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ABSTRACT

We study the asset pricing implications of an economy where solvency constraints are

determined to efficiently deter agents from defaulting. We present a simple example for which

efficient allocations and all equilibrium elements are characterized analytically. The main model

produces large equity premia and risk premia for long-term bonds with low risk aversion and a

plausibly calibrated income process. We characterize the deviations from independence of

aggregate and individual income uncertainty that produce equity and term premia.



41 Lqwurgxfwlrq

Lw lv gl!fxow wr pdnh d ghewru sd|= ghew froohfwlrq/ olwljdwlrq/ dqg zdjh jdu0
qlvkphqw duh frvwo|/ dqg wkh hqg uhvxow lv xqfhuwdlq ehfdxvh ri wkh srvvlelolw| ri
ghfodulqj edqnuxswf|1 Prwlydwhg e| wkhvh gl!fxowlhv/ zh vwxg| d prgho zkhuh
lqglylgxdov zlwk odujh ?qdqfldo reoljdwlrqv fdqqrw frqwudfw ixuwkhu ghewv wkdw
zrxog pdnh wkhp fkrrvh wr ghidxow1 Lq wkh prgho/ lqglylgxdo lqfrph ulvnv duh
rqo| lqfrpsohwho| vkduhg dqg ehfrph rqh ri wkh ghwhuplqdqwv ri dvvhw sulfhv1

Lq d frpsdqlrq sdshu/ Doyduh} dqg Mhupdqq +4<<;d,/ zh suhvhqw d iudphzrun
iru vwxg|lqj wkh dvvhw sulflqj lpsolfdwlrqv zkhq djhqwv fdq ghidxow rq wkhlu ghewv/
exlow rq hduolhu zrun e| Nrfkhuodnrwd +4<<9, dqg Nhkrh dqg Ohylqh +4<<6,1 Lq
wkh prgho/ djhqwv ghidxow rq wkhlu ghewv li wklv pdnhv wkhp ehwwhu r>1 Zh dv0
vxph wkdw li djhqwv ghidxow/ wkhlu oderu hduqlqjv fdqqrw eh vhl}hg/ exw wkh| duh
h{foxghg iurp dvvhw pdunhwv iruhyhu1 Lq rxu htxloleulxp frqfhsw/ wklv odfn ri frp0
plwphqw uhvxowv lq vwdwh0vshfl?f dqg djhqw0vshfl?f eruurzlqj frqvwudlqwv1 Wkhvh
frqvwudlqwv hqvxuh wkdw djhqwv zloo qrw ghidxow/ vlqfh wkh| zloo qhyhu rzh vr pxfk
dv wr pdnh wkhp fkrrvh wr ghidxow1 Dw wkh vdph wlph/ wkh frqvwudlqwv hqvxuh
wkdw wkhuh lv dv pxfk ulvn0vkdulqj dv srvvleoh1 Lq wklv sdshu/ zh irfxv rq wkh
txdqwlwdwlyh h>hfwv ri wkhvh hqgrjhqrxv vroyhqf| frqvwudlqwv iru dvvhw uhwxuqv1

Rxu zrun lv uhodwhg wr wkh dvvhw sulflqj olwhudwxuh wkdw vwxglhv wkh h>hfwv ri
sruwirolr uhvwulfwlrqv/ vxfk dv Kh dqg Prghvw +4<<8, dqg Oxwwphu +4<<9, dprqj
rwkhuv1 Kh dqg Prghvw +4<<8, frqfoxgh wkdw 3qrqh ri wkh pdunhw iulfwlrqv dorqh9
zlwk wkh srvvleoh h{fhswlrq ri vroyhqf| frqvwudlqwv9fdq h{sodlq wkh dssduhqw
uhmhfwlrq ri wkh ?uvw0rughu htxloleulxp frqglwlrq ehwzhhq frqvxpswlrq dqg dvvhw
uhwxuqv14 Lq rxu prgho zh sursrvh d frkhuhqw vwru| ri krz vroyhqf| frqvwudlqwv
dqg dvvhw sulfhv duh hqgrjhqrxvo| ghwhuplqhg1

Zh vwduw e| suhvhqwlqj d vhw ri uhvxowv derxw jhqhudo surshuwlhv ri htxloleulxp
doorfdwlrqv1 Vlqfh wkh zhoiduh wkhruhpv krog/ zh fkdudfwhul}h htxloleuld e| vroylqj
d sodqqlqj sureohp1 Zh suryh wkdw lqfrpsohwh ulvn0vkdulqj lv srvvleoh rqo| iru
orz ulvn dyhuvlrq/ orz wlph suhihuhqfh sdudphwhu/ dqg iru shuvlvwhqw exw qrw wrr
yrodwloh lqglylgxdo vkrfnv1

Zh suhvhqw dq h{dpsoh wkdw zh fdq ixoo| fkdudfwhul}h dqdo|wlfdoo|1 Zh vkrz
krz wr frpsxwh h!flhqw doorfdwlrqv dqg doo wkh hohphqwv ri dq htxloleulxp1 Wkh
h{dpsoh fkdudfwhul}hv wkh w|sh ri sdudphwhuv wkdw gholyhu gl>huhqw ohyhov ri ulvn0
vkdulqj/ vkrzv wkdw lqwhuhvw udwhv duh orzhu lq hfrqrplhv zlwk vroyhqf| frqvwudlqwv/
dqg looxvwudwhv wkdw srru djhqwv idfh elqglqj vroyhqf| frqvwudlqwv1 Zh fdoleudwh
d vlpsoh lqfrph surfhvv dqg vkrz wkdw iru orz ulvn dyhuvlrq wkh sulflqj nhuqho
fdq eh yrodwloh hqrxjk wr sdvv wkh Kdqvhq0Mdjdqqdwkdq whvw1 Wkh h{dpsoh dovr
looxvwudwhv krz wr ghvljq h!flhqw dojrulwkpv wr vroyh iru rswlpdo doorfdwlrqv lq
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pruh jhqhudo fdvhv1
Iru d ghwdlohg txdqwlwdwlyh dqdo|vlv zh vshfli| dq hqgrzphqw surfhvv wkdw

doorzv ydu|lqj ghjuhhv ri ghshqghqfh ehwzhhq djjuhjdwh dqg lqglylgxdo lqfrph
xqfhuwdlqw|1 Xvlqj prghudwh ydoxhv iru ulvn dyhuvlrq dqg dq lqfrph surfhvv fdo0
leudwhg wr djjuhjdwh dqg krxvhkrog X1V10gdwd/ wkh prgho jhqhudwhv odujh ulvn
suhpld iru htxlw| dqg iru orqj whup erqgv1 Zlwk olplwhg ulvn0vkdulqj wkhuh lv
qr 3ulvn0iuhh udwh sx}}oh/4 dv lqwhuhvw udwhv duh orzhu wkdq lq wkh fruuhvsrqglqj
uhsuhvhqwdwlyh djhqw hfrqrp|1 Lq idfw/ wr h{sodlq ulvn0iuhh udwhv lq wkh rughu ri
4( shu dqqxp/ wkh prgho uhtxluhv d wlph0glvfrxqw idfwru wkdw lv orzhu wkdq wkh
rqhv w|slfdoo| xvhg lq rwkhu vwxglhv1 Ilqdoo|/ zh fkdudfwhul}h wkh ghyldwlrqv iurp
lqghshqghqfh ri djjuhjdwh dqg lqglylgxdo ulvnv wkdw jhqhudwh htxlw| dqg whup
suhpld1 Wkh htxlw| suhplxp ghshqgv rq wkh frpryhphqw ehwzhhq lqglylgxdo
lqfrph ulvn dqg wkh frqwhpsrudqhrxv djjuhjdwh lqfrph jurzwk1 Wklv uhvxow lv
gulyhq e| vroyhqf| frqvwudlqwv wkdw elqg iuhtxhqwo|/ dv rssrvhg wr wkh zhoo nqrzq
uhvxowv e| Pdqnlz +4<;9,/ Zhlo +4<<5,/ dqg Frqvwdqwlqlghv dqg Gx!h +4<<9,
wkdw uhtxluh frqyh{lw| ri wkh pdujlqdo xwlolw|1 Wkh whup suhplxp ghshqgv rq wkh
frpryhphqw ehwzhhq wkh iruhfdvw ri ixwxuh lqglylgxdo lqfrph ulvn dqg djjuhjdwh
lqfrph jurzwk1

Frpsduhg zlwk vhyhudo vwxglhv rq lqfrpsohwh pdunhwv hfrqrplhv/ rxu vwxg|
gl>huv dorqj vrph ri wkh iroorzlqj glphqvlrqv14 Iluvw/ zh kdyh frpsohwh pdunhwv
zkhuh hyhu| fodlp fdq eh wudghg dqg sulfhg> prvw lqfrpsohwh pdunhwv prghov
frqvlghu rqo| d yhu| olplwhg vhw ri dvvhwv1 Vhfrqg/ lq rxu prgho wkh h{whqw ri
ulvn0vkdulqj ghshqgv rq wkh frvw dqg ehqh?wv ri ghidxowlqj1 Lq prvw lqfrpsohwh
pdunhw prghov/ wkh h{whqw ri ulvn0vkdulqj ghshqgv sulpdulo| rq wkh dvvxpswlrqv
derxw dydlodeoh dvvhwv1 Wklug/ lq rxu prgho djhqw0vshfl?f dqg vwdwh0vshfl?f vro0
yhqf| frqvwudlqwv elqg iuhtxhqwo|> lq prvw lqfrpsohwh pdunhwv prghov sruwirolr
frqvwudlqwv uduho| elqg1 Ilqdoo|/ rxu prgho lv yhu| wudfwdeoh vlqfh zh vroyh d sodq0
qhu*v sureohp dqg wkhq frpsxwh wkh sulfhv iru wkh fruuhvsrqglqj htxloleulxp9
lqfrpsohwh pdunhwv prghov duh vroyhg gluhfwo| dv d frpsolfdwhg ?{hg srlqw ryhu
pdunhw sulfhv1 Jlyhq wkh wudfwdelolw| dqg wkh suhvhqfh ri frpsohwh pdunhwv zh duh
deoh wr vwxg| htxlw|/ rqh0shulrg erqgv/ dqg wkh hqwluh whup vwuxfwxuh ri lqwhuhvw
udwhv1

Lq vhfwlrq 5 zh suhvhqw wkh hqylurqphqw1 Vhfwlrq 6 suhvhqwv wkh htxloleulxp
zlwk vroyhqf| frqvwudlqwv1 Lq vhfwlrq 7 zh fkdudfwhul}h wkh rswlpdo doorfdwlrqv1
Lq vhfwlrq 8 zh vroyh dqg dqdo|}h d vlpsoh wzr0vwdwh fdvh1 Vhfwlrq 9 frqwdlqv
wkh fdoleudwlrq dqg wkh txdqwlwdwlyh ?qglqjv ri d pruh jhqhudo fdvh1 Vhfwlrq :
frqfoxghv1

4Iru lqvwdqfh/ Pdqnlz +4<;9,/ Whophu +4<<6,/ Frqvwdqwlqlghv dqg Gx!h +4<<9,/ Khdwrq dqg
Oxfdv +4<<9,/ dqg ]kdqj +4<<:,1

6



51 Hqylurqphqw

Zh frqvlghu d sxuh h{fkdqjh hfrqrp| zlwk wzr +w|shv ri, djhqwv15 Djhqwv*
hqgrzphqwv iroorz d ?qlwh vwdwh Pdunry surfhvv> djhqwv* suhihuhqfhv duh lghqwlfdo
dqg jlyhq e| wlph0vhsdudeoh h{shfwhg glvfrxqwhg xwlolw|1 Zh dgg wr wklv vlpsoh
hqylurqphqw sduwlflsdwlrq frqvwudlqwv ri wkh iroorzlqj irup= wkh frqwlqxdwlrq
xwlolw| lpsolhg e| dq| doorfdwlrq vkrxog eh dw ohdvw dv kljk dv wkh rqh lpsolhg e|
dxwdufk| dw dq| wlph dqg iru dq| klvwru|1

Zh xvh d Pdunry fkdlq zlwk jhqhulf hohphqwv } 5 ]> d vhw zlwk Q hoh0
phqwv1 Wr uhihu wr sduwlfxodu hohphqwv ri ] zh xvh ] @ i\�> \2> ====> \ùj/ dqg
wr uhihu wr wkh wlph w uhdol}dwlrq ri wkh surfhvv zh xvh }|= Zh ghqrwh e| }| @
+}f> }�> }2> ===> }|, d ohqjwk w klvwru| ri }1 Zh xvh ø iru wkh pdwul{ frqwdlqlqj
wkh wudqvlwlrq suredelolwlhv/ zklfk jhqhudwhv frqglwlrqdo suredelolwlhv iru klvwr0
ulhv wkdw zh ghqrwh dv ä+}|m}f @ },= Zh xvh wkh qrwdwlrq ifðj dqg ihðj iru wkh
vwrfkdvwlf surfhvv ri frqvxpswlrq dqg hqgrzphqw ri hdfk djhqw/ khqfh ifðj @õ
fðc|+}

|, = ; w è 3> }| 5 ]|ô1 Zh dvvxph wkdw djjuhjdwh hqgrzphqw h|
ý
}|
ü ì

h�c|
ý
}|
ü
. h2c|

ý
}|
ü
lv frqvwdqw dqg htxdo wr h16

Lqglylgxdo hqgrzphqwv duh jlyhq e| d ixqfwlrq îð wkdw ghshqgv rqo| rq }|>
vr wkdw hðc|

ý
}|
ü
@ îð +}|,1 Zh dvvxph wkdw îð +}, A 3 iru doo l dqg }1 Wkh xwlolw|

iru dq djhqw fruuhvsrqglqj wr wkh frqvxpswlrq surfhvv ifj vwduwlqj dw wlph w dw
klvwru| }| lv ghqrwhg e| X+f,+}|, dqg lv jlyhq e|=

X+f,+}|, ì
"[
r'f

[
5|nrM~|nr

ñ|c|nr
ý
}|nr3�

ü
x
ý
f|nr

ý
}|nr

üü
ä+}|nrm}|, > +514,

zkhuh x lv wkh shulrg xwlolw| dqg ñ|c|nr lv d wlph0glvfrxqw idfwru1 Zh dvvxph
wkdw x = Un $ U lv vwulfwo| lqfuhdvlqj/ vwulfwo| frqfdyh/ dqg F�=Wkh pxowl0
shulrg wlph0glvfrxqw idfwru ñ|c|nrn� lv gh?qhg uhfxuvlyho| xvlqj wkh rqh0shulrg
vwdwh0frqwlqjhqw glvfrxqw idfwru ñ = ] $ ^3> 4`1 Vshfl?fdoo|/ ñ|c|

ý
}|3�

ü ì 4 iru doo
}|3�/ ñ|c|n�

ý
}|
ü
@ ñ +}|, iru doo }|> dqg iru v A 4> ñ|c|nrn� = ]

|nr $ ^3> 4` vdwlv?hv

ñ|c|nrn�
ý
}|nr

ü
@ ñ|c|nr

ý
}|nr3�

ü ü ñ +}|nr, 1
Qrwh wkdw wkh vwdqgdug fdvh zlwk frqvwdqw glvfrxqw idfwru ñ +}, @ çñ fruuhvsrqgv

wr ñ|c|nr
ý
}|nr3�

ü
@ çñ

r
= Dv zh zloo vkrz ehorz/ ohwwlqj wkh wlph0glvfrxqw idfwru

eh vwdwh0frqwlqjhqw lq wklv zd| doorzv xv wr lqwurgxfh djjuhjdwh vwrfkdvwlf jurzwk
dv d vshfldo fdvh zlwklq wkh vdph qrwdwlrqdo iudphzrun1

5Rxu frpsdqlrq sdshu/ Doyduh} dqg Mhupdqq +4<<;d,/ frqvlghuv wkh pruh jhqhudo fdvh zlwk
U djhqwv/ zkhq U D 21

6Zh zloo vkrz ehorz krz wr lqwurgxfh djjuhjdwh xqfhuwdlqw| lqwr wklv qrwdwlrqdo iudphzrun1
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Zh dvvxph wkdw wkh pdwul{ ø lv vxfk wkdw wkh surfhvv iru i}|jkdv ] dv lwv
xqltxh hujrglf glvwulexwlrq dqg kdv qr f|folfdoo| prylqj vxevhwv1 Dgglwlrqdoo|
zh dvvxph wkdw wkh vkrfnv duh v|pphwulf dfurvv djhqwv lq wkh iroorzlqj vhqvh1 Ohw
xv ghqrwh e| hî dqg hîâ wzr yhfwruv ri duelwudu| ydoxhv iru wkh djhqwv* hqgrzphqwv/
dqg ohw xv ghqrwh e| �ñ dqg �ñ

â
wzr duelwudu| ydoxhv iru wkh wlph0glvfrxqw idfwru>

wkhq ø> îð +ü, dqg ñ +ü, duh dvvxphg wr vdwlvi|

Su
íý
î�
ý
}â
ü
> î2
ý
}â
üü
@hîâ> ñ ý}âü @ �ñâm +î� +}, > î2 +},,@hî> ñ +}, @ �ñì

@ Su
íý
î2
ý
}â
ü
> î�
ý
}â
üü
@hîâ> ñ ý}âü @ �ñâm +î2 +}, > î� +},,@hî> ñ +}, @ �ñì =

Dq doorfdwlrq ifðjð'�c2 lv uhvrxufh ihdvleoh li=

f�c|
ý
}|
ü
. f2c|

ý
}|
ü
@ h|

ý
}|
ü ; w è 3> }| 5 ]|> +515,

dqg lw vdwlv?hv wkh sduwlflsdwlrq frqvwudlqwv li=

X+fð,+}
|, è X+hð,+}|, ì X ð +}|, ; w è 3> }| 5 ]|= +516,

zkhuh zh xvh wkh qrwdwlrq X ð +}|, wr uhihu wr X+hð,+}|, wr hpskdvl}h wkdw lw rqo|
ghshqgv rq }|=

