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Abstract

This paper analyses the asymptotic and finite sample implications of a mixed
nonstationary behavior among the dependent and explanatory variables in a
linear spurious regression model. We study the cases when the nonstationarity
in the dependent variable is deterministic (stochastic), while the nonstationarity
in the explanatory variable is stochastic (deterministic). In particular, we derive
the asymptotic distribution of statistics in a spurious regression equation when
one variable follows a difference stationary process (a random walk with and
without drift), while the other is characterized by deterministic nonstationarity
(a linear trend model with and without structural breaks in the trend function).
We find that the divergence rate is sensitive to the assumed mixture of non-
stationarity in the data generating process, and the phenomenon of spurious
regression itself, contrary to previous findings, depends on the presence of a
linear trend in the regression equation. Simulation experiments and real data
confirm our asymptotic results.
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1 Introduction

It is well documented by now that the phenomenon of spurious regression is
present under different forms of nonstationarity in the data generating process
(DGP). It has been shown that when the variables y; and x; are nonstationary,
independent of each other, ordinary least squares applied to the regression model

Y = o+ 0z + ug

-~

have the following implications: 1) the estimator of § (§) does not converge
to its true value of zero, and 2) the ¢-statistic for testing the null hypothesis
Hy : 6 = 0 (t;) diverges, thus indicating the presence of an asymptotic spurious
relationship between y; and x;.

The rate at which 5 diverges depends on the type of nonstationarity present
in the process generating y; and x;. In Phillips (1986), where a driftless random
walk is assumed for both variables, the t-statistic is O,(T"/2). For the case of a
random walk with drift, Entorf (1997) shows that ¢; diverges at rate T". More
recently, Kim, Lee and Newbold (2004) (KLN henceforth) show that the phe-
nomenon of spurious regression is still present even when the nonstationarity in
individual series is of a deterministic nature: they find that, under a linear trend
stationary assumption for both variables, the t-statistic is Op(T3/ 2). Extending
KLN’s results, Noriega and Ventosa-Santaularia (2005) (NVS hereafter), show
that adding breaks in the DGP still generates the phenomenon of spurious re-
gression, but at a reduced divergence rate; i.e. t3 is O(T"/?) under either single
or multiple breaks in each variable. In all these works, the implicit assumption
is that both variables share the same type of nonstationarity, either stochastic
(Phillips, Entorf), or deterministic (KLN, NVS).3

This paper analyses the implications of a mixed nonstationary behavior
among the dependent and explanatory variables. We develop the asymptotic
theory for the cases when the nonstationarity in y; is deterministic (stochastic),
while the nonstationarity in z; is stochastic (deterministic). In particular, we
derive the limit distribution of statistics in the above regression equation when
the DG P has mixed forms of nonstationarity: one variable follows a difference
stationary process (a random walk with and without drift), while the other is
characterized by deterministic nonstationarity (a linear trend model with and
without structural breaks in the trend function).

Indeed, recent empirical studies show that macroeconomic time series differ
in the nature of their nonstationary behavior. For instance, in a multi-country
study with historical data on real per capita GDP, Perron (1992) finds that some
series are well characterized as (broken) trend-stationary (I(0) around a linear
trend, and I(0) around a linear trend with one structural break), while others

3Some related papers share this same feature: Marmol (1995, 1996, 1998), Cappuccio and
Lubian (1997), Granger et. al. (1998) and Tsay and Chung (1999).



follow a unit root process. For the U.S. economy, Perron (1997) finds that real,
nominal and real per capita GNP, employment, industrial production, nomi-
nal wage, and the money stock, stochastic nonstationarity (a unit root) can be
rejected in favor of deterministic nonstationarity (a model with one structural
break in the trend function); on the other hand, the consumer price index, ve-
locity, interest rate and GNP deflator follow an I(1) process. Similar results are
reported in Lumsdaine and Papell (1997) (US data) and Mehl (2000) (Japanese
data) when testing the null of a unit root against a deterministic nonstationary
alternative with two structural breaks in the trend function. Noriega and de
Alba (2001) also find mixed forms of nonstationarity (I(1) and I(0) with one
break) using macro data under both classical and Bayesian approaches.

