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7KH HTXLOLEULXP VHOHFWLRQ DSSURDFK RI 0DWVXL DQG 0DWVX\DPD >��@� ZKLFK LV EDVHG RQ LQGLYLG�

XDOO\ UDWLRQDO SOD\HUV ZKR PD[LPL]H WKHLU GLVFRXQWHG IXWXUH SD\Rm� LV DQDO\]HG IRU V\PPHWULF

WZR�SOD\HU JDPHV ZLWK D SRWHQWLDO IXQFWLRQ� ,W LV VKRZQ WKDW WKH PD[LPL]HU RI WKH SRWHQWLDO

IXQFWLRQ LV WKH XQLTXH VWDWH WKDW LV DEVRUELQJ DQG JOREDOO\ DFFHVVLEOH IRU VPDOO GLVFRXQW UDWHV�
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� ,QWURGXFWLRQ

0DQ\ JDPH WKHRUHWLF PRGHOV RI HFRQRPLF DQG VRFLDO VLWXDWLRQV VXmHU IURP PXOWLSOLFLW\ RI 1DVK
HTXLOLEULD� (TXLOLEULXP UHnQHPHQWV DQG PHWKRGV RI HTXLOLEULXP VHOHFWLRQ DUH WKHUHIRUH LPSRUWDQW
WR REWDLQ OHVV DPELJXRXV SUHGLFWLRQV IURP WKHVH PRGHOV� 7KH PRVW SURPLQHQW DQG FRPSOHWH WKHRU\
RI HTXLOLEULXP VHOHFWLRQ LV GXH WR +DUVDQ\L DQG 6HOWHQ >�@� ZKR GHnQH WKH FRQFHSW RI ULVN�GRPLQDQFH
EDVHG RQ WKH WUDFLQJ SURFHGXUH� $QRWKHU QRWDEOH CFODVVLFDO
 DSSURDFK LV GXH WR &DUOVVRQ DQG 9DQ
'DPPH >�@� 0RUH UHFHQWO\� HYROXWLRQDU\�G\QDPLF PRGHOV KDYH EHHQ XVHG IRU HTXLOLEULXP VHOHFWLRQ�
7KH PRVW SURPLQHQW DPRQJ WKRVH LV D VWRFKDVWLF PRGHO GXH WR .DQGRUL HW DO� >��@ DQG <RXQJ >��@�
ZKLFK DVVRFLDWHV WR D ODUJH FODVV RI VWUDWHJLF JDPHV �LQFOXGLQJ CZHDNO\ DF\FOLF
 JDPHV DV GHnQHG LQ
>��@� D XQLTXH ORQJ UXQ HTXLOLEULXP� $ GLmHUHQW DSSURDFK� EDVHG RQ D GHWHUPLQLVWLF VSDWLR�WHPSRUDO
PRGHO� FDQ EH IRXQG LQ >�@�

,Q WKLV SDSHU ZH VKDOO EH FRQFHUQHG ZLWK WZR RWKHU PHWKRGV RI HTXLOLEULXP VHOHFWLRQ� 7KH nUVW
RQH� RULJLQDOO\ SURSRVHG E\ 0DWVXL DQG 0DWVX\DPD LQ >��@ IRU �d � PDWUL[ JDPHV� XVHV DQ H[SOLFLW
G\QDPLF FRQWH[W �PRGHOOLQJ D SRSXODWLRQ RI UDWLRQDO SOD\HUV HQGRZHG ZLWK SHUIHFW IRUHVLJKW� WR
VHOHFW WKRVH HTXLOLEULD ZKLFK DUH JOREDOO\ DFFHVVLEOH DQG DEVRUELQJ ZLWK UHVSHFW WR WKH G\QDPLFV��

7KH RWKHU PHWKRG LV DSSOLFDEOH WR VR�FDOOHG SRWHQWLDO JDPHV �VHH >��@� DQG VHOHFWV WKRVH HTXLOLE�
ULD ZKLFK PD[LPL]H WKH SRWHQWLDO IXQFWLRQ� :KHUHDV WKH PD[LPL]DWLRQ RI WKH SRWHQWLDO IXQFWLRQ
LQFRUSRUDWHV VRPH IRUP RI FROOHFWLYH UDWLRQDOLW\� WKH G\QDPLF SURFHVV GHVFULEHG LQ >��@ LV EDVHG
H[FOXVLYHO\ RQ LQGLYLGXDO UDWLRQDOLW\� 1HYHUWKHOHVV� ZH GHPRQVWUDWH LQ WKH SUHVHQW SDSHU WKDW WKHVH
WZR VHOHFWLRQ FULWHULD DUH HTXLYDOHQW IRU V\PPHWULF WZR�SHUVRQ SRWHQWLDO JDPHV� ,Q RWKHU ZRUGV� D
�SRVVLEO\ PL[HG VWUDWHJ\� V\PPHWULF 1DVK HTXLOLEULXP RI D SRWHQWLDO JDPH LV ERWK JOREDOO\ DFFHV�
VLEOH DQG DEVRUELQJ IRU DOO VPDOO YDOXHV RI WKH GLVFRXQW UDWH LI DQG RQO\ LI WKH VWUDWHJ\ PD[LPL]HV
WKH SRWHQWLDO IXQFWLRQ�

$GPLWWHGO\� SRWHQWLDO JDPHV IRUP D UDWKHU QDUURZ FODVV RI VWUDWHJLF JDPHV� 1HYHUWKHOHVV WKH\
FRQWDLQ PDQ\ FODVVHV RI JDPHV ZKLFK DUH RI SDUWLFXODU LQWHUHVW LQ HFRQRPLFV VXFK DV SXUH FRRUGL�
QDWLRQ JDPHV� ZKLFK KDYH EHHQ XVHG DV VLPSOH PRGHOV IRU WKH HYROXWLRQ RI FRQYHQWLRQV �VHH >��@��
0RUHRYHU� PDQ\ JDPHV VXFK DV V\PPHWULF ELQDU\ FKRLFH JDPHV RU WKH &RXUQRW ROLJRSRO\ OHDG WR D
SRWHQWLDO JDPH DIWHU D OLQHDU WUDQVIRUPDWLRQ RI XWLOLWLHV �VHH >��@�� 3RWHQWLDO JDPHV DUH DOVR NQRZQ
DV SDUWQHUVKLS JDPHV �>�@�� JDPHV ZLWK LGHQWLFDO LQWHUHVWV �>��@�� WHDP JDPHV �>��@�� RU GRXEO\
V\PPHWULF JDPHV �>��@��

7KH JOREDO PD[LPL]DWLRQ RI WKH SRWHQWLDO DV D FULWHULRQ IRU HTXLOLEULXP VHOHFWLRQ VHHPV WR KDYH
EHHQ SURSRVHG LQ SULQW RQO\ UHFHQWO\ E\ 0RQGHUHU DQG 6KDSOH\ >��@� ,QWHUHVWLQJO\� WKH\ SRLQW RXW
WKDW WKLV VHOHFWLRQ LV VXSSRUWHG E\ WKH H[SHULPHQWDO UHVXOWV LQ YDQ +X\FN HW DO� >��@� $W nUVW JODQFH
WKLV ZD\ RI VHOHFWLQJ HTXLOLEULD ORRNV H[WUHPHO\ QDWXUDO EHFDXVH DOO SOD\HUV KDYH WKH VDPH SD\Rm
DQG� KHQFH� WKHUH LV QR DQWDJRQLVP ZKHQ WKH\ LQGLYLGXDOO\ WU\ WR PD[LPL]H WKHLU H[SHFWHG SD\Rm�
$ PD[LPL]HU RI WKH SRWHQWLDO� SURYLGHG LW LV XQLTXH� PD\ EH FRQVLGHUHG DV WKH QDWXUDO IRFDO SRLQW
RI WKH JDPH� 1HYHUWKHOHVV� WKH PHWKRG LQWURGXFHG E\ 0DWVXL DQG 0DWVX\DPD >��@ VHHPV WR EH
WKH RQO\ HYROXWLRQDU\ G\QDPLF PHWKRG RI HTXLOLEULXP VHOHFWLRQ VR IDU ZKLFK LV EDVHG RQ LQGLYLGXDO
UDWLRQDOLW\ DQG ZKLFK JHQHUDOO\ VHOHFWV WKH PD[LPL]HU RI WKH SRWHQWLDO LQ D SRWHQWLDO JDPH� ,QGHHG�

�([DFW GHnQLWLRQV RI WKHVH WHUPV ZLOO EH SURYLGHG LQ 6HFWLRQ ��
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WKH PHWKRG RI VHOHFWLQJ WKH ORQJ UXQ HTXLOLEULD GHVFULEHG LQ >��@ DQG >��@ LV QRW FRQVLVWHQW ZLWK
WKH PD[LPL]DWLRQ RI WKH SRWHQWLDO� LI WKHUH DUH PRUH WKDQ WZR VWULFW HTXLOLEULD RU PRUH WKDQ WZR
SOD\HUV �VHH ([DPSOH � LQ 6HFWLRQ ����� 1HLWKHU LV WKLV WKH FDVH IRU WKH ULVN�GRPLQDQFH FRQFHSW RI
+DUVDQ\L DQG 6HOWHQ >�@� DV KDV EHHQ GLVFXVVHG LQ GHWDLO LQ >��@�

7KH SURRIV RI RXU PDLQ UHVXOWV UHVW KHDYLO\ RQ D FORVH UHODWLRQ EHWZHHQ SHUIHFW IRUHVLJKW HTXLOLEULXP
SDWKV �DV GHnQHG LQ >��@� DQG RSWLPDO SDWKV LQ DQ DVVRFLDWHG RSWLPDO FRQWURO SUREOHP� 0RUH
VSHFLnFDOO\� JOREDO DFFHVVLELOLW\ RI D VWULFW 1DVK HTXLOLEULXP ZKLFK PD[LPL]HV WKH SRWHQWLDO IXQFWLRQ
LV VKRZQ E\ D WXUQSLNH WKHRUHP IRU WKH RSWLPDO FRQWURO SUREOHP� 7KH SURRI WKDW VXFK D 1DVK
HTXLOLEULXP LV DEVRUELQJ LV EDVHG RQ WKH +DPLOWRQLDQ VWUXFWXUH RI WKH HTXLOLEULXP FRQGLWLRQV� 7KH
ODWWHU LV� RI FRXUVH� D FRQVHTXHQFH RI WKH FORVH UHODWLRQ EHWZHHQ SHUIHFW IRUHVLJKW HTXLOLEULXP SDWKV
DQG RSWLPDO VROXWLRQV RI D G\QDPLF RSWLPL]DWLRQ SUREOHP�

