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Choosing between traditional and innovative technologies:  

the case of scientific uncertainty 

  

Giovanni Immordino ∗  

 
Abstract 
  
We study the choice between a traditional technology characterized by known risks and an innovative 
technology (a geological storages for nuclear wastes, a genetically modified organism or a new treatment in 
medical science) subject to scientific uncertainty. We assume that the two technologies differ in first period 
implementation costs, second period risk, and degree of irreversibility, and we study the effect of foreseen 
scientific progress on the present choice between the two. If the first-period choice is restricted to be 'all or 
nothing', scientific progress promotes the traditional technology; with constant absolute risk aversion, scientific 
progress increases the optimal level of the technology with the higher implementation cost. 
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41 Lqwurgxfwlrq

Zkhq d qhz surgxfw ru d frvw vdylqj surgxfwlrq surfhvv lv lqyhqwhg/ srolf|pdnhuv kdyh

wr ghflgh zkhwkhu wr doorz lw ru qrw1 Lq wdnlqj wklv ghflvlrq wkh| wu| wr hydoxdwh h{0

shfwhg frvwv dqg ehqh�wv/ exw wkh srvvleoh h�hfwv ri lqqrydwlrqv rq wkh hqylurqphqw ru

rq frqvxphuv* khdowk duh jhqhudoo| lpshuihfwo| nqrzq1 Frqvlghu iru h{dpsoh wkh vwrudjh

ri qxfohdu zdvwhv1 Xs wr qrz wkh vwdqgdug whfkqrorj| kdv ehhq +iru kljko| udglrdfwlyh

zdvwhv, wr wuhdw dqg vwruh wkhp lq d qrq0shupdqhqw vlwh/ d whfkqrorj| zklfk kdv wkh

dgydqwdjhv ri ehlqj uhyhuvleoh dqg zlwk orz suhvhqw frvw1 D srvvleoh dowhuqdwlyh fxuuhqwo|

xqghu vwxg| lv wr vwruh wkhp rqfh iru doo lq d jhrorjlfdo vwrudjh 833 wr 4333 phwhuv ghhs1

Wklv dowhuqdwlyh lpsrvhv d kljkhu lqlwldo frvw dqg lv fkdudfwhul}hg e| kljkhu luuhyhuvlelolw|

+lq wkh hyhqw ri d ohdndjh ri udglrdfwlylw| lq wkh hqylurqphqw/ lw lv yhu| frvwo| ru hyhq

lpsrvvleoh wr uhfrxs wkh zdvwhv,/ exw kdv orzhu ulvn1

Lq wklv frqwh{w lpshuihfw vflhqwl�f nqrzohgjh lv dq lpsruwdqw vrxufh ri xqfhuwdlqw|1

Wkhuh duh rqjrlqj vwxglhv derxw krz wr uhgxfh wkh udglrdfwlylw| ri zdvwhv +d whfkqltxh

nqrzq dv �vhsdudwlrq dqg wudqvpxwdwlrq�4,1 Li wkhvh vwxglhv vxffhhg lq glvfryhulqj d qhz

surfhvv iru wuhdwlqj dqg uhf|folqj zdvwhv/ ghflvlrq pdnhuv zrxog suhihu h{0srvw wr kdyh

xvhg wkh uhyhuvleoh whfkqrorj|/ dv wklv zrxog doorz wkhp wr uhfrxs wkh zdvwhv dqg wuhdw

wkhp zlwk wkh qhz whfkqltxh1

Wkhvh frqvlghudwlrqv udlvh wkh iroorzlqj txhvwlrqv= zklfk vwrulqj whfkqrorj| vkrxog

4Wkh vhsdudwlrq0dqg0wudqvpxwdwlrq whfkqltxh frqvlvwv lq vhsdudwlqj orqj olylqj sduwlfohv iurp vkruw

olylqj rqhv dqg lq wudqvpxwlqj wkh odwwhu lqwr vkruw olylqj yld d frpsoh{ surfhvv/ wkxv pdnlqj d ohqjwk|

vwrudjh ri zdvwhv xqqhfhvvdu|1



zh dgrsw wrgd| li zh h{shfw pruh surjuhvv lq vflhqwl�f uhvhdufkB

Wkh sxusrvh ri wklv sdshu lv wr vwxg| wkh fkrlfh ehwzhhq d wudglwlrqdo whfkqrorj| fkdu0

dfwhul}hg e| nqrzq ulvnv dqg dq lqqrydwlyh whfkqrorj| vxemhfw wr vflhqwl�f xqfhuwdlqw|1 D

frpprq ihdwxuh ri doo wkh h{dpsohv lv wkdw xqfhuwdlqw| lv uhvroyhg dw ohdvw sduwldoo| ryhu

wlph1 Zh zloo wkhuhiruh ghdo zlwk d g|qdplf prgho lqvlvwlqj rq wkh idfw wkdw ghflvlrqv

duh vhqvlwlyh wr dydlodeoh lqirupdwlrq1 Wkh zd| zh prgho lw/ vflhqwl�f xqfhuwdlqw| gl�huv

iurp ulvn dv uhjdugv wkh srvvlelolw| ri glplqlvklqj ryhu wlph1

D khdowk hfrqrplfv h{dpsoh lv wkh fkrlfh ehwzhhq vxujhu| +dq lqwhuyhqwlrq rqfh dqg

iru doo, dqg d qhz wuhdwphqw wr suhyhqw dq looqhvv iurp vsuhdglqj1 Lq pdq| vlwxdwlrqv

