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ABSTRACT

Traditional economic models separate firms' production decisions
from equilibrium in stock markets. In this paper, we develop an integrated
model of production in the presence of capital asset market equilibrium.
Our theory indicates that, in a stochastic environment, production and
financial variables are inextricably interrelated.

Following the financial equilibrium models of Sharpe [13], Lintner
[10], and Mossim [11], we assume that profits and therefore portfolio
returns are random. But stockholders can alter their distributions of
returns by altering firms' production decisions as well as by altering
their portfolios. The key to the analysis is a "unanimity theorem, ' which
shows that in many environments stockholders will agree on optimal output
decisions, despite their different expectations and attitudes towards risk.

We develop equilibrium conditions which must be satisfied by pro-
duction decisions. Profit maximization is indeed optimal for a firm whose
profits are risgkless. But rigky firms' outputs depend on financial as
well as cost variables, and the equilibrium conditions lead to a theory
of production under uncertainty which replaces the now-vacuous notion of
profit maximization. We further ghow that the output decisions will be
Pareto optimal for stockholders, and that these decisions maximize market
value 6nly in a "purely competitive” world. Our results provide a synthesis
of the conflicting conclusions of Diamond [ 4 ), Stiglitz [14], and Wilson [17],

[18] on the optimality of stock markets.



PRODUCTION THEORY AND THE STOCK MARKET
by

Hayne E. Leland

Theories of production and of finance have developed along remarkably
independent paths. "The Stock Market" is not an egsential element in neo-
claggical production models. And until recently, production has not appeared
in models of capital asset market equilibrium.l

Neoclaggical production models have mnot needed stock markets because
profit maximization provides a complete description of firm behavior under
certainty. Stockholders are invoked to justify profit maximization, but
thereupon are hastily retired from the sceme. Indeed, the existence of
the stock market has been gomewhat embarrassing, since traditional economic
models are complete without it.

The neoclassical approach breaks down, however, in the presence
of uncertainty. The assumption of profit maximization no longer ranks
alternative decigionsg, since profits are not uniquely determined by firms'
actions. Production theory, and the welfare propositiong constructed
thereupon, must be reconstructed when the economic environment is stochastic.2

Extensions of traditiomal theory have been suggested to explain
production decisions under umcertainty. The models of Sandmo [12], Lintner
{91, and Leland [ 8] suggest that firms facing random prices act to maxi-
mize expected utility of profit. But in an environment in which owners
possegs differing attitudes towards risk asz well ag differing expectations,
whosge utility function and subjective probabilities are to be used?

Models of financial equilibrium, in contrast, have explicitly recog-

nized the random character of profits, and the ownership of firms by diverse



stockholders. But while the pioneering capital asset models of Sharpe
[13}, Lintner [10], and Mossin [11] have helped explain optimal portfolios
and relative values of risgky assets, they have shed no light on production,
since these decisions are presumed fixed.

Not until Diamond's notable paper [ 4] were production decisions
examined in the context of stock market equilibrium. Subsequent papers
by Stiglitz [14], Jensen and Long [ 7], and Fama [ 6 ] have questioned the
Pareto optimality of stock markets in the allocation of investment. All
those studies have assumed firms maximize market value. Yet Wilson [17],
uging a variant of Stiglitz's model, shows that every stockholder would recom-
mend production decisions which do not maximize market value, Wilgon
concludes that what is to be guestioned is not the optimality of stock
markets, but rather the presumption of value maximization by firms.3

We shall build on an element underlying both finance and production
theories: firms should operate 'in the stockholders' interests." Produc~
tion theoriesg have interpreted this principle to imply profit maximization.
Financial studies have interpreted it to imply value maximization. But
neither approach has rigorously justified its interpretation, and Wilson's
work seriously questions the validity of value maximization.

We develop below a model with production and with a stock market.
Investors have diverse expectations and attitudes towards risk, and choose
optimal portfolios given (equilibrium) market values. Firms face random
prices for their products and must select outputs. These outputs are assumed
to be selected in the stockholders' interests. A key to our analysis is
the proof that, in competitive stochastic environments, outputs selected

by firms in equilibrium will be in all stockholders’ interests-~regardless



of their expectations or willingness to bear risgk. The chosen outputs
are Pareto optimal for stockholders, but in general will not maximize mar-
ket value., We can show, however, that in certain "purely competitive™
environments, firms acting ag if they maximized market value will make
choices which coincide with stockholders’ interests. The contrasting re-
sults of Diamond, Stiglitz, and Wilson are readily explicable by our
theory.

Outputs chosen by firmg will depend upon both production (cost) and

financial (market value) variables. Thug, our theory indicates the stock

market and production are inextricably connected under uncertainty. For

competitive firms facing nonrandom prices, stockholders will choose profit
maximizing policies (p = MC) . For firmg facing random prices, stock-
holders select outputs which behave like certainty outputs in some ways,
but differently in others.

OQur results, hopefully, point the way to further integration of the
theories of preoduction and finance, and to the reconstruction of value and
welfare theory in stochastic environments. While we do not undertake
empirical testing of the theory of this paper, it might be noted that our
regults do not require estimates of subjective probabilities for
testing. In contrast with most other economic modelg under uncertainty,
we need know only equilibrium market values, rather than the subjective

probabilities which they reflect.



