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Abstract

We introduce consumption externalities into a general equilibrium model
with arbitrary consumption sets. To treat the problem of existence of equi-
librium, a condition of no unbounded arbitrage, extending the condition
of Page (1987) and Page and Wooders (1993,1996) is defined. It is proven
that this condition is sufficient for the existence of an equilibrium and both
necessary and sufficient for compactness of the set of rational allocations.

1. Introduction

A subject of ongoing interest in economic theory has been conditions ensuring ex-
istence of economic equilibrium in models allowing unbounded short sales. When
unbounded short sales are allowed, in contrast to Arrow-Debreu-McKenzie gen-
eral equilibrium models, consumption sets are unbounded below. To illustrate
the problem this creates for existence of economic equilibrium, suppose that two
agents have diametrically opposed preferences. For example, one agent may want
to buy arbitrarily large amounts of one commodity and sell another commodity
short while the other agent may prefer to do the opposite. In such a situation,
there are unbounded arbitrage opportunities and no equilibrium exists. To ensure
existence of equilibrium arbitrage opportunities must be limited. Arbitrage con-
ditions sufficient to guarantee existence of equilibria in general equilibrium models
of unbounded exchange economies (e.g., asset exchange economies allowing short
sales) have been studied by Werner (1987), Nielsen (1989), Page and Wooders
(1993, 1996), and most recently by Dana, Le Van, and Magnien (1999), Page,
Wooders, and Monteiro (1999) and Allouch (1999). None of these models allow
consumption externalities, that is, an agent’s evaluation of a trade is not allowed
to depend on the trades engaged in by other members of the economy. With
the speculative behavior that sometimes appears to dominate financial markets
in mind, this would seem to be a significant limitation of the existing models.

In this paper we extend the general equilibrium models noted above to al-
low consumption externalities and closed, convex, and possibly unbounded con-
sumption sets. We also extend the condition of no unbounded arbitrage of Page
(1987) for asset market models, applied to general equilibrium models in Page

1These two papers are essentially the same; the earlier version does not restrict to preferences
representable by concave functions, which enables the later version to be shorter.



and Wooders (1993,1996), to treat situations with externalities. It is shown that
our generalized condition of no unbounded arbitrage is sufficient for the existence
of equilibrium and necessary and sufficient for compactness of the set of rational
allocations.

Our generalized condition of no unbounded arbitrage in the presence of ex-
ternalities has the same intuition that applies in situations without externalities.
The condition of no unbounded arbitrage in Page (1987) and Page and Wooders
(1993,1996) is an assumption on the relationships of preferences of agents in the
economy, ruling out the possibility that for large trades, no two agents’ prefer-
ences become diametrically opposed. The assumption is stated in terms of the
recession cones of the sets of trades that each agent prefers to his endowment.
Our generalized condition of no unbounded arbitrage is also essentially a similar-
ity assumption on preferences. The assumption, however, to treat economies with
externalities, is stated in terms of sequences of allocations.

The importance of externalities is widely recognized in the economics literature
and a number of papers have studied equilibria in abstract economies which allow
externalities. These include, for example, the classic papers of Shafer and Sonnen-
schein (1975) and Borglin and Keiding (1976). Since in their models consumption
sets are compact, arbitrage considerations do not play a critical role. Motivation
for the introduction of externalities into a general equilibrium framework with
unbounded short sales comes primarily from the theory of financial markets. Ex-
ternalities permit us to model the fact that the possibilities for profitable arbitrage
perceived by individual agents may be affected by the trading activities of others.
This seems particularly natural in asset markets. The observed demands of others
for assets may well be taken as indicators of the desirability of assets, and the
trading activities of others may convey information about expected asset returns.
In fact, in their models of asset markets, Hart (1974), Hammond (1983), and
Page (1987) all allow price dependent preferences, a form of externalities. The
general equilibrium models with unbounded short sales noted above, however, do
not permit this aspect of asset market models.