vxujhu| lv frqvlghuhg pruh frvwo| +pruh wudxpdwlf, dqg luuhyhuvleoh exw ohvv ulvn| +iru

lqvwdqfh vxujhu| lv frqvlghuhg d pruh h!flhqw suhyhqwlyh whfkqrorj| iru pdq| w|shv ri

fdqfhu,1 Lq wklv fdvh zh dvn= krz grhv wkh fkrlfh ri suhyhqwlyh whfkqrorjlhv ydu| li zh

h{shfw pruh ru ohvv surjuhvv lq phglfdo vflhqfhB Rqh ri wkh prvw idvklrqdeoh h{dp0

soh ri vflhqwl�f xqfhuwdlqw| lv wkh fxuuhqw frqwuryhuv| rq jhqhwlfdoo| prgl�hg rujdqlvpv

+JPR,1 Wkhuh lv vwloo qr djuhhphqw derxw wkh ulvnv ri wkh dgrswlrq ri JPR1 Wkh ulvnv

prvw iuhtxhqwo| hyrnhg frqfhuq kxpdq khdowk +wr{lflw|/ srvvlelolw| ri doohujlhv, dqg wkh

hqylurqphqw +jhqhwlf pxwdwlrqv lq dqlpdov ihg zlwk JPR/ wudqvihu ri wkh jhqh wr gl�hu0

hqw fxowxuhv,1 Vkrxog zh fkrrvh elrorjlfdo surgxfwlrqv +pruh frvwo|, ru JPR fxowxuhv

+ulvnlhu dqg pruh luuhyhuvleoh, li zh h{shfw ehwwhu lqirupdwlrq lq wkh ixwxuhB

Zh frpsduh wzr whfkqrorjlhv gl�hulqj lq wkh wkuhh glphqvlrqv zh kdyh vhhq hphujlqj

lq wkh h{dpsohv= �uvw shulrg lpsohphqwdwlrq frvwv/ vhfrqg shulrg ulvn/ dqg ghjuhh ri

luuhyhuvlelolw|1 Zh vwxg| wkh h�hfw ri iruhvhhq vflhqwl�f surjuhvv +ehwwhu lqirupdwlrq, rq
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wkh suhvhqw fkrlfh ehwzhhq rqh ru wkh rwkhu1 Zh �qg wkdw vflhqwl�f surjuhvv dorqh lv qrw

hqrxjk wr sxvk wrzdugv rqh whfkqrorj| ru wkh rwkhu1 Zh �qg wkdw= l, li wkh �uvw shulrg

fkrlfh lv uhvwulfwhg wr eh cdoo ru qrwklqj*/ olnh lq wkh khdowk hfrqrplfv h{dpsoh/ vflhqwl�f

surjuhvv surprwhv wkh wudglwlrqdo whfkqrorj|1 Wklv lv dv lq Hsvwhlq +4<;3,> ll, rwkhuzlvh

iru gl�huhqw glvfuhwh ru frqwlqxrxv whfkqrorj| fkrlfhv h{shfwhg vflhqwl�f surjuhvv dorqh

lv qrw hqrxjk wr sxvk wrzdugv rqh whfkqrorj| ru wkh rwkhu dqg wkh uhvxow ghshqgv rq

wkh vshfl�f dvvxpswlrqv derxw= frvwv/ ulvn dqg suhihuhqfhv> lll, li iru h{dpsoh devroxwh

ulvn dyhuvlrq lv frqvwdqw +FDUD,/ vflhqwl�f surjuhvv lqfuhdvhv wkh rswlpdo ohyho ri wkh

whfkqrorj| zlwk wkh kljkhu lpsohphqwdwlrq frvw1

Lq vwdqgdug luuhyhuvlelolw| wkhru| +Duurz dqg Ilvkhu +4<:7,/ Khqu| +4<:7,/ Hsvwhlq

+4<;3,/ Iuhl{dv dqg Od�rqw +4<;7,/ Mrqhv dqg Rvwur| +4<;7,, wkh ghflvlrq pdnhu fkrrvhv

d ohyho ri wrgd|*v ghflvlrq yduldeoh1 Wklv fkrlfh uhvxowv iurp dq lqwhuwhpsrudo wudgh0r�

ehwzhhq udlvlqj wrgd|*v xwlolw| dqg frqvwudlqlqj wrpruurz*v fkrlfhv1 Lq wklv sdshu wkh

�uvw shulrg ghflvlrq lv pruh frpsoh{ ehfdxvh fkrrvlqj rqh whfkqrorj| qrw rqo| uhvwulfw

wrpruurz*v srvvlelolw| vhw exw dovr lpsolhv gl�huhqw suhvhqw dqg ixwxuh sd|r�v1

Zh frqwulexwh wr wklv vwudqg ri wkh olwhudwxuh vkrzlqj wkdw Hsvwhlq*v uhvxow grhv qrw

jhqhudol}h wr wkh fdvh ri wzr whfkqrorjlhv xqohvv wkh fkrlfh lv uhvwulfwhg wr eh doo ru qrwklqj/

dqg wkdw wkh uhvxow ghshqgv rq vshfl�f dvvxpswlrqv derxw frvwv/ ulvn dqg suhihuhqfhv1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5 zh suhvhqw wkh prgho dqg zh foduli| wkh

uroh ri ulvn dqg vflhqwl�f xqfhuwdlqw|1 Lq vhfwlrq 6 zh vwxg| wkh frpsdudwlyh vwdwlfv ri d

ehwwhu lqirupdwlrq vwuxfwxuh= l, zkhq wkh fkrlfh ehwzhhq wkh wzr whfkqrorjlhv lv uhvwulfwhg

wr eh elqdu|> ll, zkhq wkh fkrlfh lv frqwlqxrxv1 Vrph frqfoxglqj frpphqwv duh surylghg
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lq wkh odvw vhfwlrq1