I. Firms Facing Random Prices

We consider an economy with firms indexed i =0, ..., N. A firm
has a profit function relating profit ﬂj to the vector of decisions of

the firm dj and the unknown state of nature 8 :

(1) w o=@, o b

Randomness could enter from any or all of several factors, including
uncertain demand or uncertain technology. In the pregent section, we limit
ourselves to firms similar to the competitive models of Sandmo [12] and
Baron [ 2], where gelling price is random but cogt functions are known.

In this environment,

(2) mo=pld - cddy, 5=0, ..., 8,

where qj is the (scalar) output decision of the jth firm. Each firm
owng certain regources essential to production, such as capital, "goodwill,"
or technical expertise. Cj(qj) reflects the costs incurred by the hiring
of further factors of production, and as such could be viewed as a 'variable

cost'" function. We assume there exists a firm which faces a certain price:5

0 =00 0,0
(3) ™ =pq ~-C{q) .

Subsequent sections consider noncompetitive environments, multiple decigion
variables, and technological uncertainty.

Firms issue shares, which represent a claim to profits, such that
the ownership of a fraction gi of the shares of firm j entitles the ith
stockholder to a return siﬂj. We denote the current total market value

of the jth firm's shares by 2 , and define V = (30, coey GN) .6



II. Investors

We agssume there are M invesgtors, indexed i =1, ..., M . Investors
are degcribed by three attributes:
- ~0 -N
(a) 8y = (si, seny si) , the current portfolio measured in fractions
of each firm's stock, owned by invegstor i . We assume

z?i=1, §=0, ves, N .
i

(b) Ui(Ri’ 0) ,i's utility function, unique to a linear transfor-
mation, which gives the utility of return Ri in state 6 ,
We asgsunme Ui(Ri, B)EEan(Ri, B)IBRi > 0 (nongatiation);

2 2
U?(Ri, 8)=23 Ui(Ri’ B)/BRi < 0 ({concavity in Ry ).

(c) My s the ith investor's subjective probability measure over

the states of nature,7 E is the expectation with respect

i
to ui o

Investors are assumed to rank alternatives by expected utility.8

Givern arbitrary market values V = (VO, seny VN) of firms' stocks, we

can define budget sets B(V, ;i) for each investor:

— N o—
(4) B(VJ si) = {si e RM]-ijEOVj(si = si) g 0} ®

Clearly B(V, ;;) gives the set of portfolios which an investor could afford

when market values are V and hig current portfolio is Nongatiation

8y -
implies that optimal portfolios will be restricted to the subset of B(V, ;l)

such that

N o, .
(5) b VJ(si - si) =0, for all i,
jz



Following Diamond [ 4] and Stiglitz |14], we define Ri ; the return to

a portfolio 8y » as

N
6) R, = £ mgl,
i . i
j=0
0
or subgtituting for 8; from {5),
N .. N
(N Ry =1 % v%i + % - rvj)si ,
j=0 =1

where r = ﬂo(qo)/vo , the return on the riskless asset.g

III. Financial Equilibrium

Portfolios §i = (§2, ceey §§) , i=1, ..., M, and market values

Lol

V= (30, couy ﬁN) constitute a financial equilibrium relative to q 1if

(a) For each investor i , &, is optimal in B(ﬁ, ;l) ; given

i

q . That is, maximizesg Ei{Ui(Ri’ 8] for s; ¢ B(V, ;i) ’

8y
given q .
() ¢ equates supply and demand in esch security's market, given

q . That is, g Ei =1, jJ=0, ..., N.
i

Financial equilibrium is a familiar concept. Condition (a) states that
each consumer is in equilibrium given market values Vv . Condition (b)
gtates that values ¢ are equilibrium market values. Given fixed q
and further agsumptions about subjective probability functions and pre-
ferences, Sharpe [13] and others have exawined properties of equilibrium

portfolios and market values.



In our model, it is clear that equilibrium portfolios and market
values depend upon q . This is because a change in ¢ will change the

distributions of profits perceived by each investor. Let ug denote the

financial equilibrium correspondence by

[3,(@), -evs By(@)s V)1 1O
We agsume that, for each q in a relevant domain, the image of the
equilibrium correspondence is non-empty, implying a financial equilibrium
exists. Later, we shall assume §i(q) and G(q) are differentiable func-
tions (as they will be in a mean-variance framework).
Conditions (a) of financial equilibrium imply §i
q, for all {1 . (ﬁi, caay §§) will maximize (with no congtraints)

is optimal, given

Ei[Ui(Ri’ 8)] when sg is eliminated by (5) and R, 1is given by (7).

i

Necegsary first order maximizing conditions are
(8) Ei{Ui(Ri, e)[ﬂJ - rﬁj]1=0;j=l} “aay N ;) i = 1’ so0o0y M »

When profits can be written in the competitive form (2), we may rewrite

(8) as
9) B (03, Op @0 - cMad) - ri1Y =0,
Conditions (b) of financial equilibrium imply

=1,j=0,.oo,Ne

aj
(10) rs
1 i



(5), (8) or (8), and (10) form (M1)(M+l) equations in the {R+1) (M+1)
unknowns gi and ¥, i=1, ...,M; j=0, ++ss N . Because these
equations are homogeneous of degree zero in G ; only relative prices are

determined, and we normalize prices by choosing

(11) =1, forall .1

This implies that the equilibrium correspondence of market values takeg

the form G(q) = [1, ﬁl(q), Vi ﬁN(q)] , and that

(12) r = @)% = n°@®) .

