dv 5 dqg lv lqghshqghqw ri %1 Dovr lq erwk

udqjhv ri ,E|c 5� lw lv htxdo wr | n 5 dqg wkxv ,E%c �� ehlqj lq wkh vdph udqjh zh kdyh

,E%c �� ' %n �� Xvlqj wklv zh fdq uhzulwh &E|c 5� lq erwk udqjhv ri ,E|c 5� dv iroorzv=

&E|c 5� ' .E%c�� v1w %'|n53�d%o +<9,

d/ Li + 	 ,E|c 5� ' | n 5 � 2+ wkhq wkh odvw h{shfwdwlrq lv wkh vdph dv=

&E|c 5� ' .�dE| n 5 � ��mE| n 5 � �� ' +o ' .�dE|n 5 � ��o

' E|n 5��.�d�o ' E|n 5� ' ,E|c 5� +<:,

e/ Li 2+ � ,E|c 5� � E� � 2+� wkhq &E|c 5� ' .�dE| n 5 � ��o ' ,E|c 5�/ ehfdxvh khuh zh gr

qrw qhhg wr zruu| derxw dq| frqglwlrqlqj1 T1H1G1

Sduw 5= Li ,E|c 5� 	 + wkhq &E|c 5� � ,E|c 5�1

Surri ri Sduw 51= Qrwh wkdw li ,E|c 5� 	 + lv uhsruwhg wkdq rqo| d w|sh wkdw lv h{dfwo|

,E|c 5� ru d w|sh wkdw lv eljjhu wkdq ,E|c 5� frxog eh wkh zlqqhu1 Exw wkhq wkh gh�qlwlrq ri

&E|c 5� |lhogv wkh uhvxow1 T1H1G1

Zh qrz wxuq wr wkh surri ri Sursrvlwlrq �=

Zh zulwh wkh lqwhjudo ri htxdwlrq EbD� lq wkh iroorzlqj irup=

?_` ' U� n U2 n U�

@

�+]
f

E} E|�� |@�iE|�IE|�gw.

�3�+]
�+

E} E|�� |@�iE|�IE|�gw.

�]
�3�+

E} E|�� |@�iE|�IE|�gw1

+<;,

Ohw*v frqvlghu wkuhh fdvhv dffruglqj wr wkh uhdol}dwlrq ri |=
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d/ | 	 �+=

Iluvw qrwh wkdw ,E|c 5� � e+ 	 E�� 2+� +iru vpdoo +, vr Ohppd �2 dssolhv dqg &E|c 5� �
,E|c 5�1 Ehfdxvh @ : � wkh ixqfwlrq T2 lv frqyh{ vr

}E|� ' .5�|dT2E�E|c 5�o � T2E.5�|d�E|c 5�o� ' T2i.5�|.,E%c��',E|c5�d%mE%c �� zlqqhuoj '

' T2i.5�|.,E%c��',E|c5�d%m% lv wkh kljkhvwoj � T2i.5�|.,E%c��',E|c5�d%oj ' T2i.5�|&E|c 5�j

� T2i.5�|,E|c 5�j ' T2E|� ' |@c +<<,

zkhuh wkh wklug wr odvw vwhs iroorzv iurp Ohppd �21 Vr/

U� � f +433,

e/ �+ � | � E�� �+�=

Rq wklv lqwhuydo=

�E|c 5�o ' .,E%c��',E|c5�d%mE%c �� zlqqhuo � .,E%c��',E|c5�d%o ' &E|c 5� ' ,E|c 5� +434,

zkhuh wkh odvw vwhs iroorzv iurp Ohppd �2 xvlqj wkh idfw wkdw 2+ � ,E|c 5� � E�� 2+, dqg

wkxv ,E|c 5� ' &E|c 5�1Vr/

}E|� ' .5�|dT2i�E|c 5�jo � .5�|dT2i,E|c 5�jo '
] |n+

|3+

�@

2+
_�� +435,

Fdofxodwlqj wkh odvw lqwhjudo dqg xvlqj lqhtxdolw| E�f2� |lhogv=

}E|� � |@ n +2@E@� ��*S n kljkhu rughu whupv lq +Eru ��J�|��� +436,

Xvlqj lqhtxdolw| E�f�� zh fdq uhzulwh U2 dv iroorzv=

U2 '
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+2@ E@� ��

S
_|n ��J�|� '

+2@ E@� ��

�2
n ��J�|�

+437,

Vr/ zh jrw d orzhu erxqg iru wkh jdlq rq wklv lqwhuydo iurp vzlwfklqj iurp wkh rswlpdo

ghwhuplqlvwlf phfkdqlvp wr rxu sursrvhg udqgrp rqh1
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Iluvw hvwlpdwh }E|� rq wklv lqwhuydo1