51 Wkh Prgho

Iru h{srvlwlrqdo sxusrvhv zh uhihu wr wkh h{dpsoh ri qxfohdu zdvwhv dqg zh suhvhqw wkh

prgho e| dvvxplqj wkdw wkh lqqrydwlyh whfkqrorj| lv pruh frvwo| dqg ohvv ulvn| wkdq wkh

wudglwlrqdo whfkqrorj|1 Zh glvfxvv wkh rssrvlwh fdvh lq vxevhfwlrq 5141

Zh sursrvh d prgho zlwk wzr gdwhv l@4/51 Wkhuh lv d ghflvlrq pdnhu zkr pd{lpl}hv

wkh vxp ri wkh h{shfwhg xwlolw| ri wkh jhqhudwlrqv olylqj dw gdwhv 4 dqg 51 Ohw �� eh

wkh zhdowk lq shulrg l/ l@4/51 Dw wlph 4 wkh ghflvlrq pdnhu fkrrvhv wkh sursruwlrq q ri

qxfohdu zdvwhv +qrupdol}hg wr rqh, wr vwruh zlwk d wudglwlrqdo uhyhuvleoh whfkqrorj| +W, lq

d qrq0shupdqhqw vlwh/ dqg wkh sursruwlrq E�� q� wr vwruh zlwk dq lqqrydwlyh luuhyhuvleoh

whfkqrorj| +L, lq d jhrorjlfdo vwrudjh1 Gh�qh SU wkh frvw ri vwrulqj wkh zdvwhv zlwk wkh

lqqrydwlyh whfkqrorj| dqg SA wkh frvw ri vwrulqj wkhp zlwk wkh wudglwlrqdo whfkqrorj|1

Dvvxph SU : SA G lw lv pruh h{shqvlyh wr vwruh wkh zdvwhv zlwk wkh lqqrydwlyh wkdq

zlwk wkh wudglwlrqdo whfkqrorj|1 Lq wkh vhfrqg shulrg wkh ghflvlrq pdnhu fkrrvhv wkh

iudfwlrq & 5 dfc qo ri zdvwhv vwruhg zlwk wkh wudglwlrqdo vwrudjh wkdw pxvw eh pryhg wr

wkh lqqrydwlyh rqh1 Zh dvvxph wkdw lw lv lpsrvvleoh ru wrr frvwo| wr vzlwfk iurp wkh

lqqrydwlyh wr wkh wudglwlrqdo whfkqrorj|1 Wkh xqlw frvw ri prylqj wkhp lv � +d phdvxuh

ri wkh luuhyhuvlelolw| ri wkh uhyhuvleoh whfkqrorj|,1 Wklv frvw pxvw eh wudghg0r� djdlqvw

wkh h{wud ulvn wkdw lv eruqh li wkh| duh ohiw lq wkh wudglwlrqdo vwrudjh1 Qxfohdu zdvwhv ohiw

lq wkh wudglwlrqdo vwrudjh lqgxfh d udqgrp gdpdjh �%A 1 Udqgrp yduldeoh �%U lv wkh frvw wr
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vrflhw| ri wkh qxfohdu zdvwhv vwruhg zlwk wkh lqqrydwlyh whfkqrorj|1 Zh dvvxph �%A ulvnlhu

wkdq �%U �5

Gl�hulqj iurp ulvn iru wkh srvvlelolw| ri glplqlvklqj ryhu wlph/ zkhq zh vwxg| wkh zd|

xqfhuwdlqw| lv uhvroyhg ryhu wlph/ zh pxvw frqvlghu wkh uhodwhg lqirupdwlrq vwuxfwxuh/

l1h1 d vhw ri srvvleoh vljqdov fkdudfwhul}hg e| d vwdwlvwlfdo uhodwlrq zlwk wkh hyhqwv zh duh

lqwhuhvwhg lq1 Wkh revhuydwlrq ri wklv vljqdo pd| fkdqjh eholhiv lq wkh hyhqwv1 Wkh fkdqjh

lq eholhiv lq wxuq kdv dq lpsdfw rq ghflvlrq0pdnlqj1 Dvvxph �%U glvfuhwh zlwk ? dwrpv

�
%U�c %

U
2c ���c %

U
?

�
� Wkh ghflvlrq pdnhu kdv vrph sulru eholhiv derxw wkh glvwulexwlrq ri �%U 1

Dw w@4 lw lv nqrzq wkdw vrph lqirupdwlrq �+ rq wkh glvwulexwlrq ri �%U zloo eh dydlodeoh

ehiruh w@561 Wklv lqirupdwlrq zloo doorz wkh ghflvlrq pdnhu wr uhylvh wkh glvwulexwlrq ri

