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31 DEVWUDFW

Wklv sdshu dqdo|}hv wkh ehkdylru ri srvwhulru glvwulexwlrqv xqghu wkh Mh�uh|v
sulru lq d vlpxowdqhrxv htxdwlrqv prgho1 Wkh fdvh xqghu vwxg| lv wkdw ri d jhqhudo
olplwhg lqirupdwlrq vhwxs zlwk ? n � hqgrjhqrxv yduldeohv1 Wkh Mh�uh|v sulru lv
vkrzq wr jlyh ulvh wr d pdujlqdo srvwhulru ghqvlw| zklfk kdv Fdxfk|0olnh wdlov vlplodu
wr wkdw h{klelwhg e| wkh h{dfw �qlwh vdpsoh glvwulexwlrq ri wkh fruuhvsrqglqj OLPO
hvwlpdwru1 D vwurqjhu fruuhvsrqghqfh lv hvwdeolvkhg lq wkh vshfldo fdvh ri d mxvw0
lghqwl�hg ruwkrqrupdo fdqrqlfdo prgho/ zkhuh wkh srvwhulru ghqvlw| xqghu wkh Mh�uh|v
sulru lv vkrzq wr kdyh wkh vdph ixqfwlrqdo irup dv wkh ghqvlw| ri wkh �qlwh vdpsoh
glvwulexwlrq ri wkh OLPO hvwlpdwru1 Wkh zrun khuh jhqhudol}hv wkdw ri Fkdr dqg
Skloolsv +4<<:,/ zklfk jlyhv dqdorjrxv uhvxowv iru wkh vshfldo fdvh ri wzr hqgrjhqrxv
yduldeohv1

MHO Fodvvl�fdwlrq= F44

Nh|zrugv= Fdxfk| wdlov/ h{dfw �qlwh vdpsoh glvwulexwlrqv/ Mh�uh|v sulru/ mxvw lghqwl0
�fdwlrq/ olplwhg lqirupdwlrq/ srvwhulru ghqvlw|/ vlpxowdqhrxv htxdwlrqv prgho1
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41 LQWURGXFWLRQ

Iru sudfwlfdo dssolfdwlrqv ri Ed|hvldq vwdwlvwlfdo phwkrgv/ rqh zrxog riwhq olnh
wr kdyh d uhihuhqfh sulru 0 l1h1/ d urxjko| qrqlqirupdwlyh sulru glvwulexwlrq djdlqvw
zkrvh uhvxowv lqihuhqfh wkdw lv edvhg rq pruh vxemhfwlyh sulruv fdq eh frpsduhg1
Vlqfh lwv lqwurgxfwlrq e| Kdurog Mh�uh|v +4<79,/ wkh Mh�uh|v sulru kdv ehhq rqh ri
wkh prvw lqwhqvlyho| vwxglhg uhihuhqfh sulruv lq Ed|hvldq vwdwlvwlfv dqg hfrqrphwulfv1
Lq sduwlfxodu/ pxfk uhvhdufk kdv ehhq grqh rq wkh uhodwlrqvkls ehwzhhq Ed|hvldq
srvwhulru glvwulexwlrqv xqghu wkh Mh�uh|v sulru dqg iuhtxhqwlvw vdpsolqj glvwulexwlrqv
dqg frq�ghqfh lqwhuydov1 Rqh surplqhqw olqh ri uhvhdufk/ zklfk jrhv edfn wr wkh
fodvvlf sdshuv ri Zhofk dqg Shhuv +4<96, dqg Shhuv +4<98, dqg zklfk dovr lqfoxghv
vxfk uhfhqw frqwulexwlrqv e| Wlevkludql +4<;<, dqg Qlfrodrx +4<<6,/ kdv surgxfhg dq
lpsuhvvlyh erg| ri uhvxowv vkrzlqj/ iru jhqhudo olnholkrrg ixqfwlrqv/ wkh odujh vdpsoh
fruuhvsrqghqfh ehwzhhq iuhtxhqwlvw frq�ghqfh lqwhuydov dqg srvwhulru lqwhuydov edvhg
rq wkh Mh�uh|v sulru dqg lwv yduldqwv1

Vlplodulwlhv ehwzhhq iuhtxhqwlvw uhvxowv dqg Ed|hvldq uhvxowv ghulyhg xqghu wkh
Mh�uh|v sulru kdyh dovr ehhq grfxphqwhg iru vshfl�f sdudphwulf prghov1 Iru wkh
fodvvlfdo olqhdu uhjuhvvlrq prgho zlwk Jdxvvldq glvwxuedqfhv/ wkh Mh�uh|v sulru lv
nqrzq wr jlyh wkh vdph �qlwh vdpsoh lqihuhqfh dv wkh pd{lpxp olnholkrrg surfh0
gxuh +fi1 ]hooqhu +4<:4, dqg Ehujhu +4<;8,,1 Rq wkh rwkhu kdqg/ d Mh�uh|v0sulru
Ed|hvldq dqdo|vlv ri wkh olqhdu uhjuhvvlrq prgho zlwk xqrevhuyhg lqghshqghqw ydul0
deohv zdv �uvw frqgxfwhg e| ]hooqhu +4<:3,/ zkhuh lw zdv vkrzq wkdw wkh prgh ri wkh
frqglwlrqdo srvwhulru ghqvlw| ri wkh uhjuhvvlrq frh!flhqw jlyhq d udwlr ri wkh vfdoh sd0
udphwhuv fruuhvsrqgv h{dfwo| wr wkh pd{lpxp olnholkrrg hvwlpdwru ri wkh frh!flhqw
sdudphwhu1 Zlwk uhvshfw wr olqhdu wlph vhulhv prghov/ Skloolsv +4<<4, ghulyhv erwk
h{dfw dqg dv|pswrwlfdoo| dssur{lpdwh h{suhvvlrqv iru wkh srvwhulru glvwulexwlrqv ri
wkh dxwruhjuhvvlyh sdudphwhu dqg �qgv wkdw rq wkh lvvxh ri zkhwkhu pdfurhfrqrplf
wlph vhulhv kdyh vwrfkdvwlf wuhqgv/ Ed|hvldq lqihuhqfh edvhg rq wkh Mh�uh|v sulru lv
lq pxfk forvhu djuhhphqw zlwk fodvvlfdo lqihuhqfh wkdq lqihuhqfh edvhg rq wkh xql0
irup sulru1 Ilqdoo|/ iru vlqjoh0htxdwlrq dqdo|vlv ri wkh vlpxowdqhrxv htxdwlrqv prgho
+VHP,/ Fkdr dqg Skloolsv +4<<:, vkrz iru wkh vshfldo fdvh ri d mxvw0lghqwl�hg/ ru0
wkrqrupdo fdqrqlfdo prgho zlwk rqh hqgrjhqrxv uhjuhvvru wkdw/ xqghu wkh Mh�uh|v
sulru/ wkh srvwhulru ghqvlw| ri wkh frh!flhqw ri wkh hqgrjhqrxv uhjuhvvru kdv wkh vdph
Fdxfk|0wdlohg/ lq�qlwh vhulhv uhsuhvhqwdwlrq dv wkh h{dfw vdpsolqj glvwulexwlrq ri wkh
OLPO hvwlpdwru jlyhq e| Pduldqr dqg PfGrqdog +4<:<,1 Pruhryhu/ hyhq zkhq wklv
prgho lv ryhulghqwl�hg ri rughu rqh/ Fkdr dqg Skloolsv +4<<:, vkrz wkdw/ dqdorjrxv
wr wkh �qlwh vdpsoh glvwulexwlrq ri wkh OLPO hvwlpdwru/ wkh srvwhulru ghqvlw| ri wkh
vwuxfwxudo frh!flhqw xqghu wkh Mh�uh|v sulru kdv qr prphqw ri srvlwlyh lqwhjhu rughu1

Ehfdxvh ri lwv surplqhqfh dv d uhihuhqfh sulru/ dv hylghqw iurp wkh olwhudwxuh flwhg
deryh/ d jrrg xqghuvwdqglqj ri krz wkh xvh ri wkh Mh�uh|v sulru d�hfwv vwdwlvwlfdo
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lqihuhqfh lq vlwxdwlrqv ri lqwhuhvw wr hfrqrphwulfldqv vhhpv lpsruwdqw1 Rxu pdlq
sxusrvh lq wklv sdshu lv wr frqwulexwh wr wklv xqghuvwdqglqj zlwklq wkh frqwh{w ri wkh
vlpxowdqhrxv htxdwlrqv prgho1 Rxu zrun exlogv rq wkdw ri Fkdr dqg Skloolsv +4<<:,
dqg/ lq idfw/ jhqhudol}hv uhvxowv rewdlqhg lq wkdw sdshu wr wkh fdvh zlwk ? hqgrjhqrxv
uhjuhvvruv1 Lq sduwlfxodu/ dqdorjrxv wr wkh rqh hqgrjhqrxv uhjuhvvru fdvh/ zh vkrz
wkdw d Mh�uh|v0sulru/ vlqjoh0htxdwlrq dqdo|vlv ri d mxvw0lghqwl�hg/ ruwkrqrupdo fdqrq0
lfdo prgho zlwk ? hqgrjhqrxv uhjuhvvruv ohdgv wr d srvwhulru ghqvlw| iru wkh vwuxfwxudo
frh!flhqw yhfwru q zklfk kdv wkh vdph lq�qlwh vhulhv uhsuhvhqwdwlrq lq whupv ri }rqdo
sro|qrpldov dv wkh �qlwh vdpsoh ghqvlw| ri wkh OLPO hvwlpdwru/ ghulyhg e| Skloolsv
+4<;3,1 Lq dgglwlrq/ hyhq li zh doorz iru dq duelwudu| ghjuhh ri ryhulghqwl�fdwlrq dqg
dq duelwudu|/ qrq0fdqrqlfdo uhgxfhg0irup huuru fryduldqfh vwuxfwxuh/ wkh srvwhulru
ghqvlw| ri q xqghu wkh Mh�uh|v sulru vwloo h{klelwv wkh vdph wdlo ehkdylru dv wkh vpdoo
vdpsoh glvwulexwlrq ri OLPO1

Wkh rujdql}dwlrq ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 glvfxvvhv wkh ydulrxv prgho
dqg sulru vshfl�fdwlrqv wr eh vwxglhg lq wkh sdshu1 Vhfwlrq 6 suhvhqwv h{dfw srvwhulru
uhvxowv iru wkh ruwkrqrupdo/ fdqrqlfdo prgho +wr eh gh�qhg ehorz,1 Vhfwlrq 7 jlyhv d
wkhruhp zklfk fkdudfwhul}hv wkh wdlo ehkdylru ri wkh Mh�uh|v0sulru srvwhulru ghqvlw|
ri q lq wkh jhqhudo fdvh dqg surylghv vrph qxphulfdo hydoxdwlrq ri wkh dffxudf|
ri wkh Odsodfh dssur{lpdwlrq ghulyhg lq Fkdr dqg Skloolsv +4<<:,1 Zh r�hu vrph
frqfoxglqj uhpdunv lq Vhfwlrq 8 dqg ohdyh doo surriv dqg whfkqlfdo pdwhuldo iru wkh
dsshqglfhv1

Ehiruh surfhhglqj/ zh eulh | lqwurgxfh vrph qrwdwlrqv1 Lq zkdw iroorzv/ zh xvh
|oE�� wr ghqrwh wkh wudfh ri d pdwul{/ m�m wr ghqrwh wkh devroxwh ydoxh ri wkh ghwhu0
plqdqw ri �/ dqg oE�� wr vljqli| wkh udqn ri wkh pdwul{ �1 Wkh lqhtxdolw| R : f�
ghqrwhv srvlwlyh gh�qlwh zkhq dssolhg wr pdwulfhv> �eSE�� vwdfnv wkh urzv ri d pdwul{
lqwr d froxpq yhfwru> wkh v|pero R � � ghqrwhv htxlydohqfh lq glvwulexwlrq dqg wkh
v|pero R � � ghqrwhv dv|pswrwlf htxlydohqfh lq wkh vhqvh wkdw � � � li �*� $ � dv
A $ 41 Lq dgglwlrq/ �f lv wkh ruwkrjrqdo surmhfwlrq rqwr wkh udqjh vsdfh ri f zlwk
�Ef�cf2� vlploduo| gh�qhg dv wkh ruwkrjrqdo surmhfwlrq rqwr wkh vsdq ri wkh froxpqv
ri f� dqg f21 Ilqdoo|/ zh gh�qh 'f ' U��f dqg/ vlploduo|/ 'Ef�cf2� ' U��Ef�cf2��

51 PRGHO DQG SULRU VSHFLILFDWLRQV

514 Wkh Vlpxowdqhrxv Htxdwlrqv Prgho
Lq wklv sdshu/ zh vkdoo frqgxfw vlqjoh0htxdwlrq dqdo|vlv ri wkh iroorzlqj60htxdwlrq

vlpxowdqhrxv htxdwlrqv prgho +VHP,=

+� ' t2q n ~�� n �c +4,

t2 ' ~��� n ~2�2 n T2c +5,

zkhuh +�EA � �� dqg t2EA � ?� frqwdlq wkh 6 ' ? n � hqgrjhqrxv yduldeohv ri wkh
prgho> ~�EA � &�� lv dq revhuydwlrq pdwul{ ri h{rjhqrxv yduldeohv lqfoxghg lq wkh
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vwuxfwxudo htxdwlrq +4,> ~2EA � &2� lv dq revhuydwlrq pdwul{ ri h{rjhqrxv yduldeohv
h{foxghg iurp htxdwlrq +4,> dqg � dqg T2 duh/ uhvshfwlyho|/ d A � � yhfwru dqg d
A � ? pdwul{ ri udqgrp glvwxuedqfhv wr wkh v|vwhp1 Wkh xvxdo udqn frqglwlrq iru
lghqwl�fdwlrq/ l1h1 oE�2� ' ? � &2/ lv dvvxphg khuh1 Dv zh vkdoo frqvlghu erwk
mxvw0lghqwl�hg dqg ryhulghqwl�hg prghov/ zh xvh u ' &2 � ? wr ghqrwh wkh ghjuhh ri
ryhulghqwl�fdwlrq1 Lq dgglwlrq/ ohw �| dqg ��2|E��?� eh/ uhvshfwlyho|/ wkh w0wk hohphqw
ri � dqg wkh w0wk urz ri T2/ dqg wkh iroorzlqj glvwulexwlrqdo dvvxpswlrq lv pdgh=�

�|
�2|

�A

|'�

� ����_��EfcP�c +6,

zkhuh P lv d v|pphwulf 6�6 pdwul{ vxfk wkdw P : f1 Wkh fryduldqfh pdwul{ P/ lq
wxuq/ lv sduwlwlrqhg frqirupdeo| zlwk E�|c �

�
2|�

� dv

P '

