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On the Solution of the Growth Model with
Investment-Specific Technological Change

1. Introduction

The recent work of Greenwood, Hercowitz, and Krusell (1997 and 2000) has focused the
attention of economists on the role of investment-specific technological change as a main
driving force behind economic growth and business cycle fluctuations. Fisher (1999) docu-
ments two key empirical observations that support these conclusions. First, the relative price
of business equipment in terms of consumption goods has fallen in nearly every year since
the 1950s. Second, the fall in the relative price of capital is faster during expansions than
during recessions.

Models of investment-specific technological change have also being successfully used to
account for the evolution of the skill premium in the U.S. since the Second World War (Krusell
et al., 2000) or the cyclical behavior of hours and productivity (Fisher, 2003), among several
other applications.

Unfortunately, the standard growth model with investment-specific technological change,
as presented in Fisher (2003), does not have a known analytic solution. Therefore, researchers
have employed computational methods to solve the model.

In this paper, we show how this standard model has a closed-form solution when there
is full depreciation of capital. We derive the exact solution in the case where there is a
labor /leisure choice and long-run growth in the economy. The solution has a simple backward
representation that allows to gauge the importance of each parameter on the behavior of the
model.

There are, at least, two reasons that make our result important. First, the closed-form
solution improves our understanding of the dynamics of the model beyond the findings pro-
vided by numerical computations. The law of motions for variables uncover the main driving
forces in the model and develop intuition that is difficult to obtain from the computer output.

In particular, we illustrate how shocks propagate over time and which factors determine the



persistence of the model. This exercise highlights the importance of the capital participation
share as a determinant of propagation.

Second, the closed-form solution is an excellent test case to check the behavior of numerical
procedures like solution methods for a dynamic macroeconomic models. The approximated
solutions generated by those algorithms in the case of full depreciation can be compared
against the closed-form solution. In that way, we can evaluate the accuracy of the solution
method. The model with investment-specific technological change is a more interesting test
case than the neoclassical growth model because the presence of two shocks increases the
dimensionality of the problem and, consequently, makes it more representative of interesting

macro applications.

2. A Growth Model with Two Shocks

We present a simple growth model with two shocks, one to the general technology and one
to investment as described in Fisher (2003).
There is a representative household in the economy, whose preferences over stochastic

sequences of consumption ¢; and leisure [; can be represented by the utility function:

Ey> B (log Cy + 1 log(1 — Ly)) (1)
t=0
where € (0,1) is the discount factor, i) controls labor supply, and Ej is the conditional
expectation operator.
There is one final good produced according to the production function A4, K2 L; “, where
K, is the aggregate capital stock, L; is the aggregate labor input, and A; is a stochastic
process representing random general-purpose technological progress. The final good can be

used for consumption, C}, or for investment, X;:
Ct + Xt — AthaL%_a. (2)

One unit of investment is transformed into V; units of capital, where V; is a stochastic

process representing random investment-specific technological progress. Consequently, and



given a depreciation factor §, the law of motion for capital is given by K;1 = (1—90)K;+V; X;.
In equilibrium, 1/V; will be equal to the relative price of capital in terms of consumption.

The laws of motion for the two stochastic processes are given by:

A = AL >0 (3)
Vi = ey, v >0 (4)

where [e4,€0i) ~ N (0, D), and D is a diagonal matrix. This stochastic process implies that
the logs of A; and V; follow a random walk with drifts v and v. This specification generates
long run growth in the economy and the possibility of changes in the long run relative price
of capital.

We could rewrite the model to accommodate deterministic trends and transitory shocks
on the stochastic processes for technology. The main thrust of the results would be the same.
We omit details because of space considerations.

A competitive equilibrium can be defined in a standard way as a sequence of allocations
and prices such that both the representative household and the firm maximize and markets
clear. Also, since both welfare theorems hold in this economy, we can instead solve the equiv-
alent and simpler social planner’s problem that maximizes the utility of the representative
household subject to the economy resource constraint, the law of motion for capital, the
stochastic process, and some initial conditions Ky, Ag, and Vj.

An alternative interpretation of this model is to think of an environment with two sectors,
one that produces the consumption good and one that produces the investment good. Each
sector uses the same production function except that the total factor productivity is different.
In an equilibrium where factor are mobile, this environment aggregates to the same economy

that the one presented here with V; capturing the differences in total factor productivity.

3. Transforming the Model

The previous model is nonstationary because of the presence of two unit roots, one in each
technological process. Since standard solution methods do not apply to nonstationary models,

we need to transform the model into an stationary problem. The key requirement for any



transformation of this short is to use a scaling variable that is fully known before the current
period shocks are realized. In the simultaneous equations language, we require that the
variable is predetermined.

