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Edqg Vshfwudo Uhjuhvvlrq zlwk Wuhqglqj Gdwd�

Ghdq Fruedh
Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Lrzd

Vdp Rxoldulv
Ghsduwphqw ri Exvlqhvv Srolf|/ Qdwlrqdo Xqlyhuvlw| ri Vlqjdsruh

Shwhu F1 E1 Skloolsv
Frzohv Irxqgdwlrq/ \doh Xqlyhuvlw|

)
Xqlyhuvlw| ri Dxfnodqg

Dxjxvw 45/ 4<<:

Devwudfw

Edqg vshfwudo uhjuhvvlrq zlwk ghwhuplqlvwlf dqg vwrfkdvwlf wuhqgv lv frqvlg0
huhg1 Lw lv vkrzq wkdw frqyhqwlrqdo wuhqg uhprydo e| uhjuhvvlrq lq wkh wlph
grpdlq sulru wr edqg vshfwudo uhjuhvvlrq ohdgv wr eldvhg dqg lqfrqvlvwhqw hvwl0
pdwhv ri wkh sdudphwhuv lq d prgho zlwk iuhtxhqf| ghshqghqw frh!flhqwv1 Wlph
grpdlq dqg iuhtxhqf| grpdlq surfhgxuhv iru ghdolqj zlwk wklv sureohp duh h{0
dplqhg1 Wuhqg uhprydo lq wkh iuhtxhqf| grpdlq surgxfhv xqeldvhg hvwlpdwhv
dqg lv uhfrpphqghg1 Dq dv|pswrwlf wkhru| lv ghyhorshg dqg wkh wzr fdvhv ri vwd0
wlrqdu| gdwd dqg frlqwhjudwhg qrqvwdwlrqdu| gdwd duh frpsduhg1 H!flhqw edqg
vshfwudo uhjuhvvlrq hvwlpdwruv dqg dvvrfldwhg lqihuhqwldo phwkrgv duh surylghg iru
prghov zlwk ghwhuplqlvwlf dqg vwrfkdvwlf wuhqgv1 Vrph vxssruwlqj Prqwh Fduor
hylghqfh lv suhvhqwhg1 Dq hpslulfdo dssolfdwlrq wr wkh suhvhqw ydoxh prgho ri
vwrfn sulfhv lv glvfxvvhg1 Diwhu uhprylqj wuhqgv lq wkh iuhtxhqf| grpdlq/ zh
vkrz wkdw/ zkloh vwrfn sulfhv dqg glylghqgv kdyh vljql�fdqw frkhuhqfh dw orz
iuhtxhqflhv/ wudqvlwru|  xfwxdwlrqv lq glylghqgv +l1h1 ohvv wkdq 6 |hduv, gr qrw
kdyh vljql�fdqw frkhuhqfh zlwk vwrfn sulfh pryhphqwv1

4 Lqwurgxfwlrq

Kdqqdq*v +4<96, edqg0vshfwuxp uhjuhvvlrq surfhgxuh lv d xvhixo uhjuhvvlrq ghylfh
wkdw kdv ehhq xvhg lq dssolhg hfrqrphwulf zrun/ olnh Hqjoh +4<:7,/ zkhuh wkhuh duh
odwhqw yduldeohv +olnh shupdqhqw dqg wudqvlwru| lqfrph, wkdw duh iuhtxhqf| ghshqghqw

WDq hduo| yhuvlrq ri vrph ri wkh uhvxowv lq Vhfwlrqv 5 dqg 6 ri wkh sdshu zhuh rewdlqhg lq wkh
vxpphu ri 4<<71 Wkh sdshu zdv sduwo| zulwwhq zkloh Skloolsv zdv ylvlwlqj wkh Xqlyhuvlw| ri Dxfnodqg
ryhu wkh shulrg 4 Mdqxdu| � 4 Mxo| 4<<:1 Frpsxwdwlrqv zhuh shuiruphg e| wkh dxwkruv lq JDXVV/
dqg wkh sdshu zdv w|shg e| wkh dxwkruv lq Vflhqwl�f Zrug 5181 Skloolsv wkdqnv wkh QVI iru uhvhdufk
vxssruw xqghu Judqw Qxpehu VEU <7�55<551
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dqg zkhuh wkhuh lv uhdvrq wr h{shfw wkdw uhodwlrqvkls ehwzhhq yduldeohv pd| ghshqg
rq iuhtxhqf|1 Wklv sdshu vwxglhv vrph surshuwlhv ri Kdqqdq uhjuhvvlrq lq wkh suhv0
hqfh ri erwk ghwhuplqlvwlf dqg vwrfkdvwlf wuhqgv/ d frpprq ihdwxuh lq hfrqrplf wlph
vhulhv dssolfdwlrqv1 Lq vxfk fdvhv/ wkhuh lv dq lvvxh uhjduglqj wkh pdqqhu ri ghwhu0
plqlvwlf wuhqg uhprydo1 Lq sduwlfxodu/ vkrxog wkh ghwhuplqlvwlf wuhqgv eh holplqdwhg
e| uhjuhvvlrq lq wkh wlph grpdlq sulru wr wkh xvh ri wkh iuhtxhqf| grpdlq uhjuhvvlrq
ru qrwB Vlqfh vshfwudo uhjuhvvlrq surfhgxuhv zhuh ruljlqdoo| ghyhorshg iru vwdwlrqdu|
wlph vhulhv dqg vlqfh wkh uhprydo ri ghwhuplqlvwlf wuhqgv e| ohdvw vtxduhv uhjuhvvlrq
lv zhoo nqrzq wr eh dv|pswrwlfdoo| h!flhqw +Juhqdqghu dqg Urvhqeodww/ 4<8:,/ lw
pd| vhhp qdwxudo wr shuirup wkh wuhqg uhprydo lq wkh wlph grpdlq sulru wr wkh xvh
ri vshfwudo phwkrgv1 Lqghhg/ wklv lv uhfrpphqghg lq Kdqqdq +4<96/ s1 63,/ hyhq
wkrxjk wkh ghyhorsphqw ri vshfwudo uhjuhvvlrq wkhuh dqg lq Kdqqdq +4<:3, doorzv
iru uhjuhvvruv olnh ghwhuplqlvwlf wuhqgv wkdw duh vxvfhswleoh wr d jhqhudol}hg kduprqlf
dqdo|vlv/ vdwlvi|lqj wkh vr0fdoohg Juhqdqghu frqglwlrqv +Juhqdqghu dqg Urvhqeodww/
4<8:/ s1 566,1 Ri frxuvh/ zkhq wkhuh lv rqo| dq lqwhufhsw lq wkh uhjuhvvlrq/ uhprydo
ri wkh }hur iuhtxhqf| lq wkh frpsxwdwlrq ri glvfuhwh Irxulhu wudqvirupv lv htxlydohqw
wr ghphdqlqj wkh gdwd/ dqg wklv lv d frqyhqlhqw dqg iuhtxhqwo| xvhg surfhgxuh lq
sudfwlfh1 Exw/ zkhq wkhuh duh kljkhu rughu wuhqgv dqg2ru wuhqg euhdnv lq wkh uhjuhv0
vlrq/ wklv surfhgxuh zrxog dsshdu wr eh lqfrpsohwh ehfdxvh wkhuh duh pruh wuhqg
frh!flhqwv wr hvwlpdwh1

Lq wlph grpdlq uhjuhvvlrq/ wkh Iulvfk�Zdxjk +4<66, wkhruhp dvvxuhv lqyduldqfh
ri wkh uhjuhvvlrq frh!flhqwv wr sulru wuhqg uhprydo ru wr wkh lqfoxvlrq ri wuhqgv lq wkh
uhjuhvvlrq lwvhoi1 Zh h{dplqh wkh ydolglw| ri wkh Iulvfk�Zdxjk wkhruhp iru wuhqg holp0
lqdwlrq lq edqg vshfwuxp uhjuhvvlrqv dqg vkrz wkdw wuhqg holplqdwlrq lqyduldqfh grhv
qrw dozd|v dsso| iru edqg0vshfwuxp uhjuhvvlrq zkhq rqh vzlwfkhv iurp wlph grpdlq
wr iuhtxhqf| grpdlq uhjuhvvlrqv1 Lq sduwlfxodu/ ghwuhqglqj e| uhprylqj ghwhuplqlvwlf
frpsrqhqwv lq wkh wlph grpdlq dqg wkhq dsso|lqj edqg0vshfwuxp uhjuhvvlrq lv qrw
htxlydohqw wr ghwuhqglqj lq wkh iuhtxhqf| grpdlq dqg wkhq dsso|lqj edqg0vshfwuxp
uhjuhvvlrq1 Wklv vhhplqjo| lqqrfxrxv pdwwhu fdq kdyh lpsruwdqw frqvhtxhqfhv lq
sudfwlfh1 Lq sduwlfxodu/ ghwuhqglqj lq wkh wlph grpdlq |lhogv hvwlpdwhv zklfk fdq eh
vhyhuho| eldvhg lq �qlwh vdpsohv/ dqg/ lq wkh fdvh ri qrqvwdwlrqdu| gdwd/ lqfrqvlvwhqw1
Rxu uhvxowv vxjjhvw wkdw wkh dssursuldwh surfhgxuh lv wr ghwuhqg lq wkh iuhtxhqf|
grpdlq/ zklfk lv prvw vlpso| dffrpsolvkhg e| lqfoxglqj wkh wudqviruphg ghwhuplq0
lvwlf yduldeohv h{solflwo| lq wkh iuhtxhqf| grpdlq uhjuhvvlrq1 Grlqj vr uhvwruhv wkh
ydolglw| ri wkh Iulvfk�Zdxjk wkhruhp +ehfdxvh wkh uhvxowv duh wkhq wkh vdph dv wkrvh
iurp d iuhtxhqf| grpdlq uhjuhvvlrq zlwk yduldeohv wkdw kdyh douhdg| ehhq ghwuhqghg
e| uhjuhvvlrq xvlqj glvfuhwh Irxulhu wudqvirupv ri wkh wuhqgv, dqg |lhogv xqeldvhg
hvwlpdwhv ri wkh frh!flhqwv1 Wkh sdshu surylghv dq dv|pswrwlf dqdo|vlv iru wkh wzr
fdvhv ri vwdwlrqdu| dqg frlqwhjudwhg qrqvwdwlrqdu| gdwd/ frqvlghuv h!flhqw phwkrgv
iru prghov zlwk ghwhuplqlvwlf dqg vwrfkdvwlf wuhqgv/ dqg jlyhv vrph dqdo|wlfdo dqg
Prqwh0Fduor hylghqfh lq vxssruw ri wkh eldv �qglqjv1

Wkhvh lghdv rq wuhqg uhprydo duh dssolhg wr wkh suhvhqw ydoxh prgho ri vwrfn sulfhv
vwxglhg e| Fdpsehoo dqg Vkloohu +4<;:,1 Lq sduwlfxodu/ zkhq wuhqgv duh uhpryhg lq
wkh iuhtxhqf| grpdlq zh vkrz wkdw/ zkloh wkhuh lv vljql�fdqw frkhuhqfh ehwzhhq vwrfn
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sulfhv dqg glylghqgv lq wkh orqj uxq/ wudqvlwru|  xfwxdwlrqv lq glylghqgv +l1h1 ohvv
wkdq 6 |hduv, kdyh lqvljql�fdqw frkhuhqfh zlwk vwrfn sulfh pryhphqwv1Wklv suhglfwlrq
lv frqvlvwhqw zlwk wkh suhvhqw ydoxh prgho ri vwrfn sulfhv iru fhuwdlq qrqvwdwlrqdu|
gulylqj surfhvvhv ri glylghqgv zklfk dsshdu lq wkh gdwd1

Wkh sdshu lv rujdqlvhg dv iroorzv1 Wkh prgho dqg hvwlpdwlrq suholplqdulhv lq0
foxglqj eldv uhvxowv duh odlg rxw lq Vhfwlrq 51 Vhfwlrq 6 rxwolqhv dq xqeldvhg hvwlpdwru
edvhg rq iuhtxhqf| grpdlq wuhqg uhprydo dqg jlyhv dq htxlydohqw wlph grpdlq hvwl0
pdwru1 Dq dv|pswrwlf wkhru| lv ghyhorshg lq Vhfwlrq 7/ fryhulqj erwk vwdwlrqdu| dqg
qrqvwdwlrqd| uhjuhvvru fdvhv1 H!flhqw uhjuhvvlrq lv vwxglhg lq Vhfwlrq 81 Vrph Prqwh
Fduor hylghqfh lv suhvhqwhg lq Vhfwlrq 91 Wkh hpslufldo dssolfdwlrq lv glvfxvvhg lq
Vhfwlrq :1 Vhfwlrq ; frqfoxghv dqg surriv duh jlyhq lq wkh Dsshqgl{1

Prvw ri rxu qrwdwlrq lv vwdqgdug= ^d` vljql�hv wkh odujhvw lqwhjhu qrw h{fhhglqj d>
A vljql�hv srvlwlyh gh�qlwhqhvv zkhq dssolhg wr pdwulfhv/ dW lv wkh frpsoh{ frqmxjdwh
wudqvsrvh ri wkh pdwul{ d> d3 lv wkh Prruh Shqurvh lqyhuvh ri d> S@ @ d+dWd,3dW lv
wkh ruwkrjrqdo surmhfwru rqwr wkh udqjh ri d> O2 ^3> 4` lv wkh vsdfh ri vtxduh lqwhjudeoh

ixqfwlrqv rq ^3> 4` >
_� vljql�hv lv cdv|pswrwlfdoo| glvwulexwhg dv* dqg _$ dqg

R$ duh xvhg
wr ghqrwh zhdn frqyhujhqfh ri wkh dvvrfldwhg suredelolw| phdvxuhv dqg frqyhujhqfh
lq suredelow|/ uhvshfwlyho|/ dv wkh vdpsoh vl}h/ q $ 4> L+4, vljql�hv dq lqwhjudwhg
surfhvv ri rughu rqh/ dqg EP+
, ghqrwhv d yhfwru Eurzqldq prwlrq zlwk fryduldqfh
pdwul{ 
 dqg zh zulwh lqwhjudov olnh

U �
f E+u,gu dv

U �
f E> ru vlpso|

U
E li wkhuh lv qr

dpeljxlw| ryhu olplwv1 PQ +3>J, vljql�hv d pl{hg qrupdo glvwulexwlrq zlwk pdwul{
pl{lqj yduldwh J=

5 Prgho dqg Hvwlpdwlrq Suholplqdulhv

Ohw || dqg {| +w @ 4> ===> q, eh jhqhudwhg e|=

|| @ � �
�}| . h||> {| @ ��

2}| . h{|> +4,

zkhuh }| lv d s0glphqvlrqdo ghwhuplqlvwlf vhtxhqfh dqg h|| dqg h{| duh }hur phdq wlph
vhulhv wkdw duh 4 dqg n0glphqvlrqdo/ uhvshfwlyho|1 Wkh revhuyhg vhulhv || dqg {| duh
wkhuhiruh gulyhq e| d ghwhuplqlvwlf vhtxhqfh/ }|> dqg kdyh vwrfkdvwlf frpsrqhqwv h||
dqg h{|=

Lq ghyhorslqj wkh dv|pswrwlf wkhru| ri Vhfwlrq 7 lw lv frqyhqlhqw wr doorz iru
erwk vwdwlrqdu| dqg qrqvwdwlrqdu| yduldeohv1 Dffruglqjo|/ zh pdnh wkh iroorzlqj
dowhuqdwlyh dvvxpswlrqv rq wkh vwrfkdvwlf frpsrqhqwv1 Sduw +e, lq hdfk ri wkhvh
dvvxpswlrqv lv d kljk ohyho fhqwudo olplw wkhruhp dvvxpswlrq1 H{solflw frqglwlrqv
xqghu zklfk wkhvh fhqwudo olplw uhvxowv krog duh uhdglo| dydlodeoh +h1j1/ Skloolsv dqg
Vror/ 4<<5,/ vr zh gr qrw wurxeoh wr jr lqwr ghwdlov khuh1 Wkh phfkdqlvp olqnlqj wkh
yduldeohv zloo eh pdgh h{solflw odwhu1

Dvvxpswlrq 4

+d, )| @ +h||> h{ �|,� lv d mrlqwo| vwdwlrqdu| dqg hujrglf wlph vhulhv zlwk }hur phdq/
�qlwh vhfrqg prphqwv dqg frqwlqxrxv vshfwudo ghqvlw| pdwul{ i��+�,> sduwlwlrqhg
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frqirupdeo| zlwk ) | dv

i�� +�, @

%
i+++�, i+%+�,
i%++�, i%%+�,

&
dqg i%%+�, A 3 ;�=

+e, Sduwldo vxpv ri )| vdwlvi| wkh fhqwudo olplw wkhruhp q3�*2
S?

|'� )|
_$ Q+3> 5�i�� +3,,=

Dvvxpswlrq 5

+d, )| @ +h||> h{ �|,� lv dq L+4, surfhvv vdwlvi|lqj �)| @ y|> lqlwldol}hg dw w @ 3 e|
dq| RR+4, udqgrp yduldeoh1 Wkh vkrfnv y| duh sduwlwlrqhg frqirupdeo| zlwk |
dqg { dv y| @ +y+|> y

�
%|,

� dqg vdwlvi| Dvvxpswlrq 4 zlwk vshfwudo ghqvlw| i��+�,>
sduwlwlrqhg frqirupdeo| zlwk y|1

+e, q3�*2) d?uo vdwlv�hv dq lqyduldqfh sulqflsoh/ vr wkdw dv q $ 4/ q3�*2) d?uo
_$