2. An Economy with Externalities

Let (Xj,wj, u;(+))j=; denote an unbounded exchange economy. Each agent j has
choice set X; C R* and endowment w; € X;. The j agent’s preferences, defined
over [, Xj, are specified via a utility function w;(-) : [[;=; X; — R. Define



X = H;’L21 X;and X_; := H#j X;, with typical element denoted by z_;.
The set of rational allocations is given by

A={(x1, yzn) € X 1) w5 =)0 w

and for each j, u;j(xj, z_;) > uj(wj, v_;)}. (2.1)
For each (z;,z_;) € H;;l X, the preferred set is given by
Pj(zj,x—;) .= {x € Xj :uj(w,25) > uj(wj, 2-5)}, (2.2)
while the weakly preferred set is given by
J/D\j(mj,a:,j) ={r e X, uj(z,z_;) > uj(z;,xz_;)}. (2.3)

We will maintain the following assumptions on the economy (Xj,w;, u;(+))7=
throughout the remainder of the paper. For each j =1,...,n,

A-1] X is closed and convex, and w; € intXj,
where “int” denotes “interior”.

A=) For each (z;,z_;) € X, u;(-,x_;) is quasi-concave on Xj,
and u;(+, -) is continuous on X; x X_;.

For each (xj,2_;) € A, Pj(z;,x_;) # 0,
[A-3] 5
and clPj(z;, v ) = Pz, 7).

Note that in [A-1] we do not assume that consumption sets are bounded. Also,
note that given [A-2], for all (z;, z_;) € X the preferred set Pj(x;, z_;) is nonempty
and convex, while the weakly preferred set f’j(a:j, x_;) is nonempty, closed and
convex. Finally, note that [A-3] implies that there is local nonsatiation at rational

allocations.
Given commodity prices p € R, the cost of a consumption vector z =

(21, ...,zp) is (p,z) = ZZL:l pe - 7o The budget set is given by?

Bj(pv wj) = {CE S Xj : <pa CL'> < <pa wj>}‘ (24)

2The restriction of the budget set to be a subset of the consumption set entails no losss of
substance or generality.




Without loss of generality we can assume that commodity prices are contained

in the unit ball
B:={pecR\:|p| <1}

An equilibrium for the economy (Xj,w;, u;(-))j=; is an (n+ 1)-tuple of vectors
(Z1, ..., Tn, P) such that

(1) (Z1,...,@,) € A (the allocation is feasible);

(17) p € B\{0} (prices are in the unit ball and not all prices are zero); and

(Z’LZ) for each 7 T; € Bj(]_?, LUj) and ]Dj(fj,f_j> N Bj(ﬁ, LUj> =10 (i.e., T maxi-
mizes u;(z;,7_;) over B;(p,w;)).3

3. Arbitrage and Compactness

We begin by recalling a few basic facts about recession cones (see Section 8 in
Rockafellar (1970)). Let X be a convex set in RF. The recession cone 0*(X)
corresponding to X is given by

0" X)={yeRl:x+ e Xforall A\ >0and z € X}. (3.1)

If X is also closed, then the set 07(X) is a closed convex cone containing the
origin. Moreover, if X is closed, then x + Ay € X for some x € X and all A > 0
implies that 2’ + Ay € X for all 2/ € X and all A > 0. Thus, if X is closed, then
we can conclude that y € 0%(X) if for some z € X and all A > 0, z + \y € X.
Perhaps the most useful fact is the following:

if X is closed, then X is compact if and only if 0%(X) = {0}.

Now, on to arbitrage.
We say that an n-tuple of net trade vectors, (y1,...,¥,), is mutually compat-
ible and utility nondecreasing if

Z?=l y; =0
and for all 7,
w; +y; € Xj, and
wi(wj +yj, w_j +y—j) > uj(wj,w_; +y_;)

3Under assumptions [A-1]-[A-3], it follows that in equilibrium budget constraints are satisfied
with equality, that is, (p,Zj) = (P, wj).



The following generalized no unbounded arbitrage condition (GNUA) guarantees
that there are no unbounded sequences of mutually compatible and utility non-
decreasing net trades:

GNUA : )
if the n-tuple (y1,...,y,) of net trades is such that
(Y1, - s Yn) = limg(tFak, ... thzk),
where
{tk } . is a sequence of positive real numbers such that t* 10 (3.2)
and
{(«%,...,2%)}, is a sequence of rational allocations,
then
y; = 0 for all j.