Iv. Equilibrium Production Decisions

A vector of outputs § = (ao, “uoy ﬁN) is termed a production equi-

librium 1if outputs § are "in the stockholders' interests," when current
portfolios and market values are a financial equilibrium relative to § .
The requirement that current portfolios and market valuesbe a financial
equilibriumgiven §, i.e. that [;i = §i(&); V = §(§)], implies there is
no impetus for portfolio or market value changes if & remaing fixed,
And the requirement that § be "in the stockholders' interests" implies
that § won't change, given current portfolios and market values.
We have purposefully left imprecise the meaning of outputs being
"in the stockholders' interests." Any number of voting rules might actually
be used, as long as they lead to some set of outputs being chosen. But
whatever the rule for determining output, we presume there cannot be some
%

q # ﬁk s and associated (different) financial equilibrium, such that

all stockholderg of k are better off at Ek than at &k + Clearly,



if such a ak exists, and stockholders influence the firm (or the manager
is a stockholder), then the firm will change output from ﬁk , and {
cannot represent a production equilibrium.

To examine the implicationg of production equilibrium, we first

prove

Theorem I: Unanimity Theorem. In the competitive random emviromment (2),

assume current portfolios and market values are in financial equilibrium

given current production decisions q (qo, sony qN} . Then
aEi[Ui(Ri’ G)I/qu has the same sign for all stockholders. That is, stock-

holders will unanimously vote for (or against) small changes in output.

Proof

(a) For the rigklessg firm:

3E [U (Ri, e)] aR
(13) — u! { Ry e)< )
3q

where R, is given by (7), x by (12), and ;1 = Ei(q) . Since V = V(q) ,

i
r , and ﬁi will change as q0 changes,
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9E,[U,(R,, 9)] N .
e Tl 4 -0 a3 =1 _ alyqldr,

It

ad N ~j Aj
+re| G -shE,+ 2] @ - =
=1 3q j=1 aq

d ~0 - -
Ei[U;_(Ri, e)(;;%) %J , using (8) and s, =8, ;

0
= Ei[Ui(Ri, 8) -"—%:}Eg , using (12);

L 1

dq

B (UL (R, O)1sglp° - MC(@)] , using (3),

vhere Mci(qd) =acl@dyadd , s =0, o, mL Wow B IUR, &)Is)

is positive (by nonsatiation) for all investors with Eg = ;g

is, for all gtockholders., Therefore (14) has the sign of [p0 - Mco(qo)]

>0 ; that

for every stockholder.

(b) For Rigky Firms:

For arbitrary k, 1<kgN,

3E,[U,(R,, 9)] 3R
asy ——=— U Ry, e>< 1)]
3q 3"

1]

~J
N | _. A N , 38
- rg(i i)-?-’y— +§"(ﬂ-rVJ)—%
j=t 3" j=1 q
-
+ -—— s
—dﬂrlc -k -
= ;;E s, , using (8) and s, = §,

Ei{U (Ri’ 9)[? (9) - MC (q )]s 1 using (2).12
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Now from conditions (9), since 31 = ;i is a financial equilibrium,

k

k, k ale
(16) e, {U] ®,, O (@11 = E, {U} (R, e)l[c (g ;*‘ v J )

Substituting (16) into (15) gives

3, [U, (R,, 8] ko kg ok
17y iaqki -5 (U1, e)];‘;[c COEE i Mck(qk)J -
q

But ag before, since Ei[ui(Ri’ 9)];? > 0 for all stockholders of k ,

the sign of (17) will be identical for all stockholders, and will have the gsame

() + 0k k
sign as = - MC (g ) . This last expression, of course, depends
q

only on obgervable variables: cost functions and current market values.
Theorem I leads immediately to conditions which will be satisfied

by equilibrium outputs in a competitive environment,

Theorem II: Fundamental Equilibrium Conditiong. If § = (ﬁo, ssey &N)

is a production equilibrium, then

(a) TFor the rigklesgss firm:

(18) p? = mc?q%) ;

(b) For risky firms:

@) + 01 @d)
gd

(19) =ucd@d, -1, ..., n.
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Proof: If conditions (18) and/or (19) are not satisfied at § , then a
small change in some qk can occur after which all stockholders in firm

k are better off, since aEi[Ui(Ri, 9)]/3qk >0 {or <0 ) for all stock=
holderg of k .by Theorem I. But this contradicts the assumption that ¢

is a production equilibrium.13

V. Theory of Firm Behavior under Uncertainty

Equilibrium condition (18) confirms what every schoolboy knows:
the competitive firm under certainty sets price equal to marginal cost,
and therewith maximizes profits. Thus, our theory confirms that profit
maximization ig optimal from the point of view of stockholders if profits
are nonstochastic,

Under uncertainty, we showed earlier that profit maximization and
"p = MC'" are meaningless concepts. Conditions (19) replace the familiar
relation (18). (19) can be interpreted as follows: a risky firm j should
choose a &j such that the "total’ average cost equals marginal cost,
where the total average cost is the sum of average variable costs
Cj(ﬁj)/&j plus an imputed average capital cost rﬁj(ﬁj)/&j 014 Thus
stock market value of the firm becomes crucial in the firm's output de~
cision~-our theory indicates the inextricable relationship between pro-
duction (cost) and financial (market value) variables.