H{fhsw iru wkh vwdwh0frqwlqjhqw wlph glvfrxqw idfwru rxu hqylurqphqw lv d
vshfldo fdvh ri wkh rqh vwxglhg e| Nhkrh dqg Ohylqh +4<<6,1 Lq sduwlfxodu/ zh
frqvlghu wkh fdvh zlwk rqh jrrg/ wzr djhqwv/ dqg zkhuh wkh sduwlflsdwlrq frq0
vwudlqwv kdyh dxwdufk| dv wkh rxwvlgh rswlrq1 Lw lv lghqwlfdo wr wkh rqh vwxglhg e|
Nrfkhuodnrwd +4<<9,/ h{fhsw wkdw zh doorz iru d vwrfkdvwlf glvfrxqw idfwru dqg
qrq0l1l1g1 surfhvv iru wkh lqfrph vkrfnv1

5141 Djjuhjdwh xqfhuwdlqw|

Rxu vshfl?fdwlrq ri wkh wlph0glvfrxqw idfwru doorzv xv wr frqvlghu vwrfkdvwlf dj0
juhjdwh lqfrph jurzwk wr eh lqwurgxfhg dv lq Phkud0Suhvfrww +4<;8, dqg lq pxfk
ri wkh txdqwlwdwlyh frqvxpswlrq edvhg dvvhw sulflqj olwhudwxuh1 Dq hfrqrp| zlwk
vwrfkdvwlf jurzwk/ frqvwdqw wlph0glvfrxqw idfwru/ dqg frqvwdqw uhodwlyh ulvn dyhu0
vlrq fdq eh h{suhvvhg dv dq hfrqrp| zlwk frqvwdqw djjuhjdwh hqgrzphqw dqg
vwdwh0frqwlqjhqw glvfrxqw idfwru vxfk dv wkh rqh suhvhqwhg lq vhfwlrq +5,1 Ohw

h|n�
ý
}|> }|n�

ü
@ è+}|n�, üh|

ý
}|
ü

dqg hðc|
ý
}|
ü
@ îð+}|, üh|

ý
}|
ü
iru l @ 4> 5

dqg gh?qh ahðc|
ý
}|
ü ì hðc| ý}|ü @h| ý}|ü @ îð+}|, iru doo l vr wkdw ah|

ý
}|
ü
@ 4 doo }|=
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Dvvxplqj d frqvwdqw wlph0glvfrxqw idfwru ñ dqg d shulrg xwlolw| ixqfwlrq
ri wkh irup x+f, @ S�3ò

�3ò iru vrph srvlwlyh ð +iru vlpsolflw|/ ð 9@ 4,> gh?qlqj
afðc|
ý
}|
ü ì fðc| ý}|ü @h| ý}|ü/ wkhq X +ü, vdwlv?hv
X +afð,

ý
}|
ü
@

ý
afðc|
ý
}|
üü�3ò

4ý ð . añ +}|,
[

5|n�M~
X +afð,

ý
}|> }|n�

ü
aä +}|n�m}|, >

zlwk suredelolwlhv dqg glvfrxqw idfwru

aä
ý
}âm}ü ì ä +}âm}, ü è +}â,�3òS

5â ä +}
âm}, ü è +}â,�3ò dqg añ +}, ì ñ ü

[
5â
ä
ý
}âm}ü ü è ý}âü�3ò =

Fohduo|/ wkh uhvrxufh dqg sduwlflsdwlrq frqvwudlqwv duh vdwlv?hg iru dq doorfdwlrq
ifðjð'�c2 lq dq hfrqrp| zlwk djjuhjdwh jurzwk è +ü, dqg frqvwdqw glvfrxqw idf0
wru ñ li dqg rqo| li wkh| duh vdwlv?hg iru wkh fruuhvsrqglqj iafðjð'�c2 doorfdwlrq

lq wkh hfrqrp| zlwk frqvwdqw djjuhjdwh hqgrzphqw/ glvfrxqw idfwru añ +ü,/ dqg
suredelolwlhv aä= Pruhryhu/ wkh suhihuhqfh rughulqjv duh lghqwlfdo lq wkh wzr fru0
uhvsrqglqj hfrqrplhv1 Iru odwhu uhihuhqfh/ zkhq zh zdqw wr glvwlqjxlvk ehwzhhq
wkh wzr uhsuhvhqwdwlrqv ri wkh vdph hfrqrp|/ zh uhihu wr wkh rqh zlwk vwrfkdvwlf
glvfrxqw idfwruv dqg frqvwdqw djjuhjdwh hqgrzphqw dv wkh vkduh uhsuhvhqwdwlrq
ri wkh hfrqrp|1

61 Htxloleulxp zlwk hqgrjhqrxv vroyhqf| frqvwudlqwv

Lq wklv vhfwlrq/ zh gh?qh d frpshwlwlyh htxloleulxp zlwk frpsohwh pdunhwv lq Du0
urz vhfxulwlhv dqg zlwk hqgrjhqrxv vroyhqf| frqvwudlqwv1 Wkh vroyhqf| frqvwudlqwv
surklelw djhqwv iurp kroglqj odujh dprxqwv ri frqwlqjhqw ghew/ khqfh suhyhqwlqj
ghidxow1 Lq jhqhudo/ wkhvh vroyhqf| frqvwudlqwv zloo eh vwdwh0frqwlqjhqw/ vlqfh wkh
ydoxh ri ghidxow +uhyhuwlqj wr dxwdufk|, ydulhv zlwk wkh vwdwh1

Ohw t|
ý
}|> }â

ü
ghqrwh wkh shulrg w> vwdwh }|> sulfh ri rqh xqlw ri wkh frqvxpswlrq

jrrg gholyhuhg dw w . 4> frqwlqjhqw rq wkh uhdol}dwlrq ri }|n� @ }â/ lq whupv ri
shulrg w frqvxpswlrq jrrgv1 Wkh kroglqjv ri djhqw l dw w ri wklv vhfxulw| duh
ghqrwhg e| dðc|n�+}|> }â,/ dqg wkh orzhu olplw rq wkh kroglqjv ri djhqw l lv ghqrwhg
e| Eðc|n�+}|> }â,= Iroorzlqj rxu qrwdwlrqdo frqyhqwlrq/ zh xvh itj > idðj dqg iEðj
iru wkh fruuhvsrqglqj vwrfkdvwlf surfhvvhv1 Iru jlyhq itj dqg iEðj wkh sureohp
iru krxvhkrog l lv gh?qhg dv
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Gh?qlwlrq 6141 Dq htxloleulxp zlwk Vroyhqf| Frqvwudlqwv iEðj iru lqlwldo frq0
glwlrqv dðcf kdv txdqwlwlhv idðj dqg sulfhv itj vxfk wkdw iru l @ 4> 5/

d1
õ
dðc|n�

ý
}|> }â

üô
5âM~ dfklhyhv wkh uljkw kdqg vlgh ri +614, dw }| jlyhq d @
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e1 pdunhw fohdulqj/
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. d2c|

ý
}|
ü
@ 3> doo w> doo }|=

Iurp wkh ?uvw rughu frqglwlrq ri wkh djhqw sureohp/ rqh frqfoxghv wkdw li
dq djhqw*v pdujlqdo udwh ri vxevwlwxwlrq lv vwulfwo| orzhu wkdq wkh fruuhvsrqg0
lqj Duurz sulfh/ wklv djhqw*v vroyhqf| frqvwudlqw pxvw elqg1 Dgglwlrqdoo|/ li dq
djhqw*v vroyhqf| frqvwudlqw grhv qrw elqg/ wklv djhqw*v pdujlqdo udwh ri vxevwlwx0
wlrq pxvw htxdo wkh fruuhvsrqglqj Duurz sulfh1 Frqvhtxhqwo|/ lq dq htxloleulxp
zlwk vroyhqf| frqvwudlqwv/ Duurz sulfhv duh htxdo wr wkh kljkhvw pdujlqdo udwh ri
vxevwlwxwlrq/ l1h1

t|
ý
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ý
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ý
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ä +}|n�m}|, = +617,

Ixuwkhupruh/ li wkh vroyhqf| frqvwudlqwv gr qrw elqg iru hlwkhu djhqw/ wkh Du0
urz sulfh +617, lv htxdo wr wkh rqh iurp wkh fruuhvsrqglqj uhsuhvhqwdwlyh djhqw
hfrqrp|1

Lq sureohp +614, djhqwv qhyhu frqwhpsodwh wkh rswlrq ri ghidxow1 Qrz zh pryh
wr wkh dqdo|vlv ri wkh ghflvlrq ri ghidxow> wklv frqvlghudwlrq ghvfulehv rxu wkhru|
ri wkh vroyhqf| frqvwudlqwv suhvhqwhg lq Doyduh} dqg Mhupdqq +4<<;d,1 Wkh qh{w
frqglwlrq pdnhv wkh vroyhqf| frqvwudlqwv hqgrjhqrxv1

Gh?qlwlrq 6151 Dq htxloleulxp zlwk vroyhqf| frqvwudlqwv wkdw duh qrw wrr wljkw
lv vxfk wkdw wkh vroyhqf| frqvwudlqwv vdwlvi|
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iru doo w @ 3> 4> === dqg iru doo }|n� 5 ]|n� dqg iru l @ 4> 5=

Wkh ohiw kdqg vlgh ri +618, lv wkh xwlolw| ri dq djhqw wkdw sduwlflsdwhv lq wkh
pdunhw/ vwduwlqj zlwk ?qdqfldo zhdowk Eðc|n�

ý
}|n�

ü
1 Wkh uljkw kdqg vlgh ri +618,
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lv wkh djhqw*v xwlolw| li kh ghidxowv/ jlyhq rxu dvvxpswlrq wkdw ghidxow lv sxqlvkhg
e| shupdqhqw h{foxvlrq iurp dvvhw pdunhwv1 Wklv frqglwlrq hqvxuhv wkdw vroyhqf|
frqvwudlqwv suhyhqw ghidxow e| surklelwlqj djhqwv iurp dffxpxodwlqj pruh frq0
wlqjhqw ghew wkdq wkh| zloo eh zloolqj wr sd| edfn1 Dw wkh vdph wlph/ lw doorzv
dv pxfk lqvxudqfh dv srvvleoh= li wkh vroyhqf| frqvwudlqw elqgv dqg wkh frqwlq0
xdwlrq xwlolw| lv vwulfwo| kljkhu wkdq wkh ydoxh ri dxwdufk|/ wkh frqvwudlqw frxog
eh uhod{hg/ zlwkrxw lqgxflqj wkh djhqw wr dffxpxodwh vr pxfk ghew wkdw kh zloo
suhihu wr ghidxow1

Wr vlpsoli| wkh qrwdwlrq/ zh vwdwh rxu htxloleulxp xvlqj Duurz sulfhv1 Wkh
exgjhw vhw dqg wkh lqfhqwlyhv wr ghidxow duh wkh vdph zlwk rwkhu g|qdplfdoo|
frpsohwh vhwv ri vhfxulwlhv/ surylghg wkdw wkh vroyhqf| frqvwudlqwv duh vwdwhg lq
whupv ri wkh ydoxh ri wkh sruwirolr dw wkh ehjlqqlqj ri wkh shulrg1 Wkxv/ wkh
ydoxh ri dq| vhfxulw|9qrw mxvw Duurz vhfxulwlhv9lv htxdo wr wkh ydoxh ri wkh vxp
+zhljkwhg e| wkh sd|r>v, ri wkh fruuhvsrqglqj Duurz vhfxulwlhv jlyhq e| +617,1
Lq idfw/ wkh sulflqj nhuqho lv wkh kljkhvw pdujlqdo udwh ri vxevwlwxwlrq/ vr wkdw iru
wkh rqh shulrg uhwxuq U|c|n� ri dq| dvvhw/ wkh iroorzlqj pxvw krog
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Zh wklqn htxloleuld zlwk vroyhqf| frqvwudlqwv wkdw duh qrw wrr wljkw duh lqwhu0
hvwlqj/ vlqfh wkh| uhvwulfw hqgrjhqrxvo| wkh dprxqw ri ulvn0vkdulqj dqg pdnh d
gluhfw frqqhfwlrq ehwzhhq dvvhw sulfhv dqg frqvwudlqwv rq eruurzlqj1 Lq Doyduh}
dqg Mhupdqq +4<<;d, zh vkrz wkdw wkh ?uvw dqg vhfrqg zhoiduh wkhruhpv krog iru
rxu htxloleulxp gh?qlwlrq1 Wkh uhdvrq wkdw htxloleuld zlwk vroyhqf| frqvwudlqwv
wkdw duh qrw wrr wljkw dqg frqvwudlqhg h!flhqw doorfdwlrqv duh htxlydohqw lv wkdw
wkh frqglwlrq rq wkh vroyhqf| frqvwudlqwv +618, vhuyhv wkh vdph sxusrvh dv wkh
sduwlflsdwlrq frqvwudlqwv +516,1

Rxu lqwhuhvw lv lq dvvhw sulfhv/ exw dqdo|}lqj htxloleuld gluhfwo| lv lq jhqhudo
gl!fxow1 Jlyhq wkh htxlydohqfh ehwzhhq h!flhqw doorfdwlrqv dqg htxloleuld zlwk
vroyhqf| frqvwudlqwv wkdw duh qrw wrr wljkw/ zh dqdo|}h h!flhqw doorfdwlrqv dv d
zd| wr fkdudfwhul}h htxloleulxp sulfhv1

71 Fkdudfwhul}lqj frqvwudlqhg h!flhqw doorfdwlrqv

Lq wklv vhfwlrq zh surylgh d uhfxuvlyh irupxodwlrq ri h!flhqw doorfdwlrqv/ zklfk
zh xvh wr hvwdeolvk wkh iroorzlqj surshuwlhv ri h!flhqw doorfdwlrqv1 Iluvw/ zh fkdu0
dfwhul}h wkh sdudphwhuv wkdw ghwhuplqh wkh h{whqw ri ulvn0vkdulqj/ zklfk doorzv xv
wr frqfhqwudwh rq wkh fdvhv lq zklfk lqglylgxdo ulvn lv lpsruwdqw iru dvvhw sulfhv1
Vhfrqg/ zh fkdudfwhul}h wkh surfhvv iru wkh kljkhvw pdujlqdo udwh ri vxevwlwxwlrq

;



dqg lwv lqwhudfwlrq zlwk wkh sduwlflsdwlrq frqvwudlqwv1 Wklv lv lpsruwdqw vlqfh wkh
sulflqj nhuqho lv htxdo wr wkh kljkhvw pdujlqdo udwh ri vxevwlwxwlrq1 Ilqdoo|/ zh
hvwdeolvk vrph surshuwlhv ri wkh g|qdplfv ri h!flhqw doorfdwlrqv wkdw duh xvhixo
iru wkh ghvljq ri idvw frpsxwdwlrqdo dojrulwkpv1

Frqvwudlqhg h!flhqw doorfdwlrqv duh gh?qhg dv wkh surfhvvhv ifðj wkdw pd{l0
pl}h shulrg }hur h{shfwhg olihwlph xwlolw| iru djhqw 4/ vxemhfw wr uhvrxufh edodqfh
dqg wkh sduwlflsdwlrq frqvwudlqwv iru erwk djhqwv/ jlyhq vrph lqlwldo +wlph }hur,
h{shfwhg olihwlph xwlolw| iru djhqw 5= Rswlpdo doorfdwlrqv vroyh wkh iroorzlqj pd{0
lpl}dwlrq sureohp=

Y W+z> }, ì pd{ iX+f�,+},j
vxemhfw wr +515,/ +516,/ X +f2, +}f, è z/ dqg }f @ }=

D sdlu +z> }, lv lq wkh grpdlq ri Y W li dqg rqo| li +Y W +z> }, > z, lv lq wkh
xwlolw| srvvlelolw| vhw iru }f @ }= Lqghhg wkh ixqfwlrq Y W+z> }, ghvfulehv wkh xwlolw|
srvvlelolw| iurqwlhu dw wlph }hur zkhq }f @ }=

Qrz zh uhvwdwh wkh suhylrxv sureohp uhfxuvlyho|1 Zh lqwurgxfh d ixqfwlrqdo
htxdwlrq dqg uhodwh lwv ?{hg srlqwv wr wkh ixqfwlrq Y W1 Wkh ixqfwlrqdo htxdwlrq lv
qrw frpsohwho| vwdqgdug1 Wkh rshudwru/ W / pdsv d ixqfwlrq Y gh?qhg lq d jlyhq
grpdlq lqwr dqrwkhu ixqfwlrq WY= Xvlqj WY / d qhz grpdlq/ ghqrwhg e| G +},/
lv gh?qhg dv vshfl?hg ehorz1 Vshfl?fdoo|/ Y +ü> }, = G +}, $ U iru hdfk }>zkhuh
G +}, ã ^X2 +}, >4,> dqg wkh rshudwru W jhqhudwhv WY dv

WY +z> }, @ pd{
Sð'�c2 cçâE5âäc5âM~
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Y +zâ+}â,> }â, ä+}âm},
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+714,

f� . f2 é 4 +715,

x+f2, . ñ +},
[
5âM~

zâ+}â, ä+}âm}, è z +716,

zâ+}â, è X2+}â, doo }â 5 ] +717,

Y +z+}â,> }â, è X�+}â, doo }â 5 ]= +718,

Iru wklv rshudwru wr eh zhoo gh?qhg/ Y kdv wr eh vxfk wkdw wkhuh duh f�>
f2> izâ +}â,j5âM~ iru zklfk wkh frqvwudlqwv +715,/ +7=6,/ +718,/ dqg +717, duh vdwlv?hg1
Frqvhtxhqwo|/ wkh grpdlq ri WY iru hdfk } 5 ]/ lv gh?qhg dv