�%U dffruglqj wr Ed|hv* uxoh1 Wkh h{shfwhg fkdqjh lq eholhiv lq wxuq kdv dq lpsdfw rq wkh

lqlwldo fkrlfh ri q1 Zh dvvxph wlph vhsdudelolw| ri suhihuhqfhv1 Xwlolw| ixqfwlrqv � dqg �

duh dvvxphg wr eh wzlfh gl�huhqwldeoh/ zlwk �
�

: fc �� 	 fc �
�

: fc �� 	 f� Wkh ghflvlrq

sureohp lv wkxv wkh iroorzlqj=

4@ 
f$q$�

�
�
�� � SAq � SU E�� q�

�
n +514,

.�+ 4@ 
f$&$q

.�%U*�+.�%A �
�
�2 n Eq � &� �%A n E�� q n &� �%U � &�

�
�

Lq wklv prgho wkh ghflvlrq pdnhu lv wkhq idflqj d wudgh r� ehwzhhq orzhu +ghwhuplqlvwlf,

5Lw orrnv uhdvrqdeoh wkdw li dq dfflghqw rffxuv rq wkh vxuidfh gdpdjh lv juhdwhu wkdq li lw rffxuv lq d

jhrorjlfdo vwrudjh 4333 phwhuv ghhs1
6Iru wkh qxfohdu zdvwhv h{dpsoh wkh lqirupdwlrq pd| frqfhuq d srvvleoh ohdndjh ri udglrdfwlylw| lq

wkh hqylurqphqw/ wkh glvfryhu| ri d qhz wuhdwphqw wr uhgxfh wkh udglrdfwlylw| ri zdvwhv/ dqg vr rq1
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frvwv wrgd| dqg kljkhu +udqgrp, ulvn wrpruurz1

5141 Suholplqdulhv

Ehvlghv wkh qxfohdu zdvwhv h{dpsoh rxu sxusrvh lv wr frpsduh wzr whfkqrorjlhv gl�hulqj

lq �uvw shulrg lpsohphqwdwlrq frvwv/ SA T SU > vhfrqg shulrg ulvn1 Lw lpphgldwho| iroorzv

wkdw li SA ' SU wkh ghflvlrq pdnhu zloo fkrrvh q ' f ru q ' � ghshqglqj rq zkhwkhu wkh

wudglwlrqdo ru wkh lqqrydwlyh whfkqrorj| lv ohvv ulvn|> Li �%A ' �%U wkh frvw � ri vzlwfklqj

iurp wkh wudglwlrqdo wr wkh lqqrydwlyh whfkqrorj| grhv qrw pdwwhu ehfdxvh & ' f dqg

wkhuhiruh wkh rswlpdo lqlwldo fkrlfh lv wkh rqh wkdw r�huv wkh kljkhvw �uvw shulrg uhwxuq

+wkh orzhvw �uvw shulrg frvw,> Wkrvh fdvhv zkhuh d whfkqrorj| lv fkdudfwhul}hg erwk e| dq

kljkhu �uvw shulrg frvw dqg vhfrqg shulrg ulvn duh dovr wulyldo> Li wkh srvlwlrq lv shuihfwo|

uhyhuvleoh/ � ' f dqg li SA 	 SU / wkh rswlpdo lqlwldo fkrlfh lv wr vhohfw whfkqrorj| W1 Wkh

vwudljkwiruzdug lqwxlwlrq ehlqj wkdw li lq wkh vhfrqg shulrg rqh fdq vzlwfk wr whfkqrorj|

L dw qr frvw/ wkhq lw lv ehwwhu wr vdyh rq wkh lqlwldo frvw dqg rsw iru whfkqrorj| W/ dw ohdvw

xqwlo w@51 Uhpdun wkdw zkhq � ghfuhdvhv lw ehfrphv hdvlhu wr vzlwfk iurp rqh whfkqrorj|

wr wkh rwkhu1 Wklv ohdgv wr d kljkhu rswlpdo q�

Iroorzlqj wkh suhylrxv dqdo|vlv zh duh ohiw zlwk wzr uhohydqw vfhqdulrv=

D,
�
SA 	 SU c �%A ulvnlhu wkdq �%U c � 5 Efc4�

�
c

E,
�
SA : SU c �%U ulvnlhu wkdq �%A c � 5 dfc4�

�
c

zkhuh wkh sureohp lv pruh frpsoh{ dqg vflhqwl�f xqfhuwdlqw| sod|v d uroh1 Fdvh D

lqfoxghv iru h{dpsoh rxu qxfohdu zdvwhv vwru| ru wkh wuhdwphqw +whfkqrorj| W, yhuvxv

vxujhu| +whfkqrorj| L, vwru|1 Dq h{dpsoh ri Fdvh E lv elrorjlfdo surgxfwlrq +whfkqrorj|

9



W, yhuvxv JPR fxowxuh +whfkqrorj| L,1 Lq wkh qh{w vhfwlrq zh zloo vwxg| wkh frpsdudwlyh

vwdwlfv ri d ehwwhu lqirupdwlrq vwuxfwxuh rq wkh �uvw shulrg rswlpdo pl{ ri whfkqrorjlhv1

61 Frpsdudwlyh Vwdwlfv rq Lqirupdwlrq Vwuxfwxuhv

Zh ghqrwh Z+
�
%U
�
wkh suredelolw| ri �%U ' %U frqglwlrqdo rq wkh uhfhswlrq ri phvvdjh

+/ Z+ '
�
Z+
�
%U�
�
c Z+

�
%U2
�
c ���c Z+

�
%U?
��

c dqg 7 '
�
Z+ 5 -?