Looking ahead to the results reported below, we find that the divergence
rate is sensitive to the assumed mixture of nonstationarity in the DGP, and
the phenomenon of spurious regression itself depends on the presence of a linear
trend in the regression equation, and on the presence of structural breaks in the
DGP. For instance, if the dependent variable is I(1) while the explanatory is
I(0) without breaks, a spurious relationship will show up both asymptotically
and in finite samples, unless a linear trend is included in the regression model.
We show this using asymptotic theory, simulation experiments, and real (macro)
data. The rest of the paper is organized as follows. Section 2 reports asymptotic
results for spurious regression under mixed forms of nonstationarity. Section 3
deals with experimental and empirical results. Last section concludes.

2 Asymptotics for spurious regressions

In a simple regression equation, stochastic nonstationarity may be a feature of
the dependent variable, while deterministic nonstationarity of the explanatory
variable, or viceversa. Since this can not be known a priori, we consider both
possibilities: the dependent variable follows a trend-stationary (7'S) process,
while the explanatory variable follows a difference stationary (DS) one, and
viceversa. Under difference stationarity, we study the cases of a unit root process
with and without a drift, while under trend-stationarity we study the cases of a
linear trend with and without multiple structural breaks in both level and slope
of trend. These four types of nonstationary behavior for economic time series
have been found to be empirically relevant in the literature, as argued above.

The following assumption summarizes the DG Ps considered below for both
the dependent and the explanatory variables.

AssuMPTION. The DGPs for {y;,z:},-, are as follows:

DGP Al Yo = by + Byt +uye
Ty = T—1 + Upt = To + St

Yt = by + Byt + Uy
DGP A2 Y v
Ty = by + Tp_1 + Uy = To + ft+ Sy
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DGP A3 Yt = [y + Zz:yl ainUiyt + ﬂyt + Zz:?{ 'YinTiyt + Uyt
Ty = fbp + Te—1 + Uyt = To + Yt + Sue

xt:ll’aj+/31't+u1t

DGP B1
Yt = Ye—1 + Uyt = Yo + Syz
Ty = py + Bt + Ugy
DGP B2 z z
Yt = Hy T Yt—1 + Uyt = Yo + p,t + Syt
Nz Mz
DGP B3 Ty = Uy + Zizl 0ix DUzt + ﬂzt + Zizl ’YixDTia:t + Uyt

Yt = gy + Yr—1 + Uyt = Yo + pyt + Syt

where, for z = z,y, S,; = 22:1 Uz, 20 1s an initial condition, u, = ¢ uz—1 +
€21, |0,] < 1, .4 are 4id(0, 0%) independent of each other, and DUj.;, DT}, are
dummy variables allowing changes in the trend’s level and slope respectively,
that is, DUz = 1(t > Tp,,) and DTy = (¢ — T, )1(t > Tp,.), where 1(-) is
the indicator function, and T}, is the i*" unknown date of the break in z. We
denote the break fraction as A, = (Ty, /T) € (0, 1).

We maintain the same structure for the innovations u,; and u,; as in KLN,
although it can also be assumed that innovations obey the (general-level) condi-
tions stated in Phillips (1986, p. 313). As will be shown below: 1) the relevant
limiting expressions do not depend on initial conditions (z), and 2) they depend
on o2 only under DGPs i2,i = A, B.

We begin by considering the following spurious ordinary least squares re-

gression model: R
Yt :541 +51£Et+’t/zt (1)
used as a vehicle for testing the null hypothesis Hy : §; = 0.

The following theorems collect the asymptotic behavior of the estimated
parameters and associated t—statistics in model (1) when the dependent and
explanatory variables have mixed forms of nonstationarity, according to the
DGPs in the Assumption. Proofs and definitions for some of the objects in the
next theorems are collected in the Appendix.

