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Abstract

The aim of this paper is to make a contribution to the investigation of the roots and essence
of convex analysis, and to the development of the duality formulas of convex calculus. This
is done by means of one single method: firstly conify, then work with the calculus of convex
cones, which consists of three rules only, and finally deconify. This generates all definitions of
convex objects, duality operators, binary operations and duality formulas, all without the usual
need to exclude degenerate situations. The duality operator for convex function agrees with the
usual one, the Legendre-Fenchel transform, only for proper functions. It has the advantage over
the Legendre-Fenchel transform that the duality formula holds for improper convex functions as
well. This solves a well-known problem, that has already been considered in Rockafellar’s Convex
Analysis [21]. The value of this result is that it leads to the general validity of the formulas of
Convex Analysis that depend on the duality formula for convex functions. The approach leads
to the systematic inclusion into convex sets of recession directions, and a similar extension for
convex functions. The method to construct binary operations given in [21] is formalized, and
this leads to some new duality formulas. An existence result for extended solutions of arbitrary
convex optimization problems is given. The idea of a similar extension of the duality theory for

optimization problems is given.
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1 Introduction

This paper is based on joint work with V.M. Tikhomirov, published in [7]. The aim of this work
is a reduction to calculus of some main tasks of convex analysis. Ideally, this calculus should be as
transparent and user-friendly as the celebrated differential calculus. For convex sets, this subject
has its origins in the work of Minkowski [17], for convex functions in the work of Fenchel [8,9]. The
present paper aims to give a systematic and elegant development of the duality formulas of convex
calculus and to avoid the exclusion of degenerate situations. In particular, the duality theorem for
convex functions and all results depending on it, are valid for all convex functions if one uses the
duality operator given in the present paper. This operator agrees for proper convex functions with
the Legendre-Fenchel transform. We show that many constructions and results of convex analysis
can be generated by one single method: firstly conify, then work with the calculus of convex cones,

which consists of three rules only, and finally deconify.

Now we discuss what is the contribution that the present paper tries to make to the vast literature
on this well-established subject. It lies in the systematic realization of the unified method. This leads
to some new results, such as the result that all calculus formulas hold without exceptions. In order to
show the efficiency of the method, we prove all results from first principles. All proofs can be based
on simple figures, but for the sake of rigor, all proofs have been written down in a careful analytical

style.

We begin by establishing, in section 2, the calculus for convex cones, which consists of three for-
mulas only: the bipolar theorem and the duality formulas for images and inverse images under linear
transformations. These three formulas are well-known, for example, they are given in Rockafellar’s
seminal book Convex Analysis [21]. In the present paper, an attempt has been made to give short
self-contained proofs. This is done to emphasize the value of the conification method: for example,

in [21], some properties on convex cones are derived from properties of convex functions.

In section 3, four fundamental types of convex objects are constructed by deconification of convex
cones with suitable properties (of inclusion in some half space and/or containment of some ray):
convex cones containing zero, convex sets including some recession directions as elements, a similarly
extended concept of convex functions, and sublinear functions. Then, for each of these four types,
the three duality formulas are derived by means of deconification. Of course, the connection between
convex sets (resp. functions) with convex cones is well-known. It has been a main driving force in
the works of Rockafellar [21,22], Moreau [18] and Hérmander [14], and it has been exposed forcefully
in Kutateladze-Rubinov [15]. Moreover, the importance of recession directions in the study of convex
sets and functions is well-known; this is treated in detail in [21]. The contribution of the present
paper is here the systematic way in which recession directions arise and are treated, as a consequence

of deconification of special convex cones. A novelty of the present treatment appears to be that it



does not require the exclusion of degeneracies, such as improper convex functions. For example, a
formula for the duality operator for arbitrary (proper or improper) convex functions with recession
is given in proposition 3.2. It appears to be novel and it involves the duality operators of all four
fundamental types of convex objects: the Legendre-Fenchel operator, the subdifferential operator, the
support function operator, and the polar operator. The value of this result is as follows. At first sight,
the usual restriction to proper convex functions might seem appropriate, as proper convex functions
are the real objects of study. However, working with proper convex can lead to improper functions.
For this reason, Rockafellar recommends, in [22] and in [25], to include improper convex functions.
However, the duality formula f** = clf, does not hold for improper functions. Many formulas from
Convex Analysis depend on the duality formula for convex functions. Therefore, the exclusion of
improper convex functions spreads through the entire theory of Convex Analysis, and in the process
the negative effect of this imperfection is strengthened. Having to take exceptions into account when
working with calculus rules, is not very convenient. An attempt to address this problem is done
n [22]: for improper convex functions, an ad-hoc closure operator is defined—mnot by means of the
closure of the epigraph—an then the duality formula f** = clf holds always. However, this does not
lead to completely satisfactory results—for example, then no improper convex function is closed apart
from the two trivial functions that are identically +oo (resp. —oo). In [25], this modified closure
operation is not mentioned. Most modern accounts of Convex Analysis give the duality formula
f** = clf for proper convex functions only. In fact, often convex functions are defined in such a
way that they do not take the value —oo. The present paper offers a solution for this problem that
appears to leave nothing to be desired: we consider the duality operator on convex functions that is
given by the conification method (conify, take the polar cone, deconify). This operator agrees with
the usual one (called Legendre-Fenchel transform or conjugate convex function) for proper convex
functions, but not for improper ones. This operator has the advantage over the Legendre-Fenchel
transform that the duality formula holds for all convex functions, proper and improper ones, if we

use this operator.

In section 4, we formalize the construction of binary operations on convex objects that is given
in [21]. This formalization is based on a construction using special linear transformations, diagonal
mappings and addition mappings. As a result, the duality formulas for binary operations are imme-
diate consequences of the calculus of convex objects, established in the previous section. The device
of using diagonal mappings in this context is known: for example, it is used in the textbook [11]. The
contribution of the present paper is the consistent development, the inclusion of recession directions,
and the fact that degenerate cases are not excluded. For example, convex functions are allowed to
be improper, and sums of arbitrary convex functions are allowed, even if at a certain point one takes
value +0oo and the other value —oo. Some of the duality formulas appear to have been derived for

the first time by means of the present formalization, in [7].

In section 5, we consider convex optimization. By deconification of a result on convex cones, we



get that every closed convex optimization problem has a solution in an extended sense. This suggests
that it might be useful to include in algorithms for convex optimization the task to find extended
solutions, along with ordinary solutions. Moreover, by deconification of this result on convex cones,

one can derive the duality theory of convex optimization; the idea of this derivation is given.

Finally, we compare the present paper with [7] and [6]. The paper [7] intends to make a contri-
bution to the development of the duality formulas of convex calculus presented in [16,26,27]. In the
present paper, proofs are given in a rigorous analytical style, in [7] of all calculus formulas (sometimes
for some representative examples). In the present paper, all formulas hold in general, and explicit
conditions are given under which the closure operator in the formulas can be omitted, in [7] half
of the formulas hold under conditions of general position, which are not made explicit. Moreover,
improved conification and deconification procedures are given in the present paper, compared to [7].
Deconification is always possible. It turns out that it is preferable, to define the conification of a
convex object in such a way that it is not necessarily unique. This improved procedures force the
inclusion of ‘recession elements’ in convex sets and functions, and this in its turn allows the possibility
to avoid exclusion of degenerate situations. This inclusion is equivalent to carrying out the analy-
sis in cosmic space, rather than in ordinary n-dimensional space. Cosmic space contains a horizon,
consisting of points at infinity. The properties of cosmic space are developed in [25]. The idea of
including recession directions of convex sets as points of these sets is already developed in [21] and
goes back to Steinitz. Finally, the exposition has been simplified. In [6], the fundamentals of Convex
Analysis, but not its use in optimization, is considered; in that paper, the analysis is carried out

systematically and explicitly in terms of cosmic space.

In the last fifteen years, there has been a renewal of interest in convexity, stimulated by progress
in convex optimization algorithms by Nesterov and Nemirovski [19], and many books on convexity

and in particular convex optimization have been published, for example [1-5,10-13,16,19, 20, 25].

2 The three duality formulas for convex cones

In this section we recall the standard operations and facts of convex cones. We include self-contained
proofs of this material. All results in the remainder of the paper will be based on this section.
To be specific, the duality formulas for convex cones in finite dimensional vector spaces, always
equipped with a non-degenerate symmetric bilinear form (-, -)—called just form—are given. We will
work with coordinates, considering vector spaces R", together with a symmetric non-singular n x n-
matrix M, which determines the non-degenerate symmetric bilinear form (u,v) = (u,v)y = u’ Mo
for all u,v € R™, where the superscript T' denotes transposition. The matrix M = I,, gives the
standard form on R", the Euclidean inner product (u,v)r, = (u,v)n, = > p_; ugvk. A subset C C R"

is called a convex cone if it is closed under taking linear combinations with positive coefficients:



a; >0, 2, € C,i=1,2 = ajx1 +asxy € C. A convex cone is not required to contain the zero
vector 0,—sometimes denoted just 0—and it is allowed to be the empty set. For two convex cones
C; € R" i = 1,2, the intersection C7 N Cy and the sum C; + Cy = {z; + x2lx; € C;, i = 1,2}
are convex cones in R™. The polar cone C° of a convex cone C' C R" is the closed convex cone
{y € R"|{y,z) < 0Vz € C}. The closure clC of a convex cone C is a convex cone, and it has the
same polar cone as C. For two convex cones C; C R", i = 1,2, one has (C; + C2)° = C7 N C5.
The bipolar cone C°° of a convex cone C' C R" is the closed convex cone (C°)°. For a subspace
L C R™, the polar L° with respect to the standard form equals the orthogonal complement L+ =
{y € R"|(y,x), = 0Vz € L}. The image (respectively inverse image) of a convex cone C' C R"
(respectively C' C R™) under a linear transformation A : R® — R™ is the convex cone defined by
AC = {Azx|z € C} (respectively A~'C = {x € R"|Az € C}). The conjugate linear transformation of
a linear transformation A : R” — R™ is the linear transformation A’ : R™ — R™ given by (A'y,z) =
(y,Az) for all x € R", y € R™ (in terms of matrices, this is the transposition operator). One has
A" = A. We will use the result from matrix theory that for a linear transformation A : R™ — R™ the
kernel of A, ker A = A=1(0,,), and the image of the conjugate linear transformation with respect to
the standard form, Im A’ = A’(R™), are each others orthogonal complement. The relative interior
riC of a convex cone C' € R" is the interior of C' when C' is regarded as a subset of SpanC', its linear
span; riC is a convex cone. We will use the following property: for each convex cone C C R", the
entire open interval connecting a point in riC' and a point in clC is contained in riC'. A convex cone
in R™ is called a polyhedral cone if it is the solution set of a finite system of homogeneous linear

nonstrict inequalities, Z?:l ajjrg <0, 1 <7< m.