E+�, � EP+
,> d yhfwru Eurzqldq prwlrq ri glphqvlrq +n.4, zlwk fryduldqfh
pdwul{ 
 @ 5�i��+3,> zkhuh Wkh yhfwru surfhvv E dqg pdwul{ 
 duh sduwlwlrqhg
frqirupdeo| zlwk ) dv E @ +E+> E

�
%,
� dqg


 @

%

++ 
+%


%+ 
%%

&
zkhuh 
%%A3> vr wkdw h{| lv d ixoo udqn L+4, surfhvvhv/ zkhuhdv 
++@
+%


3�
%%
%+>

vr wkdw h|| dqg h{| duh frlqwhjudwhg1

Zh pdnh wkh iroorzlqj dvvxpswlrqv frqfhuqlqj wkh ghwhuplqlvwlf vhtxhqfh }|=
Vxssrvh }| @ +wr� > wr2 > ===> wrR,�> 3 � v� � v2 � v� � vR iru vrph uhdo qxpehuv
v� +l @ 4> ===> s,= Qrwh wkdw v� pd| eh }hur/ vr zh doorz iru wkh suhvhqfh ri dq lqwhufhsw
lq wkh gdwd jhqhudwlrq surfhvv iru || dqg {|= Ohw �? @ gldj+qr�> qr2 > ===> qrR,> dqg
gh�qh g| @ �3�? }|= Wkhq

gd?oo @ �3�? }d?oo $ x+u, @ +ur�> ur2 > ===> urR,�> +5,

xqlirupo| lq u 5 ^3> 4`= Wkh olplw ixqfwlrqv x+u, duh olqhduo| lqghshqghqw lq O2^3> 4`
dqg q3�+

S?
|'� g|g

�
|, $

U �
f xx � A 3=Zh frxog vlploduo| doorz iru wuhqg euhdnv lq }| dqg

lq wkh fruuhvsrqglqj olplw ixqfwlrq x+u,= Wklv w|sh ri h{whqvlrq lv vwudljkwiruzdug dqg
wkh uhvxowv wkdw iroorz/ h{fhsw zkhuh lqglfdwhg/ frqwlqxh wr dsso| li wkh gdwd }| dqg
olplw ixqfwlrq x+u, duh vr prgl�hg1 Ohw ] +uhvshfwlyho|/ G, eh wkh q� s revhuydwlrq
pdwul{ ri wkh qrq0vwrfkdvwlf uhjuhvvruv +uhvshfwlyho|/ vwdqgduglvhg uhjuhvvruv,/ S~ eh
wkh surmhfwru rqwr wkh udqjh ri ]> dqg T5 @ L?�S~ eh wkh uhvlgxdo surmhfwlrq pdwul{
+uhvshfwlyho|/ S( dqg L � S(,1

Wkh w|sh ri prgho zh kdyh lq plqg iru wkh vwrfkdvwlf frpsrqhqw ri wkh gdwd fdq
eh irupxodwhg lq wkh iuhtxhqf| grpdlq dv=

Z h| @ Z h[�+$, .Zh% +6,

zkhuh
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h[ @ q�n pdwul{ ri revhuydwlrqv ri wkh h{rjhqrxv uhjuhvvruv h{|> sxujhg ri wkhlu
ghwhuplqlvwlf frpsrqhqwv dv lq +4,1

Z @ wkh q� q Irxulhu pdwul{= hd�+
2Z
? ,��

�o@
s
q/ zkhuh � � @ ^3> 4> ===> q�4`1 Qrwh

wkdw Z WZ @ L?> dqg Z h[ lv vlpso| wkh yhfwru ri glvfuhwh Irxulhu wudqv0
irupv ri h{| / zh%+�r, @ q3�*2

S?
|'� h{|h�br|> dw wkh ixqgdphqwdo iuhtxhqflhv

�r @ 5�v@q> +v @ 3> 4> ===> q�4,1

�+$, @ n0yhfwru ri sdudphwhu frh!flhqwv iru wkh yduldeohv h{| uhohydqw wr wkh iuh0
txhqf| $1h% @ q� 4 yhfwru ri huuruv/ h%|> vdwlvi|lqj wkh vdph dvvxpswlrqv dv wkrvh jlyhq
iru )| lq Dvvxpswlrq 4 deryh1 Wkh huuruv h%| duh dvvxphg wr eh lqghshqghqw
ri wkh uhjuhvvruv h{r ;v> w=

Ri frxuvh/ +6, rqo| ghvfulehv wkh frqqhfwlrq ehwzhhq wkh revhuyhg gdwd1 Wklv zloo
eh vx!flhqw iru vwxg|lqj wkh �qlwh vdpsoh eldv1 Exw zh fdq lpdjlqh d vwrfkdvwlf
prgho wkdw lv wkh dqdorjxh ri +6, lq zklfk wkh surfhvvhv wkdw duh olqnhg dw gl�huhqw
iuhtxhqflhv duh wkh ruwkrjrqdo surfhvvhv lq wkh jhqhudol}hg Fudpìu uhsuhvhqwdwlrqv ri
wkh gdwd1 Wkxv/ zulwlqj

h|| @ U Z
3Z h

�|/D+|+$,g]++$,> h{| @ U Z
3Z h

�|/D%|+$,g]%+$,> h%| @ U Z
3Z h

�|/g]0+$, +7,

wkh vwrfkdvwlf yhuvlrq ri +6, zrxog wdnh wkh irup

D+|+$,g]++$, @ �+$,�D%|+$,g]%+$, . g]0+$,= +8,

Wklv prgho dfwxdoo| doorzv iru lqwhjudwhg gdwd ehfdxvh lq +7, zh fdq vhw

D+|+$, @ D%|+$, @
�
4� h3�/

�3�
+9,

lq wkh irupxodh iru h|| dqg h{|= Wkh prgho wkhuhiruh h{whqgv wkh xvxdo qrwlrq ri d
frlqwhjudwhg v|vwhp lq Hqjoh dqg Judqjhu +4<;:, ehfdxvh wkh frh!flhqw lq wkh frlq0
whjudwlqj htxdwlrq lv doorzhg wr eh iuhtxhqf| ghshqghqw dqg +7, doorzv iru pruh
jhqhudo irupv ri qrqvwdwlrqdulw| wkdq lqwhjudwhg surfhvvhv1 Zkhq �+$, @ � lv frq0
vwdqw dfurvv iuhtxhqf|/ wkhq +7,/ +8, dqg +9, vlpsoli| wr d frqyhqwlrqdo frlqwhjudwhg
htxdwlrq/ yl}1 h|| @ � �h{| . h%|> +:,

gluhfwo| olqnlqj wkh L+4, yduldeohv h|| dqg h{| lq wkh wlph grpdlq1
Htxdwlrqv +6, dqg +8, lpso| wkdw wkh wuxh sdudphwhu rq h[ pd| ydu| zlwk iuh0

txhqf| lq wkh lqwhuydo ^3/5�` ru htxlydohqwo| ^��> �`1 Zkloh zh gr qrw qrupdoo| h{shfw
wr kdyh wr hvwlpdwh d frqwlqxrxv ixqfwlrqdo ghshqghqfh olnh �+$,> lw lv riwhq frqyh0
qlhqw wr h{dplqh iuhtxhqf| edqgv dqg doorz wkh frh!flhqw wr ydu| ryhu d glvfuhwh vhw
ri edqgv1 Wklv lv suhflvho| wkh prghoolqj hqylurqphqw wkdw edqg vshfwuxp uhjuhvvlrq
zdv ghvljqhg wr dgguhvv1 Wr wklv hqg/ zh dgrsw d vlpsohu/ surwrw|slfdo phfkdqlvp
e| srvwxodwlqj gxdo edqgv E� @ ^�$f> $f` > dqg ES

� @ ^��> �`� ^�$f> $f` dqg vhw

�+$, @

+
�� iru $ 5 E� @ ^�$f> $f`
��S iru $ @5 E� =

8



Wkhq
DZ h| @ DZ h[�� .DZh% +;,

DSZ h| @ DSZ h[��S .DSZh% +<,

zkhuh

D @ wkh q�q vhohfwru pdwul{ zklfk }hurhv rxw iuhtxhqflhv lq Z h[ wkdw duh qrw
uhohydqw wr wkh sulpdu| edqg ri lqwhuhvw/ vd| E�= Wkhq/ DSZ @ ^L �D`Z
h{wudfwv wkh uhvlgxdo iuhtxhqflhv ryhu ES

�= Qrwh wkdw D
SD @ DDS @ 3=

�� @ n�4 pdwul{ ri sdudphwhu ydoxhv rq wkh vwrfkdvwlf yduldeohv ryhu wkh edqg
E�1

��S @ n�4 pdwul{ ri sdudphwhu ydoxhv rq wkh vwrfkdvwlf yduldeohv ryhu wkh uhvlg0
xdo edqg ES

�1

� @ Z WDZ @ d qrq0vwrfkdvwlf q� q pdwul{/ dqg �S @ Z WDSZ @ L ��=

Htxdwlrqv +;, dqg +<, doorz iru d yduldeoh sdudphwhu +dfurvv d vxevhw ri wkh
iuhtxhqflhv, rq wkh vwrfkdvwlf frpsrqhqw ri wkh lqwhjudwhg yduldeohv1 Lw lv lqvwuxfwlyh
wr h{dplqh wkh prgho iru wkh gdwd wkdw wkhvh htxdwlrqv lpso| lq wkh wlph grpdlq1
Zkhq wkh yduldeohv duh sxujhg ri wkhlu ghwhuplqlvwlf frpsrqhqwv/ wkh prgho iru wkh
vwrfkdvwlf frpsrqhqwv ri wkh gdwd fdq eh zulwwhq dv

Z h| @ Z h[�+$, .Zh% @ +D.DS,Z h[�+$, .Zh%
@ DZ h[�� .DSZ h[��S .Zh%>

vr wkdw

h| @ � h[�� . +L ��, h[��S . h%
@ � h[�� .�S h[��S . h%= +43,

Qrwh wkdw +;, dqg +<, duh uhfryhuhg iurp +43, e| wdnlqj glvfuhwh Irxulhu wudqvirupv
dqg suhpxowlso|lqj e| wkh vhohfwru pdwulfhv D dqg DS= Lq whupv ri wkh revhuyhg gdwd/
+43, fdq eh zulwwhq dv

| @ ]�
�
.�S h[��S . +L ��S, h[�� . h%

@ ]�
�
.�S+[ �]�2,��S . +L ��S,+[ � ]�2,�� . h%

@ ]++�
�
��2��, . �S]�2+�� � ��S, .[�� ��S[+�� � ��S, . h%> +44,

ru/ htxlydohqwo|/

| @ ]+�
�
��2��S, . �]�2 +��S � ��, .[��S ��[ +��S � ��, . h%>

ru dv

| @ �]+�
�
��2��, . �S]+�

�
��2��S, . �[�� .�S[��S . h%= +45,

Wkhvh irupxodwlrqv pdnh lw fohdu wkdw ghwuhqglqj wkh gdwd lq wkh wlph grpdlq lv qrw
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d vlpsoh pdwwhu ri dsso|lqj wkh surmhfwlrq pdwul{ T51 Lq idfw/ fruuhfw wuhqg uhprydo
lv dffrpsolvkhg e| wkh xvh ri wkh rshudwru TT @ L � ST > zkhuh Y @ ^]>�S]`
ru/ htxlydohqwo|/ lq ylhz ri +45, Y @ ^�]>�S]`= Phwkrgv wkdw uho| rq suh�owhulqj
e| phdqv ri T5 gr qrw ixoo| uhpryh wkh wuhqgv dqg wklv ohdgv wr vrph lpsruwdqw
frqvhtxhqfhv/ olnh eldvhg hvwlpdwhv1

Kdqqdq*v +4<96, lqh!flhqw edqg0vshfwuxp uhjuhvvlrq hvwlpdwru lv dq h{dpsoh1
Wklv hvwlpdwru fdq eh frqvwuxfwhg iru wkh edqg E� dqg wkhq kdv wkh irup=

e�� @ +[ �T5�T5[,3�+[ �T5�T5|,> +46,

zlwk d fruuhvsrqglqj irupxod iru e��S > wkh hvwlpdwru ryhu wkh edqg ES
�= Lq iruplqje�� dqg e��S > wkh gdwd duh �owhuhg e| d wuhqg uhprydo uhjuhvvlrq yld wkh surmhfwlrq T5

ehiruh shuiruplqj wkh edqg0vshfwuxp uhjuhvvlrq1 Wklv surfhgxuh iroorzv Kdqqdq*v
+4<96, uhfrpphqgdwlrq iru ghdolqj zlwk ghwhuplqlvwlf wuhqgv1 Xvlqj +44, dqg +46,
zh �qg

e�� @ �� .
�
[ �T5�T5[

�3�i[ �T5�T5^�
S]�2 +�����S,��S[ +�� � ��S, . h%`j

@ �� � �
[ �T5�T5[

�3�i[ �T5�T5^�
S h[ +�����S,� h%`j +47,

@ �� � i h[ �T5�T5
h[j3�i h[ �T5�T5^�

S h[ +�����S,� h%`j=
Wkh fruuhvsrqglqj irupxod iru e��S lv

e��S @ ��S � i h[ �T5�
ST5

h[j3�i h[ �T5�
ST5

k
� h[ +��S � ��,� h%lj= +48,

Wkxv/ H+e��, 9@ ��> dqg H+e��S, 9@ ��S > lq jhqhudo/ dqg edqg0vshfwuxp uhjuhvvlrq
zloo |lhog eldvhg hvwlpdwhv ri �� zkhq �� 9@ ��S = Irupdoo|/ zh kdyh=

Wkhruhp 4 Li H+h%m[, @ 3> wkhq wkh eldv lq wkh edqg vshfwuxp uhjuhvvlrq hvwlpdwrue�� lv

H+e��m[,� �� @ ��
[ �T5�T5[

�3� i[ �T5�T5�
S h[ +�� � ��S,j= +49,

Uhpdunv
+d, Wkh eldv lq e�� ghshqgv rq wkh h{whqw ri wkh gl�huhqfh �� � ��S ehwzhhq

wkh frh!flhqwv lq wkh gxdo iuhtxhqf| edqgv1 Qrwh dovr wkdw li D @ DS @ L?> wkhq
�S @ � @ L?> dqg H+e��, @ �� @ ��S =

+e, Wkh sureohp zlwk wkh hvwlpdwru e�� lv wkdw lw vx�huv iurp rplwwhg yduldeoh
eldv1 Zkhq wkh prgho kdv frh!flhqwv wkdw fkdqjh dfurvv wzr ru pruh iuhtxhqf|
edqgv/ wkh gdwd vdwlvi| dq h{sdqghg olqhdu v|vwhp lq zklfk erwk wkh ghwhuplqlvwlf
wuhqgv dqg wkh vwrfkdvwlf yduldeohv duh dxjphqwhg e| gdwd uhohydqw wr wkh h{wud edqgv
dv lv fohdu iurp +44, dqg +45,1 Frqyhqwlrqdo ghwuhqglqj phwkrgv idlo wr wdnh dffrxqw
ri wkh h{sdqghg vhw ri ghwhuplqlvwlf uhjuhvvruv/ dqg frqvhtxhqwo| gr qrw ixoo| ghwuhqg
wkh v|vwhp1 Xvh ri wkh ghwuhqglqj �owhu TT fruuhfwo| uhpryhv wkh h{sdqghg vhw ri
ghwhuplqlvwlf wuhqgv dqg/ dv vhhq lq Wkhruhp 5 ehorz/ wklv ohdgv wr hvwlpdwruv ri ��
dqg ��S wkdw duh xqeldvhg1

:



+f, Wr vrph h{whqw wkh sureohp zlwk e�� lv d �qlwh vdpsoh rqh1 Wr vhh wklv/ frqvlghu
wkh uhjuhvvlrq htxdwlrq +44, > zkhuh wkh ghwhuplqlvwlf wuhqg pdwul{ ] lv dxjphqwhg
e| wkh dgglwlrqdo yduldeohv �S] @ Z WDSZ]= Zkhq }| lq +4, lv wkh sro|qrpldo wuhqg
} �| @

�
4> w> w2> ===> wR3�

�
> wkh glvfuhwh Irxulhu wudqvirup ri g| @ �3�? }| kdv wkh irup

z_+�r,
� @

4s
q

?[
|'�

} �| �
3�
? h�br| @

+s
qi �

f? v @ 3

q3�*2i �
�?r v 9@ 3

+4:,

iru fhuwdlq yhfwruv if?r> i�?r @ R+4,> dv q $ 4> dqg zkhuh �r @ 5�v@q +v @
3> 4> ===> q � 4, duh wkh ixqgdphqwdo iuhtxhqflhv1 Vxssrvh �r $ � dv q $ 4= Wkhq
zh zloo vhw

if @ olp
?<"

if? @ olp
?<"

q3�
?[
|'�

g|> i� +�, @ olp
?<"

i�?r @ olp
?<"

?[
|'�

g|h
�br|= +4;,

Zkhq wkh vhohfwru pdwul{ DS holplqdwhv wkh }hur iuhtxhqf|/ �S] kdv hohphqwv ri
R+q3�*2, dqg/ frqvhtxhqwo|/ lw pljkw eh vxuplvhg wkdw qhjohfwlqj wkh dgglwlrqdo
yduldeohv �S] lq +44, kdv qr h�hfw dv|pswrwlfdoo|1 Krzhyhu/ wkhvh yduldeohv fdq
kdyh dq h�hfw dv|pswrwlfdoo| lq vrph fdvhv/ dv vkrzq ehorz lq Vhfwlrq 71

