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Abstract

In the presence of endogenous growth intergenerational transfer from the young to the old reduce per capita
income growth and harm future generations. On the other hand, competitive equilibria are inefficient if
externalities sustain long-run growth. This paper shows that if individuals retire in the last period of their life, the
inefficiency of the market economy can be removed by an investment subsidy without making the current or
future generations worse off only if coupled  with intergenerational transfers from the young to the old.
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Sduhwr0lpsurylqj lqwhujhqhudwlrqdo wudqvihuv :

41 Lqwurgxfwlrq

Vwdqgdug hqgrjhqrxv jurzwk hfrqrplhv duh g|qdplfdoo| h�flhqw lq wkh vhqvh

wkdw wkhuh lv qr rwkhu ihdvleoh jurzwk sdwk zklfk surylghv dw ohdvw dv pxfk frq0

vxpswlrq lq hyhu| shulrg dqg pruh lq vrph shulrgv ^vhh Vdlqw0Sdxo +4<<5, dqg

Nlqj dqg Ihujxvrq +4<<6,`1 Wklv uhvxow vxjjhvwv wkdw lq hqgrjhqrxv jurzwk vhw0

wlqjv lqwhujhqhudwlrqdo wudqvihuv iurp wkh |rxqj wr wkh rog fdq kdugo| eh edvhg

rq h�flhqf| jurxqgv vlqfh ryhulqyhvwphqw fdqqrw rffxu1 E| uhgxflqj djjuhjdwh

lqyhvwphqw/ wudqvihuv iurp wkh |rxqj wr wkh rog orzhu wkh udwh ri shu fdslwd lqfrph

jurzwk dqg/ khqfhiruwk/ qhjdwlyho| d�hfw wkh zhoiduh ri ixwxuh jhqhudwlrqv1

Wkhuh lv dqrwkhu lpsruwdqw uhvxow lq wkh wkhru| ri hqgrjhqrxv jurzwk vwdwlqj

wkdw wkh djjuhjdwh whfkqrorj| lq wkh rqh vhfwru ryhuodsslqj jhqhudwlrqv prgho zlwk

�qlwh lqglylgxdo olihwlphv pxvw eh qrq0frqyh{ wr jhqhudwh hqgrjhqrxv orqj0uxq shu

fdslwd lqfrph jurzwk ^vhh Erogulq +4<<5, dqg Mrqhv dqg Pdqxhool +4<<5,`1 Iru wklv

uhdvrq/ wkh olwhudwxuh rq jurzwk zlwk ryhuodsslqj jhqhudwlrqv kdv zlgho| frq�qhg

dwwhqwlrq wr wkh fdvh ri qrq0frqyh{ whfkqrorjlhv1 Lq rughu wr eh frqvlvwhqw zlwk

wkh frpshwlwlyh htxloleulxp frqfhsw/ wkh qrq0frqyh{lw| lv w|slfdoo| prghohg e| lq0

wurgxflqj vrph h{whuqdolw| zklfk hpdqdwhv iurp djjuhjdwh lqyhvwphqw lq sk|vlfdo

ru kxpdq fdslwdo ru wkh vwrfn ri whfkqrorjlfdo nqrzohgjh rq oderxu surgxfwlylw|1

Vlqfh wkhvh h�hfwv duh qrw sulfhg/ wkh pdunhw hfrqrp| lv Sduhwr0lqh�flhqw1

Fohduo|/ wkh lqh�flhqf| ri wkh pdunhw hfrqrp| lv d vwdwlf rqh dv lv looxvwudwhg

lq Ilj1 41 Lw frqwdlqv wkh Sduhwr0iurqwlhu ri dq hqgrjhqrxv jurzwk hfrqrp|/ zkhuh

X lv wkh zhoiduh ri wkh fxuuhqw jhqhudwlrq dqg Y lv d glvfrxqwhg vxp ri wkh zhoiduh

ri doo ixwxuh jhqhudwlrqv1 Wkh frpshwlwlyh htxloleulxp lv jlyhq e| srlqw D zklfk

lv fkdudfwhul}hg e| vwdwlf lqh�flhqf| dqg/ khqfhiruwk/ vwulfwo| lqvlgh wkh Sduhwr0

iurqwlhu1 Wkh lqh�flhqf| ri wkh pdunhw hfrqrp| fdq eh uhpryhg e| phdqv ri d

Sljrxyldq lqyhvwphqw vxevlg|1 Krzhyhu/ dv vkrzq lq wklv sdshu/ li lqglylgxdov

uhwluh zkhq rog/ vxfk d srolf| fdq h{sorlw doo srvvleoh h�flhqf| jdlqv zlwkrxw

pdnlqj wkh fxuuhqw jhqhudwlrq zruvh r�/ li dqg rqo| li wkh srolf| lv dffrpsdqlhg

e| lqwhujhqhudwlrqdo wudqvihuv iurp wkh zrunlqj srsxodwlrq wr wkh rog1 Uhprylqj

wkh lqh�flhqf| zlwkrxw hpsor|lqj lqwhujhqhudwlrqdo wudqvihuv/ rqo| doorfdwlrqv lq

Ilj1 4 fdq eh uhdfkhg wkdw duh orfdwhg wr wkh vrxwk0hdvw ri D/ vd|/ iru lqvwdqfh/ E/

lpso|lqj wkdw wkh fxuuhqw jhqhudwlrq lv pdgh zruvh r�1

Khuh vhhpv wr oxun d sdudgr{ vlqfh lqwhujhqhudwlrqdo wudqvihuv iurp wkh |rxqj

wr wkh rog dv vxfk duh kdupixo iru jurzwk1 Krzhyhu/ wkh xqghuo|lqj lqwxlwlrq lv yhu|

vlpsoh1 Wkh vxevlg| vsxuv sulydwh lqyhvwphqw lq surgxfwlyh uhvrxufhv1 Wklv wudqv0
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Ilj1 41 Vwdwlf lqh�flhqf| ri wkh pdunhw hfrqrp|

odwhv lqwr kljkhu oderxu surgxfwlylw| wkdw ehqh�wv ixwxuh zrunlqj jhqhudwlrqv1 Li

wkh �qdqflqj ri wkh lqyhvwphqw vxevlg| grhv qrw uho| rq lqwhujhqhudwlrqdo wudqvihuv

iurp wkh |rxqj wr wkh rog/ wkh lqglylgxdov zkr wuljjhu wkh lqfuhdvh lq surgxfwlylw|

e| lqyhvwlqj pruh wkdq wkh| zrxog gr rwkhuzlvh/ fdqqrw eh frpshqvdwhg e| wkh

lqglylgxdov zkr hqmr| wkh surgxfwlylw| lqfuhdvh lq wkh irup ri kljkhu zdjhv1

Wkh uhvxow lv �uvw ghulyhg hpsor|lqj d vlpsoh wzr0shulrg ryhuodsslqj jhqhud0

wlrqv prgho lq zklfk d vslooryhu iurp fdslwdo irupdwlrq rq oderxu surgxfwlylw| dv

hpskdvl}hg e| Duurz +4<95, dqg Urphu +4<;9, vxvwdlqv orqj0uxq jurzwk1 Lq wklv

iudphzrun qr Sduhwr0lpsuryhphqw lv srvvleoh zlwkrxw lqwhujhqhudwlrqdo wudqvihuv

li lqglylgxdov uhwluh lq wkhlu vhfrqg shulrg ri olih1 Vxevhtxhqwo|/ lw lv vkrzq wkdw d

Sduhwr0lpsuryhphqw fdq eh dfklhyhg zlwkrxw uho|lqj rq lqwhujhqhudwlrqdo wudqvihuv

li wkh zrunlqj olih wdnhv pruh wkdq rqh shulrg1 Krzhyhu/ qrw doo h�flhqf| jdlqv

fdq eh h{sorlwhg zlwkrxw lqwhujhqhudwlrqdo wudqvihuv li lqglylgxdov uhwluh zkhq rog1

Wkhuhdiwhu/ lw lv ghprqvwudwhg wkdw d fdvh iru lqwhujhqhudwlrqdo wudqvihuv fdq dovr

eh pdgh lq rwkhu prghov ri hqgrjhqrxv jurzwk vxfk dv wkh hqgrjhqrxv lqqrydwlrq

dqg wkh kxpdq fdslwdo irupdwlrq prgho1

51 Wkh edvlf prgho

5141 Lqglylgxdov

Wkh hfrqrp| frqvlvwv ri ryhuodsslqj jhqhudwlrqv ri wkh Gldprqg +4<98, w|sh

lq zklfk lqglylgxdov olyh iru wzr shulrgv1 Zkhq |rxqj/ wkh| lqhodvwlfdoo| vxsso|

rqh xqlw ri oderxu lq wkh oderxu pdunhw/ frqvxph/ dqg vdyh iru rog djh1 Zkhq rog/

wkh| uhwluh dqg frqvxph wkh surfhhgv ri wkhlu vdylqjv1
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Suhihuhqfhv ri d uhsuhvhqwdwlyh phpehu ri wkh jhqhudwlrq eruq dw wlph w/

ghqrwhg dv jhqhudwlrq w/ duh jlyhq e| xw @ x+f|w > f
r
w.4,/ zkhuh f|w dqg frw.4 duh

wkh dprxqwv ri |rxqj0 dqg rog0djh frqvxpswlrq/ dqg x lv d wzlfh frqwlqxrxvo|

gl�huhqwldeoh xwlolw| ixqfwlrq vdwlvi|lqj wkh vwdqgdug prqrwrqlflw|/ frqfdylw| dqg

Lqdgd dvvxpswlrqv1 \rxqj0 dqg rog0djh frqvxpswlrq duh frqvwudlqhg e|=

f|w @ zw � vw � �w> +4,

frw.4 @ +4 . lw.4, vw � �w.4> +5,

zkhuh zw dqg vw duh wkh zdjh udwh dqg wkh dprxqw ri vdylqjv dw wlph w/ dqg lw.4

lv wkh lqwhuhvw udwh dw wlph w. 41 Lq erwk shulrgv ri olih lqglylgxdov duh vxemhfw wr

wd{dwlrq/ zkhuh �w dqg �w.4 duh oxps vxp wd{hv wkdw dq lqglylgxdo eruq dw wlph

w kdv wr sd| lq klv �uvw dqg vhfrqg shulrg ri olih1 Wkh �uvw0rughu frqglwlrq iru

pd{lpxp xwlolw| lv=

�x4>w . +4 . lw.4, x5>w @ 3> +6,

zkhuh x4>w dqg x5>w duh wkh sduwldo ghulydwlyhv ri x dw +f|w > f
r
w.4,1 Htxdwlrq +6,

lpsolflwo| gh�qhv vdylqjv dv d ixqfwlrq ri �uvw dqg vhfrqg shulrg glvsrvdeoh lqfrph

dqg wkh lqwhuhvw udwh=

vw @ v+zw � �w>��w.4> lw.4,= +7,

Dvvxplqj wkdw |rxqj0 dqg rog0djh frqvxpswlrq duh erwk qrupdo jrrgv/ lw iroorzv

v4>w A 3 dqg v5>w ? 31 Wkh lpsdfw ri dq lqfuhdvh lq wkh lqwhuhvw udwh rq vdylqjv/ lq

frqwudvw/ lv jhqhudoo| dpeljxrxv vlqfh lw wuljjhuv erwk dq lqfrph dqg d vxevwlwxwlrq

h�hfw zklfk duh ri gl�huhqw vljq xqghu wkh qrupdolw| dvvxpswlrq1

5151 Ilupv

Ilupv kluh wkh dydlodeoh oderxu irufh zklfk htxdov wkh vl}h ri wkh |rxqj jhq0

hudwlrq/ jlyhq e| Qw dw wlph w/ dqg wkh djjuhjdwh fdslwdo vwrfn/ Nw/ wr surgxfh wkh

krprjhqhrxv rxwsxw \w @ I +Nw> DwQw,/ zkhuh wkh whfkqrorj| I h{klelwv frqvwdqw

uhwxuqv wr vfdoh1 Wkh lqgh{ Dw phdvxuhv oderxu surgxfwlylw| dw wlph w zklfk hdfk

vlqjoh �up wdnhv dv jlyhq1 Qrupdol}lqj wkh vl}h ri hdfk jhqhudwlrq wr rqh/ pdujlqdo