THEOREM 1A. Let y; and x; be generated according to the DGP Ai, i =
1,2,3, and denote the corresponding OLS estimates of a1 and 61 in (1) by Qya¢;)

and 51.4(1‘)- Then, as T — oo:
Case (1): DGP Al.
a) T~ a4y > %ByN1D1_1
b) T71/231A(1) = %ﬂyNQI (UmD1)71

) T=V2t5, = Ny (3Dy, [W2) 71

Q1A(1)



Q) TV 4 BNy, Dy,)?
Case (2): DGP A2

a) T8 402) & Uz%N?m

b) d1a2) 2 %

¢) T~ts, , ., > LN3.Dy,"”

d) Tt % e (12D,,) Y2

d14(2) L
Case (3): DGP A3
a) T Y0y ac3) = 24V
b) glA(S) 5 (B, + 24Vsy )yt
) T™\V2t5, o 2 12Vy, Gg 1/

4) TPty ) 5 (B, 24V5) (12Ge,) /2

01A(3)

THEOREM 1B. Let y; and x; be generated according to the DGP Bi, i =
1,2,3, and denote the corresponding OLS estimates of ay and 01 in (1) by @1

and 5\13(1-). Then, as T — oo:
Case (1): DGP B1.
a) Tflalg(l) LN —0y N3y
b) TV%6, 51y % FL6Ny,
c) T_l/QtalB(l)

d) T_1/2t313(1> = \/gNQyDgl/Q

Case (2): DGP B2.
a) T—1/2a13(2) < —oy N3,
b) d1pe) = Zx
¢) T~ 2tg, 0, % —LN3, Dy

d) T~ %M (q9p, )7V/?

018(2) oy



Case (3): DGP BS3.

a) TﬁlalB(Z‘I) - Hy (‘/21 - 61;‘/21:6) [25m (4_18617 + %m) - 2V31] -

b) 513(3) 5ty (2582 + Vo) [28, (3582 + Vae) — 2V3x]71

C) T_1/2t&13(3) - (‘/21 - ﬁxwr) [(1_12‘/11 - VZE) <6i + 5$G1w + G3z + 6G4I)]

d) 7125 e

01B(3)

2 (318, + Vo) [3 (5 Vie — V)]

Parts b) of the theorems show that, for DGP il,i = A, B, the (normalized)
estimated spurious parameter either goes to infinity (DGP Al), or collapses
to zero (DGP B1). For the rest, it converges to well defined limits. Parts d)
show that the spurious regression phenomenon is present under all DG Ps, but
occurs at a faster rate under DGP i2,7 = A, B, which correspond to the models
studied by Nelson and Plosser (1982). More over, the limiting distribution of
the t-statistic for the hypothesis Hy : § = 0 is symmetrical across DG Ps Aj,
and Bj, j =1,2.

We now consider the case of a (spurious) OLS regression which allows for a
linear trend. As discussed in KLN (2003), when the trend components in the
individual series are sufficiently large to be detected, the applied researcher will
run the following regression

Yr = Qg + Bot + doxs + Ty 2)

where y; and x; are generated from the DGPs in the Assumption. The next
theorems present the relevant asymptotic results.

THEOREM 2A. Let y; and x; be generated according to the DGP Ai, i =
1,2,3, and denote the corresponding OLS estimates of s, 35, and 05 in (2) by
Q24(4) Baagys and aa(iy. Then, as T — oo:

Case (1): DGP Al.
a) Qaa(r) = Hhy
b) Baaq) = By
c) Toyany % 2% Nyo Dy,
1/2
_ ty ( Dyy
4T 1/2ta2A<1> = Ty (D_i,)

e) T—3/2¢

Baa(1) Ty

d —1/2
F) 85,00, = Naw Dy,

—1/2



Case (2): DGP A2.

a) Qaa(z) = Hhy
b) Baage) = By

¢) Tda2) > 2Ny Dy}
1/2
_ ty ( Doy
d) T 1/2t&2A(2> LN ;yL ( D23 )

e) Tt 4, By o pl/2

52,4(2) Hez Oy

f) tEQA@) N4zD_1/2
Case (8): DGP AS.