7KH SDSHU LV RUJDQL]HG DV IROORZV� 7KH IROORZLQJ VHFWLRQ VSHFLnHV WKH FODVV RI JDPHV XQGHU FRQVLG�
HUDWLRQ� GLVFXVVHV WKH G\QDPLF HTXLOLEULXP VHOHFWLRQ PHWKRG IURP >��@� DQG VWDWHV RXU PDLQ UHVXOW�
7ZR H[DPSOHV DUH JLYHQ WR LOOXVWUDWH WKLV UHVXOW� 6HFWLRQ � LQWURGXFHV WKH DVVRFLDWHG RSWLPDO FRQWURO
SUREOHP DQG VKRZV WKDW HYHU\ RSWLPDO VROXWLRQ RI WKDW SUREOHP FRUUHVSRQGV WR D SHUIHFW IRUHVLJKW
HTXLOLEULXP SDWK LQ WKH FRQWH[W RI >��@� 6HFWLRQ � VWXGLHV DFFHVVLELOLW\ RI 1DVK HTXLOLEULD ZKLOH
6HFWLRQ � GLVFXVVHV DEVRUELQJ VWDWHV� 7KHVH WZR VHFWLRQV WRJHWKHU FRQWDLQ WKH SURRI RI RXU PDLQ
UHVXOW� 6HFWLRQ � SUHVHQWV FRQFOXGLQJ UHPDUNV�

� 'HnQLWLRQV DQG PDLQ UHVXOWV

:H GHQRWH E\ ,5Q WKH Q�GLPHQVLRQDO UHDO VSDFH DQG E\ HL� L � I�� �� � � � � QJ� WKH L�WK XQLW YHFWRU LQ
,5Q� $OO YHFWRUV LQ WKLV SDSHU DUH LQWHUSUHWHG DV FROXPQ YHFWRUV XQOHVV WKH\ DUH H[SOLFLWO\ ZULWWHQ
DV URZ YHFWRUV� ,I [ LV DQ\ YHFWRU ZH GHQRWH E\ [� LWV WUDQVSRVH� %\ cQb� ZH GHQRWH WKH �Qb ���
GLPHQVLRQDO VLPSOH[ LQ ,5Q� WKDW LV� cQb�  I�[�� [�� � � � � [Q�

� � ,5Q M
3Q

L � [L  �� [L w � IRU DOO LJ�
)RU x[ � cQb� DQG q ! � ZH GHQRWH E\ %q�x[� WKH q�QHLJKERUKRRG RI x[ UHODWLYH WR cQb�� L� H�
%q�x[�  I[ � cQb� M N[b x[N � qJ�

��� 3RWHQWLDO JDPHV

:H FRQVLGHU nQLWH V\PPHWULF WZR�SOD\HU JDPHV LQ ZKLFK HDFK SOD\HU KDV Q w � SXUH VWUDWHJLHV�
7KH SD\Rm PDWUL[ RI VXFK D JDPH ZLOO EH GHQRWHG E\ $  �DLM� � ,5QdQ� ZKHUH DLM LV WKH SD\Rm
UHFHLYHG E\ D SOD\HU XVLQJ WKH SXUH VWUDWHJ\ L DJDLQVW DQ RSSRQHQW SOD\LQJ WKH SXUH VWUDWHJ\ M�
7KH SXUH VWUDWHJ\ L � I�� �� � � � � QJ LV LGHQWLnHG ZLWK HL� WKH L�WK YHUWH[ RI WKH VLPSOH[ c

Qb�� $Q
DUELWUDU\ HOHPHQW [  �[�� [�� � � � � [Q�

� � cQb� FRUUHVSRQGV WR D PL[HG VWUDWHJ\ ZKLFK DVVLJQV WKH
SUREDELOLW\ [L WR WKH SXUH VWUDWHJ\ HL�

$ SXUH VWUDWHJ\ HL LV D V\PPHWULF �SXUH VWUDWHJ\� 1DVK HTXLOLEULXP RI WKH V\PPHWULF PDWUL[ JDPH
GHWHUPLQHG E\ $ LI DQG RQO\ LI

H�L$HL w H�M$HL ���

IRU DOO M � I�� �� � � � � QJ� 7KH HTXLOLEULXP LV VWULFW LI WKH VWULFW LQHTXDOLW\ KROGV LQ ��� ZKHQHYHU
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M � L� ,Q WKLV SDSHU ZH VKDOO RQO\ FRQVLGHU V\PPHWULF 1DVK HTXLOLEULD� $ VWDWH x[ � cQb� LV D
V\PPHWULF �PL[HG VWUDWHJ\� 1DVK HTXLOLEULXP LI DQG RQO\ LI

x[�$x[ w [�$x[

IRU DOO [ � cQb�� 7KH VXSSRUW RI D PL[HG VWUDWHJ\ [ � cQb� LV GHQRWHG E\ VXSS�[�  IL M[L ! �J� ,I
x[ � cQb� LV D �PL[HG VWUDWHJ\� 1DVK HTXLOLEULXP RI WKH JDPH� WKHQ HDFK SOD\HU PXVW EH LQGLmHUHQW
EHWZHHQ WKH SXUH VWUDWHJLHV LQ VXSS�x[� DQG VKH PXVW �ZHDNO\� SUHIHU DQ\ SXUH VWUDWHJ\ LQ VXSS�x[�
WR DQ\ SXUH VWUDWHJ\ ZKLFK LV QRW FRQWDLQHG LQ VXSS�x[�� )RUPDOO\� WKHVH FRQGLWLRQV FDQ EH ZULWWHQ
DV

H�L$x[  H�M$x[ IRU DOO L� M � VXSS�x[� ���

DQG
H�L$x[ w H�M$x[ IRU DOO L � VXSS�x[� DQG M �� VXSS�x[�� ���

,W LV HDV\ WR VHH WKDW FRQGLWLRQV ��� DQG ��� DUH QRW RQO\ QHFHVVDU\ IRU x[ WR EH D V\PPHWULF 1DVK
HTXLOLEULXP� EXW DOVR VXpFLHQW�

$ V\PPHWULF WZR�SOD\HU PDWUL[ JDPH ZLOO EH FDOOHG D SRWHQWLDO JDPH LI WKH FRPPRQ SD\Rm PDWUL[
$ IRU ERWK SOD\HUV LV V\PPHWULF� ,Q WKLV FDVH ZH UHIHU WR WKH TXDGUDWLF IRUP S$�[�  �� ��[

�$[ DV
WKH SRWHQWLDO IXQFWLRQ RI WKH JDPH��

,I $ LV D V\PPHWULF PDWUL[� WKHQ ��� DQG ��� DUH nUVW RUGHU QHFHVVDU\ FRQGLWLRQV IRU WKH SRWHQWLDO
IXQFWLRQ S$�[� WR DWWDLQ D ORFDO PD[LPXP RYHU WKH VHW c

Qb� DW [  x[� 6LQFH WKH VDPH FRQGLWLRQV
DUH QHFHVVDU\ DQG VXpFLHQW IRU x[ WR EH D V\PPHWULF 1DVK HTXLOLEULXP LW IROORZV WKDW HYHU\ ORFDO
PD[LPXP RI WKH SRWHQWLDO IXQFWLRQ S$ LV D V\PPHWULF 1DVK HTXLOLEULXP RI WKH FRUUHVSRQGLQJ SR�
WHQWLDO JDPH� 7KH FRQYHUVH LV QRW WUXH� )RU H[DPSOH� D V\PPHWULF 1DVK HTXLOLEULXP PD\ DOVR EH
D ORFDO PLQLPXP RI WKH SRWHQWLDO IXQFWLRQ� :H FDOO D YHFWRU x[ � cQb� ZKLFK VDWLVnHV ��� D FULWLFDO
SRLQW RI WKH SRWHQWLDO IXQFWLRQ� 7KHQ LW IROORZV WULYLDOO\ WKDW HYHU\ V\PPHWULF 1DVK HTXLOLEULXP RI
D SRWHQWLDO JDPH LV D FULWLFDO SRLQW RI WKH SRWHQWLDO IXQFWLRQ S$� 7KH VHW RI FULWLFDO SRLQWV RI S$
FRQWDLQV WKH ORFDO PD[LPD� ORFDO PLQLPD� DQG VDGGOH SRLQWV RI S$�

,I x[ LV D FULWLFDO SRLQW RI WKH SRWHQWLDO IXQFWLRQ S$ WKHQ ZH FDOO S$�x[� D FULWLFDO YDOXH RI S$� ,I [ DQG
\ DUH WZR FULWLFDO SRLQWV ZLWK WKH VDPH VXSSRUW WKHQ LW LV HDV\ WR VHH WKDW S$�[�  �� ��[

�$[  
�� ��[�$\  �� ��\�$\  S$�\�� &ULWLFDO SRLQWV ZLWK WKH VDPH VXSSRUW FRUUHVSRQG WKHUHIRUH WR
WKH VDPH FULWLFDO YDOXH� 6LQFH WKHUH DUH RQO\ nQLWHO\ PDQ\ SRVVLEOH VXSSRUWV� LW IROORZV WKDW WKH
SRWHQWLDO IXQFWLRQ FDQ KDYH DW PRVW nQLWHO\ PDQ\ GLmHUHQW FULWLFDO YDOXHV �DOWKRXJK LW FDQ KDYH D
FRQWLQXXP RI FULWLFDO SRLQWV��

�0RUH JHQHUDOO\� D UHVFDOHG SRWHQWLDO JDPH LV D V\PPHWULF WZR�SOD\HU PDWUL[ JDPH ZKLFK LV OLQHDUO\ HTXLYDOHQW WR

D SRWHQWLDO JDPH� 7KH Qd Q JDPHV $ DQG % DUH OLQHDUO\ HTXLYDOHQW LI WKHUH H[LVW UHDO QXPEHUV F�� F�� � � � � FQ VXFK

WKDW DLM  ELM � FM KROGV IRU DOO L� M � I�� �� � � � � QJ� 6LQFH WKH HTXLOLEULXP VHOHFWLRQ PHWKRG RI >��@� ZKLFK LV WKH WRSLF
RI WKH SUHVHQW SDSHU� LV LQYDULDQW ZLWK UHVSHFW WR OLQHDU WUDQVIRUPDWLRQV RI WKLV IRUP� RXU UHVXOWV FDQ EH DSSOLHG WR

DOO UHVFDOHG SRWHQWLDO JDPHV� 5HVFDOHG SRWHQWLDO JDPHV DUH FKDUDFWHUL]HG E\ WKH WULDQJXODU LQWHJUDELOLW\ FRQGLWLRQ

DLM � DMN � DNL  DLN � DNM � DML IRU DOO SDLUZLVH GLmHUHQW LQGLFHV L� M� N � I�� �� � � � � QJ �VHH >�� SDJH ���@�� %HFDXVH
WKLV FRQGLWLRQ LV WULYLDOO\ VDWLVnHG IRU DOO V\PPHWULF � d � JDPHV� RXU UHVXOWV DUH DSSOLFDEOH WR DOO V\PPHWULF � d �
JDPHV�
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)RU HYHU\ V\PPHWULF 1DVK HTXLOLEULXP x[ WKH YDOXH RI WKH SRWHQWLDO IXQFWLRQ� S$�x[�� LV KDOI RI WKH
H[SHFWHG HTXLOLEULXP SD\Rm IRU HDFK SOD\HU� $ VHQVLEOH PHWKRG RI HTXLOLEULXP VHOHFWLRQ LQ SRWHQWLDO
JDPHV LV WKHUHIRUH WR VHOHFW WKRVH HTXLOLEULD ZKLFK PD[LPL]H WKH SRWHQWLDO IXQFWLRQ �VHH >��@��

