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Rq wkh Qxpehu ri Errwvwuds Uhshwlwlrqv
iru EF@ Frq�ghqfh Lqwhuydov

Grqdog Z1 N1 DqguhzvW

Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv
\doh Xqlyhuvlw|

Prvkh Exfklqvn|
Ghsduwphqw ri Hfrqrplfv

Eurzq Xqlyhuvlw|

Ghfhpehu 4<<:
Uhylvhg= Qryhpehu 4<<<

Devwudfw

Wklv sdshu frqvlghuv wkh sureohp ri fkrrvlqj wkh qxpehu errwvwuds uhshwl0
wlrqv E wr xvh zlwk wkh EF

d
errwvwuds frq�ghqfh lqwhuydov lqwurgxfhg e| Hiurq

+4<;:,1 Ehfdxvh wkh vlpxodwhg udqgrp yduldeohv duh dqfloodu|/ zh vhhn d fkrlfh ri
E wkdw |lhogv d frq�ghqfh lqwhuydo wkdw lv forvh wr wkh lghdo errwvwuds frq�ghqfh
lqwhuydo iru zklfk E @ 4= Zh vshfl�| d wkuhh0vwhs phwkrg ri fkrrvlqj E wkdw
hqvxuhv wkdw wkh orzhu dqg xsshu ohqjwkv ri wkh frq�ghqfh lqwhuydo ghyldwh iurp
wkrvh ri wkh lghdo errwvwuds frq�ghqfh lqwhuydo e| dw prvw d vpdoo shufhqwdjh
zlwk kljk suredelolw|1

WWkh �uvw dxwkru dfnqrzohgjhv wkh uhvhdufk vxssruw ri wkh Qdwlrqdo Vflhqfh Irxqgdwlrq yld judqw
qxpehuv VEU�<743<:8 dqg VEU�<:635::1 Wkh vhfrqg dxwkru dfnqrzohgjhv wkh uhvhdufk vxssruw ri
wkh Doiuhg S1 Vordq Irxqgdwlrq yld d Uhvhdufk Ihoorzvkls1 Wkh dxwkruv wkdqn Fduro Frshodqg iru
surriuhdglqj wkh sdshu1



41 Lqwurgxfwlrq

Lq wklv sdshu/ zh frqvlghu wkh sureohp ri fkrrvlqj wkh qxpehu ri errwvwuds
uhshwlwlrqv E iru wkh EF@ errwvwuds frq�ghqfh lqwhuydov lqwurgxfhg e| Hiurq +4<;:,1
Zh sursrvh d wkuhh0vwhs phwkrg iru fkrrvlqj E wkdw lv ghvljqhg wr dfklhyh d ghvluhg
ohyho ri dffxudf|1 E| dffxudf|/ zh phdq forvhqhvv ri wkh EF@ frq�ghqfh lqwhuydo edvhg
rq E uhshwlwlrqv wr wkh lghdo errwvwuds EF@ frq�ghqfh lqwhuydo iru zklfk E @ 41 Zh
ghvluh dffxudf| ri wklv vruw/ ehfdxvh zh gr qrw zdqw wr eh deoh wr rewdlq d �gl�huhqw
dqvzhu� iurp wkh vdph gdwd phuho| e| xvlqj gl�huhqw vlpxodwlrq gudzv1

Pruh suhflvho|/ zh phdvxuh dffxudf| lq whupv ri wkh shufhqwdjh ghyldwlrq ri wkh
orzhu dqg xsshu ohqjwkv ri wkh errwvwuds frq�ghqfh lqwhuydo iru d jlyhq ydoxh ri
E> iurp wkh orzhu dqg xsshu ohqjwkv ri wkh lghdo errwvwuds frq�ghqfh lqwhuydo1 E|
gh�qlwlrq/ wkh orzhu ohqjwk ri d frq�ghqfh lqwhuydo iru d sdudphwhu � edvhg rq d
sdudphwhu hvwlpdwh e� lv wkh glvwdqfh ehwzhhq wkh orzhu hqgsrlqw ri wkh frq�ghqfh
lqwhuydo dqg wkh sdudphwhu hvwlpdwh e�1 Wkh xsshu ohqjwk lv gh�qhg dqdorjrxvo|1 Zh
zdqw erwk ohqjwkv/ qrw mxvw wkh wrwdo ohqjwk ri wkh lqwhuydo/ wr eh dffxudwh1

Wkh dffxudf| rewdlqhg e| d jlyhq fkrlfh ri E lv udqgrp/ ehfdxvh wkh errwvwuds
vlpxodwlrqv duh udqgrp1 Wr ghwhuplqh dq dssursuldwh ydoxh ri E> zh vshfli| d erxqg
rq wkh shufhqwdjh ghyldwlrq/ ghqrwhg sge> dqg zh uhtxluh wkdw wkh dfwxdo shufhqwdjh
ghyldwlrq lv ohvv wkdq wklv erxqg zlwk d vshfl�hg suredelolw|/ 4�� / forvh wr rqh1 Wkh
wkuhh0vwhs phwkrg wdnhv sge dqg � dv jlyhq dqg vshfl�hv d gdwd0ghshqghqw phwkrg
ri ghwhuplqlqj d ydoxh ri E> ghqrwhg EW> vxfk wkdw wkh ghvluhg ohyho ri dffxudf|
lv dfklhyhg1 Iru h{dpsoh/ rqh pljkw wdnh +sge> �, @ +43> =38,1 Lq wklv fdvh/ wkh
wkuhh0vwhs phwkrg ghwhuplqhv d ydoxh EW vxfk wkdw wkh shufhqwdjh ghyldwlrq ri wkh
xsshu dqg orzhu frq�ghqfh lqwhuydo ohqjwkv lv ohvv wkdq 43( hdfk zlwk dssur{lpdwh
suredelolw| =<8=

Wkh lghd ehklqg wkh wkuhh0vwhs phwkrg lv dv iroorzv= Frqglwlrqdo rq wkh ruljlqdo
vdpsoh/ wkh EF@ frq�ghqfh lqwhuydo hqgsrlqwv edvhg rq E uhshwlwlrqv duh vdpsoh
txdqwlohv zlwk udqgrp shufhqwdjh srlqwv1 Zh dssur{lpdwh wkhlu glvwulexwlrqv e|
wkhlu dv|pswrwlf glvwulexwlrqv dv E $ 41 Wkh sdudphwhuv ri wkhvh dv|pswrwlf
glvwulexwlrqv duh hvwlpdwhg lq wkh �uvw dqg vhfrqg vwhsv ri wkh wkuhh0vwhs phwkrg1
Wkhvh hvwlpdwhv lqfoxgh hvwlpdwhv ri d ghqvlw| dw wzr srlqwv1 Iru wklv sxusrvh/
zh xvh dq hvwlpdwru ri Vlggltxl +4<93, zlwk dq rswlpdo gdwd0ghshqghqw vprrwklqj
sdudphwhu/ zklfk lv d yduldqw ri wkdw sursrvhg e| Kdoo dqg Vkhdwkhu +4<;;,1 Wkh
dv|pswrwlf glvwulexwlrqv hydoxdwhg dw wkhvh hvwlpdwhv duh xvhg lq wkh wklug vwhs wr
ghwhuplqh krz odujh E pxvw eh lq rughu wr dwwdlq wkh ghvluhg ohyho ri dffxudf|1

Wkh wkuhh0vwhs phwkrg lv dssolfdeoh zkhqhyhu d EF@ frq�ghqfh lqwhuydo lv ds0
solfdeoh1 Wklv lqfoxghv sdudphwulf/ vhplsdudphwulf/ dqg qrqsdudphwulf prghov zlwk
lqghshqghqw dqg lghqwlfdoo| glvwulexwhg +llg, gdwd/ lqghshqghqw dqg qrq0lghqwlfdoo|
glvwulexwhg +lqlg, gdwd/ dqg wlph vhulhv gdwd +vhh Jùw}h dqg N qvfk +4<<9, uhjduglqj
wkh odwwhu,1 Wkh phwkrg lv dssolfdeoh zkhq wkh errwvwuds hpsor|hg lv wkh vwdqgdug
qrqsdudphwulf llg errwvwuds/ d prylqj eorfn errwvwuds iru wlph vhulhv/ d sdudphwulf
ru vhplsdudphwulf errwvwuds/ ru d errwvwuds iru uhjuhvvlrq prghov wkdw lv edvhg rq
errwvwudsslqj uhvlgxdov1 Hvvhqwldoo|/ wkh uhvxowv duh dssolfdeoh zkhqhyhu wkh errw0
vwuds vdpsohv duh vlpxodwhg wr eh llg dfurvv gl�huhqw errwvwuds vdpsohv1 +Wkh vlp0
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xodwlrqv qhhg qrw eh llg zlwklq hdfk errwvwuds vdpsoh1,
Zh h{dplqh wkh vpdoo vdpsoh shuirupdqfh ri wkh sursrvhg phwkrg yld vlpxod0

wlrq iru wzr frpprq dssolfdwlrqv lq wkh hfrqrphwulfv dqg vwdwlvwlfv olwhudwxuh1 Wkh
�uvw dssolfdwlrq lv wr d olqhdu uhjuhvvlrq prgho1 Wkh vhfrqg lv wr d fruuhodwlrq frhi0
�flhqw ehwzhhq wzr udqgrp yduldeohv1 Zh �qg wkdw wkh qxpehu ri errwvwuds uhshwl0
wlrqv qhhghg wr dwwdlq dffxudwh hvwlpdwhv ri wkh lghdo errwvwuds frq�ghqfh lqwhuydo lv
txlwh odujh1 Zh dovr �qg wkdw iru erwk dssolfdwlrqv wkh sursrvhg wkuhh0vwhs phwkrg
shuirupv idluo| zhoo/ dowkrxjk lw lv ryhuo| frqvhuydwlyh1 Wkdw lv/ wkh �qlwh vdpsoh
suredelolwlhv wkdw wkh shufhqwdjh ghyldwlrqv ri wkh orzhu dqg xsshu ohqjwkv ri wkh
errwvwuds frq�ghqfh lqwhuydov duh ohvv wkdq ru htxdo wr sge duh vrphzkdw juhdwhu
wkdq wkhlu wkhruhwlfdo ydoxh/ 4� � / iru prvw +�> sge> �, frpelqdwlrqv frqvlghuhg1

Wkh wkuhh0vwhs phwkrg frqvlghuhg khuh lv forvho| uhodwhg wr wkdw vshfl�hg lq Dq0
guhzv dqg Exfklqvn| +5333, iru fkrrvlqj E iru errwvwuds vwdqgdug huuru hvwlpdwhv/
shufhqwloh w frq�ghqfh lqwhuydov/ whvwv iru d jlyhq vljql�fdqfh ohyho/ s�ydoxhv/ dqg eldv
fruuhfwlrq1 Wkh uhvxowv ri Dqguhzv dqg Exfklqvn| +5333, duh qrw dssolfdeoh wr EF@

frq�ghqfh lqwhuydov/ ehfdxvh wkh| rqo| dsso| wr errwvwuds vdpsoh txdqwlohv iru �{hg
shufhqwdjh srlqwv1 Dqdo|vlv ri wkh shuirupdqfh ri wkh wkuhh0vwhs phwkrg ri Dqguhzv
dqg Exfklqvn| +5333, lv jlyhq lq Dqguhzv dqg Exfklqvn| +4<<<,1

Wkh dv|pswrwlf dssur{lpdwlrqv xwlol}hg khuh duh htxlydohqw wr wkrvh xvhg lq Hiurq
+4<;:/ Vhf1 <,1 Zh surylgh d surri ri wkh ydolglw| ri wkhvh dssur{lpdwlrqv1 Wklv
surri lv frpsolfdwhg e| wkh idfw wkdw wkh vdpsoh txdqwlohv lq txhvwlrq duh iurp dq
xqghuo|lqj glvwulexwlrq wkdw lv glvfuhwh +dw ohdvw iru wkh qrqsdudphwulf glvwulexwlrq,
dqg wkh shufhqwdjh srlqwv duh udqgrp/ qrw �{hg1

Qrwh wkdw Kdoo +4<;9, frqvlghuv wkh h�hfw ri E rq wkh xqfrqglwlrqdo fryhudjh
suredelolwlhv ri vrph frq�ghqfh lqwhuydov +exw qrw EF@ frq�ghqfh lqwhuydov,1 Wkh
xqfrqglwlrqdo fryhudjh suredelolw| lv wkh suredelolw| zlwk uhvshfw wr wkh udqgrpqhvv
lq wkh gdwd dqg wkh errwvwuds vlpxodwlrqv1 Lq frqwudvw/ zh frqvlghu frqglwlrqdo fry0
hudjh suredelolwlhv/ l1h1/ fryhudjh suredelolwlhv zlwk uhvshfw wr wkh udqgrpqhvv lq wkh
gdwd frqglwlrqdo rq wkh errwvwuds vlpxodwlrqv1 Zh gr vr ehfdxvh zh gr qrw zdqw wr
eh deoh wr rewdlq �gl�huhqw dqvzhuv� iurp wkh vdph gdwd gxh wr wkh xvh ri gl�huhqw
vlpxodwlrq gudzv1