If the firm's physical assets are transferrable and marketed, the
analysis can be extended to consgider entry and exit of firms. 1If ﬁj P
the market value of the jth firm, exceeds the market value of its assets;,
entry will take place since any entrepreneur could make a sure profit by
purchasing physical assets and then selling stock (whose market value will
exceed the cost of the physical assets). In long run equilibrium, the value

of firmg will equal the value of their physical assetsols
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Conditions (19) can be uged to generate useful theorems on firm

behavior.

Theorem III. V7 >0 if and only if MCj(ﬁj) E'ch(ﬁj) , where

aci@dy = d@tyg? .

Proof: From (19),
53 aly = & wedad) - acd (@!
20) VI(@@7) = [MCT(QT) - ACT(§)T ,

which is nonnegative if and only if Mcj(ﬁj) > ch(&j) .

In long run equilibrium, we will expect Gj 20 .16 This impliesg
that optimal cutput &j will be chogen so MCj(ﬁj) > ch(ﬁj) , or in the
region where marginal cost lies above average (variable) costs. Note the
gimilarity with the traditional theory of the competitive firm under cer-
tainty, which says p = MC(§) for p > AVC(§) , where AVC 1is average

variable cost. Combining these gives the familiar condition MC{§) > AVC(q) ,

which is precisely the condition we derive for the uncertainty case! Thus

market value being nonnegative is the substitute for lomg run profit being

nonnegative under certainty.

Theorem IV. Any change in expectations, attitudes towards risk, etc., which
leads to a rise in the firm's market value, but does not affect costs, will

lead to greater output by the firm.

Proof: If the Gj(q) function shifts upwards to Vi(q) ; all investors

will find
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Ad@dy + wigh
&j

~ucl@dy > o0,

which by (17) implies all stockholders will urge an increasge in qj until
a new equilibrium (19) is reached at a greater aj A7
Theorem IV is a replacement for the certainty statement that "a rise

in price leads to a rige in output." Since price is not defined under

uncertainty, we gee that market value takes itg place in this context.

Theorem V. In general, an increase in fixed costs will lead to a change

in output,

Proof: If there is no change in optimal output, then

c(q) + AF-:!- r(V + AV) _ MC(q) = c(q) :rvggz

or AV/AF = -1/t . In general, it can be shown that AV/AF = -i/r if

and only if each investor exhibits constant absgolute rigk aversion.18

VI. Stockholders Directives and Value Maximization

Will the 63 chosén by stockholders also maxdmiza:
the market value of the firm? In general, the answer is no.19 But::under
conditions which we argue are truly 'competitive," the stockholders’ policies
will maximize_perceived market value.

First, we demonstrate that equilibriﬁm’outputstwqjg= ﬁj ‘yiil
not in general maximize market value. For simplification, we -
use the gpecial case of a single risky firm in addition to the riskless
firm, although we still suppose firms act as if prices are indepengent of

their decisions. Differentiating (8) with respect to q1 , the rigky
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firm's output, and evaluating at q1 = al gives

1 ~1
21) Ui, o 4= . 2
i i1 1 1
dq 9q
al
. A1 08 1
+EL R, ot « iyt - ol =244 1Y g
i ivi 1 1 %i
3¢~ dq
dﬂl
or, using (15) and the fact that in equilibrium aEi U;(Ri, 9)—_T =0,
d
AN Azl i
-1 . 3¢ 084 -1 1 &1, dnm 1
-=Di Ei [Ui(Ri’ 9)]6 =T + - + Di Ei{U;_'(Ri, B)(m - V) Y 8§ =0,
dq 3q dq

2
where Di = Ei[U;(Ri’ 9)[n1 - er] 1<0. Now summing (21) over individuals

i=1, ..., M and noting % agi/aql =0 gives
i

1
S D g, | UMR., O)(mt - p9l) 9T gl
al i~ iti 1 %1

v _ i dg

(22) a l - _1 \ .
r . a
91,1 Z D, B (U Ry, 0)]
q =q i

By nonsatiation, the denominator is always negative. In general, the numer-
ator will be nonzero, which explains why Stiglitz and others can show that
value maximization does not lead to Pareto optimal choices of outputs (or
"techniques"), If the firm chooses a qé # 6j , our model indicates
everyone could be made better off by a small change in qj away from q% .
We support Wilson's contention that what Stiglitz brings into question is
not the Pareto optimality of the stockmarket, but rather the value maxi-
mization criterion.

There is, however, an environment in which firms, thinking they are



maximizing market value, make decisions which coincide with the ﬁK thst

stockholderg wish.

Iheorem VI. (Value Maximization im a Competitive Environment). Assume
that a firm operates in an industry in which firms face the same random
grice and pcssess ldentical convex cost functions, Then the firmwill maximize

its marxer value relgtive to other firmg in the indugtry by setting

g =43 , the output which is unanimouslv supported by stockholders.