Theorem 2.1 Let A : R" — R™ be a linear transformation, and let C C R™ and C C R™ be convex
cones. Then the following formulas hold true:

1. C°° = clC precisely if C # 0,

2. (AC)° = (A)H(C"),

3. (A=1clC)° = cl(N(C®)) precisely if either C # () or ker A = 0.

The closure operation can be omitted from formula 3. if one of the following two assumptions
holds true:

a. riCNIm A #0;

b. C is a polyhedral cone.

For the proof, we need two consequences of the fact that the image of a compact—that is, closed

and bounded—subset of R™ under a continuous mapping to R™ is compact. The first one is the



extreme value theorem: a continuous function on a compact subset of R™ assumes its maximal and
minimal value. The second one is the following lemma. Let S,,_1 be the unit sphere in R”, that is,
Sn—1 = {z € R"|||z|| = 1}, where || - || is the euclidean norm given by ||z|| = (3>, x?)% For each
convex cone C' C R™ that contains zero, 0, € C, let H(C') denote the intersection H(C) = C N S,—1
of C' with the unit sphere S,,_1 in R".

Lemma 2.2 Let C be a convex cone containing zero in R™.

1. H(C) is closed precisely if C is closed.

2. Let A : R" — R™ be a linear transformation. If C' is closed and C Nker A = 0, then AC is

closed.

Proof.

1. If C is closed, then H(C) is closed, as it is the intersection of two closed sets, C' and S, 1.
Conversely, if H(C) is closed, then for each N > 0 the subset {z € C|||z|| < N} of R" is
compact and so closed, as it is the image of the compact set [0, N] x H(C) under the continuous

mapping (p, x) — pz. Therefore, C is closed.

2. H(C) is compact by statement 1 of the lemma, as C' is closed. A induces a surjective continuous
mapping A : H(C) — H(AC) : ¢ — ||Ac|| "' Ac; this is well-defined, as CNker A = 0. Therefore,
H(AC) is compact and so AC is closed, by statement 1 of the lemma.

Now we prove the theorem.
Proof.

We assume that the chosen form on R" is the standard form; this does not restrict the generality
of the argument by virtue of the following observation: if C, D are convex cones in R™, and D is the
polar cone of C' with respect to (-, -) s, then M D is the polar cone of C' with respect to the standard

form.

1. (a) Assume C = (). Applying the polar operator to C gives R™; applying the polar operator
on this outcome gives 0. That is, C°° = 0. However, clC = (). Therefore, the formula does
not hold.

(b) Assume C # 0.

e The inclusion C°° C clC. For each x € R™\ clC, one takes the point y in clC

that is closest to x; the existence of a closest point follows from the extreme value



theorem, after addition of the constraint that y lies in some closed ball with center x
and containing a point of clC (in order to ensure boundedness and so compactness
of the feasible set of the optimization problem); the uniqueness is not needed here, so
its proof is not given. Now we check that x — y € C°. By the minimality property of
y, we get that for all 2 € C' the function g : [0, +00) — R : t +— [|(y + tz) — x||* has a
local minimum at ¢ = 0; therefore, ¢’(0) > 0, and this gives (x —y, z) < 0. This shows
that x —y € C°.
In order to prove that = ¢ C°°, it suffices to show that (z — y,z) > 0. By the
minimality property of y, we get that the function h : [0, +00) — R : t — ||ty — z||?
has a local minimum at ¢ = 1; therefore, h'(1) = 0, and this gives (x — y,y) = 0.
Therefore, (v — y,2) = (z —y,z —y) + (x — y,y) = ||z — y||* and this is positive.
Indeed, = ¢ clC and y € clC, so x —y # 0 and so ||z — y|| > 0. It follows that
(x —y,x) > 0, as required.
e The inclusion clC' C C°° follows immediately from the definitions.
2. e Theinclusion (AC)° C (A')~Y(C®). For each y € (AC)° and each x € C°, one has (A'y, z) =
(y,Ax) <0 and soy € (A’) L(Ce).

e The inclusion (A')~1(C°) C (AC
(y, Az)y = (N'y,x) <0 and soy €

°. For each y € (A')~1(C°), and each z € C one has

)°
(AC)°.

3. (a) Assume C = (). Then the left hand side of the formula equals R™, and the right hand side
equals cl(A/(R™)), which is Im A’ = (ker A)*.
Therefore, the third formula holds precisely if (ker A)* = R™, that is, if ker A = 0.

(b) Assume C' # . Then the formula follows immediately from the first two formulas:
(A=tclC)° = (A=1(C°°))° by the first formula, and this equals ((A’C°)°)° by the second
formula and by A” = A; this equals cI(A’(C®)) by the first formula.

It remains to prove the last statement of the theorem.

Case a. Assume that riC NIm A # 0, say, d € R™ with Ad € riC.

1. We check the formula A~!clC = cl(A~10).

e The inclusion cl(A71C) ¢ A~clC. As C C clC, one gets A~1C C A~ 1clC. As clC is
closed, A~tclC is closed. It follows that cl(A~1C) Cc A=1(cl0).
e The inclusion A~'clC C cl(A~!C). Choose an arbitrary d € A~'clC, then Ad € clC and
0 (1 —a)Ad + aAd € 1iC C C for all a € (0,1), that is (1 — a)d + ad € A~'C for all
€ (0,1), and so taking the limit o T 1 we get d € cl(A~1C), as required.



2. We check that the left hand side of formula 3. remains the same if the closure operator is omitted.
By what has just been proved, the left hand side of the third formula equals (cI(A~*C))°, which
equals (A~1C)°, as required.

3. We check that the right hand side of formula 3. remains the same if the closure operator is
omitted. That is, we check that the convex cone A’(C°) is closed.To begin with, the convex
cone E = C 4+ Ry (—Ad)—where Ry = [0,+00)— is a subspace, by the following lemma, as the

intersection riE N (—E) contains the element Ad, and so is nonempty.
Lemma 2.3 A convex cone C in R™ is a subspace precisely if riC N (—=C') # 0.

Proof. 1If C is a subspace, then —C' = C = riC # (), and so riCN(—C) = C # (). Conversely,
if ¢ € riCN(—C), then we choose a neighborhood U in SpanC' of ¢ contained in C. Then the set
—c+U in SpanC is a neighborhood of zero in SpanC that is contained in C', as —c € C, U C C,
and C is a convex cone; this implies, as C' is a convex cone, that C = SpanC. Therefore, C is

a subspace.

We continue the proof of case a. The convex cone C'+Im A is a subspace, as E = C +R+(—AJ)
is a subspace and —Im A = Im A. Taking the polar cone gives that C° Nker A’ is a subspace.
Choose a closed convex cone containing zero D in R™ such that D + (C° Nker A’) = C°—and
so A'(C°) = A'(D)—and DN (C°NkerA’) = 0, that is, D Nker A’ = 0. Then A’(D) is closed
by lemma 2.2. Therefore, A’(C®) is closed, as required.

Case b. We observe that polyhedral cones in R™ are precisely the convex cones of the form
(]\Rﬁ)o for some natural number p and some linear transformation A : R? — R™. Moreover, finitely
generated convex cones containing zero in R"" are precisely the convex cones of the form A(Rﬁ), for

some natural number p and some linear transformation A : RP — R™

We will use the second statement of the following lemma.

Lemma 2.4 Let S be a subset of R™ and consider the convex cone containing zero C that is generated
by S.

1. (Carathéodory’s theorem). C consists of all conic combinations of linearly independent subsets
of S; that is, C' is the union of the conver cones containing zero that are generated by linearly

independent subsets of S.

2. The convex cone C is closed if S is finite.

Proof.



1. Choose x € C. Let r be the minimal number for which x can be written as a conic combination
of a finite subset 1" of S of 7 elements, * = Y ,.rast, ay > 0Vt € T. Then T is linearly
independent. Otherwise, one could choose a nontrivial linear relation ), ., 3;t = 0, and sub-
tract a suitable multiple of it from the expression for x above, in order to write x as a conic

combination of 7'\ {t} for some ¢ € T'; this would contradict the minimality property of r.

2. To prove the second statement, it suffices to combine the following three facts: 1) the first state-
ment of the lemma, 2) the observation that the convex cone containing zero that is generated
by a linearly independent subset of R™ is closed, 3) the union of a finite collection of closed sets

is closed.

Thus prepared, we are ready to deal with case b. Assume that C is a polyhedral cone. Choose a

natural number p and a linear transformation A : R? — R™ for which C' = (A(Rﬁ))o.

e We check that the left hand side of formula 3. remains the same if the closure operator is

omitted. It suffices to note that C is closed, as it is the polar cone of some convex cone.

e We check that the right hand side of formula 3. remains the same if the closure operator is
omitted. The convex cone A’(C°) equals A/((A(RE))°°) by the equality C' = (A(R%))°. By for-
mula 1 of theorem 2.1, this equals A’(cl(A(RY))). This equals A’A(RY.) by the second statement
of lemma 2.4. It follows that the right hand side of formula 3. cl(A’(C°)) equals cl(A’A(RE)).
This equals A’A(R%) by the second statement of lemma 2.4. This equals A’(cl(A(R%)) by the
second statement of lemma 2.4. This in its turn equals A’ ((A(Rﬁ))oo) by the first formula of

theorem 2.1. Finally, this equals A’(C°) by the equality C = (A(RE))°, as required.