J
Let (X}, wj,u;(-))j=; be an economy with externalities satisfying assumptions [A-
1]-[A-3]. To see that GNUA guarantees an absence of unbounded sequences of
mutually compatible and utility nondecreasing net trades consider the following.
Suppose {(y’f, e ,yﬁ)} . s an unbounded sequence of mutually compatible and
utility nondecreasing net trades. For all j and k let :Ef = wj; + yj’C . Thus,
{(«f,...,2F)} C A
with
> |z%|| — oo as k — oo,

Letting, t* := > ﬁ Ak we have t* | 0 and for some subsequence {(:E’fl, e ,a:f;)}k, ,
ill%s

we also have
(2 Y = ().
But > [ly;|| = 1, and thus, we have a contradiction of GNUA.
If the economy satisfies GNUA, we can say much more.

Theorem 3.1. (GNUA is equivalent to the compactness of A)
Let (Xj,wj,u;(-))j=; be an economy with externalities satisfying assumptions
(A-1)-(A-3). Then the following statements are equivalent:

1. (Xj,wj,uj(-))j=; satisfies GNUA.
2. The set of rational allocations is compact.
3. 0" (coA) = {0}.%

4Here ¢0A denotes the closed, convex hull of A.




4. There are no unbounded sequences of mutually compatible and utility non-
decreasing net trades.

Proof. (1)= (2) (GNUA = compactness). Since A is closed, we have just to
prove that A is bounded. Suppose not. Then there is a sequence { (k... k) } .

A such that Z ||a:kH — 00 as k — oo. Letting tF := Ak and repeatmg the

il ||
argument immediately above, we have for some subsequence { a:l ey Ty }k, ,
(¥t R — (yr, . )

with
>oillyill =1

Thus, we have a contradiction of GNUA.

(2)<(3) (compactness < 0% (coA) = {0} ). First, A compact = coA compact
= oA compact = 0" (coA) = {0}. Second, 0% (¢c0A) = {0} = ¢0A compact. Since
A C RF is closed, @06A compact and A C ¢0A implies that A is also bounded and
hence compact.

(2)= (1) (compactness = GNUA). Let (t*zf, ... t*zF) — (y1,...,y,) where
{(:E’f,,:cfl)}k C A and t* | 0. Since A C ¢0A, (y1,...,y,) € 0"(coA) = {0}.
Thus, GNUA holds.

(4) = (1) (GNUA = no unbounded sequences). This implication follows
directly from the equivalence of GNUA and compactness of the set of rational
allocations.

(1) = (4) (no unbounded sequences == GNUA). Consider the rational alloca-

tions { (%, ..,2%)}, _, . - Foralliand for all k, let y} = 2% —w;. Each component

of the sequence {(y’f e yf;)} ., describes a vector of mutually compatible and util-
ity nondecreasing net trades. By assumption, the sequence is bounded; that is,
there is a constant K such that for each component of the sequence and each term
in the sequence y}“ it holds that ”ka” < (K,..,K). Let {tk} a positive sequence
converging to 0. We have limy, { (t*2%, .., t*2F)} = 0. Thus, GNUA holds. ®
Before moving on to the existence question, several observations are in order.

1. Define the set of utility possibilities, U(A), as follows:

U(A) :={(ug,...,u,) € R": I(xq,...,2,) € A

such that u](wj,:c_]) <y < uj(wg,x )Vt (3:3)

An immediate consequence of Theorem (3.1) is that U(A) is compact.

7



2. In economies without externalities, GNUA coincides with the condition of
no unbounded arbitrage introduced in Page (1987). Indeed, without exter-
nalities the set of rational allocations is given by

A={(z1,.mn) € X )0 75 =)0 w;

and for each j, uj(z;) > u;(w;)},
and no unbounded arbitrage can be stated very compactly as
0"A = {0}. (3.4)
Since without externalities A is closed and convex, 0" A = 0 (coA).