��� 3HUIHFW IRUHVLJKW HTXLOLEULXP SDWKV

:H DUH QRZ JRLQJ WR GLVFXVV WKH G\QDPLF HTXLOLEULXP VHOHFWLRQ PHWKRG SURSRVHG LQ >��@� 7KLV
PHWKRG LV QRW RQO\ DSSOLFDEOH WR SRWHQWLDO JDPHV EXW WR JHQHUDO �QRW QHFHVVDULO\ V\PPHWULF� WZR�
SOD\HU PDWUL[ JDPHV� ,Q WKLV VXEVHFWLRQ LW LV WKHUHIRUH QRW QHFHVVDU\ WR DVVXPH WKDW$ LV D V\PPHWULF
PDWUL[�

,Q WKH DSSURDFK IURP >��@ RQH DVVXPHV WKDW WKH JDPH GHVFULEHG E\ WKH PDWUL[ $ LV SOD\HG UHSHDWHGO\
LQ D VRFLHW\ FRQVLVWLQJ RI D FRQWLQXXP RI LGHQWLFDO SOD\HUV� 7LPH W � >���� LV D FRQWLQXRXV YDULDEOH�
$W HDFK SRLQW LQ WLPH WKH SOD\HUV DUH PDWFKHG UDQGRPO\ WR IRUP SDLUV� ZKLFK WKHQ SOD\ WKH JDPH
DQRQ\PRXVO\� 3OD\HUV DUH QRW DEOH WR FKRRVH WKHLU VWUDWHJ\ DW HYHU\ SRLQW LQ WLPH� ,QVWHDG� LW LV
DVVXPHG WKDW HDFK SOD\HU PXVW PDNH D FRPPLWPHQW WR D SDUWLFXODU SXUH VWUDWHJ\ IRU DQ H[RJHQRXVO\
JLYHQ �UDQGRP� WLPH LQWHUYDO� 7LPH LQVWDQWV DW ZKLFK D SOD\HU FDQ VZLWFK EHWZHHQ VWUDWHJLHV IROORZ
D 3RLVVRQ SURFHVV ZLWK PHDQ DUULYDO UDWH S� 7KHVH SURFHVVHV DUH DVVXPHG WR EH LQGHSHQGHQW DFURVV
SOD\HUV� :LWKRXW ORVV RI JHQHUDOLW\ ZH FKRRVH WKH XQLW RI WLPH LQ VXFK D ZD\ WKDW S  ���

/HW XV GHQRWH E\ [L�W� WKH IUDFWLRQ RI SOD\HUV ZKR DUH SOD\LQJ WKH SXUH VWUDWHJ\ L DW WLPH W� 2I
FRXUVH� ZH PXVW KDYH

[�W�  �[��W�� [��W�� � � � � [Q�W��
� � cQb� ���

IRU DOO W � >����� 7KH YHFWRU [�W� GHVFULEHV WKH VWUDWHJ\ GLVWULEXWLRQ LQ WKH VRFLHW\ DW WLPH W DQG
ZLOO EH FDOOHG WKH VWDWH RI WKH VRFLHW\ DW WLPH W� 6LQFH SOD\HUV DUH PDWFKHG UDQGRPO\� [�W� FDQ DOVR
EH WKRXJKW RI DV WKH PL[HG VWUDWHJ\ DJDLQVW ZKLFK HDFK SOD\HU SOD\V DW WLPH W� ,W IROORZV WKDW
WKH H[SHFWHG SD\Rm RI SOD\LQJ WKH SXUH VWUDWHJ\ L DW WLPH V LV JLYHQ E\ H�

L
$[�V�� ,W LV DVVXPHG

WKDW DOO SOD\HUV KDYH SHUIHFW IRUHVLJKW VR WKDW WKH\ FRUUHFWO\ DQWLFLSDWH WKH IXWXUH HYROXWLRQ RI WKH
VWUDWHJ\ GLVWULEXWLRQ LQ WKH VRFLHW\� 6LQFH WKH WLPH LQVWDQWV DW ZKLFK LW LV SRVVLEOH WR VZLWFK EHWZHHQ
VWUDWHJLHV IRUP D 3RLVVRQ SURFHVV ZLWK PHDQ DUULYDO UDWH S  �� WKH SHULRG RI FRPPLWPHQW WR D
n[HG VWUDWHJ\ KDV DQ H[SRQHQWLDO GLVWULEXWLRQ ZLWK PHDQ �� 'HQRWLQJ WKH FRPPRQ GLVFRXQW UDWH
RI WKH SOD\HUV E\ t ! � LW IROORZV WKDW WKH H[SHFWHG GLVFRXQWHG SD\Rm RI FRPPLWWLQJ WR VWUDWHJ\ L
DW WLPH W LV JLYHQ E\
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ZKLFK FDQ EH VLPSOLnHG DV
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L
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�,W VKRXOG EH QRWHG WKDW WKH VWRU\ E\ ZKLFK 0DWVXL DQG 0DWVX\DPD >��@ PRWLYDWH WKHLU VHOHFWLRQ G\QDPLFV LQYROYHV

WHFKQLFDO SUREOHPV RI WZR NLQGV� WKH UDQGRP PDWFKLQJ SURFHVV IRU D FRQWLQXXP RI DJHQWV DQG WKH DVVXPSWLRQ RI

D FRQWLQXXP RI LQGHSHQGHQW 3RLVVRQ SURFHVVHV� :H UHIHU WR >�@ IRU D GLVFXVVLRQ DQG SDUWLDO UHVROXWLRQ RI WKHVH

SUREOHPV�
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%HFDXVH RI WKH SHUIHFW IRUHVLJKW DVVXPSWLRQ� D UDWLRQDO SOD\HU ZKR KDV WKH RSSRUWXQLW\ WR VZLWFK
WR D QHZ VWUDWHJ\ DW WLPH W ZLOO VZLWFK WR D VWUDWHJ\ L � 0�W� ZKHUH

0�W�  DUJPD[I9L�W� M L  �� �� � � � � QJ� ���

*LYHQ WKH DVVXPSWLRQ WKDW WKH VZLWFKLQJ WLPHV IROORZ LQGHSHQGHQW 3RLVVRQ SURFHVVHV ZLWK DUULYDO
UDWH � LW IROORZV WKDW [L � >������ ,5 LV /LSVFKLW] FRQWLQXRXV ZLWK /LSVFKLW] FRQVWDQW OHVV WKDQ RU
HTXDO WR �� 7KLV LPSOLHV LQ SDUWLFXODU WKDW [L�c� LV GLmHUHQWLDEOH DOPRVW HYHU\ZKHUH� %HFDXVH RI WKH
ZD\ KRZ DJHQWV VZLWFK EHWZHHQ VWUDWHJLHV LW IROORZV WKDW� IRU DOO W ZKHUH [L�c� LV GLmHUHQWLDEOH� WKH
FRQGLWLRQV

B[L�W�  b[L�W� LI L �� 0�W��

B[L�W� � >b[L�W�� �b [L�W�@ LI L � 0�W�
���

DUH VDWLVnHG� $ /LSVFKLW] FRQWLQXRXV IXQFWLRQ [ � >������ ,5Q VXFK WKDW HTXDWLRQV ��� � ��� KROG
LV FDOOHG D SHUIHFW IRUHVLJKW HTXLOLEULXP SDWK IRU WKH JDPH GHVFULEHG E\ WKH SD\Rm PDWUL[ $ DQG WKH
GLVFRXQW UDWH t� 7KH IROORZLQJ GHnQLWLRQV DUH JHQHUDOL]DWLRQV RI WKRVH SUHVHQWHG LQ >��@�

/HW x[ � cQb� EH D JLYHQ VWDWH RI WKH VRFLHW\ DQG [� � cQb� D JLYHQ LQLWLDO VWDWH� 7KH VWDWH x[ LV
DFFHVVLEOH IURP [� LI WKHUH H[LVWV D SHUIHFW IRUHVLJKW HTXLOLEULXP SDWK [�c� VDWLVI\LQJ [���  [� DQG
OLPW�� [�W�  x[� 7KH VWDWH x[ LV ORFDOO\ DFFHVVLEOH LI WKHUH H[LVWV q ! � VXFK WKDW x[ LV DFFHVVLEOH IURP
HYHU\ LQLWLDO VWDWH [� � %q�x[�� 7KH VWDWH x[ LV JOREDOO\ DFFHVVLEOH LI LW LV DFFHVVLEOH IURP HYHU\ LQLWLDO
VWDWH [� � cQb��

$ YHUEDO LQWHUSUHWDWLRQ RI DFFHVVLELOLW\ LV DV IROORZV� ,I x[ LV DFFHVVLEOH IURP [� WKHQ WKHUH H[LVWV D
EHOLHI DERXW WKH IXWXUH HYROXWLRQ RI WKH VWDWH RI WKH VRFLHW\ ZLWK WKH IROORZLQJ SURSHUWLHV� �L� WKH
EHOLHI LV IHDVLEOH DQG FRLQFLGHV ZLWK WKH WUXH FXUUHQW VWDWH [� DW WLPH �� �LL� WKH VWDWH RI WKH VRFLHW\
LV EHOLHYHG WR DSSURDFK x[ LQ WKH ORQJ UXQ� DQG �LLL� LI DOO DJHQWV VKDUH WKLV FRPPRQ EHOLHI DQG
FKRRVH WKHLU VWUDWHJLHV RSWLPDOO\ WKHQ WKH EHOLHYHG HYROXWLRQ RI WKH VRFLHW\ FRLQFLGHV ZLWK WKH WUXH
HYROXWLRQ RI WKH VRFLHW\�

$ VWDWH x[ � cQb� LV FDOOHG DEVRUELQJ LI WKHUH H[LVWV q ! � VXFK WKDW IRU DOO LQLWLDO VWDWHV [� � %q�x[�
WKH IROORZLQJ LV WUXH� LI [�c� LV D SHUIHFW IRUHVLJKW HTXLOLEULXP SDWK VXFK WKDW [���  [� WKHQ LW
KROGV WKDW OLPW�� [�W�  x[� 7KH VWDWH x[ LV FDOOHG IUDJLOH LI LW LV QRW DEVRUELQJ�

,QWXLWLYHO\� WKH VWDWH x[ LV IUDJLOH LI� IRU DOO LQLWLDO VWDWHV DUELWUDULO\ FORVH WR x[� WKHUH H[LVWV D IHDVLEOH
EHOLHI DERXW WKH IXWXUH HYROXWLRQ RI WKH VRFLHW\ VXFK WKDW IROORZLQJ LV WUXH� WKH DFWXDO VWUDWHJ\
GLVWULEXWLRQ LQ WKH VRFLHW\ �SURYLGHG WKDW DOO DJHQWV FKRRVH WKHLU DFWLRQV RSWLPDOO\ JLYHQ WKH EHOLHI�
FRLQFLGHV ZLWK WKH EHOLHYHG GLVWULEXWLRQ DW DOO GDWHV DQG GRHV QRW FRQYHUJH WR WKH VWDWH x[� ,I WKLV
FRQGLWLRQ LV QRW WUXH WKHQ x[ LV DEVRUELQJ� ,Q WKLV FDVH HYHU\ IHDVLEOH DQG FRQVLVWHQW EHOLHI DERXW WKH
IXWXUH VWDWH RI WKH VRFLHW\ LPSOLHV WKDW WKH VWDWH DSSURDFKHV x[ DV\PSWRWLFDOO\ ZKHQHYHU WKH LQLWLDO
VWDWH LV VXpFLHQWO\ FORVH WR x[�

7KH GLVFRXQW UDWH t FDQ EH LQWHUSUHWHG DV WKH GHJUHH RI IULFWLRQ �VHH >��� SDJH ���@�� 7KH VHOHFWLRQ
FULWHULRQ GHYHORSHG E\ >��@ UHTXLUHV WKDW D 1DVK HTXLOLEULXP LV JOREDOO\ DFFHVVLEOH DQG WKH RQO\
DEVRUELQJ VWDWH DV WKH IULFWLRQ YDQLVKHV� WKDW LV� LQ WKH OLPLW DV t DSSURDFKHV ]HUR�
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��� 0DLQ UHVXOW DQG H[DPSOHV

,Q WKH SUHYLRXV WZR VXEVHFWLRQV ZH KDYH GHVFULEHG WZR VHOHFWLRQ FULWHULD IRU V\PPHWULF 1DVK HTXLOLE�
ULD LQ WZR�SOD\HU PDWUL[ JDPHV� :KHUHDV WKH PD[LPL]DWLRQ RI WKH SRWHQWLDO IXQFWLRQ LQFRUSRUDWHV
VRPH IRUP RI FROOHFWLYH UDWLRQDOLW\� WKH G\QDPLF SURFHVV GHVFULEHG E\ HTXDWLRQV ��� � ��� LV EDVHG
H[FOXVLYHO\ RQ LQGLYLGXDO UDWLRQDOLW\� ,W LV WKHUHIRUH QRW REYLRXV WKDW WKHVH WZR VHOHFWLRQ FULWHULD
DUH HTXLYDOHQW� 7KH IROORZLQJ WKHRUHP IRUPDOL]HV WKLV HTXLYDOHQFH �LWV SURRI LV JLYHQ LQ 6HFWLRQV �
DQG � EHORZ��

7KHRUHP � &RQVLGHU D WZR�SHUVRQ SRWHQWLDO JDPH� DQG OHW $ EH WKH DVVRFLDWHG V\PPHWULF SD\Rm
PDWUL[� 6XSSRVH WKH SRWHQWLDO IXQFWLRQ S$�[�  �� ��[

�$[ KDV WKH XQLTXH JOREDO PD[LPXP x[� L� H��
Ix[J  DUJPD[IS$�[� M[ � cQb�J� 7KHQ x[ LV DEVRUELQJ IRU DOO t ! � DQG WKHUH H[LVWV xt ! � VXFK
WKDW x[ LV JOREDOO\ DFFHVVLEOH IRU DOO t � xt� 1R SRLQW [ � cQb� ZKLFK LV GLmHUHQW IURP x[ VDWLVnHV DQ\
RI WKHVH SURSHUWLHV

+HQFH ZH KDYH D WZRIROG FKDUDFWHUL]DWLRQ RI WKH JOREDO PD[LPXP x[ RI WKH SRWHQWLDO IXQFWLRQ� /LNH
DQ\ RWKHU VWDWH� WKH JOREDO PD[LPL]HU x[ PD\ IDLO WR EH JOREDOO\ DFFHVVLEOH LI WKH GLVFRXQW UDWH t LV
ODUJH� :H FRQMHFWXUH WKDW HYHU\ VWULFW ORFDO PD[LPXP EHFRPHV DEVRUELQJ IRU VXpFLHQWO\ ODUJH t�
7KLV LV LQWXLWLYHO\ SODXVLEOH� DV IRU t � � WKH G\QDPLFV JLYHQ E\ ��� � ��� DSSURDFKHV WKH EHVW
UHVSRQVH G\QDPLFV �VHH >�@ RU >��� )RRWQRWH ��@�� ,Q WKH UHPDLQGHU RI WKLV VHFWLRQ ZH GLVFXVV WZR
H[DPSOHV ZKLFK LOOXVWUDWH RXU UHVXOWV�

([DPSOH � &RQVLGHU WKH FDVH RI V\PPHWULF �d � JDPHV DV GLVFXVVHG LQ >��@� (YHU\ VXFK JDPH LV
OLQHDUO\ HTXLYDOHQW �VHH )RRWQRWH �� WR D SRWHQWLDO JDPH ZLWK WKH SD\Rm PDWUL[
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$VVXPH WKDW D DQG E DUH VWULFWO\ SRVLWLYH QXPEHUV� ,Q WKLV FDVH ERWK SXUH VWUDWHJLHV DUH VWULFW 1DVK
HTXLOLEULD� 7KH SRWHQWLDO IXQFWLRQ LV JLYHQ E\ S$�[�� [��  �D[
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�
� �� ,W DWWDLQV ORFDO PD[LPD

DW WKH SXUH VWUDWHJLHV H� DQG H� DQG D JOREDO PLQLPXP DW WKH PL[HG VWUDWHJ\ [e  �[e
�
� [e

�
��  

�E �D � E�� D �D � E���� ,W LV HDV\ WR YHULI\ WKDW [�W�  �[��W�� � b [��W��
� ZLWK [��W�  [����H

bW

LV D SHUIHFW IRUHVLJKW HTXLOLEULXP SDWK FRQYHUJLQJ WR H� ZKHQHYHU � � [���� � [e
�
�� � t� �� � t��

$Q DQDORJRXV DUJXPHQW VKRZV WKDW [�W�  �� b [��W�� [��W��
� ZLWK [��W�  [����H

bW LV D SHUIHFW
IRUHVLJKW HTXLOLEULXP SDWK FRQYHUJLQJ WR H� ZKHQHYHU � � [���� � [e

�
�� � t� �� � t�� :H VKRZ

LQ WKH $SSHQGL[ WKDW� WRJHWKHU ZLWK WKH FRQVWDQW SDWK [�W�  [e� WKHVH DUH HVVHQWLDOO\ DOO SHUIHFW
HTXLOLEULXP SDWKV IRU WKH JDPH ZKHQ D ! �� E ! �� DQG t ! ��� 1RWH WKDW� IURP DOO LQLWLDO YDOXHV
LQ D FHUWDLQ QHLJKERUKRRG RI [e� DW OHDVW WZR GLmHUHQW SHUIHFW IRUHVLJKW HTXLOLEULXP SDWKV HPDQDWH�
2Q RQH RI WKHP WKHUH LV D GLVFUHSDQF\ EHWZHHQ PD[LPL]LQJ WKH H[SHFWHG ORQJ�WHUP SD\Rm 9L DQG
WKH H[SHFWHG VKRUW�WHUP SD\Rm H�

L
$[�W��

�0RUH SUHFLVHO\� DOO SHUIHFW IRUHVLJKW HTXLOLEULXP SDWKV FRLQFLGH HYHQWXDOO\ ZLWK RQH RI WKHVH SDWKV DIWHU D SRVVLEOH

LQLWLDO SKDVH RI RVFLOODWLRQV DURXQG [
e� )RU GHWDLOV VHH WKH $SSHQGL[ DQG )LJXUH ��

�



7KH DERYH DUJXPHQWV VKRZ WKDW ERWK H� DQG H� DUH ORFDOO\ DFFHVVLEOH� $VVXPH QRZ WKDW D ! E ! �
DQG� KHQFH� [e

�
� [e

�
� 7KHQ H� LV WKH XQLTXH JOREDO PD[LPL]HU RI WKH SRWHQWLDO IXQFWLRQ� )RU DOO

t � ��� �[e
�
b [e

�
� [e

�
@ ZH KDYH [e

�
�� � t� �� � t� w �� $V KDV EHHQ VKRZQ EHIRUH� WKLV LPSOLHV WKDW

IRU DOO LQLWLDO VWDWHV WKHUH H[LVWV D SHUIHFW IRUHVLJKW HTXLOLEULXP SDWK HPDQDWLQJ IURP WKLV LQLWLDO
VWDWH DQG FRQYHUJLQJ WR H�� +HQFH H� LV JOREDOO\ DFFHVVLEOH IRU VPDOO YDOXHV RI t� 0RUHRYHU� LI
[���� ! [e

�
�� � t� �� � t� WKH SDWK FRQYHUJLQJ WR H� LV WKH RQO\ SHUIHFW IRUHVLJKW HTXLOLEULXP SDWK�

7KLV FRQnUPV 7KHRUHP � IRU WKLV H[DPSOH�

([DPSOH � &RQVLGHU WKH �d � JDPH WDNHQ IURP >��@ LQ ZKLFK
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ZKHUH � � � � �� 7KLV JDPH KDV WKUHH VWULFW HTXLOLEULD� H�� H�� DQG H�� )XUWKHUPRUH� LW KROGV WKDW
S$�H��  �� S$�H��  �b �� DQG S$�H��  �� � VR WKDW S$�H�� ! PD[IS$�H��� S$�H��J� $OWKRXJK H�
LV WKH XQLTXH PD[LPL]HU RI WKH SRWHQWLDO IXQFWLRQ� H� LV WKH ULVN�GRPLQDQW HTXLOLEULXP DFFRUGLQJ
WR WKH +DUVDQ\L�6HOWHQ WKHRU\ >�@� 7KH EDVLF UHDVRQ IRU WKLV LV WKDW H� LV WKH EHVW UHSO\ DJDLQVW WKH
PL[HG VWUDWHJ\ �H�� H�� � DQG� KHQFH� H� DQG H� DUH HOLPLQDWHG HYHQ WKRXJK HDFK RI WKHP �SD\Rm�
DQG ULVN�� GRPLQDWHV H�� VHH >��@ IRU GHWDLOV� 7KLV HmHFW LV QRW XQLQWHQGHG LQ WKH +DUVDQ\L�6HOWHQ
WKHRU\� RQH PD\ DUJXH WKDW H� LV WKH VDIHU RSWLRQ EHFDXVH LW JXDUDQWHHV WKH PD[LPLQ SD\Rm RI �
DQG DYRLGV D SRWHQWLDO PLVFRRUGLQDWLRQ EHWZHHQ H� DQG H�� ZKLFK PD\ RFFXU IRU VPDOO � DQG ZKLFK
OHDGV WR D ORZ SD\Rm RI �� ,Q WKLV VHQVH� WKH FRQFHSW RI ULVN�GRPLQDQFH LQWURGXFHG LQ >�@ FDSWXUHV
WKH XQFHUWDLQW\ DERXW WKH RWKHU SOD\HU
V UDWLRQDOLW\ DQG WULHV WR UDWLRQDOO\ FRSH ZLWK LW� ,Q RXU
RSLQLRQ� WKHUH LV URRP IRU DUJXPHQW ZKHWKHU WKLV LV WKH ULJKW ZD\ RI HTXLOLEULXP VHOHFWLRQ LQ JDPHV
IRU ZKLFK D SRWHQWLDO IXQFWLRQ ZLWK D XQLTXH PD[LPL]HU H[LVWV� 7KLV PD[LPL]HU SUHVHQWV LWVHOI DV D
QDWXUDO IRFDO SRLQW� OLNH H� LQ WKH SUHVHQW H[DPSOH�

8VLQJ WKH SURFHGXUH H[SODLQHG LQ >��@ RQH FDQ VKRZ WKDW H� LV WKH ORQJ�UXQ HTXLOLEULXP LQ WKH VHQVH
RI >��@ IRU WKH JDPH GHnQHG E\ ���� +RZHYHU� LW LV HDV\ WR FRQVWUXFW RWKHU � d � SRWHQWLDO JDPHV
IRU ZKLFK WKH ORQJ�UXQ HTXLOLEULXP GRHV QRW PD[LPL]H WKH SRWHQWLDO IXQFWLRQ� 7KLV LV IRU H[DPSOH
WKH FDVH LI RQH UHSODFHV D��  � � q E\ D��  � b �q LQ ���� ZKHUHE\ q LV VXpFLHQWO\ VPDOO� 7KHUH
LV QRWKLQJ ZURQJ ZLWK WKLV� DV LQ WKH PRGHO SURSRVHG LQ >��@ SOD\HUV DUH ERXQGHGO\ UDWLRQDO DQG
SHUVLVWHQWO\ PDNH PLVWDNHV RU WU\ VXERSWLPDO VWUDWHJLHV ZLWK D SRVLWLYH SUREDELOLW\� 7KHUHIRUH�
WKH\ PD\ JHW VWXFN LQ D VXERSWLPDO HTXLOLEULXP��

,Q FRQWUDVW� LQ WKH DSSURDFK LQWURGXFHG E\ 0DWVXL DQG 0DWVX\DPD >��@ D SRSXODWLRQ RI UDWLRQDO
SOD\HUV HQGRZHG ZLWK SHUIHFW NQRZOHGJH DERXW WKH JDPH DQG SHUIHFW IRUHVLJKW DERXW WKH IXWXUH HYR�

�5REVRQ DQG 9HJD�5HGRQGR >��@ VWXG\ D YDULDQW RI WKH PRGHO IURP .DQGRUL HW DO� >��@ ZKLFK LV EDVHG RQ D WUXH

UDQGRP PDWFKLQJ SURFHVV DQG ZKLFK VHOHFWV WKH SD\Rm�GRPLQDQW HTXLOLEULXP �LQVWHDG RI WKH ULVN�GRPLQDQW RQH� LQ
FHUWDLQ Q d Q FRPPRQ LQWHUHVW JDPHV� 7KXV� LQ H[DPSOHV OLNH ��� LW VHOHFWV WKH VDPH HTXLOLEULXP DV WKH DSSURDFK
IURP >��@� 1HYHUWKHOHVV� WKLV FRLQFLGHQFH LV VXSHUnFLDO� $ EDVLF GLmHUHQFH LV WKDW WKH DSSURDFK IURP >��@ �DV ZHOO DV
WKRVH IURP >��@ DQG >��@� LV LQYDULDQW XQGHU OLQHDU HTXLYDOHQFH ZKHUHDV WKDW IURP >��@ LV QRW�
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OXWLRQ RI WKH VRFLHW\ ^ DGPLWWHGO\ VRPHZKDW KHDY\ DVVXPSWLRQV ^ HYHQWXDOO\ UHDFKHV D FRRUGLQDWLRQ
XSRQ WKH VWUDWHJ\ H�� EHFDXVH H� LV WKH XQLTXH JOREDOO\ DFFHVVLEOH DQG DEVRUELQJ VWDWH�

� 7KH DVVRFLDWHG RSWLPDO FRQWURO SUREOHP

,Q WKH SUHVHQW VHFWLRQ ZH H[SORUH DQ LQWHUHVWLQJ UHODWLRQ EHWZHHQ SHUIHFW IRUHVLJKW HTXLOLEULXP SDWKV
LQ SRWHQWLDO JDPHV DQG RSWLPDO SDWKV RI DQ LQnQLWH KRUL]RQ RSWLPDO FRQWURO SUREOHP� 7KLV UHODWLRQ
ZLOO EH XVHG WR SURYH H[LVWHQFH RI SHUIHFW IRUHVLJKW HTXLOLEULXP SDWKV DQG� LQ ODWHU VHFWLRQV� WR
GHULYH UHVXOWV RQ DFFHVVLELOLW\ RU IUDJLOLW\ RI V\PPHWULF 1DVK HTXLOLEULD�

7KH RSWLPDO FRQWURO SUREOHP LV GHnQHG DV IROORZV�

PD[LPL]H
=
�

�
HbtWS$�[�W�� GW ���

VXEMHFW WR B[L�W�  XL�W�b [L�W� L � I�� �� � � � � QJ ����

[L���  [�
L

L � I�� �� � � � � QJ ����

�X��W�� X��W�� � � � � XQ�W��
� � cQb�� ����

+HUH [�  �[��� [
�
�� � � � � [

�
Q
�� � cQb� LV DQ DUELWUDU\ LQLWLDO VWDWH� 7KH FRQWURO FRQVWUDLQW ���� LPSOLHV

WKDW HYHU\ VROXWLRQ RI ���� � ���� VDWLVnHV ���� $Q DEVROXWHO\ FRQWLQXRXV IXQFWLRQ [ � >������ ,51

VDWLVI\LQJ ���� � ���� LV DQ RSWLPDO VROXWLRQ LI LW DFKLHYHV WKH PD[LPXP LQ ��� DPRQJ DOO IHDVLEOH
VROXWLRQV WR ���� ������

,Q WKH IROORZLQJ WKHRUHP ZH VKRZ WKDW RSWLPDO VROXWLRQV WR WKH DERYH SUREOHP H[LVW DQG KRZ WKH\
DUH UHODWHG WR SHUIHFW IRUHVLJKW HTXLOLEULXP SDWKV�

7KHRUHP � &RQVLGHU WKH RSWLPDO FRQWURO SUREOHP ��� � ���� DQG DVVXPH WKDW $ LV D V\PPHWULF
PDWUL[ DQG t D SRVLWLYH GLVFRXQW UDWH�

�� 7KHUH H[LVWV DQ RSWLPDO VROXWLRQ WR WKH SUREOHP�

�� (YHU\ RSWLPDO VROXWLRQ RI WKH SUREOHP LV D SHUIHFW IRUHVLJKW HTXLOLEULXP SDWK IRU WKH FRUUH�
VSRQGLQJ SRWHQWLDO JDPH ZLWK SD\Rm PDWUL[ $�

3URRI� 3DUW � RI WKH WKHRUHP LV DQ LPPHGLDWH FRQVHTXHQFH RI WKH H[LVWHQFH WKHRUHP E\ %DXP >�@
�VHH DOVR >��� 7KHRUHP ����@��

,Q RUGHU WR SURYH SDUW � ZH KDYH WR VKRZ WKDW HYHU\ RSWLPDO VROXWLRQ RI SUREOHP ��� � ���� VDWLVnHV
��� � ���� :H KDYH DOUHDG\ PHQWLRQHG EHIRUH WKDW ���� � ���� LPSO\ ���� ,W LV DOVR HDV\ WR VHH WKDW
���� DQG ���� HQVXUH WKDW B[L�W�  XL�W�b [L�W� � >b[L�W�� � b [L�W�@ KROGV IRU DOPRVW DOO W � >����
DQG DOO L � I�� �� � � � � QJ� 7R SURYH WKH WKHRUHP LW LV WKHUHIRUH VXpFLHQW WR YHULI\

B[L�W�  b[L�W� IRU DOO L �� 0�W� DQG DOPRVW DOO W � >����� ����

ZKHUH 0�W� LV GHnQHG E\ ��� DQG ����
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7KH FXUUHQW YDOXH +DPLOWRQLDQ IXQFWLRQ IRU WKH RSWLPDO FRQWURO SUREOHP ��� � ���� LV

+�[� X� w�� w�  �w� ��[
�$[�
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L �

wL�XL b [L�

ZKHUH w  �w�� w�� � � � � wQ�
� � ,5Q LV WKH DGMRLQW YDULDEOH DQG w� LV D FRQVWDQW� ,I [�c� LV DQ

RSWLPDO VROXWLRQ RI ��� � ���� DQG X�c� WKH FRUUHVSRQGLQJ FRQWURO SDWK� WKHQ WKHUH H[LVWV D FRQVWDQW
w� � I�� �J DQG DQ DEVROXWHO\ FRQWLQXRXV DGMRLQW IXQFWLRQ w � >������ ,5Q VXFK WKDW WKH IROORZLQJ
FRQGLWLRQV KROG�

&�� ���� � ���� KROG IRU DOPRVW DOO W � >�����

&�� �w�� w�W�
��� � � ,5Q�� IRU DOO W � >�����

&�� X�W� � DUJPD[ I+�[�W�� X� w�� w�W�� MX � cQb�J IRU DOPRVW DOO W � >�����

&�� BwL�W�  twL�W�b+[L
�[�W�� X�W�� w�� w�W�� IRU L � I�� �� � � � � QJ DQG DOPRVW DOO W � >�����

&�� OLPW�� HbtWwL�W�  � IRU DOO L � I�� �� � � � � QJ�

&RQGLWLRQ &� LV WKH IHDVLELOLW\ UHTXLUHPHQW� &� WKH QRUPDOLW\ FRQGLWLRQ� &� WKH PD[LPXP SULQFLSOH�
&� WKH DGMRLQW HTXDWLRQ� DQG &� LV D OLPLWLQJ WUDQVYHUVDOLW\ FRQGLWLRQ� )RU D VWDWHPHQW DQG
GLVFXVVLRQ RI WKHVH FRQGLWLRQV ZH UHIHU WR 6HLHUVWDG DQG 6\GV|WHU >��� SDJHV ��� � ���@��

&RQGLWLRQ &� IURP DERYH LPSOLHV WKDW X�W�  �X��W�� X��W�� � � � � XQ�W��
� PD[LPL]HV WKH OLQHDU IXQFWLRQ

X �� w�W��X RYHU cQb�� ,W LV REYLRXV WKDW WKH RSWLPDO VROXWLRQ RI WKLV OLQHDU SURJUDP VDWLVnHV
XL�W�  � IRU DOO L �� 0w�W�� ZKHUH 0w�W�  DUJPD[IwL�W� M L  �� �� � � � � QJ� %HFDXVH RI WKLV SURSHUW\
DQG ����� WKH SURRI RI ���� LV FRPSOHWH LI RQH FDQ VKRZ WKDW 0w�W�  0�W� IRU DOO W� ZKLFK LV
WULYLDOO\ WKH FDVH LI

wL�W�  9L�W� IRU DOO L � I�� �� � � � � QJ DQG DOO W � >����� ����

7R VHH WKDW WKLV FRQGLWLRQ KROGV� ZH nUVW QRWH WKDW WKH DGMRLQW HTXDWLRQ &� FDQ EH ZULWWHQ DV
BwL�W�  �� � t�wL�W�b w�H

�

L
$[�W�� 7KH JHQHUDO VROXWLRQ RI WKLV OLQHDU GLmHUHQWLDO HTXDWLRQ LV wL�W�  

&LH
���t�W � w�9L�W� ZKHUH 9L�c� LV WKH ERXQGHG IXQFWLRQ GHnQHG E\ ��� DQG &L LV DQ LQWHJUDWLRQ

FRQVWDQW� %HFDXVH RI WKH ERXQGHGQHVV RI 9L�c� LW LV FOHDU WKDW WKH OLPLWLQJ WUDQVYHUVDOLW\ FRQGLWLRQ
&� FDQ RQO\ KROG LI &L  �� 7KHUHIRUH ZH PXVW KDYH wL�W�  w�9L�W� IRU DOO L � I�� �� � � � � QJ DQG
DOO W � >����� ,I w�  � WKHQ LW IROORZV IURP WKLV HTXDWLRQ WKDW wL�W�  � IRU DOO L � I�� �� � � � � QJ
DQG DOO W � >���� ZKLFK FRQWUDGLFWV FRQGLWLRQ &�� &RQVHTXHQWO\� w�  � DQG WKH SURRI RI ���� LV
FRPSOHWH� (

$Q LPPHGLDWH FRQVHTXHQFH RI 7KHRUHP � LV WKDW WKHUH H[LVWV D SHUIHFW IRUHVLJKW HTXLOLEULXP SDWK
IRU HYHU\ LQLWLDO VWDWH [� � cQb��

�)RU WKH SUREOHP XQGHU FRQVLGHUDWLRQ RQH QHHGV WKH JHQHUDOL]DWLRQ RI 7KHRUHP ���� LQ >��@ ZKLFK LV PHQWLRQHG

LQ IRRWQRWH �� RQ SDJH ���� 6HH DOVR >��� 7KHRUHP �@�

��



7KH FRQYHUVH RI 7KHRUHP � GRHV QRW KROG� QRW HYHU\ SHUIHFW IRUHVLJKW HTXLOLEULXP SDWK LV DQ
RSWLPDO VROXWLRQ IRU SUREOHP ��� � ����� 7R LOOXVWUDWH WKLV SRLQW FRQVLGHU ([DPSOH � IURP WKH
SUHYLRXV VHFWLRQ� 7KHUH DUH WZR VWULFW 1DVK HTXLOLEULD H� DQG H� DQG RQH PL[HG 1DVK HTXLOLEULXP
[e� $V KDV DOUHDG\ EHHQ PHQWLRQHG� WKH FRQVWDQW SDWK [�W�  [e LV D SHUIHFW IRUHVLJKW HTXLOLEULXP
SDWK� 6LQFH [e LV WKH JOREDO PLQLPXP RI WKH SRWHQWLDO IXQFWLRQ RYHU c�� WKH SDWK [�W�  [e LV
WKH JOREDO PLQLPXP RI WKH RSWLPDO FRQWURO SUREOHP ��� � ���� ZLWK [�  [e� +HQFH� WKLV SHUIHFW
IRUHVLJKW HTXLOLEULXP SDWK FDQQRW EH DQ RSWLPDO VROXWLRQ RI WKH FRUUHVSRQGLQJ RSWLPDO FRQWURO
SUREOHP� $OWHUQDWLYHO\� FRQVLGHU WKH FDVH D ! E LQ ZKLFK H� LV WKH XQLTXH JOREDO PD[LPL]HU RI
WKH SRWHQWLDO IXQFWLRQ� $V ZH KDYH VHHQ EHIRUH� WKHUH H[LVW SHUIHFW IRUHVLJKW HTXLOLEULXP SDWKV
FRQYHUJLQJ WR H�� 7KHVH SDWKV DUH QRW RSWLPDO VROXWLRQV RI WKH DVVRFLDWHG RSWLPDO FRQWURO SUREOHP�

� $FFHVVLEOH VWDWHV

,Q WKLV VHFWLRQ ZH GHULYH FRQGLWLRQV XQGHU ZKLFK D 1DVK HTXLOLEULXP LV JOREDOO\ DFFHVVLEOH� 1RWH
WKDW 7KHRUHP � DOORZV XV WR SURYH JOREDO DFFHVVLELOLW\ RI D 1DVK HTXLOLEULXP E\ GHPRQVWUDWLQJ
WKDW� IRU HYHU\ LQLWLDO VWDWH [� � cQb�� WKHUH H[LVWV DQ RSWLPDO VROXWLRQ RI SUREOHP ��� � ���� ZKLFK
FRQYHUJHV WR WKH 1DVK HTXLOLEULXP� 7R DFFRPSOLVK WKLV ZH nUVW GHULYH D VR�FDOOHG YLVLWLQJ OHPPD��

/HPPD � $VVXPH Ix[J  DUJPD[I�� ��[�$[ M[ � cQb�J� WKDW LV� WKH IXQFWLRQ S$�[�  �� ��[
�$[

DWWDLQV LWV XQLTXH PD[LPXP RYHU cQb� DW x[� )RU HYHU\ q ! � WKHUH H[LVWV xt�q� ! � VXFK WKDW
WKH IROORZLQJ LV WUXH� LI [�c� LV DQ RSWLPDO VROXWLRQ RI SUREOHP ��� � ���� ZLWK t � xt�q� WKHQ
OLP LQIW�� N[�W�b x[N � q�

3URRI� 7KH SURRI XVHV WKH IROORZLQJ WZR IDFWV ZKLFK DUH HDVLO\ HVWDEOLVKHG�

)DFW �� )RU HYHU\ q ! � WKHUH H[LVWV p�q� ! � VXFK WKDW IRU DOO [ � cQb� ZLWK N[b x[N ! q LW KROGV
WKDW S$�[� � S$�x[�b p�q��

)DFW �� )RU HYHU\ LQLWLDO VWDWH [� WKHUH H[LVWV D IHDVLEOH �QRW QHFHVVDULO\ RSWLPDO� SDWK \�c� RI
SUREOHP ��� � ���� VDWLVI\LQJ \���  [� DQG OLPW�� \�W�  x[� 7KLV SDWK \�c� PD\ EH FKRVHQ
LQGHSHQGHQWO\ RI WKH GLVFRXQW UDWH t�

1RZ DVVXPH WKDW WKH OHPPD LV QRW FRUUHFW VXFK WKDW WKHUH H[LVWV DQ RSWLPDO VROXWLRQ [�c� RI SUREOHP
��� � ���� ZLWK OLP LQIW�� N[�W� b x[N ! q� 7KLV LPSOLHV WKDW WKHUH H[LVWV 7��q� � >���� VXFK WKDW
N[�W�b x[N ! q IRU DOO W w 7��q�� %HFDXVH RI )DFW � LW IROORZV WKDW IRU DOO W w 7��q�

S$�[�W�� � S$�x[�b p�q�� ����

)URP )DFW � DQG WKH FRQWLQXLW\ RI WKH IXQFWLRQ S$�c� LW IROORZV WKDW WKHUH H[LVWV 7��q� � >���� VXFK
WKDW IRU DOO W w 7��q�

S$�\�W�� w S$�x[�b p�q� �� ����

�6LPLODU UHVXOWV KDYH EHHQ XVHG WR GHULYH WXUQSLNH WKHRUHPV LQ RSWLPDO JURZWK WKHRU\ �VHH� H� J�� >��@��

��



/HW XV GHnQH 7 �q�  PD[I7��q�� 7��q�J� 8VLQJ ���� DQG ���� ZH REWDLQ
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HbtW >S$�[�W��b S$�\�W��@ GWb >p�q� ��t�@H

bt7 �q��

$V t FRQYHUJHV WR � WKH nUVW WHUP RQ WKH ODVW OLQH UHPDLQV ERXQGHG ZKHUHDV WKH VHFRQG WHUP
GLYHUJHV WR �� 7KHUHIRUH� WKH ODVW OLQH LV QHJDWLYH ZKHQHYHU t LV VXpFLHQWO\ VPDOO� VD\� t � xt�q��
7KLV� LQ WXUQ� VKRZV WKDW WKH IHDVLEOH SDWK \�c� DWWDLQV D KLJKHU YDOXH WKDQ WKH SDWK [�c� VR WKDW
[�c� FDQQRW EH RSWLPDO� 7KLV FRQWUDGLFWLRQ SURYHV WKH OHPPD� (

:H FDQ QRZ VWDWH DQG SURYH RXU PDLQ UHVXOW FRQFHUQLQJ JOREDO DFFHVVLELOLW\ RI D V\PPHWULF 1DVK
HTXLOLEULXP RI D SRWHQWLDO JDPH�

7KHRUHP � $VVXPH WKDW WKH PDWUL[ $ LV V\PPHWULF� L� H�� WKDW WKH JDPH LV D SRWHQWLDO JDPH�
)XUWKHUPRUH DVVXPH WKDW x[ LV WKH XQLTXH PD[LPL]HU RI WKH SRWHQWLDO IXQFWLRQ S$�[�  �� ��[

�$[
RYHU cQb�� L� H�� Ix[J  DUJPD[IS$�[� M [ � cQb�J� 7KHQ WKHUH H[LVWV xt ! � VXFK WKDW x[ LV JOREDOO\
DFFHVVLEOH ZKHQHYHU t � xt�

3URRI� ,W ZLOO EH VKRZQ LQ 7KHRUHP � EHORZ WKDW x[ LV DEVRUELQJ LQGHSHQGHQWO\ RI WKH GLVFRXQW
UDWH t� 7KLV PHDQV WKDW WKHUH H[LVWV q ! � VXFK WKDW DOO SHUIHFW IRUHVLJKW HTXLOLEULXP SDWKV
VWDUWLQJ IURP DQ LQLWLDO VWDWH LQ %q�x[� FRQYHUJH WR x[� )URP WKH SURRI RI 7KHRUHP � RQH FDQ VHH
WKDW q FDQ EH FKRVHQ LQGHSHQGHQWO\ RI t� /HW XV n[ WKLV YDOXH RI q IRU WKH UHVW RI WKH SUHVHQW
SURRI DQG DVVXPH WKDW t � xt � xt�q� ZLWK xt�q� DV LQ /HPPD �� 1RZ FRQVLGHU DQ\ LQLWLDO VWDWH
[� � cQb�� )URP 7KHRUHP ���� ZH NQRZ WKDW WKHUH H[LVWV DQ RSWLPDO VROXWLRQ [�c� VWDUWLQJ LQ [��
DQG IURP 7KHRUHP ���� LW IROORZV WKDW LW LV D SHUIHFW IRUHVLJKW HTXLOLEULXP SDWK� /HPPD � VKRZV
WKDW WKHUH H[LVWV 7 ! � VXFK WKDW [�7 � � %q�x[�� 6LQFH WKH WUXQFDWHG SDWK \�W�  [�W � 7 � LV
REYLRXVO\ DOVR D SHUIHFW IRUHVLJKW HTXLOLEULXP SDWK LW IROORZV IURP RXU FKRLFH RI q DQG 7KHRUHP �
WKDW OLPW�� [�W�  OLPW�� \�W�  x[� 7KLV VKRZV WKDW x[ LV DFFHVVLEOH IURP [� DQG� VLQFH [� ZDV
FKRVHQ DUELWUDULO\� WKDW x[ LV JOREDOO\ DFFHVVLEOH ZKHQ t � xt� (

��



� $EVRUELQJ VWDWHV

,Q WKLV VHFWLRQ ZH LQYHVWLJDWH FRQGLWLRQV XQGHU ZKLFK D V\PPHWULF 1DVK HTXLOLEULXP LV DEVRUELQJ�
:H nUVW VKRZ WKDW RQO\ D 1DVK HTXLOLEULXP ZKLFK LV D JOREDO PD[LPL]HU RI WKH SRWHQWLDO IXQFWLRQ
S$�c� FDQ UHPDLQ DEVRUELQJ DV WKH GLVFRXQW UDWH DSSURDFKHV �� 7KLV UHVXOW KROGV DOVR IRU VWDWHV RI
WKH VRFLHW\ ZKLFK GR QRW FRUUHVSRQG WR 1DVK HTXLOLEULD�

/HPPD � $VVXPH WKDW WKH PDWUL[ $ LV V\PPHWULF� L� H�� WKDW WKH JDPH LV D SRWHQWLDO JDPH�
)XUWKHUPRUH� OHW a[ EH D JLYHQ VWDWH RI WKH VRFLHW\ VXFK WKDW a[ GRHV QRW PD[LPL]H WKH SRWHQWLDO
IXQFWLRQ S$�c�� L� H�� a[ �� DUJPD[IS$�[� M [ � cQb�J� 7KHQ WKHUH H[LVWV xt ! � VXFK WKDW IRU DOO
t � xt WKH VWDWH a[ LV IUDJLOH�

3URRI� 7KH UHVXOW IROORZV LPPHGLDWHO\ IURP 7KHRUHP ���� DQG /HPPD �� (

,W UHPDLQV WR SURYH WKDW D JOREDO PD[LPL]HU RI WKH SRWHQWLDO IXQFWLRQ LV DEVRUELQJ IRU DOO SRVVLEOH
GLVFRXQW UDWHV� 7KLV LV WKH PDLQ UHVXOW RI WKH SUHVHQW VHFWLRQ�

7KHRUHP � $VVXPH WKDW WKH PDWUL[ $ LV V\PPHWULF� L� H� WKDW WKH JDPH LV D SRWHQWLDO JDPH� )XU�
WKHUPRUH DVVXPH WKDW x[ LV WKH XQLTXH PD[LPL]HU RI WKH SRWHQWLDO IXQFWLRQ S$�[�  �� ��[

�$[ RYHU
cQb�� L� H�� Ix[J  DUJPD[IS$�[� M [ � cQb�J� 7KHQ LW IROORZV WKDW x[ LV DEVRUELQJ �LQGHSHQGHQWO\
RI WKH GLVFRXQW UDWH��

7KH UHPDLQGHU RI WKLV VHFWLRQ LV GHYRWHG WR WKH SURRI RI WKLV UHVXOW� :H QHHG D IHZ SUHOLPLQDU\
UHVXOWV� 'LmHUHQWLDWLQJ ��� ZLWK UHVSHFW WR W ZH REWDLQ

B9 �W�  �� � t�9 �W�b $[�W�� ����

%HFDXVH RI ��� RQH FDQ ZULWH WKH VWDWH HTXDWLRQ ��� DOVR LQ WKH IRUP

B[�W� � ;�W�� ����

ZKHUH
;�W�  IXb [�W� MX � cQb�� XL  � LI L �� 0�W�J� ����

1RWH WKDW 9 �c� LV D FRQWLQXRXVO\ GLmHUHQWLDEOH IXQFWLRQ DQG [�c� LV /LSVFKLW] FRQWLQXRXV DQG WKHUH�
IRUH GLmHUHQWLDEOH DOPRVW HYHU\ZKHUH� 1RZ OHW XV GHnQH WKH IXQFWLRQ +e � ,5Q d ,5Q �� ,5 E\

+e�[� 9 �  S$�[� � x9 b 9 �[�

ZKHUH x9  PD[I9L M L � I�� �� � � � � QJJ�� 7KH IXQFWLRQ+e LV /LSVFKLW] FRQWLQXRXV DQG LWV JHQHUDOL]HG
JUDGLHQW LQ WKH VHQVH RI >�@ LV

#+e�[� 9 �  I�$[b 9� \ b [�� M \ � cQb�� \L  � LI L �� 0J ����

ZKHUH 0  DUJPD[I9L M L � I�� �� � � � � QJJ��

�8VLQJ WKH QRWDWLRQ LQWURGXFHG LQ WKH SURRI RI 7KHRUHP � RQH FDQ VKRZ WKDW +e�[� 9 �  PD[I+�[� X� �� 9 � MX �
cQb�J� 7KXV� WKH IXQFWLRQ +e LV WKH PD[LPL]HG +DPLOWRQLDQ IXQFWLRQ RI WKH RSWLPDO FRQWURO SUREOHP ��� � �����

�,W IROORZV IURP HTXDWLRQV ���� � ���� WKDW WKH SURFHVV �[�c�� 9 �c��� VDWLVnHV WKH PRGLnHG +DPLOWRQLDQ G\QDPLFDO
V\VWHP �t9 �W�b B9 �W�� B[�W��� � #+e�[�W�� 9 �W���

��



/HPPD � /HW $ EH D V\PPHWULF PDWUL[ DQG OHW �[�c�� 9 �c��� EH D VROXWLRQ RI ���� � ���� ZKHUH
0�c� LV GHnQHG E\ ���� 7KH FRUUHVSRQGHQFH W �� 0�W� LV XSSHU VHPLFRQWLQXRXV DQG WKH IXQFWLRQ
W �� +e�[�W�� 9 �W�� LV /LSVFKLW] FRQWLQXRXV� QRQ�GHFUHDVLQJ� DQG VDWLVnHV

�G GW�+e�[�W�� 9 �W��  t> x9 �W�b 9 �W��[�W�@ w � ����

IRU DOPRVW DOO W � >����� ZKHUH x9 �W�  PD[I9L�W� M L � I�� �� � � � � QJJ�

3URRI� 8SSHU VHPLFRQWLQXLW\ RI 0�c� LV DQ LPPHGLDWH FRQVHTXHQFH RI WKH FRQWLQXLW\ RI 9 �c��
%HFDXVH [�c�� 9 �c�� DQG +e�c� c� DUH /LSVFKLW] FRQWLQXRXV LW IROORZV WKDW W �� +e�[�W�� 9 �W�� LV
/LSVFKLW] FRQWLQXRXV DQG WKHUHIRUH GLmHUHQWLDEOH DOPRVW HYHU\ZKHUH� )URP WKH FKDLQ UXOH �VHH H� J�
>�� 7KHRUHP �����@� DQG ���� ZH REWDLQ

�G GW�+e�[�W�� 9 �W��

� Im�] � n� B9 �W� M �m� n�� � #+e�[�W�� 9 �W��� ] � ;�W�J

 I>$[�W�b 9 �W�@�] � >\ b [�W�@� B9 �W� M ] � ;�W�� \ � cQb�� \L  � LI L �� 0�W�J�

6XEVWLWXWLQJ IRU B9 �W� IURP ���� DQG IRU ] � ;�W� IURP ���� ZH FDQ UHZULWH WKLV LQFOXVLRQ DV

�G GW�+e�[�W�� 9 �W�� ����

� It9 �W��>\ b [�W�@b 9 �W���Xb \� � [�W��$�Xb \� MX� \ � cQb�� XL  \L  � LI L �� 0�W�J�

7R FRPSOHWH WKH SURRI RI WKH OHPPD LW LV VXpFLHQW WR VKRZ WKDW IRU DOPRVW DOO W � >���� WKH VHW
RQ WKH ULJKW KDQG VLGH RI ���� FRQVLVWV RI WKH VLQJOH �QRQ�QHJDWLYH� HOHPHQW VSHFLnHG LQ ����� :H
HVWDEOLVK WKLV E\ FRQVLGHULQJ WKH WKUHH WHUPV VHSDUDWHO\�

&ODLP �� t9 �W��>\b[�W�@  t> x9 �W�b9 �W��[�W�@ w � IRU DOO W � >���� DQG DOO \ � cQb� ZLWK \L  �
LI L �� 0�W��

%HFDXVH RI \ � cQb� DQG \L  � ZKHQHYHU L �� 0�W� LW IROORZV WKDW 9 �W��\  x9 �W�� %HFDXVH
[�W� � cQb� ZH PXVW KDYH 9 �W��[�W� � x9 �W�� 7KH FODLP IROORZV LPPHGLDWHO\ IURP WKHVH WZR
REVHUYDWLRQV�

&ODLP �� 9 �W���Xb \�  � IRU DOO W � >���� DQG DOO X� \ � cQb� ZLWK XL  \L  � LI L �� 0�W��

$V LQ WKH SURRI RI &ODLP � ZH REWDLQ 9 �W��X  9 �W��\  x9 �W� IRU DOO W� 7KHUHIRUH 9 �W���Xb \�  �
DQG WKH FODLP LV SURYHG�

&ODLP �� [�W��$�X b \�  � IRU DOPRVW DOO W � >���� DQG DOO X� \ � cQb� ZLWK XL  \L  � LI
L �� 0�W��

6LQFH0�c� LV XSSHU VHPLFRQWLQXRXV DQG WDNHV YDOXHV LQ D nQLWH VHW �WKH SRZHU VHW RI I�� �� � � � � QJ� LW
IROORZV WKDW IRU HYHU\ W � >���� WKHUH H[LVWV q ! � VXFK WKDW 0�V� t 0�W� IRU DOO V � �Wb q� W� q��
/HW XV FDOO D SRLQW W VLQJXODU LI WKLV LQFOXVLRQ LV VWULFW� WKDW LV� LI WKHUH H[LVWV q ! � VXFK WKDW
0�V� | 0�W� IRU DOO V � �W b q� W� > �W� W � q�� :H nUVW VKRZ WKDW WKH VHW RI VLQJXODU SRLQWV LV DW
PRVW FRXQWDEOH VR WKDW DOPRVW DOO W � >���� DUH QRQ�VLQJXODU� 7R WKLV HQG ZH GHnQH