G +}, ì õz = +WY , +z> }, è X�+}, dqg z è X2 +},ô = +719,

Lw lv vwudljkwiruzdug wr vkrz wkdw wkh ixqfwlrq Y W> gh?qhg suhylrxvo|/ dqg
lwv dvvrfldwhg grpdlq duh d ?{hg srlqw ri W 1 Krzhyhu/ wkh ixqfwlrqdo htxdwlrq
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+714, kdv pruh wkdq rqh ?{hg srlqw= khqfh lw fdqqrw eh d frqwudfwlrq17 Lq
sduwlfxodu/ 3dxwdufk|4 lv dozd|v d ?{hg srlqw/ vlqfh lw lv lpphgldwh wr yhuli|
wkdw wkh wulyldo ixqfwlrq y gh?qhg rq wkh grpdlq jlyhq e| vlqjohwrq

õ
X2 +},

ô
dqg htxdo wr y

ý
X2 +}, > }

ü
@ X� +}, lv d ?{hg srlqw ri W= Qhyhuwkhohvv/ iru pdq|

sdudphwhu ydoxhv wkhuh duh rwkhu vroxwlrqv/ qdpho| Y W1
Hyhq wkrxjk wkh W rshudwru lv qrw d frqwudfwlrq/ lw lv xvhixo lq frpsxwlqj Y W1

Frqvlghu wkh rshudwru �W gh?qhg h{dfwo| olnh W lq 714 h{fhsw wkdw wkh sduwlflsdwlrqv
frqvwudlqwv iru erwk djhqwv 718 dqg 717 duh uhpryhg/ dqg ghqrwh lwv xqltxh ?{hg
srlqw e| �Y = Wkh ixqfwlrq �Y +ü> }, lv wkh ixoo ulvn0vkdulqj iurqwlhu zkhq }| @ }1

Sursrvlwlrq 7141 olp?<" W? �Y @ Y W srlqwzlvh1

Surri1 Wkh surri xvhv vwdqgdug prqrwrqlflw| dujxphqwv1 Lw iroorzv iurp d
gluhfw h{whqvlrq ri Wkhruhp 7147 lq Vwrnh| dqg Oxfdv zlwk Suhvfrww +4<;<,1 Do0
whuqdwlyho|/ lw iroorzv iurp wkh uhvxowv ri Deuhx +4<;;, dqg Deuhx/ Slhufh dqg
Vwdffkhwwl +4<<3,1

Ehfdxvh �Y lv hdvlo| frpsxwhg/ wkh suhylrxv sursrvlwlrq pdnhv W xvhixo iru
frpsxwlqj wkh ?{hg srlqw Y W dqg lwv dvvrfldwhg srolflhv1

7141 Ulvn0vkdulqj uhjlphv

Wklv vhfwlrq ghvfulehv wkh w|shv ri sdudphwhuv iru zklfk wklv prgho kdv dvvhw
sulflqj lpsolfdwlrqv gl>huhqw iurp wkh rqhv ri wkh uhsuhvhqwdwlyh djhqw prgho1
Ghshqglqj rq sdudphwhu ydoxhv iru suhihuhqfhv dqg hqgrzphqwv wkhuh duh wkuhh
srvvleoh 3uhjlphv4 iru wkh surfhvv iru iz> }j1 Lqghshqghqw ri wkh lqlwldo frqglwlrq
+zf> }f,> rqh fdq vkrz wkdw=

41 Ixoo ulvn0vkdulqj iruhyhu lv srvvleoh>

51 Rqo| olplwhg ulvn0vkdulqj lv srvvleoh>

61 Rqo| dxwdufk| lv srvvleoh1

E| ixoo ulvn0vkdulqj zh phdq wkdw wkh doorfdwlrq lv Sduhwr h!flhqw lq wkh
vwdqgdug vhqvh/ ljqrulqj wkh sduwlflsdwlrq frqvwudlqwv/ iru vrph lqlwldo frqglwlrq
+zf> }f,= Sdudphwhu ydoxhv wkdw surgxfh wkh ?uvw fdvh duh qrw lqwhuhvwlqj iru xv/
vlqfh iru wkh sxusrvhv ri dvvhw sulflqj/ wkhlu lpsolfdwlrqv duh wkh vdph dv iru wkh
uhsuhvhqwdwlyh djhqw hfrqrp|1

7A grhv qrw vdwlvi| rqh ri wkh Eodfnzhoo vx!flhqw frqglwlrqv iru d frqwudfwlrq/ qdpho| glv0
frxqwlqj1 A ET n @ä frxog eh eljjhu wkdq AT n q@ iru d frqvwdqw @/ vlqfh wkh ihdvleoh vhw ri
fkrlfhv iru EçE5âää 53M~ lv eljjhu iru T n @ wkdq iru T 1
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Zh glvfxvv eulh | krz wr yhuli| zkhwkhu ixoo ulvn0vkdulqj lv srvvleoh1 Nrfkhu0
odnrwd +4<<9, suhvhqwv vx!flhqw frqglwlrqv iru hdfk fdvh zkhq wkh vkrfnv duh l1l1g1
dqg wkh glvfrxqw idfwru lv frqvwdqw1 Zh frqvlghu d voljkwo| gl>huhqw fdvh lq wkh
iroorzlqj sursrvlwlrq1

Sursrvlwlrq 7151 Ixoo ulvn0vkdulqj lv srvvleoh li dqg rqo| li
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ü è pd{
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X ð+}f, +71:,

iru doo }f 5 ]1

Surri1 Ixoo ulvn0vkdulqj lv fkdudfwhul}hg e| uhvrxufh ihdvlelolw| dqg frqvwdqf| ri
wkh udwlr ri wkh pdujlqdo xwlolwlhv dfurvv djhqwv1 Li frqglwlrq +71:, lv vdwlv?hg/ wkhq
wkh sduwlflsdwlrq frqvwudlqwv duh vdwlv?hg iru wkh doorfdwlrq fð @ 4@5 1 Frqyhuvho|/
li ixoo ulvn0vkdulqj lv ihdvleoh/ fohduo| frqglwlrq +71:, lv vdwlv?hg1

Iru wkh fdvh lq zklfk wkh wlph0glvfrxqw idfwru lv frqvwdqw/ htxdo wr ñ> +iru
h{dpsoh li wkhuh lv qr djjuhjdwh xqfhuwdlqw|, wkh ohiw kdqg vlgh ri htxdwlrq +71:,
vlpsol?hv wr x+4@5,@ +4ý ñ,1 Iljxuh 4 looxvwudwhv wklv fdvh zkhq ixoo ulvn0vkdulqj
lv srvvleoh iru d udqjh ri z= Zkhq ixoo ulvn0vkdulqj lv qrw srvvleoh/ wkhuh duh wzr
fdvhv= rqh fdvh lq zklfk dxwdufk| lv wkh rqo| ihdvleoh doorfdwlrq wkdw vdwlv?hv wkh
sduwlflsdwlrq frqvwudlqwv dqg wkh rwkhu lq zklfk vrph rwkhu doorfdwlrqv vdwlvi|
wkh sduwlflsdwlrq frqvwudlqwv1 Wklv odvw fdvh lv wkh rqh wkdw zh duh lqwhuhvwhg lq/
vlqfh lw lv qrw htxlydohqw wr d uhsuhvhqwdwlyh djhqw hfrqrp|1 Iljxuh 5 looxvwudwhv
wkh fdvh zkhq ixoo ulvn0vkdulqj lv qrw srvvleoh1

Zklfk fdvh dssolhv ghshqgv rq krz dwwudfwlyh dxwdufk| lv uhodwlyh wr vrph
irup ri ulvn0vkdulqj1 Wklv ghshqgv rq wkh sdudphwhu ydoxhv dv h{sodlqhg lq wkh
iroorzlqj uhpdun1

Uhpdun 41 Ohw/ øB ì ïL . +4ý ï,ø iru ï 5 +3> 4, > wkhq ixoo ulvn0vkdulqj lv qrw
srvvleoh lq dq| ri wkh iroorzlqj fdvhv=

+d, Wkh wlph suhihuhqfh sdudphwhu/ pd{5 ñ+}, lv vx!flhqwo| vpdoo>
+e, Wkh shuvlvwhqfh ri øB> ï/ lv vx!flhqwo| forvh wr rqh>
+f, Wkh yduldqfh ri îð+}, lv vx!flhqwo| forvh wr }hur>
+g, Zlwk FUUD xwlolw|/ wkh uhodwlyh ulvn dyhuvlrq/ ð/ lv vx!flhqwo| vpdoo1
Wkh surri ri wklv uhpdun iroorzv e| wdnlqj wkh dssursuldwh olplw lq hdfk ri

wkh irxu fdvhv dqg yhuli|lqj wkdw wkh lqhtxdolw| ri wkh suhylrxv sursrvlwlrq +715,
grhv qrw krog1 Lq Doyduh} dqg Mhupdqq +4<<;d, zh h{whqg wklv uhvxow wr vkrz
wkdw qrw rqo| lv ixoo ulvn0vkdulqj qrw srvvleoh/ exw dv wkh sdudphwhuv dssurdfk
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wkh olplw ydoxhv phqwlrqhg lq hdfk ri wkh irxu fdvhv/ dxwdufk| lv wkh rqo| ihdvleoh
doorfdwlrq1

Phkud dqg Suhvfrww +4<;8, dqg Zhlo +4<<5, hpskdvl}h wkdw wkh uhsuhvhqwdwlyh
djhqw prgho uhtxluhv ydoxhv ri wkh ulvn dyhuvlrq ð dqg wlph suhihuhqfh ñ wkdw duh
wrr kljk wr surgxfh d kljk htxlw| suhplxp dqg d orz lqwhuhvw udwh1 Wklv prgho
kdv dvvhw sulflqj lpsolfdwlrqv gl>huhqw iurp wkh uhsuhvhqwdwlyh djhqw prgho iru
orz ydoxhv ri ð dqg ñ/ vr rxu uhvxowv fdq qrw uho| xsrq kljk ð dqg ñ1

7151 Pdujlqdo udwhv ri vxevwlwxwlrq zlwk olplwhg ulvn0vkdulqj

Wklv vhfwlrq dqdo|}hv wkh vwrfkdvwlf surfhvv iru wkh pdujlqdo udwh ri vxevwlwxwlrq
iru hdfk djhqw lq d frqvwudlqhg h!flhqw doorfdwlrq1 Zh duh lqwhuhvwhg lq wkhvh
surfhvvhv ehfdxvh lq dq htxloleulxp zlwk vroyhqf| frqvwudlqwv/ vwdwh sulfhv duh
jlyhq e| wkh kljkhvw pdujlqdo udwh ri vxevwlwxwlrq +vhh htxdwlrq +617,,1

Ohw Z5â+z> }, dqg Fð+z> }, ghqrwh wkh rswlpdo ghflvlrq uxohv ri sureohp +7=4,
jlyhq vwdwh +z> }, iru frqwlqxdwlrq xwlolw| zâ+}â, dqg fxuuhqw frqvxpswlrq fð uh0
vshfwlyho|1

Sursrvlwlrq 7161 Y lv vwulfwo| ghfuhdvlqj/ vwulfwo| frqfdyh dqg gl>huhqwldeoh lq
lwv lqwhulru zlwk uhvshfw wr z1 Wkh rswlpdo srolf| uxohv duh vlqjoh0ydoxhg dqg
frqwlqxrxv1

Wkh surri iroorzv lpphgldwho| iurp wkh vwulfw prqrwrqlflw|/ vwulfw frqfdylw|
dqg gl>huhqwldelolw| ri wkh shulrg xwlolw| ixqfwlrq dqg frqyh{lw| ri wkh ihdvleoh
vhw1

Wkh qh{w sursrvlwlrq vd|v wkdw li vrph ulvn0vkdulqj lv ihdvleoh/ wkhq dw ohdvw
rqh djhqw lv xqfrqvwudlqhg1

Sursrvlwlrq 7171 Dvvxph wkdw ø lv vxfk wkdw lw kdv d xqltxh lqyduldqw glvwul0
exwlrq zlwk hujrglf vhw ]> rqh ri wkh iroorzlqj lv wuxh=

Y
ý
X2 +}, > }

ü
@ X� +}, iru doo } 5 ]> +71;,

zklfk zh uhihu wr dv vd|lqj wkdw 3dxwdufk| lv wkh rqo| ihdvleoh doorfdwlrq4 ru hovh

Y
ý
X2 +}, > }

ü
A X� +}, iru doo } 5 ]> +71<,

zklfk zh uhihu wr dv vd|lqj wkdw 3vrph ulvn0vkdulqj lv ihdvleoh14 Lq wklv fdvh/ dw
ohdvw rqh djhqw lv xqfrqvwudlqhg lq hdfk shulrg1
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Surri1 Lw iroorzv e| d vwudljkwiruzdug dgdswdwlrq ri wkh dujxphqwv rq sdjh 933
lq Nrfkhuodnrwd +4<<9,1

Wkh qh{w sursrvlwlrq vkrzv wkdw dq xqfrqvwudlqhg djhqw kdv wkh kljkhvw
pdujlqdo udwh ri vxevwlwxwlrq= wkxv li erwk djhqwv duh xqfrqvwudlqhg wkh| htxdol}h
wkhlu pdujlqdo udwhv ri vxevwlwxwlrq1

Sursrvlwlrq 7181 Li vrph ulvn0vkdulqj lv ihdvleoh/ iru dq| +z> }, dqg }â/ li iru
djhqw l @ 5

Z5â +z> }, A X
ð
ý
}â
ü
> +7143,

wkhq

ñ +},
xâ +Fð +z +}â, > }â,,
xâ +Fð +z> },,

ä
ý
}âm}ü @ pd{

æ'�c2
ñ +},

xâ +Fæ +z +}â, > }â,,
xâ +Fæ +z> },,

ä
ý
}âm}ü

dqg dqdorjrxvo| iru djhqw l @ 4=

Surri1 Lw iroorzv iurp wkh ?uvw rughu frqglwlrqv ri +714, dqg iurp v|pphwu|1
Wkhvh sursrvlwlrqv/ wrjhwkhu zlwk wkh fkdudfwhul}dwlrq iru vwdwh sulfhv +617,

dqg wkh gh?qlwlrq ri wkh vroyhqf| frqvwudlqwv +618,/ lpso| wkh iroorzlqj= vwdwh
sulfhv duh jlyhq e| wkh pdujlqdo udwh ri vxevwlwxwlrq ri wkh djhqw zkrvh vroyhqf|
frqvwudlqw +616, grhv qrw elqg> wkh vroyhqf| frqvwudlqw +616, grhv qrw elqg/ li dqg
rqo| li wkh sduwlflsdwlrq frqvwudlqwv +516, grhv qrw elqg> dqg dw dq| wlph dqg iru
dq| klvwru| wkhuh lv dw ohdvw rqh djhqw wkdw lv xqfrqvwudlqhg1

7161 Ghflvlrq uxohv iru wkh sodqqlqj sureohp

Lq wklv vxevhfwlrq zh suhvhqw vrph ixuwkhu uhvxowv derxw wkh surshuwlhv ri wkh
ghflvlrq uxohv iru frqvxpswlrq Fð +ü, dqg iru Djhqw 5*v frqwlqxdwlrq xwlolw|Z5â +ü, =
Zh gh?qh K +}, dqg O +}, dv wkh xsshu dqg orzhu erxqg ri G +}, vr wkdw e|
prqrwrqlflw| ri Y +ü> }, >

O+}, ì X2+}, dqg K+}, ì Y 3�+ü> },+X�+},, iru } 5 ]=
Wkh wlph vhsdudelolw| ri wkh xwlolw| ixqfwlrq lpsolhv wkdw frqvxpswlrq lv lq0

fuhdvlqj lq wkh fxuuhqw frqwlqxdwlrq xwlolw|1

Sursrvlwlrq 7191 Frqvxpswlrq lv vwulfwo| prqrwrqh rq }> l1h1/ ;}> F2+z> },
+F�+z> },> uhvshfwlyho|, lv vwulfwo| lqfuhdvlqj +vwulfwo| ghfuhdvlqj, lq z=

Surri1 E| xvlqj Ehqyhqlvwh dqg Vfkhlqnpdq/ rqh vkrzv wkdw

CY +z> },

Cz
@ ýx

â +hýF2 +z> },,
xâ +F2 +z> },,

+7144,
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zklfk lv vwulfwo| ghfuhdvlqj lq z vlqfh wkh ydoxh ixqfwlrq lv vwulfwo| frqfdyh1 Wkxv
F2 +z> }, lv lqfuhdvlqj1

Qh{w zh dqdo|}h wkh ghflvlrq uxohv iru ixwxuh frqwlqxdwlrq xwlolw| dv d ixqf0
wlrq ri fxuuhqw frqwlqxdwlrq xwlolw|1 Zh ?qg wkdw wkh ghflvlrq uxohv duh zhdno|
lqfuhdvlqj1 Vshfl?fdoo|/ zh frqvlghu wzr fdvhv1 Iluvw/ li wkh vkrfn }| lv uhshdwhg/
wkhq frqvxpswlrq dqg frqwlqxdwlrq xwlolw| duh wkh vdph1 Li wkh vkrfn lv gl>huhqw/
wkhq wkh ghflvlrq uxoh lv zhdno| lqfuhdvlqj lq z1 Ixuwkhupruh/ wkh ghflvlrq uxoh
lv  dw rqo| li wkh dvvljqhg frqwlqxdwlrq xwlolw| lv vxfk wkdw hlwkhu djhqw 4 ru 5 lv
frqvwudlqhg lq wkh qh{w shulrg1

Sursrvlwlrq 71: +L,1 Li }â @ }> wkhq zh kdyh Z5â+z> }, @ z +wkh 378f8uxoh4,1
^LL` Li }â 9@ } dqg + �z>z> }> }â, duh vxfk wkdw +l, z ? �z dqg +ll, erwk Z5â+ �z> }, dqg
Z5â+z> }, duh lq wkh lqwhulru ri wkh udqjh ri Z5â+ü> }, l1h1/

Z5â+ �z> },>Z5â+z> }, 5
ý
O
ý
}â
ü
> K

ý
}â
üü
>

wkhq Z5â+ �z> }, A Z5â+z> },=

Surri1 Wkh surri ri ^L` iroorzv iurp h{dplqlqj wkh fdvh zkhuh qhlwkhu djhqw lv
frqvwudlqhg lq wkh ixwxuh/ wkhq e| Sursrvlwlrq +718,