�
j�� j�2�
j2� P22

�
� +7,

Dowkrxjk whfkqlfdoo| rqo| wkh �uvw htxdwlrq lv d vwuxfwxudo htxdwlrq/ zh vkdoo/ iru
vlpsolflw|/ uhihu wr wkh uhsuhvhqwdwlrq jlyhq e| htxdwlrqv +4, dqg +5, xqghu huuru
frqglwlrq +6, dv wkh vwuxfwxudo prgho uhsuhvhqwdwlrq ri wkh VHP wr glvwlqjxlvk lw
iurp wkh dowhuqdwlyh uhsuhvhqwdwlrqv ri wklv prgho wr eh glvfxvvhg ehorz1

Lw lv zhoo nqrzq wkdw wkh VHP ghvfulehg e| htxdwlrqv +4, dqg +5, deryh fdq
dowhuqdwlyho| eh zulwwhq lq wkh uhgxfhg irup uhsuhvhqwdwlrq=

+� ' ~�Z� n ~2Z2 n ��c +8,

t2 ' ~��� n ~2�2 n T2c +9,

zkhuh �� ' E���c ���c ��|c ���c ��A �
� dqg zkhuh/ xqghu +6,/�
��|
�2|

�A

|'�

� ����_��Efcl�� +:,

Dqdorjrxv wr +7, deryh/ wkh fryduldqfh pdwul{ l fdq eh sduwlwlrqhg frqirupdeo| zlwk
E��|c �

�
2|�

� dv

l '

�
/�� /�2�
/2� l22

�
: f� +;,

D wklug uhsuhvhqwdwlrq ri wkh VHP/ zklfk zloo suryh wr eh h{wuhpho| xvhixo lq
rxu vxevhtxhqw Ed|hvldq dqdo|vlv/ lv zkdw zh vkdoo uhihu wr dv wkh uhvwulfwhg uhgxfhg
irup uhsuhvhqwdwlrq1 Wklv uhsuhvhqwdwlrq lv vxjjhvwhg e| wkh lghqwli|lqj uhvwulfwlrqv/
zklfk olqn wkh sdudphwhuv ri wkh vwuxfwxudo prgho zlwk wkdw ri wkh uhgxfhg irup/ dqg
lw wdnhv wkh irup=

+� ' ~�E��q n �� n ~2�2q n ��c +<,

8



t2 ' ~��� n ~2�2 n T2� +43,

Wklv uhsuhvhqwdwlrq kljkoljkwv wkh idfw wkdw wkh VHP fdq eh ylhzhg dv d pxowlyduldwh
+olqhdu, uhjuhvvlrq prgho zlwk qrqolqhdu uhvwulfwlrqv rq vrph ri lwv frh!flhqwv1

Lw lv zruwk hpskdvl}lqj wkdw wkh pdujlqdo srvwhulru ghqvlw| ri q zloo eh wkh vdph
uhjdugohvv ri zkhwkhu zh gh�qh wkh mrlqw olnholkrrg ixqfwlrq lq whupv ri wkh vwuxf0
wxudo prgho uhsuhvhqwdwlrq xqghu huuru frqglwlrq +6, dqg pdujlqdol}h zlwk uhvshfw
wr �c��c�2c dqg P ru gh�qh wkh mrlqw olnholkrrg ixqfwlrq lq whupv ri wkh uhvwulfwhg
uhgxfhg irup uhsuhvhqwdwlrq xqghu huuru frqglwlrq +:, dqg pdujlqdol}h zlwk uhvshfw
wr �c��c�2c dqg l1 Wklv fdq eh vhhq e| vlpso| qrwlqj wkdw wkh wudqvirupdwlrq
Eq �c ��c �eSE���

�c �eSE�2�
�c jW

�

�� $ Eq�c ��c �eSE���
�c �eSE�2�

�c /W
�

�� +zkhuh jW dqg /W

khuh ghqrwh E6E6 n ��*2� � � yhfwruv frpsulvlqj/ uhvshfwlyho|/ wkh qrquhgxqgdqw
hohphqwv ri P dqg l, lv rqh0wr0rqh dqg gl�huhqwldeoh dqg kdv d mdfreldq ri rqh1
Zulwlqj wkh prgho lq whupv ri wkh uhvwulfwhg uhgxfhg irup uhsuhvhqwdwlrq lv hvshfldoo|
frqyhqlhqw li zh zlvk lqvwhdg wr ghulyh wkh srvwhulru glvwulexwlrq ri q frqglwlrqdo
rq wkh hohphqwv ri wkh uhgxfhg0irup huuru fryduldqfh pdwul{ l1 Lq sduwlfxodu/ dv zh
vkdoo h{sodlq lq wkh qh{w vhfwlrq ri wkh sdshu/ zh zloo eh lqwhuhvwhg lq rewdlqlqj wkh
srvwhulru ghqvlw| ri q iru dq VHP lq fdqrqlfdo irup/ l1h1 dq VHP dv ghvfulehg deryh/
exw zlwk wkh dgglwlrqdo vshfl�fdwlrq wkdw

l '

�
/�� /�2�
/2� l22

�
'

�
� f
f U?

�
� +44,

Wr frpsohwh wkh vshfl�fdwlrq ri rxu prgho/ zh pdnh wkh iroorzlqj dvvxpswlrqv
rq wkh vdpsoh vhfrqg prphqw pdwul{ ri ~>

A3�~ �~ ' �A : fc ;A +45,

dqg

�A $ � : f @r A $ 4� +46,

Frqglwlrqv +45, dqg +46, duh vwdqgdug lq fodvvlfdo dqdo|vlv ri wkh VHP1 Frqglwlrq
+46, lv qrw qhhghg iru pxfk ri wkh vpdoo vdpsoh dqdo|vlv jlyhq lq wklv sdshu exw lv
qhhghg wr rewdlq wkh Odsodfh dssur{lpdwlrq uhvxow ri Fkdr dqg Skloolsv +4<<:,/ zklfk
zh vkdoo glvfxvv lq Vhfwlrq 7 ehorz1 Dovr/ lq vrph fdvhv/ zh zloo lpsrvh wkh vwurqjhu
frqglwlrq

A3�~ �~ '

�
A3�~ �

�~� A3�~ �
�~2

A3�~ �
2~� A3�~ �

2~2

�
'

�
U&� f
f U&2

�
c ;Ac +47,

dqg zh zloo uhihu wr dq VHPzklfk vdwlv�hv frqglwlrqv +44, dqg +47, dv dq ruwkrqrupdo/
fdqrqlfdo prgho ru wkh vwdqgdugl}hg prgho1 Wkh qdph �vwdqgdugl}hg prgho� frphv
iurp wkh idfw wkdw1 dowkrxjk wkh ruwkrqrupdo fdqrqlfdo prgho fdq eh ylhzhg dv dq
lqwhuhvwlqj vshfldo fdvh ri wkh pruh jhqhudo vlpxowdqhrxv htxdwlrqv prgho zkrvh huuru
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fryduldqfh pdwul{ dqg h{rjhqrxv yduldeohv vdwlvi| wkh ohvv uhvwulfwlyh frqglwlrqv jlyhq
e| +;,/+45,/ dqg 46/ wkhvh prghov w|slfdoo| dulvh dv wkh uhvxow ri dsso|lqj fhuwdlq
vwdqgdugl}lqj wudqvirupdwlrqv wr dq VHP lq jhqhudo irup1 +Vhh Skloolsv +4<;6d, iru
ghwdlov dqg dovr vhh Fkdr dqg Skloolsv +4<<:, iru uhodwhg glvfxvvlrq1, Zh vkdoo kdyh
pruh wr vd| derxw wkh xvhixoqhvv ri ruwkrqrupdo fdqrqlfdo prghov lq �qlwh0vdpsoh
Ed|hvldq dqdo|vlv ri wkh VHP lq wkh qh{w vhfwlrq1

515 Wkh Mh�uh|v Sulru iru VHP
Dv rxu pdlq sxusrvh lq wklv sdshu lv wkh vwxg| ri surshuwlhv ri srvwhulru glv0

wulexwlrqv zklfk dulvh lq d Mh�uh|v0sulru srvwhulru dqdo|vlv ri wkh VHP/ d eulhi glv0
fxvvlrq ri wkh Mh�uh|v sulru lq wkh suhvhqw frqwh{w vhhpv dssursuldwh1 Ohw uEwmf�
eh wkh olnholkrrg ixqfwlrq ri d sdudphwulf vwdwlvwlfdo prgho zklfk lv ixoo| vshfl�hg
h{fhsw iru dq xqnqrzq �qlwh0glphqvlrqdo sdudphwhu yhfwru w 5 X dqg vhw Uww '
�.iEY2*YwYw�� *?EuEwmf��j� Wkhq/ wkh Mh�uh|v sulru ghqvlw| lv jlyhq e| RaEw� 2
mUwwm�*21 Vlqfh wkh Mh�uh|v sulru kdv douhdg| ehhq dqdo|}hg e| pdq| dxwkruv erwk iru
jhqhudo olnholkrrg ixqfwlrqv dqg iru pdq| vshfl�f prghov +vhh/ iru h{dpsoh/ Mh�uh|v
+4<79/ 4<94,/ ]hooqhu +4<:4,/ Ndvv +4<;<,/ Skloolsv +4<<4,/ Nohlehujhq dqg ydq Glmn
+4<<7e,/ dqg Srlulhu +4<<7/ 4<<9,,/ zh zloo qrw ghoyh ghhso| lqwr lwv jhqhudo surshuwlhv
khuh1 Lqvwhdg/ zh irfxv rq rxu dwwhqwlrq rq Mh�uh|v sulru ghqvlwlhv zklfk duh ghulyhg
iurp wkh gl�huhqw uhsuhvhqwdwlrqv ri wkh VHP1 Lq wklv vhwwlqj/ uhvhdufk rq wkh Mhi0
iuh|v sulru kdv lwv ehjlqqlqj lq wkh zrun ri Nohlehujhq dqg ydq Glmn +4<<5,/ zklfk
�uvw ghulyhg wkh ixqfwlrqdo irup ri wkh Mh�uh|v sulru ghqvlw| iru wkh vwuxfwxudo prgho
uhsuhvhqwdwlrq xqghu huuru frqglwlrq +6,1 Vxevhtxhqwo|/ Fkdr dqg Skloolsv +4<<:, gh0
ulyhg wkh ixqfwlrqdo irupv erwk iru wkh uhvwulfwhg uhgxfhg irup uhsuhvhqwdwlrq xqghu
huuru frqglwlrq : dqg iru wkh ruwkrqrupdo fdqrqlfdo prgho1 Wr idflolwdwh h{srvlwlrq/
zh vkdoo uhvwdwh/ zlwkrxw ghulydwlrq/ wkhvh uhvxowv khuh1

+d1, Mh�uh|v Sulru Ghqvlw| iru wkh Vwuxfwxudo Prgho Uhsuhvhqwdwlrq=

RaEqc �c��c�2cP� 2 mj��m �2 E&23?�mPm3 �

2
E&n?n2�m��

2~
�
2'~�~2�2m�2 � +48,

+e1, Mh�uh|v Sulru Ghqvlw| iru wkh Uhvwulfwhg Uhgxfhg Irup Uhsuhvhqwdwlrq=

RaEqc �c��c�2cl� 2 m/�� � 2/�2�q n q�l22qm �2 E&23?�
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2'~�~2�2m �2 � +49,

+f1, Mh�uh|v Sulru Ghqvlw| iru wkh Ruwkrqrupdo Fdqrqlfdo Prgho=

:



RaEqc �c��c�2ml ' U?� 2 m� n q �qm�2 E&23?�m��
2�2m�2 � +4:,

Qrwh wkdw dq lpsruwdqw dqg zhoo0nqrzq surshuw| ri wkh Mh�uh|v sulru ghqvlw|
lq jhqhudo +dqg/ wkxv/ dovr ri wkh vshfldo fdvhv ri wkh Mh�uh|v sulru ghqvlw| jlyhq e|
h{suhvvlrqv +48,0+4:, deryh, lv wkdw lw lv lqyduldqw wr dq| gl�huhqwldeoh 4=4 wudqvirupd0
wlrq ri wkh sdudphwhu vsdfh lq wkh vhqvh wkdw li � ' sEw� lv rqh vxfk wudqvirupdwlrq/
wkhq mUwwm�*2_w ' mU��m�*2_�1 Khqfh/ wkh xvh ri wkh Mh�uh|v sulru jlyhv frqvlvwhqw
srvwhulru lqihuhqfh dfurvv dowhuqdwlyh sdudphwhul}dwlrqv ri d prgho/ dv orqj dv wkhuh
h{lvwv d gl�huhqwldeoh 4=4 pdsslqj ehwzhhq wkh dowhuqdwlyh sdudphwhul}dwlrqv1

Dqrwkhu lpsruwdqw txdolw| ri wkh Mh�uh|v sulru/ zklfk lv sduwlfxodu wr wkh suhvhqw
frqwh{w/ lv wkdw lwv ghqvlw| uh hfwv wkh ghshqghqfh ri wkh lghqwl�fdwlrq ri wkh vwuxf0
wxudo sdudphwhu yhfwruv q dqg � lq htxdwlrq +4, rq wkh udqn frqglwlrq oE�2� ' ? � &2�
Wklv srlqw lv pdgh irufhixoo| e| Srlulhu +4<<9, zkr dujxhv wkdw d vhqvleoh sulru iru
d vlqjoh0htxdwlrq dqdo|vlv ri wkh VHP vkrxog uh hfw wkh ghshqghqfh ri ydolg vwdwlv0
wlfdo lqihuhqfh rq wklv udqn frqglwlrq dqg/ lq idfw/ vkrxog qrw idyru uhjlrqv ri wkh
sdudphwhu vsdfh lq zklfk wkh prgho zrxog eh xqlghqwl�hg1 Kh qrwhv wkdw ehfdxvh
wkh Mh�uh|v sulru lv ghulyhg iurp wkh lqirupdwlrq pdwul{/ lwv ghqvlw| fdswxuhv wklv
ghshqghqfh wkurxjk wkh idfwru m��

2~
�
2'~�~2�2m �2 / zklfk lv vlpso| wkh vtxduh urrw ri

wkh ghwhuplqdqw ri wkh +xqqrupdol}hg, frqfhqwudwlrq sdudphwhu pdwul{1 Zkhq wkh
udqn frqglwlrq idlov/ wklv idfwru htxdov }hur1 Khqfh/ wkh Mh�uh|v sulru sodfhv qr zhljkw
lq wkh uhjlrq ri wkh sdudphwhu vsdfh zkhuh oE�2� 	 ? dqg uhodwlyho| orz zhljkw lq wkh
orfdo qhljkerukrrgv ri wklv uhjlrq zkhuh wkh prgho lv qhduo| xqlghqwl�hg1 Dv revhuyhg
lq Fkdr dqg Skloolsv +4<<:,/ wklv ihdwxuh ri wkh Mh�uh|v sulru khosv wr h{sodlq zk|/ lq
frqwudvw wr wkh iuhtxhqwo|0xvhg gl�xvh sulru zklfk ohdgv wr d qrqlqwhjudeoh srvwhulru
glvwulexwlrq iru q lq wkh mxvw0lghqwl�hg fdvh/ srvwhulru glvwulexwlrqv ri q ghulyhg xqghu
wkh Mh�uh|v sulru duh dozd|v lqwhjudeoh/ uhjdugohvv ri zkhwkhu wkh prgho lv mxvw0 ru
ryhu0lghqwl�hg1