Wkh uhpdlqghu ri wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv qr0
wdwlrq dqg gh�qhv wkh EF@ frq�ghqfh lqwhuydov1 Vhfwlrq 6 ghvfulehv wkh wkuhh0vwhs
phwkrg iru fkrrvlqj E iru wkhvh frq�ghqfh lqwhuydov1 Vhfwlrq 7 suhvhqwv vrph Prqwh
Fduor vlpxodwlrq uhvxowv wkdw dvvhvv wkh delolw| ri wkh wkuhh0vwhs phwkrg wr fkrrvh
E wr dfklhyh wkh ghvluhg dffxudf| lq �qlwh vdpsohv1 Vhfwlrq 8 ghvfulehv wkh dv|ps0
wrwlf mxvwl�fdwlrq ri wkh wkuhh0vwhs phwkrg1 Dq Dsshqgl{ surylghv d surri ri wkh
dv|pswrwlf mxvwl�fdwlrq1

51 Qrwdwlrq dqg Gh�qlwlrqv

Zh ehjlq e| lqwurgxflqj vrph qrwdwlrq dqg gh�qlwlrqv1 Ohw [ @ +[�> ===>[?,�

ghqrwh wkh revhuyhg gdwd1 Ohw e� @ e�+[, eh dq hvwlpdwru ri dq xqnqrzq vfdodu
sdudphwhu �f1 Zh zlvk wr frqvwuxfw dq htxdo0wdlohg frq�ghqfh lqwhuydo iru �f ri
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+dssur{lpdwh, frq�ghqfh ohyho 433+4� 5�,( iru vrph 3 ? � ? 41
Zh dvvxph wkdw wkh qrupdol}hg hvwlpdwru qV+e� � �f, kdv dq dv|pswrwlf qrupdo

glvwulexwlrq dv q $ 41 Ohw �2ew ghqrwh lwv dv|pswrwlf yduldqfh1 Zh doorz iru � 9@ 4@5

wr fryhu qrqsdudphwulf hvwlpdwruv/ vxfk dv qrqsdudphwulf hvwlpdwruv ri d ghqvlw| ru
uhjuhvvlrq ixqfwlrq dw d srlqw1

Gh�qh d errwvwuds vdpsoh [W @ +[W
� > ===>[

W
?,

� dqg d errwvwuds hvwlpdwrue�W @ e�+[W,= Ohw e�WEk�" ghqrwh wkh � txdqwloh ri e�W1 Ehfdxvh wkh errwvwuds hvwlpdwru e�W
kdv d glvfuhwh glvwulexwlrq +dw ohdvw iru wkh qrqsdudphwulf errwvwuds,/ wkhuh w|slfdoo|

lv qr frqvwdqw e�WEk�" wkdw vdwlv�hv wkh htxdwlrq S W+e�W � e�WEk�" , @ � h{dfwo|/ zkhuh
S W+�, ghqrwhv suredelolw| zlwk uhvshfw wr wkh errwvwuds vdpsoh [W frqglwlrqdo rq wkh

ruljlqdo vdpsoh [1 Wkxv/ wr eh suhflvh/ zh gh�qh e�WEk�" @ lqiin = S W+e�W � n, � �j=
Wkh lghdo errwvwuds htxdo0wdlohg shufhqwloh frq�ghqfh lqwhuydo ri dssur{lpdwh

frq�ghqfh ohyho 433+4� 5�,( lv

^e�WEk�" >e�WE�3k�" `= +4,

Wklv frq�ghqfh lqwhuydo grhv qrw lpsuryh xsrq frq�ghqfh lqwhuydov edvhg rq �uvw
rughu dv|pswrwlfv lq whupv ri fryhudjh suredelolw|1 Lq frqvhtxhqfh/ Hiurq +4<;:,
lqwurgxfhg wkh eldv0fruuhfwhg dqg dffhohudwhg +EF@, frq�ghqfh lqwhuydo wkdw dgmxvwv
wkh txdqwlohv � dqg 4� � lq vxfk d zd| wkdw lw h{klelwv kljkhu rughu lpsuryhphqwv1
+Iru d ghwdlohg glvfxvvlrq ri wkhvh kljkhu rughu lpsuryhphqwv/ vhh Kdoo +4<;;, dqg
Kdoo +4<<5/ Vhf1 6143,1 Iru dq lqwurgxfwru| glvfxvvlrq ri EF@ frq�ghqfh lqwhuydov dqg
vriwzduh wr fdofxodwh wkhp/ vhh Hiurq dqg Wlevkludql +4<<6/ Vhf1 4716 dqg Dsshqgl{,1,

Wkh lghdo errwvwuds EF@ frq�ghqfh lqwhuydo ri dssur{lpdwh frq�ghqfh ohyho
433+4� 5�,( lv

FL" @ ^e�WEk�c"�

" >e�WEk�c"�

" `> zkhuh

��c" @ �

#e}fc" .
e}fc" . }Ek�

4� ed+e}fc" . }Ek�,

$
dqg

��c" @ �

#e}fc" .
e}fc" . }E�3k�

4� ed+e}fc" . }E�3k�,

$
= +5,

Khuh �+�, lv wkh vwdqgdug qrupdo glvwulexwlrq ixqfwlrq dqg }Ek� lv wkh � txdqwloh ri
wkh vwdqgdug qrupdo glvwulexwlrq1 Wkh whup e}fc" lv wkh �lghdo eldv fruuhfwlrq� dqg
lv gh�qhg e| e}fc" @ �3�

�
S W+e�W ? e�,� > +6,

zkhuh �3�+�, ghqrwhv wkh lqyhuvh ri wkh vwdqgdug qrupdo glvwulexwlrq ixqfwlrq1
Wkh whup ed lq +5, lv wkh �dffhohudwlrq frqvwdqw�1 Lw fdq eh gh�qhg lq gl�huhqw

zd|v1 Iru h{dpsoh/ lq llg frqwh{wv/ lw fdq eh gh�qhg wr htxdo d mdfnnqlih hvwlpdwh=

ed @

S?
�'�+

e�Eu� � e�E��,�
9
�S?

�'�+
e�Eu� � e�E��,2��*2 > +7,
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zkhuh e�E�� @ e�+[E��,> [E�� ghqrwhv wkh ruljlqdo vdpsoh zlwk wkh l0wk revhuydwlrq
ghohwhg/ dqg e�Eu� @ S?

�'�
e�E��@q=

Qrwh wkdw/ zkhq wkh lghdo eldv fruuhfwlrq e}fc" dqg wkh lghdo dffhohudwlrq frqvwdqwed htxdo }hur/ ��c" @ �+}Ek�, @ � dqg ��c" @ �+}E�3k�, @ 4 � �1 Lq wklv fdvh/ wkh
EF@ frq�ghqfh lqwhuydo uhgxfhv wr wkh htxdo0wdlohg shufhqwloh frq�ghqfh lqwhuydo ri
+4,1

Dqdo|wlf fdofxodwlrq ri wkh lghdo errwvwuds EF@ frq�ghqfh lqwhuydo lv xvxdoo|
lqwudfwdeoh1 Qhyhuwkhohvv/ rqh fdq dssur{lpdwh lw xvlqj errwvwuds vlpxodwlrqv1 Frq0
vlghu E errwvwuds vdpsohv i[W

K = e @ 4> ===> Ej wkdw duh lqghshqghqw dfurvv E> hdfk
zlwk wkh vdph glvwulexwlrq dv [W= Wkh fruuhvsrqglqj E errwvwuds hvwlpdwruv duh
ie�WK @ e�+[W

K, = e @ 4> ===Ej1
Ohw ie�W�cK = e @ 4> ===Ej ghqrwh wkh rughuhg vdpsoh ri errwvwuds hvwlpdwruv1 Gh0

�qh wkh � vdpsoh txdqwloh ri wkh errwvwuds hvwlpdwruv wr eh e�WEk�� @ e�W�c�E�n��k0 iru

� � 4@5 dqg e�WEk�� @ e�W�c)E�n��kB iru � A 4@5> zkhuh edf ghqrwhv wkh odujhvw lqwhjhu
ohvv wkdq ru htxdo wr d +l1h1/ wkh lqwhjhu sduw ri d, dqg gdh ghqrwhv wkh vpdoohvw lqwhjhu
juhdwhu wkdq ru htxdo wr d=

Wkh EF@ frq�ghqfh lqwhuydo ri dssur{lpdwh frq�ghqfh ohyho 433+4� 5�,( edvhg
rq E errwvwuds uhshwlwlrqv lv

FL� @ ^e�WEk�c��� >e�WEk�c��� `> zkhuh

��c� @ �

#e}fc� .
e}fc� . }Ek�

4� ed+e}fc� . }Ek�,

$
dqg

��c� @ �

#e}fc� .
e}fc� . }E�3k�

4� ed+e}fc� . }E�3k�,

$
= +8,

Wkh whup e}fc� lv wkh eldv fruuhfwlrq edvhg rq E errwvwuds uhshwlwlrqv dqg lv gh�qhg
e|

e}fc� @ �3�

#
4

E

�[
K'�

+e�WK ? e�,$ = +9,

Zh qrwh wkdw e}fc� lv d udqgrp ixqfwlrq ri wkh errwvwuds hvwlpdwruv ie�WK = e @ 4> ===Ej1
Lq frqvhtxhqfh/ ��c� dqg ��c� duh udqgrp ixqfwlrqv ri ie�WK = e @ 4> ===Ej1 Wklv d�hfwv
wkh wkuhh0vwhs phwkrg ri ghwhuplqlqj E zklfk lv lqwurgxfhg ehorz1 Zh dovr qrwh
wkdw wkh dffhohudwlrq frqvwdqw ed> dv gh�qhg lq +7,/ grhv qrw ghshqg rq wkh errwvwuds
hvwlpdwruv1 Lw lv d ixqfwlrq ri wkh ruljlqdo vdpsoh rqo|1

61 D Wkuhh0vwhs Phwkrg iru Ghwhuplqlqj
wkh Qxpehu ri Errwvwuds Uhshwlwlrqv

Lq wklv vhfwlrq/ zh lqwurgxfh d wkuhh0vwhs phwkrg iru ghwhuplqlqj E iru wkh errw0
vwuds frq�ghqfh lqwhuydo FL� gh�qhg deryh1 Rxu pdlq lqwhuhvw lv lq ghwhuplqlqj E
vxfk wkdw FL� lv forvh wr wkh lghdo errwvwuds frq�ghqfh lqwhuydo FL"1 D vhfrqgdu|

7



lqwhuhvw lv lq wkh xqfrqglwlrqdo fryhudjh suredelolw| ri FL� +zkhuh �xqfrqglwlrqdo�
uhihuv wr wkh udqgrpqhvv lq erwk wkh gdwd dqg wkh vlpxodwlrqv,1

Rxu sulpdu| lqwhuhvw lv wkh iruphu/ ehfdxvh wkh vlpxodwhg udqgrp yduldeohv
duh dqfloodu| zlwk uhvshfw wr wkh sdudphwhu �f= Khqfh/ wkh sulqflsoh ri dqfloodulw|
ru frqglwlrqdolw| +h1j1/ vhh Nlhihu +4<;5, dqg uhihuhqfhv wkhuhlq, lpsolhv wkdw zh
vkrxog vhhn d frq�ghqfh lqwhuydo wkdw kdv d frq�ghqfh ohyho wkdw lv +dssur{lpdwho|,
433+4 � 5�,( frqglwlrqdo rq wkh vlpxodwlrq gudzv1 Wr rewdlq vxfk dq lqwhuydo/ zh
qhhg wr fkrrvh E wr eh vx!flhqwo| odujh wkdw FL� lv forvh wr FL"1 Rwkhuzlvh/ wzr
uhvhdufkhuv xvlqj wkh vdph gdwd dqg wkh vdph vwdwlvwlfdo phwkrg frxog uhdfk gl�huhqw
frqfoxvlrqv gxh rqo| wr wkh xvh ri gl�huhqw vlpxodwlrq gudzv1

Zh frxog phdvxuh wkh forvhqhvv ri FL� wr FL" e| frqvlghulqj wkhlu uhodwlyh
ohqjwkv1 Krzhyhu/ wkhvh frq�ghqfh lqwhuydov/ zklfk duh edvhg rq wkh sdudphwhu hv0
wlpdwh e�/ duh qrw qhfhvvdulo| v|pphwulf derxw e�= Lq frqvhtxhqfh/ d pruh uh�qhg
phdvxuh ri wkh forvhqhvv ri FL� wr FL" lv wr frqvlghu wkh forvhqhvv ri erwk wkhlu
orzhu dqg xsshu ohqjwkv1 E| gh�qlwlrq/ wkh orzhu ohqjwk ri wkh frq�ghqfh lqwhuydo