a) T OQA(g [ G2yD3 Glle + G5yN3x} D2_m1
b) T-1/2 52A(3) = [24 (Vzly ny + Vsy frWy) - G5y} (JmDQ“’)il

c) T71/2;5\2A(3) - [G5y —24 (V4y ny + Vsy frWy)] (0$D2$)_1
d) T/, o

Q2A(3)

% (§GayDs — GiyN1 + GsyNsz) [D30y(a3)]

}71/2

e) Tfl/Ztg < [24 (Vay [ Wy + Vsy [1W,y) = Gsy] [0u(a3)

2A(3)

T 2t [G5y —24 <V4y JWy + Vs fTWy)] [UU(A3)] e

02A(3)

THEOREM 2B. Let y; and x; be generated according to the DGP Bi, i =
1,2,3, and denote the corresponding OLS estimates of aa, By, and da in (2) by
Q2B(i) BQB(z and 523(1 Then, as T — o0:

Case (1): DGP BI.

a) T~2a,p01) % —0y N3y

b) 323(1) = =3t Ny,

¢) dapy 4 Z£ Ny

d) Tﬁl/ztaw(l) - —05 N3y [(“i + 4092”) D2y]71/2

~ 1/2
e) tﬁzBu) N4yD2

~ d —1/2
1) 65,00, > Nay D3,



Case (2): DGP B2.

a) Tﬁl/QaQB(Q) i? —O'yNgy
b) Bap(ay = ty — 2Ny,
c) 323(2) - Z_ZN4y

d) T-1/2¢ 4 0, Ny, [Day (42 + 402)]/?

Q2B(2)

A d | ox bty _ —1/2
&) s, > [% = N4y} D;,

1) b5, > Nay D3,

d2B(2)
Case (3): DGP BS.
a) T~V %8yp03) 5 240y (Vay [TW, — 2Vi, [ Wy + Vi Gss) G,

b) 323(3) 5 oy
c) T1/2323(3) 0y [24 (Ve [ Wy + Vsa [1Wy) = G5a] Gg,

d) T~V25,. % (Vau [rW, —2Vi, [ W, + VieGsy) (24/Tuss) Via)

Q2B(3)
O T,y Gor {200, (o [1 (Vs — 8,%5) — 562) )
Bans) HyG6a y \Tu(B3) 3z z Y5z 195Pz

—1

[TV (2 (Vi [ W+ Ve, [ 1W,) = G.] (880,

02B(3)

Parts f) of the theorems show that the spurious regression parameter ¢-
statistic only diverges to infinity under structural breaks; otherwise, it has a
well defined limit. Hence, a spurious relationship will be present only under
DGP i3, i = A, B. Note that, as opposed to the case of no trend in the re-
gression, the spurious regression coefficient (and its t-statistic) converges to the
same distribution across DGPs ij, i = A, B; j = 1,2. Table Al in the Appen-
dix presents a summary of results concerning orders in probability of relevant
statistics.

3 Experimental and empirical results

We computed rejection rates of the t-statistic for testing the null hypotheses
Hy:6;=0,7=1,2, in equations (1) and (2), respectively, using a 1.96 critical
value (5% level) for a standard normal distribution.

In order to asses the usefulness of our limit theory in finite samples, rejec-
tion rates were based on both the asymptotic formulae and simulated data, for
samples of size T = 50, 100, 250, 500, 1000, 10000, under each one of the DG Ps



in the Assumption. The value of the parameters in the DGPs are as follows®:
0. =1, ¢, =0 (but see below), u, = 0, or 0.5, depending on the DGP con-
taining a drift or not, 8, = 0.03 if the DGP contains a nonzero slope, and,
whenever breaks are present, M, = 2 and v, = 0.03,7 = 1,..., M, for z = z,y.
Breaks occur at 10% and 30% of total data length. The number of replications
is 10, 000.

