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Rswlpdo H{shfwdwlrqvf
Pdunxv N1 Euxqqhuphlhu �

Sulqfhwrq Xqlyhuvlw|
Mrqdwkdq D1 Sdunhu �

Sulqfhwrq Xqlyhuvlw| dqg QEHU
Ghfhpehu 5335

Iluvw Gudiw= Dxjxvw 5335

Devwudfw
Wklv sdshu lqwurgxfhv d wudfwdeoh/ vwuxfwxudo prgho ri vxemhfwlyh eholhiv1 Vlqfh djhqwv wkdw

sodq iru wkh ixwxuh fduh derxw h{shfwhg ixwxuh xwlolw|  rzv/ fxuuhqw iholflw| fdq eh lqfuhdvhg
e| eholhylqj wkdw ehwwhu rxwfrphv duh pruh olnho|1 Rq wkh rwkhu kdqg/ h{shfwdwlrqv wkdw duh
eldvhg wrzdugv rswlplvp zruvhq ghflvlrq pdnlqj/ ohdglqj wr srruhu uhdol}hg rxwfrphv rq
dyhudjh1 Rswlpdo h{shfwdwlrqv edodqfh wkhvh irufhv e| pd{lpl}lqj wkh wrwdo zhoo0ehlqj ri dq
djhqw ryhu wlph1 Zh dsso| rxu iudphzrun ri rswlpdo h{shfwdwlrqv wr wkuhh gl�huhqw hfrqrplf
vhwwlqjv1 Lq d sruwirolr fkrlfh sureohp/ djhqwv ryhuhvwlpdwh wkh uhwxuq ri wkhlu lqyhvphqw dqg
xqghuglyhuvli|1 Lq jhqhudo htxloleulxp/ djhqwv* sulru eholhiv duh hqgrjhqrxvo| khwhurjhqhrxv/
ohdglqj wr jdpeolqj1 Vhfrqg/ lq d frqvxpswlrq0vdylqj sureohp zlwk vwrfkdvwlf lqfrph/
djhqwv duh erwk ryhufrq�ghqw dqg ryhurswlplvwlf/ dqg frqvxph pruh wkdq lpsolhg e| udwlrqdo
eholhiv hduo| lq olih1 Wklug/ lq fkrrvlqj zkhq wr xqghuwdnh d vlqjoh wdvn zlwk dq xqfhuwdlq frvw/
djhqwv h{klelw vhyhudo ihdwxuhv ri surfudvwlqdwlrq/ lqfoxglqj uhjuhw/ lqwhuwhpsrudo suhihuhqfh
uhyhuvdo/ dqg d juhdwhu uhdglqhvv wr dffhsw frpplwphqw1
Nh|zrugv= h{shfwdwlrqv irupdwlrq/ eholhiv/ ryhufrq�ghqfh/ zlvkixo wklqnlqj/ surfudvwlqdwlrq/
jdpeolqj
MHO Fodvvl�fdwlrq= G4/ G;/ H54/ J44/ J45

� Iru khosixo frpphqwv/ zh wkdqn Urodqg Eìqderx/ Dqguhz Fdsolq/ dqg Oduu| Vdpxhovrq/ dv zhoo dv vhplqdu
sduwlflsdqwv dw Fduqhjlh0Phoorq JVLD/ wkh Lqvwlwxwh iru Dgydqfhg Vwxg|/ Qhz \run Xqlyhuvlw|/ Sulqfhwrq Xql0
yhuvlw| dqg wkh Xqlyhuvlw| ri Zlvfrqvlq1 Erwk dxwkruv dfnqrzohgjh �qdqfldo vxssruw iurp wkh Qdwlrqdo Vflhqfh
Irxqgdwlrq +VHV 4730946< dqg VHV 33<093:9,1 Sdunhu dovr wkdqnv wkh Vordq Irxqgdwlrq dqg dq QEHU Djlqj
dqg Khdowk Hfrqrplfv Ihoorzvkls wkurxjk wkh Qdwlrqdo Lqvwlwxwh rq Djlqj +W65 DJ334;9,1� Ghsduwphqw ri Hfrqrplfv/ Ehqgkhlp Fhqwhu iru Ilqdqfh/ Sulqfhwrq Xqlyhuvlw|/ Sulqfhwrq/ QM 3;87704354/
h0pdlo= pdunxvCsulqfhwrq1hgx/ kwws=22zzz1sulqfhwrq1hgx2;pdunxv� Ghsduwphqw ri Hfrqrplfv/ Ehqgkhlp Fhqwhu iru Ilqdqfh/ dqg Zrrgurz Zlovrq Vfkrro/ Sulqfhwrq Xqlyhuvlw|/
Sulqfhwrq/ QM 3;87704346/ h0pdlo= msdunhuCsulqfhwrq1hgx/ kwws=22zzz1sulqfhwrq1hgx2;msdunhu
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4 Lqwurgxfwlrq
Prghuq sv|fkrorj| ylhzv kxpdq ehkdylru dv d frpsoh{ lqwhudfwlrq ri frjqlwlyh dqg hprwlrqdo
uhvsrqvhv wr h{whuqdo vwlpxol wkdw vrphwlphv jlyhv g|vixqfwlrqdo rxwfrphv1 Prghuq hfrqrplfv
wdnhv d uhodwlyho| vlpsoh ylhz ri kxpdq ehkdylru dv jryhuqhg e| xqolplwhg frjqlwlyh delolw|
dssolhg wr d vpdoo qxpehu ri frqfuhwh jrdov dqg xqhqfxpehuhg e| hprwlrq1 Wkh fhqwudo prghov
ri hfrqrplfv doorz frkhuhqw dqdo|vlv ri ehkdylru dqg ri hfrqrplf srolf|/ exw holplqdwh �g|v0
ixqfwlrqdo� rxwfrphv/ dqg lq sduwlfxodu wkh srvvlelolw| wkdw krxvhkrogv pljkw shuvlvwhqwo| huu
lq dwwdlqlqj wkhlu jrdov1 Rqh duhd lq zklfk wkhuh lv vxevwdqwldo hylghqfh wkdw krxvhkrogv gr
frqvlvwhqwo| huu lv lq wkh dvvhvvphqw ri suredelolwlhv1 Lq sduwlfxodu/ djhqwv riwhq ryhuhvwlpdwh wkh
suredelolw| ri jrrg rxwfrphv/ vxfk dv wkhlu vxffhvv +Doshuw dqg Udl�d +4<;5,/ Zhlqvwhlq +4<;3,/
dqg Exhkohu/ Jul!q/ dqg Urvv +4<<7,,1

Zh surylgh d vwuxfwxudo prgho ri vxemhfwlyh eholhiv lq zklfk djhqwv krog lqfruuhfw exw rswlpdo
eholhiv1 Wkhvh rswlpdo eholhiv gl�hu iurp remhfwlyh eholhiv lq zd|v wkdw pdwfk pdq| ri wkh fodlpv
lq wkh sv|fkrorj| olwhudwxuh derxw �luudwlrqdo� ehkdylru1 Ixuwkhu/ lq wkh fdqrqlfdo hfrqrplf
prghov wkdw zh vwxg|/ wkhvh eholhiv ohdg wr hfrqrplf ehkdylruv wkdw pdwfk revhuyhg rxwfrphv
wkdw kdyh sx}}ohg wkh hfrqrplfv olwhudwxuh edvhg rq udwlrqdo ehkdylru dqg frpprq sulruv1 Rxu
dssurdfk kdv wkuhh pdlq hohphqwv1

Iluvw/ dw dq| lqvwdqw/ shrsoh fduh derxw fxuuhqw xwlolw|  rz dqg h{shfwhg ixwxuh xwlolw|  rzv1
Zh dovr doorz/ dowkrxjk lw lv qrw fhqwudo wr rxu pdlq srlqwv/ wkdw sdvw xwlolw|  rzv dovr lq xhqfh
fxuuhqw iholflw|1 Zkloh lw lv vwdqgdug wkdw djhqwv wkdw fduh derxw h{shfwhg ixwxuh xwlolw| sodq
iru wkh ixwxuh/ iruzdug0orrnlqj djhqwv kdyh kljkhu fxuuhqw iholflw| wrgd| li wkh| duh rswlplvwlf
derxw wkh ixwxuh1 Skudvhv olnh �dqwlflsdwlrq h{fhhgv uhdol}dwlrq� � duh frqvlvwhqw zlwk wklv lghd1
Djhqwv wkdw fduh derxw h{shfwhg ixwxuh xwlolw|  rzv duh kdsslhu zlwk glvwruwhg eholhiv derxw wkh
sd|r� ri wkhlu lqyhvwphqwv dqg2ru wkh vwrfkdvwlf surfhvv iru ixwxuh oderu lqfrph1

Wkh vhfrqg fuxfldo hohphqw ri rxu prgho lv wkdw vxfk rswlplvp d�hfwv dfwxdo ghflvlrqv1
Glvwruwhg eholhiv glvwruw dfwlrqv1 Lq wklv vhqvh/ djhqwv duh qrw vfkl}rskuhqlf1 Iru h{dpsoh/ dq
djhqw fdqqrw ghulyh xwlolw| e| rswlplvwlfdoo| eholhylqj wkdw vkh zloo eh ulfk wrpruurz/ zkloh dovr

� Wkh frpprq Jhupdq skudvh �Yruiuhxgh lvw glh vfkùqvwh Iuhxgh� wudqvodwhv urxjko| wr �dqwlflsdwlrq h{fhhgv
uhdol}dwlrq1�
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edvlqj wrgd|*v frqvxpswlrq0vdylqjv ghflvlrq rq udwlrqdo eholhiv derxw ixwxuh lqfrph1
Krz duh wkhvh irufhv edodqfhgB Zh dvvxph wkdw vxemhfwlyh eholhiv pd{lpl}h wkh djhqw*v

h{shfwhg wrwdo zhoo0ehlqj/ wkh h{shfwhg glvfrxqwhg vxp ri iholflw| dfurvv shulrgv1 Wklv wklug nh|
hohphqw ohdgv wr d edodqfh ehwzhhq wkh �uvw wzr � wkh ehqh�wv ri rswlplvp dqg wkh frvwv ri
edvlqj dfwlrqv rq glvwruwhg h{shfwdwlrqv1

Wkhuh duh vhyhudo uhdvrqv zk| eholhiv pljkw pd{lpl}h ryhudoo zhoo0ehlqj1 Iluvw/ lq wkh orqj
wudglwlrq ri hfrqrplfv/ zh zdqw wr h{soruh zkdw lv rswlpdo1 Wkh uhvxowv ri wklv sdshu srlqw
wr zkhq dqg krz eholhiv pljkw vwud| iurp udwlrqdo eholhiv1 Wkh| vwud| zkhq eldvhv kdyh olwwoh
frvw lq uhdol}hg rxwfrphv1 Wkh| vwud| lq wkh gluhfwlrq ri rswlplvp � vwdwhv zlwk juhdwhu xwlolw|
 rzv duh shufhlyhg dv pruh olnho|1 Vhfrqg/ li sduhqwv fduh derxw wkh kdsslqhvv ri wkhlu fkloguhq/
wkh| zrxog fkrrvh wr hqgrz wkhlu fkloguhq zlwk rswlpdo h{shfwdwlrqv1 Wklv lv frqvlvwhqw zlwk
fkloguhq ehlqj udlvhg eholhylqj wkh| fdq �gr ru eh dq|wklqj/� �wkh| duh vshfldo/� hwf1 Wklug/
hyroxwlrqdu| dujxphqwv qhhg qrw idyru udwlrqdo h{shfwdwlrqv1 Iru h{dpsoh/ kdsslqhvv lv olqnhg wr
ehwwhu khdowk +Wd|oru dqg Eurzq +4<;;,,/ dqg d kdss| lqglylgxdo pd| eh idyruhg lq wkh pduuldjh
pdunhw1 Ilqdoo|/ wkh vflhqwl�f whvw ri wkh wkhru| lv lwv shuirupdqfh/ qrw lwv dvvxpswlrqv1 Vr idu/
rxu dssurdfk khosv wr h{sodlq khwhurjhqrxv eholhiv/ jdpeolqj/ ryhufrq�ghqfh/ surfudvwlqdwlrq/
dqg lqwhuwhpsrudo suhihuhqfh uhyhuvdo/ doo zlwklq rqh frkhuhqw dqg wudfwdeoh prgho1

Pruh vshfl�fdoo|/ zh looxvwudwh rxu wkhru| ri rswlpdo h{shfwdwlrqv xvlqj wkuhh h{dpsohv1
Iluvw/ lq d sruwirolr fkrlfh sureohp/ djhqwv ryhuhvwlpdwh wkh uhwxuq ri wkhlu lqyhvwphqw dqg xq0
ghuglyhuvli|1 Lq jhqhudo htxloleulxp/ djhqwv* sulru eholhiv duh hqgrjhqrxvo| khwhurjhqhrxv dqg
djhqwv jdpeoh djdlqvw hdfk rwkhu1 Wkh sulfh ri wkh ulvn| dvvhw pd| gl�hu iurp wkdw lq dq hfrq0
rp| srsxodwhg e| djhqwv zlwk udwlrqdo eholhiv1 Vhfrqg/ lq d frqvxpswlrq0vdylqj sureohp zlwk
txdgudwlf xwlolw| dqg vwrfkdvwlf lqfrph/ djhqwv duh ryhufrq�ghqw dqg ryhurswlplvwlf> djhqwv frq0
vxph pruh wkdq lpsolhg e| udwlrqdo eholhiv hduo| lq olih1 Wklug/ lq fkrrvlqj zkhq wr xqghuwdnh
d vlqjoh wdvn zlwk dq xqfhuwdlq frvw/ djhqwv h{klelw vhyhudo ihdwxuhv ri surfudvwlqdwlrq/ lqfoxg0
lqj lqwhuwhpsrudo suhihuhqfh uhyhuvdo/ d juhdwhu uhdglqhvv wr dffhsw frpplwphqw/ uhjuhw/ dqg d
frqwh{w h�hfw lq zklfk qrq0fkrvhq dfwlrqv fdq d�hfw xwlolw|1