43 Sduhwr0lpsurylqj lqwhujhqhudwlrqdo wudqvihuv

surgxfw sulflqj ohdgv wr wkh iroorzlqj sulfhv iru fdslwdo dqg oderxu=

uw @ i 3+nw,> +8,

zw @ Dw ^i+nw, � nw i
3+nw,`> +9,

zkhuh nw � Nw@Dw dqg i+nw, � I +Nw@Dw> 4,1 Wr hqgrjhql}h Dw/ d srvlwlyh vslooryhu

iurp fxpxodwhg djjuhjdwh lqyhvwphqw rq oderxu surgxfwlylw| dv vxjjhvwhg e| Du0

urz +4<95, dqg Urphu +4<;9, lv frqvlghuhg1 D yhu| vlpsoh irup ri wkh Duurz0

Urphu prgho frqvlvwhqw zlwk hqgrjhqrxv orqj0uxq jurzwk lv wkh iroorzlqj=4

Dw @
4

d
Nw> +:,

zkhuh d lv d srvlwlyh whfkqrorjlfdo sdudphwhu1 Vxevwlwxwlqj +:, lqwr +8, dqg +9,

|lhogv=

uw @ u � i 3+d,> +;,

zw @ $ Nw> zlwk $ � ^i+d, � di 3+d,`@d= +<,

Wkxv/ wkh sulfh iru fdslwdo lv frqvwdqw ryhu wlph dqg wkh zdjh udwh lv sursruwlrqdo

wr wkh fdslwdo vwrfn1 Qrwh wkdw wkh idfwru ri sursruwlrqdolw| $ uhsuhvhqwv wkh

h{whuqdo uhwxuq rq fdslwdo fdxvhg e| wkh vslooryhu iurp fxpxodwhg lqyhvwphqw rq

oderxu surgxfwlylw|1 Ehfdxvh ri wkh srvlwlyh h{whuqdolw| ri lqyhvwphqwv rq oderxu

surgxfwlylw|/ wkh lqwhuhvw udwh gl�huv iurp wkh vrfldo pdujlqdo uhwxuq rq fdslwdo

zklfk lv jlyhq e| g\w@gNw @ u . $1

5161 Frpshwlwlyh htxloleulxp zlwkrxw jryhuqphqw dfwlylw|

Li wkh jryhuqphqw grhv qrw sod| dq| dfwlyh hfrqrplf uroh +�w @ �w.4 @ 3,/

wkh frpshwlwlyh htxloleulxp lv ghwhuplqhg e| wkh vdylqjv ixqfwlrq +7,/ wkh idfwru

sulfh frqglwlrqv +;, dqg +<,/ d surgxfw pdunhw htxloleulxp frqglwlrq uhtxlulqj wkdw

djjuhjdwh lqyhvwphqw dqg djjuhjdwh vdylqjv duh htxdol}hg=

Nw.4 @ vw> +43,

dqg d qr duelwudjh frqglwlrq/ lpso|lqj wkdw wkh lqwhuhvw udwh htxdov wkh sulydwh

4 W? u@U|c |�i *�?i@h tTiU��U@|�L? Lu |�i �hhL��+L4ih 4L_i* �t ?L� t|@?_@h_ �? |�i
i?_L}i?L�t }hL�|� *�|ih@|�hi� 5iic i�}�c 5@�?|��@�* E�bb2�c BhLtt4@? @?_ v@?@}@�@
E�bb��c @?_ k�?} @?_ 6ih}�tL? E�bb���
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udwh ri uhwxuq rq fdslwdo=

lw.4 @ uw.4= +44,

5171 D vxevlg| wr sulydwh vdylqjv

Frqvlghu qrz d vxevlg| wr sulydwh vdylqjv sdlg e| wkh jryhuqphqw lq rughu

wr lqwhuqdol}h wkh h{whuqdo h�hfw ri fxpxodwhg lqyhvwphqw rq oderxu surgxfwlylw|1

Wkh jryhuqphqw dqqrxqfhv dw wlph w wkdw lw zloo sd| dq dprxqw � lq dgglwlrq wr

wkh sulydwh udwh ri uhwxuq rq vdylqjv dw wlph w . 41 Wkh qr duelwudjh frqglwlrq

wkhq ehfrphv=

lw.4 @ uw.4 . �= +45,

5181 Vxevlg| �qdqflqj zlwkrxw lqwhujhqhudwlrqdo wudqvihuv

Li wkh vxevlg| lv �qdqfhg zlwkrxw lqwhujhqhudwlrqdo wudqvihuv/ rqh fdq glvwlq0

jxlvk wzr srodu fdvhv= Hlwkhu wkh rog dw wlph w . 4 sd| d wd{ dqg lwv uhyhqxhv duh

xvhg wr sd| wkh vdylqjv vxevlg| lq wkh vdph shulrg/ ru wkh |rxqj dw wlph w sd| d

wd{ zkrvh uhyhqxhv duh lqyhvwhg lq wkh fdslwdo pdunhw dqg glvwulexwhg lq wkh irup

ri wkh vdylqjv vxevlg| lq wkh qh{w shulrg wr wkh wkhq rog1

Li wkh vxevlg| lv �qdqfhg e| d wd{ lpsrvhg rq wkh rog dw wlph w . 4/ wkh

jryhuqphqw exgjhw frqvwudlqw uhdgv=

�w.4 @ � vw> +46,

dqg wkh frpshwlwlyh htxloleulxp lv lpsolflwo| gh�qhg e| htxdwlrqv +7,/ +;,/ +<,/

+43,/ +45,/ dqg +46,1

Li/ rq wkh rwkhu kdqg/ wkh vxevlg| lv �qdqfhg e| d wd{ lpsrvhg rq wkh |rxqj

dw wlph w/ wkh odwwhu lv jlyhq e| wkh suhvhqw glvfrxqwhg ydoxh ri wkh vdylqjv vxevlg|=

�w @
� vw

4 . uw.4
> +47,

zkhuh lw kdv ehhq frqvlghuhg wkdw wkh jryhuqphqw dv dq lqyhvwru lq wkh fdslwdo pdu0

nhw |lhogv wkh pdunhw uhwxuq uw.4 dw wlph w.41 Ehfdxvh ri wkh sxeolf lqyhvwphqw/
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wkh surgxfw pdunhw htxloleulxp frqglwlrq ehfrphv=

Nw.4 @ vw . �w> +48,

vr wkdw wkh frpshwlwlyh htxloleulxp lv ghwhuplqhg e| +7,/ +;,/ +<,/ +45,/ +47,/ dqg

+48,1 Jhqhudoo|/ d pl{ ri wkh wzr fdvhv frqvlghuhg deryh lv dovr frqfhlydeoh wr

�qdqfh wkh vxevlg| zlwkrxw lqwhujhqhudwlrqdo wudqvihuv1 Krzhyhu/ wkh dujxphqw lv

fohduhvw lq wkh wzr srodu fdvhv1

5191 Hpsor|lqj lqwhujhqhudwlrqdo wudqvihuv

Frqvlghu qrz wkh fdvh zkhuh wkh jryhuqphqw pd| hpsor| lqwhujhqhudwlrqdo

wudqvihuv1 Li rqo| sduw ri wkh vxevlg| lv �qdqfhg e| wkh jhqhudwlrq zklfk uhfhlyhv

wkh vxevlg| dqg dqrwkhu sduw e| wkh vxffhhglqj |rxqj/ wkh jryhuqphqw exgjhw

frqvwudlqw ehfrphv=

�w.4 . �w.4 @ � vw> +49,

zkhuh �w.4 uhsuhvhqwv wkh lqwhujhqhudwlrqdo wudqvihu iurp wkh |rxqj wr wkh rog

glvwulexwhg dv d vdylqjv vxevlg|1 Wkh surgxfw pdunhw htxloleulxp frqglwlrq lv

djdlq jlyhq e| +43,1 Wkxv/ wkh frpshwlwlyh htxloleulxp lv ghwhuplqhg e| +7,/ +;,/

+<,/ +43,/ +45,/ dqg +49,1

61 Zhoiduh dqdo|vlv

Frqvlghu dv d ehqfkpdun wkh frpshwlwlyh htxloleulxp zlwkrxw jryhuqphqw lq0

whuyhqwlrq1 D vwudljkwiruzdug lpsolfdwlrq ri wkh srvlwlyh vslooryhu iurp fxpxodwhg

djjuhjdwh lqyhvwphqw rq oderxu surgxfwlylw| lv wkdw wkh odlvvh} idluh hfrqrp| lv

Sduhwr0lqh�flhqw1 Lq idfw/ d Sduhwr0lpsuryhphqw frxog eh uhdfkhg/ li wkh |rxqj

vdyhg pruh1

Sursrvlwlrq 41 Wkh frpshwlwlyh htxloleulxp zlwkrxw jryhuqphqw lqwhuyhqwlrq lv

Sduhwr0lqh�flhqw1 D Sduhwr0lpsuryhphqw lv srvvleoh li wkh |rxqj vdyh pruh1

Wkh lqwxlwlrq ehklqg wklv uhvxow zklfk kdv ehhq irupdoo| suryhg e| Nlqj dqg

Ihujxvrq +4<<6/ ss1 <80<9, lv yhu| vlpsoh1 Lq wkh frpshwlwlyh htxloleulxp zlwkrxw
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jryhuqphqw lqwhuyhqwlrq lqglylgxdov duh zloolqj wr wudgh rqh xqlw ri |rxqj0djh iru

4.u xqlwv ri rog0djh frqvxpswlrq1 Li rqh xqlw ri |rxqj0djh frqvxpswlrq lv dgghg

wr wkh fdslwdo vwrfn/ krzhyhu/ 4.u.$ xqlwv ri frqvxpswlrq fdq eh dfklhyhg lq wkh

qh{w shulrg dv wkh dgglwlrqdo xqlw ri vdylqjv qrw rqo| fuhdwhv d sulydwh uhwxuq ri

u exw dovr dq h{whuqdo uhwxuq ri $1 Wkxv/ ixwxuh frqvxpswlrq fdq eh lqfuhdvhg e|

pruh wkdq lw lv qhfhvvdu| wr frpshqvdwh hdfk jhqhudwlrq iru irujrlqj frqvxpswlrq

zkhq |rxqj1

Lq zkdw iroorzv lw zloo eh vwxglhg krz wkh lqh�flhqf| ri wkh frpshwlwlyh htxl0

oleulxp fdq eh uhpryhg e| d vdylqjv vxevlg|1 Wkh dqdo|vlv vwduwv zlwk �qdqflqj

vfkhphv wkdw gr qrw uho| rq lqwhujhqhudwlrqdo wudqvihuv1 Wkh iroorzlqj ohppd

uhyhdov krz wkhvh vfkhphv d�hfw wkh zdjh udwh dw wlph w. 41

Ohppd 41 gzw.4@g� A 3 xqghu erwk �qdqflqj vfkhphv zlwkrxw lqwhujhqhudwlrqdo

wudqvihuv1

Surri = Vhh wkh Dsshqgl{1

Wkh lqwxlwlrq ehklqg wklv uhvxow lv vwudljkwiruzdug1 Rq wkh djjuhjdwh ohyho

wkh vdylqjv vxevlg| srolf| hqfrxudjhv lqyhvwphqw zklfk wudqvodwhv lqwr lqfuhdvhg

oderxu surgxfwlylw| jurzwk1 Wklv uhvxow lv rewdlqhg hyhq wkrxjk wkh h�hfw ri dq

lqfuhdvh lq wkh vxevlg| udwh � rq vdylqjv dv vxfk lv dpeljxrxv vlqfh lw wuljjhuv

erwk dq lqfrph dqg d vxevwlwxwlrq h�hfw ri rssrvlwh vljq1 Krzhyhu/ vlqfh wkh

lqfuhdvh lq wkh vxevlg| udwh lv dffrpsdqlhg e| dq lqfuhdvh lq oxps0vxp wd{hv/

wkh lqfrph h�hfw ri d kljkhu vdylqjv vxevlg| lv rxwzhljkhg e| wkh lqfrph h�hfw

ri kljkhu oxps0vxp wd{hv vr wkdw lw lv wkh vxevwlwxwlrq h�hfw ri d kljkhu vdylqjv

