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Devwudfw

Zkdw duh wkh zhoiduh h�hfwv ri hqkdqfhg glvvhplqdwlrq ri sxeolf lqiru0
pdwlrq wkurxjk wkh phgld dqg glvforvxuhv e| pdunhw sduwlflsdqwv zlwk kljk
sxeolf ylvlelolw|B Iru lqvwdqfh/ lv lw dozd|v ghvludeoh wr kdyh iuhtxhqw dqg
wlpho| sxeolfdwlrqv ri hfrqrplf vwdwlvwlfv e| jryhuqphqw djhqflhv dqg wkh
fhqwudo edqnB Zh h{dplqh wkh lpsdfw ri sxeolf lqirupdwlrq lq d vhwwlqj
zkhuh djhqwv wdnh dfwlrqv dssursuldwh wr wkh xqghuo|lqj ixqgdphqwdov/ exw
wkh| dovr kdyh d frruglqdwlrq prwlyh dulvlqj iurp d vwudwhjlf frpsohphqwdu0
lw| lq wkhlu dfwlrqv1 Zkhq wkh djhqwv kdyh qr sulydwh lqirupdwlrq/ juhdwhu
surylvlrq ri sxeolf lqirupdwlrq dozd|v lqfuhdvhv zhoiduh1 Krzhyhu/ zkhq
djhqwv dovr kdyh dffhvv wr lqghshqghqw vrxufhv ri lqirupdwlrq/ wkh zhoiduh
h�hfw ri lqfuhdvhg sxeolf glvforvxuhv lv dpeljxrxv1

�Zh duh judwhixo wr Iudqn Khlqhpdqq/ Pdwkldv Ghzdwulsrqw dqg Khlq} Khuupdqq iru wkhlu
frpphqwv rq hduolhu yhuvlrqv ri wklv sdshu1 Wklv lv d pxfk uhylvhg yhuvlrq ri d sdshu suhsduhg
iru wkh Exqghvedqn2FIV frqihuhqfh rq �Wudqvsduhqf| ri Prqhwdu| Srolf|�/ Iudqnixuw/ Rfwrehu
53331 Zh dovr wkdqn sduwlflsdqwv dw vhplqduv dw wkh Edqn ri Hqjodqg/ ELV/ LPI/ dqg wkh Edqn
ri Mdsdq iru wkhlu frpphqwv1



�Wkh klvwru| ri vshfxodwlyh exeeohv ehjlqv urxjko| zlwk wkh dgyhqw ri

qhzvsdshuv1 Rqh fdq dvvxph wkdw/ dowkrxjk wkh uhfrug ri wkhvh hduo|

qhzsdshuv lv prvwo| orvw/ wkh| uhjxoduo| uhsruwhg rq wkh �uvw exeeoh

ri dq| frqvhtxhqfh/ wkh Gxwfk wxolspdqld ri wkh 4963v1 Dowkrxjk

wkh qhzv phgld 0 qhzvsdshuv/ pdjd}lqhv/ dqg eurdgfdvw phgld/ dorqj

zlwk wkhlu qhz rxwohwv rq wkh Lqwhuqhw 0 suhvhqw wkhpvhoyhv dv ghwdfkhg

revhuyhuv ri pdunhw hyhqwv/ wkh| duh wkhpvhoyhv dq lqwhjudo sduw ri

wkhvh hyhqw1 Vljql�fdqw pdunhw hyhqwv jhqhudoo| rffxu rqo| li wkhuh lv

vlplodu wklqnlqj dprqj odujh jurxsv ri shrsoh/ dqg wkh qhzv phgld

duh hvvhqwldo yhklfohv iru wkh vsuhdg ri lghdv1� Vkloohu +5333,1

�Ilqdoo|/ wkhuh lv wkh FQEF h�hfw1111 qrz wkdw FQEF fdq qr orqjhu

uxq euhdwkohvv wdohv derxw wkh hfrqrplf errp/ lw kdv vwduwhg wr ihdwxuh

htxdoo| euhdwkohvv +dqg srwhqwldoo| vhoi0ixo�oolqj, vshfxodwlrqv derxw

wkh hfrqrplf fulvlv1� Nuxjpdq +5334d,1

�111 vrph LPI r!fldov ihdu wkdw d sxeolvkhg olvw ri qdwlrqv wkdw duh

plvpdqdjlqj wkhlu hfrqrplfv zrxog ohdg dq| udwlrqdo iruhljq lqyhvwruv

wr sxoo rxw wkhlu fdslwdo 0 wrxfklqj r� wkh nlqg ri fulvlv wkh LPI lv

wu|lqj wr dyrlg1� Qhz \run Wlphv +5334,1

41 Lqwurgxfwlrq

Lq vlqjoh shuvrq ghflvlrq pdnlqj/ pruh lqirupdwlrq dozd|v ohdgv wr kljkhu h{ dqwh

xwlolw|1 Exw lv pruh lqirupdwlrq vrfldoo| ghvludeoh zkhq wkh suhydlolqj frqyhq0

wlrqdo zlvgrp ru frqvhqvxv lpslqjh rq shrsoh*v ghflvlrq pdnlqj surfhvvB Wkh
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vxvfhswlelolw| wr frqyhqwlrqdo zlvgrp qhhg qrw lpso| dq| zlvkixo wklqnlqj ru lu0

udwlrqdolw|1 Wdnh/ iru h{dpsoh/ vrphrqh zkr kdv d vwdnh lq d ehw rq wkh �qdqfldo

pdunhwv1 Wkh phgld +zkhwkhu lw eh 4:wk fhqwxu| qhzvsdshuv ru 54vw fhqwxu|

fdeoh qhzv fkdqqhov, frqyh| lqirupdwlrq rq wkh xqghuo|lqj ixqgdphqwdov/ exw

wkhlu ryhudoo lq xhqfh uxqv ghhshu1 Wkh yhu| idfw wkdw wkh qhzv uhdfkhv d odujh

dxglhqfh dovr whoov wkh uhflslhqw wkdw pdq| rwkhuv kdyh dovr mxvw ohduqhg wklv slhfh

ri qhzv1 Vlqfh dvvhw sulfhv uhdfw wr wkh ghflvlrqv ri pdunhw sduwlflsdqwv/ wkh uh0

flslhqwv ri qhzv zloo wu| wr dqwlflsdwh wkh uhdfwlrqv ri rwkhu wudghuv1 Pdunhwv pd|

wkhuhiruh ehkdyh lq zd|v wkdw vhhp olnh �ryhuuhdfwlrq� uhodwlyh wr zkdw zrxog eh

mxvwl�hg e| wkh idfh ydoxh ri wkh qhzv1

Wkh uroh ri wkh phgld lq lq xhqflqj hfrqrplf rxwfrphv lv rqh dvshfw ri d pruh

jhqhudo txhvwlrq frqfhuqlqj wkh uroh ri vkduhg nqrzohgjh lq hfrqrplfv1 Nh|qhv*v

+4<69, h{dpsoh ri wkh ehdxw| frqwhvw lq zklfk wkh remhfwlyh lv wr rxwjxhvv zkdw

wkh �dyhudjh rslqlrq h{shfwv dyhudjh rslqlrq wr eh� gulyhv krph wkh lpsruwdqfh

ri vkduhg nqrzohgjh lq ghflvlrq pdnlqj lq vwudwhjlf vhwwlqjv1 Dujxdeo|/ wkh uroh ri

vkduhg nqrzohgjh jrhv idu eh|rqg hfrqrplfv1 Fkzh +5334, surylghv d frpshoolqj

glvfxvvlrq ri wkh lpsruwdqfh ri vkduhg nqrzohgjh lq d zlgh ydulhw| ri vhwwlqjv1

Iru h{dpsoh/ kh grfxphqwv wkh kljk shu xqlw frvw ri uhdfklqj d ylhzhu zkhq wkh

dxglhqfh lv odujh/ dqg vkrzv wkdw jrrgv wkdw kdyh d surplqhqw cvrfldo* glphqvlrq

duh pruh olnho| wr uhfhlyh wkh ehqh�w ri vxfk kljk frvw dgyhuwlvlqj1

Pruh qduurzo|/ zh fdq dovr dsso| wkh vdph fulwhuld wr dvvhvv wkh glvforvxuh

srolf| ri fhqwudo edqnv dqg rwkhu rujdql}dwlrqv wkdw frppdqg kljk ylvlelolw| lq

wkh pdunhw1 Fhqwudo edqn r!fldov kdyh ohduqhg wr eh zdu| ri sxeolf xwwhudqfhv

wkdw pd| xqgxo| lq xhqfh �qdqfldo pdunhwv/ dqg kdyh ghyhorshg wkhlu rzq uh0

vshfwlyh vwudwhjlhv iru frppxqlfdwlqj zlwk wkh pdunhw1 Lq irupxodwlqj wkhlu
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glvforvxuh srolflhv/ fhqwudo edqnv dqg jryhuqphqw djhqflhv idfh d qxpehu ri lqwhu0

uhodwhg lvvxhv frqfhuqlqj krz pxfk wkh| vkrxog glvforvh/ lq zkdw irup/ dqg krz

riwhq1 Iuhtxhqw dqg wlpho| glvvhplqdwlrq zrxog dlg wkh ghflvlrq pdnlqj surfhvv

e| sxwwlqj fxuuhqw lqirupdwlrq dw wkh glvsrvdo ri doo hfrqrplf djhqwv/ exw wklv kdv