The simulation experiments reveal a remarkable agreement in rejection rates
between analytical results and simulated ones, as shown in Table 1. The only
discrepancy occurs for the multibreaks model with trend (DGPs i3, i = A, B),
for T' < 500. Results also indicate that the rejection rates for the cases of the
model without trend can be very high, even for values of the sample size as
small as 50. Hence, in these cases, the phenomenon of spurious regression is
likely to be present also in small (empirically relevant) samples.

Table 1
Rejection Rates for t5; DGPs Aj, j =1,2,3.
Sample DGP Al DGP A2 DGP A3
size no trend trend no trend trend no trend trend

theo | sim | theo | sim | theo | sim | theo | sim | theo | sim | theo | sim

50 0.83 | 0.82 | 0.05 [ 0.06 | 1.00 | 0.82 | 0.06 | 0.06 | 1.00 | 0.99 | 0.69 | 0.06

100 0.88 | 0.87 | 0.05 [ 0.05 | 1.00 | 1.00 | 0.05 [ 0.05 | 1.00 | 1.00 | 0.77 | 0.15

250 092 | 0.93 | 0.04 | 0.06 | 1.00 | 1.00 | 0.05 | 0.04 | 1.00 | 1.00 | 0.86 | 0.67

500 0.95 | 0.94 | 0.05 | 0.04 | 1.00 | 1.00 | 0.05 [ 0.05 | 1.00 | 1.00 | 0.89 | 0.86

1,000 0.96 | 0.96 | 0.05 | 0.04 | 1.00 | 1.00 | 0.05 | 0.05 | 1.00 | 1.00 | 0.93 | 0.92

10,000 || 0.99 | 0.99 | 0.05 { 0.05 | 1.00 | 1.00 | 0.05 | 0.05 | 1.00 | 1.00 | 0.98 | 0.98

Rejection Rates for t5; DGPs Bj, j = 1,2,3.

Sample DGP B1 DGP B2 DGP B3

size no trend trend no trend trend no trend

trend

theo | sim | theo | sim | theo | sim | theo | sim | theo | sim | theo | sim

50 0.83 | 045 | 0.05 [ 0.06 | 1.00 | 0.82 | 0.04 | 0.05 | 1.00 | 0.99 | 0.69 | 0.06

100 0.87 | 0.81 | 0.05 [ 0.05 | 1.00 | 1.00 | 0.05 | 0.05 | 1.00 | 1.00 | 0.78 | 0.16

250 092 | 0.91 | 0.04 | 0.05 | 1.00 | 1.00 | 0.05 | 0.05 | 1.00 | 1.00 | 0.86 | 0.67

500 0.95 | 0.94 | 0.05 [ 0.05 | 1.00 | 1.00 | 0.05 [ 0.05 | 1.00 | 1.00 | 0.90 | 0.85

1,000 0.96 | 0.96 | 0.05 [ 0.05 | 1.00 | 1.00 | 0.05 | 0.05 | 1.00 | 1.00 | 0.92 | 0.92

10,000 |f 0.99 | 0.99 | 0.05 | 0.05 | 1.00 | 1.00 | 0.05 [ 0.05 | 1.00 | 1.00 | 0.98 | 0.97

Note: theo and sim stand for theoretical (based on the corresponding theorem), and simulated.

When including a linear trend in the regression model, however, rejection
rates for DGPs ij, i = A, B;j = 1,2 do fluctuate around the nominal level, for
any sample size. Hence, assuming no breaks in the DG P, the inclusion of a linear

4We experimented with different values of the parameters, location and number of breaks,
and obtained very similar results.




trend eliminates the spurious regression phenomenon, not only asymptotically,
but also in finite samples.

As can be seen from the theorems, the limiting distribution of ¢; depends on
o2 under DGPs i2,i = A, B. To asses the effect of autocorrelation, a simulation
experiment was performed to compute rejection rates for DGP i2,i = A, B
using ¢, = 0.1,0.5,0.9. Results revealed that rejection rates are greater that
60% even in the case of a sample as small as T = 50, and ¢, = 0.9.