vxevlg| zklfk gulyhv wkh uhvxow1

Li wkh vfkhph lv edvhg rq wd{hv wkdw lqglylgxdov eruq dw wlph w sd| zkhq rog/

wkhlu lqgluhfw olihwlph xwlolw| pd| eh zulwwhq dv=

yw+�, @ x
k
zw � vw> +4 . u. �, vw �

�

$
zw.4

l
>

zkhuh htxdwlrqv +4,/ +5, dqg +;, kdyh ehhq frqvlghuhg dqg zkhuh xvh kdv ehhq

pdgh ri wkh idfw wkdw �w.4 @ +�@$,zw.4/ zklfk iroorzv e| vxevwlwxwlqj +<, dqg

+43, lqwr +46,1 Qrz gl�huhqwldwh yw+�, zkloh frqvlghulqj wkh Hqyhorsh Wkhruhp

dqg wdnlqj lqwr dffrxqw wkdw zw lv douhdg| suhghwhuplqhg dw wlph w1 Diwhu uhsodflqj
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vw e| zw.4@$ zklfk iroorzv e| vxevwlwxwlqj +<, lqwr +43,/ rqh wkhq �qgv wkdw=

y3w+�, @ �x5>w
�

$

gzw.4

g�
=

Iurp Ohppd 4 lw lv nqrzq wkdw gzw.4@g� A 3 vr wkdw y3w+�, ? 31 Khqfh/ d vdylqjv

vxevlg| �qdqfhg zlwk d wd{ ohylhg rq wkh vdph jhqhudwlrq gh�qlwho| uhgxfhv wkdw

jhqhudwlrq*v olihwlph xwlolw| dqg/ wkhuhiruh/ lv qrw Sduhwr0lpsurylqj1

Wkh vdph lv wuxh dovr ri wkh vhfrqg �qdqflqj vfkhph zlwkrxw lqwhujhqhudwlrqdo

wudqvihuv1 Li jhqhudwlrq w sd|v d wd{ zkhq |rxqj zkrvh uhyhqxhv duh lqyhvwhg lq

wkh fdslwdo pdunhw dqg uhglvwulexwhg wr wkhp zkhq wkh| duh rog/ wkhlu lqgluhfw

olihwlph xwlolw| lv jlyhq e|=

yw+�, @ x

�
zw � vw �

4

4 . u . �

�

$
zw.4> +4 . u . �, vw

�
>

zkhuh djdlq +4,/ +5,/ dqg +;, kdyh ehhq frqvlghuhg dqg zkhuh �w kdv ehhq uhsodfhg

hpsor|lqj htxdwlrqv +;,/ +<,/ +47,/ dqg +48,1 Gl�huhqwldwlqj zlwk uhvshfw wr � zkloh

djdlq hpsor|lqj wkh Hqyhorsh Wkhruhp/ uhsodflqj vw e| +4. u@4. u.�,+zw.4@$,

zklfk iroorzv e| vxevwlwxwlqj +;,/ +<, dqg +47, lqwr +48,/ dqg wkhq frqvlghulqj +6,

|lhogv diwhu vrph pdqlsxodwlrqv=

y3w+�, @ �x5>w
�

$

gzw.4

g�
=

Wkxv/ dovr xqghu wkh vhfrqg �qdqflqj vfkhph zlwkrxw lqwhujhqhudwlrqdo wudqvihuv

wkh vdylqjv vxevlg| fdqqrw eh Sduhwr0lpsurylqj vlqfh jhqhudwlrq w djdlq vx�huv

d xwlolw| orvv1 Wkh xqghuo|lqj hfrqrplf phfkdqlvp lv wkh vdph lq erwk fdvhv1

Pdujlqdoo| lqfuhdvlqj wkh vdylqjv vxevlg| ohdgv wr dgglwlrqdo vdylqjv ri jhqhudwlrq

w1 Wkh lqfuhdvh lq vdylqjv fdxvhv d kljkhu wd{ exughq zklfk h{huwv d qhjdwlyh �uvw0

rughu h�hfw rq olihwlph xwlolw| ri jhqhudwlrq w1 Ixuwkhupruh/ kljkhu vdylqjv wuljjhu

d srvlwlyh oderxu surgxfwlylw| h�hfw zklfk ehqh�wv jhqhudwlrq w . 4 lq wkh irup

ri kljkhu zdjhv1 Vlqfh lqwhujhqhudwlrqdo wudqvihuv duh h{foxghg e| dvvxpswlrq/

jhqhudwlrq w fdqqrw eh frpshqvdwhg e| jhqhudwlrq w . 4 dqg/ frqvhtxhqwo|/ lv

zruvh r�1

Lq rughu wr frpsohwh wkh dujxphqw/ lw zloo qrz eh vkrzq wkdw d Sduhwr0

lpsuryhphqw fdq eh rewdlqhg li wudqvihuv iurp wkh |rxqj wr wkh rog duh hpsor|hg1

Iluvw/ lw zloo eh frpsxwhg zklfk vkduh ri wkh vxevlg| �qdqflqj exughq fdq eh

ghyrwhg wr lqglylgxdov eruq dw wlph w zlwkrxw pdnlqj wkhp zruvh r�/ l1h1 lw zloo

eh dvnhg zklfk vkduh fdq eh �qdqfhg zlwkrxw lqwhujhqhudwlrqdo wudqvihuv1 Wkh
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lqgluhfw olihwlph xwlolw| ixqfwlrq ri jhqhudwlrq w lq fdvh ri wkh wklug �qdqflqj vfkhph

uhdgv=

yw+�, @ x^zw � vw> +4 . u. �, vw � �w.4`=

Gl�huhqwldwlqj zlwk uhvshfw wr � zkloh djdlq hpsor|lqj wkh Hqyhorsh Wkhruhp/

rqh �qgv wkdw d pdujlqdo lqfuhdvh lq wkh vdylqjv vxevlg| ohdyhv olihwlph xwlolw| ri

jhqhudwlrq w xqfkdqjhg li=

vw @
g�w.4

g�
= +4:,

Li jhqhudwlrq w sd|v d wd{ zkhq rog wkdw lv frqvlvwhqw zlwk +4:, dqg jhqhudwlrq

w . 4 sd|v wkh uhpdlqghu lq rughu wr phhw wkh jryhuqphqw exgjhw frqvwudlqw dv

gh�qhg e| +49,/ wklv djdlq fdxvhv dq lqfuhdvh lq wkh zdjh udwh dw wlph w.4/ dv wkh

iroorzlqj ohppd vwdwhv1

Ohppd 51 gzw.4@g� A 3 xqghu wkh �qdqflqj vfkhph zlwk lqwhujhqhudwlrqdo

wudqvihuv1

Surri = Vhh wkh Dsshqgl{1

Frqvlghulqj wklv uhvxow lw fdq hdvlo| eh vkrzq wkdw jhqhudwlrq w . 4 lv pdgh

ehwwhu r�1 Vxevwlwxwlqj +<, dqg +43, lqwr +49,/ rqh jhwv=

�

$
zw.4 @ �w.4 . �w.4=

Gl�huhqwldwlqj zlwk uhvshfw wr � dqg uhduudqjlqj whupv |lhogv=

g�w.4

g�
@

4

$
zw.4 .

�

$

gzw.4

g�
�
g�w.4

g�
=

Vxevwlwxwlqj wklv h{suhvvlrq lqwr +4:, dqg frqvlghulqj wkdw vdylqjv duh djdlq gh0

whuplqhg e| vw @ zw.4@$/ rqh rewdlqv=

g�w.4
g�

@
�

$

gzw.4
g�

= +4;,

Qrz dvvxph/ iru d prphqw/ wkdw wkh vdylqjv vxevlg| lv rqo| sdlg dw wlph w.41 Wkhq

jhqhudwlrq w . 4 lv pdgh ehwwhu r� e| d pdujlqdo lqfuhdvh lq � li lwv glvsrvdeoh

lqfrph zkhq |rxqj/ jlyhq e| zw.4 � �w.4/ lqfuhdvhv1 Gl�huhqwldwlqj wkh odwwhu

h{suhvvlrq zlwk uhvshfw wr �/ wkhq vxevwlwxwlqj iru g�w.4@g� e| hpsor|lqj +4;,/
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dqg �qdoo| frqvlghulqj Ohppd 5/ lw iroorzv wkdw wklv lqghhg lv wkh fdvh dv orqj dv

� ? $1 Lq idfw/ jhqhudwlrq w. 4 lv pdgh ehvw r� li wkh vdylqjv vxevlg| htxdov wkh

h{whuqdo uhwxuq rq fdslwdo/ l1h1 li � @ $1 Lq wklv fdvh jhqhudwlrq w ixoo| lqwhuqdol}hv

wkh vrfldo uhwxuq rq sulydwh vdylqjv dqg sxvkhv oderxu surgxfwlylw| ri jhqhudwlrq

w. 4 wr lwv vrfldoo| rswlpdo ohyho1

Zkdw derxw jhqhudwlrq w . 5 B Li wkh vdylqjv vxevlg| lv rqo| sdlg dw wlph

w.4/ �uvw shulrg glvsrvdeoh lqfrph ri jhqhudwlrq w.5 htxdov wkh zdjh udwh zw.51

Frpelqlqj xsgdwhv ri htxdwlrqv +7,/ +;,/ +<, dqg +43,/ zw.5 pd| eh zulwwhq dv=

zw.5 @ $ v+zw.4 � �w.4> 3> u,=

Vlqfh zw.4��w.4 lv lqfuhdvlqj lq � iru doo � ? $ dqg vlqfh |rxqj0djh frqvxpswlrq

lv d qrupdo jrrg/ lw iroorzv wkdw gzw.5@g� A 3 iru doo � ? $1 Wklv lpsolhv wkdw

dovr jhqhudwlrq w. 5 lv pdgh ehwwhu r�1 E| lqgxfwlrq lw wkhq iroorzv wkdw sd|lqj

d vdylqjv vxevlg| dw udwh � � $/ zklfk lv sduwo| �qdqfhg e| lqwhujhqhudwlrqdo

wudqvihuv iurp wkh |rxqj wr wkh rog/ grhv qrw kdup jhqhudwlrq w dqg pdnhv doo

vxevhtxhqw jhqhudwlrqv ehwwhu r�1 Ri frxuvh/ wkh vdylqjv vxevlg| vkrxog qrw rqo|

eh sdlg dw wlph w. 4 exw dovr lq doo vxevhtxhqw shulrgv1

Wkh glvfxvvlrq vr idu kdv ghprqvwudwhg wkdw lq wkh wzr0shulrg prgho zlwk

uhwluhphqw lqwhujhqhudwlrqdo wudqvihuv iurp wkh |rxqj wr wkh rog duh qhfhvvdu| lq

rughu wr dfklhyh d Sduhwr0lpsuryhphqw1 Rqo| wkhq wkrvh jhqhudwlrqv zklfk lqgxfh

d kljkhu oderxu surgxfwlylw| ri vxevhtxhqw jhqhudwlrqv e| vdylqj pruh wkdq wkh|

zrxog fkrrvh wr gr rwkhuzlvh fdq eh vx�flhqwo| frpshqvdwhg1 Wkh iroorzlqj

sursrvlwlrq vxppdul}hv wklv uhvxow1

Sursrvlwlrq 51 Lq wkh wzr0shulrg prgho zlwk uhwluhphqw d Sduhwr0lpsuryhphqw

fdq eh ghfhqwudol}hg dv d frpshwlwlyh htxloleulxp e| vxevlgl}lqj sulydwh vdy0

lqjv dw udwh � � $ li dqg rqo| li wkh vxevlg| lv frxsohg zlwk lqwhujhqhudwlrqdo

wudqvihuv iurp wkh |rxqj wr wkh rog1

71 Ohqjwk ri zrunlqj olih dqg uhwluhphqw

Wkh uhvxowv ghulyhg vr idu uhvw rq wkh dvvxpswlrq wkdw wkh zrunlqj olih ri hdfk

jhqhudwlrq lv vr vkruw wkdw wkh jhqhudwlrq wdujhwhg e| wkh vxevlg| grhv qrw ehqh�w

iurp wkh surgxfwlylw| jdlq vsxuuhg e| wkh vxevlg|1 Wkh suhvhqw vhfwlrq txdol�hv

wklv uhvxow lq wzr uhvshfwv1 Iluvw/ d wzr0shulrg ryhuodsslqj jhqhudwlrqv hfrqrp| lv
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frqvlghuhg lq zklfk lqglylgxdov zrun lq erwk shulrgv ri olih1 Lw lv ghprqvwudwhg wkdw

lq wklv hfrqrp| d �uvw ehvw doorfdwlrq zklfk lv Sduhwr0vxshulru wr wkh lqlwldo odlvvh}

idluh htxloleulxp fdq eh dfklhyhg zlwkrxw hpsor|lqj lqwhujhqhudwlrqdo wudqvihuv15

