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Abstract
Inspired by Kalai-Samet [4] and Tijs [11], weighted average lexicographic values are introduced for
share sets and for cores of cooperative games using induction arguments. Continuity properties and
monotonicity properties of these weighted lexicographic values are studied. For subclasses of games
(convex games, simplex games, big boss games) relations are established with weighted (exact) Shap-
ley values.
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1 Introduction

The average lexicographic value (AL value) is introduced in [11] for balanced games. It is, in an
n-player situation, the average of the n! lexicographic maxima of the core corresponding to the n!
orderings of the players. The idea was extended in ([2]) for share opportunity sets. Much emphasis
is there on the continuity properties of the AL-value on compact convex share sets and especially
for perfect share sets. Inspired by the literature on weighted Shapley values ([9],[10],[4]) we became
interested in the existence of weighted AL-values. At first sight, there are two approaches to define
weighted lexicographic values. On one hand, one on can put weights on orderings of the players
leading to mixed lexicographic values. On the other hand, one can have weights on the players or
a hierarchical weight system on the players leading to weighted lexicographic values. The outline
of the paper is as follows.

Section 2 is devoted to preliminaries and notations. In section 3, u-mixed lexicographic values are
introduced. In section 4 and 5, we introduce p-weighted and (p, S)-weighted lexicographic values
respectively and their relations with p-mixed lexicographic values are studied. In section 6 the re-
lations between (p, S)-weighted lexicographic values and weighted Shapley values of some classes of
games are investigated. In section 7 monotonicitity of p-weighted lexicographic values with respect
to the weights is studied.

2 Preliminaries and notations

An n-person cooperative game ([7]) (N, v) with player set N = {1,2,...,n} is a map v : 2 — R
with v(0)) = 0, where 2%V is the collection of subsets of N. Let us denote by G the set of all
n-person cooperative games. The core C'(v) of the game (N, v) is the bounded polyhedral set

Cw)={zeR" | z(N)=uv(N), z(S) > v(S) for each S C N},

where z(S) = Y;csz;. Games with a non empty core are called balanced games. We denote by
BAYN the set of all n-person balanced games.
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The imputation set of (N,v) is the set

I(v)z{xeR"

inzv(N),xi >wv({i}) Vi EN},

Given 2 € R", we denote with x_; the vector belonging to R™! obtained from x by deleting
its j-th coordinate.
A game (N, v) is called:

e a monotonic game if v(S) < v(T) for all S C T}

e a convex game if v(SU{i}) —v(S) <v(TU{i}) —v(T) for all S C T C N\ {i}. We denote
by CG the set of all n-person convex games;

e a simplex game if I(v) = C(v);

e a big boss game (BBG for short) with big boss 1 if:
Ho(S)=0if1¢&S;
2) v is monotonic;

3) v(N) =o(N\ ) = Bies(v(N) —v(N \ {i})) if 1 £5.

e a clan game with clan T'C N if:
Do(S)=0ifT ¢ S;
2) v is monotonic;
3) v(N) — v(N\ §) 2 Bies(v(N) — v(N \ {i})) if § € N\ T.

e an exact game if the core C(v) of (N,v) is non empty and for every S C N there exists
x € C(v) such that 2(S) = v(S) (see [9]).

Given a balanced game (N, v), its exactification is the game (N, v¥) with v¥(S) = mingec() #(9)
for each S € 27,

Given an ordering o = (0(1),0(2),...,0(n)) in N and a compact subset A of R™, the Lexico-
graphic maximum of A with respect to o is the vector L7(A) € A such that:

(L7 (A))o) = max{z,() |z € A, (L7(A))o(j) = To(j)) Vi €N, j <i}.

The Average Lexicographic maximum AL(A) of A is the average over all L7(A) i.e.
AL(A) = L3, cnn)L7(A), where II(N) denotes the set of all possible orderings in N. Given
a balanced game (N, v), we denote by AL(v) the vector AL(C(v)) (see Tijs in [11]).

The Lexicore, LEC(v) of (N,v) is defined (see [3]) as

LEC(v) = conv({L°(v) | o € II(N)}).

We denote by AN = {p = (p1,p2,..,pn) ER™ | 0<p; < 1,37 p; = 1} and by Int(AN) =
{p - (plvav"'vpn) S Rn | 0 < Di < 172?:1192' - ]-}

3 p-mixed lexicographic values

The average lexicographic value was defined in [11] for balanced games and then extended in [2] to
share sets, i.e. elements C € K", where

’Cn = UO&ERICZ 5

K being the family of all compact subsets of H, = {z € R" | z(N) = a}.