Qrwh wkdw zkhq }| @ 4/ g| @ 4 dqg zh kdyh gluhfwo|

z_+�r, @
4s
q

?[
|'�

h�br| @

+s
q v @ 3

3 v 9@ 3
=

Lq wklv fdvh/ if @ 4 dqg i� +�, @ 3= Wkxv/ holplqdwlqj wkh }hur iuhtxhqf| zloo gh0
phdq wkh gdwd dqg ohdyh wkh prgho xqfkdqjhg iru �r 9@ 3= Lq wklv fdvh ri vlpsoh
gdwd ghphdqlqj/ �S] @ 3 dqg vr �T5�

S @ ��S � �S5�
S @ 3= Lw iroorzv wkdw

[ �T5�T5�S h[ @ 3 lq +49, dqg wkhuhiruh e�� lv xqeldvhg lq wklv fdvh1 Qrwh wkdw vlqfh
�S] @ 3 zh kdyh T5 @ TT dqg/ lq frqvhtxhqfh/ e�� lv htxlydohqw wr wkh hvwlpdwruh�� vkrzq ehorz lq +53, lq wkh vshfldo fdvh ri phdq h{wudfwlrq1

Li }| @ w> dqg g| @ w@q> wkhq zlwk vrph fdofxodwlrq zh �qg

z_+�r, @
4

q�*2

?[
|'�

wh�br| @

+
?n�
2?�*2

v @ 3
�

?�*2
e�br

�3e�br
v 9@ 3

= +4<,

Wkxv/ zkhq } �| @ +4> w,> zh jhw i �
f @ +4> 4@5,> dqg i�+�

�, @ +3> h�b@+h�b � 4,,= Lq
wklv fdvh/ i�+�, 9@ 3> d idfw wkdw zloo eh sduwlfxoduo| lpsruwdqw iru vrph ri wkh eldv
irupxodh ghulyhg lq Vhfwlrq 71

Lq jhqhudo/ iru d ghwhuplqlvwlf wuhqg }| iru zklfk gd?oo @ �3�? }d?oo $ x+u, dv lq +5, >

zh jhw wkh olplw if @
U �
f x dw wkh }hur iuhtxhqf| lq +4:, dqg +4;, =

Lq sodfh ri wkh Kdqqdq hvwlpdwru +46,/ zh qrz frqvlghuh�� @ +[ �TT�TT[,3�+[ �TT�TT |,> +53,

zkhuh wkh gdwd duh �uvw ghwuhqghg xvlqj wkh surmhfwru TT @ L�ST = Qrwh wkdw vlqfh
Y @ ^�]>�S]` dqg ��S @ 3> zh kdyh ST @ S[~ . S[S~ = Lq ylhz ri +45, > zh kdyh

DZTT | @ DZTT�[�� .DZTT�
S[��S .DZTT h%> +54,

;



dqg
DZTT�

S @ DZST�
S @ DZ +S[~ . S[S~,�

S @ 3>

vlqfh DZS[S~ @ 3 dqg S[~�
S @ 3= Wkxv/ +54, lv htxlydohqw wr

DZTT | @ DZTT�[�� .DZTT h%>
dqg ryhu wkh edqg ES

� zh kdyh wkh fruuhvsrqglqj v|vwhp

DSZTT | @ DSZTT�
S[��S .DSZTT h%=

Lw iroorzv wkdw h�� @ �� . +[ �TT�TT[,3�+[ �TT�TT h%,
dqg/ wkxv/ h�� lv dq xqeldvhg hvwlpdwru ri ��= Olnhzlvh h��S @ +[ �TT�

STT[,3� �
+[ �TT�

STT |, lv dq xqeldvhg hvwlpdwru ri ��S = Irupdoo| vwdwhg zh kdyh wkh iroorzlqj=

Wkhruhp 5 Li H+h%m[, @ 3> wkhq H+h��m[, @ ��> dqg H+h��S m[, @ ��S =

Wkxv/ fruuhfwo| uhprylqj wkh h{sdqghg vhw ri ghwhuplqlvwlf wuhqgv lq +45, e|
phdqv ri wkh ghwuhqglqj �owhu TT ohdgv wr xqeldvhg edqg vshfwudo uhjuhvvlrq hvwlpdwhv
ri �� dqg ��S = Wkh iroorzlqj vhfwlrq jlyhv vrph dowhuqdwh dssurdfkhv wr xqeldvhg
hvwlpdwlrq1

6 Xqeldvhg Hvwlpdwlrq

Wkh sureohp ri wkh rplwwhg yduldeoh eldv fdq eh ghdow zlwk hlwkhu lq wkh iuhtxhqf|
grpdlq ru lq wkh wlph grpdlq1 Lq wkh iuhtxhqf| grpdlq/ rqh dowhuqdwlyh lv wr ohdyh
dq| ghwuhqglqj xqwlo wkh uhjuhvvlrq lv shuiruphg lq wkh iuhtxhqf| grpdlq1 Lq h�hfw/
wklv surfhgxuh lv lpsolflwo| vxjjhvwhg lq Kdqqdq +4<96/ 4<:3, ehfdxvh wkh uhjuhvvruv
wkhuh duh doorzhg wr eh kduprqlvdeoh surfhvvhv wkdw vdwlvi| wkh vr0fdoohg Juhqdq0
ghu frqglwlrqv +Kdqqdq/ 4<:3/ s1 ::,/ zklfk lqfoxghv ghwhuplqlvwlf wuhqgv olnh wlph
sro|qrpldov1

Wr gr iuhtxhqf| grpdlq ghwuhqglqj/ zh vlpso| dsso| wkh glvfuhwh Irxulhu wudqv0
irup rshudwru Z wr +44, dqg wkhq shuirup wkh edqg vshfwuxp uhjuhvvlrq1 Wkh
wudqviruphg prgho lv

Z| @ Z]+�
�
��2��, .Z�S]�2 +�����S, .Z[�� �Z�S[ +�����S, .Zh%

@ Z]+�
�
��2��, .DSZ]�2 +�����S, .Z[�� �DSZ[ +�����S, .Zh%

Wkh uhvxowlqj edqg vshfwudo hvwlpdwru iru wkh edqg E� lv htxlydohqw wr d uhjuhvvlrq
rq

DZ| @ DZ]+�
�
��2��, .DZ[�� .DZh%> +55,

vlqfh DDS @ 3> dqg wkhuhiruh wklv hvwlpdwru kdv wkh irup=

e�s� @ +[ �Z WDT�`~DZ[,3�+[ �Z WDT�`~DZ|,

@ �� . +[ �Z WDT�`~DZ[,3�+[ �Z WDT�`~DZh%,=
<



Fohduo|/ H+e�s�m[, @ ��> dqg wkh hvwlpdwru lv xqeldvhg1 D vlplodu uhvxow krogv iru wkh

fruuhvsrqglqj hvwlpdwru e�s�S ri ��S = Irupdoo|/ zh kdyh=

Wkhruhp 6 Li H+%m[, @ 3> wkhq edqg vshfwuxp uhjuhvvlrq zlwk ghwuhqglqj lq wkh

iuhtxhqf| grpdlq surgxfhv xqeldvhg hvwlpdwruv/ e�s� dqg e�s�S ri �� dqg ��S =

Uhpdunv
+d, Lq wklv iuhtxhqf| grpdlq dssurdfk/ wkh vr fdoohg Iulvfk�Zdxjk +4<66, wkhruhp

krogv= yl}1 wkh uhjuhvvlrq frh!flhqw e�s� rq wkh yduldeoh DZ[ lq +55, lv lqyduldqw wr
zkhwkhu wkh uhjuhvvru DZ] lv lqfoxghg lq wkh uhjuhvvlrq ru zkhwkhu doo wkh gdwd lv
suhylrxvo| ghwuhqghg lq wkh iuhtxhqf| grpdlq e| uhjuhvvlrq rq DZ]=

+e, E| frqwudvw/ li d vzlwfk ehwzhhq wlph grpdlq ghwuhqglqj dqg iuhtxhqf| gr0
pdlq uhjuhvvlrq lv pdgh/ wkhq wkh Iulvfk�Zdxjk lqyduldqfh wkhruhp fdq idlo zkhq
wkh prgho kdv frh!flhqwv wkdw fkdqjh ryhu iuhtxhqf| edqgv dqg frqyhqwlrqdo gh0
wuhqglqj lv shuiruphg1 Lq h�hfw/ d frqyhqwlrqdo wlph grpdlq ghwuhqglqj uhjuhvvlrq lv
dffrpsolvkhg e| dssolfdwlrq ri T5> dqg wklv �owhuv wkh gdwd sulru wr wdnlqj glvfuhwh
Irxulhu wudqvirupv1 Lq wkh vxevhtxhqw edqg vshfwuxp uhjuhvvlrq/ rqo| d vxevhw ri
iuhtxhqflhv duh lqfoxghg lq wkh uhjuhvvlrq +h1j1/ wkrvh fruuhvsrqglqj wr wkh edqg E�,
dqg wklv sduwldo gdwd vhw vdwlv�hv wkh iroorzlqj v|vwhp

DZT5| @ DZT5�
S+]�2 �[,+�� � ��S, .DZT5[�� .DZT5h%

@ DZT5�
S h[+��S � ��, .DZT5[�� .DZT5h% +56,

Vlqfh [ �T5Z WDZT5�S h[ @ [ �T5�T5�S h[ 9@ 3> lq jhqhudo/ +wkdw lv/ wkh uhjuhvvru
pdwulfhv lq +56, duh qrw ruwkrjrqdo, wkh edqg vshfwudo uhjuhvvlrq hvwlpdwru h�� zloo
vx�hu iurp rplwwhg yduldeoh eldv zkhqhyhu �� 9@ ��S 1 Wkh Iulvfk�Zdxjk wkhruhp
lqyduldqfh euhdnv grzq ehfdxvh +56, dqg +55, duh qrw htxlydohqw uhjuhvvlrq prghov1

+f, Lw iroorzv wkdw/ xqghu wkh pdlqwdlqhg k|srwkhvlv wkdw wkh prgho kdv frh!flhqwv
wkdw fkdqjh ryhu iuhtxhqf| edqgv/ wkhuh zloo eh rplwwhg yduldeoh plvshfl�fdwlrq lq wkh
wlph grpdlq xqohvv wkh prgho lv prgl�hg wr dssursuldwho| dxjphqw wkh ghwhuplqlvwlf
wuhqgv dqg wkh uhjuhvvruv iru yduldeoh fkdqjhv dfurvv edqgv1 Wklv plvvshfl�fdwlrq
d�hfwv wlph grpdlq ghwuhqglqj1 Wkh vlpsol�fdwlrq wkdw rffxuv li ghwuhqglqj lv grqh
lq wkh iuhtxhqf| grpdlq lv wkdw dxjphqwdwlrq ri wkh uhjuhvvruv lv xqqhfhvvdu|= wkh
fruuhfw yduldeohv duh dxwrpdwlfdoo| lqfoxghg lq wkh v|vwhp xsrq dssolfdwlrq ri wkh
vhohfwru pdwul{ wkdw ghwhuplqhv wkh uhohydqw edqgv iru lqfoxvlrq lq wkh edqg vshfwuxp
uhjuhvvlrq/ dv +55, pdnhv fohdu1 Dv vkrzq ehorz/ d vlplodu vlpsol�fdwlrq rffxuv lq
wkh wlph grpdlq surylghg wkh fruuhfw ghwuhqglqj �owhu lv dssolhg1

+g, Zkhq ghwuhqglqj lq wkh iuhtxhqf| grpdlq/ lw lv lpsruwdqw wr xvh d vlqjx0
odu ydoxh ghfrpsrvlwlrq +VYG, urxwlqh wr lqyhuw wkh dssursuldwh pdwulfhv/ vlqfh iru
fhuwdlq ] pdwulfhv DZ] dqg DSZ] zloo riwhq kdyh froxpqv zlwk hohphqwv wkdw
duh }hur ru wkdw frqyhujh wr }hur/ +iru lqvwdqfh/ DSZ] @ 3 zkhq ] @ d yhfwru ri
rqhv,/ uhvxowlqj lq d vlqjxodu prphqw pdwul{1 Lq wkh devhqfh ri froolqhdulw| lq wkh
vwrfkdvwlf uhjuhvvruv/ vxfk vlqjxodulw|/ zkhuh lw rffxuv/ zloo eh frq�qhg wr wkh ghwhu0
plqlvlwlf uhjuhvvruv1 Dovr/ wkh ghwhuplqlvwlf uhjuhvvruv kdyh }hur frkhuhqfh zlwk wkh
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vwrfkdvwlf uhjuhvvruv ryhu qrq0}hur iuhtxhqflhv1 Wkxv/ wkh frh!flhqwv dqg vwdqgdug
huuru fdofxodwlrqv iru wkh vwrfkdvwlf uhjuhvvruv zloo qrw eh d�hfwhg vlqfh wkh uhohydqw
prphqw pdwulfhv zloo eh eorfn gldjrqdo dv|pswrwlfdoo|1

+h, Odvwo|/ ghwuhqglqj lq wkh iuhtxhqf| grpdlq dovr kdv wkh sudfwlfdo dgydqwdjh
ri uhprylqj dq| ghwhuplqlvlwlf ohdndjh wkdw dulvhv zkhq yhfwruv dqg pdwulfhv zlwk
ghwhuplqlvwlf frpsrqhqwv duh sdgghg wr wkh qhduhvw srzhu ri 5 wr dffrpprgdwh
wkh uhtxluhphqwv ri vwdqgdug idvw0Irxulhu wudqvirup +IIW, urxwlqhv1 Wklv ohdndjh
lv ghwhuplqlvwlf lq qdwxuh/ dqg lv sxuho| d ixqfwlrq ri wkh ghwhuplqlvwlf yduldeohv1
Lw lv wkhuhiruh fdswxuhg suhflvho| e| wkh sdgghg glvfuhwh Irxulhu wudqvirup ri wkh
ghwhuplqlvwlf frpsrqhqwv1 Dq| ghwhuplqlvwlf ohdndjh lv wkhq uhpryhg hqwluho| iurp
wkh vwrfkdvwlf uhjuhvvruv zkhq wkh| duh ghwuhqghg lq wkh iuhtxhqf| grpdlq1

Qh{w zh wxuq wr frqvlghu wkh wlph grpdlq vroxwlrq wr wkh rplwwhg yduldeoh eldv1
Khuh wkh vroxwlrq dsshduv wr eh vwudljkwiruzdug/ exw wkhuh duh vhyhudo dowhuqdwlyhv
wkdw duh zruwk h{dplqlqj1 Htxdwlrq +45, jlyhv wkh prgho iru | lq whupv ri wkh ixoo vhw
ri ghwhuplqlvwlf dqg vwrfkdvwlf uhjuhvvruv ^�]>�S]>�[>�S[`= Olqhdu uhjuhvvlrq rq
+45, wkhq |lhogv xqeldvhg hvwlpdwhv ri erwk �� dqg ��S > dw ohdvw zkhq wkh uhjuhvvruv
dqg huuruv duh ruwkrjrqdo1 Wkh prgho lv vlplodu lq irup wr d olqhdu uhjuhvvlrq zlwk
d vwuxfwxudo fkdqjh lq wkh frh!flhqw yhfwru/ zklfk fdq eh uhzulwwhq lq whupv ri wkh
ruljlqdo uhjuhvvruv dqg frh!flhqwv dxjphqwhg e| d uhjuhvvru uhohydqw wr wkh fkdqjh
shulrg +khuh/ wkh iuhtxhqf| edqg zkhuh wkh fkdqjh rffxuv, zlwk d qhz frh!flhqw
phdvxulqj wkh fkdqjh wkdw rffxuv1

Qrz/ qrwh wkdw wkh uhjuhvvruv ^�[>�S[` lq +45, duh ruwkrjrqdo/ vr zh fdq h{shfw
wkdw wkhuh zloo eh qr rplwwhg yduldeoh eldv iurp wkh fkdqjh lq wkh frh!flhqw dfurvv
iuhtxhqf| edqgv lq wklv v|vwhp zkhq zh qhjohfw rqh ri wkhvh uhjuhvvruv1 Ixuwkhu/ dv
zh kdyh vhhq lq Wkhruhp 5/ zh pd| ghwuhqg wkh gdwd sulru wr uhjuhvvlrq xvlqj wkh
�owhu TT dqg wkhq dsso| edqg vshfwuxp uhjuhvvlrq dv lq +53, = Wklv surfhgxuh ohdgv
wr wkh vdph hvwlpdwruv ri �� dqg ��S = Lq rwkhu zrugv/ wkh Iulvfk�Zdxjk wkhruhp
krogv djdlq= khuh wkh uhjuhvvlrq frh!flhqwv rq wkh yduldeohv �[ dqg �S[ lq +45,
duh lqyduldqw wr zkhwkhu wkh uhjuhvvru Y lv lqfoxghg lq wkh uhjuhvvlrq ru zkhwkhu wkh
udz gdwd duh suh�owhuhg xvlqj TT 1

Ixuwkhu lqvshfwlrq ri +45, uhyhdov wkdw wr hvwlpdwh �� lw lv vx!flhqw wr ghwuhqg
e| phdqv ri wkh sduwldo �owhu T[~ = Wr vhh wklv/ qrwh wkdw xsrq wkh xvh ri wkh �owhu
T[~ +45, ehfrphv