wr eh vhw djdlqvw wkh idfw wkdw surylvlrqdo hvwlpdwhv duh olnho| wr eh uhylvhg zlwk

wkh ehqh�w ri klqgvljkw1 E| wkhlu qdwxuh/ hfrqrplf vwdwlvwlfv duh lpshuihfw phd0

vxuhphqwv ri vrphwlphv lpsuhflvh frqfhswv/ dqg qr jryhuqphqw djhqf| ru fhqwudo

edqn fdq jxdudqwhh  dzohvv lqirupdwlrq1 Wklv udlvhv ohjlwlpdwh frqfhuqv derxw

wkh sxeolfdwlrq ri suholplqdu| ru lqfrpsohwh gdwd/ vlqfh wkh ehqh�w ri hduo| uhohdvh

pd| eh pruh wkdq rxwzhljkhg e| wkh glvsursruwlrqdwh lpsdfw ri dq| huuru1 Wklv

wudgh0r� ehwzhhq wlpho| exw qrlv| lqirupdwlrq dqg vorz exw pruh dffxudwh lqiru0

pdwlrq lv d idploldu wkhph/ dv zlwqhvvhg e| wkh ghedwh lq Mdsdq derxw zkhwkhu

suholplqdu| JGS �jxuhv vkrxog eh sxeolvkhg1 Dxvwudold pryhg iurp d prqwko|

fdohqgdu lq uhsruwlqj lwv edodqfh ri wudgh �jxuhv wr d txduwhuo| fdohqgdu ehfdxvh lw

zdv ihow wkdw wkh qrlvh lq wkh prqwko| vwdwlvwlfv zhuh lqmhfwlqj wrr pxfk yrodwlolw|

lqwr wkh sulfh vljqdov iurp �qdqfldo pdunhwv41 Vrphwlphv/ wkh gdpdjh grqh e|

wkh �qrlvh� lq r!fldo vwdwlvwlfv fdq eh vljql�fdqw1 Wkh  dzv lq wkh X1N1*v hduqlqjv

gdwd kdv ehhq fuhglwhg zlwk suryrnlqj xqmxvwl�deo| wljkw fuhglw frqglwlrqv lq wkh

X1N1 lq wkh vsulqj dqg vxpphu ri 4<<;51

Rxu sdshu lqyhvwljdwhv wkh h�hfw ri sxeolf lqirupdwlrq rq hfrqrplf zhoiduh lq

d prgho uhplqlvfhqw ri Nh|qhv*v ehdxw| frqwhvw h{dpsoh1 Zh vkrz krz sxeolf

lqirupdwlrq pd| eh vrfldoo| gdpdjlqj zkhq lqglylgxdov kdyh wr uhfrqfloh wkh

prwlyh ri wdnlqj wkh dfwlrq wkdw ehvw �wv wkh xqghuo|lqj ixqgdphqwdov zlwk rwkhu/

vwudwhjlf prwlyhv1 Ri frxuvh/ sxeolf lqirupdwlrq pljkw ohdg wr luudwlrqdo idgv dqg

4Zh duh judwhixo wr Sklols Orzh iru wklv h{dpsoh1
5Vhh/ iru lqvwdqfh/ �Jduedjh lq/ jduedjh rxw� Hfrqrplvw pdjd}lqh/ Rfwrehu 48wk 4<<;1
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vrph FQEF ylhzhuv pd| qrw eh jrrg dw glvwlqjxlvklqj uhdo qhzv iurp euhdwkohvv

vshfxodwlrq> krzhyhu/ zh zdqw wr qrwh wkdw luudwlrqdolw| lv qrw qhfhvvdu| iru sxeolf

lqirupdwlrq wr eh gdpdjlqj1

Lq rxu prgho/ d odujh srsxodwlrq ri djhqwv kdyh dffhvv wr sxeolf dqg sulydwh

lqirupdwlrq1 Wkh djhqwv dlp wr wdnh dfwlrqv dssursuldwh wr wkh xqghuo|lqj vwdwh/

exw wkh| dovr idfh d vslooryhu h�hfw dulvlqj iurp rwkhu djhqwv* dfwlrqv1 Zkhq wkhuh

lv shuihfw lqirupdwlrq frqfhuqlqj wkh xqghuo|lqj vwdwh/ wkh xqltxh htxloleulxp lq

wkh jdph ehwzhhq wkh djhqwv dovr pd{lpl}hv vrfldo zhoiduh1 Krzhyhu/ zkhq wkhuh

lv lpshuihfw lqirupdwlrq/ wkh zhoiduh h�hfwv ri lqfuhdvhg sxeolf lqirupdwlrq duh

pruh htxlyrfdo1 Lq sduwlfxodu/

� zkhq wkh djhqwv kdyh qr sulydwh lqirupdwlrq 0 vr wkdw wkh rqo| vrxufh ri

lqirupdwlrq iru wkh djhqwv lv wkh sxeolf lqirupdwlrq 0 wkhq juhdwhu suhflvlrq

ri wkh sxeolf lqirupdwlrq dozd|v lqfuhdvhv vrfldo zhoiduh1

� Krzhyhu/ li wkh djhqwv kdyh dffhvv wr vrph sulydwh lqirupdwlrq/ lw lv qrw

dozd|v wkh fdvh wkdw juhdwhu suhflvlrq ri sxeolf lqirupdwlrq lv ghvludeoh1

Ryhu vrph udqjhv/ lqfuhdvhg suhflvlrq ri sxeolf lqirupdwlrq lv ghwulphqwdo

wr zhoiduh1 Vshfl�fdoo|/ wkh juhdwhu wkh suhflvlrq ri wkh djhqwv* sulydwh lqiru0

pdwlrq/ wkh pruh olnho| lw lv wkdw lqfuhdvhg surylvlrq ri sxeolf lqirupdwlrq

orzhuv vrfldo zhoiduh1

Wkh fkdoohqjh iru fhqwudo edqnv dqg rwkhu sxeolf rujdql}dwlrqv lv wr vwulnh wkh

uljkw edodqfh ehwzhhq surylglqj wlpho| dqg iuhtxhqw lqirupdwlrq wr wkh sulydwh

vhfwru vr dv wr doorz lw wr sxuvxh lwv jrdov/ exw wr uhfrjql}h wkh lqkhuhqw olplwdwlrqv

lq dq| glvforvxuh dqg wr jxdug djdlqvw wkh srwhqwldo gdpdjh grqh e| qrlvh1 Wklv

lv d gl!fxow edodqflqj dfw dw wkh ehvw ri wlphv/ exw wklv wdvn lv olnho| wr ehfrph
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hyhq kdughu1 Dv fhqwudo edqnv* dfwlylwlhv lpslqjh pruh dqg pruh rq wkh dfwlrqv ri

pdunhw sduwlflsdqwv/ wkh odwwhu kdyh uhflsurfdwhg e| vwhsslqj xs wkhlu vxuyhloodqfh

ri fhqwudo edqnv* dfwlylwlhv dqg surqrxqfhphqwv1 Wkh lqwhqvh vsrwoljkw wudlqhg rq

wkh  hgjolqj Hxurshdq Fhqwudo Edqn dqg wkh HFE*v gholfdwh uhodwlrqvkls zlwk wkh

phgld dqg sulydwh vhfwru pdunhw sduwlflsdqwv looxvwudwh zhoo wkh gl!fxowlhv idfhg

e| srolf| pdnhuv1 Zlqnohu +5333, suhvhqwv rqh ri wkh ihz vxuyh|v ri fhqwudo edqn

wudqvsduhqf| wkdw lv v|psdwkhwlf wr wkh HFE*v suhglfdphqw1

Lq wkh kljko| vhqvlwl}hg zruog ri wrgd|*v �qdqfldo pdunhwv srsxodwhg zlwk Ihg

zdwfkhuv +dqg zdwfkhuv ri rwkhu fhqwudo edqnv dqg wkhlu shuvrqdolwlhv,/ hfrqrplf

dqdo|vwv/ dqg rwkhu frpphqwdwruv ri wkh hfrqrplf vfhqh/ glvforvxuh srolf| dvvxphv

juhdw lpsruwdqfh1 Rxu uhvxowv vxjjhvw wkdw sulydwh vrxufhv ri lqirupdwlrq pd|

dfwxdoo| furzg rxw wkh sxeolf lqirupdwlrq e| uhqghulqj wkh sxeolf lqirupdwlrq

ghwulphqwdo wr wkh srolf| pdnhu*v jrdov1 Wkh khljkwhqhg vhqvlwlylwlhv ri wkh pdunhw

frxog pdjqli| dq| qrlvh lq wkh sxeolf lqirupdwlrq wr vxfk d odujh h{whqw wkdw sxeolf

lqirupdwlrq hqgv xs e| fdxvlqj pruh kdup wkdq jrrg1 Li wkh lqirupdwlrq surylghu

dqwlflsdwhv wklv h�hfw/ wkhq wkh frqvhtxhqfh ri wkh khljkwhqhg vhqvlwlylwlhv ri wkh

pdunhw lv wr sxvk lw lqwr uhgxflqj wkh suhflvlrq ri wkh sxeolf vljqdo1 Lq h�hfw/

sulydwh dqg sxeolf lqirupdwlrq hqg xs ehlqj vxevwlwxwhv/ udwkhu wkdq frpsohphqwv1