For C € K", here we denote the AL-value of C by AL(C), AL(C) = 4S,cn(n)L°(C), i.e. the
average of all lexicographic maxima of C.

Inspired by this definition, here we give the definition of the pu-mixed lexicographic value of C.
It is a weighted average of the lexicographic maxima of C'.



Definition 3.1 Given a system of non negative numbers j1 = (iig)scri(n), such that 0 < p, <1
and Zaen(]\,) e = 1, we define the p-mized lexicographic value of C' with system of weights p, as
the vector:

MML(C) = ) pL7(C
o€II(N)

REMARK 3.2 If p, = 2 for every o € II(N), then the p-mixed lexicographic value of C is AL(C).

REMARK 3.3 The set of all y-mixed lexicographic values of C'is the convex hull of the set {L7(C) |
o € II(C)}. If C is the core of a balanced game (N,v) (C = C(v)), then the set of all y-mixed
lexicographic values of C'(v) is the Lexicore of (N, v).

4 p-weighted lexicographic values
For i € N, and C € K",, let M*(C) be the set
M'(C) = argmax{z; |z € C},
and let C* be the set
C'={a_; eR" 'a€argmax{z; |z€C}} CR" "

Then C' € K7 where o' = o — max{z; | € C}. Let m; : M(C) — C' the i-th projection
defined as m;(z) = x_; and let 7' : C* — M?(C) the inverse of 7;. Note that here 7; ' is a
function.

Observe that AL(C) satisfies the following recursive formula:

Zw (AL(mi(M*(C)))). (4.1)

ZEN

In fact:
AL (C) = T}u ZUGH(N (C) ZieN ﬁ Za,ieH(N\{i}) 771‘_1([’071'(01)) =
5 Sien ™ (AL(m(M(0)))).

Inspired by the formula (4.1) for the average lexicographic value, we give, by induction on n,
the following definition of the p-weighted lexicographic values.

Definition 4.1 Let C € K2, p € Int(A™) if n > 2, p =1 if n = 1. We define the p-weighted
lezicographic value (AP L(C)) by induction on n.

Ifn=1thenp=1 and A'L (C) = a.

Suppose now we have defined the weighted lexicographic values for elements belonging to K~ 1.
We will define the p-weighted lexicographic value for elements C € K. Given p € Int(A™), we
define the p-weighted lexicographic value of C with system of weights p as the vector

APL(C) = pim; (AP~ L(my(MY(C)))),
i€EN
where m;(M*(C)) are (n — 1)-dimensional share sets and p_; is the system of positive weights on
7, (M (C)) whose j-th component (j # i) is
Dj
(poi); = <2—.
’ Zk;éi Dk

The following result holds:



Theorem 4.2 Given p € Int(A"), the following system of positive weights pn = (g )oci(N), where

with Tj_{{0(1),0(2),...,0(]’—1)} it j=23,.n
satisfies the equality

AP(L(O) = Y neL?(C) = M*(L(C)).

Proof. Let us prove this result by induction on n. For m = 2 it is trivial. Let us suppose
that it holds for n — 1. Let us fix the ordering 0 = {0 (1),0(2),...,0(n)} € II(N) and let us
set o' = {0(2),...,0(n)}, N' = N\{o(1)} and T} = T;\{o (1)}. Then we have, by induction
hypothesis in (n — 1)-dimensions,

T Po(j) T Po(j)
fo! = H Z Po(r) - H Z ‘pa(r)

J=2 reN\T} I=2 LeN\
because, for j > 2, N'\T] = N\ T}.
The weight p. is given by
Po(5) Do (j)
Ho = Po(1)Ho’ = DPo(1) = =
j];[2 Z Po(r) Z po'(r) jHQ Z Po(r)
reN\T; re N\Ty reN\T;
_ ﬁ Poj)
LY Do)
=1 reN\T; ™
being Ty =0 and > pyy =1
reN\T:
We prove now that p satisfies the condition 0 < p, <1 for each ¢ € II(N) and Y. pu, = 1.
o€TI(N)
Since 0 < p, < 1 is obvious, we prove by induction that > pu, = 1. For n = 1 it is obvious.
o€ll(N)