FL�/ ghqrwhg O�+FL�,> lv wkh glvwdqfh ehwzhhq wkh orzhu erxqg e�WEk�c��� dqg e�= Lwv
xsshu ohqjwk/ ghqrwhg O�+FL�,> lv wkh glvwdqfh iurp e� wr e�WEk�c��� = Wkdw lv/

O�+FL�, @ e� � e�WEk�c��� dqg O�+FL�, @ e�WEk�c��� � e�1 +:,

Wkh orzhu dqg xsshu ohqjwkv ri FL" duh gh�qhg dqdorjrxvo| zlwk E uhsodfhg e| 4=
Zh phdvxuh wkh forvhqhvv ri FL� wr FL" e| frpsdulqj wkh shufhqwdjh ghyldwlrqv

ri wkh orzhu dqg xsshu ohqjwkv ri wkh wzr lqwhuydov1 Wkh shufhqwdjh ghyldwlrq ri wkh
xsshu ohqjwk ri FL� iurp wkh xsshu ohqjwk ri FL" lv

433
me�WEk�c��� � e�WEk�c"�

" me�WEk�c"�
" � e� = +;,

Wkh shufhqwdjh ghyldwlrq ri wkh orzhu ohqjwk ri FL� wr wkh orzhu ohqjwk ri FL" lv
gh�qhg dqdorjrxvo|1

Ohw 4� � ghqrwh d suredelolw| forvh wr rqh/ vxfk dv 1<81 Ohw sge eh d erxqg rq
wkh shufhqwdjh ghyldwlrq ri wkh orzhu ru xsshu ohqjwk ri FL� wr wkh fruuhvsrqglqj
ohqjwk ri FL"= Iru wkh xsshu ohqjwk/ zh zdqw wr ghwhuplqh E @ E+sge> �, vxfk wkdw

S W

3C433
me�WEk�c��� � e�WEk�c"�

" me�WEk�c"�

" � e� � sge

4D @ 4� � = +<,

Iru wkh orzhu ohqjwk/ zh zdqw wr ghwhuplqh dq dqdorjrxv ydoxh ri E zlwk ��c� dqg
��c" uhsodfhg e| ��c� dqg ��c" uhvshfwlyho|1

Wkh wkuhh0vwhs phwkrg ri ghwhuplqlqj E iru FL� lv ghvljqhg wr rewdlq d vshfl�hg
ghvluhg ohyho ri dffxudf| sge iru erwk ohqjwkv/ hdfk zlwk suredelolw| +dssur{lpdwho|,
htxdo wr 4� � 1

Wkh wkuhh0vwhs phwkrg uholhv rq hvwlpdwruv ri wkh uhflsurfdov ri wzr ghqvlw| ixqf0
wlrqv hydoxdwhg dw wzr srlqwv/ zklfk dsshdu lq wkh dv|pswrwlf glvwulexwlrqv ri wkh

8



vdpsoh txdqwlohv e�WEk�c��� dqg e�WEk�c��� 1 Iru wklv/ zh xvh Vlggltxl*v +4<93, hvwlpdwru
+dqdo|}hg e| Eorfk dqg Jdvwzluwk +4<9;, dqg Kdoo dqg Vkhdwkhu +4<;;,, zlwk soxj0lq
hvwlpdwruv ri wkh edqgzlgwk sdudphwhuv wkdw duh fkrvhq wr pd{lpl}h wkh kljkhu ru0
ghu dv|pswrwlf fryhudjh suredelolw| ri wkh uhvxowdqw frq�ghqfh lqwhuydo/ dv fdofxodwhg
e| Kdoo dqg Vkhdwkhu +4<;;,1 Wr uhgxfh wkh qrlvh ri wkh soxj0lq hvwlpdwru/ zh wdnh
dgydqwdjh ri wkh idfw wkdw zh nqrz wkh dv|pswrwlf ydoxhv ri wkh ghqvlwlhv dqg zh xvh
wkhp wr jhqhudwh rxu hvwlpdwruv ri wkh xqnqrzq frh!flhqwv lq wkh soxj0lq irupxodh1
Wkh ghqvlw| hvwlpdwh pdnhv xvh ri wkh iroorzlqj irupxod/ zklfk lv xwlol}hg lq Vwhs 5
ehorz=

Fk @

#
4=8+}E�3k*2�,2!2+}E�3k�,

5+}E�3k�,2 . 4

$�*�

= +43,

Wkh wkuhh0vwhs phwkrg lv gh�qhg dv iroorzv=

Vwhs 41 Frpsxwh d suholplqdu| qxpehu ri errwvwuds uhshwlwlrqv E� yld

E� @ g43> 333
�
�+4� �,� 5�!+}Ek�,@!+3, . !2+}Ek�,@!2+3,

�
+}E�3�*2�,2

@
�
}Ek�!+}Ek�,sge

�2h= +44,

Vwhs 51 Vlpxodwh E� errwvwuds hvwlpdwruv ie�WK = e @ 4> ===> E�j> rughu wkh errwvwuds
hvwlpdwruv/ zklfk duh ghqrwhg ie�W��cK = e @ 4> ===>E�j> dqg fdofxodwh

e}fc��
@ �3�

3C 4

E�

��[
K'�

+e�WK ? e�,
4D > ��� @ pd{

+
�

#e}fc��
.

e}fc��
. }Ek�

4� ed+e}fc��
. }Ek�,

$
> =34

,
>

��� @ plq

+
�

#e}fc��
.

e}fc��
. }E�3k�

4� ed+e}fc��
. }E�3k�,

$
> =<<

,
> ��� @ e+E� . 4,���f>

��� @ g+E� . 4,���h> ep�� @ gFk��E
2*�
� h> ep�� @ gF�3k��E

2*�
� h>e�W��cD��

> e�W��cD�� >
e�W��cD��3e6��

> e�W��cD��ne6��
> e�W��cD��3e6��

> dqg e�W��cD��ne6��
=
+45,

Vwhs 61 Wdnh wkh ghvluhg qxpehu ri errwvwuds uhshwlwlrqv/ EW> wr htxdo
EW @ pd{iE�> E2�>E2�j> zkhuh

E2� @ g43> 333
�
�+4� �,� 5�!+}Ek�,@!+3, . !2+}Ek�,@!2+3,

�
+}E�3�*2�,2

�
�

E�

5 ep��

�2�e�W��cD��ne6��
� e�W��cD��3e6��

�2
@
�
+e� � e�W��cD��

,sge
�2h dqg

E2� @ g43> 333
�
�+4� �,� 5�!+}Ek�,@!+3, . !2+}Ek�,@!2+3,

�
+}E�3�*2�,2

�
�

E�

5 ep��

�2�e�W��cD��ne6��
� e�W��cD��3e6��

�2
@
�
+e�W��cD�� � e�,sge�2h= +46,
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Qrwh wkdw }Ek�> !+�,> dqg�+�, ghqrwh wkh � txdqwloh/ ghqvlw|/ dqg glvwulexwlrq ixqfwlrq/
uhvshfwlyho|/ ri d vwdqgdug qrupdo glvwulexwlrq1

Lq Vwhs 5/ ��� dqg ��� duh wuxqfdwhg wr eh juhdwhu wkdq ru htxdo wr =34 dqg ohvv
wkdq ru htxdo wr =<< uhvshfwlyho|1 Wklv lv grqh wr suhyhqw srwhqwldoo| huudwlf ehkdylru
ri wkh ghqvlw| hvwlpdwru lq Vwhs 6 li wkh irupxodh rwkhuzlvh zrxog fdoo iru hvwlpdwlrq
ri wkh ghqvlw| yhu| idu lq wkh wdlo1 Wklv wuxqfdwlrq lpsolhv wkdw wkh wkuhh0vwhs phwkrg/
dv gh�qhg/ lv vxlwdeoh rqo| zkhq � � =34=

Kdylqj ghwhuplqhg EW/ rqh rewdlqv wkh �qdo EF@ frq�ghqfh lqwhuydo e| vlpxodw0
lqj EW�E� +� 3, dgglwlrqdo errwvwuds hvwlpdwruv ie�WK = e @ E�.4> ===> EWj> rughulqj
wkh EW errwvwuds hvwlpdwruv/ zklfk duh ghqrwhg ie�W�WcK = e @ 4> ===>EWj> dqg fdofxodw0

lqj e}fc�W > ��c�W > ��c�W > e�WEk�c�W��W > dqg e�WEk�c�W��W xvlqj wkh irupxodh jlyhq lq Vwhs 5 zlwk
E� uhsodfhg e| EW= Wkh uhvxowlqj EF@ frq�ghqfh lqwhuydo/ edvhg rq EW errwvwuds
uhshwlwlrqv/ lv htxdo wr

FL�W @ ^e�WEk�c�W��W >e�WEk�c�W��W `/ +47,

zkhuh ��c�W dqg ��c�W duh gh�qhg e| +8, zlwk E uhsodfhg e| EW=
Vwhsv 5 dqg 6 frxog eh lwhudwhg zlwk olwwoh dgglwlrqdo frpsxwdwlrqdo exughq e|

uhsodflqj E� lq Vwhs 5 e| E� @ pd{iE�> E2�> E2�j> uhsodflqj +E2�>E2�, lq Vwhs 6
e| +E2�> E2�,/ dqg wdnlqj EW @ pd{iE2�> E2�> E�j= Lq vrph fdvhv/ wklv pd| ohdg wr
forvhu �qlwh vdpsoh dqg dv|pswrwlf surshuwlhv ri wkh wkuhh0vwhs surfhgxuh1

Wkh wkuhh0vwhs phwkrg lqwurgxfhg khuh lv edvhg rq d vfdodu sdudphwhu �f= Zkhq
rqh lv lqwhuhvwhg lq vhsdudwh frq�ghqfh lqwhuydov iru vhyhudo sdudphwhuv/ vd| P sd0
udphwhuv/ rqh fdq dsso| wkh wkuhh0vwhs phwkrg iru hdfk ri wkh sdudphwhuv wr rewdlq
EW
E��> E

W
E2�/ 111/ E

W
E�� dqg wdnh EW wr htxdo wkh pd{lpxp ri wkhvh ydoxhv1

71 Prqwh Fduor Vlpxodwlrq

7141 Prqwh Fduor Ghvljq

Lq wklv vhfwlrq/ zh lqwurgxfh wkh ghvljq ri wkh vlpxodwlrq h{shulphqwv1 Zh surylgh
vlpxodwlrq uhvxowv iru d olqhdu uhjuhvvlrq prgho dqg d fruuhodwlrq frh!flhqw1 Wkhuh
duh wzr sxusrvhv ri wkh h{shulphqwv1 Wkh �uvw sxusrvh lv wr looxvwudwh wkh pdjqlwxghv
ri wkh ydoxhv ri E wkdw duh qhfhvvdu| wr dfklhyh gl�huhqw ohyhov ri dffxudf|1 Khuh/
dffxudf| phdqv forvhqhvv ri wkh EF@ frq�ghqfh lqwhuydo edvhg rq E uhshwlwlrqv wr
wkh lghdo errwvwuds EF@ frq�ghqfh lqwhuydo iru zklfk E @ 41 Wkh vhfrqg sxusrvh
lv wr vhh zkhwkhu wkh wkuhh0vwhs phwkrg |lhogv ydoxhv ri E zlwk wkh ghvluhg ohyho ri
dffxudf|1 Pruh vshfl�fdoo|/ iru wkh xsshu ohqjwk ri wkh frq�ghqfh lqwhuydo/ zh zdqw

wr vhh krz forvh S W+433me�WEk�c��� �e�WEk�c"�
" m @+e�WEk�c"�

" �e�, � sge, lv wr 4�� iru ydoxhv
ri E vshfl�hg e| wkh wkuhh0vwhs phwkrg/ iru d udqjh ri ydoxhv ri +�> sge> �,1 Zh duh
dovr lqwhuhvwhg lq wkh fruuhvsrqglqj uhvxowv iru wkh orzhu ohqjwk1 Zh frqvlghu wkh
shuirupdqfh ri E�> E2�> E2�> E

W
� @ pd{iE�>E2�j> EW

� @ pd{iE�> E2�j> dv zhoo dv
EW1

:



Olqhdu Uhjuhvvlrq Prgho=

Wkh olqhdu uhjuhvvlrq prgho lv

|� @ {��� . x� +48,

iru l @ 4> ===> q> zkhuh q @ 58/ [� @ +|�> {
�
�,
� duh llg ryhu l @ 4> ===> q/ {� @ +4> {��> ===>

{D�,
� 5 US/ +{��> ===> {D�, duh pxwxdoo| lqghshqghqw qrupdo udqgrp yduldeohv/ {� lv

lqghshqghqw ri x�/ dqg x� kdv d w glvwulexwlrq zlwk �yh ghjuhhv ri iuhhgrp +ghqrwhg
wD,1 Wkh vlpxodwlrq uhvxowv duh lqyduldqw zlwk uhvshfw wr wkh phdqv dqg yduldqfhv ri
wkh udqgrp uhjuhvvruv dqg wkh ydoxh ri wkh uhjuhvvlrq sdudphwhu �/ vr zh qhhg qrw
eh vshfl�f dv wr wkhlu ydoxhv1 +Wkh uhvxowv dovr duh lqyduldqw zlwk uhvshfw wr fkdqjhv
lq wkh vfdoh ri wkh huuruv1,

Zh hvwlpdwh � e| ohdvw vtxduhv +OV,1 Zh irfxv dwwhqwlrq rq wkh �uvw vorsh frh!0
flhqw1 Wkxv/ wkh sdudphwhu � ri wkh suhylrxv vhfwlrqv lv �2/ wkh vhfrqg hohphqw ri �/
dqg wkh hvwlpdwru e� lv wkh OV hvwlpdwru ri �2=

Fruuhodwlrq Frh!flhqw=

Wkh fruuhodwlrq frh!flhqw prgho frqvlvwv ri dq llg vdpsoh ri sdluv ri udqgrp
yduldeohv i+{�> |�, = l @ 4> ===> qj zlwk fruuhodwlrq frh!flhqw 4251 Wkh udqgrp yduldeohv
{� dqg z� kdyh lqghshqghqw wD glvwulexwlrqv/ dqg |� lv jlyhq e|

|� @ +4@
s
6,{� .z�=

Wkh sdudphwhu � ri wkh suhylrxv vhfwlrqv lv wkh fruuhodwlrq frh!flhqw/ �%+/ ehwzhhq
{� dqg |�1 Wkdw lv/ � @ �%+ @ Fry+{�> |�,@+Ydu+{�,Ydu+|�,,�*2= Zh hvwlpdwh �%+ xvlqj
wkh vdpsoh fruuhodwlrq frh!flhqw u%+=

e� @ u%+ @

S?
�'�+{� � �{,+|� � �|,

+
S?