T[~| @ T[~�
S]+�

�
��2��S, .T[~�[�� .T[~�

S[��S .T[~h%= +57,

Qh{w/ revhuyh wkdw [ ��WT[~�
S @ [ ��T[~�

S @ 3/ vr wkdw wkh uhjuhvvru T[~�[
lv ruwkrjrqdo wr wkh uhjuhvvruv T[~�

S] dqg T[~�
S[= Lw iroorzv wkdw zh pd| rplw

wkhvh odwwhu uhjuhvvruv lq +57, > ohdglqj wr wkh hvwlpdwh
�
��@ +[ ��T[~�[,3�+[ ��T[~|,

ri ��= Dowhuqdwlyho|/ zh pd| �uvw ghwuhqg wkh udz gdwd +|>[, xvlqj T[~ dqg wkhq
dsso| edqg vshfwudo uhjuhvvlrq/ |lhoglqj

3
��@ +[ �T[~�T[~[,3�+[ �T[~�T[~|,=
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D vlpsoh fdofxodwlrq jlyhv wkh iroorzlqj htxlydohqfh1

Wkhruhp 7
3
��@

�
��@

h�� @ e�s�=
Wkxv/ fruuhfw ghwuhqglqj lq wkh wlph grpdlq e| dq| ri wkh dowhuqdwlyhv glvfxvvhg

deryh ohdgv wr hvwlpdwhv ri wkh frh!flhqwv �� dqg ��S wkdw duh lghqwlfdo wr wkrvh re0
wdlqhg iurp d edqg vshfwudo uhjuhvvlrq zkhuh wkh ghwuhqglqj lv grqh lq wkh iuhtxhqf|
grpdlq1

7 Dv|pswrwlf Wkhru|

Wklv vhfwlrq frqvlghuv zkdw kdsshqv wr wkh eldv lq Wkhruhp 4 dv q $ 4> dqg ghulyhv
d olplw glvwulexwlrq wkhru| iru wkh ghwuhqghg edqg vshfwudo uhjuhvvlrq hvwlpdwhv1

Ohw q@ @ &i�r 5 E�j dqg qS @ &i�r 5 E�Sj eh wkh qxpehu ri ixqgdphqwdo
iuhtxhqflhv lq wkh edqgv E� dqg E�S = Lw lv frqyhqlhqw wr vxeglylgh ^��> �` lqwr vxe0
edqgv E� ri htxdo zlgwk +vd|/ �@M, wkdw fhqwuh rq iuhtxhqflhv i$� @ �m@M = m @
�M . 4> ===> M � 4j= Ohw p @ &+�r 5 E�, dqg vxssrvh wkdw M@ ri wkhvh edqgv olh lq
E�= Wkhq q @ 5pM dqg q@ @ 5pM@> dssur{lpdwho|1 Wkh iroorzlqj frqglwlrq zloo eh
xvhixo lq wkh ghyhorsphqw ri wkh dv|pswrwlfv dqg zloo eh wdnhq wr krog wkurxjkrxw
wkh uhpdlqghu ri wkh sdshu1

Dvvxpswlrq 6

+d, q@@q $ �> dqg qS@q $ 4� � iru vrph �{hg qxpehu � 5 ^3> 4` dv q $ 4=

+e, p>M $ 4> dqg p@q>M@q $ 3 dv q $ 4=

Iru wkh eldv lq e�� wr ydqlvk dv|pswrwlfdoo|/ wkh ghyldwlrq wkdw ghshqgv rq wkh
whup �

[ �T5�T5[
�3� i[ �T5�T5�

S h[ +�� � ��S,j
lq +47, qhhgv wr glvdsshdu dv q $ 41 Zh zloo glvwlqjxlvk wkh wzr fdvhv ri vwdwlrq0
du| dqg qrqvwdwlrqdu| +lqwhjudwhg, h{| fruuhvsrqglqj wr Dvvxpswlrqv 4 dqg 5 lq wkh
iroorzlqj glvfxvvlrq1

Iru wkh vwdwlrqdu| fdvh/ wkh eldv lq e�� zloo glvdsshdu zkhq�
[ �T5�T5[

q

�3�#[ �T5�T5�
S h[

q

$
R$ 3> +58,

D vlplodu uhtxluhphqw/ rewdlqhg e| lqwhufkdqjlqj � dqg �S lq +58, > krogv iru wkh
eldv lq e��S = Zh kdyh wkh iroorzlqj uhvxowv iru wkh vwdwlrqdu| fdvh1

Wkhruhp 8 Li h{| dqg h%| duh }hur phdq/ vwdwlrqdu| dqg hujrglf/ xqfruuhodwhg wlph
vhulhv vdwlvi|lqj wkh frqglwlrqv ri Dvvxpswlrq 4/ edqg vshfwudo uhjuhvvlrq iroorzlqj
ghwuhqglqj lq wkh wlph grpdlq lv frqvlvwhqw1 Lq sduwlfxodu/ e�� R$ ��> dqg e��S

R$ ��S =

Wkh olplw glvwulexwlrq ri wkh edqg vshfwudo uhjuhvvlrq hvwlpdwhv duh dv iroorzv1
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Wkhruhp 9 Li h{| dqg h%| vdwlvi| wkh frqglwlrqv ri Wkhruhp 8/ zh kdyh
s
q+e�����,

_$
Q +3> Y@, > zkhuh

Y@ @

�]
��

i%%+$,g$

�3��
5�

]
��

i%%+$,i00+$,g$

��]
��

i%%+$,g$

�3�
> +59,

zlwk dq dqdorjrxv uhvxow iru e��S = Ixuwkhu/
s
q+e�s� � ��,

_$ Q +3> Y@, > djdlq zlwk dq

dqdorjrxv uhvxow iru e�s�S =

Uhpdunv
+d, Dffruglqj wr wkhruhp 8/ wkh eldv lq edqg vshfwudo uhjuhvvlrq dulvlqj iurp

ghwuhqglqj lq wkh wlph grpdlq sulru wr iuhtxhqf| grpdlq uhjuhvvlrq glvdsshduv dv
q $ 4= Wkxv/ wkh eldv uhsruwhg lq wkhruhp 4 lv mxvw d �qlwh vdpsoh sureohp zkhq
wkh vwrfkdvwlf frpsrqhqwv ri wkh gdwd duh vwdwlrqdu|1

+e, Qrwh wkdw wkhuh lv qr gl�huhqfh ehwzhhq wkh wzr edqgv E� dqg ES
� lq wklv

uhvshfw/ vr lw lv luuhohydqw zkhwkhu wkh pdlq irfxv ri lqwhuhvw lv kljk ru orz iuhtxhqf|
uhjuhvvlrq1

+f, Lw lv dssduhqw iurp Wkhruhpv 8 dqg 9 wkdw/ lq wkh vwdwlrqdu| fdvh/ wkh dv0
|pswrwlf ehkdylrxu ri wkh wlph grpdlq ghwuhqghg edqg vshfwudo uhjuhvvlrq hvwlpdwru
lv htxlydohqw wr wkdw ri wkh iuhtxhqf| grpdlq ghwuhqghg hvwlpdwru dqg/ lq dgglwlrq/
wr wkdw ri wkh xvxdo edqg vshfwudo hvwlpdwru zkhq qr ghwuhqglqj lv uhtxluhg1 Wkh
hvwlpdwruv duh frqvlvwhqw dqg wkh| kdyh wkh vdph olplw glvwulexwlrq dv lq wkh fdvh ri
qr ghwuhqglqj1 Wkxv/ wkh eldv sureohp ri Vhfwlrq 5 lv sxuho| d �qlwh vdpsoh sureohp
lq wkh vwdwlrqdu| fdvh1

+g, Wkh irup ri wkh dv|pswrwlf fryduldqfh pdwul{ Y@ lv d edqg vshfwudo yhuvlrq ri
wkh idploldu irupxod/ +[ �[,3�+[ �Y[,+[ �[,3�/ iru wkh urexvw fryduldqfh pdwul{ lq
ohdvw vtxduhv uhjuhvvlrq1 Y@ fdq eh hvwlpdwhg e| uhsodflqj wkh vshfwud lq wkh deryh
irupxod zlwk fruuhvsrqglqj frqvlvwhqw hvwlpdwhv dqg dyhudjlqj ryhu wkh edqg E�= Iru
wkh ixoo edqg fdvh zkhuh E� @ ^��> �` wkh pdwul{ Y@ lv wkh zhoo nqrzq irupxod iru
wkh dv|pswrwlf fryduldqfh pdwul{ ri wkh ohdvw vtxduhv uhjuhvvlrq hvwlpdwru lq d wlph
vhulhv uhjuhvvlrq +f1i1 Kdqqdq/ 4<:3/ s1 759,1

Qh{w/ zh ghyhors wkh fruuhvsrqglqj dv|pswrwlfv zkhq h{| lv dq L+4, surfhvv1 Khuh
lw zloo eh lpsruwdqw wr glvwlqjxlvk wkh wzr fdvhv ri hvwlpdwlqj ryhu wkh edqgv E�
dqg ES

�= Ryhu E�> zklfk lqfoxghv wkh }hur iuhtxhqf|/ wkh hvwlpdwru lv nqrzq wr eh q0
frqvlvwhqw zkhq �� @ ��S +vhh Skloolsv/ 4<<4,1 Lq wkdw fdvh/ wkh uhjuhvvlrq htxdwlrq
lv d frqyhqwlrqdo frlqwhjudwlqj uhodwlrq dv lq +:, deryh1 Zkhq �� 9@ ��S > wkh vdph
uhvxow frqwlqxhv wr krog ryhu wkh edqg E�> dv zh vkrz lq wkhruhp ; ehorz1 Lq wklv
fdvh/ wkh eldv lq +47, glvdsshduv zkhq�

[ �T5�T5[

q2

�3�#[ �T5�T5�S h[
q2

$
R$ 3= +5:,

Qrwh wkdw lq +5:, wkh prphqw pdwulfhv duh vwdqgduglvhg e| q2/ ehfdxvh wkh gdwd
qrqvwdwlrqdulw| lv pdqlihvw lq edqgv olnh E� wkdw lqfoxgh wkh }hur iuhtxhqf|1 Rq wkh
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rwkhu kdqg/ ryhu iuhtxhqf| edqgv olnh ES
� wkdw h{foxgh wkh }hur iuhtxhqf| wkh udwh

ri frqyhujhqfh ri wkh prphqw pdwulfhv lv vorzhu dqg wkh eldv lq e��S zloo glvdsshdu
zkhq �

[ �T5�
ST5[

q

�3�#[ �T5�
ST5� h[
q

$
R$ 3= +5;,

Wkh iroorzlqj ohppd frphv iurp Skloolsv dqg Rxoldulv +4<<:, dqg jlyhv vrph
xvhixo olplw wkhru| iru shulrgrjudp dyhudjhv lq wkh L+4, fdvh1

Ohppd : +Skloolsv dqg Rxoldulv> 4<<:, Ohw h{| eh dq L+4, surfhvv vdwlvi|lqj Dvvxps0
wlrq 51 Gh�qh h{ ��_c| @ h{ �| � g �|+G

�G,3�+G� h[, dqg ohw z%�_+�, eh wkh glvfuhwh Irxulhu
wudqvirup ri h{u_c|= Wkhq/ dv q $ 4

+d, q32
S

brM��
zh%+�r,zh%+�r,W _$ U �

f E%E
�
%>

+e, q3�*2
S

brM��
zh%+�r,z_+�r,

W _$ U �
f E%

U �
f x � @

U �
f E%i

�
f >

+f, q32
S

brM��
z%�_+�r,z%�_+�r,

W _$ U �
f E%��E

�
%��>

+g, q3�*2
S

brM�S�
zh%+�r,z_+�r,

W _$ � �
2ZE%+4,

U
�S�

e�bs�Eb�
W

�3e�b
g�>

+h, q3�
S

brM�S�
zh%+�r,zh%+�r,W _$ U

�S
�

�
i%%+$, .

�
2Z

�
��3e�/ �2

E%+4,E%+4,
�

�
g$>

+i, q3�
S

brM�S�
z%�_+�r,z%�_+�r,

W _$ U
�S�

k
i%%+$, . +5�,3� j+$,j+$,W

l
g$>

+j, q3�*2
S

brM�S�
z%�_+�r,z_+�r,

W _$ � �
2Z

U
�S
�
j+$,i�+$,Wg$>

+k,
S

brM�S�
z_+�r,z_+�r,

W $ �
2Z

U
�S�

i�+$,i�+$,Wg$>

+l, q3�
S

brM��
z_+�r,z_+�r,

W $ ifif>

zkhuh E%��+u, @ E%+u, �
�U �

f E%x �
� �U �

f xx �
�3�

x+u,> i%%+$, @
��4� h�/

��32 i�%�%+$,
dqg

j+$>E%, @
h�/

4� h�/
E%+4, .

�U �
fE%x

�
� �U �

f xx
�
�3�

i�+$,=

Wkh pdlq uhvxow rq dv|pswrwlf eldv lq wkh L+4, fdvh lv dv iroorzv=

Wkhruhp ; Vxssrvh h%| lv d }hur phdq/ vwdwlrqdu| dqg hujrglf wlph vhulhv vdwlvi|lqj
wkh frqglwlrqv ri Dvvxpswlrq 4/ dqg h{| lv dq L+4, surfhvv vdwlvi|lqj Dvvxpswlrq 51
Wkhq=

+l, e�� R$ ��=

+ll, e��S
_$ ��S . +�� � ��S,�3��

zkhuh

� @

%]
�S�

^5�i%%+$, . j+$>E%,j+$>E%,
W`g$

&
>
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dqg

� @

%#]
�S
�

j+$>E%,i�+$,
Wg$

$�U �
f xx

�
�3�U �

f xE
�
%

&
=

Uhpdunv
+d, Wkhruhp ; uhyhdov wkdw/ zkhq wkh uhjuhvvruv duh qrqvwdwlrqdu| lqwhjudwhg

surfhvvhv/ edqg vshfwudo uhjuhvvlrq lv lqfrqvlvwhqw lq iuhtxhqf| edqgv wkdw h{foxgh
wkh ruljlq zkhq ghwuhqglqj lv shuiruphg lq wkh wlph grpdlq sulru wr iuhtxhqf| grpdlq
uhjuhvvlrq1 Ixuwkhu/ wkh lqfrqvlvwhqf| lv udqgrp/ dqg ghshqgv rq wkh olplw surfhvv ri
wkh vwdqgduglvhg uhjuhvvru � lq wkh fdvh deryh/ wklv lv wkh Eurzqldq prwlrq surfhvv
E%1

+e, Qrwh wkh lpsruwdqw uroh sod|hg e| wkh olplw ixqfwlrq i�+$, ri wkh glvfuhwh
Irxulhu wudqvirup ri wkh vwdqgdugl}hg ghwhuplqlvwlf surfhvv g| @ �3�? }|1 Lq wkh ohdglqj
fdvh ri d vlpsoh wlph wuhqg }| @ w/ wkh olplw ixqfwlrq lv i�+$, @ h�/@+4� h�/,/ dqg vr
zh kdyh wkh vlpsol�fdwlrq

j+$>E%, @ h�/+4� h�/,3�
�
E%+4, .

�U �
fE%u

� �U �
f u

2
�3��

=

Zkhq i�+$, @ 3> dv iru vlpsoh phdq uhprydo/ revhuyh wkdw � @ 3> vr wkdw wkhuh
lv qr dv|pswrwlf eldv lq wkh hvwlpdwru e��S lq wklv fdvh1 Lq idfw/ ghphdqlqj wkh
gdwd lq wkh wlph grpdlq grhv qrw surgxfh dq| eldv lq vxevhtxhqw edqg vshfwuxp
uhjuhvvlrq/ ehfdxvh wkh glvfuhwh Irxulhu wudqvirup lq wklv fdvh vdwlv�hv z_+�r, @ 3>
iru dq| �r 5 ES

� iurp +4:, = Khqfh/ �S] @ Z WDSZ] @ 3 iurp zklfk lw iroorzv wkdw
�ST5� @ �S� @ 3 dqg wkh eldv whup lq +5;, lv dqqlklodwhg1

+f, Wkh wkhruhp dovr vkrzv wkdw edqg vshfwudo uhjuhvvlrq lv frqvlvwhqw lq iuhtxhqf|
edqgv wkdw lqfoxgh wkh ruljlq1 Lq wklv fdvh/ wkh vorz prylqj frpsrqhqw grplqdwhv
wkh uhjuhvvlrq/ dv lq d vlpsoh frlqwhjudwlqj uhjuhvvlrq +f1i1 Skloolsv/ 4<<4,1 Krzhyhu/
lq uhjuhvvlrq ryhu orz iuhtxhqf| edqgv/ wkhuh lv d vhfrqg rughu eldv wkdw ehfrphv
pdqlihvw lq wkh olplw glvwulexwlrq ri wkh edqg vshfwudo hvwlpdwru/ dv wkh iroorzlqj
uhvxow uhyhdov1

Wkhruhp < Xqghu wkh frqglwlrqv ri Wkhruhp ;

q+e�� � ��,
_$ J3�I +��S � ��, .

kU �
fE%��E

�
%��

l3� kU �
fE%��gE0

l
>

zkhuh

I @ �
2Z

�U �
fE%x

�
��U �

f xx
�
�3��

LR � ifi
�
f

�U �
f xx

�
�3��#]

�S�

h3�bi� +�,

4� h3�b
g�

$
E%+4,

�

J @
U �
fE%��E

�
%��=

Uhpdunv
+d, Khuh/ wkh vhfrqg rughu eldv lv J3�I +��S � ��, dqg lw ghshqgv rq wkh fkdqjh

+��S � ��, lq wkh frh!flhqw dfurvv iuhtxhqf| edqgv1 Lw lv dovr d udqgrp txdqwlw|/ gh0
shqglqj rq wkh wkh olplw Eurzqldq prwlrq surfhvv/ E%> ri wkh vwdqgduglvhg uhjuhvvru1
Qrwh wkdw