}E|� ' .5�|dT2i�E|c 5�jo � T2E.5�|d�E|c 5�o� � T2E|� 2+�c +438,

ehfdxvh �E|c 5� � E|� 2+� iru hyhu| 51 +Wklv lv wulyldo vlqfh d w|sh | lv qhyhu uhsruwhg wr

kdyh wkh vdph vljqdo dv d w|sh ehorz | � 2+/ ehfdxvh ri wkh frqvwuxfwlrq ri wkh udqgrp

yduldeoh 51, Xvlqj lqhtxdolw| E�fD� zh jhw wkdw iru hyhu| | lq wklv lqwhuydo wkh iroorzlqj

krogv=

}E|�� T2E|� � T2E|� 2+�� T2E|� ' E|� 2+�@ � |@ ' �2+@|E@3�� n ��J�|� � �2+@ n ��J�|�
+439,

Wkxv iurp lqhtxdolw| E�fS� lw iroorzv wkdw iru U� wkh iroorzlqj krogv=

U� '

�]
�3�+

E} E|�� |@�8 E|� s E|� _| � E�2+@n ��J�|��

�]
�3�+

|_| ' �S@+2 n ��J�|� +43:,

Zh kdyh iurp irupxodv E�ff�/ E�fe� dqg E�f.� diwhu vxevwlwxwlrq=

?{` ' U� n U2 n U� � f n d
+2@E@� ��

�2
o� S+2@n ��J�|� +43;,

Qrz li + lv vpdoo wkhq wkh kljkhu rughu whupv zloo qrw pdwwhu rqo| wkh frh!flhqw ri +21 Li

@ : .� krogv wkhq wkh frh!flhqw ri +2 lq ?{` zloo eh srvlwlyh dqg wkh vljq ri wkh zkroh

h{suhvvlrq zloo eh srvlwlyh iru d vpdoo hqrxjk +1

Wkh surri ri Ohppd D1

Surri1 Ohw -� eh wkh h{shfwhg uhyhqxh iurp sod|hu �1 Diwhu xvlqj Eef� zh rewdlq wkh

iroorzlqj h{suhvvlrq iru -�=

-� ' .E|�c|2c^�c^2�K�E|�c |2� ' .E|�c|2c^�c^2�dR�E|�c |2�T��?c�E|�c ^�E|�c |2�� +43<,

n R2E|�c |2�T,Jrec�E|2c ^2E|�c |2�� n E�� R�E|�c |2�� R2E|�c |2��
E@� S�2

�S
� ��E|��o

AIurp EDS� lw iroorzv wkdw=
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+443,

Vxevwlwxwlqj wklv odvw uhvxow lqwr E�fb� |lhogv=

-� ' .E|�c|2c��c�2�dR�E|�c |2�T��?c�E|�c ��E|�c |2�� n R2E|�c |2�T,Jrec�E|2c �2E|�c |2��

n E�� R�E|�c |2�� R2E|�c |2��
E@� S�2

�S
+444,

� R�E|�c |2�
E�� 8 E|���

sE|��
T

E��
��?c�E|�c ��E|�c |2��� ��Ef�o

Zh doorz iru qrq}hur uhvhuydwlrq xwlolw| iru wkh orzhvw w|sh ri sod|hu 41 Ri frxuvh wklv w|sh

zloo mxvw jhw lwv uhvhuydwlrq xwlolw| lq htxloleulxp/ zh zloo odwhu fkdudfwhul}h wklv ydoxh1 Iru

wkh wlph ehlqj ohw*v wdnh wkhvh uhvhuydwlrq xwlolwlhv dv jlyhq frqvwdqwv1 Zh dovr doorz iru

wkh srvvlelolw| ri uhwdlqlqj wkh jrrg1 Lq wkdw fdvh wkh ryhudoo xwlolw| ri elgghu 4 +jurvv ri

sd|phqw, lv mxvw E@3S�2

�S
1

Zh kdyh wr wdnh lqwr dffrxqw wkdw li zh uhwdlq wkh frpsdq| wkhq zh vwloo kdyh lwv sur�w

zklfk lv E@3S�2

�S
1 Vr zh kdyh wr pd{lpl}h wkh iroorzlqj h{suhvvlrq=

- ' -� n-2 n .E|�c|2�E�� R�E|�c |2�� R2E|�c |2��
E@3S�2

�S
'
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T
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T
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� ��Ef�� �2Ef�o