"roof:  Comgider firmsg % and £ in industry A, Facing commson price

pA(B) and having ldentical cost functions CA(') . Assume qk = ﬁk R

t4

where § is the shareholders' desired policy which satisfies (19).
Further assume qfe # QK . We show that in the financial equilibrium

agssnciated with those cutputs,

i< gt
From (93, for all i we know
23) B, Ul Ry, 305" (038" - Pgh) - 11 = 0
AT O e I S T

which imply
26y T > o4 grf e, {U] (R, 030pt 838" - gy

> £, {0l Ry, O 0" - Arafint .

k
From (15) and the requirement aEi[Uﬂ(Ri’ 8)}/3q =0,
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B 0] (R, 92 = £ (v}, 0)imc*@)1} .

Subgtituting this into (24) and noting Ei{U;(Ri, 8)] >0 gives

(25) AN \?"‘ iff MC (Z:Ik):‘ik CA(q ) > uch ( CA(q ) .

The inequality clearly will hold if

(26) max e (§)q - A1 = mr @k - AE
q

and the maximum will be unique when CA(v) is strictly convex. Now a

necessary and sufficient condition to maximize the LHS of (26) is that

d ak A A .k
27) 37 et @a - @) = wt@ - uch) =
or q = ak . The theorem then follows immediately from (25).

Theorem VI is definitely in the spirit of '"perfect competition."
If a firm maximizes its relative value but considers others' values inde-
pendent of its decisions, it thinks it is maximizing its own market wvalue,
Thus competitive firms, attempting to maximize value by maximizing relative
value, will make output choices which coincide with stockholders' interests.
This result justifies Diamond's assumption that firms should maximize a
market valuation function of the form he chooses, Note that Stiglitz, in
excluding perfectly correlated firms, excludes our notion of a 'perfectly
competitive" environment.

A final question to be asked is whether a firm acts "as if" it maxi-
mized expected utility of profit, 1In general, the answer is "no," but if

all shareholders are alike (e.g., like '"the manager'), and prices of different
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firms are independently distributed, then it can be shown that ﬁj is
Yag if" firm j were maximizing expected utility of profit, and the

theorems of Barcn, Sandmo, and Leland are valid in thig environment.

VII, Pareto Optimality of Production Equilibrium

We now examine the optimality properties, from the point of view
of stockholders, of a production equilibrium § and its associated finan-
cial equilibriumgzo Pareto cptimality requires that if every person £
except an arbitrary individual w has fixed expected utility
Eﬁ[Uz(Rg, 8] = E} s then the output and portfolio decisions must maxi-

M
mize E [U (R, 0)] . Feasibility requires ¥ gd =1 for all i s 80
m m m i=li
we can express the portfolio of the mt individual as 8, = Q- T 33’
N, . A#m
ceoy 1 = T sg) » The returns of portfolics are R, = ¥ ﬁjsi ’
f#m = 3=0
i=1, ..., M. If a production equilibrium is to be Pareto optimal, g

and §i(&) , i=1, ..., M, must yleld a statiomary point to the Lagrangean

L = E (U (R, 8)] + ﬁi;hziEzlugckzs 91 - U},

implying
k I’4
aL aﬁ Ak 1 a“ Ak
(28) —--%Ei-U“(R 0) L 18+ waA,E,| UL(R,, 6} F= (85 =0
qu mhu m*m aqk m g f A A A /4 qu 4 1
k=20, .v.; N
29) 2 = E (v, o)ml] 4+ NEUR, 81 =0, §=0, oo, N5 £¥m .

aaj m m m
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Now {14), (15),and the equilibrium requirements (18) and (19) imply (28)
will be satisfied by the production equilibrium § and its associated
financial equilibrium. Using conditioms (8);, we see (29) will be satisfied

b J
Em{Um(Rm,B)n |

when we choose A, =

' £ #¥m . We are free to choose the

£, (0} R, )]
X's in such a manner, since (28) will be satisfied for arbitrary A's

at the production equilibrium. Thus, we conclude that production equilibrium
satisfies the first order necessary conditions for Pareto optimality. If
§§{a) is positive for a1l i and j , then Em[Um(Rm, 93] wilil indeed

te maximized for arbitrary m , and we conclude that production equilibrium

is Pareto optimal from the point of view of the stockholder9021

VIIX. Some Generalizations: A Preliminarv Look

A. Imperfect Competition and Random Technologies

The interested reader can verify that a "unanimity theorem' can be

proved whenever

(30) w@d, o) = el + gdadmiy, j=0, ..., v,

where d may be a vector of decision vafiablesozz Note Diamond'’s model
with technological uncertainty fulfills this condition, as does the com-
petitive firm facing random gelling price. But if output is the only de-
cigion variable and costs remain nongtochastic, (30) is satigfied if random

demand functionsg take the (imperfectly competitive) form

(1) pigd, o=@ +d@dmiey, 1=90, ..., 5,
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which includes both multiplicative random demand curves [fj(qj) = 0]

and additive random demand curves [gj(qj) =1) . A value theory similar
to “MR = MC" can be constructed, and Pareto optimality (for the stock-
holders) will follow, If ﬂj(dj, 8) cannot be put in the form (30), then
in the absence of further assumptions about mean-variance preferences or
special types of securities, our "unanimity" theorem breaks down, and with

it all other results in the preceding sections.23

B. A Different Objective Function

Earlier regults assumed investors ranked alternative portfolios
on the basis of expected utility of returns. While oursis congistent with the
studies of Diamond and Stiglitz, it could be argued that finsl portfolio
value ig the appropriate argument in a world which does not gelf-destruct
at the end of the current period. We consider now a model in which end-
pericd wealth is the appropriate argument of the utility function.