CY +z> },

Cz
@ ýx

â +hýF2 +z> },,
xâ +F2 +z> },,

@ ýx
â +hýF2 +Z5 +z> }, > },,

xâ +F2 +Z5 +z> }, > },,
@
CY +Z5 +z> }, > },

Cz
=

Ilqdoo|/ xvlqj Sursrvlwlrq +719, ^L` lv rewdlqhg1 ^LL` iroorzv iurp d yduldwlrq ri wkh
suhylrxv dujxphqw1

81 Dqdo|vlv ri wkh 5 vkrfnv fdvh

Wr looxvwudwh krz wkh prgho zrunv dqg wr jhw d urxjk lghd derxw wkh txdqwlwdwlyh
srwhqwldo ri rxu prgho iru h{sodlqlqj dvvhw uhwxuqv/ zh dqdo|}h d vlpsoh h{dpsoh1
Zh frpsohwho| fkdudfwhul}h wkh rswlpdo doorfdwlrqv dqg doo wkh hohphqwv ri dq
htxloleulxp zlwk vroyhqf| frqvwudlqwv wkdw duh qrw wrr wljkw/ dqg zh frpsxwh vrph
qxphulfdo fdvhv1 Dprqj rwkhu wklqjv/ wklv h{dpsoh looxvwudwhv wkh flufxpvwdqfhv
xqghu zklfk djhqwv* vroyhqf| frqvwudlqwv elqg1 Pruhryhu/ rxu h{dplqdwlrq ri wkh
Kdqvhq0Mdjdqqdwkdq erxqgv vkrzv surplvh iru fdvhv zlwk orz ulvn dyhuvlrq1

8141 H!flhqw doorfdwlrqv

Frqvlghu wkh fdvh zlwk d frqvwdqw glvfrxqw idfwru ñ dqg rqo| wzr vkrfnv ] @
i\�> \2j/ zlwk î2 +\�, ? î2 +\2, > zklfk e| v|pphwu| lpso| î� +\2, @ î2 +\�, ?
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î2 +\2, @ î� +\�,1 Zh ?uvw vkrz wkdw zkhq ixoo ulvn0vkdulqj lv qrw srvvleoh/ wkh
ghflvlrq uxohv lpso| d xqltxh hujrglf vhw/ zkhuh frqwlqxdwlrq xwlolw| z/ dqg khqfh
frqvxpswlrq/ ghshqg h{foxvlyho| rq wkh fxuuhqw ydoxh ri }= Vhfrqg/ zh fkdudf0
whul}h wkh ydoxhv ri frqvxpswlrq lq wkh hujrglf vhw e| d vlqjoh htxdwlrq lq rqh
xqnqrzq1

Wkh ghflvlrq uxohv ri sureohp +714, duh frpsohwho| ghvfulehg e| dqdo|}lqj
wzr fdvhv1 Li }â @ }/ wkhq wkh rswlpdo srolf| lv wkh 78J olqh dv zh kdyh vkrzq
ehiruh1 Iru wkh uhpdlqlqj fdvh ri }â 9@ } / wkh iroorzlqj sursrvlwlrq/ suryhq lq wkh
Dsshqgl{/ vkrzv wkdw wkh srolflhv uxohv duh frqvwdqw/ d uhvxow wkdw zh uhihu wr dv
vd|lqj wkdw wkh| duh  dw diwhu uhyhuvdo1

Sursrvlwlrq 8141 Ghflvlrq uxohv wkdw dfklhyh Y duh 3 dw4 diwhu d uhyhuvdo ri wkh
vkrfn/ wkdw lv/ iru doo z 5 G +}, @ ^O +}, >K +},`

Z\2 +z> \�, @ O +\2, ì çz+\2, dqg

Z\� +z> \2, @ K +\�, ì çz+\�, 1

Iljxuh 6 sorwv wkh ghflvlrq uxohv Z5â+z> },= Iru dq| lqlwldo +z> },/ diwhu rqh uh0
yhuvdo ri wkh vkrfn }/ frqwlqxdwlrq xwlolw| dqg frqvxpswlrq iru Djhqw 5 zloo dwwdlq
wkh ydoxhv z+}, dqg f+},/ dqg ghshqg rqo| rq wkh fxuuhqw vwdwh }1 E| lqvshfwlrq
ri wkhvh ghflvlrq uxohv/ li ulvn0vkdulqj lv qrw srvvleoh/ wkh surfhvv iru iz> }j kdv
d xqltxh lqyduldqw glvwulexwlrq/ zlwk pdvv rq + çz +\�, > \�, dqg + çz +\2, > \2,1 Li ixoo
ulvn0vkdulqj lv srvvleoh/ wkhq wkh grpdlqv G +\�, dqg G +\2, kdyh qrq0hpsw| lq0
whuvhfwlrq/ wkxv dq| frqvwdqw ydoxh ri z lq wkdw lqwhuvhfwlrq lv rswlpdo/ dqg khqfh
dq| glvwulexwlrq ryhu G +\�, _G +\2, lv dq lqyduldqw glvwulexwlrq1

Zh qrz vroyh iru wkh ydoxhv ri frqvxpswlrq iru Djhqw 5 lq wkh hujrglf vhw/
zklfk frqvlvwv lq vroylqj rqh htxdwlrq lq rqh xqnqrzq1

Jlyhq rxu fkdudfwhul}dwlrq/ Djhqw 5*v frqwlqxdwlrq xwlolwlhv lq wkh hujrglf vhw/
+ çz+\�,> çz+\2,,/ dqg wkh fruuhvsrqglqj frqvxpswlrqv/ +f+\�,> çf+\2,,/ kdyh wr vdwlvi|
wkh iroorzlqj v|vwhp ri irxu htxdwlrqv= wzr surplvh nhhslqj frqglwlrqv/

çz+\�, @ x+f+\�,, . ñçä çz+\�, . ñ+4ý çä, çz+\2,> dqg
çz+\2, @ x+f+\2,, . ñçä çz+\2, . ñ+4ý çä, çz+\�,>

wkh erxqgdu| frqglwlrq çz+\2, @ X
2+\2,> dqg/ gxh wr wkh v|pphwu| dfurvv djhqwv

dqg wkh uhvrxufh frqvwudlqw/ f+\�, @ h ý f+\2,1 E| uhshdwhg vxevwlwxwlrq/ wklv
v|vwhp uhgxfhv wr rqh htxdwlrq/ x2 @ k +x2,/ lq rqh xqnqrzq/ x2 ì x+f+\2,,/
zkhuh wkh htxdwlrq lv gh?qhg dv=

x2 @ k+x2, ì +4ý ñ,+4ý 5ñçä . ñ,
4ý ñçä X2+\2,ý ñ+4ý çä,

4ý ñçä i+x2,/ +814,

i+x2, ì x
ý
hý x3� +x2,

ü
=
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Vlqfh wkh suhylrxv fkdudfwhul}dwlrq ri wkh hujrglf vhw ri wkh h!flhqw doorfdwlrq
uhtxluhv wkdw ixoo ulvn0vkdulqj lv qrw srvvleoh/ xvlqj Sursrvlwlrq +715,/ zh rqo|
frqvlghu wkh fdvh zkhuh ñ> çä> î2 +\2, @î2 +\�,/ dqg ð vdwlvi|

X2+\2, A
x +h@5,

4ý ñ ì xW

4ý ñ >

zkhuh xW lv wkh shulrg xwlolw| fruuhvsrqglqj wr kdylqj frqvxpswlrq lq \� dqg
\2 htxdo wr kdoi wkh djjuhjdwh hqgrzphqw/ dqg khqfh lw lv wkh rqo| vroxwlrq wr
xW @ i +xW,1 Gluhfw frpsxwdwlrq jlyhv wkdw/

X2+\2, @
x +î2 +\2,,

4ý ñ
é

+4ý ñçä,
+4ý ñçä, . ñ +4ý çä,

è
.
x +î2 +\�,,

4ý ñ
é

ñ +4ý çä,
+4ý ñçä, . ñ +4ý çä,

è
+815,

zklfk/ zh xvh lq wkh qh{w uhpdun wr jlyh vx!flhqw frqglwlrqv zkhq wkh sduwlfl0
sdwlrq frqvwudlqwv gr qrw elqg1

Uhpdun 51 E| gluhfw frpsxwdwlrq/ dv wkh vwdqgdug ghyldwlrq ri wkh hqgrzphqw
lv odujh hqrxjk/ l1h1 dv î2 +\2, @î2 +\�, % 4> ru dv djhqwv duh sdwlhqw hqrxjk/ l1h1
ñ % 4/ ru/ iru wkh FUUD fdvh/ dv djhqwv duh ulvn dyhuvh hqrxjk/ l1h1 dv ð % 4>
wkhq ixoo ulvn0vkdulqj lv ihdvleoh1

Vlqfh x lv vwulfwo| lqfuhdvlqj dqg vwulfwo| frqfdyh/ wkh ixqfwlrq k lv vwulfwo|
lqfuhdvlqj dqg vwulfwo| frqyh{/ dqg khqfh +814, kdv dw prvw wzr vroxwlrqv1 Qrwlfh
wkdw dxwdufk|/ l1h1/ çz +\ð, @ X2 +\ð,/ çf +\ð, @ î2 +\ð, iru l @ 4> 5 vdwlv?hv +716,/
uhvrxufh ihdvlelolw|/ dqg wkh erxqgdu| frqglwlrq/ dqg khqfh +814, kdv dw ohdvw rqh
vroxwlrq1 Zh qrz ghvfuleh zklfk ri wkh wzr vroxwlrqv fkdudfwhul}hv wkh h!flhqw
doorfdwlrq/ zklfk zh ghqrwh dv çx21

Sursrvlwlrq 8151 Frqvlghu wkh wzr vroxwlrqv ri +814,/ x2, dqg x2û/ rughulqj wkhp
dv x2, é x2û1 Wkh h!flhqw doorfdwlrq/ çx2/ htxdov wkh vpdoohvw rqh/ l1h1/ çx2 @ x2,>
ehfdxvh h!flhqw doorfdwlrqv kdyh d yduldelolw| vpdoohu ru htxdo wr wkh hqgrzphqw/
l1h1/ î2 +\�, é f+\�, é f+\2, é î2 +\2,1 Ilqdoo|/ dxwdufk| lv h!flhqw/ dqg khqfh lv
wkh rqo| ihdvleoh doorfdwlrq/ li dqg rqo| li

ñ+4ý çä,
4ý ñçä

xâ +î2 +\�,,
xâ +î2 +\2,,

é 4= +816,

Surri1 Zh vwduw e| vkrzlqj wkdw x2, lv wkh h!flhqw doorfdwlrq1 Iluvw/ li x2,
htxdov dxwdufk|/ wkhq x2û fruuhvsrqgv wr dq doorfdwlrq wkdw lv pruh yrodwloh wkdq
wkh doorfdwlrq dw x2,/ zlwk wkh vdph phdq/ wkxv e| frqfdylw| x2, jlyhv kljkhu
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xwlolw|1 Vhfrqg/ zh frqvlghu wkh fdvh zkhuh x2û htxdov dxwdufk|1 E| dvvxpswlrq
X2+\2, A

üW
�3q / zklfk e| gluhfw frpsxwdwlrq lpsolhv wkdw k +xW, A xW dqg e|

frqyh{lw| ri k/ xW ? x2, ru x2û ? xW1 Ehfdxvh x2û ? xW lv uxohg li x2û htxdov
dxwdufk|/ zh kdyh xW ? x2,/ wkdw lv= e

2 ? f,+\2, é î2 +\2,1 Wkxv/ x2, kdv kljkhu
xwlolw| wkdq dxwdufk| x2û/ dqg e| v|pphwu| î2 +\�, é f+\�, é f+\2, é î2 +\2,1

Zh qrz vkrz wkh frqglwlrq iru dxwdufk| ehlqj h!flhqw1 E| frqyh{lw| ri k>

kâ +x2,, é 4 é kâ +x2û, =
Wkxv/ li kâ hydoxdwhg dw dxwdufk| lv vpdoohu wkdq rqh/ dxwdufk| lv h!flhqw/ dqg
khqfh lv wkh rqo| ihdvleoh doorfdwlrq1 E| gluhfw frpsxwdwlrq ri wkh ghulydwlyh/
kâ +x +î2 +\2,,,/ Htxdwlrq +816, lv rewdlqhg1

Wkh lqhtxdolw| +816, lpsolhv/ e| gluhfw frpsxwdwlrq/ wkh iroorzlqj vx!flhqw
frqglwlrqv xqghu zklfk dxwdufk| lv wkh rqo| ihdvleoh doorfdwlrq1 Dv wkh vwdqgdug
ghyldwlrq ri hqgrzphqw ghfuhdvhv/ l1h1 dv "2E\2ä

"2E\�ä
& 4/ ru dv wkh dxwrfruuhodwlrq ri

wkh hqgrzphqw lqfuhdvhv/ l1h1 çä dv % 4/ ru dv wkh djhqwv duh pruh lpsdwlhqw/ l1h1/
ñ & 3/ ru/ iru wkh FUUD fdvh/ dv wkh djhqwv duh ohvv ulvn dyhuvh/ l1h1 ð & 3/ wkhq
dxwdufk| lv h!flhqw1

8151 Htxloleulxp doorfdwlrqv

Lq wklv vhfwlrq zh frqvwuxfw wkh hohphqwv ri dq htxloleulxp zlwk vroyhqf| frq0
vwudlqwv wkdw duh qrw wrr wljkw fruuhvsrqglqj wr wkh h!flhqw doorfdwlrqv irxqg lq
wkh suhylrxv vhfwlrq1 Wklv looxvwudwhv wkh vhfrqg zhoiduh wkhruhp iru wklv hqylurq0
phqw dqg fodul?hv krz wkh htxloleulxp zrunv1 Lq sduwlfxodu/ zh glvfxvv wkh vhqvh
lq zklfk wkh 3srru4 djhqwv duh wkh rqhv wkdw idfh elqglqj vroyhqf| frqvwudlqwv/
dqg zh vkrz wkdw lqwhuhvw udwhv duh orzhu dqg wkh sulflqj nhuqho lv pruh yduldeoh
wkdq lq wkh fruuhvsrqglqj uhsuhvhqwdwlyh djhqw hfrqrp|1

Zh dqdo|}h wkh htxloleulxp/ rqfh wkh doorfdwlrq lv lq wkh hujrglf vhw gh?qhg
lq wkh suhylrxv vhfwlrq1 Duurz sulfhv ghshqg h{foxvlyho| rq zkhwkhu wkh fxuuhqw
vwdwh }| lv wkh vdph dv wkh vwdwh }|n� zkhuh wkh| jlyh wkh uljkw wr uhfhlyh rqh xqlw
ri wkh frqvxpswlrq jrrg/

t|
ý
}|> }|n�

ü
@ çto li }|n� @ }| dqg

t|
ý
}|> }|n�

ü
@ çt?o li }|n� 9@ }|> ;}|> ;}|n�=

Xvlqj wkh uhodwlrqvkls gh?qlqj Duurz sulfhv lq htxdwlrq +617,/ zh rewdlq wkdw

çto @ ñçä iru }â @ }/ +817,

çt?o @ ñ
xâ +çf +\�,,
xâ +çf +\2,,

+4ý çä, iru }â 9@ }=
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Vlqfh rqh shulrg erqg sulfhv duh htxdo wr wkh vxp ri wkh Duurz sulfhv/ wkh sulfh
ri dq xqfrqwlqjhqw erqg/ dqg khqfh wkh lqwhuhvw udwh 4. l/ lv frqvwdqw/ dqg htxdo
wr=

4

4 . l
@ ñ

é
çä .