Wr wkh h{whqw wkdw djhqwv iruhfdvw rwkhuv* dfwlrqv lq rxu prgho/ wkh uhvxowv

ri wklv sdshu pd| dovr eh xvhixo lq wkh uhodwhg olwhudwxuh rq wkh vwudwhjlf h�hfwv

lq pdfurhfrqrplf iruhfdvwlqj1 Rwwdyldql dqg Vruhqvhq +5333, qrwh wkdw wkh

vwudwhjlhv ri surihvvlrqdo iruhfdvwhuv pd| eh lq xhqfhg lq vxewoh zd|v e| wkh

lqfhqwlyhv dw zrun1 Erwk h{fhvvlyh frqiruplw| dqg h{fhvvlyh gl�huhqwldwlrq fdq

dulvh/ ghshqglqj rq wkh sd|r�v idfhg e| wkh iruhfdvwhuv1 Vhh dovr Odprqw +4<<8,

dqg Nhdqh dqg Uxqnoh +4<<;,1
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Wkhuh lv d vpdoo olwhudwxuh h{dplqlqj wkh ydoxh ri lqirupdwlrq lq vwudwhjlf vhw0

wlqjv/ iroorzlqj Kluvkohlihu*v +4<:4, sdshu vkrzlqj wkdw sxeolf lqirupdwlrq pd|

eh gdpdjlqj ehfdxvh lw uhpryhv lqvxudqfh srvvlelolwlhv1 Udlwk +4<<9, uhylhzv dqg

xql�hv d olwhudwxuh rq sulydwh dqg sxeolf lqirupdwlrq lq roljrsro|1 Wkh phfkd0

qlvpv lq wklv sdshu duh txlwh gl�huhqw1 Phvvqhu dqg Ylyhv +5333, lv forvhu wr

rxu iudphzrun1 Wkh| h{dplqh wkh zhoiduh surshuwlhv ri d udwlrqdo h{shfwdwlrqv

htxloleulxp lq zklfk wkh sulfh vhuyhv dv d sxeolf vljqdo ri wkh glvwulexwlrq ri frvwv

dprqj surgxfhuv/ dqg vkrz krz wklv lqirupdwlrq pd| eh ghwulphqwdo wr zhoiduh1

Rxu frqfoxvlrq wkdw sxeolf lqirupdwlrq dqg sulydwh lqirupdwlrq hqg xs ehlqj

vxevwlwxwhv kdv sdudoohov lq wkh khuglqj olwhudwxuh lqlwldwhg e| Edqhumhh +4<<5, dqg

Elnkfkdqgdql/ Kluvkohlihu dqg Zhofk +4<<5,1 Lq erwk fdvhv/ dffhvv wr qrw yhu|

dffxudwh sxeolf lqirupdwlrq uhvxowv lq vrfldoo| ydoxdeoh sulydwh lqirupdwlrq ehlqj

orvw1 Krzhyhu/ wkh phfkdqlvpv duh yhu| gl�huhqw1 Dq dwwudfwlyh ihdwxuh ri wkh

vlpsoh vwdwlf frruglqdwlrq prgho ri wklv sdshu lv wkdw wkh uhvxowv gr qrw ghshqg

rq �qh ghwdlov ri wkh wlplqj vwuxfwxuh1 Wkh prgho dovr gholyhuv d vlpsoh phvvdjh

derxw zkhq wkhuh pd| eh h{fhvvlyh uholdqfh rq qrlv| sxeolf lqirupdwlrq= wklv

zloo rffxu zkhq +4, wkhuh lv vljql�fdqw sulydwh lqirupdwlrq> dqg +5, djhqwv kdyh d

vwurqj frruglqdwlrq prwlyh1

Wkhuh lv d olwhudwxuh h{dplqlqj wkh lpsdfw ri sxeolf lqirupdwlrq lq elqdu|

dfwlrq frruglqdwlrq jdphv zkhuh djhqwv kdyh erwk sulydwh dqg sxeolf vljqdov

derxw vrph xqghuo|lqj vwdwh +vhh Pruulv dqg Vklq +4<<</ 5333,/ Phw} +5333,

dqg Khoozlj +5333,,1 Lq wklv zrun/ li sulydwh lqirupdwlrq lv vx!flhqwo| dffxudwh

uhodwlyh wr sxeolf lqirupdwlrq/ wkhuh lv d xqltxh htxloleulxp lq d vhwwlqj zkhuh

pxowlsoh htxloleuld zrxog h{lvw zlwk frpprq nqrzohgjh1 Exw zkhq wkhuh lv d

xqltxh htxloleulxp/ lw lv srvvleoh wr h{dplqh wkh uhodwlyh lpsdfw ri sulydwh dqg
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sxeolf vljqdov dqg 0 dv lq wklv sdshu 0 sxeolf vljqdov kdyh d vwudwhjlf lpsdfw deryh

wkhlu lqirupdwlrqdo lpsdfw1 Krzhyhu/ lw lv kdug wr txdqwli| wkh vwudwhjlf lpsdfw

ri sxeolf lqirupdwlrq dqg lw lv hqwdqjohg zlwk wkh htxloleulxp vhohfwlrq lvvxh1 Lq

wklv sdshu/ zh duh deoh wr h{dplqh wkh lpsdfw ri sxeolf vljqdov dqg rewdlq fohdqhu

zhoiduh lpsolfdwlrqv lq d pxfk vlpsohu prgho zkhuh wkhuh lv d xqltxh htxloleulxp

zlwk ru zlwkrxw sulydwh lqirupdwlrq1

51 Prgho

Wkhuh lv d frqwlqxxp ri djhqwv zkr idfh wkh sureohp ri wdlorulqj wkhlu dfwlrq wr

wkh xqghuo|lqj vwdwh w/ exw dovr idfh dq h{whuqdolw| dulvlqj iurp wkh dfwlrqv ri rwkhu

djhqwv1 Wkh h{whuqdolw| lqgxfhv ehkdylrxu dnlq wr wkh �ehdxw| frqwhvw� h{dpsoh

ri Nh|qhv +4<69, lq zklfk dq lqglylgxdo wulhv wr vhfrqg jxhvv wkh ghflvlrqv ri rwkhu

lqglylgxdov lq wkh hfrqrp|1 Pruhryhu/ wklv vslooryhu h�hfw lv vrfldoo| lqh!flhqw

lq wkdw wkh| duh ri d }hur0vxp qdwxuh dfurvv wkh lqglylgxdo djhqwv1

Pruh irupdoo|/ wkhuh lv d frqwlqxxp ri djhqwv/ lqgh{hg e| wkh xqlw lqwhuydo

dfc �o1 Djhqw � fkrrvhv dq dfwlrq @� 5 U/ dqg zh zulwh @ iru wkh dfwlrq sur�oh ryhu

doo djhqwv1 Wkh sd|r� ixqfwlrq iru djhqw � lv jlyhq e|

�� E@c w� � � E�� o� E@� � w�2 � o
�
u� � 7u

�
+514,

zkhuh o lv d frqvwdqw/ zlwk f 	 o 	 � dqg

u� �
] �

f

E@� � @��
2 _�

7u �
] �

f

u�_�

Wkh orvv ixqfwlrq iru lqglylgxdo � kdv wzr frpsrqhqwv1 Wkh �uvw frpsrqhqw lv

d vwdqgdug txdgudwlf orvv lq wkh glvwdqfh ehwzhhq wkh xqghuo|lqj vwdwh w dqg klv

:



dfwlrq @�1 Wkh vhfrqg frpsrqhqw lv wkh �ehdxw| frqwhvw� whup1 Wkh orvv u�

lv lqfuhdvlqj lq wkh dyhudjh glvwdqfh ehwzhhq �*v dfwlrq dqg wkh dfwlrq sur�oh ri

wkh zkroh srsxodwlrq1 Wkxv/ wkh dfwlrqv ri rwkhuv lqwurgxfh dq h{whuqdolw| lq

zklfk dq lqglylgxdo wulhv wr vhfrqg0jxhvv wkh ghflvlrqv ri rwkhu lqglylgxdov lq wkh

hfrqrp|1 Wkh sdudphwhu o jlyhv wkh zhljkw rq wklv vhfrqg0jxhvvlqj prwlyh1 Wkh

odujhu lv o/ wkh pruh vhyhuh lv wkh h{whuqdolw|1 Pruhryhu/ wklv vslooryhu h�hfw lv

vrfldoo| lqh!flhqw lq wkdw lw lv ri d }hur0vxp qdwxuh1 Lq wkh jdph ri vhfrqg0

jxhvvlqj/ wkh zlqqhuv jdlq dw wkh h{shqvh ri wkh orvhuv1 Vrfldo zhoiduh/ gh�qhg dv

wkh +qrupdol}hg, dyhudjh ri lqglylgxdo xwlolwlhv lv

` E@c w� � �

�� o

�]
f

�� E@c w� _�

' �
�]

f

E@� � w�2 _�1

vr wkdw d vrfldo sodqqhu zkr fduhv rqo| derxw vrfldo zhoiduh vhhnv wr nhhs doo

djhqwv* dfwlrqv forvh wr wkh vwdwh w1 Iurp wkh srlqw ri ylhz ri djhqw �/ krzhyhu/

klv dfwlrq lv ghwhuplqhg e| wkh �uvw rughu frqglwlrq=

@� ' E�� o�.� Ew� n o.� E@�

zkhuh @ lv wkh dyhudjh dfwlrq lq wkh srsxodwlrq +l1h1/ @ '
U �

f
@�_�, dqg .� E�� lv wkh

h{shfwdwlrq rshudwru iru sod|hu �1 Wkxv hdfk djhqw sxwv srvlwlyh zhljkw rq wkh

h{shfwhg vwdwh dqg wkh h{shfwhg dfwlrqv ri rwkhuv1 Qrwh/ krzhyhu/ wkdw li w lv

frpprq nqrzohgjh/ wkh htxloleulxp hqwdlov @� ' w iru doo �/ vr wkdw vrfldo zhoiduh

lv pd{lpl}hg dw htxloleulxp1 Vr/ zkhq wkhuh lv shuihfw lqirupdwlrq/ wkhuh lv qr

frq lfw ehwzhhq lqglylgxdoo| udwlrqdo dfwlrqv dqg wkh vrfldoo| rswlpdo dfwlrqv1

Zh qrz h{dplqh wkh fdvh zkhuh w lv qrw nqrzq zlwk fhuwdlqw|1

;