Let us suppose it holds in (n — 1)-dimensions, i.e. fixed h € N, let o_j be the generic ordering of
= N\ {h} (o6_n € IL(N')), (T})_,, = T;\ {h}, we have

1= > w.= > 11 Po(g)

o_neIl(N) o_n€I(N’) jJEN' eN,\(T y Po(r)

Let us consider the orderings in N defined by " = (h,o_;,) and let us denote the set of orderings
" by =P, Then we have that

Yo Mo = Z Y shesn Hgh = Z Ph D Mo, =

o€TI(N) h=1  o_,€l(N)
n n

— pc,( ) — e

=2 2 Ilew T p=1le
h=1  o_,€ll(N') TGN,\(T y h=1

REMARK 4.3 In the case where C = C(v) is the core of a balanced game (N,v), Theorem 4.2
guarantees that every weighted lexicographic value of C' = C(v) belongs to the lexicore of (IV,v).



5 (p,5)-weighted lexicographic values

Here we extend the definition of p-weighted lexicographic values to the case of nonnegative weights.
The problem is that if we consider a system of weights p = (p1, ..., p,) such that several of them are
0, we are not able to state how to divide the amount inside the coalitions containing only 0-weight
players. To avoid this problem, we introduce (as in [4]) a partition S = (S, ..., Sp,) of N, S; # 0 for
all 7, and a hierarchy between the elements of the partition in the sense that all players belonging
to S; are “more important” then players belonging to S; with ¢ < j (i.e. the weight of a player in
S; is 0 with respect to players in ;).

Definition 5.1 Consider the set C € K'. Let p =€ Int(A™) ifn > 2, p=1ifn =1 and let
S = (51, ..., Sm) be a partition of N that here and in the following has the property that S; # 0 for
every j € {1,...,m}.

Ifn =1 then p = 1 and APSL(C) = a. Suppose now n > 2 and we have defined the
(p, S)-weighted lexicographic values for elements belonging to Ki=t. We define the (p,S)-weighted
lexicographic values for elements C' € K. Let

pi o > n
N d S if i€ Sy,
’ 0 if  i¢Sy
where k = max{j|S; #0} . We define the (p,S)-weighted lexicographic value of C with p €
Int(A™) and partition S as the vector

APIL(C) =3 Nmy H(AP=SD L (M (C)))),

ieN
where m;(M*(C)) are (n — 1)-dimensional share set and p_; is the system of positive weights on
7 (M¥(C)) whose j-th component (j # i) is:

Dj
b—i)j = )

( )J Ek;ﬁi Die

and the partition S* of N' = N\ {i} is given by the sets S* = (5%, S%,...S}) such that
S\{i} it S, #£{i}  forallr <j,

St —
j
Sit1 if there exists r < j such that S, = {i}, j <m —1.

Given p =€ Int(A"™) if n > 2, p=1if n =1 and a partition S of N, let
L [ISiiE e {1 m),
v 0 if i=m+1

and m . .

b — dimjcis it je{0,.om—1},

J 0 if j=m
(observe that k; < kj_1 and kg = Y .-, ¢; = n). Let I'(N) be the set of o € II(N) such that
o= (0s,,,0s ., 05,) with og, € II(S;), 7 = 1,...m. The following result holds:

m? m—17

REMARK 5.2 Observe that if S = (N) then A®S)L(C) = APL(O)

Theorem 5.3 Given p € Int(A") and a partition S of N, = (io)seri(n) where

m kj— o(s :
[T (T —s 55— | if  oel(N)

P
/’LU = T'GSj\Tj

0 if o ¢D(N)



with
Ts = 0 if s=kj+1,
{O'(k‘ -‘1-1) (k} +2) .,O'(kj—|-8)} if k‘j+1§8§k}j—1
satisfies the equality
APSILC) = Y p.L(C) = M*(C).

o€II(N)