Rxu prgho ri eholhiv gl�huv pdunhgo| iurp wuhdwphqwv ri ulvn lq hfrqrplfv1 Zkloh hduo|
prghov lq pdfurhfrqrplfv vshfli| eholhiv h{rjhqrxvo| dv qdlyh/ p|rslf/ ru sduwldoo| xsgdwhg
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+h1j1 Qhuoryh +4<8;,,/ vlqfh Pxwk +4<93/ 4<94,/ Oxfdv +4<:9, dqg wkh udwlrqdo h{shfwdwlrqv
uhyroxwlrq/ qhduo| doo uhvhdufk kdv surfhhghg xqghu wkh pdlqwdlqhg dvvxpswlrq wkdw vxemhfwlyh
dqg remhfwlyh eholhiv frlqflgh1 Wkhuh duh wzr pdlq dujxphqwv iru wklv1 Iluvw/ wkh dowhuqdwlyhv
wr udwlrqdolw| odfn glvflsolqh1 Exw rxu prgho surylghv h{dfwo| vxfk glvflsolqh iru vxemhfwlyh
eholhiv e| vshfli|lqj dq remhfwlyh iru eholhiv/ wkdw wkh| pd{lpl}h olihwlph zhoo0ehlqj1 Wkh vhfrqg
dujxphqw lv wkdw udwlrqdo h{shfwdwlrqv lv dq rswlpdo �dv li� � djhqwv kdyh wkh lqfhqwlyh wr krog
udwlrqdo eholhiv +ru dfw dv li wkh| gr, ehfdxvh wkhvh h{shfwdwlrqv pdnh wkh djhqw dv zhoo r� dv
wkh| fdq eh1 Krzhyhu/ wklv udwlrqdoh iru udwlrqdo h{shfwdwlrqv uholhv rq dq lqfrqvlvwhqf|= djhqwv
fduh derxw wkh ixwxuh exw dw wkh vdph wlph h{shfwdwlrqv derxw wkh ixwxuh gr qrw d�hfw fxuuhqw
iholflw|1 Rxu dssurdfk ri rswlpdo h{shfwdwlrqv lv wkh rxwfrph ri dq rswlpdo �dv li� dujxphqw
wkdw wdnhv lqwr dffrxqw wkh idfw wkdw djhqwv fduh lq wkh suhvhqw derxw xwlolw|  rzv wkdw duh
h{shfwhg lq wkh ixwxuh1

Prvw plfurhfrqrplf prghov dvvxph wkdw djhqwv vkduh frpprq sulru eholhiv1 Wklv �Kduvdq|l
grfwulqh� lv zhdnhu wkdq wkh dvvxpswlrq ri udwlrqdo h{shfwdwlrqv wkdw doo djhqwv* sulru eholhiv duh
htxdo wr wkh remhfwlyh suredelolwlhv jryhuqlqj htxloleulxp g|qdplfv1 Exw olnh udwlrqdo h{shfwd0
wlrqv/ wkh frpprq sulruv dvvxpswlrq lv txlwh uhvwulfwlyh dqg grhv qrw doorz djhqwv wr �djuhh wr
glvdjuhh� +Dxpdqq +4<:9,,1 Vdydjh +4<87, surylghv d{lrpdwlf irxqgdwlrqv iru d pruh jhqhudo
wkhru| lq zklfk djhqwv krog duelwudu| sulru eholhiv/ vr djhqwv fdq djuhh wr glvdjuhh1 Exw li eh0
olhiv fdq eh duelwudu|/ wkhru| surylghv olwwoh vwuxfwxuh ru suhglfwlyh srzhu1 Rswlpdo h{shfwdwlrqv
surylghv glvflsolqh wr wkh vwxg| ri vxemhfwlyh eholhiv dqg khwhurjhqhrxv sulruv1 Iudphg lq wklv
zd|/ rswlpdo h{shfwdwlrqv lv d wkhru| ri sulru eholhiv iru Ed|hvldq udwlrqdo djhqwv1

Wkh nh| dvvxpswlrq wkdw djhqwv ghulyh fxuuhqw xwlolw| iurp h{shfwdwlrqv ri ixwxuh sohdvxuhv
kdv lwv urrwv lq wkh ruljlqv ri xwlolwduldqlvp1 Ghwdlohg h{srvlwlrqv rq dqwlflsdwru| xwlolw| fdq
eh irxqg lq wkh zrun ri Ehqwkdp/ Kxph/ Eùkp0Eduzhun dqg rwkhu hduo| hfrqrplvwv1 Pruh
uhfhqwo|/ wkh whpsrudo hohphqwv ri wkh xwlolw| frqfhsw kdyh uh0hphujhg lq uhvhdufk dw wkh mxqf0
wxuh ri sv|fkrorj| dqg hfrqrplfv +Orzhqvwhlq +4<;:,/ Ndkqhpdq/ Zdnnhu/ dqg Vdulq +4<<:,/
Ndkqhpdq +5333,,/ dqg kdyh ehhq lqfrusrudwhg irupdoo| lqwr hfrqrplf prghov lq wkh irup
ri eholhi0ghshqghqw xwlolw| e| Jhdqdnrsorv/ Shdufh/ dqg Vwdffkhwwl +4<;<,/ Fdsolq dqg Ohdk|
+5334,/ dqg \duly +5334,1 Lq sduwlfxodu/ Fdsolq dqg Ohdk| +5333, vkrzv wkdw frpshwlwlyh htxl0
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oleuld duh jhqhulfdoo| lqwhuwhpsrudoo| vxe0rswlpdo dqg vr rshqv wkh grru iru eholhi glvwruwlrq wr
lqfuhdvh zhoo0ehlqj1

Vhyhudo sdshuv lq hfrqrplfv vwxg| uhodwhg prghov lq zklfk iruzdug0orrnlqj djhqwv glvwruw
eholhiv1 � Lq sduwlfxodu/ Dnhuor� dqg Glfnhqv +4<;5, prghov djhqwv dv fkrrvlqj eholhiv wr plql0
pl}h wkhlu glvfrpiruw iurp ihdu ri edg rxwfrphv1 Lq d wzr0shulrg prgho/ djhqwv zlwk udwlrqdo
eholhiv fkrrvh dq lqgxvwu| wr zrun lq/ xqghuvwdqglqj wkdw lq wkh vhfrqg shulrg wkh| zloo glv0
wruw wkhlu eholhiv derxw wkh kd}dugv ri wkhlu zrun dqg shukdsv qrw lqyhvw lq vdihw| whfkqrorj|1
Odqglhu +5333, vwxglhv d wzr0shulrg jdph lq zklfk djhqwv fkrrvh d sulru ehiruh uhfhlylqj d
vljqdo dqg vxevhtxhqwo| wdnlqj dq dfwlrq edvhg rq wkhlu xsgdwhg eholhiv1 Xqolnh rxu dssurdfk/
eholhi g|qdplfv duh qrw Ed|hvldq> frpprq wr rxu dssurdfk/ djhqwv whqg wr vdyh ohvv dqg eh
rswlplvwlf derxw sruwirolr uhwxuqv1 Ilqdoo|/ Eìqderx dqg Wluroh +5335, dqg Kduedxjk +5335,
dqdo|}h eholhi eldvhv dv uhvxowlqj iurp frq lfwlqj pxowlsoh vhoyhv wkdw sod| lqwud0shuvrqdo jdphv
frqvwudlqhg e| vhoi0uhsxwdwlrq1 Zkloh rxu dssurdfk lv qrw gluhfwo| uhodwhg wr vxfk vhwwlqjv/ prg0
hov ri lqwud0shuvrqdo jdphv/ erxqghg udwlrqdolw|/ dqg lqfrpsohwh phpru| vxjjhvw phfkdqlvpv
iru krz krxvhkrogv dfklhyh rswlpdo h{shfwdwlrqv lq wkh idfh ri srvvleo| frqwudglfwru| gdwd1 �

Wkh vwuxfwxuh ri wkh sdshu lv dv iroorzv1 Lq Vhfwlrq 5/ zh lqwurgxfh wkh jhqhudo rswlpdo
h{shfwdwlrqv iudphzrun1 Vxevhtxhqwo|/ zh xvh wkh rswlpdo h{shfwdwlrqv iudphzrun wr vwxg|
ehkdylru lq wkuhh gl�huhqw fdqrqlfdo hfrqrplf vhwwlqjv1 Vhfwlrq 6 vwxglhv d wzr0shulrg wzr0dvvhw
sruwirolr fkrlfh sureohp dqg vkrzv wkdw djhqwv krog eholhiv wkdw duh eldvhg wrzdugv wkh eholhi
wkdw wkhlu lqyhvwphqwv zloo sd| r� zhoo1 Vhfwlrq 7 vkrzv wkdw lq d wzr0djhqw hfrqrp| ri wklv w|sh
zlwk qr djjuhjdwh ulvn/ rswlpdo h{shfwdwlrqv duh khwhurjhqhrxv dqg djhqwv jdpeoh djdlqvw rqh
dqrwkhu1 Vhfwlrq 8 dqdo|}hv d fodvvlfdo frqvxpswlrq0vdylqjv sureohp ri dq djhqw zlwk txdgudwlf
xwlolw| uhfhlylqj vwrfkdvwlf oderu lqfrph ryhu wlph dqg vkrzv wkdw wkh djhqw lv eldvhg wrzdugv
rswlplvp dqg lv ryhufrq�ghqw/ dqg vr vdyhv ohvv wkdq d udwlrqdo djhqw1 Vhfwlrq 9 dqdo|}hv wkh

� Wkhuh lv dovr d odujh erg| ri uhvhdufk/ ehjqlqlqj zlwk Vlprq +4<;5,/ lq zklfk qrq0udwlrqdo eholhiv dulvh iurp
wkh erxqghg delolwlhv ri djhqwv1 Pruh uhfhqw h{dpsohv ri wklv prghoolqj dssurdfk lqfoxgh Vlpv +5334, lq zklfk
djhqwv kdyh olplwhg lqirupdwlrq surfhvvlqj fdsdflw| dqg Uxelqvwhlq +4<<;, lq zklfk djhqwv kdyh olplwhg phpru|1

� Iru h{dpsoh/ lq Pxoodlqdwkdq +5335, lqglylgxdov irujhw dqg uhphpehu hyhqwv edvhg rq dvvrfldwlyhqhvv dqg
uhkhduvdo1 Djhqwv wkhq rswlpl}h qrw wdnlqj lqwr dffrxqw wkh idfw wkdw wkhlu phprulhv dqg wkhuhiruh eholhiv duh
lqdffxudwh1 Rxu prgho vkrzv wkdw lw lv rswlpdo iru djhqwv wr ljqruh wkh eldvhv lq wkhlu eholhiv lq vrph frqwh{wv1
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ghflvlrq ri zkhq wr xqghuwdnh d vlqjoh frvwo| wdvn iru zklfk wkh frvwv ri dfwlrq duh vwrfkdvwlf
ryhu wlph1 Vhfwlrq : frqfoxghv1

5 Wkh rswlpdo h{shfwdwlrqv iudphzrun
Wr vroyh iru rswlpdo eholhiv dqg wkh uhvxowlqj dfwlrqv ri djhqwv/ zh surfhhg lq wzr vwhsv1 Iluvw/
zh ghvfuleh wkh sureohp ri wkh djhqw jlyhq dq duelwudu| vhw ri eholhiv1 Dw dq| srlqw lq wlph/
djhqwv pd{lpl}h iholflw|/ wkh suhvhqw glvfrxqwhg ydoxh ri h{shfwhg  rz xwlolwlhv1 Vhfrqg/ rswlpdo
h{shfwdwlrqv duh wkh vhw ri eholhiv wkdw pd{lpl}h olihwlph zhoo0ehlqj lq wkh lqlwldo shulrg1 Olihwlph
zhoo0ehlqj lv wkh vxp ri wkh djhqw*v iholflwlhv dw hdfk srlqw lq wlph dqg lv d ixqfwlrq ri wkh djhqw*v
eholhiv dqg wkh dfwlrqv wkhvh eholhiv lqgxfh1

514 Rswlpl}dwlrq jlyhq eholhiv
Frqvlghu d zlgh dqg fdqrqlfdo fodvv ri rswlpl}dwlrq sureohpv1 Lq hdfk shulrg iurp 4 wr x / djhqwv
wdnh wkhlu eholhiv dv jlyhq dqg fkrrvh d yhfwru ri frqwuro yduldeohv/ � � / dqg wkh lpsolhg hyroxwlrq
ri d yhfwru ri vwdwh yduldeohv/ ? � / wr pd{lpl}h wkhlu kdsslqhvv1 Zh frqvlghu �uvw d zruog zkhuh
wkh xqfhuwdlqw| fdq eh ghvfulehg e| d �qlwh qxpehu ri vwdwhv/ C1 � Ohw $ �X � Mv������

� ghqrwh wkh
wuxh suredelolw| wkdw vwdwh X � � C lv uhdol}hg diwhu vwdwh klvwru| v������ � V� ����� 1 Zh ghsduw iurp wkh
fdqrqlfdo prgho lq doorzlqj djhqwv wr eholhyh vxemhfwlyh suredelolwlhv wkdw duh qrw qhfhvvdulo|
wkh vdph dv remhfwlyh suredelolwlhv1 Frqglwlrqdo dqg xqfrqglwlrqdo vxemhfwlyh suredelolwlhv duh
ghqrwhg e| a$ �X � Mv������

� dqg a$ +v�� , uhvshfwlyho|/ dqg vdwlvi| wkh edvlf surshuwlhv ri suredelolwlhv
+suhflvho| vshfl�hg vxevhtxhqwo|,1

Wkh kdsslqhvv2iholflw| ri dq djhqw dw wlph 0 ghshqgv rq fxuuhqw xwlolw|  rzv dqg vxemhfwlyh
h{shfwhg ixwxuh xwlolw|  rzv/

ao �
S � �	�


���
 # 
 ` +? ��� 
 , � ��� 
 , / +4,
zkhuh ao � lv wkh vxemhfwlyh h{shfwdwlrqv rshudwru/ 3 c # c 4/ dqg ` +? ��� 
 , d, lv wkh  rz xwlolw|
ixqfwlrq zklfk lv lqfuhdvlqj dqg frqfdyh lq � ��� 
 1 Fuxfldoo|/ iholflw| ghshqgv rq wkh frpsohwh vhw
ri vxemhfwlyh frqglwlrqdo eholhiv/ ghqrwhg Ia$J1 Li # zhuh }hur/ wkhuh zrxog eh qr iruzdug0orrnlqj

� Dsshqgl{ D gh�qhv rswlpdo h{shfwdwlrqv iru wkh vlwxdwlrq zlwk d frqwlqxrxv vwdwh vsdfh1
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ehkdylru1 Zkloh lw lv qrw fuxfldo iru rxu dqdo|vlv/ zh doorz wkh srvvlelolw| wkdw iholflw| dovr ghshqgv
rq sdvw xwlolw|  rzv/ zklfk zh fdswxuh e| wkh ixqfwlrqP �

�{� ����� , f������
� @ S �����


�� � & ��� 
 ` +? ��� 
 , � ��� 
 ,
zkhuh 3 y & c 4 dqg {� ����� dqg f������ ghqrwh wkh klvwrulhv ri ? dqg � uhvshfwlyho|1 Lq wkh vshfldo
fdvh zlwk & @ 3 wkh djhqw kdv qr h{shulhqfhg xwlolw| dqg fxuuhqw iholflw| froodsvhv wr htxdwlrq
+4,1

Wkh djhqw*v sureohp lv vwdqgdug= dw hdfk wlph 0/ wkh djhqw fkrrvhv frqwuro yduldeohv wr
pd{lpl}h iholflw| vxemhfw wr wkh hyroxwlrq ri wkh vwdwh yduldeohv/ wkh lqlwldo ohyho ri ? � dqg
whuplqdo frqglwlrqv rq ? � � � 1 Irupdoo|/