5141 Sxeolf Lqirupdwlrq Ehqfkpdun

Frqvlghu qrz wkh fdvh zkhuh djhqwv idfh xqfhuwdlqw| frqfhuqlqj w/ exw wkh| kdyh

dffhvv wr sxeolf lqirupdwlrq1 Wkh vwdwh w lv gudzq iurp dq +lpsurshu, xqlirup

sulru ryhu wkh uhdo olqh/ exw wkh djhqwv revhuyh d sxeolf vljqdo

+ ' w n # +515,

zkhuh # lv qrupdoo| glvwulexwhg/ lqghshqghqw ri w/ zlwk phdq }hur dqg yduldqfh

j2
#1 Wkh vljqdo + lv csxeolf* lq wkh vhqvh wkdw wkh dfwxdo uhdol}dwlrq ri + lv frpprq

nqrzohgjh wr doo djhqwv1 Wkh| fkrrvh wkhlu dfwlrqv diwhu revhuylqj wkh uhdol}dwlrq

ri +1 Wkh h{shfwhg sd|r� ri djhqw � dw wkh wlph ri ghflvlrq lv wkhq jlyhq e| wkh

frqglwlrqdo h{shfwdwlrq=

. E��m +� +516,

zkhuh . E� m+ � lv wkh frpprq h{shfwdwlrq rshudwru1 Frqglwlrqdo rq +/ erwk djhqwv

eholhyh wkdw w lv glvwulexwhg qrupdoo| zlwk phdq + dqg yduldqfh j2
#1 Khqfh/ wkh

ehvw uhso| ri � lv

@� E+� ' E�� o�. Ewm +� n o

�]
f

. E@�m +� _� +517,

zkhuh @� E+� ghqrwhv wkh dfwlrq wdnhq e| djhqw � dv d ixqfwlrq ri +1 Vlqfh . Ewm +� '
+ dqg vlqfh wkh vwudwhjlhv ri erwk djhqwv duh phdvxudeoh zlwk uhvshfw wr +/ zh kdyh

. E@�m +� ' @� E+�/ vr wkdw lq wkh xqltxh htxloleulxp/

@� E+� ' + +518,

iru doo �> h{shfwhg zhoiduh/ frqglwlrqdo rq w/ lv

. E` m w� ' �.
�
E+ � w�2

�� w�
' �j2

#

<



Wkxv/ wkh vpdoohu wkh qrlvh lq wkh sxeolf vljqdo/ wkh kljkhu lv vrfldo zhoiduh1 Zh zloo

qrz frqwudvw wklv zlwk wkh jhqhudo fdvh lq zklfk djhqwv kdyh sulydwh lqirupdwlrq

dv zhoo dv sxeolf lqirupdwlrq1

5151 Sulydwh dqg Sxeolf Lqirupdwlrq

Frqvlghu qrz wkh fdvh zkhuh/ lq dgglwlrq wr wkh sxeolf vljqdo +/ djhqw � revhuyhv

wkh uhdol}dwlrq ri d sulydwh vljqdo =

%� ' w n 0� +519,

zkhuh qrlvh whupv 0� ri wkh frqwlqxxp srsxodwlrq duh qrupdoo| glvwulexwhg zlwk

}hur phdq dqg yduldqfh j2
0/ lqghshqghqw ri w dqg #/ vr wkdw . E0�0�� ' f iru � 9' �1

Wkh sulydwh vljqdo ri rqh djhqw lv qrw revhuydeoh e| wkh rwkhuv1 Wklv lv wkh vhqvh

lq zklfk wkhvh vljqdov duh sulydwh1

Dv ehiruh/ wkh djhqwv* ghflvlrqv duh pdgh diwhu revhuylqj wkh uhvshfwlyh uh0

dol}dwlrqv ri wkhlu sulydwh vljqdov dv zhoo dv wkh uhdol}dwlrq ri wkh sxeolf vljqdo1

Ghqrwh e|

@� EL�� +51:,

wkh ghflvlrq e| djhqw � dv d ixqfwlrq ri klv lqirupdwlrq vhw L�1 Wkh lqirupdwlrq

vhw L� frqvlvwv ri wkh sdlu E+c %�� wkdw fdswxuhv doo wkh lqirupdwlrq dydlodeoh wr �

dw wkh wlph ri ghflvlrq1 Wkh qrwdwlrq lq +51:, pdnhv h{solflw wkdw wkh vwudwhj| ri

djhqw � lq wkh lpshuihfw lqirupdwlrq jdph lv d ixqfwlrq wkdw pdsv wkh lqirupdwlrq

L� wr wkh dfwlrq @�1 Iru dq| jlyhq vwudwhj|/ @� lv wkhuhiruh d udqgrp yduldeoh wkdw

lv phdvxudeoh rq wkh sduwlwlrq jhqhudwhg e| L�1
Ohw xv ghqrwh e| k wkh suhflvlrq ri wkh sxeolf lqirupdwlrq/ dqg ghqrwh e| q
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wkh suhflvlrq ri wkh sulydwh lqirupdwlrq/ zkhuh;AA?AA=
k '

�

j2
#

q '
�

j2
0

+51;,

Wkhq/ edvhg rq erwk sulydwh dqg sxeolf lqirupdwlrq/ djhqw �*v h{shfwhg ydoxh ri

w lv=

.� Ew� '
k+ n q%�
k n q

+51<,

zkhuh zh kdyh xvhg wkh vkruwkdqg .� E�� wr ghqrwh wkh frqglwlrqdo h{shfwdwlrq

. E�mL��1

5161 Olqhdu Htxloleulxp

Zh zloo qrz vroyh iru wkh xqltxh htxloleulxp1 Zh gr wklv lq wzr vwhsv1 Zh �uvw

vroyh iru d olqhdu htxloleulxp lq zklfk dfwlrqv duh d olqhdu ixqfwlrq ri vljqdov1 Zh

zloo iroorz wklv zlwk d ghprqvwudwlrq wkdw wklv olqhdu htxloleulxp lv wkh xqltxh

htxloleulxp1 Wkxv/ dv wkh �uvw vwhs/ vxssrvh wkdw wkh srsxodwlrq dv d zkroh lv

iroorzlqj d olqhdu vwudwhj| ri wkh irup

@� EL�� ' V%� n E�� V� +1 +5143,

Wkhq djhqw �*v frqglwlrqdo hvwlpdwh ri wkh dyhudjh h{shfwhg dfwlrq dfurvv doo djhqwv

lv=

.� E@� ' V

�
k+ n q%�
kn q

�
n E�� V� +

'

�
Vq

k n q

�
%� n

�
�� Vq

k n q

�
+

Wkxv djhqw �*v rswlpdo dfwlrq lv

@� EL�� ' E�� o�.� Ew� n o.� E@� +5144,
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' E�� o�

�
k+ n q%�
k n q

�
n o

��
Vq

k n q

�
%� n

�
�� Vq

k n q

�
+

�
'

�
q EoVn �� o�

k n q

�
%� n

�
�� q EoV n �� o�

kn q

�
+

Frpsdulqj frh!flhqwv lq +5143, dqg +5144,/ zh wkhuhiruh kdyh

V '
q EoV n �� o�

k n q

iurp zklfk zh fdq vroyh iru V1

V '
q E�� o�

q E�� o� n k
�

Wkxv/ wkh htxloleulxp dfwlrq @� lv jlyhq e|

@� EL�� ' k+ n q E�� o� %�
kn q E�� o�

+5145,

5171 Xqltxhqhvv ri Htxloleulxp

Wkh dujxphqw suhvhqwhg deryh hvwdeolvkhv wkh h{lvwhqfh ri d olqhdu htxloleulxp1

Zh zloo iroorz wklv e| vkrzlqj +wkurxjk d �euxwh irufh� vroxwlrq phwkrg, wkdw

wkh olqhdu htxloleulxp zh kdyh lghqwl�hg lv wkh xqltxh htxloleulxp1 Lq grlqj vr/

zh hvwdeolvk wkh uroh ri kljkhu rughu h{shfwdwlrqv lq wklv prgho1 Lq sduwlfxodu/ zh

qrwh wkdw li vrphrqh revhuyhv d sxeolf vljqdo wkdw lv zruvh wkdq khu sulydwh vljqdo/

wkhq khu h{shfwdwlrq ri rwkhuv* h{shfwdwlrqv ri w lv orzhu wkdq khu h{shfwdwlrq ri w/

l1h1/ lw lv forvhu wr wkh sxeolf vljqdo wkdq khu rzq h{shfwdwlrq1 Wklv lq wxuq lpsolhv

wkdw li zh orrn dw ?wk rughu h{shfwdwlrqv derxw w/ l1h1/ vrphrqh*v h{shfwdwlrq ri

rwkhuv* h{shfwdwlrqv ri rwkhuv* h{shfwdwlrqv ri +? wlphv, ri w/ wkhq wklv dssurdfkhv

wkh sxeolf vljqdo dv ? ehfrphv odujh1 Kljkhu rughu h{shfwdwlrqv ghshqg rqo| rq

sxeolf vljqdov1

Uhfdoo wkdw sod|hu �*v ehvw uhvsrqvh lv wr vhw

@� ' E�� o�.� Ew� n o.� E@�
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Vxevwlwxwlqj dqg zulwlqj . Ew� iru wkh dyhudjh h{shfwdwlrq ri w dfurvv djhqwv zh

kdyh

@� ' E�� o�.� Ew� n E�� o� o.�

�
. Ew�

�
n E�� o� o2.�

�
.