Proof. Let us prove this result by induction on n. For n = 2 it is trivial. Let us suppose that
the assertion holds for n — 1. We want to prove that it holds for n. Let us fix the ordering ¢ =
{o(1),0(2),...;0(n)} € T(N), and let 0’ = {0 (2),...,0 (n)}. Let us set S, = S, \{o (1)}, S} =
S;, j = 1,2,... -1 and in N' = N\ {0 (1)} let us consider the partition (S7,55,...5,,) if Sy, #
{o (1)} or (51,5%,...50,_ 1) if Sy, = {o(1)}. Then, ¢’ € T'(N’) and, by the induction hypothesis,
the coefficient of L7 i

m—1 kj— Po(s) : _
IT= Hsjzklj-;-l = ooy if Sl=10,
resi\(r7)’
Hor =
Hm ijq Po(s) if S’ 7& )
Jj=1 s=kj+1 > Do (r) m ’
resi\ (7))’

with (Tj)/ =T\ {0 (1)}. Now, we want to calculate the coefficient given to L. By definition of
APS) L (C), we have that p, = Ao(1) - Mo, that is

-1 kj_— a(s :
Aoy - TI7S | TIeG 4 ﬁ it S5, =0,
resi\ (1)’
Mo = Ao(1) * 1

m kj—1 Po(s) .
As(1) - szl HsJ:ch+1 — if S+ ).
TESJI'\(TJ'S)I

Observe that, for j <m — 1, (Tjs)/ = T7 being o (1) € Sy,. In the first case we have that

L S Po(s) rey T[T e
o(s o(1 o(s
)‘0' et = Aa’ . = . PR A
= = E S_l,;[+ > Do) Po() i SZI;IH > Po(r)
T resi\(1y) ’ €S;\T;
m—1 kj_1
_ DPo(1) . H Po(s) _
! Po(1 E Po(r
i=1 W =y reS\Ts )
o Po(1) T Pow
o(1 o(s
- j Z Do(r ' H Z Po(r B H H Z pa‘
=L\ resry ) skt €SA\T? ") I=L =Rt e SA Ty ")

being the third equality due to the fact that, in this first case, S,, = {0 (1)}, T} = 0 and

Do(r) = Po(1)- We can see that it coincides with u,. Let us consider now the case S #£ .
r€Sm\T},



Observe that here as well T}, = (). In this second case we have

1 Do (s) Do (1) N ., Do (s)
Ao1) “ Hor = Ao() - = : R
w (1) 71;[1 s:ll:[+1 Z pa(r) Z pa(r) H 821;[_,'_ Z pa(r)
' T resi\(13) rE€Sm ' T resi\(1y)
m kj_1

_ Po(1) . Pols) | _
- I 11 >

Po(r)
TESm\T,,L TES}\(T;‘)/

m kj—1 m kj—1

I L R L T

.~ Po(ry . - Do (r) .~ pa()
j=1 reSm\T}, s=k;j+1 reS}\(Tj)l J=1 \ 5=kl reS; \Tb

We prove now that g satisfies the conditions 0 < p, < 1 and

> 1y = 1. Since 0 < p, < 1 is obvious, then let us prove that Y. pu, =1.Ifn=11tis
o€II(N) o€ll(N)
trivial. Let us suppose it holds in (n — 1)-dimensions, i.e. fixed h € N, we define o_; the generic
ordering of N' = N\ {h} (o-5 € II(N)), S; = S;, j = 1,2,...m, and (Tjs)_h = T;\{h}. By the

induction hypothesis

o _ pa(s _
Z Hon = Z foon = Z H H Z pa(r) =1

o_n€I(N) o_pn€I(N) o_n€l(N) j=1 \ s=h;+1 & {72

holds. Let us consider the orderings in N defined by " = (h,o_p). Then we have that, being
e =0ifc ¢ T (N),

D= D mmn =D A D Mo, =

s€TI(N) hE S hESy  o_pell(N')
=2 > HI—~"—-=X =1
heESm, ZTGS Pr,_en(ny jen Po(r)  1es,, ZTGS pr

reN’\(T)

and the proof is complete. m

REMARK 5.4 As in the case with positive weights, if C = C(v) is the core of a balanced game
(N, v), Theorem 5.3 guarantees that every weighted lexicographic value of C' = C(v) belongs to the
lexicore of (N, v).

The following results hold.

Theorem 5.5 Let § € Ry and C1,Co € K. Then for every p € Int(A™) and for every partition
S of N:

AP L (BCY) = AP L (Cy)  ; APIL(C + Cy) = AP L () + AP (Cy).

In [2] we studied continuity properties for the average lexicographic maximum which here we
can easily extend to weighted average lexicographic maxima. First, we remind the definition of a
perfect set ([2]).