3 The three duality formulas for convex objects

In this section, the four fundamental types of convex objects will be generated automatically from
the consideration of suitable convex cones (‘deconification’). Conversely, to each convex object of one
of these four types, a convex cone will be associated (‘conification’), not uniquely, but without loss
of information. These constructions, given in proposition 3.1, are the base of the approach ‘conify,
work, deconify’. Thus the duality formulas for the four fundamental types of convex objects, given

in proposition 3.2, are a corollary of the results in the previous section.

The epigraph epif (resp. strict epigraph sepif) of a function f : R™ — R U {400} is the subset
{(z,p)|lp > f(z),z € R",p € R} (resp. {(z,p)lp > f(x),z € R", p € R}). We will use that sepif is
contained in epif, and that they have the same closure. The notation Ry = [0, 400), R4 = (0, +00)

will be used. We consider the following two spaces with form: R"™ x R with form ((z/, /), (z,a)) =



(@', 2)p — da, and R™ x R x R with form ((2/, o/, ), (z,a, B)) = (o', 2)p, —af/ — /3. A set ACR"
is called a conver set if ayx1 + asxo € A for all ; > 0, x; € A, ¢ = 1,2 for which a3 + ag = 1. The

recession cone of a convex set A C R" is the convex cone
0FA={z eR"Ryyz+AC A} ={z eR"z+ A C A}.

A function p: R" — R U {%o0} is called a sublinear function if, in the first place, p(ai1z1 + agzs) <
a1p(x1) + agp(z2) for all a; > 0,z; € R™, i = 1,2 for which {p(z1),p(z2)} # {+00, —c0}, and, in the
second place, p(0) = 0 or p(0) = —oo. A function f : R” — R U {xoo} is called a convex function
if flanxy + agwe) < agf(x1) + agf(xe) for all a; > 0,2; € R™, i = 1,2 for which oy + ag = 1 and
{f(z1), f(x2)} # {+00,—00}. The recession function of a convex function f: R" — RU{+oo} is the
sublinear function f0 on R™ defined by epi(f0") = 07 (epif).

Proposition 3.1 Characterization of convex objects in terms of convex cones. We consider four

examples of the following procedure.

e Deconification. For each nonnegative integer n, a set C, of nonempty convex cones—called
conifications—in a vector space Cyp,—called conification space—with form (-,-) is chosen. Then,
for each convex cone C € C,, an ‘object’ O(C)—called the deconification of C—is defined.
Finally, an internal characterization of the set O, of objects O(C), where C' runs over Cy, is

glven.

e Conification. Conversely, for each convex object O € O,,, two convexr cones C;(O) and C,(O)
belonging to C,, are defined, having the following properties: Cj(O) is contained in Cy(O), they
have the same closure, and for each C € C,, one has O(C) = O—called C' is a conification of
O —precisely if C;(0) C C C Cyu(0).

1. Convex sets with recession.

e Deconification. To each convex cone C C R™ x R for which 0 € C C R™ x R4, the pair
(A(C), Ao(C) is associated, consisting of

A(C) = {x € R"|(z,1) € C} and Ap(C) = {z € R"|(x,0) € C}.

The pairs (A, Ap) that arise in this way—called convez sets in R™ with recession—are
precisely the pairs consisting of a convex set A C R™ and a convex cone Ag C R™ containing

zero and contained in the recession cone 0T A of A.

e Conification. For each convez set in R™ with recession (A, Ay), we define

CZ(A,A()) = CU(A,A(]) = C(A,Ao) = (R_H_(A X 1)) @) (A() X 0)

10



2. Sublinear functions.

e Deconification. To each convex cone C' C R™ x R for which C D R4 (0, 1), the function
p(C) : R™ - RU {+oo} is associated, where

p(C)(z) = inf{p € R|(z, p) € C}

for all x € R™. The functions p : R" — RU {Zo00} that arise in this way are precisely the

sublinear functions on R™

e Conification. For each sublinear function p, we define
Ci(p) = sepip and C\(p) = epip.
3. Convex functions with recession.

e Deconification. To each convexr cone C C R™ x R x R for which Ry(0,,1,0) C C C
R™ x R x Ry, a pair (f(C), fo(C)) of functions R™ — R U {+o00} is associated, where

F(C)(@) = inf{p € Rl(z,p, 1) € C}

and

Jo(C) (@) = inf{p € R|(z, p,0) € C}

for all x € R™. The pairs (f, fo) that arise in this way—called convexr functions with
recession—are precisely the pairs for which f : R" — R U {£oo} is a convezr function
and fo : R™ — R is a sublinear function for which fo > fO*, where fOT is the recession
function of f.

e Conification. For each convex function with recession (f, fo) we define
Ci(f, fo) = C(sepif,sepifo)) and Cyu(f, fo) = C(epif,epifo)).

4. Convex cones containing zero. For convex cones in R™ containing zero, the deconification and

conification operators are the identical operators.

Remark 1. For each convex cone Aj in R™ containing zero, the pair (0, Ag) is a convex set with
recession. Moreover, for each sublinear function fy on R™, the pair (400, fy), where +00 denotes the

function on R™ that is identically +o00, is a convex function with recession.

Remark 2. A more intuitive description of the four types above can be given as follows. A
convex set with recession, (A, Ap), can be viewed as one set, the elements of which are the points of

A and the rays of Ag (representing some of the recession directions of A). A convex function with

11



recession, (f, fo), can be viewed as one function: consider the set, the elements of which are the
points of R™ and the rays of R, and then consider the function on this set defined by z — f(z) for
all z € R® and Ry 2 + ||z||~!fo(x) for all rays R, 2. A convex cone containing zero, C, can be
viewed as one set, the elements of which are the rays of C. A sublinear function p can be viewed as

the function on the set of rays in R”, defined by R, yx — ||z ~!p(z) for all rays R, ;.

Proof.

1. Convex sets with recession.

e Deconification. Let C' C R™ x R be a convex cone for which 0 € C' C R™ x R;..

— We check that A(C) is a convex set. For all a; > 0, x; € A(C), i = 1,2 for which
a1+ag = 1, one has (a1z1+agxe, 1) = ag(z1, 1)+ag(xe,1) € C, as (z;,1) € A(C)x1 C
C, i = 1,2 and C is a convex cone. Therefore, (ajz1 + agze,1) € CN(R" x 1) =
A(C) x 1. That is, a1x1 + aewe € A(C).

— We check that the two given definitions of 0T A are equivalent. For this, it suffices to
prove that ax + a € A for each choice of an element x € R” for which z + A C A,
an element ¢ € A and a number a > 0. Let r be the nonnegative integer for which
r < a < r+1. By repeated application of x+A C A, it follows that rz+a, (r+1)z+a €
A. The element ax + a is a convex combination of rz + a and (r + 1)z + a: indeed,
ar+a=(r+1—a)(re+a)+ (a—7r)((r+1)x+a), and so, as A is a convex set, we
obtain azx +a € A.

— We check that 0T A is a convex cone containing zero. One has 0 + A C A, and for all
a; > 0,2, €0TA, i =1,2 one has a1x1 + asws + A C A, that is, ayx1 + sz € 0T A.

— We check the stated properties of Ag(C). Ap(C) is a convex cone containing zero as
Ap(C) x 0 is the intersection of two convex cones containing zero, C' and R"™ x 0. The
inclusion Ap(C) € 0T A(C) holds as for each z € Ap(C) and each y € A(C), one has
(z,0) € C'and (y,1) € C and so (z +y,1) = (x,1) + (y,0) € C as C is a convex cone.
Therefore, (z +y,1) € CN(R" x 1) = A(C) x 1. That is, x +y € A(C).

e Conification. Let (A, Ap) be a convex set in R™ with recession. By definition, 0 €
C(A, Ap) C R x Ry.

— We check that C(A, Ap) belongs to C,. By definition, C(A, Ag) C R” x Ry. Tt
remains to check that C'(A, Ap) is a convex cone. For this, it suffices, by the definition
of C(A, Ap), to check that ajv; + agvy € C(A, Ag) for all a; > 0, i = 1,2 and each
pair of elements vy, vy € C(A, Ap) of one of the following three types:

(a) v; = (z4,1), i = 1,2, 50 x; € A, i = 1,2; then ajv1 + agve = (a1 + a2) (a1 (a1 +
a2) 'z +ag(a +az)"tae, 1), and so, as A is a convex set, ajv; +agve € Ry 4 (Ax
1). Therefore, ajv1 + ave € C(A, Ap).
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(b) v; = (x4,0), i =1,2,s0 z; € Ap, i = 1,2; then ajv; +agve = (@121 + a2, 0) and
so0, as Ay is a convex cone, ajv1+aovy € Agx0. Therefore, ayvi+agvy € C(A, Ap).

(c) v1 = (x1,1),v2 = (x2,0), so x1 € A, z2 € Ap; then ayv; + vy = oy (1 + 3—?:1:2, 1);
and so, as Ag C 0T A, one has ajv1+agvy =€ Ry (Ax1). Therefore, ajvi+agvg €
C(A, Ay).

— We have that C(A, Ap) € C, and, by definition, C(A, Ag) N (R™ x 1) = A x 1 and
C(A, Ag)N(R™x0) = Ag x 0. For a convex cone C' € Cp, the condition O(C) = (A, Ag)
means that CN(R" x 1) = Ax1and CN(R" x0) = Ag x 0. Now we use that convex
cones in C, are determined by their intersections with the hyperplanes R™ x 1 and
R™ x 0. It follows that for convex cones C € C,, one has O(C) = (A, Ap) precisely if
C =C(A, Ap).

2. Sublinear functions.

e Deconification. Let C' C R™ x R be a nonempty convex cone for which C' D R4 (05, 1).