2
Ew�

�
n ����

' E�� o�
"[
&'f

o&.�

�
.

&
Ew�

�
+5146,

Lq rughu wr hydoxdwh wklv h{suhvvlrq/ dqg fkhfn wkdw wkh lq�qlwh vxp lv erxqghg/

zh pxvw vroyh h{solflwo| iru .�

�
.

&
Ew�

�
1 Uhfdoo wkdw sod|hu �*v h{shfwhg ydoxh ri

w lv=

.� Ew� '
k+ n q%�
k n q

+5147,

Wkxv wkh dyhudjh h{shfwdwlrq ri w dfurvv djhqwv lv

. Ew� '

�]
f

.� Ew� _� '
k+ n qw

k n q

Qrz sod|hu �*v h{shfwdwlrq ri wkh dyhudjh h{shfwdwlrq ri w dfurvv djhqwv lv

.�

�
. Ew�

�
' .�

�
k+ n qw

k n q

�

'
k+ n q

�
k+nq%�
knq

�
k n q

'

�
Ek n q�2 � q2

�
+ n q2%�

Ek n q�2

dqg wkh dyhudjh h{shfwdwlrq ri wkh dyhudjh h{shfwdwlrq ri w lv

.
2
Ew� ' .

�
. Ew�

�
'

�
Ek n q�2 � q2

�
+ n q2w

Ek n q�2

Pruh jhqhudoo|/ zh kdyh wkh iroorzlqj ohppd1

Ohppd 5141 Iru dq| &/ .
&
Ew� '

�
�� >&

�
+n>&w dqg.�

�
.

&
Ew�

�
'

�
�� >&n�

�
+n

>&n�%� zkhuh > ' q* Ek n q�1
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Wkh surri lv e| lqgxfwlrq rq &1 Zh nqrz iurp +5147, wkdw wkh ohppd krogv

iru & ' �1 Vxssrvh wkdw lw krogv iru & � �1 Wkhq/

.�

�
.

&3�
Ew�

�
'

�
�� >&

�
+ n >&%�>

vr

.
&
Ew� '

�
�� >&

�
+ n >&w

dqg

.�

�
.

&
Ew�

�
'

�
�� >&

�
+ n >&

�
k+ n q%�
kn q

�
'

�
�� >&n�

�
+ n >&n�%�

zklfk suryhv ohppd 5141 Qrz vxevwlwxwlqj wkh h{suhvvlrq iurp ohppd 514 lqwr

htxdwlrq +5146,/ zh rewdlq

@� ' E�� o�
"[
&'f

o&
��
�� >&n�

�
+ n >&n�%�

�
'

�
�� > E�� o�

�� o>

�
+ n

�
> E�� o�

�� o>

�
%�

'
k+ n q E�� o� %�
kn q E�� o�

Wklv lv h{dfwo| wkh xqltxh olqhdu htxloleulxp zh lghqwl�hg hduolhu1

61 Zhoiduh H�hfw ri Sxeolf Lqirupdwlrq

Zh duh qrz uhdg| wr dgguhvv wkh pdlq txhvwlrq ri wkh sdshu1 Krz lv zhoiduh

d�hfwhg e| wkh suhflvlrqv ri wkh djhqwv* vljqdovB Lq sduwlfxodu/ zloo zhoiduh eh

lqfuhdvlqj lq wkh suhflvlrq k ri wkh sxeolf vljqdoB Iurp wkh vroxwlrq iru @�/ zh

fdq vroyh iru wkh htxloleulxp vwudwhjlhv lq whupv ri wkh edvlf udqgrp yduldeohv w/

# dqg i0�j1
@� ' w n

k# n q E�� o� 0�
k n q E�� o�

+614,
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Li o ' f/ wkh wzr w|shv ri qrlvh +sulydwh dqg sxeolf, zrxog eh jlyhq zhljkwv wkdw

duh frpphqvxudwh zlwk wkhlu suhflvlrq1 Wkdw lv/ # zrxog eh jlyhq zhljkw htxdo wr

lwv uhodwlyh suhflvlrq k* Ek n q� zkloh 0� zrxog eh jlyhq zhljkw htxdo wr lwv uhodwlyh

suhflvlrq q* Ekn q�1 Krzhyhu/ wkh zhljkwv lq +614, ghyldwh iurp wklv1 Wkh qrlvh

lq wkh sxeolf vljqdo lv jlyhq uhodwlyho| pruh zhljkw/ dqg wkh qrlvh lq wkh sulydwh

vljqdo lv jlyhq uhodwlyho| ohvv zhljkw1 Wklv ihdwxuh uh hfwv wkh frruglqdwlrq prwlyh

ri wkh djhqwv/ dqg uh hfwv wkh glvsursruwlrqdwh lq xhqfh ri wkh sxeolf vljqdo lq

lq xhqflqj wkh djhqwv* dfwlrqv1 Wkh pdjqlwxgh ri wklv h�hfw lv juhdwhu zkhq o lv

odujh1 Zkdw h�hfw grhv wklv kdyh rq zhoiduhB H{shfwhg zhoiduh dw w lv jlyhq e|

. d` E@c w�m wo ' �k2. E#2� n q2 E�� o�2 d. E02� �o

Ek n q E�� o��2

' � k n q E�� o�2

Ek n q E�� o��2
+615,

E| h{dplqlqj +615,/ zh fdq dqvzhu wkh frpsdudwlyh vwdwlfv txhvwlrqv frqfhuqlqj

wkh h�hfw ri lqfuhdvhg suhflvlrq ri sulydwh dqg sxeolf lqirupdwlrq1

Zhoiduh lv dozd|v lqfuhdvlqj lq wkh suhflvlrq ri wkh sulydwh vljqdov1 Zh fdq vhh

wklv e| gl�huhqwldwlqj +615, zlwk uhvshfw wr q/ wkh suhflvlrq ri wkh sulydwh vljqdov1

Zh kdyh=

Y. E` m w�
Yq

'
E�� o�

�
E� n o�k n E�� o�2 q

�
Ek n q E�� o���

: f +616,

Wkxv/ lqfuhdvhg suhflvlrq ri sulydwh lqirupdwlrq hqkdqfhv zhoiduh xqdpeljxrxvo|1

Wkh vdph fdqqrw eh vdlg ri wkh h�hfw ri lqfuhdvhg suhflvlrq ri wkh sxeolf vljqdo1

Wkh ghulydwlyh ri +615, zlwk uhvshfw wr k lv=

Y. E` m w�
Yk

'
k� E2o � �� E�� o� q

Ek n q E�� o���
+617,

vr wkdw
Y. E` m w�

Yk
� f li dqg rqo| li

q

k
� �

E2o � �� E�� o�
+618,
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Zkhq o : f�D/ wkhuh duh udqjhv ri wkh sdudphwhuv zkhuh lqfuhdvhg suhflvlrq

ri sxeolf lqirupdwlrq lv ghwulphqwdo wr zhoiduh1 Lqfuhdvhg suhflvlrq ri sxeolf

lqirupdwlrq lv ehqh�fldo rqo| zkhq wkh sulydwh lqirupdwlrq ri wkh djhqwv lv qrw yhu|

suhflvh1 Li wkh djhqwv kdyh dffhvv wr yhu| suhflvh lqirupdwlrq +vr wkdw q lv kljk,/

wkhq dq| lqfuhdvh lq wkh suhflvlrq ri wkh sxeolf lqirupdwlrq zloo eh kdupixo1 Wkxv/

dv d uxoh ri wkxpe/ zkhq wkh sulydwh vhfwru djhqwv duh douhdg| yhu| zhoo lqiruphg/

wkh r!fldo vhfwru zrxog eh zhoo dgylvhg qrw wr pdnh sxeolf dq| pruh lqirupdwlrq/

xqohvv wkh| frxog eh frq�ghqw wkdw wkh| fdq surylgh sxeolf lqirupdwlrq ri yhu|

juhdw suhflvlrq1 Li d vrfldo sodqqhu zhuh fkrrvlqj h{ dqwh wkh rswlpdo suhflvlrq

ri sxeolf lqirupdwlrq dqg lqfuhdvlqj wkh suhflvlrq ri sxeolf lqirupdwlrq lv frvwo|/