~ � +?� > v�� , Ia$J, @ pd{������� ao �

� �	�[


�� 

# 
 ` +? ��� 
 , � � � 
 ,

vxemhfw wr

? � � � @ / +? � , � � , X � � � , +5,
_ +? � � � , z 3 +6,

zkhuh wkh djhqw wdnhv ? � dv jlyhq/ dqg / +d, lv frqwlqxrxv dqg gl�huhqwldeoh lq ? dqg �1
Ghqrwlqj wkh rswlpdo fkrlfhv ri wkh frqwuro dv I� �� +v�� , Ia$J,J/ wkh lqgxfhg sdwk ri wkh vwdwh

yduldeoh dv I? �� +v�� , Ia$J,J/ dqg wkh fruuhvsrqglqj klvwrulhv dv f� � +v�� , Ia$J, dqg {� � +v�� , Ia$J,/ zh fdq
zulwh ~ dqg P lq d uhfxuvlyh irupxodwlrq dv=

~ � +? � > v�� , Ia$J, @ pd{� � ` +? � , � � , . # [

	 ��

�����
a$ +X ��� � Mv�� ,~ ��� � +/ +? � , � � , X � � � , > X ��� � , v�� , Ia$J, +7,

vxemhfw wr +5, dqg +6, +8,
P �

�{� ������ , f� ������
� @ &` �? ������ , � ������ �. &P �����

�{� ������ , f� ������
� +9,

P � @ 3, ~ � � � @ 3 +:,

Vr idu zh kdyh irfxvhg rq wkh rswlpl}dwlrq sureohp ri d vlqjoh djhqw1 Lq d frpshwlwlyh
hfrqrp|/ hdfk djhqw idfhv wklv pd{lpl}dwlrq sureohp wdnlqj dv jlyhq klv eholhiv dqg wkh vwr0
fkdvwlf surfhvv ri sd|r�0uhohydqw djjuhjdwh yduldeohv/ dqg pdunhwv fohdu1 Eholhiv pd| gl�hu dfurvv
djhqwv1 Vshfl�fdoo|/ ? �� lqfoxghv wkh sd|r�0uhohydqw yduldeohv wkdw wkh djhqw wdnhv dv jlyhq/ dqg
vr uh hfwv wkh dfwlrqv ri doo rwkhu djhqwv lq wkh hfrqrp|1 Wkh htxloleulxp fkrlfh ri frqwuro
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yduldeohv iru hdfk djhqw lpsolhv dq htxloleulxp doorfdwlrq I? � , � � J/ zkhuh I� � J zlwkrxw d vxshu0
vfulsw 7 ghqrwhv doo djhqwv * frqwuro yduldeoh dorqj dq| srvvleoh sdwk ri wkh hyhqw wuhh1 Lq vxp/ wkh
sureohp uhpdlqv vwdqgdug/ zlwk wkh h{fhswlrq wkdw djhqwv* sulru eholhiv pd| eh khwhurjhqhrxv1

515 Rswlpdo eholhiv
Vxemhfwlyh eholhiv duh d frpsohwh vhw ri frqglwlrqdo suredelolwlhv iru hdfk eudqfk diwhu dq| klvwru|
ri wkh hyhqw wuhh/ �a$ �X � Mv������

��1 Zh uhtxluh wkdw vxemhfwlyh suredelolwlhv vdwlvi| irxu surshuwlhv1

Dvvxpswlrq 4 +Uhvwulfwlrqv rq suredelolwlhv,
+l, S 	 � ��� a$ �X � Mv������

� @ 4
+ll, a$ �X � Mv������

� z 3
+lll, a$ +v�

�

� , @ a$ �X �

� Mv�
�

�����
� a$ �X �

����� Mv�
�

�����
� d d d a$ +X �

� ,
+ly, a$ �X � Mv������

� @ 3 li $ �X � Mv������
� @ 33

Dvvxpswlrq 4+l, lv vlpso| wkdw suredelolwlhv vxp wr rqh1 Dvvxpswlrqv 4+l, � +lll, lpso| wkdw
wkh odz ri lwhudwhg h{shfwdwlrqv krogv iru vxemhfwlyh suredelolwlhv1 Dvvxpswlrq 4+ly, lpsolhv wkdw
lq rughu wr eholhyh wkdw vrphwklqj lv srvvleoh/ lw pxvw eh srvvleoh1 \rx fdqqrw eholhyh |rx zloo
zlq wkh orwwhu| xqohvv |rx ex| d orwwhu| wlfnhw1

Zh ixuwkhu frqvlghu wkh fodvv ri sureohpv iru zklfk d vroxwlrq h{lvwv dqg iru zklfk ~ � +? �� > v�� , Ia$J,
dqg P �

�{� ������ , f� ������
� duh ohvv wkdq lq�qlwh1 Zkloh wkh frqglwlrqv wr hqvxuh wklv duh vwdqgdug/ zh

uhtxluh wkdw wkhvh surshuwlhv krog iru doo srvvleoh vxemhfwlyh eholhiv1

Dvvxpswlrq 5 +Frqglwlrqv rq djhqw*v sureohp,
+l, o ^~ � +? � +v�� , Ia$J, > v�� , Ia$J,` c� iru doo v�� dqg iru doo Ia$J vdwlvi|lqj Dvvxpswlrq 4
+ll, o �P �

�? � �v������ , Ia$J
� , � � �v������ , Ia$J

��� c� iru doo v�� dqg iru doo Ia$J vdwlvi|lqj Dvvxps0
wlrq 41

Rswlpdo h{shfwdwlrqv duh wkh vxemhfwlyh suredelolwlhv wkdw pd{lpl}h h{shfwhg wrwdo ru olih0
wlph zhoo0ehlqj/ :1 � Iroorzlqj Fdsolq dqg Ohdk| +5333,/ zh gh�qh olihwlph zhoo0ehlqj dv wkh
glvfrxqwhg vxp ri iholflw| ri wkh djhqw ryhu lwv olih1 Uhfdoo wkdw ~ � .P � lv iholflw|/ zklfk lq wxuq
ghshqgv rq fxuuhqw dqg h{shfwhg ixwxuh +dqg sdvw,  rz xwlolw|/ ` � 1

� D xvhixo dowhuqdwlyh iru lq�qlwh krul}rq sureohpv lv wkdw eholhiv pd{lpl}h dyhudjh lqvwhdg ri wrwdo iholflw|1

:



Gh�qlwlrq 4 +l, Rswlpdo h{shfwdwlrqv +RH, duh d vhw ri vxemhfwlyh suredelolwlhv �a$ ��� �X 
 Mv� 
 ���
��

wkdw pd{lpl}h

: =@ o
% �[

� � �
# ����� �P �

�{� � �v� ����� , Ia$J
� , f� � �v� ����� , Ia$J

��. ~ � +? � +v� � , Ia$J, > v� � , Ia$J,
�
&

+;,

vxemhfw wr wkh irxu uhvwulfwlrqv rq vxemhfwlyh suredelolwlhv +Dvvxpswlrq 4,1

Rswlpdo h{shfwdwlrqv h{lvw li � ��� +v�� , dqg ?
��� +v�� , duh frqwlqxrxv lq suredelolwlhv a$

�X � Mv������
�

wkdw vdwlvi| Dvvxpswlrq 4 iru doo 0 dqg v������ / zkhuh iru qrwdwlrqdo vlpsolflw| �
��� +v�� , =@ � � �v�� ,

�a$ ��� ��

dqg ? ��� +v�� , =@ ? � �v�� ,
�a$ ��� ��1 Wklv iroorzv iurp wkh frqwlqxlw| ri ~ � dqg P � lq suredelolwlhv

dqg frqwurov/ Dvvxpswlrq 5/ dqg wkh frpsdfwqhvv ri suredelolw| vsdfhv1 Iru ohvv uhjxodu sure0
ohpv/ dv iru udwlrqdo h{shfwdwlrqv htxloleuld/ rswlpdo h{shfwdwlrqv pd| ru pd| qrw h{lvw1 Dv wr
xqltxhqhvv/ rswlpdo eholhiv qhhg qrw eh xqltxh/ dv zloo eh fohdu iurp wkh vxevhtxhqw xvh ri wklv
frqfhsw1

Lq dq hfrqrp| zlwk pxowlsoh djhqwv/ hdfk djhqw*v eholhiv pd{lpl}h htxdwlrq +;,/ zkhuh wkh
vwdwh yduldeohv ? � dqg frqwuro yduldeohv � � duh lqgh{hg e| 7/ wdnlqj wkh eholhiv dqg dfwlrqv ri wkh
rwkhu djhqwv dv jlyhq1

Gh�qlwlrq 5 D frpshwlwlyh rswlpdo h{shfwdwlrqv htxloleulxp +RHH, lv d vhw ri eholhiv iru hdfk
djhqw dqg dq doorfdwlrq vxfk wkdw
+l, hdfk djhqw kdv rswlpdo h{shfwdwlrqv/ wdnlqj dv jlyhq wkh vwrfkdvwlf surfhvv iru djjuhjdwh
yduldeohv>
+ll, hdfk djhqw vroyhv htxdwlrq +7, dw hdfk 0/ wdnlqj dv jlyhq klv eholhiv dqg wkh vwrfkdvwlf surfhvv
iru djjuhjdwh yduldeohv>
+lll, pdunhwv fohdu1

Lqwxlwlyho|/ dq rswlpdo h{shfwdwlrqv htxloleulxp +RHH, frqvlvwv ri d vhw ri eholhiv iru hdfk
djhqw 7 dqg wkh fruuhvsrqglqj htxloleulxp doorfdwlrqv lqgxfhg e| rswlpl}dwlrq jlyhq wkhvh eholhiv1
Wkh rswlpdo eholhiv ri hdfk djhqw wdnh dv jlyhq wkh djjuhjdwh g|qdplfv/ dqg wkh rswlpdo dfwlrqv
wdnh dv jlyhq wkh shufhlyhg djjuhjdwh g|qdplfv1

;



516 Glvfxvvlrq
Ehiruh surfhhglqj wr wkh dssolfdwlrq ri rswlpdo h{shfwdwlrqv/ lw lv zruwk hpskdvl}lqj vhyhudo
srlqwv1

Iluvw/ suredelolwlhv/ a$ �X � Mv������
�/ duh fkrvhq rqfh dqg iruhyhu1 Wkxv/ vxemhfwlyh suredelolwlhv

duh wlph frqvlvwhqw/ dqg wkh odz ri lwhudwhg h{shfwdwlrqv krogv zlwk uhvshfw wr wkh vxemhfwlyh
suredelolw| phdvxuh1 Djhqwv ohduq dqg xsgdwh dffruglqj wr Ed|hv* uxoh1 Wklv doorzv wkh xvh ri
vwdqgdug g|qdplf surjudpplqj wr vroyh wkh djhqw*v rswlpl}dwlrq sureohp1

Vhfrqg/ rswlpdo vxemhfwlyh suredelolwlhv duh fkrvhq zlwkrxw dq| gluhfw uhodwlrq wr uhdolw|1
Rxu ylhz lv wkdw wklv iulfwlrqohvv zruog surylghv lqvljkw lqwr wkh ehkdylruv jhqhudwhg e| wkh
lqfhqwlyh wr orrn iruzdug zlwk rswlplvp zkhq eholhi glvwruwlrq lv olplwhg rqo| e| wkh frvwv ri
srru rxwfrphv1 Lq idfw/ lw pd| eh wkdw eholhiv fdqqrw eh glvwruwhg idu iurp uhdolw|1 Dw vrph frvw
lq whupv ri wudfwdelolw|/ wkh iulfwlrqohvv prgho frxog eh h{whqghg wr lqfoxgh frqvwudlqwv rq wkh
fkrlfh ri suredelolwlhv wkdw shqdol}h odujhu glvwruwlrqv iurp uhdolw|1 Eholhiv zrxog wkhq ehdu vrph
uhodwlrq wr uhdolw| hyhq lq flufxpvwdqfhv lq zklfk wkhuh duh qr frvwv dvvrfldwhg zlwk ehkdylru
fdxvhg e| glvwruwhg eholhiv1

Wklug/ rswlpdo h{shfwdwlrqv duh wkrvh wkdw pd{lpl}h olihwlph zhoo0ehlqj1 Wkh dujxphqw wkdw
lv wudglwlrqdoo| pdgh iru wkh dvvxpswlrq ri udwlrqdo eholhiv � wkdw vxfk eholhiv ohdg djhqwv wr
wkh ehvw rxwfrphv � lv fruuhfw rqo| li rqh dvvxphv wkdw h{shfwhg ixwxuh xwlolw|  rzv gr qrw
d�hfw suhvhqw iholflw|1 Wklv lv d vrphzkdw vfkl}rskuhqlf ylhz= rqh sduw ri wkh djhqw pdnhv
sodqv wkdw wudgh r� suhvhqw dqg h{shfwhg ixwxuh xwlolw|  rzv/ zkloh dqrwkhu sduw ri wkh djhqw
dfwxdoo| hqmr|v xwlov exw rqo| iurp suhvhqw frqvxpswlrq1 � Xqghu wkh Mhyrqldq ylhz wkdw dq
djhqw zkr fduhv derxw wkh ixwxuh kdv iholflw| wkdw ghshqgv rq h{shfwdwlrqv derxw wkh ixwxuh/
rswlpdo h{shfwdwlrqv jlyh djhqwv wkh kljkhvw olihwlph xwlolw| ohyhov1

Wr uhfdvw wklv srlqw/ zh fdq dvn zkdw remhfwlyh ixqfwlrq iru eholhiv zrxog pdnh udwlrqdo
h{shfwdwlrqv rswlpdo1 Wklv lv wkh fdvh li wkh remhfwlyh ixqfwlrq iru eholhiv ljqruhv wkh xwlolw|
iurp sdvw ru ixwxuh frqvxpswlrq1 Exw wklv zrxog lpso| wkdw li zh zhuh wr ghfuhdvh ixwxuh  rz
xwlolw| zkloh nhhslqj suhvhqw  rz xwlolw| frqvwdqw/ wklv zrxog qrw fkdqjh fxuuhqw iholflw|1 Ehfdxvh

� Vhh Orzhqvwhlq +4<;:, dqg wkh glvfxvvlrq ri wkh Vdpxhovrqldq dqg Mhyrqldq ylhzv ri xwlolw| lq Fdsolq dqg
Ohdk| +5333,1
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zh ylhz wklv dv lpsodxvleoh/ zh uhvwulfw dwwhqwlrq wr remhfwlyh ixqfwlrqv iru eholhiv gh�qhg ryhu
~ dqg P 1

Irxuwk/ wklv glvfxvvlrq dovr pdnhv fohdu zk| olihwlph zhoo0ehlqj/ :/ xvhv wkh remhfwlyh h{0
shfwdwlrqv rshudwru1 Rswlpdo eholhiv duh qrw wkrvh wkdw pd{lpl}h wkh djhqw*v kdsslqhvv rqo| lq
wkh vwdwhv wkdw wkh djhqw ylhzv dv prvw olnho|1 Lqvwhdg/ rswlpdo eholhiv pd{lpl}h wkh kdsslqhvv
ri wkh djhqw rq dyhudjh/ dfurvv uhshdwhg uhdol}dwlrqv ri xqfhuwdlqw|1 Wkh remhfwlyh h{shfwdwlrq
fdswxuhv wklv vlqfh wkh dfwxdo xqiroglqj ri xqfhuwdlqw| ryhu wkh djhqw*v olih lv ghwhuplqhg e|
remhfwlyh suredelolwlhv1