LR � ifi
�
f

�U �
f xx

�
�3�

@ LR �
�U �

f x
��U �

f x
���U �

f xx
�
�3�

>
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vr wkdw lq wkh fdvh ri vlpsoh ghphdqlqj ri wkh gdwd zh kdyh s @ 4 dqg

L �
�U �

f x
��U �

f x
���U �

f xx
�
�3�

@ 3=

Lq wklv fdvh/ ri frxuvh/ wkhuh lv qr vhfrqg rughu eldv lq wkh olplw glvwulexwlrq ri
q+e�����,= Wklv lv dv h{shfwhg/ lq ylhz ri wkh idfw wkdw e�� @ h�� lq wkh vlpsoh phdq
h{wudfwlrq fdvh1

+e, Wkh suhvhqfh ri wkh eldv whup lq wkh olplw glvwulexwlrq ri q+e�� � ��, zkhq
s A 4 phdqv wkdw wkhuh lv qr hdv| edvlv iru dv|pswrwlf lqihuhqfh xvlqj wkh hvwlpdwrue��> hyhq wkrxjk lw lv frqvlvwhqw1

+f, Wkh xqeldvhg frpsrqhqw
kU �

f E%��E
�
%��

l3� kU �
f E%��gE0

l
lq wkh olplw glvwulex0

wlrq kdv wkh pl{wxuh qrupdo glvwulexwlrq

PQ

�
3> 5�i00 +3,

kU �
fE%��E

�
%��

l3��
= +5<,

Qh{w zh frqvlghu wkh olplw wkhru| iru wkh iuhtxhqf| grpdlq ghwuhqghg hvwlpdwrue�s� lq wkh qrqvwdwlrqdu| fdvh1 Khuh zh kdyh=

Wkhruhp 43 Xqghu wkh frqglwlrqv ri Wkhruhp ;

q+e�s� � ��,
_$

�U �
fE%E

�
%

�3� �U �
fE%gE0

�
@ PQ

�
3>

�U �
fE%E

�
%

�3�
5�i00 +3,

�
> +63,

zkhuh E% @ E% � U �
f E% lv ghphdqhg Eurzqldq prwlrq E%= Pruhryhu/ zkhq wkh

ghwhuplqlvwlf yduldeoh }| lqfoxghv d olqhdu wlph wuhqg

s
q+e�s�S ���S,

_$ Q

3C3>%]
�S
�

i%%+$,g$

&3�%
5�

]
�S
�

i%%+$,i00+$,g$

&%]
�S
�

i%%+$,g$

&3�4D=

+64,

Uhpdunv
+d, Wkhruhp 43 vkrzv wkdw wkh olplw glvwulexwlrq ri e�s� lv pl{hg qrupdo zlwk

pdwul{ pl{lqj yduldwh
�U �

f E%E
�
%

�3�
dqg vfdoh jlyhq e| wkh orqj uxq yduldqfh ri

wkh htxdwlrq huuru/ 5�i00 +3, = Qrwh wkdw wkh pl{lqj yduldwh ghshqgv rqo| rq wkh
ghphdqhg Eurzqldq prwlrq E%= Wkxv/ wkh olplw glvwulexwlrq +63, lv wkh vdph dv
wkdw iru d frlqwhjudwhg uhjuhvvlrq prgho lq zklfk lw lv rqo| qhfhvvdu| iru wkh gdwd wr
eh ghphdqhg1

+e, Zh pd| frpsduh wkh pl{hg qrupdo olplw glvwulexwlrq +63, zlwk +5<, = Qrwh

wkdw E%�� +u, @ E% +u,�
�U �

f E%x
�
��U �

f xx �
�3�

x +u, lv wkh O2 surmhfwlrq uhvlgxdo ri E%

rq x= Li wkh olplw ixqfwlrq x +u, kdv d frpsrqhqw wkdw fruuhvsrqgv wr d frqvwdqw/ wkhq
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U �
f E% olhv lq wkh vsdq ri x dqg wkh uhvlgxdo prphqw pdwulfhv vdwlvi| wkh lqhtxdolw|U �
f E%��E

�
%�� � U �

f E%E
�
%> vr wkdw zkhq s A 4�U �

fE%E
�
%

�3� � kU �
fE%��E

�
%��

l3�
=

Lw iroorzv wkdw lq wkh qrqvwdwlrqdu| fdvh wkh iuhtxhqf| grpdlq ghwuhqghg hvwlpdwru e�s�
kdv juhdwhu frqfhqwudwlrq wkdq wkh xqeldvhg frpsrqhqw ri wkh wlph grpdlq ghwuhqghg
hvwlpdwru e��= Lq wklv vhqvh/ e�� orvhv erwk lq h!flhqf| dqg lq fhqwudo orfdwlrq ryhue�s�= Zkhq s @ 4 dqg x+u, @ 4> zh kdyh E%��+u, @ E%+u,�

U �
f E% @ E% dqg wkh olplw

glvwulexwlrqv ri e�� dqg e�s� duh wkhq wkh vdph1 Ri frxuvh/ iru vlpsoh phdq h{wudfwlrq/

wkh wzr hvwlpdwruv e�� dqg e�s� duh htxlydohqw lq ylhz ri wkhruhp 7 dqg wkh idfw wkdwe�� @ h�� lq wklv fdvh/ dv phqwlrqhg hduolhu1

+f, Wkh olplw glvwulexwlrq +63, pdnhv dv|pswrwlf lqihuhqfh derxw �� xvlqj e�s�
vwudljkwiruzdug1 Iru lqvwdqfh/ uhjuhvvlrq Zdog whvwv fdq eh frqvwuxfwhg lq wkh xvxdo
zd| ohdglqj wr dv|pswrwlf fkl0vtxduhg fulwhuld e| xvlqj frqvlvwhqw hvwlpdwhv ri wkh
frqglwlrqdo fryduldqfh pdwul{ lq +63, ri wkh irup

5� ei00+3,�q32[ �Z WDT�`~DZ[
�3�

@ 5� ei00+3,�q32[ �TT�TT[
�3�

>

zkhuh ei00 lv d frqvlvwhqw hvwlpdwh ri wkh vshfwuxp ri %| rewdlqhg iurp wkh uhjuhvvlrq
uhvlgxdov1

+g, Wkhruhp 43 dovr jlyhv wkh olplw glvwulexwlrq ri wkh iuhtxhqf| grpdlq gh0
wuhqghg hvwlpdwru iru wkh kljk iuhtxhqf| edqg ES

�= Lw lv dssduhqw iurp +64, wkdw wklv
glvwulexwlrq lv wkh vdph dv lw lv lq wkh fdvh ri wuhqg vwdwlrqdu| uhjuhvvruv 0 f1i1 wkhr0
uhp 9/ zklfk jlyhv wkh yduldqfh pdwul{ irupxod +59, iru wkh edqg E�> wkhuh ehlqj qr
vxevwdqwlyh gl�huhqfh ehwzhhq wkh edqgv lq wkh vwdwlrqdu| fdvh1 Wkh uhvxow +64, lv
hvshfldoo| lqwhuhvwlqj ehfdxvh/ dv vkrzq lq Skloolsv dqg Rxoldulv +4<<:,/ wkh glvfuhwh
Irxulhu wudqvirup ri wkh L+4, uhjuhvvru h{| kdv wkh dv|pswrwlf irup

zh%+�r, @
4

4� h�br
z�%+�r,�

h�br

4� h�br
^h{? � h{f`

q�*2

_� 4

4� h�br
z�%+�r,�

h�br

4� h�br
E%+4,

+65,

dqg wkhuhiruh ghshqgv rq wkh olplw Eurzqldq prwlrq E% ri wkh vwdqgduglvhg L+4,
uhjuhvvru q3�*2h{d?uo hyhq iru iuhtxhqflhv �r $ � 9@ 3= Krzhyhu/ zkhq wkh ghwhuplqlvwlf
uhjuhvvruv kdyh d olqhdu wlph wuhqg frpsrqhqw wkh lqfoxvlrq ri wkhvh uhjuhvvruv lq
wkh iuhtxhqf| grpdlq uhjuhvvlrq dv|pswrwlfdoo| holplqdwhv wkh whup lqyroylqj E%+4,
lq +65, = Wklv lv vr ehfdxvh wkh glvfuhwh Irxulhu wudqvirup ri }| kdv d frpsrqhqw

+fruuhvsrqglqj wr wkh olqhdu wuhqg, wkdw ehkdyhv olnh
�
4� h�br

�3�
h�br = Khqfh/ kljk

edqg iuhtxhqf| grpdlq uhjuhvvlrq rq erwk {| dqg }| sxujhv zh%+�r, ri wkh frpsrqhqw
wkdw fduulhv wkh L+4, h�hfw ri wkh gdwd lqwr wkh qrq0}hur iuhtxhqflhv1 Lw vhhpv wkdw
wklv uhvxow/ lqwhuhvwlqjo|/ lv ghshqghqw rq wkh suhvhqfh ri d olqhdu wlph wuhqg lq wkh
ghwhuplqlvwlf uhjuhvvruv1

4:



+h, Htxdwlrq +65, lv dovr lqwhuhvwlqj ehfdxvh lw vkrzv wkdw wkh glvfuhwh Irxulhu
wudqvirupv ri dq L+4, surfhvv duh qrw dv|pswrwlfdoo| lqghshqghqw dfurvv ixqgdphqwdo
iuhtxhqflhv1 Pruh wkdq wklv/ +65, vkrzv wkdw frlqwhjudwlrq kdv pdmru ohdndjh h�hfwv
dw doo qrq0}hur iuhtxhqflhv1 Wkxv/ wkh fruuhvsrqglqj uhvxow iru wkh wlph vhulhv || lv

zh++�r, @
4

4� h�br
z�++�r,�

h�br

4� h�br
E++4,

@
4

4� h�br
z�++�r,�

h�br

4� h�br
��E%+4,

vr wkdw wkh giw*v ri || dqg {| duh frlqwhjudwhg iru doo �r 9@ 3=
+i, Ilqdoo|/ htxdwlrq +65, uhyhdov wkdw dq| sdgglqj wkdw rffxuv lq idvw Irxulhu

wudqvirup +�w, urxwlqhv zloo d�hfw wkh olplwlqj vwdwlvwlfdo surshuwlhv ri wkh giw lq wkh
L+4, fdvh1 Wkxv/ zkhq wkh vdpsoh vl}h lv qrw d kljko| frpsrvlwh qxpehu/ lw lv frpprq
lq giw urxwlqhv +h1j1/ wkh �w urxwlqhv lq JDXVV, wr sdg wkh vdpsoh revhuydwlrq yhfwru
zlwk }hurv wr pdnh xs wkh gh�flhqw qxpehu ri revhuydwlrqv wr wkh qhduhvw srzhu ri
51 Lq vxfk fdvhv/ wkh �qdo revhuydwlrq lv h{? @ 3> dqg wkhq lq sodfh ri +65, zh kdyh

zh%+�r, @ 4

4� h�br
z�%+�r, .

h�br

4� h�br
h{f
q�*2

_� 4

4� h�br
z�%+�r,>

dorqj doo vxfk qrq0frpsrvlwh vhtxhqfhv1 Wkxv/ sdgglqj wkh revhuydwlrq yhfwru zlwk
}hurv lv htxlydohqw wr holplqdwlqj wkh L+4, frpsrqhqw lq wkh giw ri dq L+4, surfhvv dw
qrq }hur iuhtxhqflhv1

8 H!flhqw Uhjuhvvlrq

H!flhqw uhjuhvvlrq xvhv d suholplqdu| uhjuhvvlrq wr rewdlq hvwlpdwhv ri wkh htxdwlrq
huuruv dqg d frqvlvwhqw hvwlpdwh ri wkh huuru vshfwuxp/ vd| ei00+$,= Wklv vshfwudo
hvwlpdwh lv wkhq xwlol}hg lq d zhljkwhg edqg vshfwudo uhjuhvvlrq ri wkh irup

h�s� @ K3�
� k�> +66,

zkhuh

K� @
[

brM��

Lh%h%+�r, ei00+�r,3� �
3C [
brM��

Lh%_+�r, ei00+�r,3�
4D

�
3C [
brM��

L__+�r, ei00+�r,3�
4D3�3C [

brM��

L_h%+�r, ei00+�r,3�
4D >

k� @
[

brM��

Lh%++�r, ei00+�r,3� �
3C [
brM��

Lh%_+�r, ei00+�r,3�
4D

�
3C [
brM��

L__+�r, ei00+�r,3�
4D3�3C [

brM��

L_++�r, ei00+�r,3�
4D >
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dqg L@@+�r, @ z@+�r,z@+�r,W= Wkh fruuhvsrqglqj hvwlpdwh h�s�S ryhu wkh edqg ES
� lv

gh�qhg lq dq dqdorjrxv zd|1 Lq frqyhqwlrqdo uhjuhvvlrq qrwdwlrq/ wkhvh hvwlpdwhv fdq

eh zulwwhq dv jhqhudol}hg ohdvw vtxduhv hvwlpdwhv rewdlqhg iurp +55, = Iru h�s� zh kdyh

h�s� @ +[ �Z WDTT
�`~DZ[,3�+[ �Z WDTT

�`~DZ|,

zkhuh
TT
�`~ @ Y 3�

s � Y 3�
s DZ]

�
]�Z WDY 3�

s DZ]
�3�

]�Z WDY 3�
s

dqg
Ys @ gldj

� ei00 +�f, > ei00 +��, > ===> ei00 +�?3�,� =
Dq dqdorjrxv irupxod krogv iru h�s�S = Wkhvh hvwlpdwhv kdyh wkh iroorzlqj olplw wkhru|1

Wkhruhp 44 Xqghu wkh frqglwlrqv ri Wkhruhp ;

q+h�s� � ��,
_$

�U �
fE%E

�
%

�3��U �
fE%gE0

�
@ PQ

�
3>

�U �
fE%E

�
%

�3�
5�i00 +3,

�
>

+67,

dqg zkhq }| lqfoxghv d olqhdu wlph wuhqg

s
q+e�s�S � ��S,

_$ Q

3C3> 5�

%]
�S�

i%%+$,i00+$,
3�g$

&3�4D = +68,

Uhpdunv
+d, Wkhruhp 44 vkrzv wkdw wkh olplw glvwulexwlrq ri h�s� lv wkh vdph dv wkdw rie�s�> dv jlyhq lq Wkhruhp 431 Djdlq/ wkh pl{hg qrupdo olplw glvwulexwlrq idflolwdwhv

lqihuhqfh derxw �� xvlqj h�s� dqg uhjuhvvlrq Zdog whvwv derxw �� fdq eh frqvwuxfwhg

lq wkh xvxdo zd| xvlqj dq hvwlpdwh ri wkh frqglwlrqdo fryduldqfh pdwul{ ri h�s� ri wkh
irup 5� ei00 +3, +[ �Z WDTT

�`~DZ[,3�1 Wkh pl{hg qrupdo olplw wkhru| lq +67, lv wkh
vdph dv wkdw ri wkh rswlpdo hvwlpdwru iru wkh prgho +55, xqghu Jdxvvldq dvvxpswlrqv
+f1i1 Skloolsv/ 4<<4,1

+e, Iru uhjuhvvlrq ryhu wkh edqg ES
�> wkh hvwlpdwru h�s�S kdv d olplwlqj qrupdo

glvwulexwlrq zkrvh yduldqfh pdwul{ +68, dwwdlqv wkh xvxdo h!flhqf| erxqg lq wlph
vhulhv uhjuhvvlrq +h1j1/ Kdqqdq/ 4<:3/ htq1 617/ s1 75:,/ dgmxvwhg khuh iru edqg olplwhg
uhjuhvvlrq1 Qrwh wkdw +68, fduulhv qr h�hfwv iurp wkh ghwhuplqlvwlf ghwuhqglqj dqg lv
lghqwlfdo wr wkh fruuhvsrqglqj uhvxow iru h!flhqw edqg vshfwudo uhjuhvvlrq lq vwdwlrqdu|
uhjuhvvlrq1

+f, Wkh hvwlpdwru gh�qhg lq +66, lv edvhg rq zhljkwhg dyhudjhv ri shulrgrjudp
hvwlpdwhv dw wkh ixqgdphqwdo iuhtxhqflhv1 Lw kdv uhfhqwo| ehhq vkrzq lq [ldr dqg
Skloolsv +4<<:, wkdw hvwlpdwhv ri wklv w|sh kdyh ehwwhu kljkhu rughu surshuwlhv wkdq
hvwlpdwhv edvhg rq vprrwkhg shulrgrjudp hvwlpdwhv zkhq wkh edqgzlgwk iru wkh
vshfwudo hvwlpdwhv lv fkrvhq lq dq rswlpdo gdwd0ghwhuplqhg zd|1

+g, Erwk olplw uhvxowv +67, dqg +68, shuplw wkh frqvwuxfwlrq ri dv|pswrwlf fkl0
vtxduhg Zdog uhjuhvvlrq whvwv rq wkh frh!flhqwv lq wkh idploldu zd|1

4<



9 Prqwh Fduor Hylghqfh

Wkh sudfwlfdo lpsruwdqfh ri wkhvh wlph grpdlq dqg iuhtxhqf| grpdlq ghwuhqglqj
uhvxowv fdq eh ghprqvwudwhg xvlqj vlpxodwlrqv1 Wr gr vr/ zh jhqhudwhg d vwdwlvwlfdo
prgho zlwk wkh iroorzlqj surshuwlhv=