61 SRVWHULRU DQDO\VLV RI WKH RUWKRQRUPDO FDQRQLFDO
PRGHO

Zh vhhn lq wklv vhfwlrq wr ghulyh dq h{dfw h{suhvvlrq iru wkh pdujlqdo srvwhulru
ghqvlw| ri q xqghu wkh Mh�uh|v sulru iru wkh ruwkrqrupdo fdqrqlfdo prgho vdwlvi|lqj
frqglwlrqv +44, dqg +47,1 Dowkrxjk wkh ruwkrqrupdo fdqrqlfdo prgho lv dgplwwhgo|
d kljko| vw|ol}hg prgho/ wkhuh duh dw ohdvw wzr uhdvrqv zk| lw lv zruwk| ri dqdo|vlv1
Iluvw/ vlqfh pxfk ri wkh fodvvlfdo olwhudwxuh rq wkh �qlwh vdpsoh glvwulexwlrqv ri vlqjoh0
htxdwlrq hvwlpdwruv kdv irfxvhg rq wkh ruwkrqrupdo fdqrqlfdo prgho5/ dqdo|vlv ri wklv

5Vhh/ iru h{dpsoh/ Pduldqr +4<;5,/ Skloolsv +4<;6d/ 4<;6e/ 4<;7/4<;8/ 4<;<,/ Kloolhu +4<<3,/ dqg
Fkrl dqg Skloolsv +4<<5,1

;



prgho doorzv xv wr frpsduh Ed|hvldq uhvxowv xqghu wkh Mh�uh|v sulru zlwk uhvxowv iurp
wklv olwhudwxuh1 Vhfrqgo|/ dv glvfxvvhg lq Pduldqr +4<;5, dqg Skloolsv +4<;6d, dqg
eulh | lq wkh suhylrxv vhfwlrq/ wkh ruwkrqrupdo fdqrqlfdo prgho w|slfdoo| dulvhv dv d
uhgxfwlrq iurp dq VHP lq jhqhudo irup +l1h1/ dq VHP zkrvh h{rjhqrxv uhjuhvvruv dqg
uhgxfhg irup huuru fryduldqfh pdwul{ duh qrw uhvwulfwhg wr vdwlvi| frqglwlrqv +44, dqg
+47,, wkurxjk wkh dssolfdwlrq ri fhuwdlq vwdqgdugl}lqj wudqvirupdwlrqv1 Wkhvh wudqv0
irupdwlrqv suhvhuyh wkh nh| ihdwxuhv ri wkh prgho/ doorz iru qrwdwlrqdo vlpsolfdwlrq
dqg pdwkhpdwlfdo wudfwdelolw|/ dqg uhgxfh wkh sdudphwul}dwlrq wr dq hvvhqwldo vhw1
Khqfh/ dv zh zloo dujxh pruh frqfuhwho| lq Uhpdun 615 +yl1, ehorz/ ohvvrqv ohduqhg
iurp dq dqdo|vlv ri wkh ruwkrqrupdo fdqrqlfdo prgho lv xqolnho| wr eh lqirupdwlyh
rqo| derxw wklv prgho exw/ udwkhu/ zloo eh dssolfdeoh wr pruh jhqhudo prgho vhwwlqjv
dv zhoo16

614 WKHRUHP= Frqvlghu wkh ruwkrqrupdo fdqrqlfdo prgho dv ghvfulehg e| h{suhv0
vlrqv + b, dqg +43, xqghu frqglwlrqv +:,/ +44,/ dqg +47,1 Vxssrvh ixuwkhu wkdw wkh
udqn frqglwlrq iru lghqwl�fdwlrq lv vdwlv�hg vr wkdw Udqn E�2� ' ? � &2� Wkhq/ wkh
pdujlqdo srvwhulru ghqvlw| ri q xqghu wkh Mh�uh|v sulru +4:, kdv wkh irup=
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dqg zkhuh �8�E�� lv d pdwul{ dujxphqw frq xhqw k|shujhrphwulf ixqfwlrq1 Pruhryhu/
li wkh prgho lv mxvw0lghqwl�hg/ l1h1/ UdqnE�2� ' ? ' &2/ wkhq h{suhvvlrq +4;, uhgxfhv
wr
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EU? n qeq �27u7�e��
2�c +53,

zkhuh eq27u7 ' E~ �
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6Vhh Edvpdqq +4<96/ 4<:7, iru rwkhu dujxphqwv mxvwli|lqj wkh xvh ri wkh ruwkrqrupdo fdqrqlfdo
prgho lq �qlwh vdpsoh dqdo|vlv1
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dqg e�2 ' ~ �
2t2*A

duh wkh 27u7 hvwlpdwru ri q dqg wkh �u7 hvwlpdwru ri �2/ uhvshfwlyho|/ iru wkh
ruwkrqrupdo fdqrqlfdo prgho lq wkh fdvh ri mxvw lghqwl�fdwlrq1

615 Uhpdun=
+l1, Wkh pdwul{ dujxphqw frq xhqw k|shujhrphwulf ixqfwlrq jlyhq lq h{suhvvlrq

+4;, deryh kdv wkh iroorzlqj lq�qlwh vhulhv uhsuhvhqwdwlrq lq whupv ri }rqdo sro|qr0
pldov
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+fi1 Frqvwdqwlqh/ 4<96,1 Lq +54,/ a lqglfdwhv d sduwlwlrq ri wkh lqwhjhu � lqwr qrw pruh
wkdq ? sduwv/ zkhuh d sduwlwlrq a ri zhljkw o lv gh�qhg dv d vhw ri o srvlwlyh lqwhjhuv
i��c ����c �oj vxfk wkdw
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+ll1, Wr dqdo|}h wkh wdlo ehkdylru ri wkh srvwhulru ghqvlw| +4;,/ zh dgrsw dq
dssurdfk lqwurgxfhg e| Skloolsv +4<<7, wr h{dplqh wkh wdlo vkdsh ri wkh vdpsolqj
glvwulexwlrq ri wkh pd{lpxp olnholkrrg hvwlpdwru ri frlqwhjudwlqj frh!flhqwv lq dq
huuru0fruuhfwlrq prgho1 Wr surfhhg/ zh zulwh q ' Kqf/ zkhuh K lv d srvlwlyh vfdodu
dqg qf 9' f lv d �{hg yhfwru jlylqj/ uhvshfwlyho|/ wkh vfdoh dqg wkh gluhfwlrq ri wkh
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yhfwru q1 Wkh lghd lv wr uhgxfh wkh glphqvlrq ri wkh sureohp e| irfxvlqj wkh dqdo|vlv
rq xql0glphqvlrqdo �volfhv� ri wkh pxowl0glphqvlrqdo srvwhulru glvwulexwlrq1 Wklv fdq
eh dffrpsolvkhg e| orrnlqj dw wkh olplwlqj ehkdylru ri wkh ghqvlw| +4;, dorqj dq
duelwudu| ud| q ' Kqf dv K $ 41 Wklv olplwlqj ehkdylru lv fkdudfwhul}hg e| wkh
fruroodu| ehorz1

616 Fruroodu|= Frqvlghu wkh pdujlqdo srvwhulru ghqvlw| ri q jlyhq e| h{suhvvlrq
+4;, ri Wkhruhp 6141 Ohw q dssurdfkhv wkh olplwv ri lwv grpdlq ri gh�qlwlrq dorqj wkh
ud| q ' Kqf iru vrph �{hg yhfwru qf 9' f dqg vrph vfdodu K zklfk whqgv wr lq�qlw|1
Wkhq/
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4D c +5:,

zkhuh -2 lv d ?� E?� �� pdwul{ vxfk wkdw q�f-2 ' f dqg -�
2-2 ' U?3�1

Qrwh iurp +57, wkdw dorqj wkh ud| q ' Kqf dv K $ 4/ wkh wdlo ehkdylru ri wkh srvwhulru
ghqvlw| ri q xqghu wkh Mh�uh|v sulru lv ghwhuplqhg e| wkh idfwru m� n K2q �fqfm3

�

2
E?n��

zklfk lv sursruwlrqdo wr wkh ghqvlw| ri d pxowlyduldwh Fdxfk| glvwulexwlrq1 Lw iroorzv
wkdw wkh pdujlqdo srvwhulru ri q xqghu wkh Mh�uh|v sulru lv lqwhjudeoh exw kdv qr
�qlwh devroxwh prphqw ri srvlwlyh lqwhjhu rughu1 Wklv uhvxow h{whqgv wkdw ri Fkdr
dqg Skloolsv +4<<:, zklfk vkrzv iru wkh fdvh ri rqo| rqh lqfoxghg hqgrjhqrxv yduldeoh
wkdw wkh Mh�uh|v0sulru srvwhulru ghqvlw| ri q kdv +xqlyduldwh, Fdxfk|0olnh wdlov ri rughu
�Emqm32� dv mqm $ 417 Pruhryhu/ dv lq wkh xqlyduldwh fdvh/ wkh uhvxow khuh uhyhdov d
fruuhvsrqghqfh ehwzhhq fodvvlfdo POH uhvxowv dqg Ed|hvldq uhvxowv xqghu wkh Mh�uh|v
sulru lq wkh vhqvh wkdw wkh �qlwh vdpsoh glvwulexwlrq ri wkh OLPO hvwlpdwru kdv dovr
ehhq vkrzq e| Skloolsv +4<;3/ 4<;7/ 4<;8, wr h{klelw Fdxfk|0olnh wdlo ehkdylru1 +Vhh
Skloolsv +4<;8,/ lq sduwlfxodu/ iru d glvfxvvlrq ri wkh qrqh{lvwhqfh ri srvlwlyh lqwhjhu
prphqwv iru wkh vpdoo vdpsoh glvwulexwlrq ri wkh OLPO hvwlpdwru1,

7Vhh Vhfwlrq 7 ri Fkdr dqg Skloolsv +4<<:,1
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Wkh fkdudfwhul}dwlrq ri wdlo ehkdylru jlyhq lq Fruroodu| 616 fdq dovr eh frqwudvwhg
zlwk Ed|hvldq uhvxowv rewdlqhg xqghu wkh gl�xvh sulru1 Guh}h +4<:9, dqg Nohlehujhq
dqg ydq Glmn +4<<:, kdyh vkrzq wkdw d gl�xvh0sulru dqdo|vlv ri wkh vdph VHP ohdgv
wr d srvwhulru ghqvlw| iru q zklfk lv qrqlqwhjudeoh lq wkh fdvh ri mxvw lghqwl�fdwlrq exw
kdv prphqwv zklfk h{lvw xs wr +exw qrw lqfoxglqj, wkh ghjuhh ri ryhulghqwl�fdwlrq
iru dq ryhulghqwl�hg prgho1 Khqfh/ zlwk uhvshfw wr wdlo ehkdylru/ lw dsshduv wkdw wkh
wudghr� ehwzhhq xvlqj wkh Mh�uh|v sulru yhuvxv d gl�xvh sulru olhv lq wkh idfw wkdw
wkh gl�xvh0sulru srvwhulru glvwulexwlrq zloo kdyh wklqqhu wdlov iru dq ryhulghqwl�hg
prgho exw wkh Mh�uh|v0sulru srvwhulru glvwulexwlrq zloo dozd|v eh surshu + lq wkh
vhqvh ri ehlqj lqwhjudeoh, dqg lv/ wkxv/ ohvv vxvfhswleoh wr qhdu lghqwl�fdwlrq idloxuh1
Vhh Uhpdun 717 +lll1, ri Fkdr dqg Skloolsv +4<<:, iru pruh glvfxvvlrq ri wklv srlqw1

+lll, Dv lq wkh fdvh zlwk rqo| rqh lqfoxghg hqgrjhqrxv yduldeoh dqdo|}hg lq Fkdr
dqg Skloolsv +4<<:,/ d vwurqjhu fruuhvsrqghqfh ehwzhhq Mh�uh|v0sulru srvwhulru uhvxowv
dqg fodvvlfdo OLPO25VOV uhvxowv fdq eh hvwdeolvkhg lq wkh fdvh ri mxvw lghqwl�fdwlrq1
Frpsdulqj h{suhvvlrq +53, wr h{suhvvlrq +47, ri Skloolsv +4<;3,/ zklfk jlyhv wkh
ghqvlw| ri wkh �qlwh vdpsoh glvwulexwlrq ri wkh OLPO25VOV hvwlpdwru iru wkh mxvw0
lghqwl�hg fdvh/ zh vhh wkdw xs wr d frqvwdqw ri sursruwlrqdolw| wkh wzr h{suhvvlrqv
kdyh wkh vdph ixqfwlrqdo irup1 Ri frxuvh/ wkh lqwhusuhwdwlrqv ri wkh ghqvlwlhv jlyhq
lq wkh wzr fdvhv duh gl�huhqw1 H{suhvvlrq +53, khuh ghqrwhv wkh ghqvlw| ixqfwlrq ri
wkh udqgrp sdudphwhu yhfwru q frqglwlrqdo rq wkh gdwd/ zkloh wkh uhvxow ri Skloolsv
+4<;3, jlyhv wkh suredelolw| ghqvlw| ri wkh OLPO25VOV hvwlpdwru frqglwlrqdo rq d
sduwlfxodu ydoxh ri wkh sdudphwhu yhfwru1

+ly, D gudzedfn ri wkh h{dfw irupxod +4;,/ zlwk lwv pdwul{ dujxphqw k|shujhr0
phwulf ixqfwlrq kdylqj wkh lq�qlwh vhulhv uhsuhvhqwdwlrq jlyhq e| +54,/ lv wkdw/ lq wklv
irup/ wkh srvwhulru ghqvlw| ri q grhv qrw hdvlo| ohqg lwvhoi iru qxphulfdo fdofxodwlrqv/
hvshfldoo| lq wkh fdvh zkhuh wkh qxpehu ri hqgrjhqrxv yduldeohv ? lv juhdwhu wkdq
wzr1 Rqh gl!fxow| dulvhv ehfdxvh qr jhqhudo irupxod lv nqrzq iru wkh }rqdo sro|0
qrpldov lq h{suhvvlrq +54, lq wkh fdvh zkhuh ? : 2/ vr qxphulfdo fdofxodwlrqv ri wkh
frh!flhqwv lq wkh }rqdo sro|qrpldov wkhpvhoyhv duh dovr qhhghg18 D ixuwkhu sureohp
vwhpv iurp wkh vorz frqyhujhqfh ri wkh vhulhv lqyroyhg/ sduwlfxoduo| li wkh odwhvw urrwv
ri wkh pdwul{ dujxphqw ri wkh k|shujhrphwulf ixqfwlrq duh odujh1 Wkxv/ rqh riwhq kdv
wkh zrun ghhso| lqwr wkh kljkhu whupv ri wkh vhulhv lq rughu wr dfklhyh frqyhujhqfh19