— We check that p(C) satisfies the defining inequality of sublinear functions. Take
arbitrary o; > 0,2; € R", i = 1,2 for which {p(C)(z1),p(C)(z2)} # {400, —o0}.
We want to verify the inequality p(C)(a121 + azz2) < aq1p(C)(z1) + aap(C)(x2). We
assume that p(C)(z;) < +00,i = 1,2 as we may: otherwise the inequality holds as
the right hand side is +00. For all (x;, p;) € sepip(C) C C, i = 1,2, one has, as C'is a
convex cone, that a(z1, p1)+aa(z2, p2) € C C epip(C). That is, p(C) (a1 z1+asxs) <
a1p1 + aepe. Taking the infimum over all p;, ¢ = 1,2 for which (z;, p;) € sepip(C) i =
1,2, we obtain the inequality p(C)(a121 + asz2) < a1p(C)(z1) + aap(C)(z2).

— We check the stated property of p(C)(0). By the inequality that is just proved, with
x1 = x2 = 0, one gets that p(C)(0) equals 0, —oco or +o00. As (0,,1) € C C epip(C),
we get that 1 > p(C)(0), so p(C)(0) # +oo. Therefore, p(C)(0) equals 0 or —oo.

e Conification. Let p: R™ — RU {+£oo} be a sublinear function.

— We use that sepip is contained in epip, and that they have the same closure. It follows,
by definition of C;(p) and Cy(p), that Cj(p) is contained in Cy,(p), and that they have

the same closure.

— We check that Cj(p) is a convex cone. Choose arbitrary «; > 0, (x;, p;) € Ci(p), i
17 2. Thenp(xz) > —00, = 17 27 S0 {pl(xl)ap(x2>} ?é {+OO, _00}7 SOp(Oél.’B1+0625U2)

<
a1p(x1) + agp(ze), as p is a sublinear function. Therefore, ayp1 + agp2 > agp(x1) +

aop(x2) > plagxy + agxe), that is, (a1z1 + agze, a1p1 + agps) € sepip = Ci(p). It
follows that ay(x1, p1) + aa(z2, p2) = (a1x1 + @axa, a1 p1 + aop2) is contained in Cj(p).

— We check that Cj(p) contains the convex cone R, (0,,,1). This follows from Cj(p) =
sepip and from p(0) = 0 or p(0) = —oo, which implies p(0) < 0, that is, sepip contains
the convex cone Ry (0p,1).
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— The verifications that Cy(p) is a convex cone containing Ry (0, 1) are similar.

— It follows that Cj(p) = sepip and C,,(p) = epip belong to C,,. For a convex cone C' € C,,
the condition O(C') = p means that sepip C C' C epip, that is, Cj(p) C C C Cy(p).

3. Convex functions with recession.

e Deconification. Let C C R™ x R x R be a convex cone for which R (0,,1,0) C C C
R®™ x R x Ry4.

— We check that f(C) is a convex function. Choose arbitrary «; > 0,2; € R”, i =
1,2 for which a1 + ag = 1 and {f(C)(z1), f(C)(x2)} # {+00,—00}. We want to
verify the inequality f(C)(aqz1+ asz2) < aq f(C)(z1) + a2 f(C)(z2). We assume that
f(C)(x;) < 400, i = 1,2, as we may without restriction of the generality; otherwise,
the inequality holds, as the right hand side is +o00. For all p; € R, i = 1,2 for which
(i, pi) € sepif(C), i = 1,2, one has (z;,p;, 1) € sepif(C) x 1 C C, i = 1,2, and so,
one has, as C is a convex cone, that a;(x1, p1,1) + aa(x2,p2,1) € CN(R" xR x 1) C
(epif(C)) x 1. That is, f(C)(anz1 + aoxs) < aip1 + agps. Taking the infimum
over all p;, i = 1,2 for which (z;, p;) € sepif(C), i = 1,2, we obtain the inequality
F(O)(arz1 + agz2) < a1 f(C)(z1) + a2 f(O)(z2).

— We check that fo(C') satisfies the defining inequality of sublinear functions. We choose
arbitrary «; > 0,2; € R", ¢ = 1,2 for which {fo(C)(x1), fo(C)(x2)} # {400, —00}.
We want to verify the inequality fo(C)(a1z1+aexe) < aq fo(C)(x1)+a fo(C)(z2). We
assume that fo(C)(x;) < oo, i = 1,2, as we may without restriction of the generality;
otherwise, the inequality holds, as the right hand side is 4c0. For all p; € R, i =1,2
for which (z;, p;) € sepifo(C), i = 1,2, one has (z;, p;,0) € sepifp(C) x 0 C CN(R™ x
0), i = 1,2, and so, one has, as C' is a convex cone, that aj(z1, p1,0) + aa(z2, p2,0) €
CNR" xR x0) Cepify(C)x0. That is, fo(C)(arz1 + aexs) < a1p1 + agpe. Taking
the infimum over all p;, i = 1,2 for which (x;, p;) € sepifo(C), i = 1,2, we obtain the
inequality fo(C)(n1 + asia) < a1 fo(C)(1) + o fo(C)x2).

— We check that fo(C)(0) =0 or fo(C)(0) = —oo. By the inequality that is just proved,
with 1 = 22 = 0, one gets that fy(C)(0) equals 0, —oco or +oo. As (0,,1,0)) €
CNR" xR x0) C epifo(C), we get 1 > fo(C)(0), so fo(C)(0) # +00. Therefore,
fo(C)(0) equals 0 or —co.

e Conification. Let (f, fo) be a convex function on R™ with recession.

— We use that sepif (resp. sepify) is contained in epif (resp. epifp) and that they have
the same closure. It follows, by the definitions of Ci(f, fo) and C,(f, fo), that Ci(f, fo)

is contained in Cy(f, fo), and that they have the same closure.
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— We check that Ci(f, fo) (resp. Cu(f, fo)) belongs to C,. This verification can be
reduced to what has been proved already for convex sets with recession by means of
the equality Ci(f, fo) = C(sepif,sepifo) (resp. Cu(f, fo) = C(epif,epifo)).

— We have that Ci(f, fo) and Cy(f, fo) belong to C,, and, by definition, C;(f, fo) N (R™ x
R x 1) = sepif, Ci(f, fo) N (R™ x R x 0) = sepifo, Cu(f, fo) N(R" xR x 1) = epif, and
Cu(f, fo) N (R™ x R x 0) = epify. For convex cones C' € C,, one has O(C) = (f, fo)
precisely if sepif x 1 C CN(R™" xR x 1) C epif x 1 and sepifo x0 C CN(R" xR x0) C
epifo x 0. Now we use that convex cones that belong to C,, are determined by their
intersections with the hyperplanes R” x R x 1 and R” x R x 0. It follows that for
convex cones C € Cp, one has O(C) = (f, fo) precisely if Ci(f, fo) C C C C(f, fo).

The following proposition gives the result of transferring some concepts from convex cones to
convex objects. We need some definitions. Sometimes we indicate the dependence of C, and C,, on
the type O by writing C,(O) and C,,(O) instead. For each function f : R" — R U {£o00} and each
subset S C R"™, the restriction of f to S is denoted by f|s. The effective domain domf of a function
f:R" - RU{£o0} is the set {z € R"|f(x) < +oo}. This is a convex set (resp. a convex cone) if f
is a convex function (resp. a sublinear function). We let clA denote the topological closure in R” of a
convex set A C R™ and we let clf be the function R” — RU {400} determined by epi(clf) = cl(epif)
for a convex function f : R — R U {#oc}. The linear transformation R"** — R™*S s = 0,1,2
defined by operating with A on the first n coordinates and by acting by the identity operator on the

other s coordinates, is again denoted by A.

Proposition 3.2 1. For each type of convex objects O, there is a unique type OF —called the dual
type of O—for which C° € C,(OP) for all C € C,(O). Euplicitly, ‘convex cones’ and ‘convex
functions with recession’ are self dual, ‘sublinear functions’ and ‘convex sets with recession’ are

each others dual type.

2. Let A : R® — R™ be a linear transformation, O one of the four fundamental classes and O
(resp. O) a conver object of type O over R™ (resp. R™). Choose a convex cone C in C, (resp.
C in Cy,) for which O(C) = O (resp. O(C) = O). The following concepts are independent of
the choice of C (resp. C):

(a) Duality operator. The object OP of type OF over R™ —called the dual object of O—that
is defined by OP = O(C°). Explicitly:
i. convex cones containing zero C: CP = C°, where the convex cone C°—the polar
cone—is defined by {y € R"|(y,z) <0Vz e C};
i. convex sets with recession (A, Ag): (A, Ag)P = sAlag, where the sublinear function
sA—the support function of A—is defined by (sA)(y) = sup{{y,z)|z € A} for all
y € R"™;
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iti. sublinear functions p: pP = (Op, (domp)°), where the convex set Op—the subdifferential
of p—is defined by {y € R"|(y,x) < p(z) Vo € R"};

w. convex functions with recession (f, fo): (f, fo)? = (f*lagos s(domf)|(domys,)°), where
the convex function f*—the conjugate function (or Legendre-Fenchel transform)—is
defined by f*(y) = sup{(y,z) — f(x)|z € R"} for all y € R™.

(b) Closure. The object clO of type O over R™—called the closure of O—that is defined by
clO = O(clC). Explicitly:
i. convex sets with recession (A, Ag): cl(A, Ag) equals (clA,0clA) if A # () and it equals
(0, clAy) if A= 0;

ii. convex functions with recession (f, fo): cl(f, fo) = (clf, (clf)0T) if f # +oo and it
equals (+00,clfy) if f = +oo;

1. for comes containing zero and sublinear functions, the unified definition of closure

agrees with the usual one;

(c) Image. The object AO of type O over R™—called the image of O under A—that is defined
by AO = O(AQC).

(d) Inverse image. The object A=1O of type O over R™—called the inverse image of O under
A—that is defined by A=1O = O(A~10).

Remark. We emphasize a special case of interest. Statement 2.(a)iv shows that the dual-
ity operator on convex functions defined by the conification method—conify, take the polar cone,
deconify—is different from the usual duality operator, the Legendre-Fenchel transform for improper
convex functions (other than the trivial ones: the function that is identically +oco and the function
that is identically —o0). Moreover, this statement shows that the two duality operators agree for
proper convex functions. We will see later that the duality operator defined by conification has ad-

vantages over the usual one (see the remark following theorem 3.4).