Iliwk/ iru prvw ri rxu uhvxowv zh gr qrw qhhg wr vshfli| wkh ydoxh ri &1 Lq sduwlfxodu/ wklv
doorzv iru & @ 3/ lq zklfk fdvh wkh dqdo|vlv vlpsol�hv vlqfh doo �h{shulhqfh xwlolw|� whupv P �

ydqlvk1 Dqrwkhu vshfldo fdvh wkdw lv ri sduwlfxodu lqwhuhvw lv wkh fdvh lq zklfk & @ # ��� / zklfk
zh uhihu wr dv suhihuhqfh frqvlvwhqf|1 Wklv fdvh olhv rxwvlgh wkh vhw dvvxphg e| rxu gh�qlwlrqv1
Krzhyhu/ wklv sdudphwhu frq�jxudwlrq kdv wkh vshfldo ihdwxuh wkdw wkh remhfwlyh ixqfwlrq iru
eholhiv hydoxdwhg iru udwlrqdo eholhiv lv lghqwlfdo wr wkh remhfwlyh ixqfwlrq ri wkh djhqw1 Wkxv/
xqghu udwlrqdo h{shfwdwlrqv/ olihwlph zhoo0ehlqj lv pd{lpl}hg e| wkh ghflvlrqv ri wkh djhqw1 �

Ilqdoo|/ lw lv dovr wkh fdvh wkdw rswlpdo h{shfwdwlrqv frxog eh ghulyhg iurp jhqhudol}hg re0
mhfwlyh ixqfwlrqv1 Lq sduwlfxodu/ dq hduolhu yhuvlrq ri wklv sdshu frqvlghuhg wkh srvvlelolw| wkdw
wkh udwh dw zklfk ixwxuh iholflw| lv glvfrxqwhg lq wkh remhfwlyh ixqfwlrq iru eholhiv gl�huhg iurp
wkh udwh dw zklfk wkh djhqw glvfrxqwhg ixwxuh xwlolw|  rzv1

6 Sruwirolr fkrlfh= rswlplvp dqg xqghuglyhuvl�fdwlrq
Lq wklv vhfwlrq zh frqvlghu d wzr0shulrg lqyhvwphqw sureohp lq zklfk dq djhqw fkrrvhv ehwzhhq
dvvhwv lq wkh �uvw shulrg ri olih dqg frqvxphv wkh sd|r� ri wkh sruwirolr lq wkh vhfrqg shulrg ri
olih1 Wkh vxevhtxhqw vhfwlrq sodfhv wzr ri wkhvh djhqwv lqwr d jhqhudo htxloleulxp prgho zlwk qr
djjuhjdwh ulvn1

� Fdsolq dqg Ohdk| +5333, lq wkh frqwh{w ri d udwlrqdo h{shfwdwlrqv prgho hpskdvl}hv wkdw suhihuhqfh frqvlv0
whqf| lv qhhghg iru dq djhqw*v udqnlqj ri xwlolw|  rzv dfurvv shulrgv wr eh wlph0lqyduldqw1 Wkxv lw lv wkh rqo| fdvh
ri wlph0frqvlvwhqw suhihuhqfhv1
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614 Sruwirolr fkrlfh jlyhq eholhiv
Wkhuh duh wzr shulrgv/ }hur dqg rqh/ dqg wzr dvvhwv1 Lq shulrg }hur/ wkh djhqw doorfdwhv klv xqlw
hqgrzphqw ehwzhhq d ulvn0iuhh dvvhw zlwk jurvv uhwxuq p dqg d ulvn| dvvhw zlwk jurvv uhwxuq
p.. +. lv wkh h{fhvv uhwxuq ri wkh ulvn| dvvhw ryhu wkh ulvn0iuhh udwh,1 Lq shulrg rqh/ wkh djhqw
frqvxphv wkh sd|r� iurp klv shulrg0}hur lqyhvwphqw1

Wkh djhqw fkrrvhv klv sruwirolr vkduh wr lqyhvw lq wkh ulvn| dvvhw/ j/ wr pd{lpl}h h{shfwhg
xwlolw|=

pd{
�

# ao 
 ^` +�,`
v1w1 � @ p.j.

� z 3 lq doo vwdwhv

zkhuh ` +d, lv wkh xwlolw| ixqfwlrq ryhu frqvxpswlrq/ ` � k 3/ ` � � c 3 dqg vdwlvi|lqj wkh Lqdgd
frqglwlrqv1 Wkh vhfrqg frqvwudlqw lv vhw e| wkh pdunhw1 Vlqfh frqvxpswlrq fdqqrw eh qhjdwlyh/
wkh frqvwudlqw iroorzv iurp wkh pdunhw uhtxlulqj wkh djhqw wr eh deoh wr phhw klv sd|phqw
reoljdwlrqv lq doo ixwxuh vwdwhv1

Xqfhuwdlqw| lv fkdudfwhul}hg e| C vwdwhv/ zlwk h{ srvw h{fhvv uhwxuq . 	 dqg suredelolwlhv
$ 	 k 3 iru X @ 4, 3 3 3 , C1 Ohw wkh vwdwhv eh rughuhg vr wkdw wkh odujhu wkh vwdwh/ wkh odujhu wkh
sd|r�/ . 	 � � k . 	 / dqg cp c . � c 3 c . � c p/ . 	 �@ . 	�� iru X �@ X � 1 Eholhiv duh jlyhq e|
Ia$ 	 J �	 � � vdwlvi|lqj Dvvxpswlrq 41

Qrwlqj wkdw wkh vhfrqg frqvwudlqw fdq rqo| elqg iru wkh kljkhvw ru orzhvw sd|r� vwdwh/ wkh
djhqw sureohp fdq eh zulwwhq dv d Odjudqjldq zlwk pxowlsolhuv 	 � dqg 	 � /

pd{
�

#
�
[

	 � �
a$ 	 ` +p.j. 	 ,c 	 � +p.j. � ,c 	 � +p.j. � , 1

Wkh qhfhvvdu| frqglwlrqv iru dq rswlpdo j duh

3 @
�

[

	 � �
a$ 	 ` � +p.j. 	 ,. 	 c 	 � . � c 	 � . � /

3 @ 	 � +p.j. � , /
3 @ 	 � +p.j. � , 1
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E| frpsohphqwdu| vodfnqhvv/ li 	 	 �@ 3 iru vrph X/ wkhq p. j. 	 @ 31 E| wkh Lqdgd frqglwlrq/
wklv fdq rqo| rffxu zkhq a$ 	 @ 3 vlqfh rwkhuzlvh a$ 	 ` � +p.j. 	 , @ �1 Zh vkrz vxevhtxhqwo|
wkdw rswlpdo h{shfwdwlrqv hqwdlo a$ � k 3 dqg a$ � k 3/ vr wkdw wkh rswlpdo sruwirolr lv xqltxho|
ghwhuplqhg e|

3 @
�
[

	 � �
a$ 	 ` � +p.j. 	 ,. 	 1 +<,

615 Rswlpdo eholhiv
Rswlpdo eholhiv duh d vhw ri a$ 	 iru X @ 4, 3 3 3 , C c 4 zlwk a$ � @ 4cS � ���	 � � a$ 	 wkdw pd{lpl}h wrwdo
zhoo0ehlqj/ wkh h{shfwhg glvfrxqwhg vxp ri iholflwlhv lq shulrgv 3 dqg 41 Lq shulrg 3/ wkh djhqw*v
iholflw| lv wkh vxemhfwlyho| h{shfwhg +dqwlflsdwhg, xwlolw|  rz lq wkh ixwxuh shulrg/ glvfrxqwhg e|
#> lq shulrg 4/ wkh djhqw*v iholflw| lv wkh xwlolw|  rz iurp dfwxdo frqvxpswlrq1

pd{��
o
k
# ao 
 ^` +�,` . #` +�,

l

pd{��
#

�
[

	 � �
a$ 	 ` +p.j � . 	 , . #

�
[

	 � �
$ 	 ` +p.j � . 	 ,

zkhuh j � lv jlyhq lpsolflwo| e| htxdwlrq +<,1 Wkh �uvw0rughu frqglwlrqv iru wkh fkrlfh ri a$ 	 duh

3 @ #` 	 � c #` � . #
�

[

	 � �
a$ 	 ` � +p.j � . 	 ,. 	 Qj �

Qa$ 	�� . #
�
[

	 � �
$ 	 ` � +p.j � . 	 ,. 	 Qj �

Qa$ 	�� 1

E| wkh hqyhorsh frqglwlrq/ vpdoo fkdqjhv lq sruwirolr fkrlfh iurp wkh rswlpxp fdxvhg e| vpdoo
fkdqjhv lq vxemhfwlyh suredelolwlhv ohdg wr qr fkdqjh lq h{shfwhg xwlolw|/ vr wkdw wklv frqglwlrq
vlpsol�hv wr

# +` � c ` 	�� , @ #
�
[

	 � �
$ 	 ` � +p.j � . 	 ,. 	 Qj �

Qa$ 	 � 1 +43,
Wkh ohiw0kdqg vlgh lv wkh pdujlqdo jdlq lq cguhdp xwlolw|* dw 0 iurp lqfuhdvlqj a$ � dw wkh h{shqvh
ri a$ 	�� dqg lv dozd|v srvlwlyh> wkh uljkw0kdqg vlgh lv wkh pdujlqdo orvv lq h{shfwhg xwlolw| lq 0.4
iurp wkh uhvxowdqw fkdqjh lq wkh sruwirolr vkduh ri wkh ulvn| dvvhw1 Lq htxloleulxp/ wkh jdlq lq
guhdp xwlolw| edodqfhv wkh frvwv ri glvwruwlqj dfwxdo ehkdylru1

Ohw j � � ghqrwh wkh rswlpdo sruwirolr fkrlfh iru udwlrqdo eholhiv1 Wkh iroorzlqj sursrvlwlrq/
suryhq lq wkh dsshqgl{/ vwdwhv wkdw wkh djhqw zlwk rswlpdo h{shfwdwlrqv lv rswlplvwlf derxw wkh
sd|rxw ri klv sruwirolr1 Ixuwkhu/ wkh djhqw zlwk rswlpdo h{shfwdwlrqv hlwkhu wdnhv dq rssrvlwh

45



srvlwlrq uhodwlyh wr wkh djhqw zlwk udwlrqdo eholhiv ru lv pruh djjuhvvlyh � lqyhvwlqj hyhq pruh li
wkh udwlrqdo djhqw lqyhvwv/ ru vkruwlqj pruh li wkh udwlrqdo djhqw vkruwv1

Sursrvlwlrq 4 +H{fhvv ulvn wdnlqj gxh wr rswlplvp,
+l, li j � k 3/

�
[

	 � �
+a$ 	 c $ 	 ,` � +p.j � . 	 ,. 	 k 3> li j � c 3/

�
[

	 � �
+a$ 	 c $ 	 ,` � +p.j � . 	 ,. 	 c 31

+ll, li j � � k 3/ wkhq j � k j � � ru j � c 3> li j � � c 3/ wkhq j � c j � � ru j � k 3> li j � � @ 3/
j � �@ 31

Wkh �uvw sduw ri wkh sursrvlwlrq vwdwhv wkdw djhqwv zlwk rswlpdo h{shfwdwlrqv rq dyhudjh
krog eholhiv wkdw duh eldvhg xszdug iru vwdwhv lq zklfk wkhlu fkrvhq sruwirolr sd|rxw lv kljk dqg
eldvhg grzqzdug iru vwdwhv lq zklfk wkhlu sruwirolr sd|rxw lv orz1 Wr vhh wklv/ qrwh wkdw ` � 	 k 3
iru doo X/ dqg . 	 lv srvlwlyh iru odujh X dqg qhjdwlyh iru vpdoo X1 Iru j � k 3/ rswlpdo h{shfwdwlrqv
rq dyhudjh eldv xs wkh vxemhfwlyh suredelolw| iru odujhu ru srvlwlyh h{fhvv uhwxuq vwdwhv dw wkh
h{shqvh ri vpdoohu ru qhjdwlyh h{fhvv uhwxuq vwdwhv1

Wkh vhfrqg sduw ri wkh sursrvlwlrq vwdwhv wkdw krxvhkrogv hlwkhu lqyhvw pruh wkdq wkh udwlrqdo
djhqw lq wkh ulvn| dvvhw ru wkh| vkruw wkh ulvn| dvvhw1 Wkh djhqw vkruwv wkh ulvn| dvvhw li wklv
doorzv vx!flhqw guhdp xwlolw|/ zklfk kdsshqv zkhq wkh dvvhw kdv wkh ihdwxuhv ri d qhjdwlyh
orwwhu| wlfnhw1 Dq h{dpsoh fodul�hv1 Ohw wkhuh eh rqo| wzr vwdwhv dqg ohw p @ 4/ o ^.` @ �/
. � @ 5�/ vr wkdw . � @ c � ��� ���

��� � dqg frqvlghu odujh $ � 1 Vwdwh 4 lv olnho| dqg lqyroyhv olwwoh jdlq>
vwdwh 5 lv xqolnho| dqg lqyroyhv odujh orvv +dv $ � � 4/ . � � c�,1 j � � k 3 vlqfh wkh dvvhw kdv
srvlwlyh h{shfwhg ydoxh1 Dvvxplqj orj xwlolw|/ htxdwlrq +<, lpsolhv

j � � @ 4
7�

+4c $ � ,�$ � c ��
� /

j �� @ j � � . 4
7�

+a$ � c $ � ,�$ � c ��
� /

iru udwlrqdo eholhiv dqg duelwudu| vxemhfwlyh eholhiv/ uhvshfwlyho|1 Iru $ � qhdu xqlw|/ j � � lv qhdu
}hur vlqfh wkh dvvhw*v yduldqfh lv odujh1 Dv orqj dv a$ � z $ � / wkhq wkh djhqw zlwk vxemhfwlyh eholhiv
lqyhvwv pruh lq wkh ulvn| dvvhw1 Iru $ � qhdu xqlw|/ a$ � c $ � lv qhdu }hur � vxemhfwlyh eholhiv duh
qhfhvvdulo| qhdu udwlrqdo eholhiv � dqg j �� lv qhdu j � � 1 Krzhyhu/ lq wklv fdvh/ li wkh djhqw lqvwhdg
lv shvvlplvwlf derxw wkh sd|r� ri wkh ulvn| dvvhw/ a$ � c $ � / wkhq kh fdq vkruw wkh dvvhw dqg guhdp
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derxw wkh dvvhw sd|lqj r� srruo|1 Lq idfw/ iru $ � qhdu xqlw|/ a$ ���� c $ � dqg j ��� lv qhjdwlyh1 Iru
rxu h{dpsoh/ zkhq $ � @ 33<3/ wkh djhqw lv rswlplvwlf derxw wkh ulvn| dvvhw/ a$ ���� @ 33<9/ dqg
lqyhvwv pruh lq wkh ulvn| dvvhw1 Zkhq $ � @ 33<8/ wkh djhqw lv shvvlplvwlf derxw wkh ulvn| dvvhw/
a$ ���� @ 3364/ dqg kh vkruwv wkh ulvn| dvvhw1