Iruwxqdwho|/ wkhvh sureohpv rqo| pdnhv qxphulfdo frpsxwdwlrq pruh gl!fxow exw

8Pruh suhflvho|/ jhqhudo irupxodv iru wkh }rqdo sro|qrpldov duh nqrzq rqo| iru wkh fdvh q @ 5 ru
zkhq wkh sduwlwlrq ri m kdv rqo| rqh sduw/ M @ +m,1 Krzhyhu/ hyhq iru q A 5> nqrzlqj wkh irupxod
iru wkh fdvh zkhuh wkh sduwlwlrq ri m kdv rqo| rqh sduw lv qrw sduwlfxoduo| xvhixo vlqfh wkh }rqdo
sro|qrpldov lq h{suhvvlrq +54, kdv/ lq jhqhudo/ pruh wkdq rqh sduw1

9Lw vkrxog eh qrwhg wkdw gluhfw qxphulfdo hydoxdwlrq ri wkh Mh�uh|v0sulru srvwhulru ghqvlw| lv
dfwxdoo| pxfk hdvlhu wkdq wkh qxphulfdo hydoxdwlrq ri wkh h{dfw ghqvlwlhv ri wkh LY dqg OLPO
hvwlpdwruv1 Wklv lv ehfdxvh wkh h{dfw uhsuhvhqwdwlrq ri wkh Mh�uh|v0sulru srvwhulru ghqvlw| dv vhhq
iurp h{suhvvlrq +54, lqyroyhv rqo| d vlqjoh vhulhv ri }rqdo sro|qrpldov zkhuhdv wkh h{dfw ghqvlwlhv
ri wkh LY dqg OLPO hvwlpdwruv lqyroyh d grxeoh dqg d wulsoh lq�qlwh vhulhv ri }rqdo sro|qrpldov/
uhvshfwlyho|1
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qrw lpsrvvleoh1 Jhqhudo dojrulwkpv iru wkh qxphulfdo hydoxdwlrq ri wkh }rqdo sro|0
qrpldo frh!flhqwv duh dydlodeoh +vhh Mdphv +4<9;,/ PfOduhq +4<:9,/ dqg Pxlukhdg
+4<;5,,/ dqg d frpsxwhu surjudp iru lpsohphqwlqj wkh dojrulwkp ri Mdphv +4<9;, kdv
ehhq ghyhorshg dqg pdgh dydlodeoh e| Qdjho +4<;4,1 Lq dgglwlrq/ d yldeoh dowhuqd0
wlyh/ li rqh fkrrvhv wr dyrlg zrunlqj zlwk wkh lq�qlwh vhulhv uhsuhvhqwdwlrq dowrjhwkhu/
lv wr edvh srvwhulru fdofxodwlrqv rq dq dv|pswrwlf dssur{lpdwlrq rewdlqhg yld wkh
Odsodfh*v phwkrg1 Vhh Fkdr dqg Skloolsv +4<<:, iru d sduwlfxodu Odsodfh dssur{l0
pdwlrq ri wkh Mh�uh|v sulru srvwhulru ghqvlw| ri q/ zklfk fdq eh hdvlo| lpsohphqwhg
zlwk mxvw d ihz olqhv ri frgh rq d shuvrqdo frpsxwhu1

D ihz zrugv ri fdxwlrq pxvw eh dgghg zlwk uhvshfw wr wkh dssolfdwlrq ri wkh
Odsodfh*v phwkrg wr wklv sureohp1 Lq wkh frqwh{w ri fodvvlfdo �qlwh vdpsoh dqdo|0
vlv/ Vdujdq +4<::, dqg Skloolsv +4<;3, kdyh dssolhg wkh Odsodfh dssur{lpdwlrq wr
wkh frq xhqw k|shujhrphwulf ixqfwlrq wr rewdlq d pruh zrundeoh h{suhvvlrq iru wkh
ghqvlw| ixqfwlrq +lq wkhlu fdvh/ wkh ghqvlw| ixqfwlrq iru wkh vdpsolqj glvwulexwlrq ri
wkh LY hvwlpdwru,1 Dowkrxjk lw pd| dsshdu wkdw wkh vdph vwudwhj| fdq eh xvhg wr
vlpsoli| wkh srvwhulru ghqvlw| +4;,/ lw wxuqv rxw wkdw iru wkh Ed|hvldq fdvh frqvlghuhg
khuh/ wklv dssurdfk grhv qrw ohdg wr dq dv|pswrwlfdoo|0ydolg dssur{lpdwlrq ri wkh �8�

ixqfwlrq iru doo sdudphwhu ydoxhv q 5 -?� Vlqfh wkh hvvhqwldo fkdudfwhu ri wkh sureohp
lv xqfkdqjhg uhjdugohvv ri zkhwkhu zh fkrrvh wr frqvlghu wkh vshfldo fdvh zkhuh ? ' �
ru wkh pruh jhqhudo fdvh zkhuh ? lv ohiw duelwudu|> iru fodulw| ri h{srvlwlrq/ zh vkdoo
irfxv rqo| rq wkh fdvh zlwk rqh lqfoxghg hqgrjhqrxv yduldeoh/ l1h1/ wkh ? ' � fdvh1 Lq
wklv fdvh/ wkh �8� ixqfwlrq lq h{suhvvlrq +54, uhgxfhv wr
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Wkh dssur{lpdwlrq ri Vdujdq +4<::, dqg Skloolsv +4<;3, lv edvhg rq wdnlqj wkh �uvw
ihz whupv ri dq dv|pswrwlf h{sdqvlrq ri wkh frq xhqw k|shujhrphwulf ixqfwlrq1 Vsh0
fldol}hg wr wkh fdvh ? ' �/ wklv dv|pswrwlf h{sdqvlrq fdq eh ghvfulehg dv iroorzv= iru
% : f dqg @c K : f/ wkhq dv % $ 4
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+Vhh Ohehghy +4<:5,/ Vdzd +4<:5,/ dqg Frqvwdqwlqh dqg Pdlukhdg +4<:9, iru ghwdlov,1
Dsso|lqj +63, wr rxu sureohp/ zh vhh wkdw iru q 5 - vxfk wkdw [A Eq� : f dqg
[A Eq� $ 4 dv A $ 4/ zh kdyh wkh h{sdqvlrq
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Wkh dssur{lpdwh irupxod +64, fdq vhhpo| eh xvhg wr vlpsoli| wkh srvwhulru ghqvlw|
+4;, h{fhsw wkdw lw lv qrw wuxh lq rxu fdvh wkdw [A Eq� $ 4 dv A $ 4 iru doo q 5 -�
Wr vhh wklv/ frqvlghu qW ' ��*qf zkhuh qf lv wkh wuxh ydoxh ri q> wkhq zlwk vrph
vwudljkwiruzdug dojheud/ zh fdq vkrz xqghu frqglwlrqv +:,/ +44,/ dqg +47, wkdw
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zkhuh �2E&2� ghqrwhv d fkl0vtxduh udqgrp yduldeoh zlwk &2 ghjuhhv ri iuhhgrp1 Lw
iroorzv wkdw

[A Eq
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2
�2E&2� � �RE�� dv A $ 4 +66,

vr [A Eq
W� grhv qrw glyhujh dv A $ 4/ dqg h{suhvvlrq +64, grhv qrw ohdg wr dq

dv|pswrwlfdoo|0ydolg dssur{lpdwlrq iru wkh �8� ixqfwlrq iru q ' qW�
Wkh sureohp lv lq vrph vhqvh pruh vhyhuh iru wkh fdvh ri mxvw lghqwl�fdwlrq1 Xqghu

mxvw lghqwl�fdwlrq h{suhvvlrq +64, uhgxfhv wr
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wkh ohiw0kdqg vlgh ri zklfk dsshduv lq wkh qxphudwru ri [A Eq�1 Qrwh wkdw lq wkh fdvh
ri mxvw lghqwl�fdwlrq/ wklv txdgudwlf htxdwlrq kdv wkh uhdo vroxwlrq
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vr wkdw [A Eq
W� ' f� : Khqfh/ xqghu mxvw lghqwl�fdwlrq/ qrw rqo| lv wkh dssur{lpdwlrq

+67, dv|pswrwlfdoo| lqydolg iru q ' qW( exw/ iru hyhu| �qlwh vdpsoh ri vl}h A / lwv xvh
uhvxowv lq d ghjhqhudf| lq wkh vhqvh wkdw wkh ydoxh ri wkh ixqfwlrq jlyhq e| wkh uljkw0
kdqg vlgh ri +67, glsv wr }hur dv q $ qWA �

; Wkh fdxvh ri wkh odwwhu skhqrphqrq lv/ ri
frxuvh/ gxh wr wkh idfw wkdw wkh vhtxhqfh iqWAj lv rqh zklfk frqyhujhv lq suredelolw|
wr qW dv A $ 4�

Lw vkrxog eh qrwhg wkdw wkh Odsodfh dssur{lpdwlrq jlyhq lq Vhfwlrq 8 ri Fkdr dqg
Skloolsv +4<<:, grhv qrw vx�hu iurp wkh vlqjxodulw| sureohp ghvfulehg deryh dqg lv/
wkxv/ wkh uhfrpphqghg surfhgxuh li rqh fkrrvhv wr xvh dv|pswrwlf dssur{lpdwlrq1
Wklv lv ehfdxvh wkhuh wkh Odsodfh*v phwkrg lv dssolhg e| gluhfwo| h{sdqglqj wkh mrlqw
srvwhulru glvwulexwlrq +dv rssrvhg wr ehlqj dssolhg wr wkh frq xhqw k|shujhrphwulf
ixqfwlrq dv wkh fdvh glvfxvvhg deryh,1 Zh vkdoo lq wkh qh{w vhfwlrq ri wklv sdshu jlyh
vrph vlpxodwlrq uhvxowv zklfk vxjjhvw wkdw wkh dssur{lpdwlrq sursrvhg e| Fkdr dqg
Skloolsv +4<<:, dfwxdoo| shuirupv uhdvrqdeo| zhoo1

+y, Iljxuhv 407 ghslfw judskv frpsdulqj wkh h{dfw srvwhulru ghqvlw| ri q xqghu
wkh Mh�uh|v sulru zlwk wkdw xqghu wkh xqlirup +ru gl�xvh, sulru iru wkh fdvh ? ' �1
Wkh gdwd jhqhudwlqj surfhvvhv xvhg wr jhqhudwh wkh judskv duh ruwkrqrupdo/ fdqrqlfdo
prghov zlwk q ' �Sc 2( u ' fc b( A ' Df( >2 ' A��

2�2 ' efc dqg &� ' f +l1h1/ wkhuh
duh qr lqfoxghg h{rjhqrxv yduldeoh lq wkh vwuxfwxudo htxdwlrq 4,1 Vlqfh wkh srvwhulru
ghqvlw| lv hvvhqwldoo| d frqglwlrqdo ghqvlw| jlyhq wkh gdwd/ lw vkrxog eh qrwhg wkdw wkh
h{dfw rxworrn ri d srvwhulru ghqvlw| zloo ydu| ghshqglqj rq wkh sduwlfxodu gdwd vdpsoh
wkdw lv gudzq1 Krzhyhu/ iurp d odujh qxpehu ri vlpxodwlrqv/ txdolwdwlyh uhjxodulwlhv
ri wkh srvwhulru glvwulexwlrq xqghu wkh Mh�uh|v dqg wkh xqlirup sulru vshfl�fdwlrqv
gr hphujh/ dqg zh kdyh wulhg wr suhvhqw judskv zklfk looxvwudwh wkhvh uhjxodulwlhv1

Dprqj wkh uhjxodu ihdwxuhv zklfk dsshdu lq Iljxuhv 407 duh wkdw erwk wkh Mh�uh|v0
sulru srvwhulru ghqvlw| dqg wkh xqlirup0sulru srvwhulru ghqvlw| duh xqlprgdo dqg erwk
duh dv|pphwulf derxw wkhlu prgh1 Lqghhg/ erwk whqg wr eh uljkwzdugo| vnhzhg uhodwlyh
wr wkhlu prgh1 Dqrwkhu lqwhuhvwlqj ihdwxuh lv wkdw lq wkh fdvh ri ryhulghqwl�fdwlrq/
wkh prgh ri wkh srvwhulru ghqvlw| ri q edvhg rq wkh Mh�uh|v sulru dsshdu wr eh
pruh fhqwudoo| orfdwhg uhodwlyh wr wkh wuxh ydoxh ri q/ wkdq wkh prgh ri wkh srvwhulru
ghqvlw| edvhg rq wkh xqlirup sulru> wkdw lv/ lq d vdpsolqj wkhruhwlf vhqvh/ wkh xvh ri
wkh srvwhulru prgh xqghu wkh Mh�uh|v sulru dsshduv wr jlyh d ohvv eldvhg hvwlpdwru ri
q wkdq wkh srvwhulru prgh xqghu wkh xqlirup sulru1< Wklv fdq eh revhuyhg lq Iljxuhv

:Lw fdq eh vkrzq wkdw iru d �qlwh vdpsoh vl}h W dqg zlwk ryhulghqwl�fdwlrq/ wkh txdgudwlf htxdwlrq
+68, grhv qrw kdyh d uhdo vroxwlrq h{fhsw rq d vhw zlwk phdvxuh }hur1

;Lw vkrxog eh srlqwhg rxw wkdw/ lq sudfwlfh/ ��
W
lv xvxdoo| orfdwhg idu hqrxjk lq wkh wdlov wkdw wklv

ghjhqhudf| lv qrw ylvxdoo| qrwlfdeoh zkhq wkh dssur{lpdwlrq +67, lv judskhg1 D surjudpplqj huuru/
rq wkh rwkhu kdqg/ zdv wkh fxosulw lq surgxflqj wkh judskv suhvhqwhg dw wkh Ghfhpehu/ 4<<: HF5

frqihuhqfh lq Dpvwhugdp/ zklfk vkrzhg wkh ghjhqhudf| wr eh orfdwhg surplqhqwo| lq wkh erg| ri
wkh glvwulexwlrq1 Iruwxqdwho| iru xv/ wkh frpsxwhu huuru jurvvo| h{djjhudwhg wkh ylvxdo h�hfw ri wkh
ghjhqhudf|> iru/ rwkhuzlvh/ lw pd| kdyh jrqh xqghwhfwhg1

<Wklv revhuydwlrq zdv dfwxdoo| pdgh diwhu revhuylqj forvh wr 433 vlpxodwlrqv1 Zh eholhyh wklv
srlqw ghvhuyhv ixuwkhu lqyhvwljdwlrq dqg txdqwl�fdwlrq/ zklfk zloo eh sxuvxhg lq ixwxuh uhvhdufk1
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6 dqg 7 zkhuh wkh prgh ri wkh Mh�uh|v0sulru srvwhulru glvwulexwlrq lv fohduo| forvhu wr
wkh wuxh ydoxh ri q +19 dqg 5/ uhvshfwlyho|/ lq Iljxuh 6 dqg Iljxuh 7, wkdq wkdw ri wkh
xqlirup0sulru srvwhulru glvwulexwlrq1 Rq wkh rwkhu kdqg/ Iljxuhv 4 dqg 5 vkrz wkdw
wkh srvwhulru prgh xqghu wkh Mh�uh|v0sulru lv qrw vljql�fdqwo| ehwwhu orfdwhg wkdq
wkh xqlirup0sulru srvwhulru prgh lq wkh fdvh ri mxvw lghqwl�fdwlrq1