Definition 5.6 We say that C C H, has a perfect structure if for each S € 2V there exists
Bs € R such that

N {zeR" | 2(5) > fs}

Se2N



Let

Pr={D € K., | D has a perfect structure}

and
Pn = UQGRPg.

The following theorem holds.

Theorem 5.7 For every p € Int(A(N)) and for every partition S, APS)L : P* — R™ is contin-
wous on P™.

Proof. The proof can be easily obtained by induction on n using continuity of the multifunction
argmax on P" (see [2] Lemmal and Lemma2). m

Definition 5.8 Let (N,v) be a balanced game. We define

APS L (v) = APSL(C (v)).

6 Relations between weighted weighted lexicographic values
and weighted Shapley values

Let us remind the definition of unanimity games. Given the coalition §) # T' C N, the unanimity
game (N, ur) is the game s.t.

1 if TCS,
uT<S>—{ 0 otherwin

otherwise.

Recall that every game (N, v) can be written as

v = Z {rur,

Te2N\0
with
&r =Y (=1)T=181y(s).
SCT
Let us consider the set: B
S=TnS5,,.

In [9] and [10] Shapley introduced the concept of Shapley value and weighted Shapley value
with a system of positive weights. In [4] Kalai and Samet extended this definition to a system of
nonnegative weights. Here, we remind this definition. Let up be a unanimity game. Then, the
weighted Shapley value of up with system of weights p = (p1, pa, ..., pn) € Int(A"™) is defined as

Pi if 1€8
)] (ur), = { Zr%s Pr . i¢3

Given the game (N, v), the weighted Shapley value of (N,v) is defined by linearity:

o®:9) (v) = Z gTq)(p’S) (ur) .

Te2N

Lemma 6.1 APS) L(up) = @9 (ug).



Proof. Let us prove this result by induction. Let us consider N, a partition S of N and T' C N,
and let us remind that in Definion 5.1, C is the core of the unanimity game wup:

C(uT):{xEIR"|ZxZ—:1, xi>0}.

€T

First of all, we observe that for n = 1 the two definitions trivially coincide. Let us suppose then
that the two definitions coincide for n — 1 players. We must prove that they coincide for n players.
According to Definition 5.1, the coefficients we must give to arg maxx; are

z€C(ur)
A = 7&55;, o if 1€ S,
0 if Q¢ S,

This means that the payoff for player ¢, when he chooses first, is

Pi . . .
op— 1 if 1€8,NT,
" g= . ,
)\i - max x; = Ekesm Pk 0 O lf S S’m\T7
2€C(ur) 0-1= it i€ T\Sm,
0-0= if  i¢TUS,.

Let us fix h € S;;, N T, and let us try to calculate now the contribution to his payoff given by other
players j (i.e. when j chooses first). Now, in cases j € S,,, NT, j € T\Sm, j ¢ T US,,, player h
cannot receive anything else, being or the coefficient \; = 0 (cases 2 and 3) or the whole amount
(1) already assigned (to player j itself). We must consider then the contribution to payoff of player
h given by player j € S,,\T. In this case, let us consider the new (n — 1)-dimensional unanimity
game up with set of players N’ = N\{j}, 7" =T1,S5.=S,,r=1,2,...m—1, 5, = S,\{j} and
the new partition of N, (S7,55,...5},). The core of ur is (if j ¢ T, maxxz; =0)
zGC(uT)j

C (ur) = (argmaxx;)_; = {m eR" | Zwk =1, z 2 0} .

zeC(ur) keT

Asin thiscase TNS, =TNS, #0 (i € TNS,,), the contribution to the payoff of player i given
by player j € S,,\T is, by the induction hypothesis,

Ph _ DPh
ZkesmnT/ Pk ZkesmﬁT Pk

Let us calculate then the final payoff for player h:

Ph n Z Dy Dh _ Pr (Xes,nr Pr) +Pn (Zjesm\T ﬁiﬂm) _
2okes, Pk 5™\ 1 2akeS,, Pk Dkes,.nr Pk (Xres, Pr) (Cres,nr pr)
Pr (Lres,, Pr) Ph

- (Zkesm Pr) (ZkesmﬁTpk) (ZkeSmmTpk)

this is the h-th component of ®®5) (up). Let us suppose now h ¢ S,, N'T. In this case his payoff

is zero due to the fact that rg%x )xh =0if h ¢ T or if h € T\Sy,, because his coefficient is
xeC(ur

zero with respect to coeflicients of other players j € S, NT who take all the amount and then
(argmaxz;) =0.m
z€C(ur)

The following theorem is true:



Theorem 6.2 If (N,v) is a convex game ({N,v) belongs to CGN), p € Int(A™) and S a partition
of N, then
A@S) T, (v) = o9 (v).