wkhq fruqhu vroxwlrqv dw k ' f pd| eh frpprq1

Hyhq li juhdwhu suhflvlrq ri sxeolf lqirupdwlrq fdq eh rewdlqhg uhodwlyho|

fkhdso|/ wkhuh pd| eh whfkqlfdo frqvwudlqwv lq dfklhylqj suhflvlrq eh|rqg vrph

xsshu erxqg1 Iru lqvwdqfh/ wkh vrfldo sodqqhu pd| eh uhvwulfwhg wr fkrrvlqj k

iurp vrph jlyhq lqwhuydo dfc 7ko1 Lq wklv fdvh/ hyhq li wkh fkrlfh ri k hqwdlov qr

frvwv/ zh zloo vhh d �edqj0edqj� vroxwlrq wr wkh fkrlfh ri rswlpdo k lq zklfk wkh

vrfldo rswlpxp hqwdlov hlwkhu surylglqj qr sxeolf lqirupdwlrq dw doo +l1h1 vhwwlqj

k ' f,/ ru surylglqj wkh pd{lpxp ihdvleoh dprxqw ri sxeolf lqirupdwlrq +l1h1

vhwwlqj k ' 7k,1 Wkh ehwwhu lqiruphg lv wkh sulydwh vhfwru/ wkh kljkhu lv wkh kxugoh

udwh ri suhflvlrq ri sxeolf lqirupdwlrq wkdw zrxog pdnh lw zhoiduh hqkdqflqj1

Iljxuh 614 looxvwudwhv wkh vrfldo zhoiduh frqwrxuv lq Ekc q�0vsdfh1 Wkh fxuyhv

duh wkh vhw ri srlqwv wkdw vdwlvi| HE` mw� ' �/ iru frqvwdqwv �1 Dv fdq eh vhhq

iurp �jxuh 614/ zkhq q : k* dE2o � �� E�� o�o/ wkh vrfldo zhoiduh frqwrxuv duh

xszdug vorslqj/ lqglfdwlqj wkdw zhoiduh lv ghfuhdvlqj lq wkh suhflvlrq ri sxeolf

lqirupdwlrq1
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Iljxuh 614= Vrfldo Zhoiduh Frqwrxuv

Zkdw lv wkh lqwxlwlrq iru wklv uhvxowB Revhuyh wkdw htxdwlrq +5145, fdq eh

uh0zulwwhq dv

@� '
k+ n q E�� o�%�
k n q E�� o�

'
k+ n q%�
k n q

n E+ � %��

�
k

k n q

�
qo

k n q E�� o�
+619,

Wklv htxdwlrq vkrzv zhoo wkh dgghg lpsdfw ri sxeolf lqirupdwlrq lq ghwhuplqlqj

wkh dfwlrqv ri wkh djhqwv1 Lq dgglwlrq wr lwv uroh lq iruplqj wkh frqglwlrqdo h{0

shfwdwlrq ri w/ wkhuh lv dq dgglwlrqdo +srvlwlyh, whup lqyroylqj wkh sxeolf vljqdo

+/ zkloh wkhuh lv d fruuhvsrqglqj qhjdwlyh whup lqyroylqj wkh sulydwh vljqdo %�1

Wkxv/ wkh djhqwv �ryhuuhdfw� wr wkh sxeolf vljqdo zkloh vxssuhvvlqj wkh lqirupd0

wlrq frqwhqw ri wkh sulydwh vljqdo1 Wkh lpsdfw ri wkh qrlvh # lq wkh sxeolf vljqdo

lv jlyhq pruh ri dq lpsdfw lq wkh djhqwv* ghflvlrqv wkdq lw ghvhuyhv1

Kdylqj hvwdeolvkhg wkh srvvlelolw| wkdw sxeolf lqirupdwlrq pd| eh ghwulphqwdo/

zh qrz dgguhvv d qxpehu ri h{whqvlrqv dqg yduldwlrqv ri rxu prgho1 Wkh sxusrvh

4:



lv erwk wr jdxjh wkh urexvwqhvv ri rxu frqfoxvlrqv/ dqg dovr wr ghoyh ghhshu lqwr

wkh uhvxowv1

71 Ilqlwh Qxpehu ri Sod|huv

Wkh iudphzrun zlwk d frqwlqxxp ri vpdoo sod|huv wkdw zh kdyh xvhg kdv wkh yluwxh

ri vlpsolflw|/ exw pd| jlyh ulvh wr wkh vxvslflrq wkdw rxu uhvxowv duh vrphkrz

ghshqghqw rq wkh }hur phdvxuh qdwxuh ri lqglylgxdo djhqwv1 Zh vkrz wkdw wklv

lv qrw wkh fdvh e| ghulylqj rxu uhvxowv dv wkh olplw ri d �qlwh sod|hu iudphzrun

dv wkh qxpehu ri djhqwv ehfrph odujh1 Wkh �qlwh sod|hu iudphzrun kdv d pruh

vxevwdqwldo dgydqwdjh lq wkdw lw lv d jrrg edvh wr h{dplqh dowhuqdwlyh sd|r�v dqg

zhoiduh ixqfwlrqv1

Wkxv/ vxssrvh wkdw wkhuh duh ? � 2 sod|huv/ hdfk zlwk sd|r� ixqfwlrq

�� ' � E�� o� E@� � w�2 � o
�
u� � 7u

�
zkhuh f 	 o 	 � dqg

u� '
�

?

?[
�'�

E@� � @��
2

7u '
�

?

?[
�'�

u�

Wkhvh orvv ixqfwlrqv duh wkh �qlwh0sod|hu dqdorjxhv ri rxu edvlf prgho1 Wkh

qrupdol}hg vrfldo zhoiduh lv

��

?

?[
�'�

E@� � w�2 1

Wkh rswlpdo dfwlrq iru sod|hu � lv jlyhq e|

@� ' E�� 4�.� Ew� n 4.� E@3�� +714,

4;



zkhuh @3� lv wkh dyhudjh dfwlrq ri doo sod|huv h{fhsw �/ dqg 4 lv wkh frqvwdqw

4 ' o E?3��E?32�
?2

Qrwh wkdw 4 $ o zkhq ? ehfrphv odujh/ exw 4 ' f zkhq ? ' 21 Wkxv/ wkh vwudwhjlf

lqwhudfwlrq lv devhqw zkhq wkhuh duh rqo| wzr sod|huv/ exw zh kdyh dssur{lpdwho|

wkh vdph dfwlrq dv iru wkh frqwlqxxp fdvh zkhq wkhuh duh pdq| sod|huv1 Zh

fdq vroyh iru wkh htxloleulxp e| vroylqj gluhfwo| iru wkh kljkhu rughu eholhiv1 Iru

dq| vhtxhqfh ri qdphv iru wkh lqglylgxdov r ' Er�c r2c � � � c r&�/ zkhuh frqvhfxwlyh
whupv uhihu wr gl�huhqw lqglylgxdov +l1h1 r6 9' r6n� iru doo 6,/ gh�qh wkh lwhudwhg

h{shfwdwlrqv rshudwru=

H&
r E�� � Hr� EHr2 E� � �Hr& E�� � � ��� +715,

Wkxv/ H&
r E5� lv r�*v h{shfwdwlrq ri r2*v h{shfwdwlrq ri 111 r&*v h{shfwdwlrq ri 51

Ilqdoo|/ ghqrwh e| 7&
� wkh vhw ri qdph vhtxhqfhv ri ohqjwk & vxfk wkdw wkh �uvw

whup lv �/ dqg dq| wzr frqvhfxwlyh whupv duh glvwlqfw1 Wkdw lv/

7&
� � iEr�c r2c � � � c r&� mr� ' � dqg r6 9' r6n� iru doo 6j

Xvlqj wklv qrwdwlrq/ wkh lwhudwhg vxevwlwxwlrq ri wkh htxdwlrqv lq +714, |lhogv wkh

iroorzlqj fkdudfwhul}dwlrq ri wkh htxloleulxp vwudwhj| iru �1

@� ' E�� 4�
"[
&'�

[
rM7&

�

�
4

?3�

�&3�
H&
r Ew� +716,

Xvlqj wkh vdph lqgxfwlrq dujxphqw dv ehiruh/ zh fdq vkrz wkdw iru dq| r 5 7&
� /

.&
r Ew� '

�
�� >&

�
+ n >&%� +717,

zkhuh > ' q* Ek n q�1 Vxevwlwxwlqj +717, lqwr +716,/ zh rewdlq

@� '
k+ n q E�� 4� %�
k n q E�� 4�
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Vlqfh 4 $ o dv ? ehfrphv odujh/ zh fdq vhh wkdw wkh htxloleulxp dfwlrq @� whqgv wr

wkh htxloleulxp ri wkh frqwlqxxp prgho zh h{dplqhg hduolhu1 Wkh fruuhvsrqglqj

h{suhvvlrq iru htxloleulxp zhoiduh lv dovr dqdorjrxv wr wkh frqwlqxxp sod|hu fdvh

+615,/ dqg frqyhujhv wr lw dv ? ehfrphv odujh1

81 Dowhuqdwlyh Zhoiduh Gh�qlwlrqv

Vr idu lq wkh sdshu/ zh kdyh wdnhq iru judqwhg wkdw vrfldo zhoiduh lv wkh vxp ri

lqglylgxdo sd|r�v1 Lq vrph fdvhv/ krzhyhu/ lw pd| eh pruh iuxlwixo wr frqvlghu

irupxodwlrqv zkhuh zh doorz d pruh jhqhudo gh�qlwlrq ri zhoiduh1 Zh frxog

frqvlghu d sulqflsdo zkr kdv wkh delolw| wr fkrrvh wkh ghjuhh ri suhflvlrq ri wkh

sxeolf vljqdo/ exw zkrvh remhfwlyhv pd| gl�hu lq vxewoh zd|v iurp wkh djhqwv1

Iru lqvwdqfh/ li zh sxuvxh rxu pdfurhfrqrplf lqwhusuhwdwlrq ri wkh prgho dv wkh

lqwhudfwlrq ehwzhhq d fhqwudo edqn dqg wkh sulydwh vhfwru djhqwv/ rqh qdwxudo

zd| wr irupxodwh wkh sulqflsdo*v remhfwlyh ixqfwlrq lv lq whupv ri wkh ghyldwlrq

ri wkh djjuhjdwh ohyho ri dfwlylw| iurp wkh wuxh vwdwh w1 Krz zloo rxu uhvxowv eh

d�hfwhg e| wklv dowhuqdwlyh irupxodwlrq ri wkh zhoiduh ixqfwlrqB Vxssrvh wkdw

wkh sulqflsdo*v remhfwlyh lv wr plqlpl}h#
�

?