The explicit versions for images and inverse images are the obvious ones—for example A(A4, Ag) =

(AA, AAp) for convex sets with recession—and have not been displayed in the result above.
Proof.
1. The property of convex cones in R™ to contain zero is preserved by taking polar cones. The
polar cone operator interchanges the properties of nonempty convex cones in R™ x R to be

contained in R™ x Ry and to contain Ry (0,,1). The property of convex cones in R" x R x R

to be contained in R™ x R x Ry and to contain R, | is preserved by the polar cone operator.

2. (a) Duality operator. The equality O(C') = O gives, by proposition 3.1, the inclusions C;(O) C
C C Cyu(0). Taking closures and using clC;(O) = clC,,(0) gives clC;(0) = clC = clC,(O).
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Taking polar cones, and using that a convex cone has the same polar cone as its closure,

that C;(0)° = C° = Cy(0)°. Therefore, OP = O(C®) is independent of the choice of C.

i. Convex cones C. There is nothing to check here.

ii. Convex sets with recession (A, Ap). It suffices to check the equality C(A4, Ap)° =
C(sA|a,). For an element (y,3) € R™ x R to belong to C(A4, Ap)° means that
((y,0), (z,a)) < 0 for all (z,a) € C(A, Ap). By the definition of C(A, Ag), this
amounts to the conditions ((y, 3), (z,1)) = (y,z), — F < 0 for all x € A, and
((y,0),(x,0)) = (y,x), < 0 for all z € Ay. This can be formulated as follows:
(y,8) € epi(sA) and y € Af. That is, (y,) is an element of epi(sA|as), that is, of
C(sA|a,)-

iii. Sublinear functions p. It suffices to check the equality Cy(p)° = C(dp, (domp)®).
For an element (y,3) € R™ x R to belong to C,(p)° means that {(y, ), (z,a)) <0
for all (z,a) € Cyu(p). By the definition of Cy(p), this amounts to the condition
((y,0), (z,a)) = (x,y)n — Ba < 0 for all (z,a) € epip. For f = 1 this reduces
to (y,x)n, < a for all (z,a) € epip, that is, y € dp. For § = 0 this reduces to
(y,x)p <0 for all (z,a) € epip, that is, y € (domp)°. That is, (y,3) is an element of
C(0p, (domp)°).

iv. Convex functions with recession (f, fo). It suffices to check the equality Cy(f, fo)° =
C(f*|af,, s(domf)|domf,)- For an element (y, 5,9) € R” xR xR to belong to Cy(f, fo)°
means that ((y,3,0), (z,a,7v)) < 0 for all (z,a,v) € Cy(f, fo). By the definition of
C(f, fo), this amounts to the conditions ((y, 3,9), (z,a, 1)) = (y,z), — F — da < 0 for
all (z,) € epif, and ((y,3,6), (z,0,0) = (y,x), — da < 0 for all (z,a) € epify. For
d = 1 this reduces to 8 > (y,z), — « for all (z,«) € epif, that is, (y, ) € epif*, and
a > (y,x), for all (z,a) € epify, that is, y € 0fo; these conditions can be written as
(y,B) € epi(f*|af,). For § = 0 this reduces to 8 > (y,x), for all (z,«) € epif, that
is, (y,3) € epis(domf), and (y,x), < 0 for all (z,a) € epify, that is, y € (domfy)°;
these conditions can be written as (y,3) € epi(s(domf)|(omy,)°). In all, we obtain
that (3. 8.8) € C(f* o (dom )] gompe):

(b) Closure. The equality O(C) = O gives, again, clC;(0) = C = C,(0). Therefore, clO =

O(clC) is independent of the choice of C.

i. Convex sets with recession (A, Ag). It suffices to check that clC(A, Ap) is equal to
C(clA,07clA) if A # () and that it equals C(0,clAp) if A =0.

e The case A = ). Then clC(A, Ag) = cl(4g x 0) = (cldg) x 0 = C(0,clAy), as
required.
e The case A # 0.
— We check the inclusion clC(4, Ag) C C(clA,0"clA). We take an arbitrary ele-
ment (z, p) € clC(A, Ag). We choose an infinite sequence (z, pi)r in C(A, Ao)
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that converges to (x,p). If p > 0, then it suffices to show that p~'x € clA, as

this implies (z,p) = p(p~'z,1) € Ry (clAd x 1) € C(clA4,0"clA). We assume
that pr > 0 for all k£ as we may by going over to a suitable subsequence. Then,
for each k we have (zy, py) € Ris(A x 1), and so p; 'ay, € A. Taking the limit

Lz € clA, as required. If p = 0, then it suffices to show that

k — 400 gives p~
x € 0"clA, as this implies (z,p) = (x,0) € 07clAd x 1 C C(clA,07clA). We
distinguish two cases:

x pr = 0 for at most finitely many k; we assume that pp > 0 for all k, as
we may by going over to a suitable subsequence. Then for all k one has
(pp 'z, 1) € C(A, Ag) N ((R™ x 1) = A x 1, that is p; 'z, € A. We take an
arbitrary a € A, and choose an infinite sequence (ay)r in A that converges to

a. Then a+z = limkﬂ+m(ﬁak+ li’;k (p,zla:k)) € clA. Therefore, z € 0T A,

as required.

* pr = 0 for infnitely many k; we assume that pp = 0 for all k, as we may by
going over to a suitable subsequence. Then for all k one has ), € Ag C 0T A.
We take an arbitrary a € clA and choose an infinite sequence (ay)x in A that
converges to a. Then a + x = limg_1 o ar + 2. One has for each £k that
ap +x, € A as ar, € A and 2, € 0T A. Therefore, a + x € clA.

— We check the inclusion C(clA,0"clA) C clC(A, Ag). We take an arbitrary ele-
ment (z, p) € C(clA,0TclA). If p > 0, then (p~12,1) € (R"x1)NC(clA, 0T clA) =
clA x 1, and so p~'x € clA. We choose an infinite sequence (yj), in A that
converges to p~'z. Then (x,p) = limy_, 1o (pyr, p) and so (x, p) € clC(A, Ay).
If p = 0, then we choose a € A. We have (x,p) = (7,0) = limy_, 1o (k7 1a +
k1) = limg_ oo k1 (a + kx,1). Asa € A and = € 0T clA, we have for all k
that a + kx € clRy1(clAd x 1) C (R4 (A x 1) C clC(A, Ag). It follows that
(z,p) € clC(A, Ao).

ii. Convex functions with recession (f, fo). It suffices to check that clC(f, fo) equals
C(clf, (clf)0T) if f # 400 and that it equals C(4o00,clfy) if f = +oo. These state-
ments follow immediately from the explicit formulas for cl(A, Ay) by virtue of the
defining formula Cy(f, fo) = C(epif,epify). definition of C(f, fo).

iii. Convex cones containing zero and sublinear functions. These statements follow im-

mediately from the definitions.

(c) Image. For convex sets with recession and convex cones, this follows immediately from the
definitions and for convex functions with recession and sublinear functions, this follows
from the inclusions sepiAf C A(sepif) C A(epif) C epiAf.

(d) Inverse image. For convex sets with recession and convex cones, this follows immediately

from the definitions and for convex functions with recession and sublinear functions, this
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follows from the inclusions sepiA~!f C A~!(sepif) C A~ (epif) C epiA~!f.
A convex object is called closed if it is equal to its closure.

Proposition 3.3 Fach closed convex object has a unique closed conification. Explicitly, the unique

closed convex cones corresponding to closed convex objects are as follows:

1. for a closed convex set with recession (A, Ao), it is C(A, Ap);
2. for a closed sublinear function p, it is Cy(p);

3. for a closed convex function with recession (f, fo), it is Cy(f, fo).

Proof. This is a consequence of the propositions 3.1. and 3.2.

Now we are ready to give the main result on convex objects. The relative interior riA of a convex
set is the interior of A, when A is regarded as a subset of its affine hull; this is a convex set. The
usual definitions of polyhedrality of convex objects are that a convex set A is called polyhedral if it is
the intersection of a finite collection of closed half spaces; a convex function f is called polyhedral if
its epigraph is a polyhedral convex set. The unified definition is that a closed convex object is called
a polyhedral convex object if its closed conification is a polyhedral cone. Explicitly, a closed convex
set with recession (A, Ag) is polyhedral if A and Ay are polyhedral, a closed convex function with
recession (f, fo) is polyhedral if f and fy are polyhedral. For convex cones and sublinear functions,

the unified definition of polyhedrality agrees with the usual one.

Theorem 3.4 Let O be one of the four fundamental classes of convex objects. Let A : R™ — R™ be
a linear transformation, let O (resp. O) be a convex object of type O over R™ (resp. R™ ). Then the

following formulas hold true :

1. OPP =clO,

2. (AO)P = (A)~1(OP),

3. (A~1clO)P = cl(A'(OP)).

Both sides of formula 3. remain the same if the closure operator is omitted, provided one of the
following two assumptions holds true:

a. In the case of conver sets (and so of convex cones): if A# 0, thentiANTIm A # 0, if A =0,
then 1iAgNIm A # 0; in the case of convex functions and (and so of sublinear functions): if f # 4oo,
then ridomf NIm A # 0, if f = 400, then ridomfo N Im A # ()

b. O is a polyhedral object.
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Remark. A special case of interest of this result concerns convex functions. The first statement
of this result means that the duality formula for convex functions holds for all convex functions,
proper as well as improper, if we define the duality operator on convex functions by means of the
conification method: conify, take the polar cone, deconify. From proposition 3.2 2. (a)iv, it follows
that this duality operator equals the usual duality operator, the Legendre-Fenchel transform, for
proper convex functions, but not for improper convex functions (except the convex functions that are
identically +00 or —oo. As many results from Convex Analysis depend on the duality formula for
convex functions, it follows that in this way one gets satisfactory versions of these results, without

the need to exclude certain special cases.

Proof.

1. Choose a convex cone C € C, for which O(C) = O. By theorem 2.1, one has C°° = clC.
Moreover, one has O(C°® = O(C°)P = O(C)PP = OPP and O(clC) = clO(C) = clO. It
follows that OPP = clO.