DZ h| @ DZ h[ .DZh% ryhu wkh iuhtxhqf| edqg E� @ ^3> 5�@6,

DSZ h| @ 3=58DSZ h[ .DSZh% ryhu wkh iuhtxhqflhv ES
� @ ^5�@6> �`

zkhuh h[ lv dq lqwhjudwhg surfhvv zlwk qrupdoo| glvwulexwhg vhuldoo| lqghshqghqw lq0
qrydwlrqv zklfk duh lqghshqghqw ri wkh qrupdoo| glvwulexwhg huuru h%> zklfk lv dovr
vhuldoo| lqghshqghqw1 Wklv prgho surylghv d ehvw fdvh vfhqdulr iru wkh Kdqqdq lqh!0
flhqw hvwlpdwru vlqfh h[ dqg h% duh lqghshqghqw dqg h% kdv d  dw vshfwuxp/ vr wkdw wkh
Kdqqdq lqh!flhqw hvwlpdwru lv dovr h!flhqw1

Wkh vlpxodwhg gdwd zdv frqyhuwhg wr wkh wlph grpdlq xvlqj dq lqyhuvh glvfuhwh
Irxulhu wudqvirup urxwlqh dqg wkh uhvxowlqj vhulhv iru h| dqg h[ zhuh ghwuhqghg xvlqj
d frqvwdqw dqg d olqhdu wlph wuhqg1 Wkh vlpxodwlrq ghvljq zdv edvhg rq 433> 333
lwhudwlrqv dqg vdpsoh vl}hv ri q @ 583> 833> 4333> dqg 7333 revhuydwlrqv1 Wkh uhvxowv
duh jlyhq lq Wdeoh 4+d,1

Wkh IIW urxwlqh xvhg wr frpsxwh wkh glvfuhwh Irxulhu wudqvirupv uhtxluhg yhfwruv
zlwk ohqjwk dq hyhq srzhu ri wzr1 Wklv uhvxowhg lq sdgghg uhjuhvvru yhfwruv zlwk dq
dgglwlrqdo 9/ 45/ 57 dqg <9 revhuydwlrqv +doo }hur,/ uhvshfwlyho|1 Qrwh wkdw wkh sdgglqj
dxwrpdwlfdoo| surgxfhv ghwhuplqlvwlf ohdndjh iurp wkh }hur iuhtxhqf| wr wkh kljkhu
iuhtxhqflhv1 Zh udq dgglwlrqdo vlpxodwlrqv wkdw frqwuro iru ghwhuplqlvwlf ohdndjh e|
xvlqj vdpsoh vl}hv wkdw duh kljko| frpsrvlwh qxpehuv/ yl}1 q @ 589> 845> 4357/ dqg
73<9 +doo dq hyhq srzhu ri wzr,1 Wkh uhvxowv iru wkhvh vlpxodwlrqv duh jlyhq lq Wdeoh
4+e,1

Iru wkh lqh!flhqw edqg0vshfwudo hvwlpdwru ryhu wkh kljk iuhtxhqflhv xvlqj frq0
yhqwlrqdoo| ghwuhqghg h| dqg h[/ wkh hpslulfdo phdq ri wkh hvwlpdwru iru q @ 583
revhuydwlrqv zdv 3168<; zlwk d vwdqgdug huuru ri 31:337h�36/ jlylqj d yhu| odujh eldv
ri 3143<;/ ru ryhu 73(1 Qrwlfh wkdw erwk wkh vwdqgdug huuru ri wkh hvwlpdwhv dqg
wkh dyhudjh eldv gr qrw ghfolqh dv q lv lqfuhdvhg1 Pruhryhu/ wkh eldv lwvhoi fdqqrw eh
dwwulexwhg wr ghwhuplqlvwlf ohdndjh dv eldv lv vwloo hylghqw zkhq wkhuh lv qr ohdndjh
+vhh Wdeoh 4+e,,1

Iru wkh iuhtxhqf| grpdlq ghwuhqglqj hvwlpdwru +rxu uhfrpphqghg dssurdfk, dqg
d vdpsoh vl}h ri q @ 583/ wkh phdq lv 3157<9 zlwk d vwdqgdug huuru ri 319:5;h�361
Wklv hvwlpdwru lv reylrxvo| xqeldvhg iru doo vdpsoh vl}hv/ fruurerudwlqj wkh uhvxowv ri
vhfwlrq 61 Wkh odfn ri eldv dovr lpsolhv wkdw wkh ghwhuplqlvwlf ohdndjh lq wkh glvfuhwh
Irxulhu wudqvirup fdxvhg e| sdgglqj kdv ehhq sxujhg h{dfwo| xvlqj iuhtxhqf| grpdlq
ghwuhqglqj1 Dovr/ wkh reylrxv ghfolqh lq wkh vwdqgdug huuru ri wkh hvwlpdwhv dv wkh

vdpsoh vl}h lqfuhdvhv vxjjhvwv wkdw e�s�S lv frqvlvwhqw1

Iljxuh 4 surylghv nhuqho ghqvlw| hvwlpdwhv ri wkh iuhtxhqf| grpdlq dqg wlph
grpdlq ghwuhqghg vlpxodwlrq hvwlpdwhv +uhodwlyh wr wkh wuxh sdudphwhu ydoxh ri 3158,1
Wkh iuhtxhqf| grpdlq hvwlpdwru lv reylrxvo| xqeldvhg dqg qrupdoo| glvwulexwhg1 Lq

53



frqwudvw/ wkh wlph grpdlq ghwuhqghg edqg vshfwudo hvwlpdwru kdv juhdwhu yduldelolw|1
Dovr/ lwv ghqvlw| lwv vnhzhg wr wkh uljkw/ vxjjhvwlqj wkh srvvlelolw| ri yhu| odujh eldv iru
dq vlqjoh gudz iurp wkh glvwulexwlrq1 Xvlqj wkh vlpxodwhg glvwulexwlrq/ wkh suredelolw|
ri revhuylqj srvlwlyh eldv lq wkh hvwlpdwhv lv 3195/ zkloh wkh suredelolw| revhuylqj dw
ohdvw d srvlwlyh eldv ri 3158 +l1h1/ wkh wuxh sdudphwhu ryhu ��S, lv dssur{lpdwho| 31571

Wdeoh 5 surylghv hylghqfh rq wkh dffxudf| ri wkh dv|pswrwlf eldv irupxod jlyhq
lq Wkhruhp ;+ll, dv frpsduhg wr vlpxodwhg eldv iru wkh ohdglqj fdvh ri d vlpsoh wlph
wuhqg }| @ w= Wkh wdeoh vkrzv wkh dulwkphwlf phdq ri wkh frpsxwhg eldv ryhu 433/333
uhshwlwlrqv/ dvvxplqj ��S @ 3=581 Wkh vlpxodwlrq uhvxowv vxjjhvw wkdw wkh dv|pswrwlf
eldv irupxod shuirupv txlwh zhoo/ ehlqj ohvv wkdq 53( gl�huhqw iurp wkh vlpxodwhg
eldv dfurvv doo vdpsoh vl}hv1 Iljxuh 5 sorwv wkh phdq eldv +iru q @ 589, iru lqfuhdvlqj
ydoxhv ri ��S 5 ^3> �� @ 4`= Vxevwdqwldo eldv lv fohduo| hylghqw iru ydoxhv ri ��S

ehwzhhq 3 dqg 3=81
Odvwo|/ zh surylgh hylghqfh rq wkh h!fdf| ri Kdqqdq*v h!flhqw vshfwudo uhjuhvvlrq

whfkqltxh uhodwlyh wr lqh!flhqw vshfwudo uhjuhvvlrq1 Iru wkhvh vlpxodwlrqv/ wkh wuxh
uhvlgxdov ri wkh prgho dqg wkh lqqrydwlrq vhtxhqfh ri wkh h{sodqdwru| L+4, yduldeoh
zhuh dvvxphg wr iroorz DUPD+5/4, surfhvvhv/ wkhuhe| surylglqj dq rssruwxqlw| iru
h!flhqw vshfwudo uhjuhvvlrq wr dfklhyh h!flhqf| jdlqv frpsduhg wr lqh!flhqw vshfwudo
uhjuhvvlrq1 Wkh vlpxodwlrq uhvxowv duh suhvhqwhg lq Wdeoh 61 Wkh uhvxowv odujho| sdu0
dooho wkrvh jlyhq lq Wdeohv 4+d, dqg 4+e, rq wkh lvvxh ri iuhtxhqf| grpdlq yhuvxv wlph
grpdlq ghwuhqglqj1 Erwk wkh lqh!flhqw dqg h!flhqw hvwlpdwruv duh reylrxvo| xqel0
dvhg> krzhyhu/ wkh frqyhqwlrqdo wlph ghwuhqghg hvwlpdwru vwloo vx�huv iurp vxevwdqwldo
eldv1 Wkh h!flhqw iuhtxhqf| grpdlq ghwuhqghg hvwlpdwru lv fohduo| suhihuuhg> wkhuh
lv dq dssur{lpdwh 53( uhgxfwlrq lq wkh vwdqgdug huuru ri wkh sdudphwhu hvwlpdwhv
uhodwlyh wr lqh!flhqw vshfwudo uhjuhvvlrq1 Ri frxuvh/ wklv h!flhqf| jdlq lv rqo| looxv0
wudwlyh/ dqg zloo fkdqjh zlwk d gl�huhqw vhwwlqj iru wkh gdwd jhqhudwlqj phfkdqlvp
ri wkh htxdwlrq huuruv1

: Dq Dssolfdwlrq wr Suhvhqw Ydoxh Prghov

:14 D Vlpsoh Prgho ri Vwrfn Sulfhv

Khuh zh vwxg| d vlpsoh suhvhqw ydoxh prgho ri vwrfn sulfhv dqg glylghqgv dv lq
Fdpsehoo dqg Vkloohu +4<;:,14 Wkh prgho lv wkhq xvhg lq dq hpslulfdo dssolfdwlrq ri

4Wkh suhvhqw ydoxh prgho lv d vshfldo fdvh ri FFDSP zlwk ulvn qhxwudo frqvxphuv1Wr vhh wklv/
frqvlghu dq lq�qlwh0olihwlph uhsuhvhqwdwlyh hfrqrplf djhqw zlwk suhihuhqfhv ghwhuplqhg e| wkh glv0
frxqwhg h{shfwhg xwlolw|=

.f

"[
|'f

q|LES|�

zkhuh f 	 q 	 � lv d glvfrxqw idfwru/ L Eu� lv d frqfdyh xwlolw| ixqfwlrq/ S| lv frqvxpswlrq dqg .f
vljql�hv edvh0shulrg frqglwlrqdo h{shfwdwlrq1 Wkh djhqw*v exgjhw vhw lv jlyhq e|=

S| n R|�| ' ER| n _|��|3�

zkhuh �| lv wkh txdqwlw| ri dvvhwv khog ehwzhhq | dqg |n �c R| lv wkh h{0glylghqg sulfh lq shulrg |c
dqg _| lv wkh w0shulrg glylghqg sd|phqw1 Wkh �uvw rughu frqglwlrqv iru rswlpl}dwlrq lpso|=
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wkh edqg vshfwudo uhjuhvvlrq phwkrgv vwxglhg lq hduolhu vhfwlrqv ri wkh sdshu1
Wkh suhvhqw ydoxh prgho lq Fdpsehoo dqg Vkloohu lv jlyhq e|=

s| @ H|

"[
�'�

��g|n� = +69,

zkhuh s| lv wkh h{0glylghqg vwrfn sulfh lq shulrg w> g| lv wkh glylghqg sd|phqw/ dqg
3 ? � ? 4 lv d glvfrxqw idfwru1 Vxssrvh glylghqgv iroorz wkh LPD+4/4, surfhvv

+4� O,g| @ �g. +4 . �O,%| = +6:,

Xqghu wklv vshfl�fdwlrq

H|g|n� @

�
m � �

4 . �

�
�g.

4 . �

4 . �O
g| > ;m � 4 = +6;,

Vxevwlwxwlqj +6;, lqwr +69, |lhogv

s| @
�+4 . ��,

+4 . �,+4� �,2
�g.

�+4 . �,

+4� �,+4 . �O,
g| =@ �s. j+O,g|> +6<,

zkhuh j+O, lv d olqhdu �owhu rq wkh glylghqg surfhvv1
Vlqfh �s| @ j+O,�g|> wkh iuhtxhqf| grpdlq irup ri wkh uhodwlrq +6<, lv

g]R+$, @ j+h�|/,g]_+$, +73,

zkhuh ]R dqg ]_ duh wkh ruwkrjrqdo surfhvvhv wkdw dsshdu lq wkh Fudpìu uhsuhvhq0
wdwlrqv

�s| @
] Z

3Z
h�|/g]R+$,> �g| @

] Z

3Z
h�|/g]_+$,=

Lq +73,/ j+h�/, lv wkh wudqvihu ixqfwlrq ri wkh �owhu1 Lwv dpsolwxgh ru jdlq lv jlyhq
e|=

���j+h�/,��� @ �
�+4 . �,

+4� �,+4 . �h3�/,

�+4 . �,

+4� �,+4 . �h�/,

��*2

@
�+4 . �,

+4� �,

�
4

4 . �2 . 5� frv+$,

��*2

= +74,

Iru �4 ? � ? 3/ wkh wudqvihu ixqfwlrq jdlq hydoxdwhg dw $ @ 3> $ @ �@5/ dqg
$ @ � lv udqnhg dv iroorzv=

�

4� �
A

�+4 . �,

+4� �,+4 . �2,�*2
A

�+4 . �,

+4� �,+4� �,
=

R| ' .|q

�
L �ES|n��ER|n� n _|n��

L �ES|�

�
Vroylqj wklv h{suhvvlrq iruzdug/ dvvxplqj ulvn qhxwudo djhqwv dqg qr exeeohv/ zh kdyh wkh suhvhqw
ydoxh uhodwlrq +69, lq wkh wh{w1
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Qrwh wkdw wkh prylqj dyhudjh frh!flhqw � sod|v qr uroh lq wkh frkhuhqfh ehwzhhq
glylghqgv dqg vwrfn sulfhv dw wkh }hur iuhtxhqf|/ exw lpsolhv vxffhvvlyho| orzhu frkhu0
hqfh dw kljkhu iuhtxhqflhv1 Lq idfw/ wkh dpsolwxgh +74, lv d prqrwrqlfdoo| ghfuhdvlqj
ixqfwlrq ri iuhtxhqf| ryhu wkh lqwhuydo $ 5 ^3> �` = Reylrxvo|/ wklv lv dq lpsolfdwlrq ri
wkh prgho wkdw fdq eh hpslulfdoo| whvwhg1

:15 Hpslulfdo Uhvxowv

Kdqqdq*v h!flhqw iuhtxhqf| grpdlq uhjuhvvlrq lv dssolhg wr wkh suhvhqw ydoxh prgho
ri vwrfn sulfhv vwxglhg lq Fdpsehoo dqg Vkloohu +4<;:,1 Fdpsehoo dqg Vkloohu xvh
dqqxdo V ) S 833 vwrfn sulfh dqg glylghqg gdwd wr hvwlpdwh wkh orqj0uxq uhodwlrqvkls
ehwzhhq vwrfn sulfhv dqg glylghqgv1 Zh xvh prqwko| udwkhu wkdq dqqxdo gdwd wr
idflolwdwh wkh hvwlpdwlrq ri wkh vkruw0uxq uhodwlrqvkls1Dv lq Fdpeshoo dqg Vkloohu
+4<;:,/ wkh prqwko| Vwdqgdug dqg Srru*v frpsrvlwh vwrfn sulfh lqgh{ lv frqyhuwhg wr
uhdo whupv xvlqj wkh surgxfhu sulfh lqgh{ +SSL/ 4<9:=:@4133,1 Wkh glylghqg vhulhv
lv ghulyhg iurp wkh vwrfn sulfh lqgh{ dqg wkh glylghqg |lhog/ dqg frqyhuwhg wr uhdo
whupv xvlqj wkh SSL15

Zh ehjlq zlwk dq h{dplqdwlrq ri wkh wlph0vhulhv surshuwlhv ri uhdo glylghqgv +lq0
ghshqghqwo| ri vwrfn sulfhv,1 Wkh Vfkzdu} +4<:;, �ELF� fulwhuld lv xvhg wr ghwhuplqh
wkh dssursuldwh rughu ri wkh DUPD+s/t, prgho iru glylghqgv1 Wdeoh 7 suhvhqwv wkh
ELF+s/t, ydoxhv iru gl�huhqw ydoxhv ri s> t @ 3/ 4/ 5> wkhvh uhvxowv vxjjhvw wkdw wkh
suhihuuhg prgho iru uhdo glylghqgv lv hlwkhu DUPD+4/4, ru DUPD+5/3,/ erwk ri zklfk
vxssruw d ghfolqlqj wudqvihu ixqfwlrq ehwzhhq vwrfn sulfhv dqg glylghqgv1

Hvwlpdwlqj dq DUPD+4/4, prgho ryhu wkh 4<7:=5�4<<:=5 shulrg uhvxowv lq wkh
iroorzlqj hvwlpdwhv=

g| @
3=9854h� 34

4=5859
.

3=<<;9

+884=:3,
g|3� . h| � 3=65::

+;=78;;,
h|3�> U2 @ 3=<<8:> GZ @ 5=38:<

zkhuh w0vwdwlvwlfv duh uhsruwhg lq sduhqwkhvhv1 Wkh DUPD+5/3, hvwlpdwhv iru wkh
vdph shulrg duh=

g| @
3=934;h� 34

4=69<9
.