Vhfrqg/ d wkuhh0shulrg ryhuodsslqj jhqhudwlrqv hfrqrp| lv frqvlghuhg lq zklfk

lqglylgxdov zrun rqo| lq wkh �uvw wzr shulrgv ri olih1 Lq wklv hfrqrp| d Sduhwr0

lpsuryhphqw lv srvvleoh zlwkrxw lqwhujhqhudwlrqdo wudqvihuv1 Krzhyhu/ frxsolqj d

vdylqjv vxevlg| srolf| zlwk lqwhujhqhudwlrqdo wudqvihuv doorzv wkh srolf| pdnhu wr

dfklhyh ixuwkhu h�flhqf| jdlqv uhodwlyh wr wkh vfhqdulr lq zklfk qr vxfk wudqvihuv

duh doorzhg zlwkrxw uhgxflqj wkh zhoiduh ri dq| jhqhudwlrq1

7141 Wzr shulrgv/ qr uhwluhphqw

Lq wklv vhfwlrq d vdylqjv vxevlg| lv frqvlghuhg zklfk lv �qdqfhg e| d wd{

lpsrvhg rq wkh rog1 Wklv lpsolhv wkdw wkh vxevlg| lv qrw dffrpsdqlhg e| lqwhu0

jhqhudwlrqdo wudqvihuv1 Li lqglylgxdov zrun lq erwk shulrgv ri wkhlu olih/ vdylqjv ri

jhqhudwlrq w ehfrph=

vw @ v^zw> zw.4 � �w.4> u . �`>

zkhuh �w.4 phhwv wkh frqvwudlqw �w.4 @ � vw1 Vlqfh qrz dw hdfk srlqw lq wlph

wzr jhqhudwlrqv ehorqj wr wkh oderxu irufh/ wkh wrwdo vl}h ri wkh odwwhu lv jlyhq

e| 5 li wkh vl}h ri hdfk jhqhudwlrq lv djdlq qrupdol}hg wr rqh1 Wkhuhiruh/ wkh

lqwhuhvw udwh ehfrphv u @ i 3+d@5,/ wkh h{whuqdo uhwxuq rq fdslwdo ehfrphv $ @

^i+d@5,�+d@5, i 3+d@5,`@+d@5,/ dqg wkh zdjh udwh dw wlph w ehfrphv zw @ +$@5,Nw1

Zlwkrxw uhwluhphqw jhqhudwlrq w fdq hqmr| vrph ri wkh jdlqv iurp kljkhu surgxfwly0

lw| wuljjhuhg e| wkh vxevlg| vlqfh lwv vhfrqg shulrg oderxu lqfrph/ zw.4/ lqfuhdvhv1

Lw wxuqv rxw wkdw hyhq wkrxjk jhqhudwlrq w fdqqrw ixoo| dssursuldwh wkh surgxf0

wlylw| jdlqv iurp wkh vxevlg| dv dovr wkh qh{w jhqhudwlrq hqmr|v d kljkhu zdjh

+vlqfh erwk jhqhudwlrqv duh htxdo lq vl}h/ hdfk jhqhudwlrq jhwv kdoi ri wkh h{whuqdo

uhwxuq $,/ wkh surgxfwlylw| jdlq zklfk ehqh�wv jhqhudwlrq w lv vx�flhqwo| odujh wr

frpshqvdwh iru wkh exughq ri vxevlg| �qdqflqj1 Lq idfw/ dv wkh qh{w sursrvlwlrq

vwdwhv/ qr lqwhujhqhudwlrqdo wudqvihuv duh qhhghg wr dfklhyh d Sduhwr0lpsuryhphqw

e| d vdylqjv vxevlg|1 Pruhryhu/ li wkh xwlolw| ixqfwlrq vdwlv�hv vrph ixuwkhu uh0

5 W? 6�}� � Lu 5iU|�L? � @ �ht| Mit| @**LU@|�L? ���U� �t �@hi|L�t�Tih�Lh |L |�i �?�|�@*
*@�tti3 u@�hi i^��*�Mh��4 �t U�@h@U|ih�3i_ M) @ TL�?| L? |�i T@h| Lu |�i �@hi|L�uhL?|�ih
���U� �t *LU@|i_ |L |�i ?Lh|��i@t| Lu TL�?| ��
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vwulfwlrqv/ lw lv srvvleoh wr h{sorlw doo h�flhqf| jdlqv lq d Sduhwr0lpsurylqj zd|

zlwkrxw pdnlqj xvh ri lqwhujhqhudwlrqdo wudqvihuv1

Sursrvlwlrq 61 Lq wkh wzr0shulrg prgho zlwkrxw uhwluhphqw

l, d Sduhwr0lpsuryhphqw fdq eh ghfhqwudol}hg dv d frpshwlwlyh htxloleulxp e|

vxevlgl}lqj sulydwh vdylqjv dw udwh � � $@51 Vxfk lqwhuyhqwlrq grhv qrw uhtxluh

lqwhujhqhudwlrqdo wudqvihuv iurp wkh |rxqj wr wkh rog1

ll, d �uvw ehvw doorfdwlrq zklfk lv Sduhwr0vxshulru wr wkh lqlwldo odlvvh} idluh htxl0

oleulxp fdq eh ghfhqwudol}hg e| vxevlgl}lqj sulydwh vdylqjv dw udwh � @ $1

Vxfk lqwhuyhqwlrq grhv qrw uhtxluh lqwhujhqhudwlrqdo wudqvihuv li wkh furvv

ghulydwlyh ri wkh xwlolw| ixqfwlrq lv qrq0qhjdwlyh dqg sulydwh vdylqjv duh zhdno|

frqfdyh zlwk uhvshfw wr wkh vxevlg| udwh1

Surri = Vhh wkh Dsshqgl{1

Dv orqj dv wkh vxevlg| udwh � lv vpdoohu wkdq $@5/ d ixuwkhu lqfuhdvh lq �

ehqh�wv jhqhudwlrq w dv zhoo dv doo ixwxuh jhqhudwlrqv1 Krzhyhu/ wkh vxevlg| udwh

lv dw wkh vrfldoo| rswlpdo ohyho rqo| li lw htxdov wkh h{whuqdo uhwxuq rq fdslwdo/ l1h1

rqo| li � @ $1 \hw/ rqfh wkh vxevlg| udwh htxdov $@5/ dq| ixuwkhu lqfuhdvh lq �

pdujlqdoo| ghfuhdvhv wkh zhoiduh ri jhqhudwlrq w1 Lq rughu wr dfklhyh d �uvw ehvw

doorfdwlrq zklfk lv Sduhwr0vxshulru wr wkh lqlwldo odlvvh} idluh htxloleulxp zlwkrxw

hpsor|lqj lqwhujhqhudwlrqdo wudqvihuv/ rqh kdv wr wdnh fduh wkdw jhqhudwlrq w lv

dw ohdvw dv zhoo r� iru � @ $ dv iru � @ 31 Lw wxuqv rxw wkdw wklv lv wkh fdvh li

dq lqfuhdvh lq rog0djh frqvxpswlrq grhv qrw uhgxfh pdujlqdo xwlolw| ri |rxqj0djh

frqvxpswlrq dqg wkh hqfrxudjlqj h�hfw ri wkh vxevlg| rq vdylqjv jurzv zhdnhu

dw kljk ohyhov ri vxevlgl}dwlrq1 Erwk frqglwlrqv olplw wkh h{whqw wr zklfk vdylqjv

lqfuhdvh gxh wr wkh vxevlg| srolf| dqg/ khqfhiruwk/ gdpshq wkh glvwruwlrqdu| h�hfw

ri wkh vxevlg| rq wkh zhoiduh ri jhqhudwlrq w1

7151 Wkuhh shulrgv/ uhwluhphqw

Frqvlghu qh{w dq hfrqrp| lq zklfk lqglylgxdov olyh iru wkuhh shulrgv1 Lq

wkhlu �uvw wzr shulrgv ri olih/ l1h1 zkhq |rxqj ru plggoh0djhg/ wkh| zrun dqg lq

wkhlu wklug shulrg ri olih/ l1h1 zkhq rog/ wkh| duh uhwluhg1 Xwlolw| ri d phpehu ri
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jhqhudwlrq w lv qrz jlyhq e| xw @ x+f|w > f
p
w.4> f

r
w.5,/ zkhuh=

f|w @ zw � v|w >

fpw.4 @ zw.4 . +4 . u . �pw.4, v
|
w � vpw.4 � �pw.4>

frw.5 @ +4 . u . �rw.5, v
p
w.4 � �rw.5>

gh�qh |rxqj0/ plggoh0 dqg rog0djh frqvxpswlrq zklfk duh djdlq dvvxphg wr eh

qrupdo1 Rq klv |rxqj0djh vdylqjv/ v|w / wkh lqglylgxdo uhfhlyhv d vxevlg| dw wkh

udwh �pw.4 zkhq plggoh0djhg dqg rq klv plggoh0djh vdylqjv/ vpw.4/ kh uhfhlyhv d

vxevlg| dw wkh udwh �rw.5 zkhq rog1 Zlwkrxw lqwhujhqhudwlrqdo wudqvihuv wkh lq0

glylgxdo klpvhoi ehduv wkh ixoo �qdqfldo exughq ri wkh vdylqjv vxevlg|/ jlyhq e|

�pw.4 zkhq plggoh0djhg dqg �rw.5 zkhq rog1 Glvwlqjxlvklqj ehwzhhq erwk vxevlg|

udwhv dw gl�huhqw srlqwv lq wlph dqg vxevlg| udwhv iru wkh plggoh0djhg dqg wkh rog

dgplwwhgo| lq�dwhv wkh qrwdwlrq1 Krzhyhu/ lw idflolwdwhv vhsdudwlqj wkh h�hfwv ri

vdylqjv vxevlg| srolflhv rq gl�huhqw jhqhudwlrqv dw fhuwdlq srlqwv lq wlph1

Wkh �uvw0rughu frqglwlrqv iru pd{lpxp xwlolw| qrz uhdg=

� x4>w . +4 . u . �pw.4,x5>w @ 3> +4<,

� x5>w . +4 . u . �rw.5,x6>w @ 3= +53,

Wkhvh wzr htxdwlrqv lpsolflwo| gh�qh |rxqj0 dqg plggoh0djh vdylqjv dv ixqfwlrqv

ri |rxqj0/ plggoh0 dqg rog0djh glvsrvdeoh lqfrph dqg wkh uhwxuqv rq |rxqj0 dqg

plggoh0djh vdylqjv=

v|w @ v|^zw> zw.4 � �pw.4>��
r
w.5> u . �pw.4> u . �rw.5`> +54,

vpw.4 @ vp^zw> zw.4 � �pw.4>��
r
w.5> u . �pw.4> u . �rw.5`= +55,

Wkh jryhuqphqw exgjhw frqvwudlqwv dw wlph w . 4 duh jlyhq e|=

�pw.4 @ �pw.4 v
|
w > +56,

�rw.4 @ �rw.4 v
p
w > +57,

dqg wkh surgxfw pdunhw htxloleulxp frqglwlrq uhdgv=

v|w . vpw @ Nw.4>

dv djjuhjdwh vdylqjv dw wlph w duh qrz jlyhq e| |rxqj0djh vdylqjv ri jhqhudwlrq

w dqg plggoh0djh vdylqjv ri jhqhudwlrq w � 41 Frqvlghulqj wkdw Nw.4 @ 5zw.4@$

li wkh |rxqj dqg wkh plggoh0djhg zrun/ wkh surgxfw pdunhw htxloleulxp frqglwlrq
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ehfrphv=

zw.4 @
$

5
+v|w . vpw ,> +58,

zklfk lpsolflwo| gh�qhv wkh vhtxhqfh ri htxloleulxp zdjh udwhv iru d jlyhq srolf|

ri vdylqjv vxevlgl}dwlrq1

Frqvlghulqj wkh uhvxowv ri Vhfwlrq 714/ lw lv reylrxv wkdw lqwurgxflqj d vdy0

lqjv vxevlg| rq |rxqj0djh vdylqjv ri jhqhudwlrq w/ l1h1 dxjphqwlqj wkh uhwxuq rq

jhqhudwlrq w*v |rxqj0djh vdylqjv/ v|w / e| dq dprxqw �pw.4 � $@5/ ohdgv wr d Sduhwr0

lpsuryhphqw1 Jhqhudwlrq w lv vwloo zrunlqj dw wlph w. 4 dqg vx�flhqwo| ehqh�wv

iurp wkh lqfuhdvh lq wkh zdjh udwh/ doo ixwxuh jhqhudwlrqv gr dovr ehqh�w iurp kljkhu

oderxu surgxfwlylw|/ dqg/ �qdoo|/ jhqhudwlrq w � 4 lv qrw d�hfwhg e| wkh vdylqjv

vxevlg| dv lw qhlwkhu sduwlflsdwhv lq lwv �qdqflqj qru lq wkh uhvxowlqj surgxfwlylw|

jdlqv1

Krzhyhu/ jlyhq wkh srvlwlyh h{whuqdolw| iurp fxpxodwhg lqyhvwphqw rq oderxu

surgxfwlylw|/ dovr jhqhudwlrq w � 4*v plggoh0djh vdylqjv/ vpw / lv lqh�flhqwo| orz1