�'�+{� � �{,2
S?

�'�+|� � �|,2,�*2
>

zkhuh { @
S?

�'� {�@q dqg | @
S?

�'� |�@q=

H{shulphqwdo Ghvljq=

Iru hdfk ri wkh wzr prghov/ zh vlpxodwh 433 vdpsohv1 Iru hdfk ri wkh 433 vdpsohv/

zh frpsxwh a� dqg vlpxodwh e�WEk�c"�
" dqg e�WEk�c"�

" xvlqj 583/333 errwvwuds uhshwlwlrqv1
Khuh zh h{solflwo| dvvxph wkdw 583/333 uhshwlwlrqv lv forvh hqrxjk wr lq�qlw| wr dffx0

udwho| hvwlpdwh e�WEk�c"�

" dqg e�WEk�c"�

" 1 Jlyhq a�/ e�WEk�c"�

" / dqg e�WEk�c"�

" / zh frpsxwh wkh
orzhu dqg xsshu ohqjwkv ri wkh lghdo errwvwuds frq�ghqfh lqwhuydov iru hdfk vdpsoh1

Qh{w/ zh frpsxwh 5/333 Prqwh Fduor uhshwlwlrqv iru hdfk ri wkh 433 vdpsohv/
iru d wrwdo ri 533/333 vlpxodwlrqv1 Lq hdfk Prqwh Fduor uhshwlwlrq/ zh frpsxwh
E2�> E2�> dqg EW iru hdfk +�> sge> �, frpelqdwlrq iru zklfk 4 � 5� lv =<8 ru =<3/
sge lv 53(/ 48(/ ru 43(/ dqg 4 � � lv =<:8/ =<8/ ru =<31 Iru hdfk vdpsoh dqg
+�> sge> �, frpelqdwlrq/ zh fdofxodwh wkh phdq/ phgldq/ plqlpxp/ dqg pd{lpxp
ri E2� dqg E2� ryhu wkh 5/333 Prqwh Fduor uhshwlwlrqv1 Zh uhsruw wkh dyhudjhv ri

;



wkhvh ydoxhv ryhu wkh 433 vdpsohv1 +Iru h{dpsoh/ lq froxpq +47, ri Wdeoh 4/ zklfk lv
khdghg �Phg/� wkh qxpehuv surylghg duh wkh dyhudjhv ri wkh phgldqv ri E2� ryhu wkh
433 vdpsohv1, Iru frpsdudwlyh sxusrvhv/ zh dovr uhsruw wkh ydoxh ri E� iru hdfk +�>
sge> �, frpelqdwlrq1 Wkhvh uhvxowv lqglfdwh wkh pdjqlwxghv ri wkh E ydoxhv qhhghg
wr rewdlq wkh dffxudf| vshfl�hg e| gl�huhqw +sge> �, frpelqdwlrqv1

Lq hdfk Prqwh Fduor uhshwlwlrq/ zh dovr frpsxwh e�WEk�c��" iru E @ E�> E2�> E
W
� > dqg

EW dqg e�WEk�c��" iru E @ E�> E2�> E
W
�> dqg EW1 Wkh fdofxodwlrqv duh uhshdwhg iru doo

ri wkh +�> sge> �, frpelqdwlrqv frqvlghuhg deryh1 Iru hdfk +�> sge> �, frpelqdwlrq

dqg iru hdfk uhshwlwlrq/ zh fkhfn zkhwkhu e�WEk�c�2��" vdwlv�hv

433

����e�WEk�c�2��" � e�WEk�c"�

"

����
e� � e�WEk�c"�

"

� sge= +49,

Zh frpsxwh wkh iudfwlrq ri wlphv wklv frqglwlrq lv vdwlv�hg rxw ri wkh 5/333 Prqwh
Fduor uhshwlwlrqv1 Wkhq/ zh frpsxwh wkh dyhudjh ri wklv iudfwlrq ryhu wkh 433 vdpsohv1
Zh fdoo wklv iudfwlrq wkh hpslulfdo ohyho iru E2� iru wkh xsshu ohqjwk ri wkh EF@

frq�ghqfh lqwhuydo1 Wkh hpslulfdo ohyhov iru E�> EW
�> dqg EW iru wkh xsshu ohqjwk

dovr duh fdofxodwhg1 +Wkh| duh gh�qhg dv deryh zlwk E�> EW
�> dqg EW lq sodfh ri E2�

uhvshfwlyho|1, Lq dgglwlrq/ wkh hpslulfdo ohyhov iru E�> E2�> E
W
� > dqg EW iru wkh orzhu

ohqjwk ri wkh EF@ frq�ghqfh lqwhuydo duh fdofxodwhg1 +Wkh| duh gh�qhg dqdorjrxvo|
zlwk c lq sodfh ri x=, Ilqdoo|/ zh fdofxodwh wkh mrlqw hpslulfdo ohyho iru EW> zklfk
lv wkh iudfwlrq ri wlphv erwk wkh xsshu ohqjwk frqglwlrq +49, dqg wkh fruuhvsrqglqj
orzhu ohqjwk frqglwlrq krog zlwk EW lq sodfh ri E2� dyhudjhg ryhu wkh 433 vdpsohv1
Zh uhsruw doo ri wkh hpslulfdo ohyhov iru doo ri wkh +�> sge> �, frpelqdwlrqv1

Wkh hpslulfdo ohyhov olvwhg deryh duh vxemhfw wr wkuhh w|shv ri huuru= +l, qrlv| hvwl0
pdwhv ri wkh ghqvlw| dqg2ru wkh xsshu ru orzhu ohqjwkv ri wkh frq�ghqfh lqwhuydo xvhg
lq Vwhs 6 ri wkh wkuhh0vwhs surfhgxuh/ +ll, lqdffxudf| ri wkh qrupdo dssur{lpdwlrq
+hyhq zkhq wkh ghqvlw| dqg frq�ghqfh lqwhuydo ohqjwk hvwlpdwhv duh dffxudwh,/ dqg
+lll, vlpxodwlrq huuru1 Wr dvvhvv wkh pdjqlwxgh ri wkh �uvw w|sh ri huuru/ zh uhsruw
hpslulfdo ohyhov iru wkh lqihdvleoh wkuhh0vwhs surfhgxuh wkdw xvhv hvwlpdwhv ri wkh ghq0
vlw| dqg ohqjwkv ri wkh frq�ghqfh lqwhuydov lq Vwhs 6 wkdw duh edvhg rq E @ 583> 333
udwkhu wkdq E @ E�= Wkdw lv/ zh fdofxodwh doo wkh txdqwlwlhv +h{fhsw EW, lq Vwhsv
5 dqg 6 zlwk E� uhsodfhg e| 583> 333= Ohw E2�|> E2�|> dqg EW

| ghqrwh wkh dqdorjxhv
ri E2�> E2�> dqg EW xvlqj wkh �wuxh� ghqvlw| dqg frq�ghqfh lqwhuydo ohqjwkv1 +E|
gh�qlwlrq/ EW

| @ pd{iE�>E2�|>E2�|j=, Zh fdofxodwh wkh hpslulfdo ohyhov iru wkh xsshu
ohqjwkv ri wkh EF@ frq�ghqfh lqwhuydo wkdw fruuhvsrqg wr E2�| dqg EW

| > dv zhoo dv wkh
hpslulfdo ohyhov iru wkh orzhu ohqjwkv wkdw fruuhvsrqg wr E2�| dqg EW

| 1 Lq dgglwlrq/
zh fdofxodwh wkh mrlqw hpslulfdo ohyho iru EW

| = Zh fdoo wkhvh uhvxowv wkh hpslulfdo ohyhov
zlwk wkh �wuxh� ghqvlw|1

7151 Vlpxodwlrq Uhvxowv

Wdeoh 4 surylghv wkh vlpxodwlrq uhvxowv iru wkh olqhdu uhjuhvvlrq prgho1 Wdeoh 4
rqo| uhsruwv uhvxowv iru xsshu ohqjwkv ehfdxvh/ e| v|pphwu|/ wkh h{dfw �qlwh vdpsoh

<



uhvxowv iru orzhu ohqjwkv duh wkh vdph dv iru xsshu ohqjwkv lq wklv prgho1 Wdeoh 5
surylghv wkh uhvxowv iru wkh fruuhodwlrq frh!flhqw1 Wkh �uvw wkuhh froxpqv ri Wdeohv
4 dqg 5 vshfli| wkh gl�huhqw +�> sge> �, frpelqdwlrqv wkdw duh frqvlghuhg lq wkh urzv
ri wkh Wdeohv1 Wkh odvw �yh froxpqv ri Wdeoh 4 dqg wkh odvw qlqh froxpqv ri Wdeoh
5 jlyh wkh ydoxhv ri E� dqg wkh phdq/ phgldq/ plqlpxp/ dqg pd{lpxp ydoxhv ri
E2� +dqg E2� iru wkh fruuhodwlrq frh!flhqw, dyhudjhg ryhu wkh 433 vdpsohv iru hdfk
+�> sge> �, frpelqdwlrq1 Wkh irxuwk wr hohyhqwk froxpqv ri Wdeoh 4 dqg wkh irxuwk wr
vhyhqwhhqwk froxpqv ri Wdeoh 5 jlyh wkh hpslulfdo ohyho uhvxowv iru wkh wzr prghov iru
hdfk +�> sge> �, frpelqdwlrq1

Olqhdu Uhjuhvvlrq Prgho=

Froxpq +47, ri Wdeoh 4 jlyhv wkh phgldq E2� ydoxhv1 Wkh phgldq ydoxhv
lqglfdwh wkdw d odujh qxpehu ri errwvwuds uhshwlwlrqv lv uhtxluhg1 Iru h{dpsoh/ wkh
uhdvrqdeoh fkrlfh ri +4 � 5�> sge> 4 � �, @ +=<3> 48> =<8, kdv d phgldq E2� ydoxh ri
5> :66= Wkh ydoxh grhv qrw fkdqjh pxfk zkhq 4 � 5� lv lqfuhdvhg wr =<8= Wklv lv
lqglfdwlyh ri wkh jhqhudo lqvhqvlwlylw| ri wkh uhvxowv wr �1 Rq wkh rwkhu kdqg/ wkh
ydoxhv ri E2� ghshqg juhdwo| rq wkh pdjqlwxghv ri sge dqg 4 � � > hvshfldoo| sge=
Dv sge ghfuhdvhv dqg 4 � � lqfuhdvhv/ wkh phgldq E2� ydoxhv lqfuhdvh vljql�fdqwo|1
Iru h{dpsoh/ wkh frpelqdwlrq +4 � 5�> sge> 4 � �, @ +=<3> 53> =<3, kdv phgldq E2�

ydoxh ri ;36> zkloh +=<3> 53> =<:8, kdv phgldq E2� ydoxh ri 4> <55> dqg +=<3> 43> =<3, kdv
phgldq E2� ydoxh ri 6> <67= Dowkrxjk wkh pdjqlwxghv ri wkh E2� ydoxhv lv odujh/ wkh
frpsxwdwlrq wlph uhtxluhg iru wkh dssolfdwlrqv frqvlghuhg khuh lv uhodwlyho| vpdoo>
dozd|v ohvv wkdq rqh plqxwh1