Uhwxuqlqj wr d jhqhudo xwlolw| ixqfwlrq dqg sd|rxw/ vxssrvh o ^.` @ 31 Wkh udwlrqdo djhqw
fkrrvhv j � � @ 3 vlqfh wkh h{shfwhg uhwxuq rq wkh ulvn| dvvhw lv wkh vdph dv wkh ulvn0iuhh dvvhw
dqg wkh ulvn| dvvhw lv ulvn|1 Wkh djhqw zlwk rswlpdo h{shfwdwlrqv krogv d qrq}hur dprxqw ri wkh
ulvn| dvvhw1 Wr vhh wklv/ frqvlghu wkh udwlrqdo h{shfwdwlrqv htxloleulxp dqg frqvlghu d ghyldwlrq
ri eholhiv iurp udwlrqdo eholhiv1 Wklv ghyldwlrq ohdgv wkh djhqw wr fkrrvh d qrq}hur kroglqj ri
wkh ulvn| dvvhw zklfk lpsolhv wkdw frqvxpswlrq lv qr orqjhu shuihfwo| vprrwkhg dfurvv ixwxuh
vwdwhv1 Wkh dvvrfldwhg zhoiduh frvw lv ri vhfrqg rughu1 Wklv lv grplqdwhg e| wkh jdlq lq guhdp
xwlolw|1 Wkh djhqw fdq qrz eholhyh wkdw kh lv kroglqj +vkruwlqj, dq dvvhw zlwk srvlwlyh +qhjdwlyh,
h{shfwhg sd|r�1

Wklv uhvxow lpsolhv wkdw djhqwv zlwk rswlpdo h{shfwdwlrqv duh xqghuglyhuvl�hg lq wkdw wkh| duh
qrw rq wkh h!flhqw iurqwlhu1 Wkdw lv/ d sruwirolr zlwk wkh vdph uhwxuq dqg ohvv ulvn lv dydlodeoh1

Fruroodu| 4 +Xqghuglyhuvl�fdwlrq,
Iru o ^.` @ 3/ o ^p.j � . 	 ` @ o �p.j � � . 	 � exw ~ y� ^p.j � . 	 ` k ~ y� �p.j � � . 	 �1

7 Jhqhudo htxloleulxp= hqgrjhqrxv khwhurjhqrxv eholhiv dqg
jdpeolqj

Lq wklv vhfwlrq/ zh frqvlghu dq h{fkdqjh hfrqrp| zlwk qr djjuhjdwh ulvn dqg ghulyh hqgrjhqrxv
khwhurjhqhrxv eholhiv1 Djhqwv fkrrvh wr krog lglrv|qfudwlf ulvn dqg jdpeoh djdlqvw rqh dqrwkhu
lq htxloleulxp zkhq shuihfw frqvxpswlrq lqvxudqfh lv srvvleoh1 Wkh sulfh ri wkh ulvn| dvvhw pd|
gl�hu iurp wkdw lq dq hfrqrp| srsxodwhg e| djhqwv zlwk udwlrqdo eholhiv1

Wkh hfrqrp| frqvlvwv ri wzr djhqwv zlwk wkh vdph fkdudfwhulvwlfv dqg idflqj wkh vdph lq0
yhvwphqw sureohp dv lq wkh suhylrxv vhfwlrq1 Wkhuh duh wzr vwdwhv lq wkh vhfrqg shulrg dqg
wzr dvvhwv +ru �wuhhv�,/ ghqrwhg K +erqgv, dqg � +htxlw|,1 Dvvhw K sd|v 4 xqlw ri frqvxpswlrq
lq erwk vwdwhv> zh qrupdol}h wkh uhwxuq rq wklv wuhh wr 4 +p htxdov xqlw|,1 Dvvhw � uhwxuqv
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4 . . dqg wkh h{ srvw uhwxuq rq dvvhw � lv 4 . . 	 @ � �������� zkhuh X lqgh{hv vwdwhv1 Zh dvvxph
c4 c � � c � � 1 Djhqw 7 lv lqlwldoo| hqgrzhg zlwk � �� erqgv dqg � �� htxlw| vkduhv1 Wkhuh lv qr
djjuhjdwh xqfhuwdlqw| vr wkdw dvvhw � lv lq }hur qhw vxsso|1 Djjuhjdwh frqvxpswlrq lq hdfk vwdwh
lv wkxv wkh vdph/ S �

� � � � �� @ � � @ g � @ g � 1
Djhqw 7*v sureohp lv wr wdnh klv eholhiv/ �$ � 	 �/ dqg wkh sulfh ri htxlw|/ h � / dv jlyhq dqg fkrrvh

khu sruwirolr wr pd{lpl}h h{shfwhg xwlolw|/

pd{
�

#[	 a$ �
	 	 `
�\ � �4 .j � .��

jlyhq lqlwldo zhdowk
\ � @ � �� . h � � �� 3

Wkh �uvw0rughu frqglwlrqv iru sruwirolr fkrlfh duh

3 @ [

	 a$ � 	 ` � �� � 	 � ++4 . � 	 ,c h � , 3

Lq djjuhjdwh/ eholhiv pd{lpl}h wkh olihwlph zhoo0ehlqj iru hdfk djhqw

pd{��

[

	
�#a$ � 	 ` �� � 	 �. #$ 	 ` �� � 	 ��

vxemhfw wr wkh uhvwulfwlrqv rq suredelolwlhv +Dvvxpswlrq 515,/ wkh exgjhw frqvwudlqw +wkh gh�ql0
wlrq ri frqvxpswlrq,/ dqg wkh djhqw*v �uvw0rughu frqglwlrqv iru sruwirolr fkrlfh1 Wkh Odjudqjldq
iru hdfk djhqw lv

/ @ [

	
k
#a$ � 	 `

��� �� . h � � �� �
�
4 .j �

�
� �������� c 4

���
. #$ 	 `

��� �� . h � � �� �
�
4 .j �

�
� �������� c 4

���l

c	 �
%
[

	 a$ � 	 c 4
&
c  �

%
[

	 a$ � 	 ` �
��� �� . h � � �� �

�
4 .j �

�4 . � 	
h � c 4

���
++4 . � 	 ,c h � ,

&

Wkh htxloleulxp iru wkh hfrqrp| dv d zkroh lv fkdudfwhul}hg e| wkh �uvw0rughu frqglwlrqv iru
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hdfk djhqw

j � = 3 @ [

	

��#a$ � 	 . #$ 	 �` � �� � 	 �
�4 . � 	

h � c 4
��

+44d,

c �
%
[

	 a$ � 	 ` � � �� � 	 �
�4 . � 	

h � c 4
� �

h �
&
iru 7 @ 4, 5

a$ � 	 = 3 @ #` �� � 	 �c 	 � c  �
�
` � �� � 	 �

�4 . � 	
h � c 4

�
h �

�
iru 7 @ 4, 5, X @ 4, 5 +44e,

	 � � = 3 @ 	 �
%
[

	 a$ � 	 c 4
&
iru 7 @ 4, 5

 � = 3 @  �
%
[

	 a$ � 	 ` � �� � 	 � ++4 . � 	 ,c h � ,
&
iru 7 @ 4, 5 +44f,

dqg wkh djjuhjdwh uhvrxufh frqvwudlqw

ch � [
�
� �� j � @ [

�
� �� j � / +45,

zkhuh � � 	 @ �� �� . h � � �� �
�
4 .j �

�
� ��� ���� c 4

��
1

Ehiruh fkdudfwhul}lqj wkh htxloleulxp/ zh gh�qh jdpeolqj1 Ohw ? � � eh djhqw 7*v htxloleulxp
kroglqj ri htxlw|/ ? � � @ j � +

���
� � � � ���� ,��� 1 Djhqwv duh jdpeolqj djdlqvw hdfk rwkhu lq dq htxloleulxp

+f, li
? � 	 �� �@ ? � �

	 �� iru 7 @ 4/ 51
Wklv vd|v wkdw wkh dprxqw ri htxlw| khog e| hdfk djhqw lv gl�huhqw lq wkh +f, htxloleulxp wkdq
lq wkh udwlrqdo h{shfwdwlrqv htxloleulxp1

Qrwh wkdw jdpeolqj lv qrw lpsolhg e| d gl�huhqfh ehwzhhq wkh htxloleulxp sulfh ri htxlw|
xqghu udwlrqdo dqg rswlpdo h{shfwdwlrqv/ h ���� �@ h � �

� 1 Jdpeolqj uhvxowv iurp glvdjuhhphqw
derxw suredelolwlhv1 Sxw gl�huhqwo|/ dw wkh rswlpdo h{shfwdwlrqv htxloleulxp zh kdyh iru hdfk
djhqw

[

	 a$ 	 ` � �� ��� 	 �	 ��4 . � 	
h ����

c 4
�

@ 33

Li djhqwv duh qrw jdpeolqj/ wkhq lw lv dovr wuxh wkdw
[

	 $ 	 ` � �� ��� 	 �	 ��4 . � 	
h � �

�
c 4

�
@ 33
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Wkxv li rswlpdo eholhiv gl�hu iurp remhfwlyh eholhiv/ wkh sulfh ri htxlw| zloo gl�hu lq wkh udwlrqdo
h{shfwdwlrqv dqg rswlpdo h{shfwdwlrqv htxloleuld hyhq zlwkrxw jdpeolqj1 Plvsulflqj grhv qrw
lpso| jdpeolqj1 Zh qrz vwdwh rxu sursrvlwlrq1

Sursrvlwlrq 5 +Jdpeolqj zlwkrxw djjuhjdwh ulvn,
+l, j � �

	 � @ 3/ ? � �

	 �� @ 3
+ll, Djhqwv jdpeoh/ ? ��� 	 �� �@ ?

� �

	 �� �@ ?
���

	
��

+lll, Lq dq| htxloleulxp a$ � � k $ � , a$ � � c $ � , j � c 3/ � � � k � � � / dqg a$ � �� k $ � , a$ � �� c $ � / j � � k 3/
� � �� k � � �� 1

Wkh �uvw srlqw vwdwhv wkdw djhqwv lq wkh udwlrqdo h{shfwdwlrqv htxloleulxp shuihfwo| lqvxuh
wkhlu frqvxpswlrq e| wudglqj vr wkdw qhlwkhu djhqw krogv wkh ulvn| dvvhw1 Wkh vhfrqg srlqw
iroorzv iurp wkh vdph orjlf dv lq wkh sduwldo htxloleulxp vhfwlrq1 Djhqwv kdyh d orvv iurp d
vpdoo dprxqw ri ehwwlqj djdlqvw rqh dqrwkhu/ zklfk lv grplqdwhg e| wkh jdlq lq guhdp xwlolw|
iurp jdpeolqj1 Wkh �qdo srlqw hpskdvl}hv wkh vrxufh ri wkh jdpeolqj1 Hdfk djhqw eholhyhv d
gl�huhqw vwdwh lv pruh olnho| wkdq lw uhdoo| lv/ dqg wkh| wudgh vr wkdw hdfk ri wkhp uhdol}hv kljkhu
frqvxpswlrq lq wkh vwdwh wkh| ylhz dv xquhdolvwlfdoo| olnho|1 Wkxv/ d ihdwxuh ri wkh rswlpdo
h{shfwdwlrqv htxloleulxp lv hqgrjhqrxv khwhurjhqhlw| lq eholhiv1

8 Frqvxpswlrq dqg vdylqj ryhu wlph= rswlplvp dqg ryhufrq�0
ghqfh

Wklv vhfwlrq frqvlghuv wkh ehkdylru ri dq djhqw zlwk rswlpdo h{shfwdwlrqv lq d pxowl0shulrg
frqvxpswlrq0vdylqj sureohp zlwk vwrfkdvwlf lqfrph1 Zh vkrz wkdw wkh djhqw zlwk txdgudwlf
xwlolw| ryhuhvwlpdwhv wkh phdq ri ixwxuh lqfrph dqg xqghuhvwlpdwhv wkh xqfhuwdlqw| dvvrfldwhg
zlwk ixwxuh lqfrph1 Wkdw lv/ wkh djhqw lv erwk xquhdolvwlfdoo| rswlplvwlf dqg ryhufrq�ghqw1
Wklv lv frqvlvwhqw zlwk vxuyh| hylghqfh wkdw vkrzv wkdw jurzwk udwh ri h{shfwhg frqvxpswlrq lv
juhdwhu wkdq wkdw ri dfwxdo frqvxpswlrq1
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814 Rswlpdo frqvxpswlrq
Lq hdfk shulrg 0 @ 4, 3 3 3 , x / wkh djhqw fkrrvhv frqvxpswlrq dqg vdylqj wr pd{lpl}h wkh h{shfwhg
suhvhqw glvfrxqwhg ydoxh ri xwlolw|  rzv iurp frqvxpswlrq vxemhfw wr d exgjhw frqvwudlqw1

~ � +\ � , @ pd{������� ao
% � � �[
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 ` +� � � 
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v1w1
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 +� ��� 
 c r � � 
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zkhuh lqlwldo zhdowk \ � @ 3/ y, K k 3 dqg #p @ 41 Wkh rqo| xqfhuwdlqw| lv ryhu lqfrph/ r � 1 r �
lv frqwlqxrxvo| glvwulexwhg/ kdv vxssruw �r, �r� @ V zkhuh 3 c r c �r c �

� � / lv lqghshqghqw ryhu
wlph vr wkdw �

�
r � M|� �����

�
@ �+r � ,/ dqg Q�+r � , k 3 iru doo r � V 1 Vxemhfwlyh suredelolwlhv duh

ghqrwhg e| a�
�
r � M|� �����

�
dqg gr qrw kdyh wr eh lqghshqghqwo| glvwulexwhg ryhu wlph1 Dsshqgl{

D vwdwhv wkh uhvwulfwlrqv rq suredelolwlhv dqg remhfwlyh ixqfwlrqv iru d frqwlqxrxv vwdwh vsdfh1
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Frpelqlqj wkhvh frqglwlrqv dqg wkh dvvxpswlrq ri txdgudwlf xwlolw| jlyhv wkh Kdoo udqgrp zdon
uhvxow iru frqvxpswlrq exw iru vxemhfwlyh eholhiv

� �
�
\ � , |� �

�
@ ao

k
� ��� �

�
\ � � � , |� � � �

�
M|� �

l
1 +46,

Vxevwlwxwlqj edfn lqwr wkh exgjhw frqvwudlqw jlyhv wkh rswlpdo frqvxpswlrq uxoh
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Rswlpdo frqvxpswlrq ghshqgv rq vxemhfwlyh h{shfwdwlrqv ri ixwxuh lqfrph dqg wkh klvwru| ri
lqfrph uhdol}dwlrqv wkurxjk \ � 1 Ehfdxvh txdgudwlf xwlolw| h{klelwv fhuwdlqw| htxlydohqfh iurp wkh
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shuvshfwlyh ri wkh djhqw/ wkh sureohp vlpsol�hv vljql�fdqwo|1 Jlyhq wkh vxemhfwlyh h{shfwdwlrq ri
ixwxuh lqfrph/ wkh vxemhfwlyh yduldqfh +dqg kljkhu prphqwv, ri wkh lqfrph surfhvv duh luuhohydqw
iru wkh rswlpdo frqvxpswlrq0vdylqj fkrlfhv ri wkh djhqw1