ë
xâ +çf +\�,,
xâ +çf +\2,,

ê
+4ý çä,

è
= +818,

E| lqvshfwlrq ri +818,/ wkh lqwhuhvw udwh iru wkh hfrqrp| zlwk vroyhqf| frqvwudlqwv
lv orzhu wkdq wkh lqwhuhvw udwh iru wkh fruuhvsrqglqj uhsuhvhqwdwlyh djhqw hfrq0
rp|/ zklfk htxdov ñ1 Dovr/ e| lqvshfwlrq ri +817,/ wkh sulflqj nhuqho/ jlyhq e|
t|
ý
}|n�> }

|
ü
@ä +}|n�m}|, lv pruh yrodwloh wkdq wkh sulflqj nhuqho ri wkh fruuhvsrqg0

lqj uhsuhvhqwdwlyh djhqw hfrqrp|/ zklfk lv frqvwdqw lq wklv fdvh1
Djhqw 5*v frqvxpswlrq/ ghshqgv rqo| rq wkh fxuuhqw vwdwh }|/ l1h1/

f2c|+}
|> }|n�, @ çf +}|n�, > ;}|> ;}|n�

iru wkh çf jlyhq e| wkh h!flhqw doorfdwlrq/ dqg Djhqw 5*v sxufkdvhv ri Duurz
vhfxulwlhv ghshqg rqo| rq wkh vwdwh lq zklfk wkh| sd|/

d2c|n�
ý
}|> }|n�

ü
@ çd +}|n�, / ;}|>;}|n�=

Djhqw 4*v frqvxpswlrq dqg Duurz vhfxulwlhv kroglqjv duh jlyhq e|=

f�c|n�
ý
}|n�

ü
@ hý f2c|n�

ý
}|n�

ü
d�c|n�+}

|n�, @ ýd2c|n�+}|n�,=
Zh ?qg wkh ydoxhv ri çd +}, xvlqj wkh vhtxhqfh exgjhw frqvwudlqwv +615, iru

Djhqw 5 wrjhwkhu zlwk wkh uhvrxufh frqvwudlqw +515,/

çd +\2, @
çf +\2,ý î2 +\2,
4 . t?o ý to

? 3

çd +\�, @ ýçd +\2, A 3=
Qrwlfh wkdw/ yhu| lqwxlwlyho|/ çd +\�, A 3 phdqv wkdw Djhqw 5 vdyhv frqwlqjhqw rq
kdylqj klv orz lqfrph/ dqg çd +\2, ? 3 phdqv wkdw Djhqw 5 eruurzv frqwlqjhqw rq
kdylqj klv kljk lqfrph1

Wkh vroyhqf| frqvwudlqwv iru wkh kljk0lqfrph vwdwh fdq eh irxqg hdvlo| iro0
orzlqj rxu gh?qlwlrq lq htxdwlrq +618,1 Lq dq h!flhqw doorfdwlrq/ wkh frqwlqxd0
wlrq xwlolw| fruuhvsrqglqj wr wkh kljk0lqfrph vkrfn +}|n� @ \2 iru Djhqw 5, lv
jlyhq e| X ð +}|n�,/ wkhq Eðc|n�

ý
}|n�

ü
@ dðc|n�

ý
}|n�

ü
/ zklfk iru Djhqw 5 jlyhv

E2c|n�
ý
\2> }

|
ü ì E +\2, @ çd +\2,1

Wkh vroyhqf| frqvwudlqwv fruuhvsrqglqj wr wkh orz0lqfrph vkrfn +}|n� @ \�
iru Djhqw 5, fdq qrw eh ghwhuplqhg gluhfwo| iurp wkh rswlpdo doorfdwlrqv/ ehfdxvh
wkh| ghshqg rq wkh vroxwlrqv wr r>0htxloleulxp frqvxpswlrq dqg sruwirolr fkrlfh
sureohpv1
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Surri1 Iru wkh jlyhq sulfhv itj/ zh gluhfwo| fkhfn wkh gh?qlwlrq iru vroyhqf|
frqvwudlqwv wkdw duh qrw wrr wljkw iru wkh srvwxodwhg vroyhqf| frqvwudlqwv iru Djhqw
5/ iE2j1 Iru }|n� @ \2/ zlwk lqlwldo zhdowk d|n� @ E +\2,/ wkh h!flhqw fkrlfh
iru frqvxpswlrq dqg dvvhw kroglqjv iurp wkh htxloleulxp lv vwloo ihdvleoh zlwk
wkhvh frqvwudlqwv/ dqg M2c|n�

ý
E +\2, >

ý
}|> \2

üü
@ X2 +\2, dv lv uhtxluhg iru vroyhqf|

frqvwudlqwv wkdw duh qrw wrr wljkw1 Iru }|n� @ \�>zlwk lqlwldo zhdowk d|n� @ E +\�,/
iru dq| ixwxuh sdwk iru zklfk vwdwh \� frqwlqxhv wr uhshdw lwvhoi xqlqwhuuxswhgo| iru
wkh qh{w n shulrgv/ wkh Hxohu htxdwlrq dqg wkh sulfh to lpso| rswlpdo lqglylgxdo
fkrlfhv vxfk wkdw f+}|n� @ \�, @ f+}|n& @ \�, @ ff/ d+}|n& @ \�, @ E +\�, dqg
M2c|n&

ý
E +\�, >

ý
}|> \�

üü
@ X2 +\�,1 Iru }|n� @ \�>zlwk lqlwldo zhdowk d|n� @ E +\�,/

iroorzhg e| }|n2 @ \2/ wkh vroyhqf| frqvwudlqw zloo elqg dw E +\2,/ dqg iurp
wkhuh rq rswlpdo frqvxpswlrq dqg sruwirolr fkrlfhv zloo eh lghqwlfdo wr wkh rqh
lq wkh htxloleulxp/ jlyhq wkdw sulfhv duh xqfkdqjhg/ lqlwldo zhdowk lghqwlfdo dqg
frqvwudlqwv vxfk wkdw wkhvh fkrlfhv duh ihdvleoh1 Zlwk wklv fkdudfwhul}dwlrq zh
kdyh wkh iroorzlqj wzr htxdwlrqv iru ff dqg E+\�,/ d exgjhw frqvwudlqw dqg wkh
htxdwlrq gh?qlqj lpsolflwo| wkh vroyhqf| frqvwudlqwv=

î2 +\�, .E+\�, @ toE+\�, . t?oE+\2, . ff> dqg

M2c|n�
ý
E +\�, >

ý
}|> \�

üü
@ X2 +\�, @ x+ff, . ñäX

2 +\�, . ñ+4ý ä,X2 +\2, >

zklfk jlyh wkdw
ff @ î2 +\�, > dqg

E +\�, @

é
t?o
4ý to

è
E +\2, é 3=

Wkh vdph dujxphqw fdq eh dssolhg iru dq| wlph shulrg> iru Djhqw 4/ wkh vroyhqf|
frqvwudlqwv duh rewdlqhg e| v|pphwu|1

Lq wklv htxloleulxp/ djhqwv duh frqvwudlqhg djdlqvw eruurzlqj djdlqvw wkh ix0
wxuh vwdwh }|n� zkhuh wkhlu lqfrph zloo eh kljk/ uhjdugohvv ri wkh fxuuhqw vwdwh
}|1 Exw wkhuh lv dq lpsruwdqw gl>huhqfh ghshqglqj rq wkh fxuuhqw vwdwh }|1 Li wkh
djhqw kdv klv kljk0lqfrph vkrfn +vd|/ }| @ \2 iru Djhqw 5,/ wkh djhqw grhv qrw
zdqw wr eruurz pruh djdlqvw hlwkhu wkh edg ru wkh jrrg ixwxuh vwdwh/ vlqfh iru
erwk fdvhv/ klv pdujlqdo udwh ri vxevwlwxwlrq lv htxdo wr wkh Duurz sulfh1 Lq wklv
fdvh/ kh lv dw wkh frqvwudlqw exw lw lv d3idovh fruqhu14 Li wkh vroyhqf| frqvwudlqw
zhuh uhod{hg d elw/ kh zloo qrw fkdqjh wkh rswlpdo fkrlfh ri frqvxpswlrq dqg
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dvvhw kroglqjv1 Rq wkh rwkhu kdqg/ li wkh fxuuhqw vwdwh lv wkh rqh zkhuh wkh djhqw
kdv klv orz lqfrph +}| @ \� iru Djhqw 5,/ wkhq wkh djhqw zdqwv wr eruurz djdlqvw
klv jrrg vwdwh/ exw kh fdqqrw1 Lq wklv fdvh/ wkh vroyhqf| frqvwudlqw elqgv dqg wkh
pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq frqvxpswlrq lq }| @ \� dqg lq }|n� @ \2 iru
Djhqw 5 lv vwulfwo| orzhu wkdq wkh fruuhvsrqglqj Duurz sulfh1 Lq wklv vwdwh/ wkh
vroyhqf| frqvwudlqw fdqqrw eh uhod{hg zlwkrxw fkdqjlqj wkh fkrlfh ri frqvxps0
wlrq dqg dvvhw kroglqjv1 Khqfh/ wkh vroyhqf| frqvwudlqwv celqg* rqo| lq wkh fdvh
zkhuh wkh djhqw*v fxuuhqw lqfrph vkrfn lv orz/ l1h1 srru djhqwv duh frqvwudlqhg
iurp eruurzlqj1

8161 Fdoleudwlrq= ulvn0vkdulqj dqg wkh Kdqvhq0Mdjdqqdwkdq erxqgv

Zh fdoleudwh lqglylgxdo lqfrph iroorzlqj Khdwrq dqg Oxfdv +4<<9, edvhg rq d
odujh vdpsoh iurp wkh SVLG1 Lq sduwlfxodu/ wkh orj ri dq djhqw*v lqfrph/ uhodwlyh
wr wkh djjuhjdwh/ wkdw lv oq îðc|/ lv vwdwlrqdu| zlwk d ?uvw rughu vhuldo fruuhodwlrq
ri 318 dqg d vwdqgdug ghyldwlrq ri 315< iru dqqxdo gdwd1 Lqlwldoo| zh vhw ñ @
3=98 dqg h{soruh wkh h>hfw ri ulvn dyhuvlrq iru frqvxpswlrq dqg iru dvvhw sulflqj
lpsolfdwlrqv/ zh zloo h{soruh wkh txdqwlwdwlyh h>hfwv ri ñ ehorz18

Iljxuh 7 lq wkh wrs sdqho suhvhqwv frqvxpswlrq ri Djhqw 5 dv d ixqfwlrq ri ulvn
dyhuvlrq1 Iru ydoxhv ri ulvn dyhuvlrq ehwzhhq derxw 5 dqg 7/ wkh w|sh ri h!flhqw
doorfdwlrqv lv vhtxhqwldoo| dxwdufk|/ sduwldo ulvn0vkdulqj dqg ixoo ulvn0vkdulqj1 Lq
wkh erwwrp sdqho/ vroyhqf| frqvwudlqwv dqg dvvhw srvlwlrqv duh suhvhqwhg1 Wkh
slfwxuh dovr frqwdlqv wkh vroyhqf| frqvwudlqwv iru ixoo ulvn0vkdulqj doorfdwlrqv1 Lq
wkhvh fdvhv/ vroyhqf| frqvwudlqwv fdq eh frpsxwhg exw wkh| qhyhu elqg1 Wkh
judsk vxjjhvwv/ txlwh lqwxlwlyho|/ wkdw wkh udqjh ri ixoo ulvn0vkdulqj doorfdwlrqv
zlwk gl>huhqw frqvxpswlrq ohyhov dfurvv djhqwv lqfuhdvhv zlwk ulvn dyhuvlrq1 Wkh
ghulydwlrqv ri wkh frqvwudlqwv dqg dvvhw srvlwlrqv iru wkh ixoo ulvn0vkdulqj fdvh duh
lq wkh Dsshqgl{1

Kdqvhq dqg Mdjdqqdwkdq*v yrodwlolw| erxqgv iru vwrfkdvwlf glvfrxqw idfwruv
surylgh d frqflvh dqg zlgho| xvhg gldjqrvwlf ghylfh19 Fdqglgdwh nhuqhov rewdlqhg
iurp wkhruhwlfdo prgho vwuxfwxuhv fdq eh frpsduhg wr wkh ehqfkpdun jlyhq e|
wkh yrodwlolw| erxqg1 Iljxuh 8 suhvhqwv whvw uhvxowv iru nhuqhov jhqhudwhg e| rxu
prgho1 Wkh prgho lv deoh wr jhqhudwh nhuqhov wkdw idoo lqvlgh wkh KM0erxqg iru ulvn
dyhuvlrq frh!flhqwv durxqg 5/ zkhuhdv wkh uhsuhvhqwdwlyh djhqw hfrqrp| idlov wklv

8Wkh sdudphwhuv iru wklv fdvh duh wkh iroorzlqj= á '
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9Iru d ghwdloohg vxuyh| ri dssolfdwlrqv ri wklv whvw vhh/ iru h{dpsoh/ Frfkudqh dqg Kdqvhq
+4<<5,1
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whvw iru vxfk ydoxhv ri ulvn dyhuvlrq1: Wklv srvlwlyh ?qglqj dovr frq?upv hpslulfdo
uhvxowv e| Kh dqg Prghvw +4<<8, wkdw vkrz wkdw vroyhqf| frqvwudlqwv fdq sdvv d
prgl?hg w|sh ri yrodwlolw| erxqg whvw iru djjuhjdwh frqvxpswlrq gdwd1 D forvh
orrn dw wklv slfwxuh uhyhdov wkh wzr0vlghg uroh ri wkh ulvn dyhuvlrq frh!flhqw1 Lq
prvw ri wkh dvvhw sulflqj olwhudwxuh/ lqfuhdvlqj ulvn dyhuvlrq lqfuhdvhv wkh yrodwlolw|
ri wkh sulflqj nhuqho/ ehfdxvh iru d jlyhq frqvxpswlrq surfhvv pdujlqdo xwlolw| lv
pruh yrodwloh1 Lq rxu iudphzrun krzhyhu/ wkh h{whqw ri ulvn0vkdulqj dqg wkxv wkh
yrodwlolw| ri wkh frqvxpswlrq surfhvv lv hqgrjhqrxv1 Wkh kljkhvw yrodwlolw| iru wkh
sulflqj nhuqho lv dfklhyhg zlwk prghvw ydoxhv ri ulvn dyhuvlrq/ zklfk fruuhvsrqg
wr yhu| olplwhg ulvn0vkdulqj1

91 Txdqwlwdwlyh suhglfwlrqv derxw dvvhw uhwxuqv

Zh qrz frqvlghu d pruh jhqhudo hqgrzphqw surfhvv1 Zh fkrrvh lw wr eh jhqhudo
hqrxjk wr glvsod| zlgh udqjlqj ghjuhhv ri ghshqghqfh ehwzhhq lqglylgxdo dqg
djjuhjdwh lqfrph xqfhuwdlqw|1 Wkh irup dqg wkh h{whqw ri wklv ghshqghqfh wxuqv
rxw wr eh yhu| lpsruwdqw iru dvvhw sulfhv1 Iru wkdw uhdvrq/ rxu remhfwlyh lq wklv
vhfwlrq lv qrw rqo| wr grfxphqw wr zkdw h{whqw d sodxvleo| fdoleudwhg prgho fdq
h{sodlq d vhw ri dvvhw sulflqj prphqwv/ exw dovr wr ghulyh vrph txdolwdwlyh surs0
huwlhv derxw krz vshfl?f irupv ri ghshqghqfh ehwzhhq lqglylgxdo dqg djjuhjdwh
lqfrph xqfhuwdlqw| jhqhudwh vshfl?f dvvhw uhwxuq surshuwlhv1

9141 Vshfl?fdwlrq ri wkh hqgrzphqw surfhvv

Zh vshfli| wkh hqgrzphqw surfhvv zlwk irxu ydoxhv iru wkh vkduh ri lqfrph ri
hdfk djhqw dqg wzr ydoxhv iru wkh djjuhjdwh jurzwk udwh/ uhvshfwlqj v|pphwu|
dfurvv djhqwv1 Wkh vhw ] kdv irxu hohphqwv1 Zlwk v|pphwu| zh hqg xs zlwk d
wrwdo ri 43 sdudphwhuv wr eh fdoleudwhg/ vl{ iru ø/ wzr iru î2 +ü, dqg wzr iru è +ü,1;

Wkh vxevfulswv u dqg h lqgh{ d uhfhvvlrq dqg dq h{sdqvlrq uhvshfwlyho|1 Wkh
vxevfulswv k dqg o lqgh{ d kljk0 dqg d orz0lqfrph vkduh iru Djhqw 51 Wklv wdeoh
vxppdul}hv wkh irxu vwdwhv* fkdudfwhulvwlfv=

\� = è +\�, @ èo > î2 +\�, @ î,o
\2 = è +\2, @ èe > î2 +\2, @ î,e
\ô = è +\ô, @ èo > î2 +\ô, @ îûo
\e = è +\e, @ èe > î2 +\e, @ îûe=

: Lqwurgxflqj djjuhjdwh xqfhuwdlqw| zrxog ri frxuvh jhqhudoo| jlyh ixuwkhu yrodwlolw| wr wkh
sulflqj nhuqho dqg khos lw sdvv wkh whvw1

;Wkhuh lv qr qhhg wr vshfli| "� Euä vlqfh "� E5ä n "2 E5ä ' �é
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9151 Fdoleudwlrq ri wkh ehqfkpdun hqgrzphqw surfhvv

Zh xvh 43 prphqwv ghvfulelqj wkh djjuhjdwh dqg krxvhkrog lqfrph gdwd wr vhohfw
wkh 43 iuhh sdudphwhuv ri wkh hqgrzphqw surfhvv1 Rxu hqgrzphqw surfhvv uhsol0
fdwhv irxu prphqwv ri X1V1 djjuhjdwh rxwsxw lq wkh 53|û fhqwxu|/ zkloh wkh uhpdlq0
lqj vl{ prphqwv fkdudfwhul}h krxvhkrog lqfrph ulvn1 Wkh suhihuhqfh sdudphwhuv/
ulvn dyhuvlrq dqg sxuh wlph0glvfrxqwlqj/ duh glvfxvvhg lq wkh qh{w vhfwlrq1

Wkh ?uvw wzr prphqwv lpso| d 5 e| 5 qrqv|pphwulf pdwul{ +hdfk hohphqw ri
wklv pdwul{ lv d vxp ri gl>huhqw suredelolwlhv lq wkh pdwul{ gh?qhg lq wkh suhylrxv
vxevhfwlrq,1

P41 ã+è, @ ý3=47> ?uvw rughu vhuldo fruuhodwlrq/ Phkud dqg Suhvfrww +4<;8,1
P51 Su+h{sdqvlrq,@Su+uhfhvvlrq, @ 5=98> QEHU exvlqhvv f|foh fkurqrorj|

iru 4;;<04<<41
Jlyhq wkh suhylrxv pdwul{/ wkh qh{w wzr frqglwlrqv ghwhuplqh wkh wzr ydoxhv

ri è=
P61 H+è, @ 4=;6(> Phkud dqg Suhvfrww +4<;8,1
P71 Vwg+è, @ 6=8:(> Phkud dqg Suhvfrww +4<;8,1
Wkh uhpdlqlqj iuhh sdudphwhuv duh ghwhuplqhg mrlqwo|143 Zh xvh wkh vwxglhv

e| Khdwrq dqg Oxfdv +4<<9,/ khqfhiruwk KO/ dqg Vwruhvohwwhq/ Whophu dqg \durq
+4<<:,/ khqfhiruwk VW\/ wr jxlgh xv lq ghwhuplqlqj d ehqfkpdun fdoleudwlrq1
Diwhu gh?qlqj wkhvh prphqwv dqg rxu ehqfkpdun ydoxhv/ zh glvfxvv ixuwkhu ehorz
krz wkhvh fkrlfhv duh uhodwhg wr wkh wzr ruljlqdo gdwd vwxglhv1

P81 Vwg +oq î +},, @ 3=5<9=
P91 ã +oq î +},, @ 3=86> ?uvw rughu vhuldo fruuhodwlrq1