2. Choose a convex cone C' € C, for which O(C) = O. By theorem 2.1, one has (AO)P =
(A)~*OP. Moreover, one has O((AC)°) = O(AC)P = (A(O(C)))P = (AO)P and O((A')~H(C°) =
(A)~to(C°) = (A)~to(C)P = (A")~HOP). Tt follows that (AO)P = (A)~1(OP).

3. Choose a convex cone C' € C,, for which O(C) = O. By theorem 2.1 one has (A~!clC)° =
cl(cl)((A")CP). Moreover, one has

O(A™tclC)° = (O(A™tel0)P = (A710(clC)) = (A~1clO(C)P = (A~ LclO)P

and Ocl(A'(C®)) = clO((N'(C°)) = clA'O(C°) = cIA'(O(C)P) = cl(A'OP).

It remains to translate the conditions in theorem 2.1 that imply that the closure operation may
be omitted in the third formula from convex cones to convex objects. For the second condition this
is clear. Now we do the first condition. Let C' € C,, be a convex cone for which O(C) = O. In the
case of convex sets with recession, O = (4, Ay), we have C = C(A, Ag). Therefore, the condition
is Tm A N1iC(4, Ag) # 0. The relative interior of C(A, Ag) equals Ry, (rid x 1) if A # 0 and it
equals 1idg x 0 if A = (). Translation of this condition gives : if A # ), then riA NIm A # 0, if
A = (), then ridg NIm A # (). In the case of convex functions with recession, O = (f, fo), we can
take C' = Cy(f, fo) = C(epif,epify). Therefore, the condition is Im A NriCy(f, fo) # 0. The relative
interior of Cy(f, fo) equals the relative interior of C(sepi( f|ridom ), sePi( fo|ridom)); here we use the easy
fact that a convex function is continuous on the relative interior of its domain. Using what we have
proved above for convex sets with recession, we get that the condition translates into: if f #Z +o0,
then ridomf NIm A # 0, if f = 40, then ridomfy N Im A # ()
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Remark The following subclasses of convex objects are of special interest.

1. Self dual subclasses. The classes ‘convex sets with recession’ and ‘sublinear functions’ are each
others dual. The following subclass of the convex sets with recession (resp. sublinear functions)
is dual to itself: convex sets containing zero with recession (B, By) and nonnegative sublinear
functions (or gauges or generalized norms) n. Indeed, for both subclasses, the corresponding
convex cones are the convex cones C C R™ xR that are contained in the closed halfspace R™ xR
and that contain the convex cone generated by (0, 1); the polar operator acts on this collection
of convex cones. The explicit expressions for the polar operators is as follows: (B, BO)D is equal
to (B°, (07 B)°), where the polar set B° is defined by {y € R"|(z,y) < 1Vz € B} and where B

D

is the polar cone of By; n” = n*, where the dual gauge n* is defined by n*(y) is the smallest

element in [0, 4+o00] for which (y,z) < n*(y)n(z) for all z € R™.

2. Linear subspaces. For the subclass of convex cones, consisting of the subspaces, the duality op-
erator reduces to the orthogonal complement operator, and the closure operator in the formulas

of theorem 3.6 can be omitted as all subspaces of R™ are closed.

3. Polyhedral convex objects. It can be shown that the property ‘polyhedrality’ of a convex object
is preserved under the duality operators and under taking images and inverse images of linear

transformations.

4 Duality of binary operations on convex objects

The aim of this section is to formalize the procedure to construct the binary operations on convex
objects given in [R], but to avoid the exclusion of exceptional cases; moreover, a simple unified proof

of the duality formulas for binary operations, including some new formulas, is given.

Consider the special linear transformations +, : R" x R® — R" : (zj,z2) — z; + x2 and
Ap:R" - R" X R": z+— (z,z).

Lemma 4.1 The linear operators +, and A, are dual to each other: (+,) = A, and (A,) = +4.

Proof.  To prove this lemma, it suffices to show that (x1,z2) has the same inner product with
(+n)'y as with Apy: for all z1,29,y € R™ indeed, ((x1,z2),(+,)"y) equals (A,(x1,22),y), by
definition of the dual linear transformation; this equals (x; + x2,y); moreover, ((x1,z2), Apy) =

((z1,22), (¥,9)) = (z1,9) + (22, ¥).

The two well-known binary operations on convex cones in R” containing zero can be expressed in
terms of these linear transformations as follows: C1 +C5 = +,(C1 x C3) and C1NCo = A 1(Cy x Cy).
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If a factorization of the given vector space as a product of r factors is chosen, say, R” = []i_; R™
with n = Y7, n;, then this gives a factorization R” x R" = [];_; R™ x R™. Then one gets 2" binary
operations ®, on the convex cones in R™ by considering one of the 2" sequences w of r minus (—)
and plus (4) symbols, and by acting on the i-th factor R™ x R™ of R” x R™ (1 < i < r) by +,, if
w; = + and by Aflil if w; = —. The definition of the convex cone containing zero C ®,, Co C R"—for
all convex cones containing zero C; C R", j = 1,2 and each sequence w of r minus (—) and plus
(+) symbols—can be given in the following explicit form. We denote for each z € R™ its projection
on the i-th factor of R by () € R™ (1 < i < r). For all elements z(j) € Cj,j = 1,2 for which
z(1)@ = 2(2)® for all i € {1,...,r} for which w; = —, we define the element z(1) @, z(2) € R"
by (2(1) Op 2(2))® = 2(1)® + 2(2)® if w; = 4+ and (z(1) O, 2(2))® = 2(1)® = 2(2)@ if w; = —.
Then C; ®, C2 C R™ is defined to consist of all elements z(1) ®, z(2) € R™ that arise in this way.
These binary operations ®, on convex cones in R™ are commutative and associative. For a type
of convex objects O and a natural number n, the standard factorization—into s + 1 factors—of the
conification space C,(0) = R"" is R" x R x Rif s =2, it is R" x R if s = 1 and it is R" if s = 0.
For later use, the binary operation resulting from replacing in w each choice of + by —, and vice
versa, is denoted by w?. Note that w? = w. The following binary operations will arise automatically
by means of this construction: 1) on convex sets: intersection, sum, convex hull of the union, and
Kelley sum (defined by A1 B Ay = Up<a<i(a@A; N (1 — a)As2)); 2) on convex functions: maximum,
sum (with the convention co 4+ (—00) = —o0), convex hull of the minimum, convolution (defined by
i @ fa(x) = inf{fi(z1) + fr(w2)|lz; €R™,j =1,2, x =21 + x2}).

To construct binary operations on convex objects, we apply again the procedure of proposition

3.2.

Proposition 4.2 Let O be one of the four fundamental types of convex objects, let n be a natural
number, let the conification space C,,(O) be R™""5  and let w be a sequence of s + 1 minus and plus
symbols. Let O;, i = 1,2 be convex objects of type O over R™. Choose convex cones C; € C,(O), i =
1,2 for which O(C;) = O;, i =1,2. Then the following statements hold true.

1. C1 &, Cy € Cyh(0).

2. O(C1 ®, C9) is a convex object of type O over R™ that is independent of the choices of C;, i =
1,2.

3. The binary operation (O1,02) — 01 ®, Oz = O(Cy ®,, C2) on the convex objects of type O over

R™ is commutative and associative.

4. Explicit formulas for the binary operations.
(a) Convex sets with recession. (A(1), Ao(1)) ®w (A(2), Ao(2)) equals
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(A1) N A(2), Ao(1) N Ao(2)) if w = (==);
ii. (A1) +A(2), Ao(1) + Ao(2)) if w = (+-);
- ((A(1)co U A(2)) U (A(1) + A0(2)) U (Ao(1) + A(2)), Ao(1) + A0(2)) if w = (+4);

1.

((AM) B A(2)) U (A1) 0 A(2)) U (Ao(1) N A(2)), Ao(1) N Ao(2)) if w = (—+).

i )
(b) Convex functions with recession. (f(1), fo(1)) ®u (f(2), fo(2)) equals

<

i. (max(f(1), f(2)), max(fo(1), fo(2))) if w = (= ——);
i. (f(1) + f(2), fo(1) + fo(2)) if w = (= +—);
ai. (f(1) @ f(2), fo(1) @ fo(2) if w=(++—);
(

w. ((f(Weo A f(2))V (f(1) @ fo(2)) V fo( )& f(2), /o) & fo(2) if w = (+++).

(¢) Convex cones and sublinear functions. For convexr cones one has the sum and the inter-
section; for sublinear functions, one has the maximum, the sum, the convolution, and the

convex hull of the minimum.

Proof.

1. To verify the inclusion C; ®, Cos € C,(O), we consider each of the four types of convex objects
O separately.

(a) Convex cones contain zero. Then s = 0 and so r = s+ 1 = 1. Choose z(j) = 0, j =
1,2. Then z(j) € Cj, j = 1,2 as C; € C,(0), j = 1,2, and z(1) = x(2); moreover,
z(1) ®y z(2) = 0. Therefore, 0 € C1 ®, C2. That is, C; ©, Cs € C,(O).

(b) Convex sets with recession. Then s = 1 and so 7 = s+ 1 = 2. Choose arbitrary x(j) €

Cj, j = 1,2 for which z(1)® = z(2) if i = —. Then z(j)® > 0, j = 1,2 and so
gs J ’ J y J )
(z(1) @y, (2))? > 0. Therefore, C1 Oy, Cy € C,(O).

(c) Sublinear functions. Then s =1 and so 7 = s +1 = 2. Choose z(j) = (0,,1), j = 1,2.
Then z(j) € Cj, j = 1,2 as C; € C,(0), and z(1) = z(2). Moreover, z(1) ®, z(2) is a
positive scalar multiple of (0,, 1) (the scalar is 1 if wo = — and it is 2 if wg = +). Therefore,
(0,1) € C1 ®y Co, and so C O, Co € C,(O).

(d) Convex functions with recession. Then s = 2 and so r = s + 1 = 3. To settle this case,
one has to establish the inclusions (0,,1) € C; ®, Cs and C; ®, Co C R" x R x R;. The
first (resp. second) one of these inclusions can be verified in the same way as in the case

of sublinear functions (resp. convex sets with recessions).