Proof. Let us suppose that v € CGY. Then

v = Z Erur + Z Erur

TeY- Text

where T and Y~ are the sets of coalitions s.t. {r are positive and negative respectively. Then,

we have
v— Y frur= Y &rur

TeY— TexY+

and

APOLw+ Y —érur) = APIL( Y Erur).
TeY- Text

Being v,ur € CGY, and being AP [ additive and positively homogeneous on CGN (5.5), we

have
APSL(0) + 37 & AP (ur) = 37 &rAPL (ur),
Ter— Tex+
APS L (v Z —&70P5) (ug) Z Er®PS) (ur)
Ter- Tex+
and then
A(p’S)L Z gTq)(:mS) (ur) Z fT‘I)(p’S) (ur) ZfT‘I’(p’S) (up) = @) (v).
Tex+ TeY— TeY
[

Theorem 6.3 If (N,v) is a convex game, then
A@S) T, (v) = o@:5) (v).

Proof. Let CGY be the cone of convex games. Then, in CG™ the core is an additive correspondence
(see[1]), and, using Theorem 6.2 the proof is completed. m

REMARK 6.4 Due to Theorems 6.2 and [5] (theorem A), for every convex game v and for every
x € C(v) there exists a system of weights p such that z = A5 (v).

Theorem 6.5 If (N,v) is a simplex game or a dual simplex game, or a big boss game or a clan

game, then
APS) () = AP (UE) = o@9) (UE) .

Proof. Due to Theorems 3.1 and 4.2 of [11] the exactification of simplex, dual simplex bigboss and
clan game is a convex game and, using Theorem 6.2, we obtain the result.
]

REMARK 6.6 Let (N,v) be a monotonic game. Then, [A®P3L (v)]; > 0 for all i € N. In fact, if
(N,v) is monotonic, then ming,cc () z; > 0, that implies [L7 (v)]; > 0 for all o € II(N). This means

that [A®P9) L (v)]; > 0 being a convex combination of [L7 (v)];.

10



7 Monotonicity properties of weighted lexicographic values

In this section we want briefly analize what happens to the i-th component of the weighted average
lexicographic value when the weight assiciated to the i-th player increases. At the beginning we are
discussing the monotonicity properties of APL(C) i.e. the case when S = {N}. From now on we
consider p = (p1,p2,...pn) and p’ = (p}, ph,...0.), p,p" € Int (A™) and, without loss of generality,
we us suppose that p} > p;. In general it is not true that [A? L(C)]; > [APL(C)];, also when C is
a perfect set (i.e. the core of a game), as we can see in the following examples.

100’ 100° 100 37

APL(C) = (290907 290907 55) and AP L(C) = (3,3,3), that is (AP L(C)), = =1<

prl 100 <7_p1

Example 7.1 Let C = co{(3, ;,O) 0,0,1)}, p = (5, B ) and p' = (% £, %), In this case
=[Ar

L(C)]; even

37 200

Example 7.2 Let < N v > be the following game: N ={1,2,3} v({i}) =0Vi=1,2,3, v{2,3} =
v{l 2} =0, v{1,3} = % let C the core of < N,v >, and p' = (%é 3). In this case AP L(C) =
(Z.3.2). Letp =(3 +k k,2—2k). Nowp_s = (1ik(§ +k), 1i (5 —k)) and the first coordinate
of APL(C) is
1 1 k1 1 1 k
1~(3+k)+§ ﬁ(3+k) (3+k)(1+§-m)

and the limit of this number when k — 0 is % < =

We can conclude that in general we have no monotonicity of the component of the weighted
average lexicographic value with respect to the associated weight, but we have monotonicity prop-
erties if we consider the case when one weight increases and all other weights decrease or do not
change, as we can see in the following theorem.

Theorem 7.3 Let us consider p,p’ € Int(A") such that py = p1 + k1, p; = p}y — k; for j # 1,
ki >0 foralli=1,2,..n, ky = X}_sk;. Then

[APL(O)]; < [AP L(C)]s.

pf Let us prove this result by induction. For n = 2 it is obvious. Let us suppose now it is true
for n — 1 and we prove it is true for n. /

Let us observe first that [7; ' (AP-1L (71(C)))]; = max{z; | x € D} = [x; }(AP=1 L (71 (C))];.