As the analytical results show, the presence of a linear trend in the regression
equation ensures a well defined limit for the distribution of t; ,» under DGPs
ij, i = A, B; j = 1,2. Figure 1 shows that this limit closely resembles a stan-
dard normal distribution. The Monte Carlo experiments used to generate the
depicted densities were based on 1) A non-parametric estimation using 10,000
simulated data samples of 100 observations (labeled T'= 100), under DGP B2,
and regression equation (2), with parameter values: o, =1, ¢, =0, p, = 0.5,
B, = 0.03, for z = x,y; and 2) A non-parametric estimation using 30,000 repli-
cations and the asymptotic distributions of t5, (labeled Asymptotic), for DGP
B2, as stated in Theorem 2B. Addltlonally7 a standard normal distribution is
1ncluded for comparison purposes.

—Asympiotic

-1 0 1 2 3

Non-parametric estimation of ¢5 , for DGP B2.

To assess the empirical relevance of the above results, we utilize long, low
frequency data of (log) real per capita GDP series from 1870 to 1986 for 10 coun-
tries: Australia, Canada, Denmark, France, Germany, Italy, Norway, Sweden,
the United Kingdom and the United States®. According to Perron (1992), a
unit root in the autoregressive representation can be rejected at the 5% level for
Australia, Canada, Denmark, France, Germany and the U.K., when allowance
is made for a single structural break in the trend function. For Italy, Norway
and Sweden, the unit root can not be rejected; while for the U.S. there is neither
a unit root nor a structural break. Hence, for the U.S., real per capita output is

5This data set was kindly provided by Pierre Perron, and is the same as used by Kormendi
and Meguire (1990), Perron (1992) and Perron and Zhu (2002).

10



1(0), for Italy, Norway and Sweden, I(1), and for the remaining countries I(0)
with one break.

As predicted in theorems 1A and 1B, when regression equation (1) is esti-
mated, a spurious relationship will prevail asymptotically, and, as our simulation
experiment shows, this relationship will hold also in small samples. On the other
hand, when regression equation (2) is run under DGPs ij, i = A, B;j = 1,2, no
spurious regression will be present, as shown by theorems 2A and 2B, and the
simulations. Table 2 present the results of estimating (1) and (2) by OLS, to
test the null hypothesis Hy : § = 0, using pairs of variables according to DG P
B2 (note that the same results are obtained under DGP A2).

Table 2
Significance of 5 under DGP B2
Yt Tt Only  Constant Constant and  Trend
I(1)  I(0) ) t — stat 5 t — stat
Ttaly USA 0.948 | 22.70*** 0.004 0.018
Norway | USA || 1.126 | 34.04*** -0.035 -0.215
Sweden | USA 1.270 | 53.39%** 0.023 0.306

Note: *** indicates rejection at the 1% level

As expected, inclusion of a linear trend does eliminate the spurious rela-
tionship between U.S output and the other three GDP variables. Table 3 gives
empirical support of findings reported in theorem 2B under DGP B3.

Table 3
Significance of t3 under DG'Ps B3
Yt T Only  Constant Constant and  Trend
I(1)  I(0) + break ) t — stat 5 t — stat
Australia 1.585 | 36.19%** 1.112 14.29***
Canada 0.912 | 29.97%** 0.859 6.76%**
Ttaly Denmark 0.955 | 39.26%** 1.843 18.03%**
France 1.137 | 59.19%** 1.000 22.66%**
Germany 0.894 | 42.80%** 0.849 13.93%%*
UK 1.463 | 40.06*** 1.750 12.96***
Australia 1.772 | 33.33%** 0.821 16.65%**
Canada 1.056 | 41.58%** 0.532 5.70%**
Norway Denmark 1.099 | 64.39%** 1.132 12.16%%*
France 1.256 | 39.31%** 0.632 14.86***
Germany 1.013 | 48.23%** 0.585 13.24%%*
UK 1.681 | 63.24%** 1.259 13.75%%*
Australia 1.862 | 23.73%** 0.328 10.68%**
Canada 1.168 | 47.57%** 0.218 4.74%%*
Sweden Denmark 1.215 | 89.66%** 0.569 13.90%**
France 1.333 | 27.79%** 0.239 9.05%**
Germany 1.093 | 36.47%** 0.248 10.27%**
UK 1.828 | 48.74%** 0.484 8.85***
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In these regressions, a spurious relationship is present whether a linear trend
is included or not, since one of the variables (the explanatory one in this case)
underwent a structural break in the trend function.