815 Rswlpdo eholhiv
Zh zdqw wr fkrrvh a�

�
r � M|� �����

�
iru doo |� ����� wr pd{lpl}h +zhljkwhg, olihwlph kdsslqhvv vxemhfw

wr wkh suredelolw| frqglwlrqv dqg wkh djhqw*v rswlpdo ehkdylru jlyhq eholhiv1 Zlwk txdgudwlf
xwlolw|/ wkh hohphqwv ri wkh remhfwlyh ixqfwlrq iru eholhiv duh
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Vlqfh wkh remhfwlyh lv frqfdyh lq ixwxuh frqvxpswlrq dqg vlqfh wkh djhqw*v ehkdylru ghshqgv
rqo| rq wkh vxemhfwlyh fhuwdlqw|0htxlydohqw ri ixwxuh lqfrph/ rswlpdo eholhiv plqlpl}h vxemhfwlyh
xqfhuwdlqw|1 Wkxv/ ixwxuh lqfrph lv rswlpdoo| shufhlyhg dv fhuwdlq/ zklfk lv dq h{wuhph irup ri
ryhufrq�ghqfh1

Zh lqfrusrudwh rswlpdo ehkdylru gluhfwo| lqwr wkh ydoxh ixqfwlrqv dqg fkdudfwhul}h frqvxps0
wlrq fkrlfhv lpsolhg e| rswlpdo eholhiv/
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1 Rswlpdo eholhiv/
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/ lpsohphqw wkhvh
frqvxpswlrq fkrlfhv jlyhq rswlpdo ehkdylru rq wkh sduw ri wkh djhqw1 Lq wdnlqj wklv dssurdfk/ zh
duh dvvxplqj wkdw wkh rswlpdo fkrlfh ri � ��
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ri wkh dvvxpswlrqv rq suredelolw|/ zklfk fdq eh fkhfnhg1 �

Wr surfhhg/ rswlpdo ehkdylru lv vxppdul}hg e| wkh djhqw*v Hxohu htxdwlrq1 Xvlqj wkh Hxohu
htxdwlrq dqg wkh idfw wkdw vxemhfwlyh fhuwdlqw| lpsolhv ao
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ydoxh ixqfwlrqv ryhu ixwxuh frqvxpswlrq ehfrph
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Ohyho frqvxpswlrq lv uhfryhuhg e| vxevwlwxwlqj lqwr wkh exgjhw frqvwudlqw diwhu wdnlqj remhfwlyh
h{shfwdwlrqv1

Jlyhq wklv fkdudfwhul}dwlrq ri rswlpdo ehkdylru/ djhqwv duh rswlplvwlf dw hyhu| wlph dqg
vwdwh1
Sursrvlwlrq 6 +Ryhufrqvxpswlrq gxh wr rswlplvp,
Iru doo 0 � I4, 3 3 3 , x c 4J/
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Iljxuh 4= Dyhudjh Olih0f|foh Frqvxpswlrq Sur�ohv

Wkh �uvw srlqw ri wkh sursrvlwlrq vwdwhv wkdw djhqwv ryhuhvwlpdwh wkhlu suhvhqw glvfrxqwhg
ydoxh ri oderu lqfrph dqg rq dyhudjh uhylvh wkhlu eholhiv grzqzdug ehwzhhq 0 dqg 0 . 41 Wklv
grzqzdug uhylvlrq ri h{shfwhg olihwlph zhdowk fdq frph derxw gluhfwo| gxh wr r ��� � ehlqj rq
dyhudjh ohvv wkdq h{shfwhg/ ru gxh wr qhzv wkdw wkh uhdol}hg r ��� � eulqjv rq dyhudjh derxw h{0
shfwdwlrqv ri ixwxuh lqfrph1 Wkh vhfrqg srlqw vwdwhv wkdw frqvxpswlrq rq dyhudjh idoov ehwzhhq
0 dqg 0 . 41 Ehfdxvh rq dyhudjh wkh djhqw uhylvhv grzq h{shfwhg ixwxuh lqfrph/ rq dyhudjh
frqvxpswlrq idoov ryhu wlph1 Wkh surri iroorzv gluhfwo| iurp wkh h{shfwhg fkdqjh lq frqvxps0
wlrq jlyhq e| htxdwlrq +48, dqg qrwlqj wkdw �

� c � ��
�
|� �
�
k 3 dqg

�������
��� p c 41 Ilqdoo|/ wkh

rswlpdo vxemhfwlyh h{shfwdwlrq ri ixwxuh frqvxpswlrq h{fhhgv wkh udwlrqdo h{shfwdwlrq ri ix0
wxuh frqvxpswlrq1 Wklv lv rswlplvp1 Sduw +lll, iroorzv iurp sduw +ll, dqg htxdwlrq +46,1 Lq vxp/
krxvhkrogv duh xquhdolvwlfdoo| rswlplvwlf/ dqg/ lq hdfk shulrg/ duh rq dyhudjh vxusulvhg wkdw wkhlu
lqfrphv duh orzhu wkdq wkh| h{shfwhg/ dqg vr/ rq dyhudjh/ krxvhkrog frqvxpswlrq ghfolqhv ryhu
wlph1

Iljxuh 4 vxppdul}hv wkhvh uhvxowv1 Wkh djhqw vwduwv olih rswlplvwlf derxw ixwxuh lqfrph1 Dw
hdfk srlqw lq wlph wkh djhqw h{shfwv wkdw rq dyhudjh frqvxpswlrq zloo uhpdlq dw wkh vdph ohyho1
Ryhu wlph/ wkh djhqw ohduqv rq dyhudjh wkdw lqfrph lv ohvv wkdq kh h{shfwhg/ dqg frqvxpswlrq
w|slfdoo| ghfolqhv ryhu wkh olih1
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Wklv rswlplvp pdwfkhv vxuyh| hylghqfh rq ghvluhg dqg dfwxdo olih0f|foh frqvxpswlrq sur�ohv1
Eduvn|/ Mxvwhu/ Nlpedoo/ dqg Vkdslur +4<<:, �qgv wkdw krxvhkrogv zrxog fkrrvh xszdug vorslqj
frqvxpswlrq sur�ohv1 Exw vxuyh| gdwdvhwv rq dfwxdo frqvxpswlrq uhyhdo wkdw krxvhkrogv kdyh
grzqzdug vorslqj ru  dw frqvxpswlrq sur�ohv +Jrxulqfkdv dqg Sdunhu +5335,/ Dwwdqdvlr +4<<<,,1
Lq rxu prgho/ krxvhkrogv h{shfw dqg sodq wr kdyh frqvwdqw pdujlqdo xwlolw| vlqfh #p c 4 @ 31
Krzhyhu/ rq dyhudjh pdujlqdo xwlolw| ulvhv dw wkh djh0vshfl�f udwh ���

����� � c 4 k 31 Wkxv/ lq wkh
prgho/ wkh ghvluhg udwh ri lqfuhdvh ri frqvxpswlrq h{fhhgv wkh dyhudjh udwh ri lqfuhdvh/ dv lq
wkh uhdo zruog1 Dovr pdwfklqj revhuyhg krxvhkrog frqvxpswlrq ehkdylru/ wkh prgho surgxfhv
dyhudjh olih0f|foh frqvxpswlrq sur�ohv wkdw duh frqfdyh � frqvxpswlrq idoov idvwhu +ru ulvhv pruh
vorzo|, odwhu lq olih1

Lq jhqhudo/ lq frqvxpswlrq0vdylqj sureohpv/ wkh uhodwlyh fxuydwxuh ri xwlolw| dqg pdujlqdo
xwlolw| ghwhuplqh zkdw eholhiv duh rswlpdo1 Xqfhuwdlqw| derxw wkh ixwxuh hqwhuv wkh remhfwlyh iru
eholhiv erwk wkurxjk wkh h{shfwhg ixwxuh ohyho ri xwlolw| dqg wkurxjk wkh djhqw*v ehkdylru zklfk
ghshqgv rq h{shfwhg ixwxuh pdujlqdo xwlolw|1 Iru xwlolw| ixqfwlrqv zlwk ghfuhdvlqj devroxwh
ulvn dyhuvlrq/ juhdwhu vxemhfwlyh xqfhuwdlqw| ohdgv wr juhdwhu suhfdxwlrqdu| vdylqj wkurxjk wkh
fxuydwxuh lq pdujlqdo xwlolw|1 Wklv kdv vrph ehqh�w lq whupv ri ohvv glvwruwlrq ri frqvxpswlrq1
Lq vxfk fdvhv rswlpdo eholhiv pd| frqvlvw ri d odujh srvlwlyh eldv iru erwk h{shfwhg lqfrph dqg
lwv yduldqfh1

9 Wkh wlplqj ri d wdvn= surfudvwlqdwlrq/ uhjuhw/ dqg d frqwh{w
h�hfw

Rqh ri wkh prvw frpprq irupv ri ryhurswlplvp lv wkh sodqqlqj idoodf| +Exhkohu/ Jul!q/ dqg
Urvv +4<<7,,= shrsoh xqghuhvwlpdwh wkh wlph lw wdnhv wr frpsohwh d wdvn1 Iru h{dpsoh/ vwxghqwv
dqg whdfkhuv uhshdwhgo| fduu| krph eulhifdvhv vwx�hg zlwk khdy| errnv dqg sdshuv lq wkh krsh
ri vwxg|lqj wkhp ryhu wkh zhhnhqg/ hyhq wkrxjk wkh| vkrxog nqrz iurp sdvw h{shulhqfh wkdw
wkhlu fxuuhqw iruhfdvw lv qrw yhu| uhdolvwlf1

Lq wklv vhfwlrq/ zh frqvlghu d sureohp lq zklfk dq djhqw fkrrvhv zkhq wr xqghuwdnh d vlqjoh
dfwlrq zlwk dq xqfhuwdlq h�ruw frvw/ ghqrwhg � � / wkdw lv gl�huhqw lq hdfk shulrg1 Wkh djhqw
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fkrrvhv lq hdfk shulrg wr xqghuwdnh ru srvwsrqh wkh wdvn zlwk wkh jrdo ri plqlpl}lqj glvxwlolw|1
Zh phdvxuh wkh frvw lq xwlolw| whupv dqg lwv ydoxh lq hdfk shulrg lv uhdol}hg dw wkh vwduw ri wkdw
shulrg1 Ohw � � eh lqghshqghqw ryhu wlph dqg � � } J ^3, 4`1 Hdfk shulrg wkdw wkh djhqw srvwsrqhv
wkh wdvn/ vkh vx�huv d frvw/ phdvxuhg lq xwlolw|/ ri �/ dqg zh doorz wkh dfwlrq wr eh srvwsrqhg
lqgh�qlwho|1 Wr hqvxuh wkdw wkh vroxwlrq lv qrqwulyldo/ zh dvvxph wkdw 3 c � c

�
� 1 Dv dq h{dpsoh/

frqvlghu wkh fkrlfh ri zkhq wr frpsohwh rqh*v lqfrph wd{ irupv/ jlyhq wkdw rqh h{shfwv wr uhfhlyh
d uhixqg1 Hdfk zhhnhqg rqh kdv d vhw ri rwkhu dowhuqdwlyh dfwlylwlhv dqg fkrrvhv wr gr wkh wd{hv
ru srvwsrqh wkhp xqwlo dqrwkhu zhhnhqg1

914 Rswlpdo srvwsrqhphqw zlwk udwlrqdo eholhiv
Wkh djhqw*v Ehoopdq htxdwlrq lv

~ � @ pd{
q
c� � ,c� . # ao ^~ ��� � Mh�� `

r

ao �~ � ��h�� �
� ��� @ pd{� �� a� �� �� Mh�� �

� � ao �c� � ��� � y � �� , h�� �
� ���.

�
4c a� �� �� Mh�� �

� ���
c� . # ao �~ ��� � ��h�� �

� ���
�
/

zkhuh � �� lv wkh rswlpdo fxwr� iru wkh h�ruw frvw � wkh djhqw xqghuwdnhv wkh dfwlrq lq shulrg 0
zkhq � � y � �� 1 Wkh djhqw fkrrvhv wkh fxwr� � �� �h�� �

� � wr pd{lpl}h wkh Ehoopdq htxdwlrq dw hdfk
srvvleoh vwdwh1 Wklv rswlpdo vhtxhqfh fdq eh fdofxodwhg jlyhq dq| vhw ri eholhiv1

Wr vhw wkh vwdjh/ frqvlghu wkh fdvh lq zklfk eholhiv duh udwlrqdo1 Ohw �� � eh wkh wkuhvkrog
fkrvhq e| wkh djhqw zlwk udwlrqdo eholhiv1 Wkh sureohp lv vwdwlrqdu| dqg wkh Ehoopdq htxdwlrq
ehfrphv

o ^~ � ` @ pd{�� � �+�� � ,o ^c� � M� � y �� � ` . +4c �+�� � ,, +c� . #o ^~ ��� � `,
o ^~ ` @ pd{�� � c �� ��5 . +4c ��,

�
c� .

��
� � o ^~ `

�
1

Wkh qhfhvvdu| frqglwlrqv iru dq rswlpxp lpso| wkdw � ��� 	 ���
� �� @ 3 vr wkdw wkh �uvw0rughu frqglwlrq

|lhogv
�� @ � c #o ^~ ` 1

Vxevwlwxwlqj edfn lqwr wkh Ehoopdq htxdwlrq dqg xvlqj wkh txdgudwlf irupxod jlyhv wkh rswlpdo
fxwr� iru dq djhqw zlwk udwlrqdo h{shfwdwlrqv

�� @ c4c #
# . 4

#
t
+4c #, � . 5#�1
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915 Rswlpdo eholhiv
Zh vhdufk iru wkh rswlpdo eholhiv dqg dvvrfldwhg dfwlrqv wrjhwkhu1 Wkh ydoxh ixqfwlrqv duh

~ � @ ao
�
c

�S
	 ��� #

	 q
4^ � ��� ��� � ���� � `� ��� 	 .

�
4c 4^ � � � ��� � ���� � `

�
�
r
4^ � � ��� ��� ��� �� ���� ��� � `Mh��

�

P � @ c
� �
�

S
	 � � &

� � 	 q4^ � � �	��� � �� �	� `� � � 	 .
�
4c 4^ � � �	��� � �� �	� `

�
�
r
4^ � � � �	��� �
� �� �� �	��� � `

zkhuh 4^ � � � � ��� ��� � � ���� ��� � ` @ 4^ � � � ��� � � � ���� ��� � ` d d d 4^ � � � � � � `1
Zh fdq vxppdul}h h{shfwdwlrqv derxw wkh ixwxuh dw wlph 0 e| wkh ydoxh ri wkh ao ^~ ��� � Mh�� `1

Wklv dovr frpsohwho| ghwhuplqhv wkh ghflvlrq uxoh ri wkh djhqw/ zklfk lv wr xqghuwdnh wkh dfwlrq
li � � y � c # ao ^~ ��� � Mh�� ` @= � �� 1 Zh fdq wkhq zulwh wkh hqwluh remhfwlyh lq d uhfxuvlyh irup iru
jhqhudo 0 dv d ixqfwlrq ri � ��

pd{� � ���
 �� �����
o ^O � `

zkhuh
O � @ c4 � � � � � �� �

��
� ��� � � .