Wkxv/ d srolf| ri vdylqjv vxevlgl}dwlrq vkrxog dovr d�hfw vdylqjv ri wkh fxuuhqw

plggoh0djhg lq rughu wr h{sorlw doo srvvleoh h�flhqf| jdlqv1 \hw/ lqwurgxflqj d

vxevlg| rq plggoh0djh vdylqjv ri jhqhudwlrq w � 4/ jlyhq e| �rw.4/ zloo qrw ehqh�w

wkhp lq wkh irup ri kljkhu zdjhv dv wkh| zloo eh uhwluhg dw wlph w. 41 Lq idfw/ dq

dujxphqw iru lqwhujhqhudwlrqdo wudqvihuv vlplodu wr wkh rqh vhw iruwk lq Vhfwlrq 6

fdq eh pdgh lq wkh wkuhh0shulrg prgho li wkhuh lv uhwluhphqw1 Dv wkh vhfrqg sduw

ri wkh qh{w sursrvlwlrq vwdwhv/ lqwurgxflqj d vdylqjv vxevlg| srolf| wkdw h{sorlwv

doo srvvleoh h�flhqf| jdlqv zlwkrxw pdnlqj dq| jhqhudwlrq zruvh r� lv srvvleoh li

dqg rqo| li wkhuh duh lqwhujhqhudwlrqdo wudqvihuv iurp wkh zrunlqj jhqhudwlrq wr

wkh rog1

Sursrvlwlrq 71 Lq wkh wkuhh0shulrg prgho zlwk uhwluhphqw

l, d Sduhwr0lpsuryhphqw fdq eh ghfhqwudol}hg dv d frpshwlwlyh htxloleulxp e|

vxevlgl}lqj |rxqj0djh vdylqjv dw udwh �p � $@51 Vxfk lqwhuyhqwlrq grhv qrw

uhtxluh lqwhujhqhudwlrqdo wudqvihuv iurp wkh zrunlqj jhqhudwlrq wr wkh rog1

ll, d �uvw ehvw doorfdwlrq zklfk lv Sduhwr0vxshulru wr wkh lqlwldo odlvvh} idluh

htxloleulxp fdq eh ghfhqwudol}hg dv d frpshwlwlyh htxloleulxp e| vxevlgl}lqj

|rxqj0 dqg plggoh0djh vdylqjv dw udwh �p @ �r @ $ li dqg rqo| li wkh vxevlg|

lv frxsohg zlwk lqwhujhqhudwlrqdo wudqvihuv iurp wkh zrunlqj jhqhudwlrq wr wkh

rog1
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Surri = Vhh wkh Dsshqgl{1

Wkhuh lv dq lqwhuhvwlqj sdudooho ehwzhhq Sursrvlwlrq 7 dqg d uhvxow uhfhqwo|

surylghg e| Mdsshool dqg Sdjdqr +4<<<,1 Hpsor|lqj dq Duurz0Urphu hqgrjhqrxv

jurzwk prgho lq zklfk lqglylgxdov olyh iru wkuhh shulrgv dqg rqo| hduq lqfrph lq

wkh vhfrqg shulrg ri olih/ wkhvh dxwkruv kdyh ghprqvwudwhg wkdw lpsrvlqj d eru0

urzlqj frqvwudlqw rq wkh fxuuhqw |rxqj pd| ohdg wr d Sduhwr0lpsuryhphqw1 Wkh

eruurzlqj frqvwudlqw suhyhqwv wkh fxuuhqw |rxqj iurp eruurzlqj dv pxfk dv wkh|

zrxog olnh zklfk ohdgv wr dq lqfuhdvh lq djjuhjdwh vdylqjv dqg jurzwk1 Li wkh xwlolw|

orvv wkh fxuuhqw |rxqj ghulyh iurp wkh glvwruwlrq lq lwv lqwhuwhpsrudo frqvxps0

wlrq sdwk gxh wr wkh eruurzlqj frqvwudlqw lv pruh wkdq frpshqvdwhg e| wkh jdlq

wkh| uhfhlyh iurp hqmr|lqj kljkhu zdjhv zkhq plggoh0djhg/ d Sduhwr0lpsuryhphqw

rewdlqv1 Dv lq wkh suhvhqw prgho/ doo ghshqgv rq zkhwkhu wkh fxuuhqw jhqhudwlrq

fdq vx�flhqwo| dssursuldwh wkh surgxfwlylw| lqfuhdvh jhqhudwhg e| wkhlu dgglwlrqdo

vdylqjv uhvshfwlyho| wkhlu orzhu lqghewhgqhvv1 Wkh uhvxowv ri wklv vhfwlrq vxjjhvw

wkdw zkloh lpsrvlqj d eruurzlqj frqvwudlqw pd| ohdg wr d Sduhwr0lpsuryhphqw/ lw

lv lqvx�flhqw wr h{sorlw doo srvvleoh h�flhqf| jdlqv dv lw rqo| uhgxfhv eruurzlqj

ri wkh fxuuhqw |rxqj exw grhv qrw lqfuhdvh vdylqjv ri wkh fxuuhqw plggoh0djhg1

81 Dowhuqdwlyh Prghov ri Hqgrjhqrxv Jurzwk

Wkh dqdo|vlv vr idu kdv irfxvhg rq d vlpsoh Duurz0Urphu jurzwk prgho lq

zklfk d vslooryhu iurp fdslwdo irupdwlrq rq oderxu surgxfwlylw| vxssruwv orqj0uxq

jurzwk1 Lq wklv vhfwlrq lw lv ghprqvwudwhg wkdw d fdvh iru lqwhujhqhudwlrqdo wudqvihuv

iurp wkh |rxqj wr wkh rog fdq dovr eh pdgh lq rwkhu hqgrjhqrxv jurzwk prghov wkdw

uho| rq h{whuqdolwlhv/ qdpho| wkh hqgrjhqrxv lqqrydwlrq dqg wkh kxpdq fdslwdo

irupdwlrq prgho1

8141 Hqgrjhqrxv Lqqrydwlrq

Wkh uhvxow ri Vhfwlrqv 6 dqg 7 prvw gluhfwo| dsso| wr wkh hqgrjhqrxv lqqryd0

wlrq prgho zlwk lqfuhdvlqj surgxfw ydulhwlhv hpskdvl}hg e| Urphu +4<;:,1 Wkhuh/

�qdo rxwsxw lv h{suhvvhg dv d ixqfwlrq ri oderxu dqg gl�huhqwldwhg lqwhuphgldwh

lqsxwv1 Pruh suhflvho|/ �qdo rxwsxw dw wlph w lv ghwhuplqhg e|=

\w @ Q�
w

qw[
l@4

{4��l>w =
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zkhuh qw lv wkh qxpehu ri gl�huhqwldwhg lqwhuphgldwh ydulhwlhv nqrzq dw wlph w/ {l>w

lv wkh dprxqw ri wkh l0wk lqwhuphgldwh jrrg/ dqgQw djdlq lv wkh vl}h ri wkh zrunlqj

srsxodwlrq1 Surgxflqj rqh xqlw ri d nqrzq lqwhuphgldwh jrrg uhtxluhv rqh xqlw

ri �qdo rxwsxw1 D qhz w|sh ri lqwhuphgldwh ydulhw| fdq eh ghyhorshg e| ghyrwlqj

�d xqlwv ri �qdo rxwsxw wr uhvhdufk1 Wkh uhvhdufk vhfwru lv ixoo| frpshwlwlyh vr wkdw

wkh sulfh iru d eoxhsulqw qhhghg wr surgxfh dq lqwhuphgldwh jrrg lv �d xqlwv ri wkh

�qdo jrrg1 Eoxhsulqwv duh sdwhqwhg vr wkdw hdfk lqwhuphgldwh ydulhw| lv h{foxvlyho|

surgxfhg e| rqh �up1 Wkh uhwxuq rq d eoxhsulqw lv jlyhq e| wkh prqrsro| uhqw

wkdw dq lqwhuphgldwh jrrgv surgxflqj �up hduqv zkhq vhoolqj lwv rxwsxw wr wkh

�qdo jrrg vhfwru1 Lw fdq eh vkrzq ^vhh/ h1j1/ Jurvvpdq dqg \dqdjdzd +4<<6/ ss1

45046, iru pruh ghwdlo` wkdw wkh htxloleulxp doorfdwlrq lv fkdudfwhul}hg e| d �{hg

dprxqw ri hdfk w|sh ri lqwhuphgldwh jrrg1 Ghqrwh wklv dprxqw e| �{ dqg qrupdol}h

wkh vl}h ri wkh zrunlqj jhqhudwlrq wr rqh1 Ilqdo rxwsxw dw wlph w wkhq ehfrphv=

\w @ qw �{
4��>

dqg wkh zdjh udwh uhdgv=

zw @ �$ qw> zlwk �$ � � �{4��=

Li wkh zrunlqj jhqhudwlrq dw wlph w ghyrwhv �d xqlwv ri �qdo rxwsxw wr uhvhdufk/

wkh qxpehu ri ydulhwlhv nqrzq lq wkh qh{w shulrg lqfuhdvhv e| rqh dqg fuhdwhv d

uhwxuq ri �{4�� xqlwv ri �qdo rxwsxw1 Wkh vkduh �$/ krzhyhu/ dffuxhv dv dq h{whuqdo

uhwxuq wr wkh zrunlqj jhqhudwlrq dw wlph w. 41 Wkhuhiruh/ wkh dujxphqw vhw iruwk

lq Vhfwlrqv 6 dqg 7 gluhfwo| dssolhv wr wkh hqgrjhqrxv lqqrydwlrq prgho1

8151 Kxpdq Fdslwdo Irupdwlrq

Dqrwkhu jurzwk prgho wkdw �jxuhv surplqhqwo| zlwklq wkh hqgrjhqrxv jurzwk

olwhudwxuh lv wkdw ri hqgrjhqrxv kxpdq fdslwdo irupdwlrq hpskdvl}hg e| Oxfdv

+4<;;,1 Kxpdq fdslwdo irupdwlrq prghov jhqhudwh hqgrjhqrxv orqj0uxq jurzwk

surylghg wkdw kxpdq fdslwdo shu zrunhu fdq lqfuhdvh ryhu wlph zlwkrxw erxqg1

Zlwklq dq lq�qlwh krul}rq frqwlqxrxv wlph iudphzrun Oxfdv phhwv wklv uhtxluh0

phqw e| dvvxplqj wkdw wkh hyroxwlrq ri kxpdq fdslwdo lv jlyhq e| bk @ � �k/ zkhuh