4 Conclusions

This paper has presented an analysis of the spurious regression phenomenon
when there is a mix of deterministic and stochastic nonstationarity among the
dependent and the explanatory variables in a linear regression model. It has
shown that: 1) the asymptotic distribution of the t-statistic for testing a spuri-
ous relationship is sensitive to the assumed mixture of nonstationarity, and 2)
the phenomenon of spurious regression itself depends on the presence of a linear
trend in the regression equation and on the presence of structural breaks in the
DGP.

Thus, if it is believed that there might be a form of mixed nonstationarity
(DS and T'S with no breaks) among the dependent and explanatory variables
in a regression equation, to avoid the phenomenon of a spurious relationship, a
linear trend should be included in such regression model; otherwise, a spurious
relationship will be present under any mix of DG Ps. However, when structural
breaks are a feature of the data (either in the dependent or the explanatory
variable), the presence of a spurious relationship is unambiguous whether the
regression model includes a linear trend or not.

12



5 Appendix

Proof of Theorems

The proofs were assisted by the software Mathematica 4.1. The correspond-
ing codes are available from the authors upon request. Below, we describe the
steps involved in the computerized calculations.

Write either regression model ¥ = a3 + d12¢ + up or yp = ag + Bot + dawy + uy
in matrix form: y = X3 +u. The vector of OLS estimators, 8 = (X'X) "1 X'y,
is a function of the following objects:

For DGP Ai,i=1,2.
T
Zt:1 Yt = %6yT2 + (N’y + %By)T + EuyT1/2
Zle yi = %BZT3+(%ﬂi—i_'uyﬂy)TQ—"QﬂyztuyTS/Q—"(Mz + %573 + gy + l‘yﬂu) T
241, Sy T/
T
e tye = 58, T + 5 (uy + B)T? + Sy T2 + (3, + §8,) T
For DGP Al.
S @ = B, T3 + 2T
S a2 = Va0, T? + 200, T3/ + 22T
St = g, T2 4 LagT? 4 LaoT
Sy = By Desa T + 2208, T? + 11, 2sa T3/% + (201, + 1208, + Ssauy) T
208y T2
For DGP Ai,i =2,3.
Zf:l Ty = %MxTQ + ZSITg/Q + (xo + %IU‘J‘)T
1

S a? = 22T 4 20, 4, T+ (S + Saze + wopiy) T2 + 22085, T3 + (23
+2p2 + wop,)T

Zz;l twt = Ztsz5/2 + %-’onj2 + %-TOT
For DGP A2.
ST e = 18,0, T8 + B, 0T + (308, + Spgi, + 11.8,) T2+
(sztuy + Nyzsa:) T3/2+(§C0My + %xoﬂy + %:u‘a;ﬂy + %,U‘a;ﬂy + Eszuy) T+x02uyT1/2
For DGP A3.
ZtT:l e % (53, * GQQ) T2+[%By + 2?11 0:(1—X;)+ % Zf\il v (1 =X)+ :“y] T
—|—ZuyT1/2

ST 2 = (382 + $Gyy + Guy) T3 + O(T?)
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Y tye = (38, + §G1y) T + O(T?)
ooy v = g (38, + 5Ghy) T + (ByEm + 0 %Etslsm) T5/2 +0(T?)
with
Suy = T2 Zthl Uyt
Sty = T3/ 23:1 tuy
_ T
Yuzy =T ! D1 “f,t
Yo = T73/2 Zg;l Sact
Yoz = T2 231:1 Sa2st
Ets:v - T75/2 Zle tSm’t
Esmuy =7t ZZ:I Sgctuyt
_ T T
Yisror =T 5/2 (Zt:Tb+1 tSat — Ai Zt:Tb+1 Srt)