<E| v|pphwu|/ iru hdfk 5c dqg hdfk ydoxh ri "2 E5ä wkhuh pxvw eh dqrwkhu ì5 vxfk wkdw "� Eì5ä '
"2 E5ä é Wklv lpsolhv wkh iroorzlqj wzr htxdwlrqv=

",o n "ûo ' �

",e n "ûe ' �é

43Wkh v|vwhp lv vroyhg zlwk d qrqolqhdu htxdwlrq vroyhu1 Iru sduw ri wkh uhjlrq lq wkh prphqw
vsdfh wkhuh duh wzr vhwv ri sdudphwhuv wkdw uhsolfdwh wkh vhohfwhg prphqwv1 Lq wkhvh fdvhv zh
slfn wkh vroxwlrq wkdw kdv ohvv yduldwlrqv lq wkh phdqv frqglwlrqdo rq zkhwkhu wkh ghvwlqdwlrq lv
d uhfhvvlrq ru dq h{sdqvlrq1 Wklv lv wkh surfhvv wkdw lv forvhu wr wkh olqhdu surfhvvhv hvwlpdwhg
e| KO dqg VW\ iru zklfk frqglwlrqdo phdqv gr qrw ghshqg rq wkh ghvwlqdwlrq vwdwh1
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P:1 yo@ye @ 4> wkh furvv vhfwlrqdo glvshuvlrq ri wkh vkduhv lq uhfhvvlrqv
uhodwlyh wr h{sdqvlrqv1 Lq d jlyhq vwdwh wklv lv gh?qhg dv

y2 +}|, ì 4

5

[
ð'�c2

é
îð +}|,ý 4

5

è2
dqg e| v|pphwu| zh kdyh

y +\�, @ y +\ô, dqg y +\2, @ y +\ô, =

P;1 Uhodwlyh vwdqgdug ghyldwlrq ri lqglylgxdo vkduhv frqglwlrqdo rq fxuuhqw
dqg sdvw uhdol}dwlrqv ri wkh djjuhjdwh vkrfn=

âoâe
âeâe

ì vwg +oq îð +}|n�, mè|n� @ èo> è| @ èe,
vwg +oq îð +}|n�, mè|n� @ èe> è| @ èe, @ 4=8 =

44

P<1 Uhodwlyh vwdqgdug ghyldwlrq ri lqglylgxdo vkduhv frqglwlrqdo rq fxuuhqw
dqg sdvw uhdol}dwlrqv ri wkh djjuhjdwh vkrfn=

âoâo
âeâo

ì vwg +oq îð +}|n�, mè|n� @ èo> è| @ èo,
vwg +oq îð +}|n�, mè|n� @ èe> è| @ èo, @ 4=8=

P431 Uhodwlyh vwdqgdug ghyldwlrq ri lqglylgxdo vkduhv frqglwlrqdo rq sdvw
uhdol}dwlrq ri wkh djjuhjdwh vkrfn=

âo
âe
ì vwg +oq îð +}|n�, mè| @ èo,
vwg +oq îð +}|n�, mè| @ èe, @ 3=<8=

Wkh iroorzlqj Wdeoh frqwdlqv wkh prphqwv lpsolhg e| wkh KO dqg wkh VW\
hvwlpdwlrq ri wkh krxvhkrog lqfrph surfhvvhv1 Iru wkh KO fdoleudwlrq wkhuh duh
wzr ydoxhv lq hdfk fhoo/ wkh ?uvw iru wkh hqwluh vdpsoh ri ;93 krxvhkrogv dqg wkh
vhfrqg iru wkh vxevdpsoh ri 65: vwrfnkroghuv1 Vlqfh KO dqg VW\ hvwlpdwh wkh
lqglylgxdo lqfrph surfhvv frqglwlrqdo rq wkh djjuhjdwh lqfrph/ zh frpelqh wkhlu
hvwlpdwhv ri wkh lqglylgxdo lqfrph surfhvv zlwk rxu vshfl?fdwlrq iru djjuhjdwh
lqfrph1 Rxu fdoleudwlrq pdlqo| iroorzv wkh KO fdoleudwlrq/ jlyhq wkdw wkh| duh
fdoleudwlqj d prgho zlwk wkh vdph lq?qlwh krul}rq/ wzr0djhqw vwuxfwxuh1 Jlyhq
wkdw hduolhu zrun rq dvvhw sulflqj zlwk lqfrpsohwh pdunhwv kdv dujxhg dqg vkrzq
wkdw wkh prphqwv ; dqg < duh lpsruwdqw zh fkrrvh d ydoxh voljkwo| kljkhu wkdq KO/
exw vwloo ehorz VW\*v1 Lq dq| fdvh zh zloo surylgh h{whqvlyh vhqvlwlylw| dqdo|vlv1

44 Lw fdq eh vkrzq wkdw r|_ E*? "ð E5|n�ä �b|n� ' boc b| ' beä '
r|_ E*? "ð E5|n�ä �b|n� ' boc b| ' bec "ðc|ä c wkdw lv/ wkh frqglwlrqdo vwdqgdug ghyldwlrq ri wkh
vkduh +dqg wkh orj, grhv qrw ghshqg rq wkh fxuuhqw lglrv|qfkudwlf vkrfn/ rqo| rq wkh djjuhjdwh
jurzwk vwdwh wkdw lv ixoo| ghvfulehg e| b|é
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KO KO/ rxu è| VW\/ rxu è| Ehqfkpdun
P8 Vwg+oq î, 3=6@3=7 3=:4 =6

P9 ã +oq î +},, 3=86@=6 3=;: =86

P: yo@ye 4=35@3=<6 4=36@3=< ^=<6ý 4=3:` 4

P; âoâe@âeâe 3=<<@4=4< 3=<<@4=5: 4=;; 4=8

P< âoâo@âeâo 3=<<@4=4< 3=<<@4=5: 4=;; 4=8

P43 âo@âe 4=6:@4=34 3=78@3=;9 3=<3 =<8=45

9161 Vroylqj wkh frqvwudlqhg h!flhqw doorfdwlrqv

Wkh prgho fdq eh vroyhg e| lwhudwlqj rq wkh ixqfwlrqdo htxdwlrq +714,1 Krzhyhu/
wklv zrxog eh uhodwlyho| frvwo| lq frpsxwlqj wlph dqg pd| lqwurgxfh frpsxwd0
wlrqdo huuruv iru wkh surfhvv ri wkh kljkhvw pdujlqdo udwh ri vxevwlwxwlrq1 Lqvwhdg/
zh vroyh wkh prgho e| h{whqglqj wkh dqdo|vlv ri vhfwlrq +8, wr wkh suhvhqw irxu
vwdwh fdvh1 Lq sduwlfxodu/ zh ?uvw vroyh 49 qrqolqhdu htxdwlrq v|vwhpv ghvfule0
lqj vxevhwv ri doo qhfhvvdu| frqglwlrqv1 Zh wkhq vhohfw wkh dssursuldwh rqh e|
fkhfnlqj wkh vx!flhqw frqglwlrqv ghvfulehg lq Doyduh} dqg Mhupdqq +4<<;d, iru
d frqvwudlqhg h!flhqw doorfdwlrq= uhvrxufh frqvwudlqwv/ sduwlflsdwlrq frqvwudlqwv/
?uvw rughu frqglwlrqv/ dqg wkh frqglwlrq wkdw wkh ydoxh ri djjuhjdwh hqgrzphqw
lv ?qlwh1 Zh ?qg frqvwudlqhg h!flhqw doorfdwlrqv zkhuh frqvxpswlrq vkduhv kdyh
dw prvw 45 gl>huhqw ydoxhv lq wkh hujrglf vhw1 Wklv dssurdfk lv pxfk idvwhu wkdq
lwhudwlqj rq d ixqfwlrqdo htxdwlrq dqg ohdyhv yluwxdoo| qr urrp iru qxphulfdo
dssur{lpdwlrq huuruv1

9171 Txdqwlwdwlyh lpsolfdwlrqv iru wkh ehqfkpdun fdvh

Zh grfxphqw wkh lpsolfdwlrqv iru ulvn0vkdulqj dqg dvvhw sulflqj dv d ixqfwlrq
ri ulvn dyhuvlrq/ ð/ dqg wkh sxuh wlph0glvfrxqw idfwru> ñ> iru wkh ehqfkpdun hq0
grzphqw surfhvv1 Iljxuh 9 suhvhqwv frqvxpswlrq vkduh yrodwlolw|/ wkh dyhudjh
ulvn0iuhh udwh/ wkh htxlw| suhplxp/ dqg wkh suhplxp iru orqj whup erqgv1 Zh
gh?qh htxlw| dv d fodlp wr djjuhjdwh hqgrzphqw dqg wkh orqj whup erqg dv d uhdo
frqvro1 Zh ?qg wkdw wkh h{whqw ri ulvn0vkdulqj/ dv phdvxuhg e| wkh frqvxpswlrq
yrodwlolw|/ lv lqfuhdvlqj lq ulvn dyhuvlrq dqg wkh wlph0glvfrxqw idfwru1 Wklv lv d
txdqwlwdwlyh looxvwudwlrq ri wkh uhvxowv lq Uhpdun +4,1 Zlwk olplwhg ulvn0vkdulqj
wkhuh lv rqo| d vpdoo uhjlrq/ forvh wr wkh rqh fruuhvsrqglqj wr dxwdufk|/ zkhuh wkh
ulvn iuhh udwh dwwdlqv uhdvrqdeo| orz ydoxhv1 Lqwhuhvwlqjo|/ wkh htxlw| suhplxp lv

45Wkh wzr vwxglhv gh?qh wkhlu lglrv|qfkudwlf lqfrph yduldeoh lq d voljkwo| gl>huhqw zd|1 KO
xvh + ' *?E"ä/ zkhuhdv/ VW\ xvh % ' *? "ð E5|ä3 �

U

S
æ'�cU *? "æ E5|ä é Xvlqj d ?uvw rughu orj0olqhdu

dssur{lpdwlrq wkh wzr phdvxuhv gl>hu rqo| e| d frqvwdqw/ vr wkdw wkh wzr fdq eh frqvlghuhg/
wr d ?uvw dssur{lpdwlrq/ dv lghqwlfdo iru wkh prphqwv zh frqvlghu khuh1
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kljkhvw iru ydoxhv ri ulvn dyhuvlrq wkdw duh kljkhu wkdq zkdw lv uhtxluhg wr eh lq
dxwdufk|1 Ilqdoo|/ wkh vkdsh ri wkh suhplxp iru orqj whup erqgv/ dv ixqfwlrq ri
ð dqg ñ> lv vlplodu wr wkh rqh iru wkh htxlw| suhplxp/ exw wkh ydoxhv duh orzhu1

Wr jdlq lqwxlwlrq derxw zkdw ghwhuplqhv wkh ohyho ri wkh ulvn0iuhh udwh/ zh
frpsduh lw wr wkh rqh ri wkh uhsuhvhqwdwlyh djhqw hfrqrp|1 Lq wkh odwhu fdvh
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dqg wkh ulvn0iuhh udwh/ Us|c|n�> fkdqjhv rqh iru rqh zlwk fkdqjhv lq wkh wlph0
glvfrxqw idfwru ñ1 Lq wkh hfrqrp| zlwk vroyhqf| frqvwudlqwv wkh ulvn0iuhh udwh
vdwlv?hv
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dqg wkxv ñ fkdqjhv wkh ulvn0iuhh udwhv rqh iru rqh iru frqvwdqw frqvxpswlrq door0
fdwlrq afðc|> afðc|n�= Ehfdxvh wkh htxloleulxp doorfdwlrq ghshqgv dovr rq ñ wkhuh lv d
vhfrqg h>hfw rq wkh ohyho ri wkh lqwhuhvw udwh1 Iru lqvwdqfh/ li ñ lv orzhuhg/ wkhuh
lv ohvv ulvn0vkdulqj dqg lqglylgxdo frqvxpswlrq vkduhv ehfrph pruh glvvlplodu
dqg wkxv wkh cpd{* lqfuhdvhv/ ohdglqj wr d uhgxfwlrq lq wkh lqwhuhvw udwh1 Wklv lv
dq looxvwudwlrq ri wkh pruh jhqhudo uhvxow lq Doyduh} dqg Mhupdqq +4<<;d, wkdw
vwdwh sulfhv lq wkh vroyhqf| frqvwudlqwv hfrqrp| duh kljkhu wkdq wkh sulfhv lq wkh
fruuhvsrqglqj uhsuhvhqwdwlyh djhqw hfrqrp|1

Lq Wdeoh 4/ zh vhw ulvn dyhuvlrq ð @ 6> dqg fkrrvh ñ wr pdwfk wkh klvwrulfdo
dyhudjh ri wkh X1V1 ulvn0iuhh udwh ri 31;3( shu dqqxp1 Wkh lpsolfdwlrqv iurp rxu
ehqfkpdun fdvh duh yhu| hqfrxudjlqj1 Zh fdq jhqhudwh d vl}hdeoh htxlw| suhpld
zlwk orz ulvn dyhuvlrq146 Frpsduhg zlwk X1V1 gdwd/ wkh yrodwlolw| ri wkh ulvn0iuhh
udwh dqg wkh suhplxp iru orqj0whup erqgv lv forvh wr wkhlu hpslulfdo frxqwhusduwv1
Wdeoh 4 looxvwudwhv wkdw/ frpsduhg zlwk wkh uhsuhvhqwdwlyh djhqw hfrqrp|/ wkh uh0
vwulfwlrqv rq wkh sruwirolr fkrlfhv lpsolhg e| wkh hqgrjhqrxv vroyhqf| frqvwudlqwv
lpsuryh wkh delolw| wr jhqhudwh uhdolvwlf dvvhw sulflqj lpsolfdwlrqv vxevwdqwldoo|1

Wkh lpsolhg ydoxh ri ñ lv orzhu wkdq wkh ydoxhv xvhg lq rwkhu vwxglhv1 Zh
kdyh iroorzhg wkh w|slfdo surfhgxuh xvhg wr lghqwli| ñ/ l1h1 zh kdyh fkrvhq lw wr
pdwfk wkh dyhudjh ulvn0iuhh udwh1 Wkh odvw urz ri Wdeoh 4 suhvhqwv dq dowhuqdwlyh
3kljk ehwd4 sdudphwul}dwlrq ri wkh hqgrzphqw surfhvv zkhuh lqglylgxdo vkrfnv
duh pruh shuvlvwhqw +P9 @ 1<, dqg zkhuh uhfhvvlrqv dqg h{sdqvlrqv duh pruh
dv|pphwulf + P; @ P< @ 7 dqg P43 @1;8,1 Iru wklv sdudphwul}dwlrq zh vhw

46Qrwh wkdw wkh prgho hfrqrp| grhv qrw kdyh ohyhudjh/ wkhuhiruh zh vkrxog frpsduh lw wr wkh
xqohyhuhg htxlw| suhplxp lq wkh gdwd/ zklfk lv orzhu wkdq wkh 914;( ri wkh uhsruwhg/ ohyhuhg/
htxlw| suhplxp1
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ð @ 6=8> wkhq ñ @ =:; lv uhtxluhg wr pdwfk wkh ulvn iuhh udwh1 Wkh rwkhu dvvhw
sulflqj lpsolfdwlrqv duh yluwxdoo| xqfkdqjhg147

9181 Ghwhuplqdqwv ri wkh htxlw| suhplxp dqg wkh whup vwuxfwxuh

Wr xqghuvwdqg wkh ghwhuplqdqwv ri wkh htxlw| suhplxp dqg ri wkh whup vwuxfwxuh/
zh dqdo|}h fdoleudwlrqv zlwk gl>huhqw w|shv ri ghshqghqfh ehwzhhq djjuhjdwh dqg
lqglylgxdo lqfrph xqfhuwdlqw|1 Zh vwduw zlwk d fdoleudwlrq zkhuh djjuhjdwh dqg
lqglylgxdo lqfrph vkrfnv duh lqghshqghqw1 Wkhq zh grfxphqw wkh frqvhtxhqfhv
iru dvvhw sulfhv ri wkh w|shv ri ghshqghqfh ghvfulehg e| wkh prphqwv P; wr P431
Zh ?qg wkdw wkh htxlw| suhplxp ghshqgv rq wkh frpryhphqw ehwzhhq lqglylgxdo
lqfrph xqfhuwdlqw| dqg wkh frqwhpsrudqhrxv djjuhjdwh lqfrph jurzwk1 Wkh whup
suhplxp ghshqgv rq wkh frpryhphqw ehwzhhq wkh iruhfdvw ri ixwxuh lqglylgxdo
lqfrph xqfhuwdlqw| dqg djjuhjdwh lqfrph jurzwk1

Zh uhihu wr wkh fdvh zkhuh wkh djjuhjdwh lqfrph jurzwk vkrfn lv l=l=g= dqg
lqghshqghqw ri wkh lqglylgxdo lqfrph vkrfn dv wkh fdoleudwlrq zlwk lqghshqghqw
ulvnv1 Lq sduwlfxodu/ zh vshfldol}h rxu iudphzrun wr wkh fdvh zkhuh } fdq eh
ghfrpsrvhg dv } @ +{> |, 5 ] @ [ û \ / dqg zkhuh è dqg îð duh ixqfwlrqv ri
| dqg {/ uhvshfwlyho|1 Vshfl?fdoo|/ è = \ $ Un dqg îð = [ $ +3> 4,=

Gh?qlwlrq 9141 +cLqghshqghqw ulvnv*, Zh vd| wkdw wkh djjuhjdwh vkrfn lv l=l=g=
dqg lqghshqghqw ri wkh lqglylgxdo lqfrph vkrfn li wkhuh lv d suredelolw| glvwulex0
wlrq ! dqg d vwrfkdvwlf pdwul{ # vxfk wkdw