2. The independence of O(C; ®,, Ca) of the choices of Cj, j = 1,2 follow from proposition 3.2 (c)
and (d).
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. The commutativity and associativity of the binary operation ®, on convex objects of type O is

an immediate consequence of the same properties of the binary operation ®, on convex cones.

. Now we display the calculations, without comment, for the verification of half of the formulas;

the verification of the other half is similar.

(a) Convex sets with recession. We recall that C'(A4, Ag) = R4+ (Ax1)U(Agx0) = {p(x,1)|p >
0,z € A} U {(z,0)|z € Ap}. For each w, we want to compute u; @, ug for all u; €
C(A(3), Ap(i)), i = 1,2. We have to distinguish four cases:

i up = p1(x1, 1) and ug = pao(x9,1);
ii. u; = p1(z1,1) and ug = (x2,0);
iii. w3 = (r1,0) and ug = pa(x2,1);
iv. up = (21,0) and ug = (22,0).
o w=(——).
i. p1x1 = poxo and p; = pe. This gives {p(z, 1)|z € A(1) N A(2)}
ii. p1x1 = x2 and p; = 0. This leads to contradiction as p; > 0.
iii. x1 = poxo and 0 = po. This leads to contradiction as well.

iv. 1 = x9 and 0 = 0. This gives {(z,0)|z € Ap(1) N Ap(2)}.

* w=(++).
i. p1x1 + poxo and py + po. This gives {p((1 — @)z1 + axa,1)|p > 0,0 < 1,2; €
A(i),i=1,2}.

ii. p1x1+x9 and p;. This gives, after replacing x5 by p~!

A1), 29 € Ap(2)}.
iii. The same as the previous case with the roles of 1 and 2 interchanged.

iv. 1 + 2 and 0. This gives {(z,0)|z € Ap(1) + Ao(2)}.

x9, {p(x1+x2,1)|p > 0,21 €

(b) Convex functions with recession. We recall that C,,(f, fo) = (R4 (epif x1))U(epifgx0) =
{p(z,a,1)|p > 0, > f(x)} U{(z,0,0)|la > fo(z)}. For each w, we want to compute
up Oy ug for all u; € Cy(f(4), fo(i)), i = 1,2. We have to distinguish four cases:

i up = p1(z1,0q,1) and ug = pa(xe, ag, 1);
il. up = p1(z1, a1, 1) and ug = (x9, ag, 0);
ili. uy = (21, a1,0) and ug = pa(z2, ag, 1);
iv. u; = (21,01,0) and ug = (x2, ag,0).

.« ()

i. p1x1 = poxo and pray = paag and p; = po. This gives
{p(z,a, 1) > max(f(1), f(2))(z)}.
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ii. p1z1 = x2 and p1a; = a9 and p; = 0. This leads to contradiction as p; > 0.
iii. x1 = paxe and a1 = paas and 0 = po. This leads again to contradiction.
iv. £1 = x9 and a3 = ap and 0 = 0. This gives {p(z, o, 0)|a > max(fo(1), fo(2))}.
o (+++).
i. prx1 + poxe and prag + paao and p; + p2. This gives

1 P2 P1 2
331‘1’ x2, Ol1—|—
p1 + p2 p1 + p2 p1+ p2 p1+ P2

{(p1+p2)( az,1)|pi > 0,05 > f(x;), i =1,2}.

ii. p1x1 + x2 and pray + a9 and p;. This gives

{p(z1+ x2,010 + a2,1)|p >0, a1 > f(1)(x1), aa > fo(1)(z2)}.

iii. Similar to the previous case, with the roles of 1 and 2 interchanged.

iv. 1 + 2 and a1 + az and 0. This gives (epifo(1) + epifo(2)) x 0.

Remark. The procedure above leads to all binary operations on convex objects given in [R], but
with the difference that here we allow recession directions as elements of our convex objects, and that
here the binary operations are defined for all pairs of convex objects. This gives two binary operations
on convex cones containing zero, four on sublinear functions, four on on convex sets with recession,
and eight on convex functions with recession. In the proposition above, we have displayed from the
eight binary operations on convex functions with recession, only the four best known ones. Now we
will describe the other four—nameless—binary operations. These have been described in theorem 5.8
of [R] (“... One is led similarly to eight “natural” commutative associative binary operations in the
collection of all convex functions on R", ...." p.39 of [R]). We define for convex functions f;, i = 1,2

on R™ the following four convex functions on R™ (again observing the convention oo + (—o0) = 00):
f1 8 fo(z) = inf{max(fi(x1), fa(z2))|z; € R, j =1,2, z =21 + 22},
[19fa(x) = infocqer{max(afi(z1), (1 — o) fa(x2))|z; € R™, j=1,2, v = az; + (1 — o)z},
10 fo(x) = infocaci{afi(z1) + (1 — @) fa(z2)[z; €R", j=1,2, 2 = azy = (1 - a)za},
f[18f2(z) = infocaci{amax(fi(z1), (1 — @) fao(z2))|z; € R, j=1,2, v = oz = (1 — a)zz}.

The promised remaining four binary operations ©®, on convex functions with recession on R™ are

as follows:
(F() B f(2), /(1) B fo(2) if w = (+——);
(FMQf2) Vv (FD) B fo(2) v (fo(1) B f(2)), fo(1) B f(2) if w = (+ = +);
(PO V (FA) + fo(2) V (fo(1) + £(2)), fo(1) + fo(2)) if w = (= + +);
((F(1)Mf(2)) V (max(f(1), fo(2))) Vv (max(fo(1), £(2))), max(fo(1), fo(2))) if w = (= + +).
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Now we come to the main result of this section.

Theorem 4.3 Consider convex objects O;, © = 1,2 of type O over R™. Then the following formula
holds true:

(clO1 @y, clO2)P = cl(OP o . OP).

Both sides of this formula remain the same if the closure operator is omitted, provided one of the

following three assumptions holds true:
a the first sign occurring in the sequence w is +;
b O;,i=1,2 is a polyhedral convex object;

c in the case of convex sets with recession O; = (A(i), Ao(i)), i = 1,2, (and so of convex cones con-
taining zero): riA(1)NriA(2) # 0; in the case of convex functions with recession O; = (f (i), fo(i)) i =
1,2 (and so of sublinear functions): ridomf(1) Nridomf(2) # (.

Proof. The statement of the theorem follows from the construction of the binary operation

together with theorem 3.4.

This gives four formulas for convex sets, four for sublinear functions, eight for convex functions,
two for convex cones, four for gauges, four for convex sets containing zero. To illustrate that some
of these formulas have a complicated appearance, we display two of these, for the binary operations

‘intersection’ and ‘convex hull of the union’ of convex sets:

s(clA(1) N clA(2))(D(A1),40(1))ND(A2),40(2)))° = cL(8(A(1))] ag(1)oc0 A S(A(2))] 40(2)°)>

s(max(A(1)co U A(2)), (A1) + Ao(2)), (Ao(1) + A2) ao(1) s 4021 =
max(s(A(1)) | ag(1):c0 A 5(A(2))]ag(2)e)-

Remark. Four of the formulas obtained by applying this result are novel: the following formulas
for two pairs of dual binary operations for convex functions appear not to be in the literature (for
the other two pairs the formulas are essentially the formulas of Rockafellar-Moreau and Dubovitsky-
Milyutin). For simplicity, we display these formulas only for the special case of proper convex func-
tions f; : R — RU {£oo} (proper means ‘not taking the value —oo, and taking a finite value in at

least one point’):

(f10f2)" =(fTOf3);  (hOf2)" = fidfs;  ((Of)" =d(ffBf3); (LB L) = [0S
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5 On convex optimization

The aim of this section is to give some essential aspects of convex optimization theory from the point

of view of reduction to convex cones.

5.1 On supporting hyperplanes to convex cones

In this section we give the main properties of the convex cone problem to find, for a given convex
cone C, elements x € C and y € C° for which (x,y) = 0.

A ray in R™ is a set of the form R, = {px|p > 0} for some nonzero x € R". For each convex
cone C C R" for which C # R™, one can consider the convex cone problem P to find a pair of rays
(Rz, Ry) where x € C'\ {0,} and y € C°\ {0,} such that (x,y) = 0. The geometric interpretation
is that the hyperplane {v € R"|(y,v) = 0 supports the convex cone C at the point x: that is, this
hyperplane contains the point z € C' and it has the entire convex cone C' lying entirely on one of its
two sides. The boundary 05 of a set S C R™ is the set of points in R™ that are neither in the interior

of S nor in the interior of its complement R™ \ S. In particular, S is a closed set in R™.

Proposition 5.1 Let C be a closed convexr cone in R™ for which C # (0,), R™.

1. For each solution (Ry, Ry) of the problem Pc, one has x € 9C'\ {0,} and y € 9(C°) \ {0,}.

2. The sets 0C\ {0} and 0(C°)\{0,} are nonempty and their intersections with the unit sphere

are closed (and so compact).

3. For each x € 0C \ {0,} there exists a solution (Ry, R,) of the problem Pc, and for each
y € 0(C°)\ {0, } there exists a solution (R, Ry) of the problem Pc.

Proof.

1. Assume that (R;, Ry) is a solution of Pc. To prove the inclusion z € 9C, we argue by con-
tradiction. Assume x ¢ 0C. Then = € intC, and so one has (z,y) = (z + Z,y) < 0 for all
sufficiently small z € R”, and therefore y = 0,,. This contradicts the requirement y # 0,. In

the same way, one proves y € 0C°.

2. As C # (0,),R™, one can choose nonzero elements z; € R", i = 1,2 such that z; € C, 2o &€ C,
and x1,xo are linearly independent: indeed, if C' is contained in some line through the origin,
then we can choose z1 € C,x1 # 0, and z9 € R™ \ Rxy; otherwise, we can choose o € R"\ C

and then we can choose 1 € C' such that 1 € Rxy. The intersection of the closed interval with
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endpoints z;, ¢ = 1,2 with C' is the closed interval with endpoints 1 and d for some d € R".
Then d is an element of 9C \ {0,,}. Moreover, the intersection of C'\ {0,,} with the unit sphere

equals the intersection of C with the unit sphere, and so it is closed (and so compact).