3. In an economic model similar to the model presented here, but without
externalities, Dana, Le Van, and Magnien (1999) have shown that compact-
ness of the set of utility possibilities, U(A), is sufficient for the existence of
equilibrium. However, in the presence of externalities compactness of U(A),
as a condition limiting arbitrage opportunities, seems not to be sufficient.
Here we only sketch the difficulty: For simplicity, assume that utility func-
tions are strictly quasi-concave and that P;(z}, 2% ;) # () for all (z5,27;) € A
(these two simplifying assumptions imply local nonsatiation at rational al-
locations). Consider a sequence of truncated economies. For each of these
economies there exists a quasi-equilibrium (z*, p*). Since U(A) is compact
we can assume without loss of generality that

(ul(mlf, ), ... ,U]‘(l‘?, zclij), o up(2F :Elin)) — (21, ., 24, .., 2n) € U(A).
We can also assume without loss of generality that p* — p* # 0. By the
definition of the set of utility possibilities there exists (z7,...,z)) € A such
that or all j, u;(x},2*;) > 2z;. Moreover, since Pj(x},2* ;) # 0, there exists
x; such that

1
i)
zj S wj(ag, o) < uy(wy,aly),
and by strict quasi-concavity,
uj(Az; + (1= N)xj, 27 ;) > uy(x], 27 ).
Finally, by continuity of utility functions we have for k large enough,

uj(Aay + (1= N, 2t ) > uy(af, %)

8



Unfortunately, we cannot write

uj(Aay + (1= N, 2t ) > uy(af, 2% ).

However, if A is compact, then we can assume without loss of generality that
x® — x*, and therefore, we can conclude via continuity of utility functions

that for large k,

uj(Az; + (1 — N)zj, ‘T’i]) > uj(mf,a:’ij).

Moreover, since for all k,
At ) + (1 =N (P8 25) > (0w
we can conclude that
Ap*,xy) + (1= X) (p"2]) > (p*,w;) .
Letting A — 0, we obtain <p*, a:;‘> > (p*,w;),V j and then <p*, a:;> =
(p*,wj),V j. It is easy to check that (z*,p*) is a quasi-equilibrium.

. In an economic model without externalities, Allouch (1999) introduces a
condition limiting arbitrage weaker than the conditions limiting arbitrage
found in both Page and Wooders (1996) and Page, Wooders, and Mon-
teiro (2000). With some mild assumptions on the economic model, Allouch
shows that his condition is equivalent to compactness of the set of utility
possibilities U(A).

4. Existence of Equilibrium

4.1. Existence for Bounded Economies with Externalities

We begin by defining a k-bounded economy,

(ijijauj('))?=la (4'1)

In the k-bounded economy, the j** agent’s consumption set is

ij = Xj N Bk(wj), (42)

9



where By (w;) is a closed ball of radius k centered at the agent’s endowment, w.
Define

Xk = HXk]
j=1

The set of k-bounded rational allocations is given by

A =A{(21, 0y 20) € Xy : Z?:l Lj = Z?:l Wy

(4.3)
and for each j, uj(xj, z_;) > uj(wj, v_;)}.

An equilibrium for the k-bounded economy, (Xg;,w;, u;(+))j=y, is an (n + 1)-
tuple of vectors (zf, ..., 2% p¥) such that

(i) (xk,... 2%) € Ay, (the allocation is feasible);
(ii) p* € B\{0} (prices are in the unit ball and not all prices are zero); and
(731) for each 7, :Ef € Byj(p*,w;) and ij(:vé?,:c’ij) N Bi;(p*,wj) = 0 (ie., o¥

J
maximizes u;(x;, z¥ ;) over By;(p*,w;)).>

Here,
Pyj(ah, 2k ) = Py(ah, 2% ) N Xy,
and
By (p",w;) = Bj(p*,w;) N Xij.
We now have our main existence result for bounded economies.
Theorem 4.1. (Existence of equilibria for k-bounded economies)

Let (Xj,w;,u;(-))j=; be an economy with externalities satisfying assumptions
[A-1]-[A-3]. Then, for all k sufficiently large the k-bounded economy,

(Xjkij’uj('))?zla
has an equilibrium, (x%, ... z% p*), with
p"eB,:={peR":|p|=1}.

In particular, (Xjx,wj,u;(+))7=1, has an equilibrium for all k larger than the k*,
where k* is such that A, = A for all k > k*.

SUnder assumptions [A-1]-[A-3], it follows that in equilibrium budget constraints are satisfied
with equality, that is, <pk,:c}‘> = <pk,wj>.

10



Proof: One can refer to Florenzano (1981,Proposition 2, p. 96) where preferences
depend on consumptions of the other agents and also on prices. Because in our
paper preferences do not depend on prices, a simpler proof will suffice; this is
provided in the appendix. Our proof is based on work on abstract games. So we
show that this “tool” can be used in economies with or without externalities.