Wkh uhvxowv ri froxpqv +46,�+49, ri Wdeoh 4 dovr vkrz wkdw wkh E2� ydoxhv kdyh d
vnhzhg glvwulexwlrq�wkh phgldq lv zhoo ehorz wkh phdq qxpehu ri errwvwuds uhshwl0
wlrqv1 Lq vrph fdvhv/ wkh uhtxluhg qxpehu ri errwvwuds uhshwlwlrqv lv yhu| odujh�forvh
wr 63/333/ vhh froxpq +49,1 Frpsdulvrq ri froxpqv +45, dqg +47, vkrzv wkdw wkh ph0
gldq E2� ydoxhv duh pxfk odujhu wkdq wkh lqlwldo E� ydoxhv1 Wklv vxjjhvwv wkdw uho|lqj
rq mxvw wkh �uvw vwhs ri wkh wkuhh0vwhs phwkrg/ yl}1/ E�> lv loo0dgylvhg1 Doo wkuhh0vwhsv
ri wkh wkuhh0vwhs phwkrg duh qhhghg1

Froxpq +7, ri Wdeoh 4 uhsruwv wkh hpslulfdo ohyhov edvhg rq E� iru wkh uhjuhvvlrq
prgho1 Wkhvh hpslulfdo ohyhov duh zhoo ehorz wkhlu wkhruhwlfdo frxqwhusduwv/ uhsruwhg
lq froxpq +6,/ iru doo +4 � 5�> sge> 4 � �, frpelqdwlrqv1 Wklv fruurerudwhv wkh vxs0
srvlwlrq deryh wkdw uholdqfh rq wkh E� ydoxhv lv loo0dgylvhg1 Wkh hpslulfdo ohyhov
lqfuhdvh vljql�fdqwo| zkhq E2� vlpxodwlrqv duh hpsor|hg/ vhh froxpq +8,1 Exw wkh
hpslulfdo ohyhov iru E2� duh vwloo ehorz wkh 4� � ydoxhv ri froxpq +6, lq prvw fdvhv1
Wkh hpslulfdo ohyhov iru wkh EW

� ydoxhv/ jlyhq lq froxpq +9,/ lqfuhdvh ixuwkhu1 Lq idfw/
iru doo fdvhv lq zklfk 4� � lv =<:8 +=<8 uhvshfwlyho|,/ wkh hpslulfdo ohyhov duh zlwklq
=33< +=354 uhvshfwlyho|, ri wkh h{dfw 4� � ydoxh jlyhq lq froxpq +6,1 Wklv lqglfdwhv
wkdw wkh wkuhh0vwhs phwkrg lv shuiruplqj zhoo lq whupv ri pdwfklqj wkh �qlwh vdpsoh
dffxudf| zlwk wkh ghvluhg wkhruhwlfdo dffxudf|1

Wkh hpslulfdo ohyhov iru EW duh jlyhq lq froxpq +:,1 Wkhvh hpslulfdo ohyhov duh
kljkhu wkdq wkh hpslulfdo ohyhov iru EW

� iru wkh xsshu ohqjwk1 Dv lw wxuqv rxw/ lw lv
hlwkhu gl!fxow wr dffxudwho| hvwlpdwh wkh xsshu ohqjwk ri wkh frq�ghqfh lqwhuydo ru
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wkh orzhu ohqjwk1 Lq frqvhtxhqfh/ rqh ri wkh wzr vlghv ri wkh frq�ghqfh lqwhuydo
xvxdoo| uhtxluhv d uhodwlyho| odujh qxpehu ri errwvwuds uhshwlwlrqv1 Dv d uhvxow/ wkh
hpslulfdo ohyhov edvhg rq EW duh txlwh kljk/ zhoo deryh wkhlu wkhruhwlfdo frxqwhusduwv
iru vrph +4 � 5�> sge> 4 � �, frpelqdwlrqv1 Wkh mrlqw hpslulfdo ohyhov iru EW> jlyhq
lq froxpq +;,/ duh vrphzkdw orzhu wkdq wkh xsshu hpslulfdo ohyhov iru EW= Exw/ wkh|
vwloo whqg wr eh frqvhuydwlyh> l1h1/ juhdwhu wkdq 4� � =

Wkh hpslulfdo ohyhov zlwk wkh �wuxh� ghqvlw| duh uhsruwhg lq froxpqv +<,�+44,1
Iru prvw +4�5�> sge> 4��, frpelqdwlrqv/ wkhvh uhvxowv gr qrw gl�hu yhu| pxfk iurp
wkh uhvxowv glvfxvvhg deryh1 Krzhyhu/ zkhq 4� � lv =<33> zklfk jhqhudwhv uhodwlyho|
vpdoo E ydoxhv/ wkhuh lv d qrwlfhdeoh gl�huhqfh1 Wkhvh uhvxowv lqglfdwh wkdw hvwlpdwlrq
ri wkh ghqvlw| dqg wkh frq�ghqfh lqwhuydo ohqjwk lv qrw d odujh vrxufh ri lqdffxudf|
ri wkh wkuhh0vwhs phwkrg xqohvv 4� � lv uhodwlyho| vpdoo1

Fruuhodwlrq Frh!flhqw=

Wkh uhvxowv iru wkh fruuhodwlrq frh!flhqw duh uhsruwhg lq Wdeoh 51 Wkh jhqhudo
slfwxuh iru wkh orzhu ohqjwk uhvxowv lq Wdeoh 5 lv yhu| vlplodu wr wkdw iru wkh xsshu
ohqjwk iru wkh uhjuhvvlrq prgho lq Wdeoh 4 +zklfk lv wkh vdph iru wkh xsshu ohqjwk e|
v|pphwu|,1 Krzhyhu/ wkhuh lv d vljql�fdqw gl�huhqfh ehwzhhq wkh wzr h{shulphqwv1
Iluvw/ wkh E2� ydoxhv duh pxfk vpdoohu wkdq wkh E2� ydoxhv iru wkh fruuhodwlrq fr0
h!flhqw h{shulphqw1 Vhfrqg/ wkh hpslulfdo ohyhov iru wkh xsshu ohqjwk edvhg rq E�

uhshwlwlrqv duh txlwh kljk iru wkh fruuhodwlrq frh!flhqw h{shulphqw1 Wkhvh ihdwxuhv
duh d frqvhtxhqfh ri wkh idfw wkdw wkh fruuhodwlrq frh!flhqw lv erxqghg ehwzhhq 04
dqg 4/ wkh wuxh ydoxh lv �%+ @ 4@5> dqg/ khqfh/ dq dv|pphwu| rffxuv ehwzhhq wkh
uhvxowv iru wkh orzhu dqg xsshu ohqjwkv1 Wkh �ghqvlw|� ri wkh errwvwuds glvwulexwlrq
ri e� lv pxfk odujhu dw wkh 4� � txdqwloh wkdq dw wkh � txdqwloh/ zklfk |lhogv pxfk
vpdoohu E2� ydoxhv wkdq E2� ydoxhv1

Wdeoh 5 lqglfdwhv wkdw hyhq iru d vlpsoh vwdwlvwlf/ vxfk dv wkh fruuhodwlrq frh!flhqw/
wkh uhtxluhg qxpehu ri errwvwuds uhshwlwlrqv fdq eh txlwh odujh1 Iru h{dpsoh/ iru d
<8( frq�ghqfh lqwhuydo hvwlpdwhg zlwk sge @ 43 dqg 4�� @ =<8> wkh phgldq qxpehu
ri errwvwuds uhshwlwlrqv uhtxluhg lv ryhu 9/7331

Wkh hpslulfdo ohyhov iru wkh orzhu frq�ghqfh lqwhuydov duh txlwh vlplodu wr wkrvh
uhsruwhg iru wkh xsshu frq�ghqfh lqwhuydo iru wkh uhjuhvvlrq prgho1 Wkh E� ydoxhv
iru wkh xsshu frq�ghqfh lqwhuydov duh wrr odujh/ krzhyhu/ zklfk ohdgv wr wkh xsshu
hpslulfdo ohyhov iru E�> E

W
�> dqg EW wkdw duh wrr kljk1 Lq frqvhtxhqfh/ wkh wkuhh0vwhs

phwkrg lv frqvhuydwlyh1 Lw surgxfhv odujhu qxpehuv ri errwvwuds uhshwlwlrqv wkdq duh
uhtxluhg iru wkh vshfl�hg +sge> � , frpelqdwlrqv1

Wkh hpslulfdo ohyhov zlwk wkh �wuxh� ghqvlw| vkrz d vlplodu sdwwhuq dv lq wkh
uhjuhvvlrq prgho1 Exw/ vrphzkdw pruh ri wkh lqdffxudf| ri wkh wkuhh0vwhs phwkrg
lv dwwulexwdeoh wr wkh hvwlpdwlrq ri wkh ghqvlw| dqg frq�ghqfh lqwhuydo ohqjwk lq wkh
fruuhodwlrq frh!flhqw h{shulphqw1
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81 Dv|pswrwlf Mxvwl�fdwlrq ri wkh Wkuhh0vwhs
Phwkrg

Zh qrz glvfxvv wkh mxvwl�fdwlrq ri wkh wkuhh0vwhs phwkrg lqwurgxfhg deryh1 Wkh

wkuhh0vwhs phwkrg uholhv rq wkh idfw wkdw e�WEk�c��� dqg e�WEk�c��� duh vdpsoh txdqwlohv
zlwk gdwd0ghshqghqw shufhqwdjh srlqwv edvhg rq dq llg vdpsoh ri udqgrp yduldeohv
hdfk zlwk glvwulexwlrq jlyhq e| wkh errwvwuds glvwulexwlrq ri e�W1 Li wkh errwvwuds

glvwulexwlrq ri e�W zdv devroxwho| frqwlqxrxv dw e�WEk�� > wkhq E�*2+e�WEk�� �e�WEk�" , zrxog eh
dv|pswrwlfdoo| qrupdoo| glvwulexwhg dv E $ 4 iru �{hg q zlwk dv|pswrwlf yduldqfh

jlyhq e| �+4� �,@i2+e�WEk�" ,/ zkhuh i+�, ghqrwhv wkh ghqvlw| ri e�W1 +Khuh dqg ehorz/
zh frqglwlrq rq wkh gdwd dqg wkh dv|pswrwlfv duh edvhg rq wkh udqgrpqhvv ri wkh
errwvwuds vlpxodwlrqv dorqh1,

Exw/ wkh errwvwuds glvwulexwlrq ri e�W lv d glvfuhwh glvwulexwlrq +dw ohdvw iru wkh
qrqsdudphwulf errwvwuds/ zklfk lv edvhg rq wkh hpslulfdo glvwulexwlrq,1 Lq frqvh0

txhqfh/ wkh dv|pswrwlf glvwulexwlrq ri E�*2+e�WEk�� � e�WEk�" , dv E $ 4 iru �{hg q lv d
srlqwpdvv dw }hur iru doo � ydoxhv h{fhsw iru wkrvh lq d vhw ri Ohehvjxh phdvxuh }hur1
+Wkh odwwhu vhw lv wkh vhw ri ydoxhv wkdw wkh glvwulexwlrq ixqfwlrq ri e�W wdnhv rq dw lwv
srlqwv ri vxssruw1,

Dowkrxjk e�W kdv d glvfuhwh glvwulexwlrq lq wkh fdvh ri wkh qrqsdudphwulf errwvwuds/
lwv glvwulexwlrq lv yhu| qhduo| frqwlqxrxv hyhq iru vpdoo ydoxhv ri q1 Wkh odujhvw
suredelolw| �? ri dq| ri lwv dwrpv lv yhu| vpdoo= �? @ q$@q? � +5�q,�*2h3? surylghg
wkh ruljlqdo vdpsoh [ frqvlvwv ri glvwlqfw yhfwruv dqg glvwlqfw errwvwuds vdpsohv [W

jlyh ulvh wr glvwlqfw ydoxhv ri e�W +dv lv w|slfdoo| wkh fdvh,> vhh Kdoo +4<<5/ Dsshqgl{
L,1 Wklv vxjjhvwv wkdw zh vkrxog frqvlghu dv|pswrwlfv dv q $ 4> dv zhoo dv E $ 4>

lq rughu wr dffrxqw iru wkh hvvhqwldoo| frqwlqxrxv qdwxuh ri wkh glvwulexwlrq ri e�W= Li
zh gr vr/ wkhq E�*2+e�WEk�� � e�WEk�" , kdv d qrqghjhqhudwh dv|pswrwlf glvwulexwlrq zlwk
dv|pswrwlf yduldqfh wkdw ghshqgv rq wkh ydoxh ri d ghqvlw| dw d srlqw/ mxvw dv lq wkh
fdvh zkhuh wkh glvwulexwlrq ri e�W lv frqwlqxrxv1 Wklv lv zkdw zh gr1 Lw lv lq dffrug
zlwk Kdoo*v +4<<5/ s1 5;8, ylhz wkdw �iru pdq| sudfwlfdo sxusrvhv wkh errwvwuds
glvwulexwlrq ri d vwdwlvwlf pd| eh uhjdughg dv frqwlqxrxv1�

Zh qrwh wkdw wkh +srwhqwldo, glvfuhwhqhvv ri e�W vljql�fdqwo| lqfuhdvhv wkh frp0
soh{lw| ri wkh dv|pswrwlf mxvwl�fdwlrq ri wkh wkuhh0vwhs phwkrg jlyhq ehorz dqg lwv
surri1

Wkh dv|pswrwlf mxvwl�fdwlrq ri wkh wkuhh0vwhs phwkrg dovr kdv wr wdnh dffrxqw
ri wkh idfw wkdw wkh frq�ghqfh lqwhuydo hqgsrlqwv ghshqg rq ��c� dqg ��c�> zklfk
ghshqg rq wkh vlpxodwlrq udqgrpqhvv wkurxjk wkh errwvwuds eldv fruuhfwlrq e}fc� @

�3�
�S�

K'�+
e�WK ? e�,@E�

= Wkh txdqwlwlhv ��c� dqg ��c� duh fruuhodwhg lq �qlwh vdpsohv

dqg dv|pswrwlfdoo| zlwk e�WEk�� iru dq| �= Lq idfw/ wkh udqgrpqhvv ri ��c� dqg ��c� lv
vx!flhqwo| odujh wkdw lw lv uhvsrqvleoh iru pruh wkdq kdoi ri wkh dv|pswrwlf yduldqfhv

ri E�*2+e�WEk�c��� � e�WEk�" , dqg E�*2+e�WEk�c��� � e�WE�3k�" ,=
Zh qrz lqwurgxfh d vwuhqjwkhqlqj ri wkh dvvxpswlrq ri dv|pswrwlf qrupdolw| ri

wkh qrupdol}hg hvwlpdwh qV+e�� �f, wkdw lv qhhghg iru wkh dv|pswrwlf mxvwl�fdwlrq ri
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wkh wkuhh0vwhs phwkrg1 Zh dvvxph= Iru vrph � A 3 dqg doo vhtxhqfhv ri frqvwdqwv
i{? = q � 4j iru zklfk {? $ �ew}Ek� ru {? $ �ew}E�3k�> zh kdyh

S +qV+e� � �f, � {?, @ S +�ew] � {?, .R+q31, dv q $ 4 dqg

S W+qV+e�W � e�, � {?, @ S +�ew] � {?, .R+q31, dv q $ 4> +4:,

zkhuh ] � Q+3> 4,= +Wkh dvvxpswlrq rq qV+e�W�e�, lv dvvxphg wr krog zlwk suredelolw|
rqh zlwk uhvshfw wr wkh udqgrpqhvv lq wkh gdwd/ l1h1/ zlwk uhvshfw wr S +�,1,

Dvvxpswlrq +4:, krogv zkhqhyhu wkh qrupdol}hg hvwlpdwru qV+e� � �f, dqg wkh
qrupdol}hg errwvwuds hvwlpdwru qV+e�W � e�, kdyh rqh0whup Hgjhzruwk h{sdqvlrqv1
Wklv rffxuv lq d zlgh ydulhw| ri frqwh{wv/ h1j1/ vhh Ekdwwdfkdu|d dqg Jkrvk +4<:;,/
Kdoo +4<<5/ Vhf1 517/ 717/ dqg 718,/ dqg Kdoo dqg Krurzlw} +4<<9,1 Lq sduwlfxodu/
lw krogv lq dq| frqwh{w lq zklfk d EF@ frq�ghqfh lqwhuydo |lhogv d kljkhu rughu
lpsuryhphqw lq wkh fryhudjh suredelolw|/ vhh Hiurq +4<;:, dqg Kdoo +4<;;,1 Zkhq
� @ 4@5/ wkhq +4:, w|slfdoo| krogv zlwk � @ 4@5= Zkhq � ? 4@5/ dv rffxuv zlwk
qrqsdudphwulf hvwlpdwruv e�> wkhq +4:, w|slfdoo| krogv zlwk � ? 4@5> vhh Kdoo +4<<5/
Fk1 7, dqg uhihuhqfhv wkhuhlq1

Wkh glvfxvvlrq deryh frqvlghuv ohwwlqj E $ 4= Wklv lv qrw uhdoo| dssursuldwh
ehfdxvh zh zdqw E wr eh ghwhuplqhg hqgrjhqrxvo| e| wkh wkuhh0vwhs phwkrg1 Udwkhu/
zh frqvlghu dv|pswrwlfv lq zklfk wkh dffxudf| phdvxuh sge $ 3 dqg wklv/ lq wxuq/
irufhvE $ 4=Wkxv/ wkh dv|pswrwlf mxvwl�fdwlrq ri wkh wkuhh0vwhs phwkrg ri fkrrvlqj
EW lv lq whupv ri wkh olplw dv erwk sge $ 3 dqg q $ 4=

Zh dvvxph wkdw sge $ 3 vx!flhqwo| vorzo| wkdw

sge� q1 $ 4 dv q $ 4> +4;,

zkhuh � lv dv lq +4:,1
Zh dvvxph wkdw ed $ 3 dv q $ 4 +4<,

zlwk suredelolw| rqh zlwk uhvshfw wr wkh udqgrpqhvv lq wkh ruljlqdo gdwd1 Wklv dv0
vxpswlrq krogv iru dq| dssursuldwh fkrlfh ri dffhohudwlrq frqvwdqw ed1

Wkh dv|pswrwlf mxvwl�fdwlrq ri wkh wkuhh0vwhs phwkrg lv wkdw

S W

3C433
me�WEk�c�W��2�

� e�WEk�c"�

" me�WEk�c"�
"

� sge

4D $ 4� � dv sge $ 3 dqg q $ 4> iru m @ c> x=

+53,
Dv deryh/ wkh suredelolw| S W+�, ghqrwhv suredelolw| zlwk uhvshfw wr wkh vlpxodwlrq
udqgrpqhvv frqglwlrqdo rq wkh lq�qlwh vhtxhqfh ri gdwd yhfwruv1 Xqghu wkh dvvxps0
wlrqv deryh/ wklv frqglwlrqdo uhvxow krogv zlwk suredelolw| rqh zlwk uhvshfw wr wkh
udqgrpqhvv lq wkh gdwd1 Wkh surri ri +53, lv jlyhq lq wkh Dsshqgl{ ri Surriv1

Htxdwlrq +53, lpsolhv wkdw wkh wkuhh0vwhs phwkrg dwwdlqv suhflvho| wkh ghvluhg
ohyho ri dffxudf| iru wkh orzhu dqg xsshu ohqjwkv ri wkh frq�ghqfh lqwhuydo xvlqj
�vpdoo sge dqg odujh q� dv|pswrwlfv1
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Dsshqgl{ ri Surriv
Zh suryh +53, iru m @ x1 Wkh surri iru m @ c lv dqdorjrxv1 Iluvw zh vkrz wkdw

+53, krogv zlwk EW uhsodfhg e| wkh qrq0udqgrp txdqwlw| E�1 Qrwh wkdw E� $ 4 dv
sge $ 3 dqg E� grhv qrw ghshqg rq q1

Gh�qh wkh 4� � vdpsoh txdqwloh ri wkh qrupdol}hg errwvwuds hvwlpdwhv wr eh

e��3kc� @ qV+e�WE�3k�� � e�, @ qV+e�W�c)E�n��E�3k�B � e�, iru � ? 4@5= +54,

Ohw e��3kc" ghqrwh wkh 4�� txdqwloh ri qV+e�W�e�,= Wkdw lv/ e��3kc" @ qV+e�WE�3k�" �e�,=
Qrwh wkdw wkh shufhqwdjh ghyldwlrq ri wkh xsshu ohqjwk ri FL� wr wkh xsshu ohqjwk
ri FL"> jlyhq lq +;,/ fdq eh zulwwhq dv

433
me�k�c�c� � e�k�c"c"me�k�c"c"

= +55,

Zh hvwdeolvk wkh dv|pswrwlf glvwulexwlrq ri E�*2
� +e�k�c��

c��
� e�k�c"c", dv sge $ 3

dqg q $ 4> xvlqj dq dujxphqw ghyhorshg iru surylqj wkh dv|pswrwlf glvwulexwlrq ri
wkh vdpsoh phgldq edvhg rq dq llg vdpsoh ri udqgrp yduldeohv wkdw duh devroxwho|
frqwlqxrxv dw wkhlu srsxodwlrq phgldq> h1j1/ vhh Ohkpdqq +4<;6/ Wkp1 81615/ s1 687,1
+Lq frqwudvw/ e�k�c�� c��

lv wkh vdpsoh ��c��
txdqwloh ri E� llg revhuydwlrqv hdfk zlwk

wkh errwvwuds glvwulexwlrq ri qV+e�W � e�,> zklfk ghshqgv rq q dqg pd| eh glvfuhwh/
zkhuh ��c��

lv udqgrp dqg gdwd0ghshqghqw1,
Zh kdyh= Iru dq| { 5 U>

S W+E
�*2
� +e�k�c�� c��

�e�k�c"c", � {, @ S W+qV+e�W��c)E��n��k�c��B
�e�, � e�k�c"c".{@E

�*2
� ,=

+56,
Ohw V� eh wkh qxpehu ri qV+e�WK � e�,cv iru e @ 4> ===>E wkdw h{fhhg e�k�c"c" . {@E

�*2
� =

Khuh/ zh frqvlghu V��
= Ehorz/ zh frqvlghu V�W = +Lq erwk fdvhv/ wkh fxwr� srlqwe�k�c"c" . {@E

�*2
� ghshqgv rq E�1, Zh kdyh

qV+e�W��c)E��n��k�c��B
�e�, � e�k�c"c".{@E

�*2
� li dqg rqo| li V��

� E��g+E�.4,��c��
h=

+57,
Wkh udqgrp yduldeoh V��

kdv d elqrpldo glvwulexwlrq zlwk sdudphwhuv +E�> s��c?,/
zkhuh

s��c? @ 4� S W+qV+e�WK � e�, � e�k�c"c" . {@E
�*2
� ,= +58,

Wkh suredelolw| lq +56, htxdov

S W +V��
� E� � g+E� . 4,��c��

h,
@ S W

�
E

3�*2
� +V��

�E�s��c?, .E
�*2
� +��c��

� ��c",

� E
�*2
� +4� s��c? � ��c",�E

3�*2
� ��c��

. r+4,
�
= +59,

Zh qrz ghwhuplqh wkh olplwv ri wkh whupv lq wkh uljkw0kdqg vlgh suredelolw| ri +59,1
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Xvlqj wkh dvvxpswlrqv ri +4<, dqg +4:,/ zh kdyh ed @ r+4,>

e}fc" @ �3�
�
S W+e�W ? e�,� @ �3� +S +] ? 3, . r+4,, @ r+4,> dqg

��c" @ �

#e}fc" .
e}fc" . }E�3k�

4� ed+e}fc" . }E�3k�,

$
@ �

�
}E�3k�

�
. r +4, @ 4� �. r +4, >

+5:,

zkhuh ] � Q+3> 4,= Wkhvh uhvxowv dqg wkh dvvxpswlrq ri +4:, |lhog

e�k�c"c" @ lqii� = S W+qV+e�W � e�, � �, ���c"j
@ lqii� = S +�ew] � �, . r+4, �4� �j
@ �ew}E�3k� . r+4, dv q $ 4= +5;,

Qh{w/ zh kdyh

E
�*2
� +4� s��c? � ��c",

@ E
�*2
� +S W+qV+e�W � e�, � e�k�c"c" . {@E

�*2
� ,� S W+qV+e�W � e�, � e�k�c"c",,

@ E
�*2
�

�
S +�ew] � e�k�c"c" . {@E

�*2
� ,� S +�ew] � e�k�c"c",

�
. r+4,

@ !+���c?@�ew,{@�ew . r+4,

$ !+}E�3k�,{@�ew dv sge $ 3 dqg q $ 4= +5<,

Wkh �uvw htxdolw| ri +5<, krogv e| wkh gh�qlwlrqv ri s��c? dqg e�k�c"c"= Wkh vhfrqg
htxdolw| krogv e| +4:, dqg +4;, xvlqj wkh idfw wkdw wkh odwwhu dqg wkh gh�qlwlrq ri
E� lpso| wkdw E

�*2
� @ R+4@sge, @ q1R+4@+sge � q1,, @ r+q1,1 Wkh wklug htxdolw|

krogv iru vrph ���c? wkdw olhv ehwzhhq e�k�c"c".{@E
�*2
� dqg e�k�c"c" e| d phdq ydoxh

h{sdqvlrq1 Wkh frqyhujhqfh uhvxow ri +5<, krogv e| +5;,1
Qrwh wkdw +5:, dqg +5<, lpso| wkdw s��c? $ � dv sge $ 3 dqg q $ 4=
Qrz/ zh kdyh

E
�*2
� e}fc��

@ E
�*2
�

3C�3�

3C 4

E�

��[
K'�

4+e�WK ? e�,
4D��3� +4@5,

4D
@

#
4

!+3,+4 . rR+4,,

$
4

E
�*2
�

��[
K'�

�
4+e�WK ? e�,� 4@5

�

@

#
4

!+3,+4 . rR+4,,

$
4

E
�*2
�

��[
K'�

�
4+e�WK ? e�,� S W+e�WK ? e�,�. rR+4,> +63,

zkhuh wkh vhfrqg htxdolw| krogv e| d phdq ydoxh h{sdqvlrq dqg wkh wklug htxdolw|
krogv ehfdxvh +4:, dqg +4;, lpso| wkdw E�*2