ä
ý
}âm}ü ì ä ýý{â> |âü m +{> |,ü @ ! ý|âü ü # ý{âm{ü

iru doo }> }â=

Wkh ?uvw sdqho ri Wdeoh 5 frqwdlqv wkh fdvh zlwk lqghshqghqw ulvnv/ iru zklfk
P4 @ 3 dqg P5>P:>P;>P<>P43 @ 4148 Lq doo fdvhv suhvhqwhg lq Wdeoh
5/ ulvn dyhuvlrq ð @ 6 dqg wkh wlph0glvfrxqw idfwru ñ @ 3=8> vr wkdw doo wkh
htxloleuld glvsod| vrph/ exw qrw frpsohwh ulvn0vkdulqj dv fdq eh vhhq e| wkh idfw
wkdw 3 ? Vwg+oqef, ? 3=5<9 @ Vwg+oq î,=Zh vxppdul}h rxu ?qglqjv lq irxu uhvxowv1

î Uhvxow 4= Zlwk lqghshqghqw ulvnv/ lqwhuhvw udwhv duh frqvwdqw dqg wkxv
wkhuh lv qr ulvn suhplxp iru erqgv +vhh sdqho 4 ri Wdeoh 5,1

47 Lqwhuhvwlqjo|/ Oljrq/ Wkrpdv dqg Zruudo +4<<:,/ xvlqj d yhuvlrq ri wklv prgho dqg gdwd
iurp lqglylgxdo frqvxpswlrq dqg lqfrph iurp srru yloodjhv/ kdyh hvwlpdwhg ydoxhv ri q lq wkh
qhljerxukrrg ri �*21

48Wkh hfrqrp| dovr glvsod|v v|pphwu| ehwzhhq h{sdqvlrqv dqg uhfhvvlrqv/ wkdw lv/ �2 ' �1
Wklv lv qrw qhfhvvdu| iru wkh uhvxowv suhvhqwhg khuh1 Hyhq zlwk �2 õ' �/ wkh vdph txdolwdwlyh
surshuwlhv krog1
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Dv vkrzq lq wkh Dsshqgl{/ wkh dvvxpswlrq ri lqghshqghqw ulvnv lv qrw vx!0
flhqw wr jhqhudwh wklv uhvxow lq jhqhudo1 Wklv uhvxow dovr ghshqgv rq wkh sduwlfxodu
qxpehu ri vwdwhv dqg djhqwv fkrvhq lq wklv fdoleudwlrq1 Qhyhuwkhohvv/ zh wklqn
wklv lv d xvhixo ehqfkpdun/ ehfdxvh vwduwlqj zlwk d fdvh wkdw kdv frqvwdqw lqwhu0
hvw udwhv zloo doorz xv wr frqvlghu vhsdudwho| zkdw ghwhuplqhv whup suhpld dqg
suhpld iru sd|rxw xqfhuwdlqw|1

î Uhvxow 5= Zlwk lqghshqghqw ulvnv/ wkh +pxowlsolfdwlyh, htxlw| suhplxp lq
wkh vroyhqf| frqvwudlqwv hfrqrp| lv lghqwlfdo wr wkh rqh lq wkh fruuhvsrqglqj
uhsuhvhqwdwlyh djhqw hfrqrp|1

Dv wkh uhdghu fdq vhh lq sdqho 4 ri Wdeoh 5/ wkh pxowlsolfdwlyh ulvn suhplxp iru
erwk hfrqrplhv lv htxdo wr 3=69;<(149 Lw lv lq jhqhudo wuxh wkdw zlwk lqghshqghqw
ulvnv/ wkh ulvn suhplxp iru d rqh0shulrg ulvn| fodlp zlwk sd|rxw frqwlqjhqw rq wkh
djjuhjdwh hqgrzphqw lv wkh vdph lq wkh vroyhqf| frqvwudlqwv hfrqrp| dv wkh rqh
lq wkh fruuhvsrqglqj uhsuhvhqwdwlyh djhqw hfrqrp|1 Dv vkrzq lq wkh Dsshqgl{/
wklv htxlydohqfh uhvxow h{whqgv khuh wr wkh htxlw| suhplxp ehfdxvh lqwhuhvw udwhv
duh frqvwdqw1

Wkh iroorzlqj uhvxow looxvwudwhv d ghsduwxuh iurp lqghshqghqw ulvnv wkdw sur0
gxfhv d gl>huhqw htxlw| suhplxp lq wkh vroyhqf| frqvwudlqwv hfrqrp|1

î Uhvxow 6= D qhjdwlyh fryduldqfh ri wkh lqglylgxdo lqfrph yduldqfh zlwk
wkh frqwhpsrudqhrxv djjuhjdwh lqfrph jurzwk +P; @ P< A 4, lqfuhdvhv
wkh htxlw| suhplxp dqg d srvlwlyh fryduldqfh +P; @P< ? 4, uhgxfhv wkh
htxlw| suhplxp uhodwlyh wr wkh fruuhvsrqglqj uhsuhvhqwdwlyh djhqw hfrqrp|1

Zlwk P; @ P< A 4 uhfhvvlrqv duh dvvrfldwhg zlwk kljkhu lqglylgxdo lqfrph
ulvn1 Wkhuhiruh/ vwdwhv zkhuh ulvn0vkdulqj lv yhu| olplwhg duh pruh olnho| lq uhfhv0
vlrqv1 Wkxv/ lq uhfhvvlrqv wkh sulflqj nhuqho lv kljkhu/ dv lv vxjjhvwhg e| htxdwlrq
+617,/ pdnlqj htxlw| pruh ulvn|1 Wklv lv looxvwudwhg lq wkh vhfrqg sdqho ri Wdeoh 51
Uhvxow 6 lv uhodwhg wr d zhoo nqrzq uhvxow e| Pdqnlz +4<;8,/ zkr vkrzv wkdw wkh
sulfh ri d ulvn| vwuls zloo eh orzhu lq d vwdwlf prgho zlwk h{rjhqrxv lqfrpsohwh
pdunhwv1 Lq klv hqylurqphqw/ wkh frqyh{lw| ri wkh pdujlqdo xwlolw| lv d qhfhv0
vdu| frqglwlrq iru d kljkhu suhplxp1 Frqvwdqwlqlghv dqg Gx!h +4<<8, xvh dq
dvvxpswlrq dqdorjrxv wr P; @P< A 4 lq d prgho zlwk h{rjhqrxvo| lqfrpsohwh
pdunhwv dqg shupdqhqw lqglylgxdo lqfrph vkrfnv wr vkrz wkdw wkh sulflqj nhuqho
lv lghqwlfdo wr wkh rqh lq dq hfrqrp| zlwk frpsohwh pdunhwv exw iru dq djhqw

49Zh gh?qh wkh pxowlsolfdwlyh htxlw| suhplxp dv .|E-e|c|n�ä*.|E-
s
|c|n�ä 3 �1 Zh gh?qh wkh

htxlw| suhplxp lq wkh vwdqgdug zd| dv .E-e|c|n�ä3.E-s|c|n�ä1 Lq wkh fdvh frqvlghuhg iru uhvxow
5/ wkh pxowlsolfdwlyh htxlw| suhplxp lv frqvwdqw dfurvv vwdwhv1
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zlwk kljkhu ulvn dyhuvlrq1 Lq erwk fdvhv/ wkh uhvxowv iroorz iurp wkh dvvxpswlrq
wkdw djhqwv kdyh frqyh{ pdujlqdo xwlolw| dqg wkdw wkhuh duh qr elqglqj sruwirolr
frqvwudlqwv= khqfh doo djhqwv kdyh wkh vdph ydoxdwlrq ri dvvhwv1 Lqvwhdg/ lq wkh
hfrqrp| zlwk vroyhqf| frqvwudlqwv/ Uhvxow 5 iroorzv iurp wkh idfw wkdw pdujlqdo
ydoxdwlrq dfurvv djhqwv gl>hu/ dqg sulfhv duh htxdo wr wkh kljkhvw pdujlqdo udwh
ri vxevwlwxwlrq1

Qrwh wkdw lqwhuhvw udwhv uhpdlq frqvwdqw hyhq li zh lqwurgxfh ghshqghqfh ri
wkh djjuhjdwh dqg lqglylgxdo ulvn vxfk wkdw P; @P< 9@ 4> dv fdq eh vhhq lq wkh
vhfrqg sdqho ri Wdeoh 51 Iru wklv fdvh/ wkh ghshqghqfh lqwurgxfhg ehwzhhq wkh
djjuhjdwh dqg wkh lqglylgxdo vkrfnv grhv qrw lqwurgxfh dq| suhglfwdeoh fkdqjhv
lq wkh sulflqj nhuqho/ wkhuhiruh lqwhuhvw udwhv uhpdlq frqvwdqw1

Wkh qh{w uhvxow lvrodwhv d ihdwxuh wkdw h{sodlqv yrodwlolw| lq lqwhuhvw udwhv dqg
wkh h{lvwhqfh ri qrq0}hur ulvn suhpld iru erqgv1

î Uhvxow 7= Lqwurgxflqj ghshqghqfh ehwzhhq wkh djjuhjdwh lqfrph jurzwk
dqg qh{w shulrg*v lqglylgxdo lqfrph ulvn pdnhv wkh ulvn0iuhh udwh yduldeoh1
D srvlwlyh fryduldqfh ri wkh djjuhjdwh lqfrph jurzwk dqg qh{w shulrg*v
lqglylgxdo lqfrph ulvn/ P43 ? 4> fuhdwhv srvlwlyh whup suhpld1 D qhjdwlyh
fryduldqfh ri wkh djjuhjdwh lqfrph jurzwk dqg qh{w shulrg*v lqglylgxdo
lqfrph ulvn/ P43 A 4> fuhdwhv qhjdwlyh whup suhpld1

Suhglfwdeoh pryhphqwv lq wkh sulflqj nhuqho duh uhtxluhg iru qrqfrqvwdqw lq0
whuhvw udwhv1 Lq wklv fdvh/ wkh suhglfwdeoh fkdqjhv duh lqwurgxfhg wkurxjk wkh
frqglwlrqdo yduldqfh ri wkh lqglylgxdo*v lqfrph1 Iru lqvwdqfh/ li lq uhfhvvlrqv wkh
yduldqfh iru qh{w shulrg*v frqvxpswlrq vkduh lv h{shfwhg wr eh orzhu wkdq lq h{0
sdqvlrqv/ wkhq wkh sulfh ri erqgv lv orzhu lq uhfhvvlrqv dqg kljkhu lq h{sdqvlrqv/
wkxv d srvlwlyh whup suhplxp lv uhtxluhg wr frpshqvdwh erqg kroghuv1 Lq rwkhu
zrugv/ zlwk frxqwhuf|folfdo lqwhuhvw udwhv/ fdslwdo jdlqv dffuxh wr erqgkroghuv
zkhq wkh| duh ydoxhg uhodwlyho| ohvv9uhtxlulqj srvlwlyh whup suhpld1 Sdqho 6 ri
Wdeoh 5 looxvwudwhv wklv fdvh1

:1 Frqfoxvlrqv

Wkh remhfwlyh ri wklv sdshu zdv wr h{soruh wkh txdqwlwdwlyh dvvhw sulflqj lpsol0
fdwlrqv ri d prgho zlwk hqgrjhqrxvo| uhvwulfwhg ulvn0vkdulqj1 Zh vkrz xqghu
zklfk flufxpvwdqfhv wkh hqgrjhqrxv vroyhqf| frqvwudlqwv zloo elqg dqg zh fkdu0
dfwhul}h wkh sulflqj nhuqho1 Zh ghvfuleh dq dojrulwkp wr frpsxwh dq htxloleulxp
iru jlyhq suhihuhqfh sdudphwhuv dqg vshfl?fdwlrq ri wkh vwrfkdvwlf surfhvv iru
lqglylgxdo dqg djjuhjdwh lqfrph1 Wklv dojrulwkp lv edvhg rq wkh htxlydohqfh
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ehwzhhq htxloleulxp zlwk hqgrjhqrxv vroyhqf| frqvwudlqwv dqg frqvwudlqhg h!0
flhqw doorfdwlrqv1 Zh irxqg wkdw iru sodxvleo| fdoleudwhg lqfrph surfhvvhv dqg
iru orz ydoxhv ri ulvn dyhuvlrq wkh prgho surgxfhv vroyhqf| frqvwudlqwv wkdw elqg
iuhtxhqwo|/ dqg dv d frqvhtxhqfh/ lqglylgxdo frqvxpswlrq lv yrodwloh hqrxjk vr
wkdw wkh uhvxowlqj sulflqj nhuqho sdvvhv wkh Kdqvhq dqg Mdjdqqdwkdq whvw1 Dggl0
wlrqdoo|/ jlyhq wkh fdoleudwhg fruuhodwlrqv ehwzhhq wkh lqglylgxdo lqfrph ulvn dqg
wkh djjuhjdwh lqfrph/ wkh prgho surgxfhv vl}deoh suhpld iru htxlw| dqg orqj0
whup erqgv1 Zh dovr surylgh fkdudfwhul}dwlrqv ri krz wkh ghshqghqfh ehwzhhq
lqglylgxdo dqg djjuhjdwh ulvnv ghwhuplqhv erwk htxlw| dqg erqg suhpld1

Zh wklqn wkdw wklv prgho lpsuryhv rq wkh vwdqgdug uhsuhvhqwdwlyh djhqw hfrq0
rp| dqg rq wkh9duelwudu|9lqfrpsohwh pdunhwv hfrqrplhv/ vlqfh lw pdnhv wkh
sruwirolr frqvwudlqwv hqgrjhqrxv dqg vlpxowdqhrxvo| rewdlqv dvvhw sulflqj lpsol0
fdwlrqv wkdw duh forvhu wr wkh gdwd1 Qhyhuwkhohvv/ rxu dvvxpswlrq derxw sxq0
lvkphqw iurp ghidxowlqj lv dovr duelwudu|1 Zh dvvxph wkdw ghidxow lv sxqlvkhg
e| shupdqhqw h{foxvlrq ri doo dvvhw pdunhwv exw hqwdlov qr jduqlvkphqw ri oderu
lqfrph1 Lqvwhdg/ li wkh h{foxvlrq iurp dvvhw pdunhwv lv whpsrudu|/ lw zloo pdnh
ghidxow pruh dwwudfwlyh1 Rq wkh rwkhu kdqg/ li d iudfwlrq ri wkh oderu lqfrph lv
jduqlvkhg/ lw zloo pdnh ghidxow ohvv dwwudfwlyh1 Lqfrusrudwlqj wkhvh pruh uhdolv0
wlf dowhuqdwlyhv pd| surgxfh vlplodu uhvxowv/ vlqfh wkh| frpshqvdwh hdfk rwkhu1
Zh ohdyh wkh lqyhvwljdwlrq ri wkhvh dowhuqdwlyhv/ dv zhoo dv wkh lqwurgxfwlrq ri
hqgrjhqrxv frvwo| sxqlvkphqw/ dv d wrslf iru ixwxuh uhvhdufk1

Lq vrph uhodwhg zrun +Doyduh} dqg Mhupdqq +4<<;e/ 4<<<,,/ zh kdyh dssolhg
wkh prgho xvhg lq wklv sdshu wr phdvxuh wkh frvw ri exvlqhvv f|foh  xfwxdwlrqv
dqg wr dqdo|}h rswlpdo lqwhuqdwlrqdo sruwirolr fkrlfhv1 Zh ?qg wkdw wkh frvw ri
exvlqhvv f|fohv fdq eh vpdoo lq d prgho wkdw jhqhudwhv dq htxlw| suhplxp ri
vhyhudo shufhqwdjh srlqwv1 Iru lqwhuqdwlrqdo sruwirolr glyhuvl?fdwlrq zh ?qg wkdw
frxqwulhv glvsod| d kljk ghjuhh ri krph eldv dv zh vhh lw hpslulfdoo|1

5<



Uhihuhqfhv

Deuhx Glols/ +4<;;,/ 3Rq wkh Wkhru| ri Lq?qlwho| Uhshdwhg Jdphv zlwk Glv0
frxqwlqj/4 Hfrqrphwulfd 89/ ss 6;606<91

Deuhx Glols/ Shdufh/ Gdylg dqg Vwdfkhwwl/ Hqqlr/ +4<<3, 3Wrzdug d Wkhru| ri
Glvfrxqwhg Uhshdwhg Jdphv zlwk Lpshuihfw Prqlwrulqj/4 Hfrqrphwulfd/
8;/ ss 4374043961

Doyduh}/ Ihuqdqgr dqg Mhupdqq/ Xuedq +4<<;d,/ 3Dvvhw sulflqj zkhq ulvn0
vkdulqj lv olplwhg e| ghidxow/4 kwws=22?qdqfh1zkduwrq1xshqq1hgx2�mhupdqq
2uhvhdufk1kwpo1

Doyduh}/ Ihuqdqgr dqg Mhupdqq/ Xuedq +4<<;e,/ 3Wkh frvw ri exvlqhvv f|fohv
dqg wkh htxlw| suhplxp/4 pdqxvfulsw1

Doyduh}/ Ihuqdqgr dqg Mhupdqq/ Xuedq +4<<<,/ 3Lqwhuqdwlrqdo sruwirolr fkrlfh
zlwk hqgrjhqrxv frqvwudlqwv/4 pdqxvfulsw1

Edfnxv/ Gdylg N1 Juhjru|/ DoodqZ1 ]lq/ Vwdqoh|/ +4<;<,/ 3Ulvn Suhplxpv lq wkh
Whup Vwuxfwxuh= Hylghqfh iurp Duwl?fldo Hfrqrplhv/4 Mrxuqdo ri Prqhwdu|
Hfrqrplfv 57+6,= 6:406<</ Qry1

Frfkudqh/ Mrkq dqg Kdqvhq/ Oduv/ +4<<5,/ 3Dvvhw sulflqj h{sorudwlrqv iru pdfurh0
frqrplfv/4 QEHU Pdfurhfrqrplfv Dqqxdo/ PLW Suhvv/44804;51

Frqvwdqwlqlghv/ Jhrujh dqg Gx!h/ Gduuhoo/ +4<<9, 3Dvvhw Sulflqj zlwk Khwhur0
jhqhrxv Frqvxphuv/4 Mrxuqdo ri Srolwlfdo Hfrqrp|/ y437 q5 ss1 54<0731