+445,

Zh xvh khuh rxu vshfl�f ixqfwlrqdo irupv dqg dovr wkdw �38 E|�
sE|�

' S� | iru wkh xqlirup

glvwulexwlrq wkdw lv jlyhq1 Wkhq diwhu vrph dojheud zh rewdlq wkh iroorzlqj h{suhvvlrq=
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Wkxv
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Qrz li zh wdnh wkh uhvhuydwlrq xwlolwlhv dv jlyhq frqvwdqwv5: dqg xvh v|pphwu| ri rxu

phfkdqlvp zh rewdlq wkh uhvxow/ diwhu gh�qlqj ( ' �E@3S�2

�S
� ��Ef�� �2Ef��

Surri ri Ohppd S

Surri1 Ghqrwh wkh +h{0dqwh, suredelolw| wkdw wkhuh zloo eh d zlqqhu +l1h1 wkh frpsdq|

zloo eh vrog, e| S+z,/ wkh w|sh ri wkh zlqqhu e| |� dqg wkh w|sh ri wkh orvhu e| |,1 Wkhq

xvlqj wkh v|pphwu| ri rxu phfkdqlvp zh fdq uhzulwh wkh suhylrxv htxdwlrq dv iroorzv

+wkh vhfrqg htxdolw| frphv iurp wkh odz ri lwhudwhg h{shfwdwlrqv,=
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Qrz e| frqfdylw| lq � wkh Mhqvhq lqhtxdolw| lpsolhv=
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5:Zh zloo dujxh lq rxu glvfxvvlrq ri wkh pdlq Wkhruhp wkdw wklv sudfwlfh lv dfwxdoo| ydolg1
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Xvlqj wkh gh�qlwlrq ri +E|�� dqg .|�+E|�� E��.� fdq eh zulwwhq lq wkh iroorzlqj irup=
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+Wkh odvw htxdolw| frphv iurp wkh v|pphwu| ri rxu dxfwlrq1,

: Uhihuhqfhv

Uhihuhqfhv

^4` Fkr/ L1 N1 dqg G1 P1 Nuhsv +4<;:,= �Vljqdolqj Jdphv dqg Vwdeoh Htxloleuld/� Txdu0

whuo| Mrxuqdo ri Hfrqrplfv/ 4:<0554

^5` Fdo}rodul/ J1 dqg Sdydq/ D1 +5334,= �Rswlpdo Ghvljq ri Sulydf| Srolflhv/�

kwws=22zzz1vser1xqler1lw2�fdo}rodu2SS1sgi

^6` Gdv Ydupd/ J1 +5333,= �Elgglqj iru d Surfhvv Lq0

qrydwlrq xqghu Dowhuqdwlyh Prghv ri Frpshwlwlrq/�

kwws=22idfxow|1ixtxd1gxnh1hgx2(:hgdvydupd2zrunlqjsdshuv2lqgh{1kwpo

^7` Ixghqehuj/ G1 dqg M1 Wluroh= �Jdph Wkhru|/� PLW Suhvv

^8` Jrhuhh/ M1 +5333,= �Elgglqj iru Ixwxuh/� plphr/ Xqlyhuvlw| ri Ylujlqld

^9` Mhklho/ S1 dqg E1 Progrydqx +4<<:,= �Dxfwlrq zlwk Grzqvwuhdp Lqwhudfwlrq dprqj

Ex|huv/� UDQG Mrxuqdo ri Hfrqrplfv/ iruwkfrplqj

^:` Mhklho/ S1 dqg E1 Progrydqx +4<<;,= �H!flhqw Ghvljq zlwk Lqwhughshqghqw Ydoxd0

wlrqv/� Hfrqrphwulfd/ iruwkfrplqj

^;` Mhklho/ S1 dqg E1 Progrydqx +5333,= �Olfhqvh Dxfwlrqv dqg Pdunhw Vwuxfwxuh/�

plphr
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^<` Ol}}hul/ D +4<<<,= �Lqirupdwlrq Uhyhodwlrq dqg Fhuwl�fdwlrq Lqwhuphgldulhv/� UDQG

Mrxuqdo ri Hfrqrplfv/ +Vxpphu,

^43` Pdvnlq/ H1 dqg M1 Uloh| +4<;7,= �Rswlpdo Dxfwlrqv zlwk Ulvn Dyhuvh Ex|huv/� Hfrqr0

phwulfd 47:60484;

^44` Proqdu/ M1 +5333,= �Suhhpswlyh Krul}rqwdo Phujhuv= Wkhru| dqg Hylghqfh/� plphr/

Qruwkzhvwhuq Xqlyhuvlw|/ kwws=22sxezhe1dfqv1qzx1hgx2�mpr84;

^45` P|huvrq/ U1 +4<:<,= �Lqfhqwlyh Frpsdwlelolw| dqg wkh Edujdlqlqj Sureohp/� Hfrqr0

phwulfd 940:6

^46` P|huvrq/ U1 +4<;4,= �Rswlpdo Dxfwlrq Ghvljq/�Pdwkhpdwlfv ri Rshudwlrq Uhvhdufk/

8;0:6

^47` Vshqfh/ P1 +4<:6,= �Mre Pdunhw Vljqdolqj/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 6880
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