� +S W+e�WK ? e�,� 4@5, $ 31
Qh{w/ zh kdyh

E
�*2
� +��c��

� ��c",

48



@ E
�*2
�

#
�

#e}fc��
.

e}fc��
. }E�3k�

4� ed+e}fc��
. }E�3k�,

$
��

#e}fc" .
e}fc" . }E�3k�

4� ed+e}fc" . }E�3k�,

$$
@ !+}E�3k�,+4 . rR+4,,E

�*2
�

�
#e}fc��

.
e}fc��

. }E�3k�

4� ed+e}fc��
. }E�3k�,

� e}fc" � e}fc" . }E�3k�

4� ed+e}fc" . }E�3k�,

$
@ !+}E�3k�,E

�*2
�

�
5e}fc��

� 5e}fc" � }E�3k�ed+e}fc��
� e}fc",

�
+4 . rR+4,,

@ 5!+}E�3k�,E
�*2
� e}fc��

+4 . rR+4,, . rR+4,

@

#
5!+}E�3k�,

!+3,

$
4

E
�*2
�

��[
K'�

�
4+e�WK ? e�,� S W+e�WK ? e�,� +4 . rR+4,, . rR+4,> +64,

zkhuh wkh vhfrqg htxdolw| krogv e| wkh phdq ydoxh wkhruhp ehfdxvh e}fc��
$R 3>e}fc" $R 3> dqg ed $ 3> wkh wklug htxdolw| krogv ehfdxvh ed $ 3> wkh irxuwk htxdolw|

krogv ehfdxvh E
�*2
� e}fc��

@ RR+4, e| +63, dqg wkh Olqghehuj fhqwudo olplw wkhruhp/ed $ 3> dqg E
�*2
� e}fc" @ E

�*2
� +�3�+S W+qV+e�WK � e�, ? 3,, � �3�+4@5,, @ rR+4, e| d

phdq ydoxh h{sdqvlrq/ +4:,/ dqg +4;,/ dqg wkh �iwk htxdolw| krogv xvlqj +63,1
Htxdwlrq +64, jlyhv

E
3�*2
� +V��

�E�s��c?, .E
�*2
� +��c��

� ��c",

@ +4 . rR+4,,
4

E
�*2
�

��[
K'�

��
qV+e�WK � e�, A e�k�c"c" . {@E

�*2
�

�
� s��c?

.
�
5!+}E�3k�,@!+3,

� �
4+qV+e�WK � e�, ? 3,� S W+qV+e�WK � e�, ? 3,

��
. rR+4,

_$ Q

#
3> �+4��,� 5�

!+}Ek�,

!+3,
.

!2+}Ek�,

!2+3,

$
+65,

dv sge $ 3 dqg q $ 4> zkhuh wkh frqyhujhqfh uhvxow krogv e| wkh Olqghehuj fhqwudo
olplw wkhruhp dqg wkh idfw wkdw s��c? $ � dqg S W+qV+e�WK � e�, ? 3, $ 4@51

Htxdwlrqv +56,/ +59,/ +5<,/ dqg +65, |lhog

S W+E
�*2
� +e�k�c�� c��

� e�k�c"c", � {,

$ �

3C{!+}Ek�,@

3C�ew
#
�+4� �,� 5�

!+}Ek�,

!+3,
.

!2+}Ek�,

!2+3,

$�*2
4D4D dqg

E
�*2
� +e�k�c�� c��

� e�k�c"c",

_$ Q

#
3> �2ew

#
�+4� �,� 5�

!+}Ek�,

!+3,
.

!2+}Ek�,

!2+3,

$
@!2+}Ek�,

$
+66,

dv sge $ 3 dqg q $ 4=
Wklv uhvxow/ +44,/ +55,/ dqg +5;, lpso| wkdw

S W

3C433 me�WEk�c��
�

� � e�WEk�c"�
" me�WEk�c"�

" � e� � sge

4D
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@ S W

3C433 me�k�c�� c��
�e�k�c"c"me�k�c"c"

� 433

#
�+4��,� 5�

!+}Ek�,

!+3,
.

!2+}Ek�,

!2+3,

$�*2

�
#

}E�3�*2�

}E�3k�E
�*2
�

$ �
4

!+}E�3k�,

�
+4 . r+4,,

$
$ 4� � dv sge $ 3 dqg q $ 4= +67,

Wkxv/ +53, krogv zlwk EW uhsodfhg zlwk E�=
Qh{w/ zh vkrz wkdw

E2�@E�
R$ 4 dv sge $ 3 dqg q $ 4 +68,

+zlwk uhvshfw wr wkh vlpxodwlrq udqgrpqhvv frqglwlrqdo rq wkh gdwd,1 E| dq dqdorjrxv
dujxphqw E2�@E� $R 4 dv sge $ 3 dqg q $ 4= Wkhvh uhvxowv lpso| wkdw

EW@E�
R$ 4 dv sge $ 3 dqg q $ 4= +69,

Htxdwlrq +68, iroorzv iurp

qV+e�W��cD�� � e�, @ e�)E��n��E�3k�B*E��n��c��

R$ e�ew}E�3k� dqg�
E�

5 ep��

�2�
qV+e�W��cD��ne6��

� e�,� qV+e�W��cD��3e6��
� e�,�2 R$ 4

!+e�ew}E�3k�@e�ew,@e�ew +6:,

dv sge $ 3 dqg q $ 4= Wkh iruphu krogv e| wkh dujxphqw ri +5;, dqg +66, xvlqj
wkh idfw wkdw ��� $ 4 � � +surylghg 4 � � � =<<, dv sge $ 3 dqg q $ 4 ehfdxvhe}fc��

$ 3 e| +63, dqg ed $ 3 e| +4<,1 Wkh odwwhu krogv e| dq dqdorjrxv dujxphqw
wr wkdw jlyhq lq Dqguhzv dqg Exfklqvn| +5333/ Dsshqgl{/ Surriv iru wkh Frq�ghqfh
Lqwhuydo/ Frq�ghqfh Uhjlrq/ dqg Whvw Dssolfdwlrqv Vhfwlrq,1

Qrz zh xvh htxdwlrq +69, dqg wkh deryh surri wkdw +53, krogv zlwk wkh udqgrp
txdqwlw| EW uhsodfhg e| wkh qrq0udqgrp txdqwlw| E� wr hvwdeolvk +53, dv lv1

Iluvw/ zh kdyh= Iru dq| { 5 U>

S W+E
�*2
� +e�k�c�W c�W � e�k�c"c", � {,

@ S W+qV+e�W�Wc)E�Wn��k�c�WB � e�, � e�k�c"c" . {@E
�*2
� ,= +6;,

+Qrwh wkdw zh wdnh wkh qrupdol}dwlrq idfwru wr eh E� qrw EW1, Ohw V�W eh dv gh�qhg
deryh1 E| wkh vdph dujxphqw dv xvhg lq +57,/ wkh suredelolw| lq +6;, htxdov

S W +V�W � EW � g+EW . 4,��c�Wh,
@ S W

�
+EW,3�*2+V�W �EWs��c?, . +EW,�*2+��c�W � ��c",

� +EW,�*2+4� s��c? � ��c",� +EW,3�*2��c�W . r+4,
�
= +6<,

E| wkh vdph dujxphqw dv jlyhq lq +5:,�+65,/ zh rewdlq

4:



+EW,3�*2+V�W �EWs��c?, . +EW,�*2 +��c�W � ��c",

@ +4 . rR+4,,
4

+EW,�*2

�W[
K'�

��
qV+e�WK � e�, A e�k�c"c" . {@E

�*2
�

�
� s��c?

.
�
5!+}E�3k�,@!+3,

� �
4+qV+e�WK � e�, ? 3,� S W+qV+e�WK � e�, ? 3,

��
. rR+4,

_$ Q

#
3> �+4��,� 5�

!+}Ek�,

!+3,
.

!2+}Ek�,

!2+3,

$
+73,

dv sge $ 3 dqg q $ 4= Wkh frqyhujhqfh uhvxow krogv e| wkh fhqwudo olplw wkhruhp ri
Grheolq0Dqvfrpeh +h1j1/ vhh Fkrz dqg Whlfkhu +4<:;/ Wkp1 <1714/ s1 64:,, ehfdxvh
+l, wkh frqyhujhqfh uhvxow krogv zkhq EW lv uhsodfhg e| wkh qrq0udqgrp txdqwlw| E�

dqg +ll, EW@E� $R 4 e| +69,1
Qrz/ e| wkh dujxphqw ri +66, dqg +67,/ +53, krogv dv vwdwhg/ zklfk frqfoxghv wkh

surri1
Zh �qlvk e| vkrzlqj wkdw wkh irupxod jlyhq lq +43, iru Fk> zklfk lv xvhg wr

ghwhuplqh wkh edqgzlgwk sdudphwhuv ep�� dqg ep�� iru zlwk wkh Vlggltxl hvwlpdwru/
fruuhvsrqgv wr wkdw jlyhq e| Kdoo dqg Vkhdwkhu +4<;;,1 Lq rxu qrwdwlrq/ Kdoo dqg
Vkhdwkhu*v irupxod lv

Fk @

#
4=8+}E�3k*2�,2ie+t�3k,

6i �+t�3k,2 � i+t�3k,i ��+t�3k,

$�*�

> +74,

zkhuh i+�, ghqrwhv wkh ghqvlw| ri wkh llg udqgrp yduldeohv xsrq zklfk wkh vdpsoh
txdqwloh lv edvhg/ i �+�, dqg i ��+�, ghqrwh wkh �uvw wzr ghulydwlyhv ri i+�,/ t�3k ghqrwhv
wkh srsxodwlrq txdqwloh/ dqg }E�3k*2� lv dv deryh1 Lq rxu fdvh/ zh xvh wkh dv|pswrwlf
dqdorjxhv ri i+�, dqg t�3k/ yl}1/ !+�@e�ew,@e�ew dqg e�ew}E�3k�> uhvshfwlyho|/ lq wkh irupxod1
Qrwh wkdw !�+{, @ �{!+{, dqg !��+{, @ +{2� 4,!+{,1 Wkxv/ i+t�3k, @ !+}E�3k�,@e�ew>
i �+t�3k, @ !+}E�3k�,@e�2ew> dqg i ��+t�3k, @ ++}E�3k�,2�4,!+}E�3k�,@e��ew= Soxjjlqj wkhvh
irupxodh lqwr +74, jlyhv wkh gh�qlwlrq ri wkh frqvwdqw Fk lq +43,1

4;



Uhihuhqfhv

Dqguhzv/ G1 Z1 N1 dqg P1 Exfklqvn| +4<<<,/ �Hydoxdwlrq ri d Wkuhh0vwhs Phwkrg
iru Fkrrvlqj wkh Qxpehu ri Errwvwuds Uhshwlwlrqv/� xqsxeolvkhg zrunlqj sd0
shu/ Frzohv Irxqgdwlrq/ \doh Xqlyhuvlw|1

���+5333,/ �D Wkuhh0vwhs Phwkrg iru Fkrrvlqj wkh Qxpehu ri Errwvwuds Uhs0
hwlwlrqv/� Hfrqrphwulfd/ 9;/ 56�841

Ekdwwdfkdu|d/ U1 Q1 dqg M1 N1 Jkrvk +4<:;,/ �Rq wkh Ydolglw| ri wkh Irupdo Hgjh0
zruwk H{sdqvlrq/� Dqqdov ri Vwdwlvwlfv/ 9/ 767�7841

Eorfk/ G1 D1 dqg M1 O1 Jdvwzluwk +4<9;,/ �Rq d Vlpsoh Hvwlpdwh ri wkh Uhflsurfdo
ri wkh Ghqvlw| Ixqfwlrq/� Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 6</ 43;6�43;81

Fkrz/ \1 V1 dqg K1 Whlfkhu +4<:;,/ Suredelolw| Wkhru|= Lqghshqghqfh Lqwhufkdqjh0
delolw| Pduwlqjdohv/ Qhz \run= Vsulqjhu0Yhuodj1

Hiurq/ E1 +4<;:,/ �Ehwwhu Errwvwuds Frq�ghqfh Lqwhuydov/� +zlwk glvfxvvlrq, Mrxuqdo
ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;5/ 4:4�5331

Hiurq/ E1 dqg U1 Wlevkludql +4<<6,/ Dq Lqwurgxfwlrq wr wkh Errwvwuds/ Qhz \run=
Fkdspdq dqg Kdoo1

Jùw}h/ I1 dqg K1 U1 N qvfk +4<<9,/ �Vhfrqg0rughu Fruuhfwqhvv ri wkh Eorfnzlvh
Errwvwuds iru Vwdwlrqdu| Revhuydwlrqv/� Dqqdov ri Vwdwlvwlfv/ 57/ 4<47�4<661