n

��S?
�'� Z+

�
%U�
�
' �

�
wkh vhw ri

srwhqwldo frqglwlrqdo glvwulexwlrqv rq �%U � Ohw dovr ghqrwh

.�%A �
�
�2 n Eq � &� �%A n E�� q n &� �%U � &�

�
' T

�
�2 n Eq � &�%A n E�� q n &� �%U � &�

�

dqg

a Eqc Z+� ' 4@ 
f$&$q

.�%*�+T
�
�2 n Eq � &�%A n E�� q n &� �%U � &�

�
c

dv wkh ydoxh ixqfwlrq iru wkh vhfrqg shulrg sureohp1

Iroorzlqj Eodfnzhoo +4<84, dqg Pduvfkdn dqg Pl|dvdzd +4<9;, zh vd| wkdw d vljqdo

�+ lv pruh lqirupdwlyh wkdq d vljqdo �+
�

li dqg rqo| li=

sJo @?+ 4 SJ?�e% J? 7 G .�+4 EZ+� � .�+�4
�
Z+�
�
� +614,

Dv lq Hsvwhlq +4<;3, dqg Jroolhu/ Mxoolhq dqg Wuhlfk +5333,/ rxu pdlq sxusrvh lv wr

ghwhuplqh wkh frpsdudwlyh vwdwlfv ri d ehwwhu lqirupdwlrq vwuxfwxuh1 Lq rxu prgho/ wklv

phdqv ghwhuplqlqj krz d vljqdo �+ pruh lqirupdwlyh wkdq vljqdo �+
�

d�hfwv wkh h!flhqw

ohyho q� Iurp qrz rq zkhq zh uhihu wr wzr hfrqrplhv vdwlvi|lqj frqglwlrq +614,/ zh zloo

wdon ri �d ehwwhu lqirupdwlrq vwuxfwxuh�1 Dv vkrzq e| Pduvfkdn dqg Pl|dvdzd +4<9;,/

:



frqglwlrq +614, lv htxlydohqw wr wkh idfw wkdw doo h{shfwhg xwlolw| pd{lpl}huv revhuylqj �+

duh dw ohdvw dv zhoo r� dv zkhq revhuylqj �+
�

� Wkdw lv wr vd|=

.�+a Eqc Z+� � .�+
�a Eqc Z+�� � +615,

Zh wkxv kdyh wzr htxlydohqw gh�qlwlrqv ri d ehwwhu lqirupdwlrq vwuxfwxuh/ +614, dqg +615,1

Zh fdq qrz uhzulwh sureohp 514 dv=

4@ 
f$q$�

�
�
�� � SAq � SU E�� q�

�
n.�+a Eqc Z+� �

Zh dvvxph a Eqc Z+� wr eh frqfdyh dqg gl�huhqwldeoh zlwk uhvshfw wr q7� Wkhq wkh

remhfwlyh ixqfwlrq lv frqfdyh lq qc dqg zh rewdlq wkh iroorzlqj uhvxow=

Sursrvlwlrq 41 D ehwwhu lqirupdwlrq vwuxfwxuh lqfuhdvhv wkh rswlpdo lqyhvwphqw lq wkh

whfkqrorj| zlwk wkh kljkhu lpsohphqwdwlrq frvw li dqg rqo| li aq Eqc Z+� lv frqfdyh lq Z+�

Surri1 Li D +E,
�
SU � SA

�
lv srvlwlyh +qhjdwlyh,1 Zulwlqj �uvw rughu frqglwlrqv erwk iru �+

dqg �+
�

lw lv lpphgldwh wkdw d ehwwhu lqirupdwlrq vwuxfwxuh lqfuhdvhv +ghfuhdvhv, wkh rswlpdo

lqyhvwphqw lq wkh lqqrydwlyh whfkqrorj| li dqg rqo| li .�+aq Eqc Z+� � .�+�aq
�
qc Z+�

�
� Wkhq

gh�qlwlrq +614, ri ehwwhu lqirupdwlrq vwuxfwxuh jlyhv wkh uhvxow1

D srwhqwldo lqwxlwlrq ri wklv uhvxow lv dv iroorzv= pruh lqirupdwlrq lq wkh ixwxuh lpsolhv

wkh rswlpdo h{srvxuh wr ulvn wr eh pruh vhqvlwlyh wr vljqdov1 Pruh h{wuhph vljqdov sxvk

wr vzlwfk ghflvlrq pruh riwhq lq wkh vhfrqg shulrg1 Wklv |lhogv dq lqfuhdvh lq ulvn h{ dqwh1

Wkhuhiruh/ zkloh iru d jlyhq lqirupdwlrq vwuxfwxuh wkh rswlpdo q lv fkrvhq frpsdulqj

7M +�> �|,lv frqfdyh lq � li y +=, lv frqfdyh lq �> n dqg wkh fkrlfh vhw iru n lv frqyh{1

;



wrgd|*v frvwv zlwk wrpruurz*v ulvn1 Zlwk pruh lqirupdwlrq wrpruurz*v ulvn lv kljkhu dqg

lq wkh ghflvlrq ohvv zhljkw lv jlyhq wr wkh frvwv1 Zkloh wkh k|srwkhvlv derxw wkh �uvw shulrg

frvw fdq eh yhul�hg/ lw lv riwhq gl!fxow wr yhuli| frqfdylw| ru frqyh{lw| zlwk uhvshfw wr wkh

yhfwru ri wkh frqglwlrqdo suredelolw| ri wkh ydoxh ixqfwlrq*v ghulydwlyh1 Qh{w zh frqvlghu

vrph vshfldo fdvhv zkhuh lw lv srvvleoh wr vljq wkh h�hfw ri d ehwwhu lqirupdwlrq vwuxfwxuh1