4.2. Existence for Unbounded Economies with Externalities

Our main existence result for unbounded economies with externalities is the fol-
lowing:
Theorem 4.2. (Existence for unbounded economies with externalities)

Let (Xj,wj,u;(-))j=; be an economy with externalities satisfying assumptions
[A-1]-[A-3]. If the economy satisfies the generalized condition of no unbounded
arbitrage (GNUA), then (X, wj, u;(-))j=; has an equilibrium, (T, ..., Zn, D), with

pEB,:={peR":|p|=1}.

Proof. For each k sufficiently large the k-bounded economy (X, w;, u;(+))j=y
has an equilibrium

(zk, ... 2k pF) = (2%, p%) € Ay x B, C A x B,.
Since A x S, is compact, we can assume without loss of generality that
(z%,..., 28 ") — (T1,..., %0, D) € A X B,.
Moreover, since for all 7 and k, <pk,a:f> = <pk,w]~>, we have for all j, (p,7;) =

<ﬁ7 Ld]‘> :
Let uj(z;,7_;) > wj(Z;,T_;). Then, for k sufficiently large, z; € Xj; and

uj(mj,m’ij) > uj(azé‘?,a:’ij) which implies that <pk,a:j> > <pk,wj>. Thus, in the
limit (p, z;) > (p,w;). Hence, (Z1,...,%y, D) is a quasi-equilibrium. Since for all

J, wj € intX; (see [A-1]), and since utility functions are continuous (see [A-2]), in
fact, (Z1,...,%n,p) is an equilibrium. M

11



5. Appendix

Proof of Theorem 4.1. For each k, we have corresponding to the economy
(Xkj, wj, uj(-))j=; the abstract game,

Gy = {(ij; Hk:j(wv ')a Uj('v ));L-Z'-ll}k’

with
constraint mappings p — Hy;(w,p),

payoff functions (z,p) — v;(z,p), and
where Xyn+1:= B and (x,p) = (21, ..., Zn,p) € Xg1 X .. X Xgpn X Xgns1-
For (z1,...,2n,p) € Xg1 X ... X Xgpn X Xgn+1, and agents j = 1,2, ..., n, define

Hyj(w,p) == {z; € X : (x5, p) < {wj,p) +1—||pll},

vi(w,p) = vi(x)5,15,p) = uj(xs,v5);

and for (xq, ..., Zn,p) € Xg1 X ... X Xgn X Xgn+1 and agent 7 = n+ 1 (the market),
define

Hk:n+l(w7p) = 87

’Un+1($ap) = <Z£L‘] - ij7p> .
j=1 j=1

For j =1,2,...,n,n+ 1 and all k£ we have,

1. for each p, Hyj(w,p) is nonempty, convex, and compact;

2. the mapping p — Hj;(w,p) is continuous (see Hildenbrand (1974), p. 33,
Lemma 1);

3. for j =1,2,...,n, vj(-,z_;,p) is quasi-concave and v;(-, -, -) is continuous;

4. for j = n+1, v;(z;,x_;,) is quasi-concave (in fact linear) and v;(-,,-) is
continuous.

12



Given observations 1 - 3 above, it follows from the Theorem 2 in Tian and
Zhou (1992) that for each k, the abstract game Gy, has an equilibrium. Thus for
each k, there exists

(IE?, 7:177]27pk) € Xkl X ..o X an X an+l
such that for j =1,2,...,n

z% € Hyj(w,p) and z¥ maximizes v;(x;, 2* ;, p*) over Hy;(w, p),
or equivalently (5.1)
:Ef € Hyj(w,p) and ij(:c;“,:c’ij) N Hyj(w,p) = 0.

and for j =n+1

p* € B and p* maximizes vn+1(m§?, m’jj7p) over B3,
or equivalently (5.2)
pk € B and P;m+1(mk,pk) NnB = (Z),

where
Pk:n+1(mkapk> = {q €B: Un+l(m§:a :Elija Q) > ,Un+1(m§a m’ijvpk>}
={aeB: (Ya - T wa) > (Cimas - Y wip) |
Note that for all k, 337, 2§ = >°"_; w;. Otherwise,
P+ (z*, p")YNB =10

would imply that

<Zx§f - ij,p’“> > 0 and [|p"] = 1.
=1 i=1
But since for all k£ and j,

o¥ € {a; € Xy« (@, ") < {wy, ") +1—[Ip"|I},

the latter would imply that for all £ and 7, <:Ej,pk> < <wj,pk>. Thus,
(STt
j=1 j=1