k lv wkh vwrfn ri kxpdq fdslwdo shu zrunhu/ � lv wkh iudfwlrq ri qrq0ohlvxuh wlph

ghyrwhg wr kxpdq fdslwdo irupdwlrq/ dqg � lv d whfkqrorjlfdo sdudphwhu1 Lq dq

ryhuodsslqj jhqhudwlrqv iudphzrun zlwk �qlwh olihwlphv dq hyhu lqfuhdvlqj vwrfn
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ri kxpdq fdslwdo uhtxluhv wkdw kxpdq fdslwdo dffxpxodwhg e| wkh fxuuhqw jhqhu0

dwlrq lv vrphkrz olqnhg wr wkh vwrfn ri kxpdq fdslwdo ri suhfhglqj jhqhudwlrqv1

Wr fdswxuh wkh xqghuo|lqj phfkdqlvp ri wkh Oxfdv jurzwk prgho/ lw lv qdwxudo wr

dvvxph wkdw kxpdq fdslwdo hyroyhv dffruglqj wr ^vhh/ h1j1/ D}duldglv dqg Gud}hq

+4<<3, iru d vlplodu dvvxpswlrq`=6

kw @ � �w kw�4> +59,

zkhuh kw�4 lv wkh vwrfn ri kxpdq fdslwdo dftxluhg e| d phpehu ri jhqhudwlrq

w � 41 Lq wkh odlvvh} idluh hfrqrp| wkhuh lv qr phfkdqlvp wkdw vljqdov wr |rxqj

lqglylgxdov wkh h�hfw ri wkhlu kxpdq fdslwdo lqyhvwphqw ghflvlrq rq wkh kxpdq

fdslwdo hqgrzphqw ri wkh qh{w jhqhudwlrq1 Wklv frqvwlwxwhv d srvlwlyh h{whuqdolw|

ehwzhhq vxffhvvlyh jhqhudwlrqv dqg wkh frpshwlwlyh doorfdwlrq zloo eh fkdudfwhul}hg

e| lqh�flhqwo| orz kxpdq fdslwdo lqyhvwphqw1 Wkh doorfdwlrq fdq eh lpsuryhg e|

dq hgxfdwlrq vxevlg|1 Dv vrph ri wkh uhwxuqv rq hgxfdwlrq dffuxh wr wkh qh{w

jhqhudwlrq/ djdlq d fdvh iru lqwhujhqhudwlrqdo wudqvihuv iurp wkh |rxqj wr wkh rog

pd| dulvh1

Lq frqwudvw wr wkh Duurz0Urphu dqg wkh hqgrjhqrxv lqqrydwlrq prgho/ krz0

hyhu/ wkh pdunhw phfkdqlvp pd| surylgh d fkdqqho wkurxjk zklfk wkh fxuuhqw

jhqhudwlrq kdv dffhvv wr wkh uhwxuqv rq dgglwlrqdo hgxfdwlrq1 Vlqfh dq lqfuhdvh

lq hgxfdwlrq dxjphqwv wkh ixwxuh vwrfn ri kxpdq fdslwdo/ lw zloo dovr lqfuhdvh wkh

ixwxuh lqwhuhvw udwh li wkhuh lv vrph frpsohphqwdu| uhodwlrqvkls ehwzhhq kxpdq

dqg sk|vlfdo fdslwdo lq surgxfwlrq1 Wklv zloo ehqh�w wkh rog dqg pd| surylgh

d frpshqvdwlrq iru dgglwlrqdo kxpdq fdslwdo lqyhvwphqwv lq wkh sdvw1 Wklv/ lq

wxuq/ pd| zhdnhq wkh fdvh iru frpelqlqj d vxevlg| srolf| zlwk lqwhujhqhudwlrqdo

wudqvihuv dv zloo eh ghprqvwudwhg lq zkdw iroorzv1

Frqvlghu wkh wzr0shulrg prgho zlwk uhwluhphqw lq zklfk wkh jryhuqphqw hq0

jlqhhuv dq hgxfdwlrq vxevlg| exw grhv qrw hpsor| lqwhujhqhudwlrqdo wudqvihuv1

\rxqj0 dqg rog0djh frqvxpswlrq duh wkhq gh�qhg e|=

f|w @ +4� �w, kw zw . � kw � vw � �w>

frw.4 @ +4 . uw.4, vw>

6 � 4Lhi _�hiU| |h@?t*@|�L? Lu |�i w�U@t 4L_i* �?|L @ _�tUhi|i |�4i uh@4i�Lh! �L�*_
Mi |L @tt�4i |�@| |�i �?Uhi4i?| Lu ��4@? U@T�|@* �t _i|ih4�?i_ M) �w 3 �w�4 '
B bw �w�4� A��tc �L�i�ihc �L�*_ ?iUitt�|@|i UL?t�_ih�?} |�i TLtt�M�*�|) Lu @ ULh?ih
tL*�|�L? ��|� hitTiU| |L |�4i _i�L|i_ |L i_�U@|�L?� A��tc �? |�h?c �L�*_ UL4T*�U@|i
|�i @?@*)t�t �? @ h@|�ih �hhi*i�@?| hitTiU|�
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zkhuh 4� �w lv qrq0ohlvxuh wlph ghyrwhg wr zrun dqg � qrz ghqrwhv d vxevlg| rq

hgxfdwlrq1 Wkh vxevlg| lv �qdqfhg e| wkh wd{ �w lpsrvhg rq wkh |rxqj jhqhudwlrq

zklfk lv wdujhwhg e| wkh vxevlg|1 Wkhuhiruh/ wkh jryhuqphqw exgjhw uhdgv= �w @

� kw1 Lw lv vwudljkwiruzdug wr vkrz wkdw wkh wlph ghyrwhg wr hgxfdwlrq fkrvhq e|

d phpehu ri jhqhudwlrq w lv ghwhuplqhg e| �w @ 4@5 . �@5zw vr wkdw g�w@g� A 31

Djjuhjdwh surgxfwlrq lv jlyhq e| \w @ I ^Nw> +4 � �w, kw`/ zkhuh wkh oderxu irufh

djdlq kdv ehhq qrupdol}hg wr rqh/ dqg wkh lqwhuhvw dqg zdjh udwh uhdg uw @ I4>w

dqg zw @ I5>w1 Wkh lqgluhfw xwlolw| ixqfwlrq ri jhqhudwlrq w pd| eh zulwwhq dv=

yw+�, @ x^+4� �w, kw zw . � kw � vw � �w> +4 . uw.4, vw`=

Gl�huhqwldwlqj zlwk uhvshfw wr � zkloh frqvlghulqj wkh Hqyhorsh Wkhruhp dqg wkh

gh�qlwlrq ri kw |lhogv=

y3w+�, @ x4>w

�
�� kw

4

�w

g�w
g�

.
4

4 . uw.4

guw.4
g�

vw

�
= +5:,

Wkh �uvw whup lq eudfnhwv lv qhjdwlyh1 Lw lv vlplodu wr wkh rqh vwxglhg lq Vhfwlrqv

6 dqg 71 Wkh hgxfdwlrq vxevlg| hqfrxudjhv wkh |rxqj wr lqyhvw pruh lq kxpdq

fdslwdo wkdq wkh| zrxog fkrrvh wr gr lq d odlvvh} idluh hfrqrp|1 Wkh dgglwlrqdo

lqyhvwphqw ohdgv wr d kljkhu wd{ exughq eruq e| wkh |rxqj zkhuhdv wkh ehqh�wv

dffuxh wr ixwxuh jhqhudwlrqv1 Vr/ wklv h�hfw djdlq pdnhv jhqhudwlrq w zruvh r� dqg

vxjjhvwv hpsor|lqj lqwhujhqhudwlrqdo wudqvihuv iurp wkh |rxqj wr wkh rog1 Krzhyhu/

wkh vhfrqg whup lq eudfnhwv lv srvlwlyh li dq lqfuhdvh lq wkh vwrfn ri kxpdq fdslwdo

dxjphqwv wkh ixwxuh uhwxuq rq sk|vlfdo fdslwdo1 Lq idfw/ li wkhuh lv d vx�flhqwo|

vwurqj srvlwlyh lpsdfw ri dq lqfuhdvh lq wkh vwrfn ri kxpdq fdslwdo rq wkh uhwxuq

rq sk|vlfdo fdslwdo/ wkh fxuuhqw |rxqj pd| eh vx�flhqwo| frpshqvdwhg iru wkhlu

dgglwlrqdo lqyhvwphqwv lq hgxfdwlrq dv wkh| uhfhlyh d kljkhu uhwxuq rq wkhlu vdylqjv

zkhq rog1 Frqvhtxhqwo|/ lq wkh kxpdq fdslwdo irupdwlrq prgho wkh txhvwlrq ri

zkhwkhu d jhqhudwlrq fdq uhds wkh ehqh�wv ri lwv lqyhvwphqw rffxuulqj lq hduolhu

vwdjhv ri lwv rzq olih lv qrw rqo| d pdwwhu ri wkh ohqjwk ri wkh zrunlqj olih exw dovr

d pdwwhu ri krz sk|vlfdo dqg kxpdq fdslwdo duh frpelqhg lq surgxfwlrq1

Lq rughu wr pdnh wklv srlqw pruh suhflvh/ frqvlghu erwk wkh fdvh ri shuihfw

vxevwlwxwlrq lq surgxfwlrq dqg wkh fdvh ri d Free Grxjodv hfrqrp|1 Li kxpdq

dqg sk|vlfdo fdslwdo duh shuihfw vxevwlwxwhv/ wkh whfkqrorj| fdq eh zulwwhq dv

I ^N> +4 � �,k` @ �N . � +4 � �,k/ zkhuh � dqg � duh srvlwlyh whfkqrorjlfdo

sdudphwhuv1 Lw wkhq iroorzv wkdw uw.4 @ � dqg/ khqfhiruwk/ guw.4@g� @ 31 Wklv

lpsolhv wkdw lq fdvh ri shuihfw vxevwlwxwlrq lq surgxfwlrq wkhuh lv qr frpshqvdwlrq
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iru dgglwlrqdo hgxfdwlrq lq whupv ri d kljkhu uhwxuq rq vdylqjv1 Wkhq/ wkh vdph

dujxphqw iru lqwhujhqhudwlrqdo wudqvihuv wkdw kdv ehhq pdgh lq wkh Duurz0Urphu

dqg wkh hqgrjhqrxv lqqrydwlrq prgho dssolhv wr wkh kxpdq fdslwdo irupdwlrq

prgho1

Lq wkh Free Grxjodv fdvh wkh whfkqrorj| pd| eh zulwwhq dv I ^N> +4��, k` @

N�^4��, k`4��1 Dvvxph ixuwkhupruh wkdw dovr wkh xwlolw| ixqfwlrq lv Free Grxjodv

vr wkdw vdylqjv ri jhqhudwlrq w ehfrphv vw @ � |w/ zkhuh |w lv olihwlph lqfrph ri

jhqhudwlrq w dqg � 5 +3> 4, lv d suhihuhqfh sdudphwhu1 Wkhq/ dv lv vkrzq lq wkh

Dsshqgl{/ dq lqfuhdvh lq � dw wlph w +dqg rqo| dw wlph w, d�hfwv xwlolw| ri jhqhudwlrq

w dv iroorzv=

y3w+�, @ x4>w

�
�
�

�w
. +4� �,

uw.4

4 . uw.4
� zw

�
kw

g�w
g�

> +5;,

zklfk lv srvlwlyh iru �$ 31 Wklv lpsolhv wkdw lq fdvh ri d Free Grxjodv hfrqrp|

dw ohdvw d sduwldo lqwhuqdol}dwlrq ri wkh h{whuqdolw| iurp hgxfdwlrq fdq eh dfklhyhg

lq d Sduhwr0lpsurylqj zd| zlwkrxw hpsor|lqj lqwhujhqhudwlrqdo wudqvihuv1

91 Frqfoxvlrq

Wklv sdshu kdv edvhg lqwhujhqhudwlrqdo wudqvihuv iurp wkh zrunlqj srsxodwlrq

wr wkh uhwluhg rq wkh revhuydwlrq wkdw lq wkh suhvhqfh ri hqgrjhqrxv jurzwk wkh

fxuuhqw jhqhudwlrq fdqqrw ixoo| uhds wkh ehqh�wv jhqhudwhg e| lqyhvwphqwv rffxu0

ulqj lq hduolhu vwdjhv ri lwv rzq olih1 Li dq h{whuqdolw| iurp fxpxodwhg lqyhvwphqw

rq oderxu surgxfwlylw| vxvwdlqv orqj0uxq jurzwk dqg wkh zrunlqj olih ri lqglylg0

xdov lv udwkhu vkruw/ d Sduhwr0lpsuryhphqw fdq eh dfklhyhg rqo| li frxsohg zlwk

lqwhujhqhudwlrqdo wudqvihuv iurp wkh |rxqj wr wkh rog1 Lq frqwudvw/ li wkh zrunlqj

olih lv vx�flhqwo| orqj/ d Sduhwr0lpsuryhphqw lv srvvleoh zlwkrxw lqwhujhqhudwlrqdo

wudqvihuv dv wkh fxuuhqw jhqhudwlrq lwvhoi hqmr|v wkh surgxfwlylw| jdlqv ri wkh lq0

yhvwphqw lq wkh irup ri kljkhu ixwxuh zdjhv1 Krzhyhu/ li lqglylgxdov uhwluh zkhq

rog/ d ixoo h{sorlwdwlrq ri doo srvvleoh h�flhqf| jdlqv vwloo uhtxluhv lqwhujhqhudwlrqdo

wudqvihuv lq rughu wr pdnh qr jhqhudwlrq zruvh r� wkdq lq d odlvvh} idluh hfrqrp|1