if ﬁj is the equilibrium market value of firm j , (Gj + nj)gi
will be the assumed end-period wealth resulting from investor 1 holding

i 24
& fraction Qi of firm 3 . We can then expresgs

‘({;J + “J)gi 2
0

=
#
i %=

3

or subgticution from the budget constraint (5),

: N, ..

W= (+r) SIS + v - e9dagd

i . i
Jzo j=1

The investor seeks to
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Maximize Ei[Ui(wi’ 8] ,

si_eBi

which givesg the portfolio optimizing conditions

Wy

Bsi

E,| UG, 8) =g fujw, o)im - xf1Y =0, 5-1, ..., n.

These conditicons are identical to (8) except W, replaces R, . But,

i i

assuming Qg = ;g (current portfolios 2re optimal),
SE IV Ry, O] : [k N a8 o
e B\ L8 s+ B sy

g dgq i=1 3q

In general, we cannot expect a unanimity theorem, However, in the purely
competitive enviromment, we can assume investors perceive (a) a@j/aqk =0,
j#Fk; (b)) maximizing relative value maximizes market value.

The argument which under competitive markets sghowed ﬁk maximized

relative value Vk {Theorem VI} also will hold when W, replsces R, .

i i

Thus, qi , the qk which sets

| 4

s am_ | -
dg

By

also gets aﬁk/aqk = 0 as perceived by the investor. Together, conditfons

{a) and (b) imply

kKON o
dn BVJ al
EQUI W, 8) S5+ 8 S-51)=0, k=1, ..., ¥
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when qk = q: 5 for all investors i =1, ..., M. Under these conditions,
then, the value theory for competitive markets developed in Section VI con=
tinues to hold, as will the Pareto optimality results of Section VII (with
W, replacing R, and qi replacing ﬁj ; forall i and j ). The firm

tacing certgin price po will continue to choose the profit maximizing

0 .0
q =§ .

IX. A Mean-Variance Example

Let us briefly descend to a world im which
(i) all investors rank portfolics on the basis of mean and variance
of return;
(1i) all investors ghare identical expectations for prices, and there-
fore for profits.
Thig is, of course, the world of Sharpe, Jensen and Long, Stiglitz, and

Wilgon, where relative market values are given by the formu1a25

. N .
Em = k § E(m - ?)(n‘ - F‘)
2=0

(32) #a) = -

where k 1is the "price of risk,™ and nj = pj(e)qj - Cj(qJ) . For the
present, let us further assume that E{m - ;j)(ﬁﬁ - ;i) = 0 for all

£ #£#3j . Then (32) becomes

a3 - Em) - kVar s
(33) vVi(q) = -

Now substitute (33} into the fundamental equilibrium relation (19):
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o el . cdeady - 3 .

ooy SELrEEhE - o@h war[w @] _ o3 ady
q

or

J aj
E(pj) _ kVar 7

aj

= ucl(gdy .

Clearly (34) implies E(p)) >MCI(§') , which if MC 1is increasing in
q 1implies output of the competitive firm under uncertainty ig less than

26
output under uncertginty. However, as the variance of profit shrinks

to zero, or as the risk adjustment factor k becomes small, the firm moves

cloger to maximizing expected profit,

If a firm has a substantial negative covariance with other firms,

Y R A )
it is possible that ¢ (m = ﬂj)(ﬁ =M} <0, in which case the firm
£=0

would have a larger output under uncertainty than it would if price equaled

its expected value with probability one.,

X. Conclugion

Examining production in the context of a stock market, we have shown

(1) Despite differences in expectations and attitudes towards risk of stock=

holders, outputs selected by firms will be (locally) optimal for all
stockholders;

(2) firms whose profité are not random will choose output to maximize
profit:

(3) the outputs selected with be Pareto optimal for stockholders;27

{4) the outputs selected will not in general maximize the market value
of the firm. But they will maximize market value in a "perfectly

competitive' environment, in which firms in the same industry have

perfectly correlated returns.
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The contrasting results of Diamond, Stiglitz, and Wilson on the
optimality of stock markets are readily interpretable in the context of
out model. Diamond assumes the 'perfectly competitive'' environment which
implies value maximization coincides with stockholders' interests. Stiglitz
agsumes non-perfectly correlated firms but agserts firms maximize market
value, an assertion which Wilson shows will not coincide with stockholders®
interests.

Our theory indicates the egsential role of the stock market in deter-
mining production decisions under uncertainty. Equilibrium output conditions
involve both production (cost) and financial (market value) variables. The
equilibrium conditions provide a basis for deriving comparative static re-
sults, and seem to offer promise for the next task: the construction of
a model which includes stochastic equilibrium in the markets for outputs,
ag well as equilibrium in capital asset markets.