6141 Wkh Elqdu| Fkrlfh Sureohp

Zh frqvlghu d vlpsoh vshfldo fdvh ri rxu sureohp1 Vxssrvh iru wkh prphqw wkdw wkh

ghflvlrq pdnhu lv irufhg wr fkrrvh rqo| rqh whfkqrorj|/ l1h1 q fdq wdnh rqo| ydoxhv }hur

ru rqh1 Lq rwkhu zrugv/ wkh ghflvlrq pdnhu lv irufhg wr vwruh doo wkh zdvwhv lq rqh ri wkh

wzr whfkqrorjlhv ehfdxvh ri wkh �{hg frvwv uhodwhg wr hdfk lqyhvwphqw1 Wkh sureohp wkhq

ehfrphv=

4@ 
qMtfc��

�
�
�� � SAq � SU E�� q�

�
n

.�+ 4@ 
&Mtfcq�

.�%U*�+T
�
�2 n Eq � &�%A n E�� q n &� �%U � &�

�
�

Wkdw lv/ rswlqj iru wkh lqqrydwlyh whfkqrorj| frpsohwho| frqvwudlqv wkh vhfrqg shulrg

ghflvlrq1 Wkhuhiruh wkhuh lv qr orqjhu fkrlfh &� Frpprq zlvgrp vxjjhvwv wkdw pruh

lqirupdwlrq vkrxog pdnh wkh wudglwlrqdo whfkqrorj| pruh dwwudfwlyh1 Zh zrxog h{shfw

wkdw li wkh wudglwlrqdo whfkqrorj| lv fkrvhq lq dq hfrqrp| zlwk d jlyhq lqirupdwlrq
�
�3
�
/

lw zrxog dovr eh fkrvhq lq dq hfrqrp| zlwk pruh lqirupdwlrq
�
�n
�
1 Wklv lv wuxh dv vkrzq

lq wkh iroorzlqj Sursrvlwlrq=

<



Sursrvlwlrq 51 Dvvxph q 5 ifc �j � Wkhq= Li wkh wudglwlrqdo whfkqrorj| lv suhihuuhg lq

d jlyhq hfrqrp|/ lw lv dovr suhihuuhg lq dq hfrqrp| zlwk d ehwwhu lqirupdwlrq vwuxfwxuh=

q�
3

' �, q�
n

' ��

Surri1 Li zh fkrrvh q ' f wkh lqirupdwlrq lv xvhohvv dqg wkh h{shfwhg xwlolw| lv wkh vdph

lq wkh wzr hfrqrplhv=

L �3 Eq ' f� ' L �n Eq ' f� ' �
�
�f � SU

�
n.�

�
�� � �%U

�

Ehfdxvh wkh lqirupdwlrq kdv d ydoxh zkhq q ' � zh kdyh wkdw jlyhq=

L �n ' �
�
�� � SA

�
n.�+ 4@ 

&Mtfc��
.�%U*�+T

�
�� n E�� &�%A n &�%U � &�

�

dqg

L �3 ' �
�
�� � SA

�
n.�+� 4@ 

&Mtfc��
.�%U*�+�T

�
�� n E�� &�%A n &�%U � &�

�

L �n Eq ' �� � L �3 Eq ' �� lv hqvxuhg e| wkh Pduvfkdn dqg Pl|dvdzd +4<9;, uhvxow/

wkdw doo h{shfwhg xwlolw| pd{lpl}huv duh dw ohdvw dv zhoo r� revhuylqj �+ udwkhu wkdq �+
�

� Vr

li lw lv rswlpdo wr dgrsw wkh wudglwlrqdo whfkqrorj| lq wkh hfrqrp| zlwk ohvv lqirupdwlrq

l1h1 L �3 Eq ' �� : L �3 Eq ' f� c wkhq frpelqlqj wkh suhylrxv lqhtxdolwlhv zh jhw=

L �n Eq ' �� � L �3 Eq ' �� : L �3 Eq ' f� ' L �n Eq ' f�

zklfk frqfoxghv wkh surri1

Wkh lqwxlwlrq ri wkh deryh uhvxow lv wkh iroorzlqj1 Vhwwlqj q ' f ohdyhv qr fkrlfh wr

pdnh lq w@5= lqirupdwlrq lv xvhohvv ehfdxvh wkhuh lv qr fkrlfh ohiw wr pdnh1 Qrz/ wkh frvw
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ri frqvwudlqlqj wkh vhfrqg shulrg fkrlfh lv vrphkrz kljkhu zkhq wlph 5*v ghflvlrq frxog

kdyh pdgh xvh ri pruh lqirupdwlrq1 Vr li wkh wudglwlrqdo whfkqrorj| lv rswlpdo zkhq rqh

h{shfwv lqirupdwlrq
�
�3
�
c lw pxvw dovr eh rswlpdo zkhq rqh h{shfwv pruh lqirupdwlrq1