As C # (0,),R", it follows that C° # (0,),R™. Therefore, it can be proved in the same way
that 9C \ {0,} is nonempty and that its intersection with the unit sphere is closed (and so

compact).

3. Let x € 0C \ {0,}. Then C + Rii(—=z) is not equal to R™. To prove this, it suffices to
demonstrate the existence of an element z € R™ \ (C + Ryy(—z)). To this end we observe
that one can choose an infinite sequence of nonzero vectors (x;); converging to 0 for which
r+ 2; ¢ C, and then one can take a limit point 2z of the infinite sequence (||z;|| " z;);. Then
z € R"\{0,} and x +tz ¢ C for all t > 0. To prove that z ¢ C + Ry (—x), we argue by
contradiction. Assume that z € C'+ Ry (—z), say, z = ¢+ a(—x) with ¢ € C' and a > 0. Then
r+a 'z =a"lce C, which contradicts the property of 3 above.

It follows from C + R4, (—z) # R™, that the polar cone (C' + R4 (—x))° contains a nonzero
element y. Then (R;, Ry) is a solution of the problem Pc.

5.2 Convex optimization problems: existence of solutions

The aim of this section is to give the connection between convex optimization problems and convex
cone problems Po. This leads to an extended solution concept for convex optimization problems.

For each closed convex optimization problem, an extended solution exists.

A continuous parametrization, (7,),c[—oco,+00], Of the upper unit circle {z € R x R*||[z| = 1}
is defined by r, = [[(—p,1)[| " (=p,1) for p # *oo, 7_0e = (+1,0) and 74oc = (—1,0). Then a
parametrization, (R)),c|—oo,+0c], Of the rays of the convex cone R x R is defined by R, = R 7, for
all p € [—o0, +00].

Proposition 5.2 Let (f, fo) be a convex function with recession over R™.

1. Assume that (f, fo) is closed. Let p € [—00,+o0]. Then the following conditions are equivalent:

(a) there exists a ray Ry in R™ x R X R for which the pair of rays (Ry, R, r,)) s a solution
of the problem Pc, (t f0);

(b) p=inf f or p=—cc.
2. If inf f #£ +o0, then for each ray R, in R™ x R x R the following conditions are equivalent:

(a) the pair of rays (Ry, R0, ;) @8 a solution of the problem Pg, (. 1):
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(b) v is a positive scalar multiple of (%, f(Z), 1), where X is a solution of the convex optimization
problem f(x) — min, x € R", or v = (Z,0,0) for some & € R™ for which fo(Z) = 0.

Proof.

1. We will use the property that (0, x R x R) N 9((Cu(f, f0))°) \ {On} consists of the rays R, ,
with p = inf f and p = —inf f. Here, we only display the verification that (0,,inf f) €

A((Cu(f, fo))°); the remaining verifications are similar.

e The case inf f # +o0o0. Then one has (Cy(f, fo))° = (C(epif,0))° and
rint f = || (—inf f,1)[| 7 (= inf £, 1),

One has ((On, Tinf ), (2, p,1)) = ||(—inf £,1)|| "} (inf f — p) < 0 for all (z,p) € epif. This
proves the inclusion (0y,rine f) € (Cu(f, fo))°. Moreover, for each ¢ > 0, one can take
(x,p) € epif with p < inf f + ¢, and then one has ((0p, Tinf f1e), (z,p,1)) = ||(—inf f —
£,1)||7Y(—p +inf f + &) > 0. This proves that (0, Tinf f+2) € (Cu(f, fo))°. It follows that
(O, 7ing £) € O((Cu(f, f0))°), as required.

e The case inf f = +0o0. Then one has Cy(f, fo) = C(0,epifp) and 7inf = (—1,0). One
has ((On, rinf f), (%, p,0)) = 0 for all (z,p) € epifp. This proves the inclusion (0, 7inf ) €
(Cu(f, fo))°. Moreover, for each € > 0, one has (0,,1) € epify and

(0, ing £ + (0, —¢)), (0p,1,0)) = > 0.

This proves that (0, rinf +(0, —¢)) & (Cu(f, fo))°. It follows that (0, 7int ) € O((Cu(f, f0))°)
as required.

e The case inf f = —oco. Then one has Cy(f, fo) = C(R" x R,0) and rips ¢ = (1,0). One
has ((On, Tinf £), (,p,1)) = —1 < 0 for all z € R",p € R. This proves the inclusion
(0n, 7int £) € (Cu(f, fo))°. Moreover, for each ¢ > 0, one has (0,, —2¢71) € R" x R, and
((0n, Ping £+ (0,€)), (0, —2e71,1)) = =142 = 1 > 0. This proves that (O, rinf f + (0,)) &
(Cu(f, fo))°. It follows that (0p,7ins £) € O((Cu(f, fo0))°) as required.

2. Now we prove the first statement of the proposition. Assume that (f, fo) is closed and let
p € [—00, +00].

e (a) = (b). Assume (a) holds. Then, by statement 1 of proposition 5.1, (0,,7,) is contained
in A((Cu(f, f0))°), and so p = inf f or p = —oco. That is, statement (b) holds true.

e (b) = (a). Assume (b) holds. Then (0,,7,) € O((Cu(f, f0))° \ {On}, and so, by statement
3 of proposition 5.1, statement (a) holds true.
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3. Now we prove the second statement of the theorem. Assume that inf f # +o0o0 and let R, be a
ray in R™ x R x R.

e (a) = (b). Assume that condition (a) holds true. Then

(Ons Ting ) = ||(— inf £, 1) 71 (0n, — inf £, 1).
We distinguish two cases:

— v is a positive scalar multiple of (x, p,1) where p > f(x): then we have by condition
(a) that ((x,p,1),(0n, —inf f,1)) = 0. That is, —p + inf f = 0. It follows that z is
a solution of the convex optimization problem f(z) — min,z € R™ and that v is a
positive scalar multiple of (z, f(x),1).

— v = (=, p,0) where p > fo(x): then we have by condition (a) that

((JJ,p, 0)7 (0n7 —inf fv 1)> =0.

That is, —p = 0 and pinf fo > 0. Therefore, fo(z) < p = 0. As fo > 07 f and
inf f # +o0, it follows that fo(x) > 0. It follows that v = (x,0,0) and fo(z) = 0.

e (b) = (a). This implication is proved in the same way, by reversing the arguments.

The second statement of this proposition suggests to define the concept extended solution of the
convex optimization problem determined by the convex function with recession (f, fo) to be a ray R,

in R" x R x R for which the pair (R,, R, is a solution of the problem Pg, (f 1)

Tint f))
Theorem 5.3 Let (f, fo) be an arbitrary closed convex function with recession over R™. Then there
exists an extended solution of the convex optimization problem determined by (f, fo). If inf f # +o0,
then an extended solution is either an element T € R™ for which f(z) > f(Z) for all x € R™ or a ray
Rz in R™ for which fO*(z) = 0; if inf f = —oco, then it is a ray in the epigraph of fOT; if inf f = +o0,
then it is a ray in the epigraph of fo.

Proof. The existence of an extended solution follows from the first statement of proposition 5.2.
The given concrete interpretation of extended solutions follows in the case inf f # +inf from the
second statement of proposition 5.2. We do not display the verifications in the cases inf f = 400 and

inf f = —o0.

Remark. If inf f = 400, then the rays R, in R" x R x R for which the pair of rays (R, R(,,r,))
is a solution of Pg, (y,1,) correspond to the rays Ry (z,a) of epify. Therefore, it would be natural for
inf f = +00 to consider a stricter solution concept, requiring for example that the angle between the
ray Ry (z,a) in epify and the ray R4 4 (0,, —1) is minimal. We note that there exists an extended
solution in this strict sense for the convex optimization problem determined by an arbitrary closed

convex function (f, fo).
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5.3 Duality of convex optimization problems

One can proceed in a similar way to derive an extended version of the duality theorem for convex
optimization problems. Here we will only give the main idea. One should consider for a convex
function with recession (F), Fy) on R™ x R™, the problem Pg, (rp,) with the additional condition
that one looks for solutions (R, R,) where w is of the form (0,,y,7,) for suitable y € R™ and
p € [—00,+0].

5.4 Conditions of optimality and subdifferential calculus.

The subdifferential of a convex function f on R™ at a feasible point Z is defined to be df(Z) = {2’ €
R"| f(z)+ (2/,h) < f(Z+h) Vh € R"}. Applications of the subdifferential in optimization are based
on the criterion 0 € 9f(Z) for solutions T of convex optimization problems f(x) — min, x € R".
Part of the convex calculus for subdifferentials of convex functions is contained in the following result
(we do not give the chain rule for convex functions and not the list of subdifferentials of basic convex
functions). For simplicity, we have omitted in the notation the point at which the subdifferential is

taken.

Theorem 5.4 1. O(Af) = (N)~1of,

2. O(A~Lclf) = cIN(0f),

o

A(clfy Velfy) = cl(dficoU dfa),
4. 0(f18 f2) =0f1 B Ofa,
5. 0(clfy + clfy) = cl(Of1 @ Of2),
6. O(fr ® f2) = 0f1 NOfa,
7. O(clfidelfy) = cl(Dfico U Dfs),
8. (f10f2) = 0f1 B I fa,
9. d(clf1Qclfy) = cl(0f1 & Dfa),
10. O(fico A fa) = Of1 N D fa,
Proof.  We give a brief sketch of the proof. The subdifferential of a convex function f on R™ at the

point Z equals the subdifferential of the sublinear function function p;z on X such that strictepi(pg) =

cone(strictepif — (Z, f(Z))) under a suitable assumption of general position, for example that ¥ is an
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internal point of domf. Therefore, applying the calculus rules for subdifferentials of convex functions,

all required formulas are obtained.

Remark. By applying the conditions from theorems 3.4 and 4.3 under which closure operations

can be omitted, one gets conditions under which closure operations can be omitted in the formulas
of theorem 5.5.
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