+yl, Lw vkrxog eh qrwhg wkdw wkh dvvxpswlrq ri ruwkrqrupdol}hg h{rjhqrxv uhjuhv0
vruv lv qrw dw doo fulwlfdo wr rxu delolw| wr rewdlq dq h{dfw h{suhvvlrq iru wkh pdujlqdo
srvwhulru ghqvlw| ri q xqghu wkh Mh�uh|v sulru1 Rq wkh rwkhu kdqg/ rxu phwkrg ri
ghulydwlrq grhv ghshqg rq wkh dvvxpswlrq ri d nqrzq uhgxfhg0irup fryduldqfh pdwul{
l/ ri zklfk wkh fdqrqlfdo fryduldqfh vwuxfwxuh l ' U? lv reylrxvo| d vshfldo fdvh1 Lq
wkh fdvh zkhuh qhlwkhu wkh vdpsoh prphqw pdwul{ ~ �~*A qru wkh uhgxfhg irup huuru
fryduldqfh pdwul{ l lv dvvxphg wr eh dq lghqwlw| pdwul{/ zh fdq qhyhuwkhohvv rewdlq
dq h{dfw irupxod iru wkh frqglwlrqdo srvwhulru ghqvlw| ri q jlyhq l/ zklfk dqdorjrxv
wr h{suhvvlrq +4;, deryh kdv wkh irup
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zkhuh tc��c dqg �8�E�� duh dv gh�qhg lq Wkhruhp 614 deryh1 Wkh srvwhulru ghqvlw|
+4;,/ ghulyhg xqghu wkh dvvxpswlrq ri dq ruwkrqrupdo fdqrqlfdo prgho/ fdq/ lq idfw/
eh ylhzhg dv d vshfldo fdvh ri wklv pruh jhqhudo frqglwlrqdo srvwhulru ghqvlw|1

Pruhryhu/ gh�qh e/��/ e/2�/ dqg el22 wr eh wkh fruuhvsrqglqj frpsrqhqwv ri el '
t �'~t*EA � &�/ dqg rqh fdq vkrz/ iru wkh pruh jhqhudo fdvh zkhuh frqglwlrqv +44,
dqg +47, duh qrw dvvxphg/ wkdw wkh dv|pswrwlf irupxod
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dfwxdoo| ohdgv wr d jrrg dssur{lpdwlrq iru wkh Mh�uh|v0sulru srvwhulru ghqvlw| ri
q hyhq dw prghudwh vdpsoh vl}h43 Vlplodulwlhv lq vwuxfwxuh ehwzhhq h{suhvvlrq +6;,

43Surri wkdw h{suhvvlrq +6;, lv lqghhg dq dv|pswrwlfdoo|0ydolg dssur{lpdwlrq iru wkh pdujlqdo
srvwhulru ghqvlw| ri � xqghu wkh Mh�uh|v sulru lv dydlodeoh iurp wkh dxwkruv xsrq uhtxhvw1 Zh kdyh
qrw suhvhqwhg irupdo dujxphqwv mxvwli|lqj +6;, lq wklv sdshu ehfdxvh jlyhq wkdw lw lv lq wkh irup ri
dq lq�qlwh vhulhv lq }rqdo sro|qrpldov/ zh gr qrw uhfrpphqg lw dv wkh dssur{lpdwlrq irupxod wr
eh xvhg iru dfwxdo qxphulfdo frpsxwdwlrq1 Udwkhu/ iru qxphulfdo lpsohphqwdwlrq/ zh uhfrpphqg
wkh dssur{lpdwlrq wkdw zdv ghulyhg lq Vhfwlrq 8 ri Fkdr dqg Skloolsv +4<<:, zklfk lv lq d pruh
xvhu0iulhqgo| irup1 Lq whupv ri shuirupdqfh/ krzhyhu/ rxu vlpxodwlrqv kdyh vkrzq erwk irupxodv wr
jlyh jrrg dssur{lpdwlrq iru wkh srvwhulru ghqvlw| ri �/ zlwk qhlwkhu ehlqj vljql�fdqwo| ehwwhu wkdq
wkh rwkhu1 Uhvxowv ri wkh vlpxodwlrq iru wkh dssur{lpdwlrq ri Fkdr dqg Skloolsv +4<<:, duh uhsruwhg
lq Vhfwlrq 71
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dqg wkh h{dfw irupxod +4;, vxjjhvwv wkdw vwxg|lqj wkh ruwkrqrupdo fdqrqlfdo prgho
pd| eh txlwh lqirupdwlyh derxw surshuwlhv ri wkh Mh�uh|v0sulru srvwhulru glvwulexwlrq
ri q hyhq lq wkh pruh olnho| fdvhv zkhuh wkh dvvxpswlrqv ri d fdqrqlfdo fryduldqfh
vwuxfwxuh dqg ri wkh ruwkrqrupdolw| ri h{rjhqrxv uhjuhvvruv duh ylrodwhg1

Wkxv/ zkloh zh gr qrw h{shfw wkh ghqvlw| ixqfwlrq ghvfulehg e| +4;, wr jlyh d
pdwkhpdwlfdoo| fruuhfw uhsuhvhqwdwlrq ri wkh srvwhulru ghqvlw| ri q lq wkh qrqfdqrq0
lfdo fdvh/ zh gr dqwlflsdwh wkh pdlq txdolwdwlyh ihdwxuhv ri +4;, +vxfk dv wkh qrqh{0
lvwhqfh ri prphqwv ri srvlwlyh lqwhjhu rughu/ wkh xqlprgdolw|/ dqg wkh dv|pphwu|
zlwk uhvshfw wr wkh srvwhulru prgh, wr fduu| ryhu wr wkh qrqfdqrqlfdo fdvh dv zhoo1
Lq sduwlfxodu/ zlwk uhvshfw wr wkh qrqh{lvwhqfh ri prphqwv ri srvlwlyh lqwhjhu rughu/
zh zloo vkrz irupdoo| lq wkh qh{w vhfwlrq wkdw wklv surshuw| ri wkh Mh�uh|v0sulru srv0
whulru glvwulexwlrq grhv lqghhg h{whqg wr wkh pruh jhqhudo fdvh zlwk qrqruwkrqrupdo
h{rjhqrxv uhjuhvvruv dqg duelwudu| uhgxfhg irup huuru fryduldqfh pdwul{ l1

71 SRVWHULRU DQDO\VLV LQ WKH JHQHUDO FDVH

714 Wdlo Ehkdylru ri wkh Srvwhulru Glvwulexwlrq lq wkh Jhqhudo Fdvh
Lq wkh pruh jhqhudo fdvh zkhuh wkh uhgxfhg irup huuru fryduldqfh pdwul{ l lv dq

duelwudu| srvlwlyh gh�qlwh pdwul{/ wkh h{dfw srvwhulru ghqvlw| ri q xqghu wkh Mh�uh|v
sulru fdqqrw eh uhdglo| rewdlqhg1 Zh fdq/ krzhyhu/ vd| vrphwklqj irupdoo| derxw
wkh wdlo ehkdylru ri wklv srvwhulru glvwulexwlrq1 Wkh pdlq uhvxow lv vxppdul}hg lq wkh
iroorzlqj wkhruhp1

715 WKHRUHP Frqvlghu wkh prgho ghvfulehg e| htxdwlrqv +<, dqg +43, xqghu huuru
frqglwlrq +:, +ru/ dowhuqdwlyho|/ wkh prgho ghvfulehg e| htxdwlrqv +4, dqg +5, xqghu
huuru frqglwlrqv +6,1 Vxssrvh wkdw wkh prgho lv lghqwl�hg vr wkdw Udqn E�2� ' ? � &21
Wkhq/ wkh pdujlqdo srvwhulru ghqvlw| xqghu wkh Mh�uh|v sulru +49, +ru/ dowhuqdwlyho|/
wkh Mh�uh|v sulru +49,, lv lqwhjudeoh exw kdv qr �qlwh devroxwh prphqwv ri srvlwlyh
lqwhjhu rughu1

Vlqfh wkh qrqh{lvwhqfh ri devroxwh prphqwv ri srvlwlyh lqwhjhu rughu dovr fkdudfwhul}hv
wkh Mh�uh|v0sulru srvwhulru ghqvlw| ri q ghulyhg lq Vhfwlrq 6 iru wkh ruwkrqrupdo
fdqrqlfdo prgho/ zh vhh wkdw wkh dvvxpswlrq ri d pruh jhqhudo fryduldqfh vwuxfwxuh
grhv qrw dowhu wkh wdlo ehkdylru ri wklv srvwhulru glvwulexwlrq1 Pruhryhu/ Wkhruhp 715
whoov xv wkdw/ hyhq lq wkh ryhulghqwl�hg qrqfdqrqlfdo fdvh/ wkh srvwhulru ghqvlw| ri q
xqghu wkh Mh�uh|v sulru h{klelwv wkh vdph Fdxfk|0olnh wdlo vkdsh dv wkh �qlwh vdpsoh
glvwulexwlrq ri wkh fodvvlfdo OLPO hvwlpdwru1 +Vhh Skloolsv +4<;8, iru d glvfxvvlrq ri
wkh qrqh{lvwhqfh ri srvlwlyh lqwhjhu prphqwv iru wkh �qlwh vdpsoh glvwulexwlrq ri wkh
OLPO hvwlpdwru1,
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716 Glvfxvvlrq ri wkh Dv|pswrwlf Dssur{lpdwlrq dqg Vrph Qxphulfdo
Hydoxdwlrqv1

Zkloh wkh h{dfw ghqvlw| fdqqrw eh uhdglo| h{wudfwhg lq wkh jhqhudo fdvh/ dv|pswrwlfdoo|0
ydolg dqdo|wlfdo h{suhvvlrqv iru wkh Mh�uh|v0sulru srvwhulru ghqvlw| ri q fdq eh re0
wdlqhg iru wklv fdvh yld Odsodfh*v phwkrg iru dssur{lpdwlqj pxowlsoh lqwhjudov1 Lq
Fkdr dqg Skloolsv +4<<:,/ wkh Odsodfh*v phwkrg zdv dssolhg e| h{sdqglqj wkh mrlqw
srvwhulru ghqvlw| dv d vhfrqg rughu Wd|oru vhulhv/ zklfk wkhq doorzv lqwhjudwlrq ri wkh
qxlvdqfh sdudphwhuv dv dssur{lpdwho| qrupdoo| glvwulexwhg hohphqwv1 +Vhh Vhfwlrq 8
ri Fkdr dqg Skloolsv +4<<:, iru ghwdlov1 ,1 Wkh uhvxowlqj dssur{lpdwlrq kdv wkh irup
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dqg eq27u7 ' Et
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Khuh/ zh hydoxdwh wkh dffxudf| ri wkh Odsodfh dssur{lpdwlrq jlyhq lq h{suhvvlrq

+6<, wkurxjk d vpdoo Prqwh Fduor h{shulphqw1 Wkh gdwd jhqhudwlqj surfhvvhv zh xvh
duh wzr0htxdwlrq ruwkrqrupdo fdqrqlfdo prghov ri wkh irup

+� ' ~2�2q n ��c +75,

+2 ' ~2�2 n �2c +76,

zkhuh �
��|
�2|

�
� ����_� �Efc U2�� +77,
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dqg zkhuh ��| dqg �2| ghqrwh wkh w0wk hohphqw ri ��| dqg �2|/ uhvshfwlyho|1 Zh vhw
A ' Df dqg >2 ' A��

2�2 ' ef dqg ydu| q dqg u�
Wr dvvhvv wkh dffxudf| ri wkh dssur{lpdwlrq/ zh fdofxodwh wkh dyhudjh pd{lpxp

devroxwh huuru +DPDH, gh�qh dv

DPDH '
�

�

�[
�'�

t�T
q

m e8 Eq�� 8 Eq�mc +78,

zkhuh 8 Eq� ghqrwhv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri wkh h{dfw srvwhulru glv0
wulexwlrq ri q xqghu wkh Mh�uh|v sulru/ e8 Eq� ghqrwhv wkh fxpxodwlyh glvwulexwlrq
ixqfwlrq fdofxodwhg iurp wkh Odsodfh dssur{lpdwlrq +6<,/ dqg � ghqrwhv wkh qxpehu
ri vlpxodwlrq uxqv1

Wdeoh 4= Dyhudjh Pd{lpxp Devroxwh Huuru ri wkh Odsodfh Dssur{lpdwlrq1
� ' 2fc fff

u ' f u ' � u ' b
q ' f �f2�2S �f�H�f �fHfDb
q ' �S �f22�e �f�eSD �fSH.2
q ' 2 �f2eb� �f�fSb �feDeH

Wdeoh 4 uhsruwv wkh DPDH iru q ' fc �Sc 2 dqg u ' fc �c b edvhg rq 2fc fff
vlpxodwlrq uxqv1 Qrwh wkdw iru wkh qlqh h{shulphqwv frqgxfwhg/ wkh DPDH udqjhv
iurp d orz ri 135567 iru q ' �S dqg u ' f wr d kljk ri �fHfDb iru q ' f dqg u ' b�
Revhuyh dovr wkdw DPDH lqfuhdvhv dv wkh ghjuhh ri ryhulghqwl�fdwlrq u lqfuhdvhv1
Wklv lv wr eh h{shfwhg vlqfh wkh glphqvlrq ri sdudphwhu vsdfh lqfuhdvhv dqg wkh
qxpehu ri qxlvdqfh sdudphwhuv wr eh lqwhjudwhg rxw lqfuhdvhv dv u lqfuhdvhv1

Zh eholhyh wkdw wkh qxpehuv uhsruwhg lq Wdeoh 4 vkrz wkdw wkh Odsodfh dssur{0
lpdwlrq zrunv yhu| zhoo/ hvshfldoo| jlyhq wkh prghudwh vdpsoh vl}h xvhg lq wkhvh
h{shulphqwv1 Lq dgglwlrq/ qrwh wkdw wkhvh h{shulphqwv duh qrw frpsohwho| idlu wr wkh
Odsodfh dssur{lpdwlrq vlqfh wkh Odsodfh dssur{lpdwlrq lq h{suhvvlrq +6<, lv ghulyhg
xqghu wkh dvvxpswlrq wkdw l +ru/ dowhuqdwlyho|/ P, lv dq xqnqrzq qxlvdqfh sdudphwhu
pdwul{ dqg/ wkxv/ pxvw eh lqwhjudwhg rxw1 Rq wkh rwkhu kdqg/ wkh gdwd jhqhudwlqj
surfhvvhv xvhg lq wkhvh h{shulphqwv duh ruwkrqrupdo fdqrqlfdo prghov/ dqg wkh h{0
dfw srvwhulru ghqvlw| zlwk zklfk wkh Odsodfh dssur{lpdwlrq lv frpsduhg lv ghulyhg
frqglwlrqdo rq wkh nqrzohgjh wkdw l ' U2� Khqfh/ wkhuh lv d gl�huhqfh lq wkh ohyho ri
lqlwldo nqrzohgjh dvvxphg lq wkh wzr glvwulexwlrqv ehlqj frpsduhg1 Zh zrxog h{shfw
wkh Odsodfh dssur{lpdwlrq wr gr hyhq ehwwhu li lw lv frpsduhg wr wkh h{dfw pdujlqdo
srvwhulru ghqvlw| ri q ghulyhg iru wkh fdvh zkhuh l lv xqnqrzq> exw/ xqiruwxqdwho|/
wkh odwwhu kdyh qrw ehhq ghulyhg1