To transform in that way our model, we begin by plugging the law of motion for capital

in the resource constraint:

Kin _ AKPLT + (1= 6) K

C
AT : v,

Then, if we divide by Z, = A~} tﬁ = (At_lvgl)ﬁ , we find:

Ky Vi
ZiVir Vi

Cr | K Zen - AVE, ( Ky

+
ZiVi

= LI+ (1-96
Zt ZaaVe Zy Ztl*a ) ! ( )

First, note that since:

1 _a
—_ 2 T2, atavtCa(l)egrtaly(Lleyt
Zt+1 — Atl oz‘/tl [e] Al (1 tl:l e 1o ,
we have that: X
— % ytavtegrtacyt
Zt+1 Atl—f tl—lae 1o 7+D‘U415at+0‘5vt
= = € —a .
1

Zt Al—a 1(—1&

t—1 Yt—1

At fl 1 +e Vic1 —v—¢ lioz 1ia
Also —5 = €75, T = e and 4,V = A TT VI
Cy

As a consequence, if we define C; = 7 and K; = Ztllf': -, we can rewrite the resource

constraint as:

Ytavtegrtaeyt

5t +e  T-a I?tJrl — e’Y‘l’EatktaLg.*Oé + (1 o 5) e*’U*Eut[?t (5)

and the utility function as:

o0

By Y 5 (logCu+ wlog(1 - L)) . (6)

t=0

The intuition for these two expressions is as follows. In the resource constraint, we need



to modify the term associated with l~(t+1 to compensate for the fact that the value of the
transformed capital goes down when technology improves. A similar argument holds for the
term in front of the capital remaining after depreciation. In the utility function, we exploit
its additive log form to write it in terms of C,.

The first order conditions for this transformed problem are an Euler equation:

Ytavtegrtacqyt 1
11—« ~
e = BB (0 R LT 4 (- p) e ) (7)
t t+1

and a labor supply condition:

C,
1-L

P = (1—a)e KL, (8)

together with the resource constraint (5).

4. A Closed-Form Solution for the Case with Full Depreciation

The previous system of equations does not have a known analytical solution, and we need
to use a numerical method to solve it. However, there is a case for which we can find a
closed-form solution.

This happens when there is full depreciation, i.e., d is equal to one. Then, the system

boils down to:
Ytavteqgrtacyt

€ e 1 Yteats1 fra 7l-a
_ = ﬁEté ae KLy (9)
t t+1
at Y+eat [ra T —o
1/11 L = (I-a)e KLy (10)
ét I 6% }N(t-i-l _ e'y+gat]'€f¢L%—a (11)



4.1. Policy Functions in Transformed Variables

To see how this system has a closed-form solution we follow a “guess-and-verify” approach.

First, we conjecture that the income and substitution effects of a real wage rate change offset

each other. Then:
11—«

B l—a+v(1—ap)

Second, we postulate the following policy functions for capital:

Lt:L

~ Ytavteqgrtaeyt ~
— p T 1—a +€at arl-a
Ky =e T-a et KLY

As a consequence, and using the economy’s resource constraint (11), consumption must be

equal to:

C, = €7+5athaL1—a _ €7+sata6KtozL1—oz

or

C,=(1—ap) e”’+6“tl~(taL1_a.

To check that these are the correct policy functions, we substitute them into the Euler

equation (9):

Ytavtegrtacqyt

e 11—« 1 ~
- = YH€at+1 fro—17l—
t t+1
Ytavteqgttaeyt
e e 1 +e rra—171l—a
== BE: = ; aelTE R KT LT =
(6% - (0% —
(1— afB)ertea KoL1-o (1— afB) ertean Ko L1-o
Ytravtegrtaeqyt
(& I-o (0%
~a 1 - 5Et _ ytovtegitacyt -~
(1 — 06/3) €’Y+€ath L o (]_ — OK/B) e 11—« 6’7+5at0[6KtaL1_04

and in the labor supply condition (10):

C ~
b = (l—a)ete Rl

z l1—«
1-L  ¢(1-af)




Since both equalities hold, our closed-form solution is correct.

4.2. Policy Functions in Levels

Often, it is useful to express the policy function in levels. Then, the policy function for capital

is given by:
~ _ Ytavtegrtasyt ~ _
Ky = e I—a e”’+6“tozBKt°‘L1 ¢ =
(0%
Ky _rtevtegrtocny 4o K [1l-a
= e o e af =
Zi11 Vi ZiVia

_ +v+teqtte arl—a
Ky = € ot (A, Vi) aBKL
and for consumption:

Ci = (1—ap)etKpL' " =
K o
Zt o — (1= Y+eat [ T2t Lo =
(- ag) e (o)
C, = (1—ap)e’™ A, KFL'

4.3. Policy Functions as a Backward Representation
If we take logs in the previous expressions, we get:

logKipyp = Tp+v+v+logAir +logVioy + alog Ky + 4 + €
logC; = T'.+logA;_1+ alog K; + €4

where T', = logaSL' =@ and I'. = log (1 — a8) L'~* are constants.
If we substitute recursively the values of log A;_; and log V;_1, and for simplicity assume

that Ag = Vy = 1, we derive a representation of the behavior of the economy as a function of



today’s capital and past shocks:

-1
logK;p1 = Ty +alogK, + Z N (Y4 v+ €ar_j + Eutj)
=0
t—1
logCy, = T.+alog K, + Z N (v + ca—j)

J=0

where A is the lag operator. In these two expression we can see how the unit roots in
the technology processes imply that the effects of technology shocks are permanent. This
representation also illustrates the importance of o as the key parameter accounting for the
dynamics of the economy through the autoregressive component.

We can also express the log of capital as:

t—1
log K1 = (1 — 04A)_1 (Fk + ZAj (v+v+euj+ &?Utj)>

j=0

Taking this formula, we can substitute in the expression for the log of consumption:

t—1 t—1
logCy =T+ a(l—al) ' A (Fk +Y N (v +vtea;+ evt_j)> +) N (v +aj)

Jj=0 Jj=0

to obtain a backward representation.

Beyond describing the dynamic behavior of the economy, the backward representation
is useful to build the likelihood of the model. This may be important, for example, to
check the output of a procedure that evaluates the likelihood function by simulation methods
(Fernandez-Villaverde and Rubio-Ramirez, 2004).
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