?[
�'�

@� � w

$2

vr wkdw wkh remhfwlyh iru wkh sulqflsdo lv wr vhw wkh dyhudjh dfwlrq dv forvh dv

srvvleoh wr w1 Vxssrvh wkdw doo djhqwv iroorz d olqhdu vwudwhj| dqg vhw wkhlu dfwlrq

dffruglqj wr

@� ' V%� n E�� V� +
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zkhuh + lv wkh sxeolf vljqdo/ dqg %� lv �*v sulydwh vljqdo1 Wkhq wkh h{shfwhg orvv

iru wkh sulqflsdo dw w lv

H

3C#
V
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�'�

%� n E�� V� + � w
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Wkh ydoxh ri V wkdw plqlpl}hv wkh sulqflsdo*v orvv lv

V '
?q

k n ?q

Qrwh wkdw zkhq ? lv odujh/ wkh sulqflsdo zrxog olnh wkh djhqwv wr sxw vpdoo zhljkw

rq wkh sxeolf vljqdo/ dqg edvh wkhlu ghflvlrq odujho| rq wkh sulydwh vljqdo1 Zkhuhdv

wkh qrlvh whupv i0�j lq wkh sulydwh vljqdov ri wkh djhqwv whqg wr fdqfho hdfk rwkhu

rxw/ wkh qrlvh whup # lq wkh sxeolf vljqdo uhpdlqv lq sodfh luuhvshfwlyh ri wkh

qxpehu ri djhqwv1 Wkxv/ li wkh zhoiduh ixqfwlrq sodfhv zhljkw rq vrph djjuhjdwh

dfwlylw| yduldeoh/ wkh ryhuzhljkwlqj ri wkh sxeolf vljqdo e| wkh djhqwv zrxog fdxvh

dq hyhq juhdwhu vrfldo zhoiduh orvv1

Wklv h{dpsoh lv fohduo| udwkhu vlpsolvwlf lq wkh zd| wkdw lw h{sorlwv wkh l1l1g1

sulydwh qrlvh whupv/ dqg lw zrxog eh lpsruwdqw wr h{soruh wkh pruh uhdolvwlf fdvh

zkhuh wkh qrlvh whupv duh fruuhodwhg dfurvv lqglylgxdov1 Zh zloo gr wklv lq wkh

qh{w vhfwlrq1 Iluvw/ zh zloo lqyhvwljdwh krz jhqhudo rxu uhvxowv duh e| h{dplqlqj

d jhqhudo zhoiduh irupxodwlrq wkdw doorzv d odujh qxpehu ri gl�huhqw prwlydwlrqv

iru wkh sod|huv1 Iru wklv/ zh uhyhuw wr rxu frqwlqxxp sod|hu iudphzrun1 Wkxv/
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vxssrvh wkdw sod|hu � vhhnv wr pd{lpl}h wkh jhqhudo sd|r�=
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1 +814,

Wkh vsh�fldwlrq ri sd|r�v doorzv gl�hulqj zhljkwv wr wkh orvvhv dulvlqj iurp wkh

glvwdqfhv ehwzhhq @�/ w/ dqg wkh dyhudjh dfwlrqv1 Iurp wkh �uvw rughu frqglwlrq/

wkh rswlpdo dfwlrq iru � lv jlyhq e|

eo ]
�Mdfc�o

.� E@�� n E�� eo�.� Ew� 1

zkhuh

eo ' o� n o�
o� n o2 n o�

�

Zh fdq vroyh iru wkh htxloleulxp lq wkh vdph zd| dv ehiruh/ |lhoglqj htxloleulxp

dfwlrqv=
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k+ n q E�� 	o�%�
k n q E�� 	o�

Lq ghulylqj dq h{suhvvlrq iru zhoiduh/ qrwh wkdw

@� � @� '
�

q E�� eo� n k
q E�� eo� E0� � 0��

@� �
]

�Mdfc�o

@�_� '
�

q E�� eo� n k
q E�� eo� 0�

@� � w '
�

q E�� eo� n k
dq E�� eo� 0� n k#o]

�Mdfc�o

@�_�� w '
�

q E�� eo� n k
k#

Qrupdol}hg zhoiduh lv wkhq

` � �

�� eo
�]

f

�� E@c w� _�

55



' � �
�3eo

k
�

qE�3eo�nk

l2 �
q E�� eo�2 E2 Eo� � oe� n o2 n o�� n k Eo2 n oD�

�
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�
Wkxv sxeolf lqirupdwlrq lv dozd|v ydoxdeoh li q ' f1 Sxeolf lqirupdwlrq fdq

vrphwlphv eh gdpdjlqj +zkhq q : f dqg k lv orz, zkhq

o2 n oD � 2o2 E2 Eo� � oe� n o2 n o��

o� n o2 n o�
1

Rxu ohdglqj prgho lq vhfwlrq 5 lv wkh vshfldo fdvh ri wklv zkhq o� ' oe ' o/

o2 ' �� o dqg o� ' oD ' f1 Lq wklv fdvh/ wklv frqglwlrq uhgxfhv wr o � �
2
1

Zh frqfoxgh wklv vhfwlrq zlwk rqh rwkhu h{dpsoh1 Ohw hdfk sod|hu � kdyh wkh

iroorzlqj sd|r� ixqfwlrq=

�� E@c w� � E�� 0�T Ewc 7@�� 0 E�� o� E@� � w�2 � 0o

] �

f

E@� � @��
2 _� +815,

iru vrph vpdoo 0 : f1 Htxloleulxp lv xqdowhuhg e| wklv fkdqjh lq sd|r�v/ vlqfh

wkh �uvw whup lv dq h{whuqdolw| wkdw qr lqglylgxdo sod|hu fdq lq xhqfh1 Krzhyhu/

iru vpdoo 0/ vrfldo zhoiduh zloo eh dssur{lpdwho| htxdo wr T Ewc 7@�1 Iru vrph

fkrlfh ri T E��/ sxeolf lqirupdwlrq pd| eh gdpdjlqj hyhq lq wkh devhqfh ri sulydwh

lqirupdwlrq1 Iru h{dpsoh/ vxssrvh wkdw

T Ewc @� '

�
�/ li @ � @W

f/ li @ � @W

�
Vxssrvh wkdw wkh rqo| lqirupdwlrq lv wkh sxeolf vljqdo + ' w n #/ zkhuh # lv

qrupdoo| glvwulexwhg zlwk phdq }hur dqg suhflvlrq k1 Hdfk sod|hu zloo vhw klv

dfwlrq htxdo wr +1 Vr frqglwlrqdo rq vwdwh w/ h{shfwhg zhoiduh +iru vpdoo 0, lv

��x
�s

k E@W � w�
�
1
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Wklv lv ghfuhdvlqj lq k li @W : w1 Lq rwkhu zrugv/ li sod|huv zrxog gr vrphwklqj

vrfldoo| lqh!flhqw li wkhuh zhuh shuihfw lqirupdwlrq/ wkhq uhgxflqj wkh dffxudf|

ri sxeolf lqirupdwlrq vkrxog eh h{shfwhg wr lpsuryh vrfldo zhoiduh16

91 Fruuhodwhg Sulydwh Vljqdov

Vr idu/ zh kdyh ghdow zlwk frqglwlrqdoo| lqghshqghqw qrlvh dfurvv djhqwv1 Wklv

sdlqwv d udwkhu xquhdolvwlf slfwxuh ri sulydwh vljqdov dv ehlqj xqfrqwdplqdwhg e|

lpshuihfwlrqv wkdw wkh sod|huv* sulydwh lqirupdwlrq pd| vkduh lq frpprq1 Pruh

uhdolvwlfdoo|/ zh zrxog h{shfw wkdw sulydwh vljqdov kdyh vkduhg udz lqjuhglhqwv

dfurvv wkh srsxodwlrq wkdw lpsduw frpsoh{ fruuhodwlrq vwuxfwxuhv dfurvv sulydwh

vljqdov1 Dv d vlpsoh h{dpsoh/ sulydwh vljqdov wkdw kdyh wkh vwuxfwxuh %� ' wn1n0�/

zkhuh 1 lv d frpprq qrlvh whup wkdw hqwhuv lqwr doo sod|huv* sulydwh vljqdov zloo

lpsduw fruuhodwlrqv lqwr wkh sulydwh vljqdov/ hyhq li zh frqglwlrq rq wkh wuxh vwdwh

w1

Lq wkh dsshqgl{/ zh suhvhqw txlwh d jhqhudo dqdo|vlv ri d wzr sod|hu yhuvlrq ri

rxu prgho zkhuh wkh sod|huv fdq revhuyh pdq| vljqdov/ zkhuh wkh vljqdov duh pxo0

wlyduldwh qrupdo zlwk d jhqhudo fruuhodwlrq vwuxfwxuh1 Khuh/ zh frq�qh rxuvhoyhv

wr suhvhqwlqj d vshfldo fdvh ri wkdw dqdo|vlv1 Wkxv/ vxssrvh wkhuh duh wzr sod|huv