Iljxuhv 8045 +lq wkh edfn ri wkh sdshu, ghslfw judskv zklfk ylvxdoo| frpsduh wkh
h{dfw srvwhulru ghqvlw| ri q xqghu wkh Mh�uh|v sulru zlwk wkh Odsodfh dssur{lpdwlrq
jlyhq e| h{suhvvlrq +6<,1 Wkh gdwd jhqhudwlqj surfhvvhv xvhg wr jhqhudwh wkh judskv
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duh ri wkh vdph irup dv wkdw xvhg iru wkh vlpxodwlrq deryh zlwk q wdnlqj rq wkh ydoxhv
�S dqg 2 dqg u wdnlqj rq wkh ydoxhv f dqg b1 Djdlq/ zh qrwh wkdw d srvwhulru ghqvlw|
lv d frqglwlrqdo ghqvlw| jlyhq wkh gdwd vr wkdw lwv h{dfw rxworrn zloo ydu| ghshqglqj
rq wkh sduwlfxodu gdwd vdpsoh wkdw lv gudzq1 Khqfh/ zh surylgh wzr judskv iru
hdfk gdwd jhqhudwlqj surfhvv xvhg/ rqh looxvwudwlqj wkh fdvh zkhuh wkh dssur{lpdwlrq
lv yhu| jrrg +Iljxuhv 8/ :/ < dqg 44, dqg dqrwkhu looxvwudwlqj wkh fdvh zkhuh wkh
dssur{lpdwlrq lv qrw vr jrrg +Iljxuhv 9/ ;/ 43 dqg 45,1 Irfxvlqj rq wkh fdvhv zkhuh
wkh dssur{lpdwlrq grhv qrw shuirup vr zhoo/ zh vhh wkdw lq prvw fdvhv wkh exon ri
wkh dssur{lpdwlrq huuru lv dfwxdoo| lqfxuuhg lq wkh uhjlrq durxqg wkh srvwhulru prgh
+vhh Iljxuhv 9/ ; dqg 45, dowkrxjk/ lq d plqrulw| ri fdvhv/ wkh dssur{lpdwlrq pd|
dovr eh vkliwhg uhodwlyh wr wkh h{dfw glvwulexwlrq dv lq Iljxuh 431

81 FRQFOXVLRQ

Wklv sdshu h{whqgv wkh zrun ri Fkdr dqg Skloolsv +4<<:, wr wkh jhqhudo fdvh zlwk
? lqfoxghg hqgrjhqrxv uhjuhvvruv1 Dqdorjrxv wr wkh rqh hqgrjhqrxv uhjuhvvru fdvh
lq wkdw sdshu/ zh �qg wkdw wkh pdujlqdo srvwhulru ghqvlw| ri q xqghu wkh Mh�uh|v
sulru lv lqwhjudeoh exw h{klelwv wkh vdph qrqh{lvwhqfh ri prphqwv zklfk fkdudfwhul}h
h{dfw �qlwh vdpsoh glvwulexwlrq ri wkh fodvvlfdo OLPO hvwlpdwru1 Lq dgglwlrq/ djdlq
dqdorjrxv wr wkh rqh hqgrjhqrxv uhjuhvvru fdvh/ zh vkrz wkdw lq wkh vshfldo fdvh ri
d mxvw0lghqwl�hg/ ruwkrqrupdo fdqrqlfdo prgho/ wkh srvwhulru ghqvlw| ri q xqghu wkh
Mh�uh|v sulru kdv wkh vdph lq�qlwh vhulhv uhsuhvhqwdwlrq dv wkh h{dfw �qlwh vdpsoh
ghqvlw| ri OLPO ghulyhg lq Skloolsv +4<;3, iru wkdw fdvh1

Wkh phwkrgv hpsor|hg lq wklv sdshu frph iurp fodvvlfdo pxowlyduldwh dqdo|vlv dqg
wkh fodvvlfdo olwhudwxuh rq wkh �qlwh vdpsoh glvwulexwlrq ri vlqjoh0htxdwlrq hvwlpdwruv1
Wkhvh phwkrgv duh olnho| wr kdyh dssolfdwlrqv lq Ed|hvldq dqdo|vlv zhoo eh|rqg wkh
vwulfw frq�qhv ri wklv sdshu1 Lq sduwlfxodu/ wkh| duh olnho| wr eh xvhixo lq dqdo|}0
lqj wkh h�hfwv rq srvwhulru lqihuhqfh ri dsso|lqj rwkhu w|shv ri lqirupdwlrq0pdwul{0
edvhg sulruv wr wkh vlpxowdqhrxv htxdwlrqv prgho1 Lqghhg/ h{sorulqj rwkhu w|shv ri
lqirupdwlrq0pdwul{0edvhg sulruv vhhpv dq lqwhuhvwlqj dyhqxh iru ixwxuh uhvhdufk1 Uh0
vhdufk e| Nohlehujhq dqg ydq Glmn +4<<5/ 4<<:,/ Srlulhu +4<<9,/ dqg Fkdr dqg Skloolsv
+4<<:, vxjjhvwv wkdw wkh sulpdu| uhdvrq zk| srvwhulru glvwulexwlrqv edvhg rq wkh Mhi0
iuh|v sulru gr qrw vx�hu iurp wkh vdph sdwkrorjlhv wkdw d"lfw gl�xvh0sulru srvwhulru
glvwulexwlrqv lv gxh wr wkh idfw wkdw wkh Mh�uh|v sulru lv ghulyhg iurp wkh lqirupdwlrq
pdwul{144 Krzhyhu/ d gudzedfn ri wkh Mh�uh|v sulru lq wkh frqwh{w ri wkh VHP lv
wkdw lw ohdgv wr d srvwhulru ghqvlw| iru q zklfk kdv qr �qlwh prphqwv ri srvlwlyh
lqwhjhu rughu hyhq zkhq wkh prgho lv ryhulghqwl�hg1 Lw zrxog eh qlfh wr �qg d sulru

44Vhh Nohlehujhq dqg ydq Glmn +4<<:, iru d glvfxvvlrq ri wkh ydulrxv sdwkrorjlhv
zklfk d"lfw wkh gl�xvh0sulru Ed|hvldq dqdo|vlv ri wkh vlpxowdqhrxv htxdwlrqv prgho1
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zklfk qrw rqo| suhvhuyhv wkh dgydqwdjhv ri wkh Mh�uh|v sulru exw dovr jlyhv ulvh wr
srvwhulru wdlov wkdw duh wklq hqrxjk wr doorz iru wkh h{lvwhqfh ri prphqwv dw ohdvw xs
wr wkh ghjuhh ri ryhulghqwl�fdwlrq1 Lq wklv uhjdug/ wkh dowhuqdwlyh lqirupdwlrq0pdwul{0
edvhg sulruv sursrvhg e| Ehuqdugr +4<:<,/ Wlevkludql +4<;<,/ Ehujhu dqg Ehuqdugr
+4<<5d/ 4<<5e,/ dqg Nohlehujhq dqg ydq Glmn +4<<:, hphujh dv lqwhuhvwlqj srvvlelol0
wlhv/ dowkrxjk ixuwkhu uhvhdufk rq wkhvh sulruv lq wkh frqwh{w ri wkh VHP lv reylrxvo|
qhhghg1

DSSHQGL[

Surri ri Wkhruhp 614=

Zh �uvw vkrz h{suhvvlrq +4;,1 Wr surfhhg/ zh frpelqh wkh Mh�uh|v sulru ghqvlw|
+4:, zlwk wkh olnholkrrg ixqfwlrq lpsolhg e| htxdwlrqv +<, dqg +43, xqghu frqglwlrqv
+:,/ +44,/ dqg +47, wr rewdlq wkh mrlqw srvwhulru ghqvlw|

REqc �c��c�2mtc ~� 2 m� n q �qm �2 E&23?�mA��
2�2m �2 i T

�
��

2
wudE��c T2��E��c T2�o

�
� +79,

Wr frpsxwh wkh pdujlqdo srvwhulru ghqvlw| ri q/ zh qhhg wr lqwhjudwh +79 zlwk
uhvshfw wr �c��c dqg �2� Wr surfhhg/ qrwh wkdw wkh srvwhulru ghqvlw| +79, fdq eh
idfwrul}hg dv iroorzv=

REqc �c��c�2mtc ~�
2 A3

&�
2 i T

�
��

2
wu dA E� � h���E� � h��o� �

E��

�mAU&�  U?m3 �

2 i T

�
��

2
wu
k
A E�� � h���

�E�� � h���
l� �

E��

�mA��
2�2m �2 i T

�
��

2
wu
k
A E� �

����E�2 � h�2�
�E�2 � h�2�

l� �
E��

�m� n q �qm �2 E&23?� i T
�
�

2
wu
k
A E��

����h��
2
h�2

l�
� i T

�
��

2
d+�

�'~�+�o

�
� i T

�
��

2
wudt �

2'~�t2o

�
c +7:,

54



zkhuh

h� ' A3�~ �
�d+� � ~���qoch�� ' A3�~ �
�t2ch�2 ' A3�~ �
2t ��E�

�
����

3��

Qrwh wkdw E��c E��c dqg E�� duh/ uhvshfwlyho|/ sursruwlrqdo wr wkh frqglwlrqdo srvwhulru
ghqvlw| ri � jlyhq Eqc��c�2�/ wkh frqglwlrqdo srvwhulru ghqvlw| ri �� jlyhq Eqc�2�/
dqg wkh frqglwlrqdo srvwhulru ghqvlw| ri �2 jlyhq q1 Pruhryhu/ qrwh wkdw zh fdq
hdvlo| lqwhjudwh 7: zlwk uhvshfw wr � dqg �� vlqfh E�� lv sursruwlrqdo wr wkh s1g1i1 ri
d pxowlyduldwh qrupdo glvwulexwlrq zkloh E�� lv sursruwlrqdo wr wkdw ri d pdwulf0yduldwh
qrupdo glvwulexwlrq1

Wr lqwhjudwh E�� zlwk uhvshfw wr �2/ zh surfhhg dv lq wkh ghulydwlrq ri wkh ghqvlw|
ixqfwlrq ri wkh qrqfhqwudo Zlvkduw glvwulexwlrq +fi1 Pxlukhdg/ 4<;5,1 Zulwh � '
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zkhuh i� ' A
�

2 h�2 dqg zkhuh E_�2� dqg E_�� ghqrwh wkh h{whulru surgxfwv ri wkh
&2? hohphqwv ri _�2 dqg _� dv ghvfulehg lq Pxlukhdg +4<;5,1 Wr hydoxdwh wkh uljkw0
kdqg vlgh ri +7;,/ zh ixuwkhu zulwh � ' M�u/ zkhuh M� lv d &2 � ? pdwul{ vxfk
wkdw M �

�M� ' U? dqg zkhuh u lv xsshu wuldqjxodu1 Pruhryhu/ e| Wkhruhp 514147 ri
Pxlukhdg +4<;5,/ wkh phdvxuh E_�� ghfrpsrvhv dv iroorzv=
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Pdnlqj xvh ri +7<, dqg +83,/ zh fdq uhzulwh wkh uljkw0kdqg vlgh ri +7;, dv
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zkhuh Y?c&2 lv wkh Vwlhiho pdqlirog ri &2�? pdwulfhv zlwk ruwkrqrupdo froxpqv1 Wkh
lqqhu lqwhjudo lq +84, fdq/ lq wxuq/ eh hydoxdwhg dv iroorzv=
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zkhuh �E&2 � ?� ghqrwhv wkh ruwkrjrqdo jurxs ri E&2 � ?� � E&2 � ?� pdwulfhv dqg
zkhuh
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Wkh vhfrqg dqg wkh irxuwk htxdolw| deryh iroorz lq d vwdqgdug zd|/ h1j1 vhh Ohppd
<1816 dqg Wkhruhp :1714 ri Pxlukhdg +4<;5, uhvshfwlyho|1 Qrz/ xvlqj +85, lq +84,/
zh rewdlq
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Ilqdoo|/ wkh lqwhjudo +86, fdq eh hydoxdwhg e| qrwlqj wkdw wkh pdwul{ dujxphqw k|0
shujhrphwulf ixqfwlrq f8�E�� fdq eh jlyhq dq lq�qlwh vhulhv uhsuhvhqwdwlrq lq whupv ri
}rqdo sro|qrpldov dv iroorzv=

f8�
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zkhuh wkh vhulhv lv devroxwho| frqyhujhqw +h1j11 Frqvwdqwlqh/ 4<96,1 Lq ylhz ri +87,/
zh fdq lqwhjudwh wkh lqwhjudqg ri +86, whup0e|0whup xvlqj Wkhruhp :151: ri Pxlukhdg
+4<;5, wr rewdlq

gf i T

�
��

2
wu
k
E��

����i� �i�l�
m��

���m3 �

2
E&2n��

�8�

�
�

2
E&2 n ��c

�

2
&2(

�

2
E��

����i� �i��
c +88,

zkhuh

gf ' 2
�

2
E&2n��Z&2?*2K?E

�

2
E&2 n ���

!
K?E

�

2
&2� �

Qrwh ixuwkhu wkdw

E��
����i� �i� ' A E��

����h��
2
h�2

' ��
�Et

�~2~
�
2t*A ���E�

�
����

3� +89,

dqg wkdw

m��
���m ' mU? n qq�m� +8:,

Iurp h{suhvvlrqv +7:,/ +88,/ +89,/ dqg +8:,/ zh ghgxfh wkdw

REqmtc~� 2 m� n q �qm�2 E&23?�i T
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2
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2
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k
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����i� �i�l�
m� �
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2
E&2n��
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�
�

2
E&2 n ��(

�

2
&2(

�

2
E��

����i� �i��
2 m� n q �qm3 �

2
E?n��

�8�

�
�

2
E&2 n ��(

�

2
&2(

�

2
��
�Et

�~2~
�
2t*A ���E�

�
����

3�

�
� +8;,

dv uhtxluhg e| h{suhvvlrq +4;,1
Wr vkrz +53,/ zh qrwh wkdw iru wkh mxvw0lghqwl�hg fdvh/ &2 ' ?� Pruhryhu/ lq wklv

fdvh

��
�Et

�~2~
�
2t*A ���E�

�
����

3�

' Et �
2~2 n q+��~2�E�*A �E~

�
2t2 n ~ �

2+�q
��EU? n qq ��3�c +8<,

57



exw +8<, kdv wkh vdph hljhqydoxhv dv

E�*A �E~ �
2t2 n ~ �

2+�q
��EU? n qq ��3�Et �

2~2 n q+��~2�

' A E~ �
2t2*A �EU? n E~ �

2t2�
3�~ �

2+�q
��EU? n qq ��3�

EU? n q+��~2Et
�
2~2�

3��Et �
2~2*A �

' A e�2EU? n eq27u7q��EU? n qq ��3�EU? n qeq�27u7�e��
2c +93,

zkhuh zh kdyh pdgh xvh ri wkh idfw wkdw xqghu mxvw lghqwl�fdwlrq ~ �
2t2 lv qrqvlqjxodu

doprvw vxuho|1 Lw iroorzv/ wkhq/ lq wklv fdvh

�8�

�
�

2
E&2 n ��c

�

2
&2(

�

2
��
�Et

�~2~
�
2t*A ���E�

�
����

3�

�
' �8�

�
�

2
E?n ��c

�

2
?(

A

2
e�2EU? n eq27u7q��EU? n qq ��3�EU? n qeq �27u7�e��

2

�
+94,

zklfk hvwdeolvkhv h{suhvvlrq +53,1�

Surri ri Fruroodu| 616=
Zh vwduw zlwk wkh pdujlqdo srvwhulru ghqvlw| ri q dv jlyhq e| +4;,1 Zh zdqw wr

vkrz wkdw dorqj hdfk ud| ri wkh irup q ' Kqf iru vrph �{hg yhfwru qf 9' f dqg vrph
vfdodu K zklfk whqgv wr lq�qlw|/ zh kdyh

m� n K2q�fqfm3
�

2
E?n�� �

�8�

�
�

2
E&2 n ��(

�

2
&2(

�

2
EKqfc U?�Et

�~2~
�
2t*A �EKqfc U?�

�

EEKqfc U?�EKqfc U?�
��
3�
�

' �m� n K2q�fqfm3
�

2
E?n��E� n JE���c +95,

dv K $ 4c zkhuh

� ' �8�
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2
E&2 n ��c

�

2
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�

2
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�
�

Khuh/

( '

3C ��� ���2�-2

�-�
2�2� -�

2�22-2

4D c
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zkhuh

��� ' +��~2~
�
2+�*Ac

�2� ' �t2
�~2~

�
2+�*Ac

�22 ' t2
�~2~

�
2t2*Ac

dqg zkhuh zh gh�qh - ' Eo�c -2� ' EqfEq
�
fqf�

3 �

2 c qfczEq
�
fczqfcz�

3 �

2 � 5 �E?� vr wkdw
q �fo� ' � dqg q �f-2 ' f1

Wr vkrz +95,/ lw vx!fhv wr vkrz wkdw

*�4
K<"

�8�

�
�

2
E&2 n ��(

�

2
&2(

�

2
7EK�

�
' � +96,

Wr vkrz +96,/ gh�qh wkh ?� ? gldjrqdo pdwul{

C '

�
�
K

f
f U?

�
c

dqg zulwh

7�EK� ' C-�EKqfc U?�Et
�~2~

�
2t*A �EKqfc U?�

�-C

EC-�EKqfc U?�EKqfc U?�
�-C�

3�
�

Qrz/ qrwh wkdw

�8�

�
�

2
E&2 n ��(

�

2
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�

2
7EK�

�
' �8�

�
�

2
E&2 n ��(

�

2
&2(

�

2
7�EK�

�
;K

vlqfh 7EK� dqg 7�EK� kdyh wkh vdph vhw ri hljhqydoxhv1 Khqfh/ zh fdq dowhuqdwlyho|
vkrz wkdw

*�4
K<"

�8�

�
�

2
E&2 n ��c

�

2
&2(7�EK�

�
' ��

Wr surfhhg/ qrwh wkdw zlwk vrph vwudljkwiruzdug dojheud/ zh rewdlq

7�EK� '

3C ��� � ��2�o�*K� o���2�*Kn o���22o�*K
2 ���2�-2 n o���22-2*K

�-�
2�2� n-�

2�22o�*K -�
2�22-2

4D�
�

� n �*K2 f
f U?3�

�3�

$ ( dv K $ 4�
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Qh{w/ revhuyh wkdw vlqfh wkh hljhqydoxhv ri 7�EK� duh frqwlqxrxv ixqfwlrqv ri wkh
yduldwhv ri 7�EK� dqg vlqfh wkh k|shujhrphwulf ixqfwlrq �8�E�� lv frqwlqxrxv zlwk
uhvshfw wr wkh hljhqydoxhv ri lwv pdwul{ dujxphqw/ lw iroorzv e| frqwlqxlw| wkdw

*�4
K<"

�8�

�
�

2
E&2 n ��(

�

2
&2c

�

2
7�EK�

�
' �8�

�
�

2
E&2 n ��(

�

2
&2(

�

2
(

�
' �c +97,

zklfk hvwdeolvkhv wkh ghvluhg uhvxow +95,1 �

Surri ri Wkhruhp 617=

Zh suryh wklv wkhruhp lq wzr vwhsv
Vwhs 4= Zh zdqw wr vkrz wkdw wkh frqglwlrqdo srvwhulru ghqvlw| ri q jlyhq l kdv

qr �qlwh devroxwh prphqwv ri srvlwlyh lqwhjhu rughu iurp zklfk lw iroorzv e| wkh
Wrqhool Wkhruhp wkdw wkh pdujlqdo srvwhulru ghqvlw| ri q dovr kdv qr �qlwh devroxwh
prphqwv ri srvlwlyh lqwhjhu rughu1 Dv wklv vwhs iroorzv iurp dujxphqwv yhu| vlplodu
wr wkrvh jlyhq lq wkh surriv ri Wkhruhp 614 dqg Fruroodu| 616 deryh/ zh zloo rqo|
eulh | rxwolqh wkh dujxphqw1

Wr ehjlq/ zh qrwh wkdw surfhhglqj dv lq wkh surri ri Wkhruhp 614/ zh fdq vkrz
wkdw

REqmlc tc ~�
2 m/�� � 2K/�2�q n q�l22qm3 �

2
E?n��

�8�

�
�

2
E&2 n ��(
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2
&2(

�

2
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�l

3�t �E�~ � �~��t l3���

�
��
�l

3���

�3��
c +98,

Qh{w/ e| iroorzlqj dujxphqwv vlplodu wr wkrvh lq wkh surri ri Fruroodu| 616/ zh fdq
vkrz wkdw dorqj hdfk ud| ri wkh irup q ' Kqf iru vrph �{hg yhfwru qf 9' f dqg vrph
vfdodu K zklfk whqgv wr lq�qlw|/ wkh olplwlqj ehkdylru ri wkh frqglwlrqdo srvwhulru
ghqvlw| +98, lv ri wkh irup=

m/�� � 2K/�2�qf n K2q �fl22qfm3
�

2
E?n�� �

�8�

�
�

2
E&2 n ��c

�

2
&2(

�

2
EKqfc U?�l

3�t �E�~ � �~��tl3�EKqfc U?�
�

�
EKqfc U?�l

3�EKqfc U?�
�
�3��

' �fm/�� � 2K/�2�qf n K2q�fl22qfm3
�

2
E?n��E� n JE���c +99,
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dv K $ 4c zkhuh

�f ' �8�

�
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2
E&2 n ��c
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2
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2
(f

�
dqg zkhuh

(f '

3C )�� �)�2�-2

�-�
2)2� -�
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4D3C /3����2 �/�2�l
3�
22 -2/

3�
���2

/3����2-2l
3�
22 /2� -�

2l
3�
22 -2

4D3�

c

zlwk )��c )2�c dqg )22 gh�qhg dv iroorzv

)�� ' /32���2E+� � t2l
3�
22 /2��

�E�~ � �~��E+� � t2l
3�
22 /2��c

)2� ' /32���2E+�/
�
2�l

3�
22 � t2l

3�
22��/���2�

�E�~ � �~��E+� � t2l
3�
22 /2��c

)22 ' /32���2E+�/
�
2�l

3�
22 � t2l

3�
22��/���2�

�E�~ � �~��E+�/
�
2�l

3�
22 � t2l

3�
22��/���2��

Dv ehiruh/ zh gh�qh - ' Eo�c -2� ' EqfEq
�
fqf�

3 �

2 c qfczEq
�
fczqfcz�

3�

2 � 5 �E?� vr wkdw
q �fo� ' � dqg q �f-2 ' f1

Qrwh wkdw wkh wdlo ehkdylru ri wkh uljkw0kdqg vlgh ri +99, lv ghwhuplqhg e| wkh
idfwru

m/�� � 2K/�2�qf n K2q�fl22qfm3
�

2
E?n��c

zklfk lv sursruwlrqdo wr wkh suredelolw| ghqvlw| ixqfwlrq ri d pxowlyduldwh Fdxfk|
glvwulexwlrq1 Iurp wklv/ zh ghgxfh wkdw wkh frqglwlrqdo srvwhulru ghqvlw| ri q jlyhq
l kdv qr �qlwh devroxwh prphqwv ri srvlwlyh lqwhjhu rughu1 Dv qrwhg ehiruh/ lw wkhq
iroorzv e| wkh Wrqhool Wkhruhp wkdw wkh pdujlqdo srvwhulru ghqvlw| ri q dovr kdv qr
�qlwh devroxwh prphqwv ri srvlwlyh lqwhjhu rughu1

Vwhs 5= Zh qhhg wr vkrz wkdw wkh pdujlqdo srvwhulru ghqvlw| ri q xqghu wkh
Mh�uh|v sulru lv lqwhjudeoh1

Wr gr wklv/ qrwh �uvw wkdw jlyhq wkh wuldqjxodu vwuxfwxuh ri wkh VHP ghvfulehg lq
Vhfwlrq 5 dqg jlyhq wkh lqyduldqfh ri wkh Mh�uh|v sulru wr 4=4 sdudphwhu wudqvirupd0
wlrq/ zh zloo rewdlq wkh vdph pdujlqdo srvwhulru ghqvlw| ri q uhjdugohvv ri zkhwkhu
zh surfhhg iurp wkh sdudphwhul}dwlrq jlyhq e| h{suhvvlrq +<, dqg +43, xqghu huuru
frqglwlrq +:, ru wkh sdudphwhul}dwlrq jlyhq e| h{suhvvlrqv +4, dqg +5, xqghu huuru
frqglwlrq +6,1 Khuh/ zh �qg lw frqyhqlhqw wr surfhhg iurp wkh odwwhu sdudphwhul}dwlrq1
Pruhryhu/ zh pdnh wkh dgglwlrqdo wudqvirupdwlrq +j��c j2�cP22� $ +j��c j3��� j

�
2�cP22���

zlwk mdfreldq whup mj��m? dqg zulwh wkh mrlqw srvwhulru ghqvlw| xqghu wkh Mh�uh|v sulru
lq wkh irup

5;



REqc �c��c�2c j��c j
3�
�� j

�
2�cP22��mtc ~�

2 mj��m3 �

2
EAn&�n2�mP22��m3 �

2
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n wu
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P3�22��Ej

3�
�� j

�
2� � E����3���T2�

�E����Ej3��� j
�
2� � E����3���T2�

���
� +9:,

Qh{w/ revhuyh wkdw wkh frqglwlrqdo srvwhulru ghqvlw| ri j3��� j
�
2� jlyhq doo wkh rwkhu

sdudphwhuv lv sursruwlrqdo wr wkh s1g1i1 ri d pxowlyduldwh qrupdo1 Khqfh/ zh fdq
lqwhjudwh zlwk uhvshfw wr j3��� j

�
2� wr rewdlq

REqc �c��c�2c j��cP22��mtc ~�
2 mj��m3 �

2
EAn&�n2�mP22��m3 �

2
EAn&n?n��m��

2~
�
2'~�~2�2m �2

m���m3 �

2
? i T

�
��

2

�
j3��� �

��n wuEP3�22��T
�
2'�T2�

��
� +9;,

Pruhryhu/ qrwh wkdw wkh frqglwlrqdo srvwhulru ghqvlw| ri j�� jlyhq Eqc �c��c�2cP22���
dqg wkdw ri P22�� jlyhq Eqc �c��c�2� duh erwk wkdw ri dq lqyhuwhgZlvkduw glvwulexwlrq/
vr zh lqwhjudwh zlwk uhvshfw wr j�� dqg P22��/ lq wxuq/ wr rewdlq

REqc �c��c�2c mtc ~�
2 m���m3 �

2
EAn&�n?�mT2'�T2m3 �

2
EAn&�m��

2~
�
2'~�~2�2m�2

' m���m3 �

2
EAn&�n?�m��

2~
�
2'~�~2�2m �2

mEt2 � ~2�2�
�'E�c~��Et2 � ~2�2� n E�� � e���

�~ �
�'�~�E�� � e���m3�

2
EAn&�+9<,

zkhuh e�� ' E~ �
�'�~��

3�~ �
�'�Et2 � ~2�2�� Iurp +9<,/ lw lv dssduhqw wkdw wkh frqgl0

wlrqdo srvwhulru ghqvlw| ri �� jlyhq Eqc �c�2� lv wkdw ri d pdwulf0yduldwh | glvwulexwlrq
zklfk fdq eh lqwhjudwhg wr rewdlq/ diwhu vrph dojheud/

REqc �c�2c mtc~�
2 m���m3�

2
EAn&��m��'~��m

�

2
EAn&23?�m��'Et23~2�2c~���m3
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mEt2 � ~2�2�
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' mE+� � t2q�
�'~�E+� � t2q� n E� � e���~ �

�~�E� � e��m3 �

2
EAn&��

mE+� � t2q�
�'~�E+� � t2q�m �2 EAn&2n?�

mE+� � t2q�
�'Et23~2�2c~��E+� � t2q�m3�

2
EAn&2�

mEt2 � ~2�2�
�'~�Et2 � ~2�2�m3 �

2
EAn&2�m��

2~
�
2'~�~2�2m�2 c +:3,
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zkhuh e� ' E~ �
�~��

3�~ �
�E+��t2q�� Rqfh djdlq/ zh uhfrjql}h iurp h{suhvvlrq +:3, wkdw

wkh frqglwlrqdo srvwhulru ghqvlw| ri � jlyhq Eqc�2� lv d pxowlyduldwh | glvwulexwlrq
zklfk zh fdq lqwhjudwh wr rewdlq

REqc�2c mtc ~� 2 mE+� � t2q�
�'~�E+� � t2q�m�2 E&23?�

mE+� � t2qc t2 � ~2�2�
�'~�E+� � t2qc t2 � ~2�2�

3 �
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EAn&2�
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m��
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�
2'~�~2�2m �2 � +:4,

Wkh srvwhulru ghqvlw| ri q dqg �2 fdqqrw eh uhdglo| lqwhjudwhg zlwk uhvshfw wr �2

wr rewdlq lq forvhg irup wkh pdujlqdo srvwhulru ghqvlw| ri q1 Lqvwhdg/ zh erxqg
+:4, zlwk dq h{suhvvlrq iru zklfk �2 fdq eh lqwhjudwhg rxw lq forvhg irup dqg xvh
grplqdwhg frqyhujhqfh1 Wr surfhhg/ qrwh wkdw iru UdqnE�2� ' ? � &2/

mE+� � t2q�
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2
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& �

2

c +:5,

zkhuh b&�3?n�c ����c b&2 duh wkh ? odujhvw hljhqydoxhv ri wkh pdwul{~
�
2'~�~2 duh >�c ����c >?