D fdvh iru lqwhujhqhudwlrqdo wudqvihuv fdq dovr eh pdgh li hqgrjhqrxv lqqr0

ydwlrq ru kxpdq fdslwdo irupdwlrq jhqhudwhv orqj0uxq jurzwk1 Lq idfw/ wkh uhvxowv

ghulyhg lq wkh prgho zlwk d fdslwdo h{whuqdolw| gluhfwo| dsso| wr wkh hqgrjhqrxv

lqqrydwlrq prgho1 Lq wkh kxpdq fdslwdo irupdwlrq prgho/ lq frqwudvw/ wkh fxuuhqw

jhqhudwlrq pd| kdyh vrph dffhvv wr wkh ixwxuh ehqh�wv ri dgglwlrqdo lqyhvwphqw lq
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hgxfdwlrq li dq lqfuhdvh lq wkh djjuhjdwh vwrfn ri kxpdq fdslwdo srvlwlyho| d�hfwv

wkh uhwxuq rq sk|vlfdo fdslwdo dqg sulydwh vdylqjv1 \hw/ dv orqj dv wklv h�hfw lv olp0

lwhg/ d vxevlg| rq hgxfdwlrq vkrxog eh frpelqhg zlwk lqwhujhqhudwlrqdo wudqvihuv

iurp wkh |rxqj wr wkh rog lq rughu wr dfklhyh d Sduhwr0lpsuryhphqw1

Wkh uhvxowv ghulyhg lq wklv sdshu kdyh lpsruwdqw lpsolfdwlrqv lq wkh frqwh{w

ri douhdg| h{lvwlqj lqwhujhqhudwlrqdo wudqvihu vfkhphv/ qdpho| sd|0dv0|rx0jr sxe0

olf shqvlrqv1 Lq wkh suhvhqfh ri dq lqyhvwphqw vxevlg| srolf| d sxeolf shqvlrq

vfkhph pd| kdyh lwv phulwv dv lw frpshqvdwhv wkh rog iru wkhlu jurzwk hqkdqflqj

lqyhvwphqwv xqghuwdnhq lq wkh sdvw1 Lq d uhfhqw sdshu Ehodq/ Plfkho dqg Shvwlhdx

+4<<;, kdyh dqdo|}hg wkh rswlrq ri d uhirup ri d sd|0dv0|rx0jr shqvlrq vfkhph lq

dq hqgrjhqrxv jurzwk hfrqrp|1 Wkh| kdyh vkrzq wkdw d sd|0dv0|rx0jr vfkhph

fdq eh derolvkhg lq d Sduhwr0lpsurylqj zd| li/ iru d �qlwh qxpehu ri shulrgv/

wkh uhyhqxhv ri wkh shqvlrq v|vwhp duh glvwulexwhg lq wkh irup ri dq lqyhvwphqw

vxevlg|1 Wkh uhvxowv ri wkh suhvhqw sdshu fohduo| ghprqvwudwh wkdw lq wkh suhvhqfh

ri d sd|0dv0|rx0jr shqvlrq vfkhph d vxevlg| lv Sduhwr0lpsurylqj rqo| ehfdxvh

wkh rog sduwlflsdwh lq wkh surgxfwlylw| jdlqv yld dq lqfuhdvh lq shqvlrq ehqh�wv

dv wkh odwwhu ghshqg rq oderxu hduqlqjv ri wkh |rxqj1 Lq idfw/ dq douhdg| h{lvw0

lqj sd|0dv0|rx0jr vfkhph frqvwlwxwhv d iruplgdeoh edvlv wr hqjlqhhu dq lqyhvwphqw

vxevlg|1
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Dsshqgl{

Surri ri Ohppd 4

Lpsolflwo| gl�huhqwldwlqj +7,/ lw iroorzv=

v4>w @
4

Gw
^x44>w � +4 . lw.4, x45>w`> +D=4,

v5>w @
4

Gw
^x45>w � +4 . lw.4, x55>w`> +D=5,

v6>w @
4

Gw
^vw x45>w � x5>w � +4 . lw.4, vw x55>w`> +D=6,

zkhuh Gw @ x44>w�5 +4.lw.4,x45>w.+4.lw.4,5 x55>w lv wkh vhfrqg ghulydwlyh ri wkh

ohiw kdqg vlgh ri +6, zlwk uhvshfw wr vw dqg/ khqfhiruwk/ qhjdwlyh1 Li wkh �qdqflqj

vfkhph lv gh�qhg e| +46,/ rqh kdv zw.4 @ $ v+zw>��w.4> u . �,/ zklfk iroorzv e|

frqvlghulqj +7,/ +;,/ +<,/ +43,/ dqg +44,1 Gl�huhqwldwlqj zlwk uhvshfw wr �/ |lhogv=

gzw.4

g�
@ �$

�
v5>w

g�w.4
g�

� v6>w

�
= +D=7,

Gl�huhqwldwlqj +46, zlwk uhvshfw wr � dqg uhsodflqj vw e| zw.4@$/ wkhq vxevwlwxwlqj

wkh uhvxow lqwr +D17,/ dqg/ �qdoo|/ uhduudqjlqj whupv/ rqh jhwv=

gzw.4

g�
@ �

$ +v5>w vw � v6>w,

4 . � v5>w
=

Frqvlghulqj htxdwlrqv +D14, wr +D16,/ wklv h{suhvvlrq ehfrphv diwhu vrph pdqls0

xodwlrqv=

gzw.4

g�
@ �

$ x5>w
Gw ^v4>w � +4 . u, v5>w`

=

Vlqfh v4>w A 3/ v5>w ? 3/ dqg Gw ? 3/ lw iroorzv gzw.4@g� A 31

Qrz ohw wkh �qdqflqj vfkhph eh gh�qhg e| +47,1 Wkhq/ surfhhglqj lq wkh

vdph zd| dv deryh/ rqh jhwv zw.4 @ $ v+zw � �w> 3> u . �, . $ �w/ zkhuh qrz +48,

kdv ehhq hpsor|hg lqvwhdg ri +43,1 Gl�huhqwldwlqj zlwk uhvshfw wr � |lhogv=

gzw.4

g�
@ $

�
+4� v4>w,

g�w
g�

. v6>w

�
= +D=8,
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Gl�huhqwldwlqj +47, zlwk uhvshfw wr �/ rqh jhwv=

vw . �
gvw
g�

@ +4 . u,
g�w
g�

= +D=9,

Ixuwkhupruh/ iurp +<, dqg +48, lw iroorzv vw . �w @ zw.4@$ vr wkdw=

gvw
g�

@
4

$

gzw.4

g�
�
g�w
g�

= +D=:,

Vxevwlwxwlqj +D1:, lqwr +D19,/ vroylqj iru g�w@g�/ dqg vxevwlwxwlqj wkh uhvxow lqwr

+D18,/ |lhogv =

gzw.4

g�
@

$ ^+4� v4>w, vw . +4 . u . �, v6>w`

4 . u . � v4>w
=

Ilqdoo|/ frqvlghulqj +D14, dqg +D16,/ vwudljkwiruzdug pdqlsxodwlrq ohdgv wr=

gzw.4

g�
@ �

$ +4 . u . �,x5>w
Gw ^4 . u . � v4>w`

>

lpso|lqj gzw.4@g� A 31 T1H1G1

Surri ri Ohppd 5

Li wkh �qdqflqj vfkhph lv gh�qhg e| +49,/ lw iroorzv zw.4 @ $ v^zw>��w.4> u.

�`/ zkhuh �w.4 pxvw eh frqvlvwhqw zlwk +4:,1 Gl�huhqwldwlqj zlwk uhvshfw wr �/ rqh

rewdlqv=

gzw.4

g�
@ �$

�
v5>w

g�w.4
g�

� v6>w

�
=

Vxevwlwxwlqj iru g�w.4@g� xvlqj +4:, |lhogv=

gzw.4

g�
@ �$ +v5>w vw � v6>w,=

Ilqdoo|/ frqvlghulqj +D15, dqg +D16,/ vwudljkwiruzdug dojheud surylghv=

gzw.4

g�
@ �

$ x5>w
Gw

zklfk lv srvlwlyh1 T1H1G1
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Surri ri Sursrvlwlrq 6

l, Hpsor|lqj wkh vdph surfhgxuh dv lq wkh surri ri Ohppd 4/ rqh �qgv=

gzw.4

g�
@ �

$ x5>w
Gw ^5 v4>w � +5+4 . u, . $, v5>w`

A 3>

vr wkdw wkh vxevlg| djdlq wuljjhuv d srvlwlyh h�hfw rq oderxu surgxfwlylw|1 Lqgluhfw

xwlolw| ri jhqhudwlrq w lq wkh fdvh ri wkh wzr0shulrg prgho zlwkrxw uhwluhphqw uhdgv=

yw+�, @ x

�
zw � vw> zw.4 . +4 . u . �, vw �

5�

$
zw.4

�
=

Gl�huhqwldwlqj zlwk uhvshfw wr �/ rqh jhwv diwhu vrph pdqlsxodwlrqv=

y3w+�, @ x5>w

�
4�

5�

$

�
gzw.4

g�
>

zklfk lv qrq0qhjdwlyh iru � � $@51

ll, Lw zloo �uvw eh ghprqvwudwhg wkdw yw+$, � yw+3, li x45>w � 3 dqg g5vw@g�
5 �

31 Vxevhtxhqwo|/ lw zloo eh vkrzq wkdw d �uvw ehvw doorfdwlrq rewdlqv li � @ $ dw

hdfk wlph w1 Revhuyh wkdw yw wdnhv rq d pd{lpxp li � @ $@5 vlqfh y3w A 3 +? 3,

li � ? $@5 +A $@5,1 Wkxv/ yw+$, � yw+3, li wkh devroxwh vorsh ri yw iru � ? $@5 lv

dw ohdvw dv vwhhs dv iru � A $@51 Vlqfh y3w^+$@5,� {` @ {
�
x5>w

gvw
g�

�
m�@+$@5,�{/ lw lv

vwudljkwiruzdug wr vkrz wkdw y3w^+$@5, � {` � �y3w^+$@5, . {` iru doo { 5 ^3> $@5` li

x45>w � 3 dqg g5vw@g�5 � 31 Lw uhpdlqv wr vkrz wkdw d �uvw ehvw doorfdwlrq rewdlqv

li � htxdov $ dw hdfk wlph w1 D �uvw ehvw doorfdwlrq vroyhv wkh sureohp

pd{
if|

w
>fr
w.4

>Nw.4j

4[
w@3

�w x+f
|
w > f

r
w.4,>

vxemhfw wr=

f|w . frw @ ^4 . i+d@5,@+d@5,`Nw �Nw.4>

N3 A 3> fr3 A 3>

iru vrph vhtxhqfh ri srvlwlyh zhljkwv i�wj
4
w@3/ zkhuh lw kdv ehhq frqvlghuhg wkdw