Zh jhw wkh vdph uhvxow dv Hsvwhlq +4<;3,1

Iru dq| elqdu| fkrlfh q 5 iquc qMj zlwk qu n qM ' � dqg qu 9' f lqirupdwlrq lv

dozd|v xvhixo dqg L �n Equ� � L �3 Equ� � Wkhuhiruh wkh surri grhv qrw jr wkurxjk dq|pruh

dqg wkh uhvxow ghshqgv rq wkh sdudphwhuv1

Wkh glvfuhwh fdvh/ wkrxjk h{wuhph/ ohqgv lwvhoi wr ghvfuleh vrph uhdo vlwxdwlrqv1 Rqh

h{dpsoh lv wkh fkrlfh ehwzhhq vxujhu| +dq lqwhuyhqwlrq rqfh dqg iru doo, dqg d wuhdwphqw wr

dyrlg wkh looqhvv wr h{sdqg1 Rxu suhglfwlrq lv wkdw wkh h{shfwdwlrq ri surjuhvv lq phglfdo

vflhqfh +pruh lqirupdwlrq, vkrxog lqgxfh sdwlhqwv wr srvwsrqh vxujhu| zkloh xqghujrlqj

d wuhdwphqw1

6151 Wkh Frqwlqxrxv Fkrlfh Sureohp

Lq wkh suhylrxv vxevhfwlrq zh vkrzhg wkdw wkh vwdqgdug uhvxow wkdw ehwwhu lqirupdwlrq

ghfuhdvhv wkh rswlpdo ohyho ri wkh lqqrydwlyh luuhyhuvleoh whfkqrorj| vwloo krogv iru wkh fdvh

ri pxowlsoh whfkqrorjlhv li wkh �uvw shulrg fkrlfh lv uhvwulfwhg wr eh doo ru qrwklqj1 Ohw xv

qrz dqdo|}h wkh frqwlqxrxv fkrlfh sureohp1

Wr dqdo|}h wkh fdvh ri d frqwlqxrxv �uvw shulrg fkrlfh zh �uvw vroyh wkh vhfrqg shulrg

frqvwudlqhg pd{lpl}dwlrq sureohp1 Wkh vroxwlrq wr wklv sureohp zloo eh d ixqfwlrq ri wkh

�uvw shulrg fkrlfh dqg ri lqirupdwlrq vwuxfwxuh= & Eqc Z+� �

Wkh Odjudqjldq lv zulwwhq dv=
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u ' .�%U*�+T
�
�2 n Eq � &�%A n E�� q n &� �%U � &�

�
n b Eq � &� n >&c

wkh �uvw rughu frqglwlrq lv=

.�%U*�+T
�
�
�2 n Eq � &�%A n E�� q n &� �%U � &�

� �
�%U � %A � �

�
� bn > ' f�

Wklv jlyh ulvh wr wkuhh srvvleoh fdvhv=;AAAAAA?
AAAAAA=

Us & ' f(> � fc b ' f

Us & ' q(> ' fc b � f

Us & 5 Efc q� (> ' b ' f

E| wkh Hqyhorsh Wkhruhp=aq Eqc Z+� ';AA?
AA=
�.�%U*�+T

�
�
�2 n Eq � &�%A n E�� q n &� �%U � &�

� �
�%U � %A

�
�s & Eqc Z+� 	 q

�.�%U*�+T
�
�
�2 n �%U � q�

�
� Us & Eqc Z+� ' q

aq Eqc Z+� ' 4@ 

3
EEC
�.�%U*�+T

�
�
�2 n Eq � &�%A n E�� q n &� �%U � &�

� �
�%U � %A

�

�.�%U*�+T
�
�
�2 n �%U � q�

�
�

4
FFD

+616,

E| uhvwulfwlqj wkh vhw ri xwlolw| ixqfwlrqv zh fdq vwdwh=

Sursrvlwlrq 61 Vxssrvh FDUD1 Wkhq d ehwwhu lqirupdwlrq vwuxfwxuh lqfuhdvhv wkh rs0

wlpdo ohyho ri wkh whfkqrorj| zlwk wkh kljkhu lpsohphqwdwlrq frvw1

Surri1 Jlyhq wkdw .�%U*�+T
�
�
�2 n �%U � q�

�
� lv olqhdu lq Z�+c aq Eqc Z+� zloo eh frqyh{ li

�.�%U*�+T
�
�
�2 n Eq � &�%A n E�� q n &� �%U � &�

� �
�%U � %A

�
+617,

lv frqyh{ ru olqhdu lq Z+�
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Li & Eqc Z+� ' f wkh deryh htxdwlrq lv olqhdu1

Li & Eqc Z+� 5 Efc q�wkhq=

wkh �uvw rughu frqglwlrq ri wkh Odjudqjldq lpsolhv=

�.�%U*�+T
�
�
�2 n Eq � &�%A n E�� q n &� �%U � &�

� �
�%U � %A

�
'

�.�%U*�+T
�
�
�2 n Eq � &�%A n E�� q n &� �%U � &�

�
�

Xqghu FDUD ��
�

lv sursruwlrqdo wr �c wklv lpsolhv wkdw wkh uljkw kdqg vlgh ri wkh

deryh htxdolw| lv sursruwlrqdo wr a Eqc Z+� � Ehlqj +617, htxdo wr wkh ohiw kdqg vlgh ri wkh

htxdolw|/ zh kdyh wkdw +617, lv sursruwlrqdo wr a Eqc Z+� � Wkhq gh�qlwlrq +615, dqg +614,

ri d ehwwhu lqirupdwlrq vwuxfwxuh vd| wkdw +617, lv frqyh{1 Wkhuhiruh aq Eqc Z+� lv frqyh{

dqg Sursrvlwlrq 4 jlyhv wkh uhvxow1

Zh kdyh vkrzq dqrwkhu vshfldo fdvh zkhuh zh duh deoh wr vljq wkh h�hfw ri d ehwwhu

lqirupdwlrq vwuxfwxuh rq wrgd|*v whfkqrorj| fkrlfh1 Iru pruh jhqhudo suhihuhqfhv wkh uh0