3=98<4

+4:=3;9,
g|3� .

3=66;;

+;=:;;,
g|32>U

2 @ 3=<<8:> GZ @ 5=3778

zlwk lqyhuwhg dxwr0uhjuhvvlyh urrwv ri 4133 dqg 031671 Wkhvh urrwv lpso| wkdw wkh
DUPD+5/3, prgho srvvhvvhv dq DUPD+4/4, uhsuhvhqwdwlrq zlwk d qhjdwlyh �uvw0
rughu prylqj dyhudjh sdudphwhu1 Dovr/ irupdo whvwv ri wkh xqlw urrw qxoo xvlqj wkh
Skloolsv0Shuurq +4<;;, vwdwlvwlf vxssruw d xqlw urrw uhvwulfwlrq rq g|1 Wkh frpsxwhg
ydoxh ri wkh Skloolsv0Shuurq }| vwdwlvwlf xvlqj d Sdu}hq nhuqho zlwk 8 odjv lv 031:;9:/
zhoo deryh wkh 8( fulwlfdo ydoxh ri 051<481

Gluhfw hvwlpdwlrq ri wkh uhvxowlqj LPD+4, prgho |lhogv wkh iroorzlqj prgho=

�g| @
3=866h� 37

+7=3355,
. h| � 3=65;3

+;=7;;;,
h|3�> U2 @ 3=445;> GZ @ 5=38;4

5Wkhvh vhulhv +IVSFRP/ IVG[S/SZ, duh iurp GUL Hfrqrplfv1
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Wkh qhjdwlyh PD+4, sdudphwhu/ zklfk lv vwdwlvwlfdoo| vljql�fdqw/ vxjjhvwv d ghfolqlqj
wudqvihu ixqfwlrq jdlq ehwzhhq vwrfn sulfhv dqg glylghqgv/ dv dqwlflsdwhg lq Vhfwlrq
:141

Wdeoh 8 frqwdlqv edqg0vshfwudo uhvxowv iru vl{ iuhtxhqf| edqgv xvlqj +d, ghphdqhg
gdwd +a�(e6e@?e_,>+e, wlph grpdlq ghwuhqghg gdwd +a�.A(,> dqg +f, iuhtxhqf| grpdlq
ghwuhqghg gdwd +a�.8(,1 E| frpsdulqj a�.A( dqg a�.8( zh fdq dvvhvv wkh hpslulfdo
h�hfw lq wkh vwrfn sulfh dqg glylghqg uhjuhvvlrqv ri xvlqj wlph grpdlq ghwuhqghg gdwd
udwkhu wkdq iuhtxhqf| grpdlq ghwuhqghg gdwd +rxu uhfrpphqghg dssurdfk,1 Zh dovr
zlvk wr phdvxuh wkh lq xhqfh ri vwrfkdvwlf ohdndjh dulvlqj iurp wkh xvh ri ghphdqhg
L+4, gdwd lq iuhtxhqf| grpdlq uhjuhvvlrq1 Wklv fdq eh grqh e| frpsdulqj a�(e6e@?e_

dqg a�.8( iru edqgv wkdw gr qrw lqfoxgh wkh }hur iuhtxhqf|1
Wkh uhfrpphqghg hpslulfdo phwkrgrorj| iroorzv iurp wkh dv|pswrwlf irup ri

wkh giw ri dq L+4, yduldeoh jlyhq lq +65,= Wklv uhsuhvhqwdwlrq vxjjhvwv wkdw edqg0
vshfwudo hvwlpdwhv dw wkh }hur iuhtxhqf| fdq eh ghulyhg iurp ghphdqhg L+4, gdwd
+wkhuhe| lqfoxglqj wkh orqj0uxq vwrfkdvwlf frpsrqhqw,/ zkloh dw qrq0}hur iuhtxhqflhv
wkh iuhtxhqf| grpdlq ghwuhqghg gdwd vkrxog eh xvhg +wkhuhe| holplqdwlqj wkh L+4,
h�hfwv dw qrq0}hur iuhtxhqflhv,1

Ilyh rxw ri wkh vl{ iuhtxhqf| edqgv lq Wdeoh 8 +vhh urzv 509, hvwlpdwh wkh lpsdfw
ri glylghqg pryhphqwv ryhu kljk iuhtxhqflhv1 Wkh zlghvw ri wkhvh iuhtxhqf| edqgv
vsdqv ^<�@43> �`/ ru 94 shulrgrjudp ruglqdwhv/ uhsuhvhqwlqj voljkwo| pruh wkdq 8 |hduv1
Wkh uhpdlqlqj kljk iuhtxhqf| edqgv frqwdlq vxffhvvlyho| ohvv ruglqdwhv> wkhvh edqgv
duh surylghg wr dvvhvv zkhwkhu wkh uhodwlrqvkls ehwzhhq vwrfn sulfhv dqg glylghqgv
ghshqgv rq wkh ohqjwk ri wkh edqg h{dplqhg1 Odvwo|/ zh surylgh hvwlpdwhv ri wkh
orqj0uxq h�hfw ri glylghqgv rq vwrfn sulfhv e| hvwlpdwlqj d edqg wkdw lqfoxghv wkh
}hur iuhtxhqf| +vhh urz 4 ri Wdeoh 8,1 Wkhvh hvwlpdwhv duh edvhg rq ghphdqhg L+4,
gdwd1

Wkh suhglfwlrq ri wkh wkhru|/ qdpho| rqh ri d ghfolqlqj wudqvihu ixqfwlrq jdlq
ehwzhhq vwrfn sulfhv dqg glylghqgv +jlyhq dq LPD+4/4, vwuxfwxuh iru glylghqgv, lv
fohduo| hylghqw lq wkh a�.8( sdudphwhu hvwlpdwhv1 Wkhuh lv d vljql�fdqw uhodwlrqvkls
ehwzhhq vwrfn sulfhv dqg glylghqgv dw wkh orqj0uxq iuhtxhqf| $ @ 31 Wkh lpsolhg uhdo
glvfrxqw idfwru lv dssur{lpdwho| 514 shu fhqw1 Dovr/ irupdo whvwv ri wkh k|srwkhvlv
wkdw wkh wudqvihu ixqfwlrq jdlq ryhu ^<�@43> �` lv htxdo wr wkh jdlq dw $ @ 3 fdq eh
hdvlo| uhmhfwhg xvlqj d 8( ohyho ri vljql�fdqfh1 Wkh w0vwdwlvwlf iru wklv k|srwkhvlv
lv <18<1 Ryhudoo/ wkh uhvxowv vxjjhvw wkdw uhdo glylghqg pryhphqwv lq wkh vkruw0uxq
+l1h1/ 6 |hduv ru ohvv, gr qrw kdyh vljql�fdqw h�hfwv rq uhdo vwrfn sulfh pryhphqwv1
Krzhyhu/ uhdo glylghqgv duh lpsruwdqw lq wkh orqj0uxq1

Zh qrwh wkdw ryhu wkh qrq0}hur edqgv/ wkhuh duh vxevwdqwldo gl�huhqfhv ehwzhhq
wkh wkuhh hvwlpdwruv/ frq�uplqj wkh suhvhqfh ri vwrfkdvwlf ohdndjh iurp wkh }hur
iuhtxhqf|/ dqg sdudphwhu eldv dulvlqj iurp wkh xvh ri wlph0grpdlq ghwuhqghg gdwd1
Ixuwkhu/ erwk wkh a�(e6e@?e_ dqg a�.A( hvwlpdwhv vxjjhvw d vljql�fdqw uroh iru uhdo
glylghqg pryhphqwv wkdw lv vwdwlvwlfdoo| htxlydohqw wr wkh orqj0uxq h�hfw ri uhdo glyl0
ghqgv1 Xvlqj whvwv edvhg rq erwk a�(e6e@?e_ dqg a�.A( >zh fdqqrw uhmhfw wkh k|srwk0
hvlv wkdw wkh wudqvihu ixqfwlrq jdlq ryhu ^<�@43> �` lv htxdo wr wkh jdlq dw $ @ 3= Wkh
w0vwdwlvwlfv iru wklv qxoo k|srwkhvlv duh 316974 +a�(e6e@?e_, dqg 03134<4 +a�.A(,1 Wkh
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uhvxowv iurp wkh HIG uhjuhvvlrq/ uhsruwhg lq wkh odvw sdudjudk/ vxjjhvw wkdw wklv
�qglqj lv plvwdnhq dqg lv wkh gluhfw frqvhtxhqfh ri eldv1

; Frqfoxvlrq

Lw lv qdwxudo wr holplqdwh ghwhuplqlvwlf wuhqgv lq wkh wlph grpdlq e| vlpsoh ohdvw
vtxduhv uhjuhvvlrq ehfdxvh wkh Juhqdqghu�Urvhqeodww +4<8:, wkhruhp vkrzv wkdw
vxfk uhjuhvvlrq lv dv|pswrwlfdoo| h!flhqw zkhq wkh wlph vhulhv duh wuhqg vwdwlrqdu|
+dowkrxjk wklv frqfoxvlrq grhv qrw krog zkhq wkhuh duh vwrfkdvwlf dv zhoo dv ghwhu0
plqlvwlf wuhqgv 0 vhh Skloolsv dqg Ohh/ 4<<9,1 Lq d vlplodu zd|/ lw vhhpv qdwxudo wr
holplqdwh ghwhuplqlvwlf wuhqgv lq edqg vshfwudo uhjuhvvlrqv e| ghwuhqglqj uhjuhvvlrq
lq wkh wlph grpdlq sulru wr wkh xvh ri vshfwudo phwkrgv1 Krzhyhu/ wklv sdshu vkrzv
wkdw vxfk wlph grpdlq ghwuhqglqj zloo ohdg wr eldvhg frh!flhqw hvwlpdwhv lq prg0
hov zkhuh wkh frh!flhqwv duh iuhtxhqf| ghshqghqw1 Pruhryhu/ lq prghov wkdw kdyh
erwk ghwhuplqlvwlf dqg vwrfkdvwlf wuhqgv/ wlph grpdlq ghwuhqglqj dfwxdoo| ohdgv wr
lqfrqvlvwhqw hvwlpdwhv ri wkh frh!flhqwv dw iuhtxhqf| edqgv dzd| iurp wkh ruljlq1
Dv|pswrwlf dqdo|vlv uhyhdov wkdw wkh lqfrqvlvwhqf|/ zklfk dulvhv iurp rplwwhg ydul0
deoh h�hfwv/ fdq eh vxevwdqwldo dqg wklv lv frq�uphg lq Prqwh Fduor vlpxodwlrqv lq
�qlwh vdpsohv1

Rxu vxjjhvwlrq lv wr prgho wkh gdwd dqg uxq uhjuhvvlrqv/ lqfoxglqj ghwuhqglqj
uhjuhvvlrqv/ lq wkh iuhtxhqf| grpdlq1 Lq h�hfw/ glvfuhwh Irxulhu wudqvirupv ri doo wkh
yduldeohv lq wkh prgho/ lqfoxglqj wkh ghwhuplqlvwlf wuhqgv/ duh wdnhq dqg h!flhqwo|
zhljkwhg vshfwudo uhjuhvvlrq lv shuiruphg rq wkh uhvxowlqj prgho1 Vxfk iuhtxhqf|
grpdlq ghwuhqglqj ohdgv wr rswlpdo hvwlpdwhv iru erwk wkh vwdwlrqdu| frpsrqhqwv
+dw kljk iuhtxhqflhv, dqg qrqvwdwlrqdu| frpsrqhqwv +dw iuhtxhqflhv wkdw lqfoxgh wkh
ruljlq, ri wkh prgho1

Wkhvh gl�huhqfhv ehwzhhq wlph grpdlq ghwuhqglqj dqg iuhtxhqf| grpdlq gh0
wuhqglqj vhhp lpsruwdqw iru sudfwlfdo zrun/ zkhuh lw lv qrz frpprq wr prgho gdwd
qrqvwdwlrqdulwlhv xvlqj erwk ghwhuplqlvwlf dqg vwrfkdvwlf wuhqgv1 Rxu hpslulfdo dssol0
fdwlrq ri edqg vshfwudo uhjuhvvlrq wr prqwko| vwrfn sulfh dqg glylghqg gdwd frq�upv
wkh uhohydqfh ri wkh dv|pswrwlf uhvxowv dqg vkrzv wkdw wkh eldv h�hfwv iurp wlph gr0
pdlq ghwuhqglqj fdq eh vxevwdqwldo1 Wkh hpslulfdo �qglqjv lq wkh iuhtxhqf| grpdlq
ghwuhqghg uhjuhvvlrqv jlyh d vwurqj lqglfdwlrq wkdw wkh uhodwlrqvkls ehwzhhq vwrfn
sulfhv dqg glylghqgv ghfolqhv dv iuhtxhqf| lqfuhdvhv/ fruurerudwlqj wkh suhglfwlrq ri
hfrqrplf wkhru| wkdw wkhuh vkrxog eh d ghfolqlqj wudqvihu ixqfwlrq jdlq ehwzhhq vwrfn
sulfhv dqg glylghqgv1

< Dsshqgl{

Surri ri Wkhruhp 7
Qrwh wkdw

TT�TT @ TT��TT�ST @ TT��TT�+S[~ . S[S~, @ TT��TT�S[~

@ �� ST���S[~ . ST�S[~ @ �� S[~���S[~ . S[~�S[~
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@ T[~�T[~ =

Ixuwkhu/ vlqfh �S[~ @ S[~ > dqg �W� @ �> lw iroorzv wkdw

TT�TT @ T[~�T[~ @ �T[~� @ �T[~ =

Khqfh/

+[ ��T[~�[,3�+[ ��T[~|, @ +[ �TT�TT[,3�+[ �TT�TT |,

@ +[ �T[~�T[~[,3�+[ �T[~�T[~|,

dqg
3
��@

�
��@

h�� iroorzv1 Ilqdoo|/ wr vkrz wkh htxlydohqfh ri wkhvh hvwlpdwhv wr e�s�>
zh vlpso| qrwh wkdw

Z WDT�`~DZ @ Z WDZ �Z WDS�`~DZ @ ���]+]��],3�] ��

@ �+L � S[~, @ �T[~ @ �T[~�>

dqg wkh uhvxow iroorzv iurp wkh gh�qlwlrq ri e�s�=
Surri ri Wkhruhp 8

Zh qhhg wr suryh wkdw +58, krogv1 Wklv zloo eh vr li

q3�[ �T5�T5[ @ q3� h[ �T5�T5
h[ +75,

lv srvlwlyh gh�qlwh dv q $ 4> dqg li

q3�[ �T5�T5�
S h[ @ q3� h[ �T5�T5�

S h[ R$ 3= +76,

Vlqfh h{| lv d vwulfwo| vwdwlrqdu| dqg hujrglf vhtxhqfh zlwk phdq }hur dqg vdwlv�hv d
fhqwudo olplw wkhruhp/ +q3�G �G,3�+q3�G � h[, @ RR+q3�*2,> dqg vr

h{ �| � } �| +q
3�]�],3�+q3�] � h[, @ h{ �| � } �| �

3�
? +q3�G �G,3�+q3�G� h[,

R$ h{ �| =
Wkxv

q3� h[ �T5�T5
h[ @ q3� h[ �� h[ . rR+4,

@ q3� h[ �Z WDZ h[ . rR+4,

@ q3�
[

brM��

zh%+�r,zh%+�r,W . rR+4,= +77,

Ohw q@ @ &i�r 5 E�j dqg iurp Dvvxpswlrq 6 q@@q $ �> dv q $ 4= Lw lv frqyhqlhqw
wr vxeglylgh ^��> �` lqwr vxe0edqgv E� ri htxdo zlgwk +vd|/ �@M, wkdw fhqwuh rq
iuhtxhqflhv i$� @ ��@M = m @ �M . 4> ===> M � 4j= Ohw p @ &+�r 5 E�, dqg vxssrvh
wkdw M@ ri wkhvh edqgv olh lq E�= Wkhq q @ 5pM dqg q@ @ 5pM@> dssur{lpdwho|1 Zh
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fdq qrz zulwh wkh �uvw phpehu ri +77, dv iroorzv

q3�
[

brM��

zh%+�r,zh%+�r,W @ q3�
a@3�[

�'3a@n�

[
brM��

zh%+�r,zh%+�r,W
@ �

2a

a@3�[
�'3a@n�

�
6

[
brM��

zh%+�r,zh%+�r,W . rR+4,

@ �
2a

a@3�[
�'3a@n�

+5�, ei%%+$�,
R$

]
��

i%%+$,g$ +78,

vlqfh ei%%+$�, @ +5�,3�p3�S
brM�� zh%+�r,zh%+�r,W lv d frqvlvwhqw hvwlpdwru ri wkh

uhjuhvvru vshfwuxp i%%+$, dqg $� @ �m@M= E| dvvxpswlrq/ i%%+$, A 3> dqg wkxvU
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@ h[ �� h[ � � h[ ��G+G��G,3�G�� h[ �

@
[

brM��

zh%+�r,zh%+�r,W
�

3C [
brM��

zh%+�r,z_+�r,
W

4D3C [
brM��

z_+�r,z_+�r,
W

4D33C [
brM��

z_+�r,zh%+�r,W
4D =

Qrz/ dv lq Ohppd : +d,/ +e, dqg +l, zh kdyh

q32
[

brM��

zh%+�r,zh%+�r,W _$ U �
fE%E

�
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q3�*2

3C [
brM��

zh%+�r,z_+�r,
W

4D _$
�U �

fE%

�
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q3�
[
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z_+�r,z_+�r,
W $ ifi