� ' �c 21 Wkhuh lv d sxeolf vljqdo + ' w n #/ zkhuh # lv qrupdoo| glvwulexwhg zlwk

phdq f dqg suhflvlrq k1 Lq dgglwlrq/ hdfk sod|hu � revhuyhv wzr sulydwh vljqdov

%�� ' w n 0�� dqg %�2 ' w n 0�21 Zkloh 0�� dqg 0�2 duh dvvxphg wr eh lqghshqghqw/

zh dvvxph wkdw E0��c 02�� duh mrlqwo| qrupdoo| glvwulexwhg zlwk }hur phdqv dqg

fryduldqfh pdwul{ #
�
q�

4�
q�

4�
q�

�
q�

$
1

6Wklv h�hfw rffxuv lq wkh dqdo|vlv ri wudqvsduhqf| lq fxuuhqf| pdunhwv lq Phw} +5333,1
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Wkxv hdfk vljqdo � kdv suhflvlrq q�/ dqg wkh fruuhodwlrq frh!flhqw ehwzhhq wkh

wzr sod|huv* �wk vljqdov lv 4� 5 dfc ��1

Lq wklv vhwwlqj/ zh vkrz lq wkh dsshqgl{ wkdw zkloh wkh vrfldoo| rswlpdo dfwlrq

iru sod|hu � +plqlpl}lqj � E@� � w�2, lv
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k+ n q�%�� n q2%�2

k n q� n q2

/

wkh htxloleulxp dfwlrq iru sod|hu � lv
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Wklv h{suhvvlrq frqfuhwho| fdswxuhv wkh wudgh0r� ehwzhhq wkh dffxudf| ri d vljqdo

dqg lwv delolw| wr frruglqdwh wkh sod|huv1 Wkh fruuhvsrqglqj h{suhvvlrq iru zhoiduh
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�
k n

�
�3o
�3o4�
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�3o
�3o42
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q2�
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�
�3o

�3o4�

�
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�3o
�3o42

�
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Lq idfw/ wkh frqfoxvlrqv ri wklv sdshu gr qrw uho| rq wkh qrupdolw| dvvxpswlrqv1

Vdphw +4<<;, vkrzhg wkdw lwhudwhg h{shfwdwlrqv ri wkh w|sh gh�qhg lq htxdwlrq

+715, dozd|v frqyhujh +dv wkh qxpehu ri h{shfwdwlrqv & whqgv wr lq�qlw|, wr wkh

h{shfwdwlrq ri w frqglwlrqdo rqo| rq sxeolf +l1h1/ frpprq nqrzohgjh, lqirupdwlrq1

Frpelqhg zlwk htxdwlrq +716,/ wklv lpsolhv wkdw htxloleulxp dfwlrqv lq wkh �qlwh

dfwlrq jdph pxvw ljqruh sulydwh lqirupdwlrq lq wkh olplw dv o $ �1 Vlplodu

uhvxowv frxog dovr eh suryhg iru wkh frqwlqxxp sod|hu fdvh zlwk pruh jhqhudo

vljqdo vwuxfwxuhv1 Lq Pruulv dqg Vklq +5334,/ zh kdyh yhul�hg wkdw zh rewdlq

txdolwdwlyho| vlplodu frqfoxvlrqv lq d elqdu| vwdwh elqdu| vljqdo prgho/ dowkrxjk

lq wkdw h{dpsoh sulydwh lqirupdwlrq pxvw eh yhu| dffxudwh lq rughu iru sxeolf

lqirupdwlrq wr gdpdjh zhoiduh1
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:1 Frqfoxglqj Uhpdunv

Sxeolf lqirupdwlrq kdv dwwulexwhv wkdw pdnh lw d grxeoh0hgjhg lqvwuxphqw1 Wkh

vwudwhjlf lqwhudfwlrqv ehwzhhq djhqwv phdq wkdw lwv lpsdfw lv odujhu wkdq frxog

eh mxvwl�hg e| wkh idfh ydoxh ri lwv frqwhqw1 Wkxv/ dowkrxjk sxeolf lqirupdwlrq lv

h{wuhpho| h�hfwlyh lq lq xhqflqj dfwlrqv/ wkh gdqjhu dulvhv iurp wkh idfw wkdw lw

lv wrr h�hfwlyh dw grlqj vr1 Djhqwv ryhuuhdfw wr sxeolf lqirupdwlrq/ dqg wkhuhe|

pdjqli| dq| qrlvh zklfk lqhylwdeo| fuhhsv lq1

Frpphqwdwruv vxfk dv Nuxjpdq +5334e, kdyh udlvhg wkh srvvlelolw| wkdw wkh

sdudphwhu o lq rxu prgho 0 lqglfdwlqj wkh vwuhqjwk ri wkh vwudwhjlf prwlyh 0 pd|

kdyh ehfrph odujhu lq uhfhqw |hduv1 Frpphqwlqj rq wkh uhfhqw grzqwxuq lq

hfrqrplf dfwlylw| lq wkh Xqlwhg Vwdwhv/ kh vxjjhvwv wkdw

��upv pdnlqj lqyhvwphqw ghflvlrqv duh vwduwlqj wr hpxodwh wkh kdlu0

wuljjhu ehkdylru ri �qdqfldo lqyhvwruv1 Wkdw phdqv d jurzlqj sduw

ri wkh hfrqrp| pd| eh vwduwlqj wr dfw olnh d �qdqfldo pdunhw/ zlwk

doo wkdw lpsolhv 0 olnh wkh srwhqwldo iru exeeohv dqg sdqlfv1 Rqh

frxog dujxh wkdw idu iurp pdnlqj wkh hfrqrp| pruh vwdeoh/ wkh udslg

uhvsrqvhv ri wrgd|*v frusrudwlrqv pdnh wkhlu lqyhvwphqw lq htxlsphqw

dqg vriwzduh yxoqhudeoh wr wkh nlqg ri vhoi0ixo�oolqj shvvlplvp wkdw

xvhg wr eh srvvleoh rqo| iru lqyhvwphqw lq sdshu dvvhwv1�

Lq whupv ri wkh iudphzrun ri rxu sdshu/ wkh lqfuhdvhg yxoqhudelolw| phqwlrqhg

e| Nuxjpdq lv dq hqwluho| udwlrqdo uhvsrqvh e| lqglylgxdo dfwruv/ exw lv vrfldoo|

lqh!flhqw1 Vxfk h�hfwv vhuyh wr hpskdvl}h wkh grxeoh0hgjhg qdwxuh ri sxeolf

lqirupdwlrq1
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Dsshqgl{= Pxowlyduldwh Qrupdo Vljqdov

D vwdwh w lv gudzq iurp d xqlirup glvwulexwlrq rq wkh uhdo olqh1 Wkhuh lv d

sxeolf vljqdo + ' w n #1 Hdfk djhqw � ' �c 2 revhuyhv ? sulydwh vljqdov> wkh &wk

vljqdo ri djhqw � lv %�& ' w n 0�&1 Zh zulwh %� iru wkh ?0yhfwru ri djhqw �*v qrlvh

whupv1 Zh dvvxph wkdw wkh E2?n �� yhfwru

� '

3C #
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4D
lv qrupdoo| glvwulexwhg zlwk phdq 3C f

f
f

4D
+zh duh zulwlqj f iru d yhfwru ri fv ri duelwudu| ohqjwk, dqg fryduldqfh pdwul{

P '

3C jff Pf� Pf2

P�f P�� P�2

P2f P2� P22

4D 1

Zh duh lqwhuhvwhg lq

3 '

3C w
 �

 2

4D� +�1

+zh duh zulwlqj � iru d yhfwru ri �v ri duelwudu| ohqjwk,1 Vhwwlqj
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zh kdyh
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vr 5 lv qrupdoo| glvwulexwhg zlwk phdq3C f
f
f

4D
dqg fryduldqfh pdwul{

eP ' �P��

'

3EC ePff
ePf�

ePf2eP�f
eP��

eP�2eP2f
eP2�

eP22

4FD 1

Zh zloo riwhq eh lqwhuhvwhg lq wkh fdvh zkhuh wkh sxeolf vljqdo lv frqglwlrqdoo|

lqghshqghqw ri wkh ydulrxv sulydwh vljqdov1 Lq wklv fdvh/

P '

3C � 2 f f
f P�� P�2

f P2� P22

4D
dqg

eP '

3C f f f
f P�� P�2

f P2� P22

4Dn � 2�

zkhuh � lv d E2? n ��� E2?n �� pdwul{ ri �*v1

E| vwdqgdug surshuwlhv ri wkh pxowlyduldwh qrupdo +h1j1/ Vsdqrv +4<;9,/ fk 47/

s 64:,/
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