Finally, we note that our theory generates testable conclusions which
do not require estimates of gubjective probabilities. 1In this respect, it
ig different from the capital asset market equilibrium models, whi¢h have
required approximations of subjective probabilities of stockholders for
tegting. In our model, subjective probabilities help to determine relative
market values, but we need only measure these market values and cost functions

of firms to implement empirical tests.
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FOOTNOTIES

1Recent contributions which examine production {or investment) include
Diamond [4], Stiglitz [14], Jensen and Long [7], and Fama [6]. These studies
are discussed below, Stigum [16] considers existence of general equilibrig
under uncertainty, and Dreze [5] develops a decentralized "tatonnement '’
process in a model quite similar to ours.

o

“An important exception to this is the case where separate contracts can
bte made for each state of nature: see Arrow {1]. (It seems clear that
the actual ecoromic environment does not provide such a complete get of
markets,) S2e alao Debrev [3].

Béicheugh Sviglizz's published paper [14] treats only firms which maximize
matket value; his unpublished manuscript [15) clearly indicateg hig reser-
vationg abuut the appropriateness of value maximization., In the manuscript,
he develeps an snalysis which parallels seversl of the ideas in Section 1v,
gnd indicates that different notions of equilibrium cam give rise to dif-
ferent cptimal strategies for stockholders,

“To formalize our notion of "gtates of nature,” we presume that 6 is
an element im a measurable space (@, ¥) , where ¥ is g o-field of sub-
setg of 8 (Yevents™). If D 1is a feasible set of decisions, then

n!  is a measurable function from D x ® into Rl s for 511 j . The
specification of a probability measure over ¥ will then generate a joint
probability distribution of profits of firms, conditional on d .

sAlternativelyg we could have agsumed the existence of a rigkiess bond
paying a fixed coupon rate.

6N’ote our totai market value ig the market value of equities. For simpli-
city, we ignore pogsible debt financing. But ome can show that, if debt
is not igsued beyond the point of possible bankruptcy (as perceived by
any investor), the Modigliani-Miller theorem survives: sae footnote 18.

7More exactly, by is a probability measure on the measurable gpace (®, ¥) .

Thug the specification of different probability measures for different in-
vestors implies each investor has his own subjective probability distribu=
tion for the profits of firms, conditiomal upon their decisions,

SSince the utility function in (b} is state dependent, we are dealing with
a more general form of expected utility than is typical. Peter Diamond has
pointed out that all theorems are valid in the more general case where
(assuming there are a finite number of states of nature} choice between de-
cisions can be ranked by a nonsatiated, quagi-concave function

UIR; (), vers BRI,

where R;(d) is the return to investor 1 in state of nature s . given

decisions d
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9The agsumption that returns to holding shares depend only on firms' pro-
fits is adopted by Diamond {4}, Stiglitz [14], and others. This assumption
is reasonable in a stationary world with intertemporal independence, or

in a world in which the movement of stock prices is closely dependent upon
profits, as seems reasonable in the long rum. 1In the sghort run, however,
speculators may have (probabilitistic) expectations of returns which bear
little or no connection to firms' decisions. If speculstors perceive no
connection, they can be included in our model without alterimg the results
which follow. The diligent reader also can ascertain that a two-period
consumption model will not alter the nature of our results. An alterna-
tive formulation to (6), in which investors rank portfoliocs according to
end-period wealth, is considered in Section VIIIB.

iOOf course the fimancial equilibrium also depends on the current portfolios

§; s but this dependence is suppressed since we ghall not consgider varia-

tions in 5, Also note that the fimancial equilibrium corregpondence

gives optimal portfolios and equilibrium market values if q 1is regarded
ag fixed--i.e. in equilibrium. If all investors know q will change to
some g , and values will change to V(q) , then ¥(q) may no longer
describe the actual market values at q .

11If we start with a two period congumption model, this normalization will
not be possible, Nonetheless, all our results will follow.

1200te that our conclusion follows for any pcssible aﬁjlaqk, Indeed,

different investors can have different opinions regarding aﬁj/aqk and
our results will still follow, as long as all investors face the equili-

brium price GJ(Q) .

13At the chosen outputs, (18) and (19) and appropriate second order con-
ditions imply that all stockholders find § a local optimum. I have not
been able to show that § represents a global optimum for all stockholders,
although it will be in the mean-variance framework of Section IX, when

cost functions are convex.

An alternative proof of the equilibrium condition {19) can be based
on an exemination of arbitrage. Assume stockholder i (with ;? >0

could change the output of firm %k by Aqk . The resulting change in his

return will be [pk(a) - MCk(qk)];J';Aqk . At the same time, gssume he ex-
changes a fraction of his shares ASE = gtAq/q for VkAs§ shares of the
k. k k
-+
rigklegs asset, producing a change mpk(e) + ¢.(d )k £y ;EAqk » The
q

net return of the simultaneous changes is

k, k k

C (g );T v Mck(qk) ;quk ,

q
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whose sign is independent of & and of 1i , Thus, all stockholders would

urge changes in qk until ﬁk 1g achieved and (19) is satisfied. Even
1f no rigkless asset 1s present, the arbitrage argument can be uged when
the distributions of marginal returns are spanned by the distributions of
total returms: gee Ekern and Wilson (18],

14Note that r@(ﬁ)/ﬁ is the average opportunity cost of the market value
of the firm. If the firm is a monopoly this market value may be consider-
ably higher than the true cost of the capital in that industry.