�
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Wkxv

q32 h[ �T[~�T[~
h[ _$ U �

fE%E
�
% �

�U �
fE%i

�
f

�
if+i

�
fif,

32i �
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�U �
f ifE
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%

�
@

U �
fE%E

�
% �

�U �
fE%

� �U �
fE%

��
@

U �
fE%E

�
%>

zkhuh E% @ E% �
U �
f E% lv ghphdqhg Eurzqldq prwlrq E%=

Qh{w frqvlghu wkh olplwlqj ehkdylrxu ri

q3� h[ �T[~�T[~h% @ q3�
k h[ ��h%� h[ ��G+G ��G,3G��h%l

@ q3�
[

brM��

zh%+�r,z0+�r,
W �

3Cq3�*2 [
brM��

zh%+�r,z_+�r,
W

4D
�

3Cq3� [
brM��

z_+�r,z_+�r,
W

4D33Cq3�*2 [
brM��

z_+�r,z0+�r,
W

4D
Dv lq wkh surri ri +9<,

q3�
[

brM��

zh%+�r,z0+�r,
W _$ U �

fE%gE0>

dqg
q3�*2

[
brM��

z_+�r,z0+�r,
W _� ifz0+�f,

_$ if
U �
f gE0 @ ifE0+4,=
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Wkxv

q3� h[ �T[~�T[~h% _$ U �
fE%gE0 �

�U �
fE%

�
i �
fif+i

�
fif,

32i �
f

U �
f ifgE0

@
U �
fE%gE0 �

�U �
fE%

� U �
f gE0 @

U �
fE%gE0=

Lw iroorzv wkdw

q+e�s� � ��,
_$

�U �
fE%E

�
%

�3��U �
fE%gE0

�
@ PQ

�
3>

�U �
fE%E

�
%

�3�
5�i00+3,

�
jlylqj wkh vwdwhg uhvxow iru wkh edqg E�1

Iru wkh edqg ES
�>zh kdyh

s
q+e�s�S � ��S, @

�
q3�[ �Z WDST�S`~D

SZ[
�3��

q3�*2[ �Z WDST�S`~D
SZh%�

@
�
q3� h[ �T[S~�

ST[S~
h[�3��

q3�*2 h[ �T[S~�
ST[S~h%� = +:4,

Dv deryh

h[ �T[S~�
ST[S~

h[ @ + h[ �T[S~�
S,+�ST[S~

h[,

@ h[ ��S h[ � � h[ ��SG+G ��SG,3G��S h[ �

@
[

brM�S�

zh%+�r,zh%+�r,W �
3C [
brM�S�

zh%+�r,z_+�r,
W

4D
�

3C [
brM�S�

z_+�r,z_+�r,
W

4D33C [
brM�S�

z_+�r,zh%+�r,W
4D =

AIurp wkh deryh h{suhvvlrq dqg Ohppd : +g,/ +h, dqg +k, zh ghgxfh wkdw

q3� h[ �T[S~�
ST[S~
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]
�S
�

�
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�
2Z

4

m4� h�/m2E%+4,E%+4,
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�
g$ �

%
�
2ZE%+4,

]
�S
�
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W
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&

�
%

�
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]
�S
�
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�
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�
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@
]
�S�

�
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�
�
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�
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�S�
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W
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&

�
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�S�
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�S�

i�+$,
h3�/
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&
= +:5,

Qh{w revhuyh wkdw
kU
�S
�

e�/s�E/�W

�3e�/
g$

lkU
�S
�
i�+$,i�+$,Wg$

l3
i�+$, lv wkh O2+ES

�, sur0

mhfwlrq ri wkh ixqfwlrq h�/+4 � h�/,3� rqwr wkh vsdfh vsdqqhg e| i�+$,1 Zkhq wkh
ghwhuplqlvwlf yduldeoh }| lqfoxghv d olqhdu wlph wuhqg zh nqrz iurp +4<, wkdw wkh
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yhfwru i�+$, lqfoxghv wkh ixqfwlrq h�/+4� h�/,3� dv rqh ri lwv frpsrqhqwv1 Khqfh/ lq
wklv fdvh zh kdyh%]

�S�

h�/+4� h�/,3�i�+$,
Wg$

&%]
�S�

i�+$,i�+$,
Wg$

&3�
i�+$, @ h�/+4� h�/,3� +:6,

iru $ 5 ES
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[
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brM�S�

zh%+�r,z_+�r,
W
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brM�S�
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W

4D33C [
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W

4D=
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�
2Z
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[
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%
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W
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[
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%
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z�%+�r,�
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W
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[
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4

4� h�br
z�%+�r,
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W
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�
4
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W
�
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Surri ri Wkhruhp 44
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K� @
[

brM��
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brM��
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[

brM��

zh%+�r,zh%+�r,Wi00+�r,3� _$ i00+3,
3�U �

fE%E
�
%>

q3�*2

3C [
brM��

zh%+�r,z_+�r,
W ei00+�r,3�

4D _� q3�*2

3C [
brM��

zh%+�r,z_+�r,
Wi00+�r,

3�

4D
_$ i00+3,

3�
�U �

f E%

�
i �
f >

q3�
[

brM��

z_+�r,z_+�r,
W ei00+�r,3� _� q3�

[
brM��

z_+�r,z_+�r,
Wi00+�r,

3� $ i00++3,
3�ifi

�
f =

Wkhq/

q32K�
_$ i00+3,

3�U �
fE%E

�
% �

�
i00+3,

3�U �
fE%i

�
f

� �
i00+3,

3�ifi
�
f

�3�
i00+3,

3�if
U �
fE

�
%

�
@ i00+3,

3�
kU �

fE%E
�
% �

U �
fE%

U �
fE

�
%

l
@ i00+3,

3�U �
fE%E
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brM��
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brM��
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Wkxv
q+h�s� � ��,
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�U �

fE%E
�
%
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fE%gE0

�
>

dv vwdwhg1
Iru uhjuhvvlrq ryhu wkh iuhtxhqf| edqg ES

� zh kdyh

s
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4D
�

3C [
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4D33C [
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dqg
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4D
�

3C [
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e| i�+$,i00+$,3�*2= Zkhq wkh ghwhuplqlvwlf yduldeoh }| lqfoxghv d olqhdu wlph wuhqg
zh nqrz iurp +4<, wkdw wkh yhfwru i�+$, lqfoxghv wkh ixqfwlrq h�/+4� h�/,3� dv rqh
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Uhihuhqfhv

^4` Fdpsehoo/ M1 \1 dqg U1 M1 Vkloohu +4<;:,1 �Frlqwhjudwlrq dqg Whvwv ri Suhvhqw
Ydoxh Prghov/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ <8+8,= 4395�43;;1

^5` Fruedh/ G1/ V1 Rxoldulv/ dqg S1 F1 E1 Skloolsv +4<<7,1 �D Uhh{dplqdwlrq ri
wkh Frqvxpswlrq Ixqfwlrq Xvlqj Iuhtxhqf| Grpdlq Uhjuhvvlrqv/� Hpslulfdo
Hfrqrplfv/4<= 8<8�93<1

^6` Gxuodxi/ V1 dqg S1 F1 E1 Skloolsv +4<;;,1 �Wuhqgv Yhuvxv Udqgrp Zdonv lq Wlph
Vhulhv Dqdo|vlv/� Hfrqrphwulfd/ 89+9,= 4666�46871

^7` Hqjoh/ U1 +4<:7,1 �Edqg Vshfwuxp Uhjuhvvlrq/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz/
48= 4�441

^8` Iulvfk/ U1 dqg I1 Y1 Zdxjk +4<66,1 �Sduwldo Wlph Vhulhv Uhjuhvvlrq dv Frpsduhg
zlwk Lqglylgxdo Wuhqgv/� Hfrqrphwulfd/ 4= 544�5561

^9` Juhqdqghu/ X1 dqg P1 Urvhqeodww +4<8:,1 Vwdwlvwlfdo Dqdo|vlv ri Vwdwlrqdu| Wlph
Vhulhv1 Qhz \run= Zloh|1

^:` Kdqqdq/ H1 M1 +4<96,1 �Uhjuhvvlrq iru Wlph Vhulhv/� lq P1 Urvhqeodww/ hg1/ Wlph
Vhulhv Dqdo|vlv1 Qhz \run= Zloh|1

^;` Kdqqdq/ H1 M1 +4<:3,1 Pxowlsoh Wlph Vhulhv1 Qhz \run= Zloh|1

^<` Kdqqdq/ H1 M1 dqg M1 Ulvvdqhq +4<;5, �Uhfxuvlyh Hvwlpdwlrq ri Pl{hg Dxwruh0
juhvvlyh Prylqj Dyhudjh Rughu/� Elrphwulnd/ 9<= ;4�<71

^43` Skloolsv/ S1 F1 E1 +4<;;,1 �Pxowlsoh Uhjuhvvlrq zlwk Lqwhjudwhg Surfhvv/� Frq0
whpsrudu| Pdwkhpdwlfv/ ;3= :<�4381

^44` Skloolsv/ S1 F1 E1 +4<<4,1 �Vshfwudo Uhjuhvvlrq iru Fr0lqwhjudwhg Wlph Vhulhv/� lq
Z1 Eduqhww/ M1 Srzhoo/ dqg J1 Wdxfkhq/ hgv1/ Qrqsdudphwulf dqg Vhplsdudphwulf
Phwkrgv lq Hfrqrplfv dqg Vwdwlvwlfv1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^45` Skloolsv/ S1 F1 E1 dqg E1 Kdqvhq +4<<3,1 �Vwdwlvwlfdo Lqihuhqfh lq Lqvwuxphqwdo
Yduldeoh Uhjuhvvlrq zlwk L+4, surfhvvhv/� Uhylhz ri Hfrqrplf Vwxglhv 8:=<<�4581

^46` Skloolsv/ S1 F1 E1 dqg F1 F1 Ohh +4<<9,1 �H!flhqf| Jdlqv iurp Txdvl0Gl�huhqflqj
xqghu Qrqvwdwlrqdulw|� lq S1 P1 Urelqvrq dqgP1 Urvhqeodww +Hgv1,Dwkhqv Frq0
ihuhqfh rq Dssolhg Suredelolw| dqg Wlph Vhulhv= yroxph LL Wlph Vhulhv Dqdo|vlv
lq phpru| ri H1 M1 Kdqqdq1 Qhz \run= Vsulqjhu Yhuodj1 4<<91

^47` Skloolsv/ S1 F1 E1 dqg V1 Rxoldulv +4<<:,1 �Vshfwudo Hvwlpdwlrq iru Lqwhjudwhg
Surfhvvhv/� \doh Xqlyhuvlw|/ lq surfhvv1

^48` Skloolsv/ S1 F1 E1 dqg S1 Shuurq +4<;;,1 �Whvwlqj iru Xqlw Urrwv lq Wlph Vhulhv
Uhjuhvvlrq/� Elrphwulnd/ :8= 6680791
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^49` Skloolsv/ S1 F1 E1 dqg Y1 Vror +4<<5,1 �Dv|pswrwlfv iru Olqhdu Surfhvvhv/� Dqqdov
ri Vwdwlvwlfv/ 53= <:4�43341

^4:` Vfkzdu}/ J1 +4<:;,1 �Hvwlpdwlqj wkh Glphqvlrq ri d Prgho/� Dqqxdov ri Vwdwlv0
wlfv/ 9= 79407971

^4;` [ldr/ ]klmlh dqg Shwhu F1E1 Skloolsv +4<<:,1 �Kljkhu Rughu Dssur{lpdwlrqv iru
Iuhtxhqf| Grpdlq Wlph Vhulhv Uhjuhvvlrq/� Mrxuqdo ri Hfrqrphwulfv +iruwk0
frplqj,1

76



WDEOH 4+d,
Wlph Grpdlq yhuvxv Iuhtxhqf| Grpdlq Ghwuhqglqj

Lqh!flhqw Vshfwudo Uhjuhvvlrq zlwk Ohdndjh
Revhuydwlrqv

583 833 4/333 7/333
a�8( 3157<9 315846 315844 315835
VH 319:5;h036 317:64h036 316653h036 314984h036
a�A( 3168<; 316879 316846 316799
VH 31:337h036 318695h036 3176;8h036 3166<6h036

Qrwhv=
+d, Vlpxodwlrqv xvhg 433/333 lwhudwlrqv1
+e, Udqgrp qxpehuv zhuh gudzq iurp dq Q+3> 4, glvwulexwlrq1
+f, Vlpxodwlrq vwdqgdug huuuruv= ohvv wkdq 313348<
+g, Frpsxwdwlrqv zhuh shuiruphg xvlqj JDXVV2QW1

WDEOH 4+e,
Wlph Grpdlq yhuvxv Iuhtxhqf| Grpdlq Ghwuhqglqj
Lqh!flhqw Vshfwudo Uhjuhvvlrq zlwkrxw Ohdndjh

Revhuydwlrqv
589 845 4/357 7/3<9

a�8( 3157<7 315834 3157<9 3157<<
VH 319974h036 3179;6h036 31659<h036 314966h036
a�A( 3167<6 31683< 316847 316856
VH 314367h035 31<5<6h036 31;:68h036 31;59<h036

Qrwhv=
+d, Vlpxodwlrqv xvhg 433/333 lwhudwlrqv1
+e, Udqgrp qxpehuv zhuh gudzq iurp dq Q+3> 4, glvwulexwlrq1
+f, Vlpxodwlrq vwdqgdug huuuruv= ohvv wkdq 313348<
+g, Frpsxwdwlrqv zhuh shuiruphg xvlqj JDXVV2QW1
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WDEOH 5
Wlph Grpdlq yhuvxv Iuhtxhqf| Grpdlq Ghwuhqglqj

H!flhqw yhuvxv Lqh!flhqw Vshfwudo Uhjuhvvlrq
Revhuydwlrqv D|vpswrwlf Eldv Vlpxodwlrq Eldv Udwlr

589 3144<: 31434: 414:9<
845 3144<8 314337 414<35
4357 3144<7 314337 414;<5
73<9 3144<6 313<<8 414<;<

Qrwhv=
+d, Vlpxodwlrqv dvvxph ghwhuplqlvwlf wuhqg/ } @ w
+e, Vlpxodwlrqv xvhg 433/333 lwhudwlrqv
+f, Frpsxwdwlrqv zhuh shuiruphg xvlqj JDXVV2QW

WDEOH 6
Wlph Grpdlq yhuvxv Iuhtxhqf| Grpdlq Ghwuhqglqj

H!flhqw yhuvxv Lqh!flhqw Vshfwudo Uhjuhvvlrq
Revhuydwlrqv

589 845 4/357 7/3<9
a�.8( 315849 31583< 31583; 315835
VH 318<53h036 3174<6h036 315<7:h036 31479:h036
a�U8( 3157<5 315837 315839 315835
VH 31:3:4h036 317<<6h036 316834h036 314:6<h036
a�UA( 31639: 3163;7 3163:< 3163;7
VH 31;868h036 319;:5h036 318;89h036 317<;:h036

Qrwhv=

+d, a�.8( @ h!flhqw vshfwudo uhjuhvvlrq/ iuhtxhqf| grpdlq ghwuhqglqj

+e, a�U8( @ lqh!flhqw vshfwudo uhjuhvvlrq/ iuhtxhqf| grpdlq ghwuhqglqj

+f, a�UA( @ lqh!flhqw vshfwudo uhjuhvvlrq/ wlph grpdlq ghwuhqglqj
+g, Wuxh uhvlgxdo surfhvv= y| @ 3=43y|3� . h| � 3=4h|3�33=5h|32
+h, H{sodqdwru| yduldeoh= �{| @ 3=58{|3� . h| � 3=58h|3�33=4h|32
+i, h| gudzq iurp Q+3> 4, glvwulexwlrq1
+j, Vlpxodwlrqv xvhg 433/333 lwhudwlrqv1
+k, Frpsxwdwlrqv zhuh shuiruphg xvlqj JDXVV2QW1
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WDEOH 7= Uhdo V)S 833 Glylghqgv
ELF+s> t, ydoxhv

s2t 3 4 5
3 0<1:<9 044139; �441:69
4 0481459 0481568 0481565
5 0481568 0481453 0481554

Qrwhv=
+d, Gdwd duh prqwko|= 4<7:=5 0 4<<:=5

WDEOH 8
H!flhqw Edqg Vshfwudo Hvwlpdwhv

Uhdo V ) S 833 Vwrfn dqg Glylghqg Gdwd/ 4<7:=504<<:=5

Iuhtxhqf| Edqg Prqwkv a�(e6e@?e_ w a�.A( w a�.8( w
^3> �@6` 534 791<8<3 6517<9<

^<�@43> �` 94 871;<77 4716645 6517464 715369 9163;3 41;8<:
^56�@58> �` 84 871;63< 4713683 6819<73 7183<3 ;1;99< 519:7<
^7:�@83> �` 6: 8415476 4616577 731:9;7 817379 814;58 417754
^57�@58> �` 58 7<1347< 4818643 7:1954; :1893: ;13<<; 41799;
^7<�@83> �` 45 7914557 4513658 7:1347: 91996< ;1793< 318::5

Qrwhv=
+d, Frpsxwdwlrqv zhuh xvlqj JDXVV2QW1

+e, a�(e6e@?e_ @ edqg vshfwudo hvwlpdwhv edvhg rq ghphdqhg L+4, gdwd1

+f, a�.A( @ edqg vshfwudo hvwlpdwhv edvhg rq wlph0grpdlq ghwuhqghg L+4, gdwd1

+g, a�.8( @ edqg vshfwudo hvwlpdwhv edvhg rq iuhtxhqf|0grpdlq ghwuhqghg L+4, gdwd1

79