\w @ I +Nw> 5Nw@d, @ Nw i+d@5,@+d@5, li erwk wkh |rxqj dqg wkh rog zrun1 Wkh



63 Sduhwr0lpsurylqj lqwhujhqhudwlrqdo wudqvihuv

vroxwlrq wr wklv sureohp lv lpsolflwo| gh�qhg e| wkh iroorzlqj Hxohu htxdwlrqv=

�w.4 ^4 . i+d@5,@+d@5,`x4>w.4 � �w x4>w @ 3> +D=;,

� �w.4 x4>w.4 . �w x5>w @ 3> +D=<,

dqg d wudqvyhuvdolw| frqglwlrq ri wkh irup=

olp
w$4

�w x4>wNw @ 3=

Glylglqj +D1<, e| +D1;,/ rqh jhwv=

x4>w @ ^4 . i+d@5,@+d@5,`x5>w> w @ 3> 4> 5> = = = +D=43,

Ixuwkhupruh/ wkh uhfxuvlrq lq +D1;, lpsolhv=

�w @
4

^4 . i+d@5,@+d@5,`w
x4>3
x4>w

�3> +D=44,

vr wkdw wkh wudqvyhuvdolw| frqglwlrq ehfrphv=

olp
w$4

Nw

^4 . i+d@5,@+d@5,`w
@ 3> +D=45,

dv �3 dqg x4>3 gr qrw ghshqg rq w1 Lq d ghfhqwudol}hg hfrqrp| zlwk d vdylqjv

vxevlg| htxdo wr � @ $ dw hdfk wlph w @ 3> 4> 5> = = = lqglylgxdo frqvxpswlrq sodqv

vdwlvi|=

x4>w @ +4 . u . $,x5>w> w @ 3> 4> 5> = = =

Vlqfh u . $ @ i+d@5,@+d@5,/ wkh frpshwlwlyh doorfdwlrq vdwlv�hv +D143,1 Wr vkrz

wkdw lw vdwlv�hv +D145,/ revhuyh wkdw vw � zw vlqfh rqo| wkh |rxqj vdyh1 Dv vw @

Nw.4 dqg zw @ +$@5,Nw/ wklv ohdgv wr Nw.4@Nw � +$@5, iru doo w1 Wklv/ lq wxuq/

lpsolhv Nw � +$@5,wN3 vr wkdw=

Nw

+4 . u . $,w
�

�
$

5 +4 . u . $,

�w
N3 �

�
$

4 . u . $

�w

N3=

Vlqfh Nw@+4 . u . $,w � 3 dqg 3 ? $@+4 . u . $, ? 4/ rqh �qgv=

olp
w$4

Nw

+4 . u . $,w
@ 3=
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Frqvlghulqj wkdw u . $ @ i+d@5,@+d@5,/ lw iroorzv wkdw wkh frpshwlwlyh doorfdwlrq

vdwlv�hv +D145,1 Wkh sursrvlwlrq qrz iroorzv iurp wkh revhuydwlrq wkdw wkh zhljkwv

�w fdq eh fkrvhq vr wkdw wkh| vdwlvi| +D144, iru frqvxpswlrq ohyhov wkdw rewdlq lq

d frpshwlwlyh htxloleulxp zlwk � @ $1 T1H1G1

Surri ri Sursrvlwlrq 7

Sduw +l, lv reylrxv iurp wkh dqdo|vlv ri Vhfwlrq 7141 Wr suryh sduw +ll, lw zloo

�uvw eh vkrzq wkdw d vxevlg| rq plggoh0djh vdylqjv ri jhqhudwlrq w � 4/ �rw.4/ lq

idfw lqfuhdvhv wkh zdjh udwh zw.41 Lpsolflwo| gl�huhqwldwlqj +58, zkloh frqvlghulqj

+54,/ d rqh shulrg odj ri +55, dqg wkh idfw wkdw �rw.4 @ �rw.4 +5zw.4@$� v|w ,/ zklfk

iroorzv e| frpelqlqj +57, dqg +58,/ rqh �qgv=

gzw.4

g�rw.4
@ �

$ ^vp6>w v
p
w � vp8>w`

+4 . �rw.4 v
p
6>w, +5� $ v|5>w,

=

H{suhvvlrqv ri wkh sduwldo ghulydwlyhv ri |rxqj0 dqg plggoh0djh vdylqjv fdq eh

irxqg e| dsso|lqj wkh Lpsolflw Ixqfwlrq Wkhruhp wr +4<, dqg +53, dqg wr d rqh

shulrg odj ri wkhvh htxdwlrqv1 Grlqj wklv/ whglrxv exw vwudljkwiruzdug dojheud ohdgv

wr=

gzw.4

g�rw.4
@ �

$ gw�4 x6>w�4
�w�4 ^vp5>w � +4 . u, vp6>w` +5� $ v|5>w,

zkhuh �w�4 lv wkh ghwhuplqdqw ri wkh Mdfreldq ri wkh v|vwhp ri htxdwlrqv gh�qlqj

wkh �uvw0rughu frqglwlrqv iru pd{lpxp xwlolw| ri jhqhudwlrq w� 4 dqg gw�4 lv wkh

�uvw hohphqw ri wklv Mdfreldq1 Wkh vhfrqg0rughu frqglwlrqv iru pd{lpxp xwlolw|

lpso| �w�4 A 3 dqg gw�4 ? 31 Ixuwkhupruh/ vlqfh frqvxpswlrq lq doo wkuhh shulrgv

lv qrupdo/ v|5>w ? 3/ vp5>w A 3/ dqg vp6>w ? 3 krog wuxh1 Wkxv/ gzw.4@g�
r
w.4 A 31

Lqgluhfw olihwlph xwlolw| ri jhqhudwlrq w� 4 pd| eh zulwwhq dv=

yw�4+�
r
w.4, @

x^zw�4 � v|w�4> zw . +4 . u. �pw , v
|
w�4 � vpw � �pw > +4 . u . �rw.4, v

p
w � �rw.4`

Gl�huhqwldwlrq |lhogv xqghu frqvlghudwlrq ri wkh Hqyhorsh Wkhruhp dqg �rw.4 @

�rw.4 +5zw.4@$ � v|w ,=

y3w�4+�
r
w.4, @ �x6>w�4 �

r
w.4

�
5

$
� v|5>w

�
gzw.4

g�rw.4

=
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Vlqfh gzw.4@g�
r
w.4 A 3 dqg v|5>w ? 3/ lw iroorzv y3w�4 ? 31 Wkxv/ zlwkrxw lqwhujhq0

hudwlrqdo wudqvihuv d ixuwkhu Sduhwr0lpsuryhphqw grhv qrw rewdlq e| vxevlgl}lqj

vdylqjv ri wkh plggoh0djhg1 Krzhyhu/ d ixuwkhu Sduhwr0lpsuryhphqw lv srvvleoh e|

frxsolqj d vxevlg| rq plggoh0djhg vdylqjv zlwk lqwhujhqhudwlrqdo wudqvihuv iurp

wkh zrunlqj srsxodwlrq wr wkh rog1 Pruhryhu/ doo srvvleoh h�flhqf| jdlqv fdq eh

h{sorlwhg e| vhwwlqj �p @ �r @ $ dw hdfk wlph w1 Wkh surri ri wkh �uvw fodlp lv

vlplodu wr wkh rqh ri Sursrvlwlrq 5 dqg wkh surri ri wkh vhfrqg fodlp lv vlplodu

wr wkh odvw sduw ri wkh surri ri Sursrvlwlrq 61 Wkhuhiruh/ wkh surriv ri wkhvh wzr

fodlpv fdq eh glvshqvhg zlwk1 T1H1G1

Ghulydwlrq ri htxdwlrq +5;,

Lq wkh Free Grxjodv fdvh uw.4 lv jlyhq e|=

uw.4 @ �N��4
w.4 K

4��
w.4 >

zlwk K � +4� �, k1 Frqvlghulqj +59, dqg wkh idfw wkdw vw @ � +4� �w,kw zw/ uw.4

ehfrphv=

uw.4 @ � ^� +4� �w, �w � kw�4 zw`
��4^+4� �w.4, �w.4 �

5 �w kw�4`
4��=

Gl�huhqwldwlrq zlwk uhvshfw wr � ohdgv wr=

guw.4

g�
@� +4� �, � kw�4 ^�N

��5
w.4 K

4��
w.4 � +4� 5�w,zw

.N��4
w.4 K

��
w.4 +4� �w.4,�w.4 �`

g�w
g�

=

Frqvlghulqj +59,/ wkh surgxfw pdunhw htxloleulxp frqglwlrq vw @ Nw.4 dqg wkh

h{suhvvlrq iru uw.4/ vwudljkwiruzdug pdqlsxodwlrq ohdgv wr=

guw.4

g�
@ +4� �, uw.4 � zw kw

4

vw

g�w
g�

=

Vxevwlwxwlqj wklv h{suhvvlrq lqwr +5:, |lhogv +5;,1
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Uhihuhqfhv

Duurz/ N1M1 +4<95,= _Wkh Hfrqrplf Lpsolfdwlrqv ri Ohduqlqj e| Grlqj%> Uhylhz

ri Hfrqrplf Vwxglhv/ 5</ 48804:61

D}duldglv/ F1 dqg Gud}hq/ D1 +4<<3,= _Wkuhvkrog H{whuqdolwlhv lq Hfrqrplf Gh0

yhorsphqw%> Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 438/ 8340591

Ehodq/ S1/ Plfkho/ S1 dqg Shvwlhdx/ S1 +4<<;,= _Sduhwr0Lpsurylqj Vrfldo Vhfxulw|

Uhirup%> Wkh Jhqhyd Sdshuv rq Ulvn dqg Lqvxudqfh Wkhru|/ 56/ 44<0581

Erogulq/ P1 +4<<5,= _G|qdplf H{whuqdolwlhv/ Pxowlsoh Htxloleuld/ dqg Jurzwk%>

Mrxuqdo ri Hfrqrplf Wkhru|/ 8;/ 4<;054;1

Gldprqg/ S1 +4<98,= _Qdwlrqdo Ghew lq d Qhrfodvvlfdo Jurzwk Prgho%> Dphulfdq

Hfrqrplf Uhylhz/ 88/ 44590831

Jurvvpdq/ J1P1 dqg \dqdjdzd/ Q1 +4<<6,= _Dvvhw Exeeohv dqg Hqgrjhqrxv

Jurzwk%> Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 64/ 604<1

Mrqhv/ O1H1 dqg Pdqxhool/ U1H1 +4<<5,= _Ilqlwh Olihwlphv dqg Jurzwk%> Mrxuqdo ri

Hfrqrplf Wkhru|/ 8;/ 4:40<:1

Nlqj/ L1 dqg Ihujxvrq/ G1 +4<<6,= _G|qdplf Lqh�flhqf|/ Hqgrjhqrxv Jurzwk/

dqg Srq}l Jdphv%> Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 65/ :<04371

Mdsshool/ W1 dqg Sdjdqr/ P1 +4<<<,= _Wkh Zhoiduh H�hfwv ri Oltxlglw| Frq0

vwudlqwv%> R{irug Hfrqrplf Sdshuv/ 84/ 7430631

Oxfdv/ U1H1 +4<;;,= _Rq wkh Phfkdqlfv ri Hfrqrplf Ghyhorsphqw%> Mrxuqdo ri

Prqhwdu| Hfrqrplfv/ 55/ 60751

Urphu/ S1P1 +4<;9,= _Lqfuhdvlqj Uhwxuqv dqg Orqj0Uxq Jurzwk%> Mrxuqdo ri

Srolwlfdo Hfrqrp|/ <7/ 433506:1

Urphu/ S1P1 +4<;:,= _Jurzwk edvhg rq Lqfuhdvlqj Uhwxuqv gxh wr Vshfldol}dwlrq%>

Dphulfdq Hfrqrplf Uhylhz/ Sdshuv dqg Surfhhglqjv/ ::/ 890961

Vdlqw0Sdxo/ J1 +4<<5,= _Ilvfdo Srolf| lq dq Hqgrjhqrxv Jurzwk Prgho%> Txduwhuo|

Mrxuqdo ri Hfrqrplfv/ 439/ 457608<1