{Clearly, readers should resist the temptation to conclude that "average
cost equals marginal cost implies zero profits." First, profits are random
so '"zero profits" is meaningless. Second, we showed above that our "average
cost” is dependent on the stock market value of the firm, which may not be
closely related to the true value of the firm's capital stock.)

151n our model, the signal for entry is not when "excess” profits are pre=-
sent, but rather when market value exceeds the cost of duplicating a firm.
Clearly this is a much more gatisfactory situatiom in the presence of un-
certainty. Even if expected profit could be determined under uncertainty,
it would still have to be "risk adjusted" in some manner to mgke the old
criterion for entry operable.

Note how, in long run equilibrium with entry, the firm will be pro-
ducing gt the bottom of its (long run) average cost curve. This is because

in long run equilibrium rﬁj is the true opportunity cest of the firm's

capital stock, since V) winl equal the actual value of the firm's capital.
Conditions (19) now imply true average cost equals marginal cost at the
equilibrium output, implying the firm under uncertainty will produce at
minimum average cost. If expectations are identical, the results in Sec-
tion IX imply that expected price will exceed marginal cost in equilibrium,
Thus, while with free entry firms are producing at minimum average cost,
their expected profits will be positive, and total output of the industry

will be less than if pJ equalled its expected value with certainty.
Greater uncertainty, then leads to fewer firms and higher expected prices
in long run equilibrium, though all firms will be producing at the minimum
average cost.

16Free digposal of securities will guarantee i >0.

17For the theorem to hold when changes in V are large and when stockholders
are permitted to suggest non-marginal changes, we would further require
Ei[Ui(Ri’ 8)] to be globally concave in q . Local comcavity is assured

by the fact that § provides a local maximum in Ei[Ui(Ri’ 8)] , for all

stockholders.
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18The proof relies on the fact that there are no wealth effects if an in-
vestor possesses a utility function exhibiting constant absolute risk
aversion. Thus a rise in fixed costs with an offsetting change in market
cost {by a factor 1/r ) will lead all investors to demand precisely the
same percentage of the firm's stock as before. Whereas Theorem V might
seem to indicate that optimal output depends on the debt-equity ratio,
such is not the case when a firm's debt is risk free. Each investor can
always generate the same distribution of returns, independent of the debt-
equity ratio, by an appropriate holding of the firm‘s debt and equity.
(This is not possible when there is simply an increase in fixed cost.)
There is good reason to think, however, that firms will be motivated to
issue debt beyond the "zero probability of bankruptcy" level. We hope

to explore this topic in a future paper.

19That is, there will in general exist a qt such that €k(q§) will ex-

“k ~ a . "‘k .
ceed V (qk) » given that other q's remain fixed. But V (qi) is the
value of the firm's stock if qs is perceived to be an equilibrium output.

If qs is chosen temporari;y and investors kno? t:at qk will move to

§ , then the current V(qv) will not equal V(qv) and indeed (if adjus:-
ment ig rapid) will not exceed G(ﬁk)z {See footnote 10.) This explains
why “raiders' may not be able to buy a firm, temporarily change from ﬁk

to qt ; and make a sure profit, since the stockholders who purchase the

the firm from the "raider' would vote to change the output back to ﬁk

b

and the move to q: would be temporary.

20The optimality of outputs in our model is with respect to the digtribution
of profits they generate. Since our model is mot closed (prices are exc-
genous, given 6 ), we cannot examine optimality of outputs from the point
of view of their consumption,

211f investor m holds z shert pogitiom in firm k in equilibrium, his

utility will be minimized with respect to qk at ak . It is not clear

that we have Pareto optimality in this situvation: perhaps investor m
could bribe the stockholders of firm k to change output in exchange for
some of the rigkless asset {for exampie), leaving all better off.

22Ekern and Wilgon [18] show that unanimity will hold under somewhat more general
conditions: when the distributions of marginal profits ares spanned by the
distributiong of current profits. (See also footnote 13 above). When
profits take the form (30}, conditions (18) are replaced by
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1@y - glrghrgldl)

r

vy =
where fi is the partial derivative of fJ with respect to the kth

component of the vector d- , evaluated at dJ

to (19) when £)(d') = -cl(qd) and gl(aly = ¢3 . A further paper wili
examine implications of equilibrium in noncompetitive environments.

This condition collapses

31n a working paper, I have shown that if condition (30) ig not satisfied,
stockholders in many situations will unanimously vote to split the firm
into separate firms, each of whose profit functions will take the form
(30). Thus, the condition for unanimity may not be as restrictive ag it
first appears.

24See footnote 9 for a discussion of when "capital gains' are included in
this formulation,

25See Stiglitz (14], p. 36,

26Note ﬁj does not coincide with the value maximizing output qi , Wwhich

would satisfy the condition

. 2k Var ﬂJ(q‘Jr) i
Ep? - . = ucl(q)) .

]
%y

7See our caveat in footnote 21 regarding Pareto optimality with equilibrium
short positions.
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