6N  IW � >���� M W LV VLQJXODU DQG M0�W�M  NJ�

��



7KH VHW RI DOO VLQJXODU SRLQWV LV JLYHQ E\ 6  
6Q

N � 6N� &RQVLGHU D VHTXHQFH �WM�
�

M � RI VLQJXODU
SRLQWV VXFK WKDW WM � 6N IRU DOO M DQG VXFK WKDW W  OLPM�� WM H[LVWV DQG VDWLVnHV W � WM IRU DOO M� ,I
W ZHUH VLQJXODU WKHQ WKLV ZRXOG LPSO\ WKDW W � 6O IRU VRPH O ! N� ,W IROORZV WKDW IRU HYHU\ W � 6N

WKHUH H[LVWV q ! � VXFK WKDW �W b q� W � q� ? 6N  IWJ ZKLFK VKRZV WKDW 6N LV DW PRVW FRXQWDEOH�
+HQFH� 6 LV DW PRVW FRXQWDEOH�

7R FRPSOHWH WKH SURRI RI &ODLP � ZH VKRZ WKDW [�W��$�Xb \�  � IRU DOO W � >���� Q6� ,I W LV QRQ�
VLQJXODU WKHQ WKHUH H[LVWV D VHTXHQFH �WN�

�

N � ZLWK OLPN�� WN  W� WN � W IRU DOO N� DQG0�WN�  0�W�
IRU DOO N� 7KLV LPSOLHV WKDW IRU DOO L� M � 0�W� DQG IRU DOO N LW PXVW KROG WKDW 9L�WN�  9M�WN� DQG

9L�W�  9M�W��

7KHUHIRUH ZH REWDLQ

B9L�W�  OLP
N��

9L�WN�b 9L�W�

WN b W
 OLP

N��

9M�WN�b 9M�W�

WN b W
 B9M�W��

8VLQJ WKHVH WZR HTXDWLRQV DQG ���� LW IROORZV WKDW [�W��$HL  [�W��$HM IRU DOO W ZKLFK DUH QRQ�
VLQJXODU DQG IRU DOO L� M � 0�W�� ,W LV HDV\ WR VHH WKDW WKLV LPSOLHV WKDW [��W�$X  [��W�$\ IRU
DOO W ZKLFK DUH QRQ�VLQJXODU DQG IRU DOO X� \ � cQb� ZLWK XL  \L  � ZKHQHYHU L �� 0�W�� 7KLV
FRPSOHWHV WKH SURRI RI &ODLP ��

7KH PRQRWRQLFLW\ RI W �� +e�[�W�� 9 �W�� IROORZV LPPHGLDWHO\ IURP ���� DQG &ODLPV � � �� 7KLV
FRPSOHWHV WKH SURRI RI WKH OHPPD� (

7KH DERYH OHPPD DOORZV XV WR XVH +e�c� c� DV D /MDSXQRY IXQFWLRQ IRU WKH GLmHUHQWLDO LQFOXVLRQ ����
� ����� ZKLFK GHVFULEHV WKH G\QDPLFV RI SHUIHFW IRUHVLJKW HTXLOLEULXP SDWKV� :H VKDOO DOVR XVH WKH
IDFW WKDW

+e�[� 9 � w S$�[� ����

IRU DOO [ � cQb� DQG DOO 9 � ,5Q� 7KLV LQHTXDOLW\ FDQ EH YHULnHG E\ D VLPLODU DUJXPHQW DV &ODLP �
LQ WKH SURRI RI /HPPD ��

/HPPD � /HW $ EH D V\PPHWULF PDWUL[ DQG OHW [�c� EH D SHUIHFW IRUHVLJKW HTXLOLEULXP SDWK IRU
WKH SRWHQWLDO JDPH GHnQHG E\ $� )XUWKHUPRUH� OHW [e EH DQ DFFXPXODWLRQ SRLQW RI [�c�� L� H��
[e  OLPN�� [�WN� IRU VRPH VHTXHQFH RI UHDO QXPEHUV �WN�

�

N � ZLWK OLPN�� WN  ��

�� S$�[
e� w S$�[�����

�� [e LV D FULWLFDO SRLQW RI WKH SRWHQWLDO IXQFWLRQ S$ RQ cQb��
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[�c� ZLWK [��� � %q�x[� VDWLVnHV OLPW�� [�W�  x[� (

��$FWXDOO\� LW LV QRW FOHDU ZKHWKHU WKH OLPLWV LQ WKH GHnQLWLRQV RI WKH IXQFWLRQV [e�c� DQG 9 e�c� H[LVW� 7R EH
PRUH SUHFLVH� ZH FDQ GHnQH WKH IXQFWLRQ W �� �[e�W�� 9 e�W��� RQ DQ LQFUHDVLQJ VHTXHQFH RI FRPSDFW LQWHUYDOV DV DQ
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� &RQFOXGLQJ UHPDUNV

:H KDYH VKRZQ WKDW LQ WKH FODVV RI V\PPHWULF WZR�SHUVRQ SRWHQWLDO JDPHV WKH HYROXWLRQDU\ G\QDPLF
HTXLOLEULXP VHOHFWLRQ PHWKRG SURSRVHG E\ 0DWVXL DQG 0DWVX\DPD LQ >��@ LV HTXLYDOHQW WR WKH VWDWLF
HTXLOLEULXP VHOHFWLRQ PHWKRG GHnQHG E\ WKH PD[LPL]DWLRQ RI WKH SRWHQWLDO IXQFWLRQ� 7KLV UHVXOW LV
LQWXLWLYHO\ SODXVLEOH EXW LW LV QRW REYLRXV �OHW DORQH WULYLDO� EHFDXVH RI WKH IROORZLQJ WZR UHDVRQV�
)LUVWO\� RXU UHVXOW VKRZV WKDW WKH PHWKRG IURP >��@ KDV DQ DSSHDOLQJ SURSHUW\ ZKLFK RWKHU ZHOO
NQRZQ VHOHFWLRQ PHWKRGV GR QRW KDYH �OLNH WKH VHOHFWLRQ RI ORQJ UXQ HTXLOLEULD �VHH >��@� RU ULVN�
GRPLQDQFH �VHH >�@��� 6HFRQGO\� WKH SURRIV RI RXU UHVXOWV DUH QRQ�WULYLDO DQG ZH GR QRW EHOLHYH WKDW
WULYLDO SURRIV FDQ EH IRXQG�

:H EHOLHYH WKDW RXU UHVXOW �L� H� WKDW WKH JOREDO PD[LPL]HU RI WKH SRWHQWLDO IXQFWLRQ LV JOREDOO\
DFFHVVLEOH DQG DEVRUELQJ� KROGV IRU JHQHUDO 1�SHUVRQ SRWHQWLDO JDPHV� 7KLV ZRXOG LQFOXGH WKH
UHVXOWV LQ >��@ IRU DV\PPHWULF � d � FRRUGLQDWLRQ JDPHV� $Q RSHQ TXHVWLRQ FRQFHUQV WKH ORFDO
PD[LPD RI WKH SRWHQWLDO IXQFWLRQ� 0RUH SUHFLVHO\� ZH FRQMHFWXUH WKDW HYHU\ ORFDO PD[LPL]HU RI
WKH SRWHQWLDO IXQFWLRQ LV ORFDOO\ DFFHVVLEOH �LQGHSHQGHQWO\ RI WKH GLVFRXQW UDWH� DQG WKDW HYHU\
VWULFW ORFDO PD[LPL]HU RI WKH SRWHQWLDO IXQFWLRQ LV DEVRUELQJ LI WKH GLVFRXQW UDWH LV VXpFLHQWO\
KLJK� ,QGHHG� LW LV QRW YHU\ GLpFXOW WR YHULI\ WKHVH WZR SURSHUWLHV ZKHQ WKH ORFDO PD[LPL]HU LV D
VWULFW 1DVK HTXLOLEULXP LQ SXUH VWUDWHJLHV� +RZHYHU� IRU WKH JHQHUDO FDVH RI PL[HG VWUDWHJ\ 1DVK
HTXLOLEULD ZH KDYH QRW EHHQ DEOH WR SURYH �RU GLVSURYH� WKHVH FRQMHFWXUHV�
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GLmHUHQWLDO HTXDWLRQ ���� IRU WKH YDOXHV D  ���� E  ���� DQG t  ��� ZKLFK LV REWDLQHG E\ JOXHLQJ
WRJHWKHU WKH WZR IDPLOLHV RI VROXWLRQ FXUYHV

Y  
&

��b S���t
�

S

� � t
b

AS

� � t
�

�

�� � t��� � t�
! �

DQG

Y  
'

S��t
�

S

� � t
b

AS

� � t
� ��

+HUH & DQG ' DUH LQWHJUDWLRQ FRQVWDQWV� 1RWH� WKDW IRU PRVW LQLWLDO FRQGLWLRQV� WKH VROXWLRQ
LV XQERXQGHG� DV Y�W� � h�� 7KHUH DUH RQO\ nYH ERXQGHG VROXWLRQV ZKLFK DUH WKH SHUIHFW
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�S� Y�  ��� ��b AS� �� � t��� DQG �S� Y�  �AS� ��� DV ZHOO DV WKHLU VWDEOH PDQLIROGV� ,Q )LJXUH � WKH
VWDWLRQDU\ VROXWLRQV DUH ODEHOOHG $� %� DQG &� UHVSHFWLYHO\� 7KH VWDEOH PDQLIROG RI ���bAS ��� t��
�SRLQW $� LV D OLQH VHJPHQW H[WHQGLQJ DFURVV WKH ZKROH S�D[LV �LQGLFDWLQJ WKH JOREDO DFFHVVLELOLW\
RI H��� ZKLOH WKH VWDEOH PDQLIROG RI ��� ��b AS� �� � t�� �SRLQW %� ZLQGV LQnQLWHO\ RIWHQ DURXQG WKH
XQVWDEOH VWHDG\ VWDWH �AS� �� �SRLQW &�� +HQFH� VWDUWLQJ DW S  AS� WKHUH DUH LQnQLWHO\ PDQ\ SHUIHFW
IRUHVLJKW HTXLOLEULXP SDWKV� HDFK RI ZKLFK OHDGV WR H� LQ WKH ORQJ UXQ� DQG WKHUH LV D XQLTXH SDWK
�WKH RSWLPDO RQH FRQVWUXFWHG LQ 6HFWLRQ ��� ZKLFK OHDGV WR WKH PD[LPL]HU RI WKH SRWHQWLDO IXQFWLRQ
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