Let us consider now [Wfl(Ap*J'L (m;(C)))1 and [ 71(Ap—JL (m;(C))]1 for j # 1.

First of all let us observe that [ 71(Ap 1 L(m;(C))h = [AP= L(7;(C))]1 and [7; (A”'—J‘ L(r; (C)))h =
[AP—JL(’]TJ' (C))]1. The weights we have used in calculating [AP~7 L(7;(C))]; are

bi . .
, 1€11,2,..n ,
SE— e (n2m\ ()
while for [Ap/—jL(’]Tj(C))]l are

D1 __nm+t k1 7 __ Di— ki
EnziP,  Znzipn tkj EhtiP,  Enzipn +kj
ie{2,3, ..\ {j}.

These weights satisfy the induction hypothesis as

/ /

p1/Z D1 and pi/g Di
Yh#iP) — Xh#iPh Yn#iP) ~ Eh£iDh

for all ¢ # 1, being

PL(Bhzion) = (p1 + k1) (Bnzipn) 2= p1 (Snzipn — Snzikn) = p1(Snzvh)-
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As, by induction hypothesis, monotonicity holds in dimension n — 1, that is, for all j # 1,
[y (AP L(my(C)h = [AP= L (m(C))]1 < [AP Limy (OO = [ " (AP L(my(C )l (T2)
Let us set

wy o = [ AP L (O)h, )= [yt (475 L (C))h

and wy = [m; (AP Ly (C))y = max{zy | # € C} = [r] (AP~ Ly (C))]; =: v,
and let us remark that by induction hypothesis (7.2)
w; < wji < wy =w) = max{z; |z e C}. (7.3)

Then if we consider the first component of the n-dimensional average lexicographic value we have
AP L)1 = Sy plawt = ph i (AP Dy ()[4 phly (AP L (o C)) s+ g (AP L (i ()]s
= (prtky)[m ! (A7 L(m (C) a2 — k) N Gy (47" Lima(C) )1 =

= (p1 k) wh+ 35 5(pi — ki = 30, piw; + kawy — Z" kiw; =
= D i Piw; 3 g kwy — 3T kawi = D00 paw) + D00, ki (wh — wp)
(remember that ky = Y., k; ). Due to (7.3) and to non negativity of k; we have that for all i
Do ki(wi —wj) >0
and, if we consider positivity of p; for all ¢ and induction hypothesis (7.2), then
S piwh > ok (w) —wl) > 3" pyw; = [APL(C)]1, that is our thesis.

If we consider the case of AP L(C) i.e. the case when the partition S of N is not trivial, also
under the hypothesis of the previous theorem monotonicity does not hold, as we can see in the
following example.

Example 7.4N_{123},S1:{1},522{2,3}70200{(%,0,1) (2,14,0 0)}, p=(33%1).

4 37373
In this case X = (0,3%,3) and APSL(C) = (2,5, 2). Let us consider now the new system of
weights p’ = (1 — e — d,¢,8) with €,6 small and positive. Now X" = (0, 55, Ej-é) and AP S)L(C) =

(2(88125‘5), Eié}l, 5252) We can observe that 1 <1l—e—=9§ fore, 5 small enough, but 3(5;255) > § if
7

and only if € > 3. If we choose, for ea:ample, €= ﬁ and 6 = 12, p = (127 i3 12) N = (0, é, g)

and [A(pl’S)L(C)]l = j(a;ff) =1L < 2 thatis APSL(C) is not monotonic.

8 Concluding remarks

In Section 4 we have seen that every p-weighted lexicographic value of a balanced game (N,v)
(p € Int(A™)) belongs to the interior of the lexicore of (N,v) and in Section 5 we have seen
that every (p,S)-weighted lexicographic value of (N, v) belongs to the lexicore of (N,v). Given
an element x belonging to the lexicore of (N,v), the problem of the existence of p € Int(A™) and
partition S such that the (p, S)-weighted lexicographic value of (N, v) coincides with « is still open.

For monotonicity prpperties we do not have complete results for A5 L and the example is
referred to share sets and not to games.

Acknowledgement. We thank Rodica Branzei for her detailed and insightful comments on a
previous version of the paper.
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