�
4c 4 � � � � � �� �

�q
c

��
� ��� � . # ao ^~ ��� � Mh�� ` . #O ��� �

r
1 +49,

Wkh �uvw whup rq wkh uljkw lv wkh wkh lqglfdwru ixqfwlrq wkdw wkh djhqw fkrrvhv wr xqghuwdnh
wkh dfwlrq lq 0 wlphv wkh wrwdo xwlolw| frvw +h�hfw rq ~ � dqg P ��� 	 iru doo X z 4, ri xqghuwdnlqj
wkh dfwlrq lq shulrg 01 Wkh whupv lq fxuo| eudfnhwv duh doo frqglwlrqdo rq srvwsrqlqj/ vr duh
suh0pxowlsolhg e| wkh lqglfdwru ixqfwlrq iru srvwsrqlqj wkh dfwlrq lq shulrg 01 Wkh �uvw whup lq
fxuo| eudfnhwv lv wkh wrwdo xwlolw| frvw +h�hfw rq ~ � dqg P ��� 	 iru doo X z 4, ri wkh srvwsrqhphqw
frvw vx�huhg lq 01 Wkh vhfrqg whup lq fxuo| eudfnhwv/ # ao ^~ ��� � Mh�� `/ lv wkh glvxwlolw| vx�huhg dw
wlph 0 iurp h{shfwlqj wr xqghuwdnh wkh dfwlrq lq wkh ixwxuh1 Wkh �qdo whup lq fxuo| eudfnhwv/
O ��� � / fdswxuhv wkh ixwxuh frvwv ri dfwlrq/ ri srvwsrqlqj dfwlrq/ dqg ri dqwlflsdwlqj xqghuwdnlqj
wkh dfwlrq1

Lqvshfwlqj htxdwlrq +49,/ zkhqhyhu wkh djhqw*v eholhiv duh vxfk wkdw wkh dfwlrq lv grqh wrgd|/
eholhiv derxw wkh ixwxuh duh luuhohydqw iru xwlolw|1 Zkhqhyhu wkh djhqw*v eholhiv duh vxfk wkdw wkh
dfwlrq lv srvwsrqhg +� � k � �� ,/ wkh djhqw lv ehvw r� dvvxplqj wkdw wkh dfwlrq zloo eh frvwohvv wr
xqghuwdnh lq wkh qh{w shulrg/ # ao ^~ ��� � Mh�� ` @ 31 Lpsrvlqj wklv ihdwxuh ri rswlpdo eholhiv vlpsol�hv
O � wr

O � @ c4 � � � � � �� �
��
� ��� � � .

�
4c 4 � � � � � �� �

�q
c

��
� ��� � . #O ��� �

r
1
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Wdnlqj h{shfwdwlrqv dqg xvlqj wkh xqliruplw| ri wkh wuxh glvwulexwlrq ohdgv wr

o ^O � ` @ cS ^� � y � �� `
��
� ��� o ^� � M� � y � �� ` . +4cS ^� � y � �� `,

q
c

��
� ��� � . #o ^O ��� � `

r

o ^O ` @ c� �
��
� ���

� �
5 . +4c � � ,

q
c

��
� ��� � . #o ^O `

r

vr wkdw
o ^O ` @ c

��
� ���

k �
� +� � , � . +4c � � , �

l

4c +4c � � ,#
dqg wkh �uvw0rughu frqglwlrq jlyhv dv wkh rswlpdo fxwr�

� � @ c4c #
# . 4

#
�t

4c 5# +4 . �, . # �
�

@ ��3

Lq wklv fdvh/ rswlpdo eholhiv gr qrw glvwruw dfwlrqv1

Sursrvlwlrq 7 +Rswlpdo wlplqj,
Wkh rswlpdo h{shfwdwlrqv htxloleulxp lv ghvfulehg e|;
?

=
li � � y � � / wkhq ao ^~ ��� � Mh� � ` z c� c � � dqg xqghuwdnh dfwlrq
li � � k � � / wkhq ao ^~ ��� � Mh� � ` @ 3 dqg srvwsrqh dfwlrq

<
@

>

Zkloh wkh djhqw zlwk rswlpdo h{shfwdwlrqv kdv wkh vdph ehkdylru +ghflvlrq uxoh, dv wkh
udwlrqdo djhqw/ wklv htxloleulxp kdv pdq| ihdwxuhv ri surfudvwlqdwlrq/ dovr vwxglhg lq wkh k|shu0
erolf glvfrxqwlqj olwhudwxuh +Vwurw} +4<8804<89,/ Dnhuor� +4<<4,/ Dlqvolh +4<<4,/ Orzhqvwhlq dqg
Suhohf +4<<5,/ Odlevrq +4<<:,/ Kduulv dqg Odlevrq +5334,/ R*Grqrjkxh dqg Udelq +5334,,/ dqg
dv d uhyhdohg suhihuhqfh skhqrphqrq e| Jxo dqg Shvhqgruihu +5335,1 Dq| djhqw srvwsrqlqj wkh
dfwlrq eholhyhv wkdw ixwxuh frvwv ri xqghuwdnlqj wkh dfwlrq zloo eh plqlpdo1 Wkxv/ wkh djhqw lv
glvdssrlqwhg xsrq uhdfklqj wkh qh{w shulrg dqg glvfryhulqj wkdw wkh dfwlrq kdv frvwv1 Dq djhqw
zlwk udwlrqdo eholhiv zloo vrphwlphv uhjuhw qrw wdnlqj dq dfwlrq ehfdxvh odwhu frvwv ri dfwlrq wxuq
rxw wr eh kljk1 Exw wkh djhqw zlwk rswlpdo h{shfwdwlrqv dozd|v wklqnv wkdw vkh zloo gr wkh wdvn
lq wkh qh{w shulrg dqg lv dozd|v glvdssrlqwhg zlwk wkh vxevhtxhqw frvwv ri dfwlrq1 � Ilqdoo|/ qrwh
wkdw lq rxu vhwwlqj/ djhqwv suhihuhqfhv duh wlph0frqvlvwhqw dqg wkh odz ri lwhudwhg h{shfwdwlrqv

� Xsrq xqghuwdnlqj wkh dfwlrq/ wkh djhqw zlwk udwlrqdo eholhiv dqg wkh djhqw zlwk rswlpdo eholhiv hdfk kdyh
wkh vdph suredelolw| ri zlvklqj h{ srvw wkdw wkh| kdg xqghuwdnhq wkh dfwlrq hduolhu1 Wkdw lv/ vlqfh erwk w|shv ri
djhqw kdyh wkh vdph uxoh iru xqghuwdnlqj wkh dfwlrq dqg nqrz sdvw frvwv/ wkh| fdq hdfk remhfwlyho| ghwhuplqh li
d gl�huhqw vwudwhj| zrxog kdyh grqh ehwwhu jlyhq wkh uhdol}hg vhtxhqfh ri frvwv1
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dssolhv wr vxemhfwlyh eholhiv1 ��� Wklv lv lq frqwudvw wr wkh dssurdfk ri k|shuerolf glvfrxqwlqj/
zkhuh surfudvwlqdwlrq rffxuv iru uhdvrqv ri wlph lqfrqvlvwhqf| lq suhihuhqfhv1

916 Lqwhuwhpsrudo suhihuhqfh uhyhuvdo
Wkh prvw flwhg h{shulphqwdo hylghqfh iru surfudvwlqdwlrq lv lqwhuwhpsrudo suhihuhqfh uhyhuvdo1
Dq djhqw jlyhq wkh fkrlfh ehwzhhq dq xqsohdvdqw dfwlrq wrgd| dqg wrpruurz lv pruh olnho|
wr srvwsrqh wkh dfwlrq wkdq li wkh djhqw zhuh suhvhqwhg zlwk wkh fkrlfh ehwzhhq wkh vdph
wzr dfwlrqv vhyhudo shulrgv hduolhu1 Rswlpdo h{shfwdwlrqv djhqw h{klelw wklv skhqrphqrq1 Li
srvwsrqlqj wkh dfwlrq/ wkh djhqw zlwk rswlpdo h{shfwdwlrqv lqwhqgv wr xqghuwdnh wkh dfwlrq lq
wkh qh{w shulrg zlwk fhuwdlqw|1 Exw lq idfw wkh djhqw pd| srvwsrqh wkh dfwlrq djdlq1 Lq frqwudvw/
wkh udwlrqdo djhqw fruuhfwo| dvvhvvhv wkh suredelolw| ri xqghuwdnlqj wkh dfwlrq lq wkh ixwxuh1

Iru frqfuhwhqhvv/ vxssrvh wkdw zh frpsduh wkh djhqw*v fkrlfhv lq wzr vlwxdwlrqv= d fkrlfh dw
wlph 4 ehwzhhq wdnlqj wkh dfwlrq lq shulrg + ru lq shulrg + .4/ dqg wkh vdph fkrlfh dw wlph + 1
Ohw y +0, ghqrwh xqghuwdnlqj wkh dfwlrq dw 01 Ohw y ++, � � y ++ � , ghqrwh suhihuhqfh iru y ++, ryhu
y ++ � ,/ jlyhq d fkrlfh dw wlph 01

Sursrvlwlrq 8 +Lqwhuwhpsrudo suhihuhqfh uhyhuvdo,
+l, y ++, � � y ++ . 4,/ iru + k 4
+ll, y ++, � � y ++ . 4, zlwk suredelolw|

�
� c �

Wkh surri lv ghohjdwhg wr wkh dsshqgl{1 Wkh djhqw frqvlghulqj wkh fkrlfh ri dq xqsohdvdqw
wdvn ehwzhhq wzr ixwxuh shulrgv h{shfwv wkh wdvn wr eh uhodwlyho| hdv|/ vr dv wr dyrlg guhdp
glvxwlolw| ru guhdg dv wkh hyhqw dssurdfkhv1 Jlyhq wklv/ wkhuh lv qr vhqvh lq sodqqlqj wr srvwsrqh
dqg vx�hu wkh frvwv ri srvwsrqlqj wkh wdvn/ vr wkh djhqw sodqv wr gr wkh wdvn hduolhu +lq shulrg
+,1 Zkhq wkh djhqw idfhv wkh fkrlfh ri xqghuwdnlqj wkh wdvn lq wkh suhvhqw/ ru zkhq wkh wlph wr
xqghuwdnh wkh wdvn dfwxdoo| dulvhv/ wkh djhqw ohduqv wkh frvw ri xqghuwdnlqj wkh dfwlrq lq + dqg/
li wklv frvw lv kljk/ vkh fkrrvhv wr srvwsrqh wkh dfwlrq1 Wkxv/ zlwk vrph suredelolw|/ wkh djhqw

�	� Wkh odz ri lwhudwhg h{shfwdwlrqv krogv vrphzkdw wulyldoo| khuh vlqfh wkh rxwfrph lq vxevhtxhqw shulrgv duh
}hur suredelolw| hyhqwv1 Exw wkh odz krogv lq jhqhudo lq rswlpdo h{shfwdwlrqv htxloleuld dqg lv vr h{wuhph lq wklv
h{dpsoh ehfdxvh wkhuh lv rqo| rqh dfwlrq wr eh wdnhq dqg lw lv glvfuhwh1
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fkrrvhv wr xqghuwdnh wkh wdvn odwhu1 � �

917 Frpplwphqw dqg d frqwh{w h�hfw
Zkloh djhqwv zlwk rswlpdo h{shfwdwlrqv h{klelw suhihuhqfh uhyhuvdo/ wklv lv qrw gxh wr sureohpv
zlwk vhoi0frqwuro1 Lq wklv prgho/ wkh djhqw zlwk rswlpdo h{shfwdwlrqv fdqqrw jdlq iurp dq rswlrq
wr frpplw1 Exw djhqwv zlwk rswlpdo h{shfwdwlrqv uhdfw wr wkh srvvlelolw| ri frpplwphqw txlwh
gl�huhqwo| wkdq djhqwv zlwk udwlrqdo h{shfwdwlrqv1 Lq wklv vhfwlrq zh vkrz wkdw wkh djhqw zlwk
rswlpdo h{shfwdwlrqv ydoxhv wkh delolw| wr srvwsrqh ohvv wkdq wkh djhqw zlwk udwlrqdo h{shfwd0
wlrqv1 Ixuwkhu/ wkh djhqw zlwk rswlpdo h{shfwdwlrqv fdq eh pdgh zruvh r� e| dq r�hu ri d
frpplwphqw lq h{fkdqjh iru d sd|phqw1 Wklv lv wkh fdvh ehfdxvh zkhq lw lv rswlpdo iru wkh
djhqw wr uhmhfw wkh r�hu ri frpplwphqw/ vkh uhmhfwv wkh r�hu ehfdxvh vkh lv pruh shvvlplvwlf
derxw ixwxuh rxwfrphv dqg shufhlyhv d qhhg iru  h{lelolw|1 Lq rwkhu zrugv/ zkhq wkh djhqw
uhmhfwv wkh r�hu ri sd|phqw dqg frpplwphqw vkh dovr dvvhvvhv d kljkhu suredelolw| rq frvwo|
ixwxuh rxwfrphv dqg vr lv ohvv kdss|1 Wkh lghd wkdw wkh suhvhqwdwlrq ri d qrq0fkrvhq dowhuqdwlyh
d�hfwv sd|r�v lv fdoohg d �frqwh{w h�hfw� lq wkh sv|fkrorj| olwhudwxuh1

Wkh vlwxdwlrq zh frqvlghu lv wkdw wkh djhqw kdv wkh rswlrq/ h{huflvdeoh dw wlph + / wr wdnh wkh
dfwlrq dw + ru dw + . 41 Wkh djhqw lv dovr r�huhg d fkrlfh dw wlph 4 wr dffhsw d sd|phqw ` lq
uhwxuq iru jlylqj xs wkh rswlrq wr srvwsrqh dqg ehlqj frpplwwhg wr wdnh wkh dfwlrq dw wlph + 1
Zh dvvxph iru vlpsolflw| wkdw wkh frvwv � duh }hur sulru wr + 1

Wkh djhqw zlwk udwlrqdo h{shfwdwlrqv +jlyhq wkh deryh suhihuhqfhv, kdv h{shfwhg ydoxh ri
srvwsrqhphqw ri c# 
 �

�
+� . #o ^� 
 � � `, dqg ydoxh ri wdnlqj wkh dfwlrq lq + ri c# 
 �

�
o ^� 
 `1 Vr

wkh djhqw srvwsrqhv li � 
 k � . #o ^� 
 � � `1 Wkhuhiruh/ wkh ydoxh ri wkh sureohp zlwk wkh rswlrq
wr srvwsrqh lv

c# 
 �
�
�+� . #o ^� 
 � � `,o ^� 
 M� 
 c � . #o ^� 
 � � ``c# 
 �

�
+4c �+� . #o ^� 
 � � `,, +� . #o ^� 
 � � `, 1

� � Qrwh wkdw dq| frvwv ri srvwsrqhphqw iurp � wr � 3 � duh luuhohydqw1 Wkdw lv/ li zh vxssrvh wkdw wkh djhqw
zdv wrog lq shulrg � wkdw vkh zrxog eh jlyhq wkh fkrlfh lq shulrg � / wkhq wkh djhqw zrxog kdyh dgglwlrqdo guhdp
glvxwlolw| iru shulrgv � wr � wkdw frxog eh plqlpl}hg e| sodqqlqj wr fkrrvh wr gr wkh dfwlrq lq shulrg � 1 Exw
xsrq uhdfklqj shulrg � dqg vhhlqj/ vxusulvlqjo|/ wkdw h � A f/ wkh djhqw zrxog vwloo fkrrvh wr srvwsrqh wkh dfwlrq
iru wkh uhdvrqv mxvw vwdwhg1
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Wkh ydoxh ri wkh sureohp zlwkrxw wkh rswlrq lv `c# 
 �
�
o ^� 
 `1 Vr wkh djhqw fkrrvhv frpplwphqw

dw wlph 4 li o ^~ � M frpplwphqw` z o ^~ � M nhhs rswlrq wr srvwsrqh` ru li
` z �̀ =@ # 
 �

� � �
� �� . #

�
� �
�
c �� . #

�
� �.