Kdoo/ S1 +4<;9,/ �Rq wkh Qxpehu ri Errwvwuds Vlpxodwlrqv Uhtxluhg wr Frqvwuxfw
d Frq�ghqfh Lqwhuydo/� Dqqdov ri Vwdwlvwlfv/ 47/ 4786�47951

��� +4<;;,/ �Wkhruhwlfdo Frpsdulvrq ri Errwvwuds Frq�ghqfh Lqwhuydov/� zlwk
glvfxvvlrq/ Dqqdov ri Vwdwlvwlfv/ 49/ <5:�<;81

��� +4<<5,/ Wkh Errwvwuds dqg Hgjhzruwk H{sdqvlrq/ Qhz \run= Vsulqjhu�
Yhuodj1

Kdoo/ S1 dqg M1 O1 Krurzlw} +4<<9,/ �Errwvwuds Fulwlfdo Ydoxhv iru Whvwv Edvhg rq
Jhqhudol}hg0phwkrg0ri0prphqwv Hvwlpdwruv/� Hfrqrphwulfd/ 97/ ;<4�<491

Kdoo/ S1 dqg V1 M1 Vkhdwkhu +4<;;,/ �Rq wkh Glvwulexwlrq ri d Vwxghqwl}hg Txdqwloh/�
Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/ 83/ 6;4�6<41

Nlhihu/ M1 +4<;5,/ �Frqglwlrqdo Lqihuhqfh/� lq Hqf|forshgld ri Vwdwlvwlfdo Vflhqfhv/
Yro1 5/ 436�43<1

Ohkpdqq/ H1 O1 +4<;6,/ Wkhru| ri Srlqw Hvwlpdwlrq/ Qhz \run= Zloh|1

Vlggltxl/ P1 P1 +4<93,/ �Glvwulexwlrq ri Txdqwlohv lq Vdpsohv iurp d Elyduldwh
Srsxodwlrq/� Mrxuqdo ri Uhvhdufk ri wkh Qdwlrqdo Exuhdx ri Vwdqgdugv/ E/ 97/
478�4831

4<



Wdeoh 41 Vlpxodwlrq Uhvxowv iru wkh Uhjuhvvlrq Prgho

Hpslulfdo Ohyhov Edvhg Hpslulfdo Ohyhov
rq Wkuhh0vwhs Phwkrg zlwk �wuxh� ghqvlw| E� E2�

4� 5� sge 4� � Xsshu Mrlqw Xsshu Mrlqw
E� E2� EW

�
EW EW E2�| EW

|
EW

|
Phdq Phg Plq Pd{

+4, +5, +6, +7, +8, +9, +:, +;, +<, +43, +44, +45, +46, +47, +48, +49,

1<83 53 1<:8 1;83 1<7< 1<;6 1<<8 1<<3 1<6: 1<;< 1<:9 69; 5/9<: 4/:9: 435 64/635
1<83 48 1<:8 1;9; 1<7: 1<;7 1<<; 1<<9 1<6: 1<<3 1<;3 988 8/645 6/<<9 6;< 64/73<
1<83 43 1<:8 1;;6 1<77 1<;4 1<<: 1<<6 1<6: 1<<3 1<;5 4/7:7 :/;64 :/466 4/678 57/<<:

1<83 53 1<83 1:<< 1<58 1<98 1<;8 1<:5 1<43 1<;3 1<8: 5;4 4/:;< 4/45< 84 5;/<8:
1<83 48 1<83 1;4; 1<5< 1<:4 1<<8 1<<4 1<3; 1<;4 1<94 834 7/375 5/;43 536 65/9:<
1<83 43 1<83 1;67 1<55 1<9: 1<<7 1<;< 1<3< 1<;4 1<99 4/45: :/;7< 9/<95 4/363 5:/43<

1<83 53 1<33 1:5: 1;:6 1<4: 1<86 1<47 1;97 1<95 1<4: 4<; ;<3 8;; 49 4:/;76
1<83 48 1<33 1:73 1;<8 1<75 1<;4 1<98 1;96 1<94 1<56 685 5/837 4/966 <9 63/:35
1<83 43 1<33 1:94 1;<3 1<76 1<;< 1<:< 1;95 1<94 1<5< :<7 9/54< 7/<<: 85: 63/649

1<33 53 1<:8 1<35 1<8: 1<;5 1<<: 1<<8 1<7< 1<<4 1<;5 6;9 5/:<8 4/<78 4:4 59/448
1<33 48 1<:8 1<45 1<87 1<;4 1<<9 1<<5 1<7; 1<<4 1<;7 9;9 6/<79 6/4<5 758 53/3;3
1<33 43 1<:8 1<53 1<85 1<:< 1<<8 1<<3 1<7; 1<<5 1<;8 4/877 8/965 8/565 4/6;5 4:/454

1<33 53 1<83 1;89 1<6< 1<9< 1<<8 1<<3 1<56 1<;5 1<97 5<8 5/48< 4/73< <; 58/958
1<33 48 1<83 1;9; 1<67 1<99 1<<6 1<;9 1<55 1<;6 1<9: 857 6/858 5/983 5:; 56/4<5
1<33 43 1<83 1;:; 1<5< 1<95 1<;< 1<;3 1<55 1<;6 1<9< 4/4;4 7/;97 7/6<4 4/338 4:/599

1<33 53 1<33 1::< 1<3; 1<76 1<;8 1<:6 1;:; 1<95 1<59 53: 4/74: ;98 84 57/87<
1<33 48 1<33 1:<7 1<35 1<6< 1<;9 1<:7 1;:; 1<95 1<64 69< 5/9;3 4/;75 489 59/888
1<33 43 1<33 1;3: 1;<5 1<63 1<:; 1<93 1;:: 1<95 1<67 ;64 7/4;< 6/879 8<4 4;/;6:

Qrwh= Wkh uhsruwhg qxpehuv duh dyhudjhv ryhu 433 vdpsohv ri wkh vlpxodwlrq uhvxowv iru hdfk vdpsoh1 Hdfk vdpsoh frqvlvwv ri 58

revhuydwlrqv1 Iru hdfk vdpsoh/ 5/333 Prqwh Fduor uhshwlwlrqv duh xvhg1



Wdeoh 51 Vlpxodwlrq Uhvxowv iru wkh Fruuhodwlrq Frh!flhqw

Hpslulfdo Ohyhov Edvhg rq Wkuhh0vwhs Phwkrg Hpslulfdo Ohyhov zlwk �wuxh� ghqvlw|
4� 5� sge 4� � Orzhu Xsshu Mrlqw Orzhu Xsshu Mrlqw

E� E2, EW

,
EW E� E2� EW

�
EW EW E2,| EW

|
E2�| EW

|
EW

|

+4, +5, +6, +7, +8, +9, +:, +;, +<, +43, +44, +45, +46, +47, +48, +49, +4:,

1<83 53 1<:8 1;;6 1<8< 1<;: 1<<6 1<:: 1<59 1<<8 1<<; 1<<4 1<5; 1<:5 1<4< 1<<; 1<:3
1<83 48 1<:8 1<34 1<8< 1<;; 1<<9 1<;4 1<57 1<<8 1<<< 1<<8 1<6; 1<:; 1<4< 1<<: 1<:9
1<83 43 1<:8 1<4: 1<89 1<;9 1<<6 1<;: 1<58 1<<8 1<<< 1<<5 1<77 1<;4 1<53 1<<; 1<:<

1<83 53 1<83 1;6: 1<69 1<:3 1<:< 1<8; 1<33 1<;8 1<<8 1<:7 1;<6 1<83 1;;9 1<<7 1<79
1<83 48 1<83 1;86 1<74 1<:: 1<<3 1<96 1;<< 1<;< 1<<; 1<;; 1<3; 1<8< 1;;9 1<<7 1<87
1<83 43 1<83 1;:7 1<69 1<:7 1<;; 1<:5 1;<9 1<;; 1<<; 1<;9 1<4: 1<97 1;;: 1<<7 1<8<

1<83 53 1<33 1::5 1;;7 1<58 1<6; 1<55 1;84 1<8< 1<;6 1<56 1;6: 1<3; 1;69 1<;9 1;<:
1<83 48 1<33 1::< 1<3; 1<7; 1<9: 1<5; 1;8: 1<9< 1<<4 1<8< 1;88 1<55 1;67 1<;8 1<44
1<83 43 1<33 1;37 1<39 1<84 1<:9 1<6; 1;85 1<:4 1<<7 1<:5 1;9< 1<65 1;65 1<;7 1<4<

1<33 53 1<:8 1<53 1<9; 1<;9 1<<5 1<;5 1<67 1<<5 1<<< 1<<6 1<88 1<;6 1<66 1<<; 1<;5
1<33 48 1<:8 1<64 1<99 1<;8 1<<5 1<;8 1<68 1<<5 1<<; 1<<4 1<8< 1<;8 1<67 1<<; 1<;7
1<33 43 1<:8 1<6; 1<98 1<;6 1<<7 1<;: 1<69 1<<5 1<<; 1<<3 1<94 1<;: 1<67 1<<; 1<;8

1<33 53 1<83 1;:6 1<85 1<:7 1<:< 1<96 1<3: 1<;6 1<<: 1<;9 1<5< 1<9: 1<35 1<<8 1<96
1<33 48 1<83 1;;; 1<7< 1<:5 1<;3 1<9; 1<39 1<;5 1<<9 1<;6 1<68 1<:4 1<35 1<<8 1<9:
1<33 43 1<83 1;<< 1<79 1<9< 1<;4 1<:5 1<39 1<;4 1<<9 1<:; 1<6; 1<:6 1<34 1<<8 1<9<

1<33 53 1<33 1:<< 1<56 1<7< 1<:4 1<53 1;98 1<93 1<<3 1<96 1;;4 1<66 1;7< 1<;8 1<56
1<33 48 1<33 1;4; 1<54 1<7; 1<9; 1<64 1;93 1<93 1<<4 1<99 1;<5 1<74 1;7< 1<;8 1<63
1<33 43 1<33 1;66 1<46 1<74 1<98 1<6; 1;89 1<89 1<;; 1<88 1;<< 1<79 1;83 1<;8 1<67



Wdeoh 51 +Frqwlqxhg,

4� 5� sge 4� � E� E2, E2�

Phdq Phg Plq Pd{ Phdq Phg Plq Pd{
+4, +5, +6, +4;, +4<, +53, +54, +55, +56, +57, +58, +59,

1<83 53 1<:8 69; 4/;37 4/655 <5 4:/:58 836 736 67 6/97;
1<83 48 1<:8 988 6/<34 6/366 657 58/4;7 4/333 ;6< 439 9/48<
1<83 43 1<:8 4/7:7 9/469 8/86< 4/44; 55/84< 4/:93 4/944 6;5 9/95:

1<83 53 1<83 5;4 4/533 ;8: 78 47/757 68; 5:< 4; 5/<58
1<83 48 1<83 834 5/:;8 5/434 4<5 55/379 :59 8<: 9: 7/:96
1<83 43 1<83 4/45: 9/773 8/8<4 ;68 57/833 4/:5; 4/848 5:: :/<73

1<83 53 1<33 4<; 967 797 47 9/<7; 549 498 ; 4/:6;
1<83 48 1<33 685 4/99: 4/553 ;5 49/;44 7:3 6:9 64 6/653
1<83 43 1<33 :<7 7/::5 6/;73 77; 59/58< 4/568 4/389 47; 9/<7:

1<33 53 1<:8 6;9 5/57< 4/977 498 53/973 8<; 7;5 98 7/934
1<33 48 1<:8 9;9 6/89; 5/;:< 757 4</4;: 4/373 ;<3 48< 9/339
1<33 43 1<:8 4/877 8/634 7/;;; 4/598 49/<8< 4/:<: 4/99: 7<6 8/;59

1<33 53 1<83 5<8 4/9:; 4/4;; <: 4;/:89 78; 68; 73 7/38:
1<33 48 1<83 857 5/<<; 5/644 5:< 54/3;9 ;3: 9:5 43< 8/5;9
1<33 43 1<83 4/4;4 7/8:: 7/39< <44 4:/464 4/886 4/6;8 677 9/888

1<33 53 1<33 53: 4/397 :68 78 47/466 644 568 55 5/<:<
1<33 48 1<33 69< 5/479 4/894 483 4</<3: 8:4 78< 94 7/5;:
1<33 43 1<33 ;64 6/<46 6/5:4 878 4;/4<5 4/55; 4/398 53: 8/<75

Qrwh= Wkh uhsruwhg qxpehuv duh dyhudjhv ryhu 433 vdpsohv ri wkh vlpxodwlrq uhvxowv iru hdfk vdpsoh1

Hdfk vdpsoh frqvlvwv ri 58 revhuydwlrqv1 Iru hdfk vdpsoh/ 5/333 Prqwh Fduor uhshwlwlrqv duh xvhg1 Wkh wuxh

fruuhodwlrq frh!flhqw lv 4
%+

' �D1