vxow lv dpeljxrxv= li devroxwh ulvn dyhuvlrq lv qrw frqvwdqw zh kdyh rqh ehwwhu lqirupdwlrq

vwuxfwxuh sxvklqj wrzdug whfkqrorj| L zkloh dqrwkhu idyrulqj whfkqrorj| W1 Wklv lv lq

idfw wuxh dv suryhq e| wkh iroorzlqj h{dpsoh1 Vxssrvh � E5� ' *? E5�/ wkhq wkh h�hfw ri

d ehwwhu lqirupdwlrq vwuxfwxuh lv dpeljxrxv lq wkh iroorzlqj vhqvh= jlyhq dq lqirupdwlrq

vwuxfwxuh �+ d ehwwhu lqirupdwlrq vwuxfwxuh �+
�

lqfuhdvhv wkh rswlpdo ohyho ri W dqg d ehwwhu

lqirupdwlrq vwuxfwxuh �+� lqfuhdvhv L1 Zh dvvxph q 5 i�Dc �Hc �jdqg zh vkrz wkdw=

L Eq ' �H� : L Eq ' �D�

L �
�+ Eq ' �D� : L �

�+ Eq ' �H� K�|

L �
�+�
Eq ' �� : L �

�+�
Eq ' �H�

Ohw xv frqvlghu wkh iroorzlqj qxphulfdo h{dpsoh=
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;AAAAAAAAAAAAAA?
AAAAAAAAAAAAAA=

� E5� ' � E5� ' *? E5�

�� ' �2 ' �f

S� ' � dqg S2 ' 2

�%� ' ��% dqg �%2 ' �%

� ' � dqg � ' ��D

Wkh sulru glvwulexwlrq ri orwwhu| �% lv E��c �bb(�Sc �f�� � D �uvw lqirupdwlrq vwuxfwxuh

kdv wzr srvvleoh vljqdov zlwk htxdo suredelolw|/ wkh srvwhulru xsgdwhg suredelolwlhv duh

�%*+� '_ E��c �bb(�Sc �f�� dqg �%*+2 '_ E��c �f�(�Sc �bb� � D vhfrqg lqirupdwlrq vwuxfwxuh

dozd|v kdv wzr srvvleoh vljqdov wkh �uvw zlwk suredelolw| �b dqg wkh vhfrqg zlwk suredelolw|

��� Wkh srvwhulru xsgdwhg suredelolwlhv duh �%*+
�

� '_ E��c �bbb(�Sc �ff�� dqg �%*+
�

2 '_

E��c �ff�(�Sc �bbb� �

Diwhu vrph ohqjwk| fdofxodwlrqv zh rewdlq=

L Eq ' �H� ' e��fb. : e�2bSS ' L Eq ' �D�

L �
�+ Eq ' �D� ' ��Heb� : ��H2He ' L �

�+ Eq ' �H� K�|

L �
�+
� Eq ' �� ' e�2��� : e�22S2 ' L �

�+
� Eq ' �H� dv zh zhuh orrnlqj iru1

Wkhuhiruh wkh vwdqgdug uhvxow wkdw d ehwwhu lqirupdwlrq vwuxfwxuh ghfuhdvhv wkh rswlpdo

ohyho ri luuhyhuvlelolw| jhqhudol}h wr wkh fdvh ri pxowlsoh whfkqrorjlhv rqo| li wkh fkrlfh lv

uhvwulfwhg wr eh doo ru qrwklqj/ exw idlov lq jhqhudo1

71 Frqfoxvlrq

Wkh hphujhqfh ri qhz whfkqrorjlhv= jhrorjlfdo vwrudjhv iru qxfohdu zdvwhv/ JPR ru d

qhz wuhdwphqw lq phglfdo vflhqfh> xujh dq dqdo|wlfdo vwxg| ri krz wkh srolf|pdnhu vkrxog
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fkrrvh ehwzhhq wudglwlrqdo whfkqrorjlhv fkdudfwhul}hg e| zhoo nqrzq ulvnv dqg lqqrydwlyh

whfkqrorjlhv vxemhfw wr vflhqwl�f xqfhuwdlqw|1 Wkh sxusrvh ri wklv sdshu kdv ehhq wr vwxg|

wkh h�hfw ri iruhvhhq vflhqwl�f surjuhvv rq wkh suhvhqw rswlpdo pl{1 Zh frpsduh wzr

whfkqrorjlhv gl�hulqj lq wkh wkuhh glphqvlrqv zh kdyh vhhq hphujlqj lq pdq| h{dpsohv=

�uvw shulrg lpsohphqwdwlrq frvwv/ vhfrqg shulrg ulvn/ dqg ghjuhh ri luuhyhuvlelolw|1 Zh

�qg wkdw wkh h�hfw ri lqirupdwlrq lv lq jhqhudo dpeljxrxv1 Zh dovr �qg wkh iroorzlqj=

li wkh �uvw shulrg fkrlfh lv uhvwulfwhg wr eh doo ru qrwklqj/ vflhqwl�f surjuhvv surprwhv

wkh wudglwlrqdo whfkqrorj| dqg wklv uhvxow jhqhudol}hv wkh vwdqgdug uhvxow rewdlqhg zkhq

rqo| rqh whfkqrorj| lv dydlodeoh> zlwk frqvwdqw devroxwh ulvn dyhuvlrq vflhqwl�f surjuhvv

lqfuhdvhv wkh rswlpdo ohyho ri wkh whfkqrorj| zlwk wkh kljkhu lpsohphqwdwlrq frvw1
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