(For DGP Bi,i=1,2,3, simply invert the roles of x and y). Using these expres-
sions, Mathematica computes the limiting distribution of the parameter vector
by factoring out (X’X)~'X’y in powers of the sample size. In this way, the
orders in probability can be determined, and the limiting expression obtained,
by retaining only the asymptotically relevant terms, upon a suitable normaliza-
tion. The expressions presented in the theorems result from the factorization of
these limits. The proof of theorems 2A and 2B follows the same steps.

Definitions. We make notational economies by writing the various stochastic
processes without the argument. Integrals are understood to be taken over the
interval [0, 1], and with respect to Lebesgue measure, unless otherwise indicated.

Thus, we use, for instance, W, [ W, and [ W, in place of W, (r), fol W, (r)dr,
and fol rW,(r)dr, where W,(r) is the standard Wiener process on r € [0, 1].

For z = z,v,
Ny = [WZ2=2[rW, [W,
No, =2 [rW, — [W,
Ny, =6 [rW, —4 [W,
Nig = [ WzdWy + N3, W, (1) — 6Na, (
Nyy = [ WydW, + N3, W, (1) — 6Nay, (
Dy = [W2— (W)’
Dy = [W2—12 [rW, ([rW. — [W.) —4(f W.)*
Dy =4 [W2—-12([rW,)?
Gi. = Zij\izl Yir (1= Xi2)2(Niz +2)
Gax = 103 via (1= Xia)?
Gao = Vit 751 = Xi)?

S
7
—
S
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Ga: =300 5541 % Ye [F0= Mai)® + M (1= Mg )’]
Gs. = Zi]\izl Yiz f;z (r— i)W,

Gs. = 2G3. — G1. (3G, — G2.) +2Ga, — G3,

Vie = 15 (5Gs: — 15G1, + 2Gar)

‘/250 = (_2_14G2xG1x + 1_12de + %G4:c)
V3x = % (iG%z - %G?)I - 2G4z)
V4z = 1_12 (GQZ - %Glz)

ou(a3) = 2G1yGsyNow — G2, + Doy (2Gay + 3G3y) — 1G3,Ds — $G3, Dy
7G2yG5yN33c + GQyGlle
2
Tus) = [ Wy (Vo [1Wy = Vie [Wy) = 55 (GEs + Geo [ W) + Vau ([ W)
+Gsa (V4w f Wy — Vs fTWy)
)‘u(i,j) = max()\zﬂ-, AZJ)’ Z,] = ]., 2, ceey Mz
/\l(i,j) = HliIl()\ZJ', /\z,j)
Ad(ij) = Auig) = Ni(i.g)

Table A1l
DG Ps, regression models and orders in probability of statistics
Process for . 3
Process for i Regression ) ts
Yr = o+ 0xy + Uy O,(T~1/2) O, (T"/?)
I(1) T =+ 0y + wy 0,(T*/?) 0,(T*/?)
I(0) + trend Y = a+ Bt + 0xy + uy 0,(1) 0,(1)
Ty = a+ Pt + 0yr + ug 0,(T) 0,(1)
Y = @+ 0xy + uy 0,(1) O,(T)
I(1) + drift Ty = a+ 0y + uy 0,(1) 0,(T)
I(0) + trend yr = a+ Bt + dxp + uy 0,(1) 0,(1)
Ty = a+ Bt + 0y + uy 0,(T) 0,(1)
. Y = a+ 0z + uy 0,(1) O, (T"?)
o) g | et B | om
+breaks Yo = a+ Pt + 0z, +uy Op(T1/?) O, (T"/?)
Ty = o+ St + 0y + 0, (T*/?) 0,(T*/?)
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