13



a contradiction. Finally note that z% € ﬁkj(wj,m’jj). Otherwise, u;(w;, 2% .) >

uj(:vg‘?, :v’ij), or equivalently w; € ij(:cg‘?, :v’ij), contradicting (5.1). Thus, for all k

(zF,..,2%) € Ay

For j =1,2,...,n and for k£ larger than k*, Py; (a:;-“,a:’ij) is nonempty and mf

is on the boundary of Py;(z},z*;). Thus, <:v§?,pk> < (wj,p*) + 1 — ||p*|| would
imply that
ij(’x?7 mli]) N ij(vak> 7é @7

contradicting (5.1). We must conclude, therefore, that <:v§?,pk> = <wj, pk> +1-—
|p*||. Summing over j yields ||p*|| = 1. Thus, the equilibrium, (2}, ..., 2%, p¥), for
the abstract game Gy, is such that

(1) (xf, ... 2k) € Ay;

) ||pkH =1; and
(i1i) for each j, 2¥ € By;(p*, wj) and Pyj(xh, 2% ;) N By (p*, w;) = 0 (2§ maxi-
mizes uj(mj,m’ij) over Byi(p*, w;) and <p"3,m§?> = <pk,wj>).

Therefore, (x5, ...,z p*) is an equilibrium for the k -bounded economy. M

References

[1] Allouch, N. (1999) “Equilibrium and No Market Arbitrage,” Working Paper,
CERMSEM, Universite de Paris 1.

[2] Borglin, A. and Keiding, H. (1976) “Existence of Equilibrium Actions and of
Equilibrium: a Note on the ‘New’ Existence Theorems,” Journal of Mathe-
matical Economics 3, 313-316.

[3] Dana, R.-A., Le Van, C. and Magnien, F. (1999) “On Different Notions of
Arbitrage and Existence of Equilibrium,” Journal of Economic Theory 87,
169-193.

[4] Florenzano, M. (1981) “L’Equilibre Economique General Transitif et Intran-
sitif: Problemes d’Existence,” Monographies du Seminaire d’Econometrie,
Editions du CNRS, Paris.

[5] Hammond, P.J. (1983) “Overlapping Expectations and Hart’s Condition for
Equilibrium in a Securities Model,” Journal of Economic Theory 31, 170-175.

14



[6]

[11]

[12]
[13]

[14]

[15]

Hart, O.D. (1974) “On the Existence of Equilibrium in a Securities Model,”
Journal of Economic Theory 9, 293-311.

Nielsen, L. (1989) “Asset Market Equilibrium with Short Selling,” Review of
Economic Studies 56, 467-474.

Page, F.H. Jr. (1987) “On Equilibrium in Hart’s Securities Exchange Model,”
Journal of Economic Theory 41, 392-404.

Page, F.H. Jr. and Wooders, M.H. (1993) “Arbitrage in Markets with Un-
bounded Short Sales: Necessary and Sufficient Conditions for Nonemptiness
of the Core and Existence of Equilibrium”, University of Toronto Working
Paper No. 9409.

Page, F.H. Jr. and Wooders, M.H. (1996) “A Necessary and Sufficient Con-

dition for Compactness of Individually Rational and Feasible Outcomes and
Existence of an Equilibrium,” Economics Letters 52, 153-162.

Page, F.H. Jr., Wooders, M.H., and Monteiro, P.K. (2000) “Inconsequential
Arbitrage,” Journal of Mathematical Economics 34, 439-469.

Rockafellar, R.T. (1970) Convex Analysis, Princeton University Press.

Shafer, W.J. and Sonnenschein, H. (1975) “Equilibrium in Abstract
Economies without Ordered Preferences”, Journal of Mathematical Eco-
nomics 2, 345-348.

Tian, G. and Zhou, F. (1992) “The Maximum Theorem and the Existence of
Nash Equilibrium of (Generalized) Games without Lower Semicontinuities,”
Journal of Mathematical Analysis and Applications 166, 351-364.

Werner, J. (1987) “Arbitrage and Existence of Competitive Equilibrium,”
Econometrica 55, 1403-1418.

15