duh wkh ? vpdoohvw hljhqydoxhv ri ~ �
2'E+�c+2c~��~2� Qrwh wkdw wkh �uvw lqhtxdolw| deryh

dulvhv ehfdxvh Et2 � ~2�2�
�E�E+�ct2c~�� � �E+�ct2qc~���Et2 � ~2�2� lv dw ohdvw srvlwlyh

vhplgh�qlwh1 Wkh vhfrqg lqhtxdolw|/ rq wkh rwkhu kdqg/ pdnhv xvh ri Wkhruhp 48 ri
Fkdswhu 44/ Vhfwlrq 46 ri Pdjqxv dqg Qhxghfnhu +4<;;,1 Revhuyh wkdw
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dqg zkhuh wkh lqhtxdolw| iroorzv iurp wkh srvlwlyh gh�qlwhqhvv ri t �E'~��'E~�c~2��t '
t �E�~��~��t� Ilqdoo|/ revhuyh wkdw wkh uljkw0prvw h{suhvvlrq ri +:6, lv sursruwlrqdo
wr wkh s1g1i1 ri d pxowlyduldwh Fdxfk| glvwulexwlrq dqg lv/ wkxv/ lqwhjudeoh zlwk uh0
vshfw wr q1 Iurp wklv/ zh ghgxfh wkh lqwhjudelolw| ri wkh pdujlqdo srvwhulru ghqvlw|
ri q xqghu wkh Mh�uh|v sulru1 �
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Edvpdqq U1O1 +4<96,1 �Uhpdunv Frqfhuqlqj wkh Dssolfdwlrq ri H{dfw Ilqlwh Vdp0
soh Glvwulexwlrq Ixqfwlrqv ri JFO Hvwlpdwruv lq Hfrqrphwulf Vwdwlvwlfdo Lqihu0
hqfh/� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ 8;/ <760<:91

Edvpdqq/ U1 O1 +4<:7,1 �H{dfw Ilqlwh Vdpsoh Glvwulexwlrqv iru Vrph Hfrqrphwulf
Hvwlpdwruv dqg Whvw Vwdwlvwlfv= D Vxuyh| dqg Dssudlvdo/� lq= P1 G1 Lqwuloljdwru
dqg G1 Nhqgulfn +hgv1,/ Iurqwlhuv ri Txdqwlwdwlyh Hfrqrplfv +Qruwk0Kroodqg/
Dpvwhugdp,1

Ehujhu/ M1 +4<;8,1 Vwdwlvwlfdo Ghflvlrq Wkhru| dqg Ed|hvldq Dqdo|vlv/ 5qg Hglwlrq
+Vsulqjhu0Yhuodj/ Qhz \run,1

Ehujhu/ M1 dqg M1 P1 Ehuqdugr +4<<5d,1 �Uhihuhqfh Sulruv lq d Yduldqfh Frpsrqhqwv
Sureohp/� lq= S1 Jrho dqg Q1V1 L|hqjdu +hgv1,/ Ed|hvldq Dqdo|vlv lq Vwdwlvwlfv
dqg Hfrqrphwulfv +Vsulqjhu0Yhuodj/ Qhz \run,1

Ehujhu/ M1 dqg M1 P1 Ehuqdugr +4<<5e,1 �Rughuhg Jurxs Uhihuhqfh Sulruv zlwk
Dssolfdwlrq wr d Pxowlqrpldo Sureohp/� Elrphwulnd/ :</ 5806:1

Ehuqdugr/ M1 P1 +4<:<,1 �Uhihuhqfh Srvwhulru Glvwulexwlrqv iru Ed|hvldq Lqihuhqfh/�
Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/ 74/ 446047:1

Fkdr/ M1 F1 dqg S1 F1 E1 Skloolsv +4<<:,1 �Srvwhulru Glvwulexwlrqv lq Olplwhg Lqiru0
pdwlrq Dqdo|vlv ri wkh Vlpxowdqhrxv Htxdwlrqv Prgho xvlqj wkh Mh�uh|v Sulru/�
Mrxuqdo ri Hfrqrphwulfv/ iruwkfrplqj1

Fkrl/ L1 dqg S1 F1 E1 Skloolsv +4<<5,1 �Dv|pswrwlf dqg Ilqlwh Vdpsoh Glvwulexwlrq
Wkhru| iru LY Hvwlpdwruv dqg Whvwv lq Sduwldoo| Lghqwl�hg Vwuxfwxudo Htxd0
wlrqv/�Mrxuqdo ri Hfrqrphwulfv/ 84/ 446�4831

Frqvwdqwlqh/ D1 J1 +4<96,1 �Vrph Qrqfhqwudo Glvwulexwlrq Sureohpv lq Pxowlyduldwh
Dqdo|vlv/� Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 67/ 45:3045;81

Frqvwdqwlqh/ D1 J1 dqg U1 M1 Pxlukhdg +4<:9,1 �Dv|pswrwlf H{sdqvlrqv iru Glv0
wulexwlrqv ri Odwhqw Urrwv lq Pxowlyduldwh Dqdo|vlv/� Mrxuqdo ri Pxowlyduldwh
Dqdo|vlv/ 9/ 69<06<41

Guë}h/ M1 K1 +4<:9,1 �Ed|hvldq Olplwhg Lqirupdwlrq Dqdo|vlv ri wkh Vlpxowdqhrxv
Htxdwlrqv Prgho/� Hfrqrphwulfd/ 77/ 4378�43:81

Guë}h/ M1 K1 dqg M1 I1 Ulfkdug +4<;6,1 �Ed|hvldq Dqdo|vlv ri Vlpxowdqhrxv Htxd0
wlrqv V|vwhpv/� lq= P1 G1 Lqwuloljdwru dqg ]1 Julolfkhv +hgv1,/ Kdqgerrn ri
Hfrqrphwulfv +Qruwk0Kroodqg/ Dpvwhugdp,1

Kloolhu/ J1 K1 +4<<3,1 �Rq wkh Qrupdol}dwlrq ri Vwuxfwxudo Htxdwlrqv= Surshuwlhv ri
Gluhfwlrq Hvwlpdwruv/� Hfrqrphwulfd/ 8;/ 44;4044<71
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Mdphv/ D1 W1 +4<9;,1 �Fdofxodwlrq ri ]rqdo Sro|qrpldov Frh!flhqwv e| Xvh ri wkh
Odsodfh0Ehowudpl Rshudwru/� Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 6</ 4:4404:4;1

Mh�uh|v/ K1 +4<79,1 �Dq Lqyduldqw Irup iru wkh Sulru Suredelolw| lq Hvwlpdwlrq
Sureohpv/� Surfhhglqjv ri wkh Ur|do Vrflhw| ri Orqgrq/ Vhulhv D/ 4;9/ 78607941

Mh�uh|v/ K1 +4<94,1 Wkhru| ri Suredelolw|/ 6ug hglwlrq +R{irug Xqlyhuvlw| Suhvv/
Orqgrq,1

Nohlehujhq/ I1 U1 dqg K1 N1 ydq Glmn +4<<5,1 �Ed|hvldq Vlpxowdqhrxv Htxdwlrq
Prgho Dqdo|vlv= Rq wkh H{lvwhqfh ri Vwuxfwxudo Srvwhulru Prphqwv/� Zrunlqj
Sdshu Qr1 <59<2D/ Hudvpxv Xqlyhuvlw|/ Urwwhugdp1

Nohlehujhq/ I1 U1 dqg K1 N1 ydq Glmn +4<<7d,1 �Ed|hvldq Dqdo|vlv ri Vlpxowdqhrxv
Htxdwlrq Prghov Xvlqj Qrqlqirupdwlyh Sulruv/� Glvfxvvlrq Sdshu WL<70467/
Wlqehujhq Lqvwlwxwh/ Dpvwhugdp0Urwwhugdp1

Nohlehujhq/ I1U1 dqg K1 N1ydqGlmn +4<<7e,1 �Rq wkh Vkdsh ri wkh Olnholkrrg2Srvwhulru
lq Frlqwhjudwlrq Prghov/� Hfrqrphwulf Wkhru|/ 43/ 84708841

Nohlehujhq/ I1 U1 dqg K1 N1 ydq Glmn +4<<:,1�Ed|hvldq Vlpxowdqhrxv Htxdwlrqv
Dqdo|vlv Xvlqj Uhgxfhg Udqn Vwuxfwxuhv/� Hfrqrphwulf Wkhru|/ iruwkfrplqj1

Olqgoh|/ G1 Y1 +4<8;,1 �Ilgxfldo Glvwulexwlrqv dqg Ed|hv* Wkhruhp/� Mrxuqdo ri wkh
Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/ 53/ 435043:1

Pdggdod/ J1 V1 +4<:9,1 �Zhdn Sulruv dqg Vkdus Srvwhulruv lq Vlpxowdqhrxv Htxd0
wlrq Prghov/� Hfrqrphwulfd/ 77/ 678�6841

Pduldqr/ U1 V1 +4<;5,1 �Dqdo|wlfdo Vpdoo0Vdpsoh Glvwulexwlrq Wkhru| lq Hfrqrphw0
ulfv= Wkh Vlpxowdqhrxv0Htxdwlrqv Fdvh/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 56/
836�8661

Pduldqr/ U1 V1 dqg M1 E1 PfGrqdog +4<:<,1 �D Qrwh rq wkh Glvwulexwlrq Ixqfwlrqv ri
OLPO dqg 5VOV Vwuxfwxudo Frh!flhqw lq wkh H{dfwo| Lghqwl�hg Fdvh/� Mrxuqdo
ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ :7/ ;7:�;7;1

Pduldqr/ U1 V1 dqg W1 Vdzd +4<:5,1 �Wkh H{dfw Ilqlwh Vdpsoh Glvwulexwlrq ri wkh
Olplwhg Pd{lpxp Olnholkrrg Hvwlpdwru lq wkh Fdvh ri Wzr Lqfoxghg Hqgrjh0
qrxv Yduldeohv/� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ 9:/ 48<�4961

PfOduhq/ P1 O1 +4<:9,1 �Frh!flhqwv ri wkh ]rqdo Sro|qrpldov/� Dssolhg Vwdwlvwlfv/
58/ ;50;:1

Pxlukhdg/ U1 M1 +4<;5,1 Dvshfwv ri Pxowlyduldwh Vwdwlvwlfdo Wkhru| +Mrkq Zloh| )
Vrqv/ Qhz \run,1
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Qdjho/ S1 M1 D1 +4<;4,1 �Surjudpv iru wkh Hydoxdwlrq ri ]rqdo Sro|qrpldov/� Dphu0
lfdq Vwdwlvwlfldq/ 68/ 861

Qlfrodrx/ D1 +4<<6,1 �Ed|hvldq Lqwhuydov zlwk Jrrg Iuhtxhqf| Ehkdylru lq wkh Suhv0
hqfh ri Qxlvdqfh Sdudphwhuv/� Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv
E/ 88/ 6::06<31

Shhuv/ K1 Z1 +4<98,1 �Rq Frq�ghqfh Srlqwv dqg Ed|hvldq Suredelolw| Srlqwv lq wkh
Fdvh ri Vhyhudo Sdudphwhuv/� Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/
5:/ <0491

Skloolsv/ S1 F1 E1 +4<;3,1 �Wkh H{dfw Glvwulexwlrq ri Lqvwuxphqwdo Yduldeoh Hvwl0
pdwruv lq dq Htxdwlrq frqwdlqlqj q . 4 Hqgrjhqrxv Yduldeohv/� Hfrqrphwulfd/
7;/ ;940;:;1

Skloolsv/ S1 F1 E1 +4<;6d,1 �H{dfw Vpdoo Vdpsoh Wkhru| lq wkh Vlpxowdqhrxv Htxd0
wlrqv Prgho/� lq= P1 G1 Lqwuloljdwru dqg ]1 Julolfkhv +hgv1,/ Kdqgerrn ri Hfrqr0
phwulfv +Qruwk0Kroodqg/ Dpvwhugdp, 77<08491

Skloolsv/ S1 F1 E1 +4<;6e,1 �Pdujlqdo Ghqvlwlhv ri Lqvwuxphqwdo Yduldeoh Hvwlpdwruv
lq wkh Jhqhudo Vlqjoh Htxdwlrq Fdvh/� Dgydqfhv lq Hfrqrphwulfv/ 5/ 4�571

Skloolsv/ S1 F1 E1 +4<;7,1 �Wkh H{dfw Glvwulexwlrq ri OLPO= L/� Lqwhuqdwlrqdo Hfr0
qrplf Uhylhz/ 58/ 57<�5941

Skloolsv/ S1 F1 E1 +4<;8,1 �Wkh H{dfw Glvwulexwlrq ri OLPO= LL/� Lqwhuqdwlrqdo
Hfrqrplf Uhylhz/ 59/ 54�691

Skloolsv/ S1 F1 E1 +4<;<,1 �Sduwldoo| Lghqwl�hg Hfrqrphwulf Prghov/� Hfrqrphwulf
Wkhru|/ 8/ 4;4�5731

Skloolsv/ S1 F1 E1 +4<<4,1 �Wr Fulwlfl}h wkh Fulwlfv= Dq Remhfwlyh Ed|hvldq Dqdo|vlv
ri Vwrfkdvwlf Wuhqgv/� Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 9/ 666�6971

Skloolsv/ S1 F1 E1 +4<<7,1 �Vrph H{dfw Glvwulexwlrq Wkhru| iru Pd{lpxp Olnh0
olkrrg Hvwlpdwruv ri Frlqwhjudwlqj Frh!flhqwv lq Huuru Fruuhfwlrq Prghov/�
Hfrqrphwulfd/ 95/ :60<71

Srlulhu/ G1 +4<<7,1 �Mh�uh|v Sulru iru Orjlw Prghov/� Mrxuqdo ri Hfrqrphwulfv/ 96/
65:066<1

Srlulhu/ G1 +4<<9,1 �Sulru Eholhiv derxw Ilw/� lq= M1P1 Ehuqdugr/ M1R1 Ehujhu/ D1S1
Gdzlg/ dqg D1I1P1 Vplwk +hgv1,/ Ed|hvldq Vwdwlvwlfv 8 +Foduhqgrq Suhvv/ R{0
irug, :640:6;1

Wlevkludql/ U1 +4<;<,1 �Qrqlqirupdwlyh Sulruv iru Rqh Sdudphwhu ri Pdq|/� Elr0
phwulnd/ :9/ 937093;1
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Zhofk/ E1 O1 dqg K1 Z1 Shhuv +4<96,1 �Rq Irupxodh iru Frq�ghqfh Srlqwv Edvhg
rq Lqwhjudov ri Zhljkwhg Olnholkrrgv/� Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/
Vhulhv E/ 68/ 64;065<1

]hooqhu/ D1 +4<:3,1 �Hvwlpdwlrq ri Uhjuhvvlrq Uhodwlrqvklsv Frqwdlqlqj Xqrevhuy0
deoh Lqghshqghqw Yduldeohv/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 44/ 77407871

]hooqhu/ D1 +4<:4,1 Dq Lqwurgxfwlrq wr Ed|hvldq Lqihuhqfh lq Hfrqrphwulfv +Mrkq
Zloh| dqg Vrqv/ Qhz \run,1
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