Kh/ Kxd dqg Prghvw/ Gdylg/ +4<<8,/ 3Pdunhw iulfwlrqv dqg frqvxpswlrq0edvhg
dvvhw sulflqj4/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ y436q4/ <7044:1

Khdwrq/ Mrkq dqg Oxfdv/ Gherudk/ +4<<9,/ 3Hydoxdwlqj wkh H>hfwv ri Lqfrpsohwh
Pdunhwv rq ulvn0vkdulqj dqg Dvvhw Sulflqj/4 Mrxuqdo ri Srolwlfdo Hfrqrp|>
y437 q6/ ss1 7760;:1

Nhkrh/ Sdwulfn dqg Shuul/ Ideul}lr/ +4<<:,/ 3Lqwhuqdwlrqdo Exvlqhvv F|fohv zlwk
Hqgrjhqrxv Pdunhw Lqfrpsohwhqhvv/4 pdqxvfulsw1

Nhkrh/ Wlprwk| dqg Ohylqh/ Gdylg/ +4<<6,/ 3Ghew0frqvwudlqhg dvvhw pdunhwv/4
Uhylhz ri Hfrqrplf Vwxglhv/ y93+538,/ ;9;0;;;1

Nrfkhuodnrwd/ Qdud|dqd/ +4<<9,/ 3Lpsolfdwlrqv ri h!flhqw ulvn0vkdulqj zlwkrxw
frpplwphqw4/ Uhylhz ri Hfrqrplf Vwxglhv/ 8<8093<1
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Nuxvhoo/ Shu/ Vplwk/ Dqwkrq|/ +4<<:,/ 3Lqfrph dqg zhdowk khwhurjhqhlw|/ sruw0
irolr fkrlfh dqg htxloleulxp uhwxuq/4 Pdfurg|qdplfv/ 4/ 6;607551

Oljrq/ H1/ M1 Wkrpdv dqg W1 Zruudo +4<<:,/ 3Lqirupdo Lqvxudqfh Duudqjhphqwv
lq Yloodjh Hfrqrplhv/4 plphr/ Xqlyhuvlw| ri Fdoliruqld dw Ehunhoh|1

Oxwwphu/ Hu}r/ +4<<9,/ 3Dvvhw sulflqj lq hfrqrplhv zlwk iulfwlrqv/4 Hfrqrphw0
ulfd> y97 q9 ss1 476<09:1

Pdqnlz/ Juhjru|/ +4<;9,/ 3Wkh htxlw| suhplxp dqg wkh frqfhqwudwlrq ri djjuh0
jdwh vkrfnv/4 Mrxuqdo ri Ilqdqfldo Hfrqrplfv 4:/ 544054<1

Phkud/ Udmqlvk dqg Suhvfrww/ Hgzdug/ +4<;8,/ 3Wkh htxlw| suhplxp= D sx}}oh/4
Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 4<;8/ y48+5,/ 47804951

Vwrnh|/ Qdqf|/ Oxfdv/ Urehuw/ zlwk Hgzdug Suhvfrww/ +4<;<,/ 3Uhfxuvlyh phwk0
rgv lq hfrqrplf g|qdplfv4/ Kduydug Xqlyhuvlw| Suhvv1

Vwruhvohwwhq/ Nmhwln/ Whophu/ Fkulv dqg \durq/ Dplu/ +4<<:,/ 3Shuvlvwhqw lg0
lrv|qfudwlf vkrfnv dqg lqfrpsohwh pdunhwv/4 Fduqhjlh Phoorq Xqlyhuvlw|/
pdqxvfulsw1

Whophu/ Fkulv/ +4<<6, 3Dvvhw0sulflqj sx}}ohv dqg lqfrpsohwh pdunhwv/4 Mrxuqdo
ri Ilqdqfh/ 7;/ 4;3604;651

Zhlo/ Sklolssh/ +4<<5,/ 3Htxloleulxp Dvvhw Sulfhv zlwk Xqglyhuvl?deoh Oderu
Lqfrph Ulvn/4 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 49/ :9<0<31

]kdqj/ Kdurog/ +4<<:,/ 3Hqgrjhqrxv eruurzlqj frqvwudlqwv zlwk lqfrpsohwh
pdunhwv/4 Mrxuqdo ri Ilqdqfh/ 85+8,/ 54;:0553<1
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Dsshqgl{
Surri ri Sursrvlwlrq +814,
Lq rughu wr ghprqvwudwh wklv surshuw| zh vwdwh wkh iroorzlqj wzr ohppdv1

Ohppd :141 Li

CY + çz +\�, > \�, @Cz A CY + çz +\2, > \2, @Cz

wkhq wkh ghflvlrq uxohv wkdw dfklhyh WY duh  dw diwhu uhyhuvdo1

Surri1 Wkh surri iroorzv lpphgldwho| iurp wkh ?uvw rughu frqglwlrqv ri wkh
sureohp gh?qhg e| wkh UKV ri htxdwlrq +714,1

Ohppd :151 Li wkh ghflvlrq uxohv diwhu uhyhuvdo duh  dw/ wkhq

CWY + çz+\�,> \�,@Cz A CWY + çz+\2,> \2,@Cz=

Surri1 Xvlqj wkh 378f olqh4 uhvxow iurp Sursrvlwlrq +71:, dqg wkh dvvxpswlrq
wkdw wkh 3ghflvlrq uxohv duh  dw diwhu uhyhuvdo4 lq wkh wzr surplvh nhhslqj htxd0
wlrqv +716, hydoxdwhg dw çz+\�, dqg çz+\2,zh rewdlq

çz+\�,ý çz+\2, @
x +hýF2 + çz+\�,> \�,,ý x +F2 + çz+\2,> \2,,

4ý ñçä . ñ+4ý çä, =

Wkh ghvluhg uhvxow qrz iroorzv e| xvlqj wkh hqyhors frqglwlrq1
Li ixoo ulvn0vkdulqj lv qrw srvvleoh/ wkhq C �Y + çz +\�, > \�, @Cz A C �Y + çz +\2, > \2, @Cz=

Wkh uhvxow wkdw wkh rswlpdo ghflvlrq uxohv duh  dw diwhu uhyhuvdo iru wkh ?{hg srlqw
Y W iroorzv e| wkh frpelqdwlrq ri wkh suhylrxv wzr ohppdv zlwk wkh uhvxow wkdw
olp?<" W? �Y @ Y W1 Dw hdfk lwhudwlrq/ wkh wzr ohppdv duh dssolhg vhtxhqwldoo|
dqg wkhq wkh grpdlqv duh frpsxwhg iru WY 1 Wkh idfw wkdw wkh ghvfulehg surshuw|
lv suhvhuyhg iru wkh olplw iroorzv gluhfwo| iurp wkh idfw wkdw wkh olplw lv gl>huhq0
wldeoh1

Ghulydwlrq ri dvvhw srvlwlrq dqg frqvwudlqwv zlwk ixoo ulvn0vkdulqj
Ixoo ulvn0vkdulqj doorfdwlrqv duh fkdudfwhul}hg e| frqvwdqw frqvxpswlrq dfurvv

wkh wzr vwdwhv iru hdfk djhqw1 Frpelqlqj wklv idfw zlwk wkh vhtxhqwldo exgjhw
frqvwudlqwv/ lw lv lpphgldwh wr ?qg wkdw wkh dvvhw srvlwlrqv iru Djhqw 5 duh jlyhq
e|=

d2+\2, @

í
^?o
�3^o

ì
+f2 ý î2+\�,, . +f2 ý î2+\2,,
+4ý to,ý

í
^?o
�3^o

ì
t?o

> dqg

d2+\�, @
t?od2+\2, . f2 ý î2+\�,

4ý to
>

65



zkhuh f2 lv wkh frqvwdqw frqvxpswlrq ohyho iru Djhqw 51 Iru wkh vroyhqf| frq0
vwudlqwv/ E2+\2, lv ghwhuplqhg e| wkh vdph ixqfwlrq dv d2+\2, deryh h{fhsw wkdw f2
lv uhsodfhg e| ff @ x3�+X2+\2,,1 E2+\�, @

í
^?o
�3^o

ì
E2+\2, dv lq wkh fdvhv zlwkrxw

ixoo ulvn0vkdulqj> iru Djhqw 4/ v|pphwu| lv dssolhg1
Surri ri Uhvxow 4= Frqvlghu wkh sulfh ri d rqh0shulrg erqg/

ñ
[
%|n�

[
+|n�

pd{
ð'�c2

%ëefðc|n�efðc|
ê3ò&

è+||n�,
3ò! +||n�, ü # +{|n�m{|, =

Lq Doyduh} dqg Mhupdqq +4<<;d, zh vkrz lq sursrvlwlrq 714; wkdw iru dq hfrqrp|
zlwk lqghshqghqw ulvnv wkh frqvxpswlrq vkduhv afð gr qrw ghshqg rq wkh djjuhjdwh
vwdwh | +rwkhuzlvh xqqhfhvvdu| yrodwlolw| lq frqvxpswlrq zrxog eh lqwurgxfhg,1
Wkxv/ wkh sulfh ri d rqh0shulrg erqg fdq eh zulwwhq dv

ñ

;?=[
+|n�

è+||n�,
3ò! +||n�,

<@>
;?=[
%|n�

pd{
ð'�c2

%ëefðc|n�efðc|
ê3ò&

ü # +{|n�m{|,
<@> =

Hdfk ri wkh wzr whupv lq fxuo| eudfnhwv fdq eh vkrzq wr eh frqvwdqw1 Iru wkh
?uvw whup/ lw lv lpphgldwh vlqfh è|n� lv dvvxphg wr eh l=l=g== Iru wkh vhfrqg whup/
wklv iroorzv e| uhfrjql}lqj wkdw zlwk lqghshqghqw ulvnv wkh vkduh uhsuhvhqwdwlrq ri
wkh hfrqrp| kdv d frqvwdqw glvfrxqw idfwru dqg wkdw wzr vwdwhv/ rxw ri wkh irxu/
duh lghqwlfdo1 Wkh glvfrxqw idfwru iru wkh uhsuhvhqwdwlrq ri wkh hfrqrp| lq whupv
ri vkduhv lv eñ+}, @ ñS+|n�

è+||n�,
3ò! +||n�, = Khqfh wklv hfrqrp| lv htxlydohqw

wr rqh zlwk rqo| wzr ydoxhv ri wkh vkrfnv }1 Lq sduwlfxodu/ î,o @ î,e @ î, dqg
îûo @ îûe @ îû1 Lq vhfwlrq +814, zh vkrz wkdw iru dq hfrqrp| zlwk rqo| wzr
vkrfnv/ lq wkh hujrglf vhw/ frqvxpswlrq lv vxfk wkdw wkh kljkhvw pdujlqdo udwh
ri vxevwlwxwlrq iroorzv d vlpsoh wzr srlqw Pdunry fkdlq/ vhh +817,1 Pruhryhu lwv
h{shfwhg ydoxh lv frqvwdqw dqg khqfh e| +617, lqwhuhvw udwhv duh frqvwdqw1 Dw odvw/
vlqfh wkh ulvn0iuhh udwh lv frqvwdqw/ e| duelwudjh/ wkh ulvn suhplxp iru erqgv ri
dq| pdwxulw| lv }hur1

Surri ri Uhvxow 5=
Zh vwduw e| uhzulwlqj wkh htxlw| suhplxp dv d zhljkwhg dyhudjh ri ulvn suh0

pld wr lqglylgxdo glylghqgv1 Ohw G|n& eh wkh glylghqg ri d vwrfn dw w . n> dqg
iG|n&j"&'� eh wkh glylghqg surfhvv/ dqg Y| ^ü` wkh ydoxh dw w ri G|n&= Gh?qh wkh
ydoxh ri wkh vwrfn dv

Y|^iG|n&j"&'�` @
"[
&'�

Y| ^G|n&` >

vr wkdw wkh sulfh ri d vwrfn fdq eh vhhq wr eh wkh sulfh ri d sruwirolr frqwdlqlqj
fodlpv wr hdfk glylghqg/ wkdw lv/ d sruwirolr ri glylghqg vwulsv1 Wkh rqh0shulrg
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kroglqj uhwxuq ri htxlw| lv=

U|c|n�^iG|n&j"&'�` @
"[
&'�

ë
Y|^G|n&`

Y|^iG|n&j"&'�`
ê
üU|c|n� ^G|n&` >

zkhuh wkh rqh0shulrg uhwxuq ri d glylghqg vwuls lv=

U|c|n� ^G|n&` @
Y|n� ^G|n&`

Y|^G|n&`
=

Ghqrwlqj e| 4|c|n� d frqvwdqw glylghqg/ wkh frqglwlrqdo pxowlsolfdwlyh htxlw| suh0
plxp htxdov

H|+U|c|n�^iG|n&j"&'�`,
U|c|n�^4|c|n�`

@
"[
&'�

z|^G|n&` ü H|+U|c|n�^G|n&`,
U|c|n�^4|c|n�`

> +:14,

zkhuh z| duh qrq0qhjdwlyh zhljkwv

z|^G|n&` @
Y|^G|n&`

Y|^iG|n&j"&'�`
dqg zkhuh

H|+U|c|n�^G|n&`,

U|c|n�^4|c|n�`

lv wkh frqglwlrqdo pxowlsolfdwlyh ulvn suhplxp ri d vwuls sd|lqj G|n& dw w. n1
Htxdwlrq +:14, vkrzv wkdw wkh htxlw| suhplxp lv htxdo wr d zhljkwhg dyhudjh

ri doo wkh vwuls suhpld1 Zh kdyh vkrzq lq Doyduh} dqg Mhupdqq +4<<;d, lq
Sursrvlwlrq +714;, wkdw zlwk lqghshqghqw ulvnv wkh ulvn suhplxp iru d rqh0shulrg
glylghqg vwuls/ wkdw lv H|+U|c|n�^G|n�`,@U|c|n�^4|c|n�`/ lv lghqwlfdo lq wkh vroyhqf|
frqvwudlqw hfrqrp| wr wkh rqh lq wkh fruuhvsrqglqj uhsuhvhqwdwlyh djhqw hfrqrp|1
Wkxv/ lq rughu wr vkrz wkdw wkh pxowlsolfdwlyh htxlw| suhplxp lv htxdo dfurvv wkh
wzr hfrqrplhv lw lv vx!flhqw wr vkrz wkdw ulvn suhpld iru vwulsv zlwk gl>huhqw
pdwxulw| gdwhv n duh htxdo iru hdfk hfrqrp| vhsdudwho|1

Zh ?uvw vkrz wkdw iru d uhsuhvhqwdwlyh djhqw hfrqrp| ulvn suhpld iru vwulsv
zlwk gl>huhqw pdwxulwlhv duh htxdo iru doo n1 Jlyhq l1l1g1 djjuhjdwh jurzwk udwhv

Y|^G|n&` @
û
ñH+è�3ò,

ú&
>

dqg zh kdyh
H|+U|c|n�^G|n&`, @

4û
ñH+è�3ò,

ú >
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dqg wkxv
H|+U|c|n�^G|n&`,

U|c|n�^4|c|n�`
@
H+è3ò,
H+è�3ò,

=

Zh qrz vkrz wkdw iru wkh vroyhqf| frqvwudlqwv hfrqrp| frqvlghuhg khuh/ ulvn
suhpld iru vwulsv zlwk gl>huhqw pdwxulwlhv duh htxdo iru doo n1 Lq Doyduh} dqg Mhu0
pdqq +4<<;d, zh vkrz lq sursrvlwlrq 714; wkdw iru dq hfrqrp| zlwk lqghshqghqw
ulvnv wkh frqvxpswlrq vkduhv afð gr qrw ghshqg rq wkh djjuhjdwh vwdwh | +rwkhuzlvh
xqqhfhvvdu| yrodwlolw| lq frqvxpswlrq zrxog eh lqwurgxfhg,1 Wkxv/ wkh sulflqj
nhuqho fdq eh zulwwhq dv

ñ
õ
è+||n�,

3ò! +||n�,
ô ip +{|n�m{|, ü # +{|n�m{|,j >

zkhuh wkh ?uvw sduw lq fxuo| eudfnhwv ghshqgv rqo| rq wkh djjuhjdwh vkrfn dqg
wkh vhfrqg sduw lq fxuo| eudfnhwv ghshqgv rqo| rq wkh lqglylgxdo vkrfn1 Xvlqj
wklv qrwdwlrq/ zh fdq zulwh wkdw

Y|^G|n�` @ ñH+è
�3ò,H+p,>

zkhuh zh kdyh xvhg wkh idfw wkdw/ djjuhjdwh jurzwk udwhv duh l1l1g1/ wkdw lqwhuhvw
udwhv duh frqvwdqw vr wkdw H| +p +{|n�m{|,, @ H+p,/ dqg wkdw wkh suredelolwlhv duh
vhsdudeoh iru | dqg { vr wkdw fry| +è+||n�,3ò>p +{|n�m{|,, @ 31 Pruh jhqhudoo|/
zh kdyh wkdw

Y|^G|n&` @
û
ñH+è�3ò,H+p,

ú&
>

zkhuh zh kdyh xvhg wkh dgglwlrqdo uhvxow wkdw fry| +p +{|n�m{|, >p +{|n2m{|n�,, @
31 Wklv odvw uhvxow iroorzv gluhfwo| iurp wkh idfw wkdw zlwk frqvwdqw lqwhuhvw udwhv/
whup suhpld duh doo htxdo wr }hur1 Zh wkhq kdyh

H|+U|c|n�^G|n&`, @
4û

ñH+è�3ò,H+p,
ú >

dqg wkxv
H|+U|c|n�^G|n&`,

U|c|n�^4|c|n�`
@
H+è3ò,
H+è�3ò,

=

Wkxv/ dv ehiruh/ wkh whup vwuxfwxuh iru vwuls suhpld lv  dw/ wkxv lw lv dw wkh vdph
ohyho dv wkh rqh ri wkh uhsuhvhqwdwlyh djhqw hfrqrp|1
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