�
�
�

+4:,
Wxuqlqj wr rswlpdo eholhiv/ vxssrvh wkdw wkh djhqw h{shfwv wkh frvw lq wlph + wr eh plqlpdo/

dv deryh1 Wkhq vkh lv lqgl�huhqw dw shulrg 4 ehwzhhq frpplwphqw dqg qr frpplwphqw li qr
sd|phqw lv r�huhg/ ` @ 3/ dqg d vpdoo sd|phqw zrxog lqgxfh frpplwphqw1 Exw wkhq wkh djhqw
pd| hqg xs sd|lqj d vljql�fdqw frvw wr xqghuwdnh wkh dfwlrq lq shulrg + 1 Wkxv/ wklv fkrlfh
ri h{shfwdwlrqv/ rswlpdo zkhq qrw idfhg zlwk wkh delolw| wr frpplw/ pd| eh vxerswlpdo khuh1
Lw pd| eh rswlpdo iru wkh djhqw wr pdlqwdlq wkh eholhi wkdw wkhuh lv vrph ulvn ri d kljk frvw
dvvrfldwhg zlwk wdnlqj wkh dfwlrq lq shulrg + 1 Zkhwkhu wklv lv rswlpdo ru qrw ghshqgv rq zkhwkhu
lw lv rswlpdo wr dffhsw wkh frpplwphqw1

Wr vroyh wkh sureohp iru d jlyhq sd|phqw/ zh vroyh iru wkh rswlpdo h{shfwdwlrqv dqg dfwlrq
iru wkh djhqw dffhswlqj frpplwphqw/ vxemhfw wr wkh frqvwudlqw wkdw wkh djhqw/ jlyhq wkhvh h{shf0
wdwlrqv/ fkrrvhv wr dffhsw frpplwphqw1 Dqg zh vroyh iru wkh rswlpdo h{shfwdwlrqv dqg dfwlrq
iru wkh djhqw uhmhfwlqj frpplwphqw/ vxemhfw wr wkh frqvwudlqw wkdw wkh djhqw/ jlyhq wkhvh h{shf0
wdwlrqv/ fkrrvhv wr uhmhfw frpplwphqw1 Htxloleulxp rswlpdo h{shfwdwlrqv duh wkh h{shfwdwlrqv
wkdw |lhog wkh juhdwhu olihwlph xwlolw|1 Wkh pd{lpxp sd|phqw iru zklfk wkh djhqw vwloo fkrrvhv
wr uhmhfw frpplwphqw gh�qhv wkh frvw ri wkh frpplwphqw1

Wr ehjlq/ zkdw eholhiv pd{lpl}h wkh xwlolw| ri dffhswlqj frpplwphqw vxemhfw wr suhihuulqj
wr dffhsw frpplwphqwB Iurp Sursrvlwlrq 8/ wkh djhqw eholhyhv � 
 @ 3 zlwk fhuwdlqw| dqg

ao ^~ � Mfrpplwphqw` @ c# 
 �
�
ao ^� 
 ` . `

@ `
Wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw lv vdwlv�hg vlqfh wxuqlqj frpplwphqw grzq ohdgv wr d
orvv ri ` dqg wkh djhqw eholhyhv vkh zloo qhyhu h{huflvh wkh rswlrq wr srvwsrqh1

Vhfrqg/ zkdw eholhiv pd{lpl}h wkh xwlolw| ri uhmhfwlqj frpplwphqw vxemhfw wr wkh frqvwudlqw
wkdw wkh djhqw suhihuv wr uhmhfw frpplwphqwB Wkh frqvwudlqw lv

ao ^~ � Mnhhs rswlrq wr srvwsrqh` z ao ^~ � Mfrpplwphqw`
aS +� 
 c � �
 , ao ^� 
 M� 
 c � �
 ` .

�
4c aS +� 
 c � �
 ,

��
� . # ao ^� 
 � � M� 
 z � �
 `

�
z ao ^� 
 `c #

�
� 
 `1
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Wkh remhfwlyh dqg frqvwudlqw vlpsoli| wkurxjk wkh iroorzlqj orjlf +vkrzq irupdoo| lq Dsshqgl{
E18,1 Lw lv rswlpdo wr eholhyh wkh dfwlrq lv frvwohvv zkhqhyhu wkh djhqw fkrrvhv wr wdnh wkh dfwlrq
lq shulrg + 1 Wklv grhv qrw d�hfw wkh frqvwudlqw vlqfh wkh frqvwudlqw rqo| d�hfwv ehkdylru zkhq
� 
 z � �
 1 Wkxv ao ^� � M� 
 c � �
 ` @ 31 Wr pdnh wkh djhqw suhihu wr uhmhfw frpplwphqw uhtxluhv
wkdw vkh eholhyh wkdw wkh frvwv lq + frxog eh odujh1 Vlqfh wklv h{shfwdwlrq grhv qrw d�hfw wkh
djhqw*v xwlolw| jlyhq wkdw vkh uhmhfwv frpplwphqw/ lw lv rswlpdo wr vhw ao ^� 
 M� 
 k � �
 ` @ 41 Wxuqlqj
wr h{shfwdwlrqv derxw + . 4/ wkh frqvwudlqw lv dovr orrvhqhg e| eholhylqj wkdw li wkh dfwlrq lv
srvwsrqhg wkh frvwv lq + .4 duh orz1 Wklv dovr pd{lpl}hv wkh remhfwlyh/ vr ao ^� 
 � � M� 
 z � �
 ` @ 31
Jlyhq wkdw h{shfwhg ydoxhv duh vhw/ aS +� 
 c � �
 , lv jlyhq e| wkh frqvwudlqw wkdw dozd|v elqgv

�
4c aS +� 
 c � �
 ,

�
@ `
# 
 �

�
+4c �, 1

Ilqdoo|/ jlyhq wkhvh h{shfwdwlrqv dqg vxemhfwlyh suredelolw|/ wkh rswlpdo fxwr�/ � �
 / lv jlyhq
e| wkh �uvw0rughu frqglwlrq ri wkh remhfwlyh1 Dv vkrzq lq wkh Dsshqgl{ E18/ frpsdulqj wklv
htxloleulxp dqg wkh htxloleulxp frqglwlrqdo rq dffhswlqj wkh frpplwphqw |lhogv wkh iroorzlqj
sursrvlwlrq1

Sursrvlwlrq 9 +Frvw ri Frpplwphqw,
Ohw ` � =@ plq

+
# 
 �

�
+4c �, , # 
 �

���� � � �
�
� �����	� � �

�
� �

�
� � ���
����

� 
 � � ��� � 
 
 �
� � 
� ��� 
��

,
1

+l, Iru ` c ` � / rswlpdo eholhiv/ sulru wr + duh jlyhq e|

� 
 @
;
?

=
3 zlwk suredelolw| 4c ���� ��� 
 � � � �
4 zlwk suredelolw| �� � ��� 
 � � � �

<
@

>

� 
 � � @
;
?

=
3 li � 
 z � �
 /
� 
 � � li � 
 c � �
 /

<
@

> /

zkhuh � 
 � � lv glvwulexwhg ehwzhhq }hur dqg rqh vxfk wkdw ao �� 
 � � M� 
 c � �
 � z
�
� � dqg wkh djhqw

uhmhfwv wkh frpplwphqw dqg vhwv � �
 @ �
� . �1

+ll, Iru ` z ` � / rswlpdo eholhiv sulru wr + duh jlyhq e| � 
 @ 3 dqg wkh djhqw dffhswv wkh frpplw0
phqw dqg xqghuwdnhv wkh dfwlrq lq shulrg + 1
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Li wkh djhqw vhoov khu rswlrq dqg frpplwv wr gr wkh wdvn dw + / khu h{shfwhg ryhudoo kdsslqhvv
lv

��
� ���

�`c # 
 �
� �
� �1 Wr vhh wklv/ qrwh wkdw vkh lpphgldwho| uhfhlyhv wkh sd|phqw ` dw 0 @ 4

dqg lqfxuv h{shfwhg h�ruw frvwv o ^� 
 ` @
�
� dw + / zklfk kdv wr eh glvfrxqwhg e| wkh idfwru # 
 �

�
1

+Vlqfh vxemhfwlyh eholhiv duh vxfk wkdw ao ^� 
 ` @ 3/ vkh vx�huv qr guhdg1, Dv wkhvh  rz xwlolwlhv
dovr d�hfw ixwxuh kdsslqhvv wkurxjk �phpru| xwlolw|�/ wkh whup lv pxowlsolhg e| wkh idfwru

��
� ��� 1

Li/ rq wkh rwkhu kdqg/ wkh djhqw nhhsv wkh rswlrq/ khu wrwdo zhoo0ehlqj lv

c# 
 �
�
++ c 4, aS +� 
 k � �
 , � c � � ����

� ��� IS +� 
 c � �
 ,o ^� 
 M� 
 c � �
 ` .S +� 
 z � �
 , ^#o ^� 
 � � ` . �`J

zklfk/ vxevwlwxwlqj iru suredelolwlhv/ ehfrphv

c# 
 �
�
++ c 4, �� � ��� 
 � � � � � c

��� ����
� ���

�� �

�
� � �
 . +4c � �
 , �#

�
� . ���

zkhuh � �
 @ �
� . � 1 Nhhslqj wkh rswlrq pdnhv vhqvh rqo| li wkh djhqw +vxemhfwlyho|, eholhyhv

wkdw vkh pljkw srvwsrqh wkh wdvn lq shulrg + / vr zh pxvw kdyh aS +� 
 k � �
 , k 31 Iru � 
 k � �
 /
vkh grhv vr/ dqg khqfh vkh lqfxuv srvwsrqhphqw frvwv � dw + 1 Exw hyhq lq wkh + c 4 shulrgv
sulru wr + wkh +vxemhfwlyh, h{shfwdwlrq ri wkhvh frvwv fdxvh dgglwlrqdo guhdg/ zklfk lv uh hfwhg
lq wkh �uvw whup deryh1 Wkh vhfrqg whup uh hfwv wkh dfwxdo glvxwlolw| iurp xqghuwdnlqj wkh wdvn
dw + ru + . 41 Li wkh wdvn lv fduulhg rxw rqo| dw + . 4/ wkh h�ruw frvwv duh glvfrxqwhg e| # dqg
wkh djhqw vx�huv wkh srvwsrqhphqw frvwv �1 Doo wkhvh  rz xwlolwlhv duh glvfrxqwhg e| # 
 �

�
dqg

glylghg e| +4c #&, wr fdswxuh wkh idfw wkdw wkh| dovr d�hfw doo ixwxuh  rz xwlolwlhv wkurxjk wkh
phpru| h�hfw1

Rxu �uvw pdlq uhvxow lv vkrzq lq Iljxuh 4/ zklfk sorwv wkh olihwlph kdsslqhvv ri dffhswlqj
wkh frpplwphqw ghylfh +lqfuhdvlqj ixqfwlrq, dqg wkh olihwlph kdsslqhvv ri uhwdlqlqj wkh rswlrq
+ghfuhdvlqj ixqfwlrq, iru gl�huhqw `1 Iru doo ` vxfk wkdw ` c ` � / wkh djhqw grhv qrw dffhsw wkh
frpplwphqw sd|phqw ` dqg wkh djhqw*v zhoo0ehlqj lv orzhu wkdq li wklv frpplwphqw ghylfh kdg
qrw ehhq suhvhqwhg1 Wklv rffxuv ehfdxvh wkh suhvhqfh ri wkh r�hu ri frpplwphqw fkdqjhv wkh
djhqw*v rswlpdo eholhiv1 Wkhvh eholhiv duh ohvv rswlplvwlf dqg vr wkh r�hu ri frpplwphqw pdnhv
wkh djhqw zruvh r� hyhq wkrxjk wklv frpplwphqw lv qrw wdnhq1 Wklv lv dq h{dpsoh ri d frqwh{w
h�hfw1
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total well-being

u

well-being if one
accepts commitment
(u - ��� -1/2) /(1 - ��� )

well-being if one
keeps option

optionoption commitmentcommitment

u* u
_

Iljxuh 5= Frpplwphqw dqg Frqwh{w H�hfw

Rxu vhfrqg pdlq uhvxow lv wkdw wkh djhqw zlwk rswlpdo h{shfwdwlrqv ydoxhv wkh rswlrq wr
srvwsrqh ohvv wkdq dq djhqw zlwk udwlrqdo h{shfwdwlrqv1 Wr vhh wklv/ frqvlghu wkh olplwlqj
ehkdylru dv & � # �

�
iurp ehorz/ wkdw lv dv zh dssurdfk wkh fdvh ri suhihuhqfh frqvlvwhqf|1

Wkh fulwlfdo rswlrq ydoxh iru wkh djhqw zlwk rswlpdo h{shfwdwlrqv/ ` � / frqyhujhv wr wkh fulwlfdo
ydoxh ri wkh djhqw zlwk udwlrqdo h{shfwdwlrqv/ �̀ @ # � �

� k �
� �

�
� # . ��

�
c � �� # . ��.

�
�
l
1 Vlqfh

` � lv lqfuhdvlqj lq &/ wkhuh lv d udqjh ri sd|phqwv ` iru doo & c # �
�
iru zklfk dq djhqw zlwk

rswlpdo h{shfwdwlrqv dffhswv wkh frpplwphqw zkloh dq djhqw zlwk udwlrqdo h{shfwdwlrqv uhwdlqv
wkh rswlrq/ ` � c �̀1 Wklv rffxuv ghvslwh wkh idfw wkdw/ devhqw frpplwphqw/ wkh djhqw zlwk
rswlpdo h{shfwdwlrqv kdv wkh vdph surshqvlw| wr srvwsrqh wkh dfwlrq lq + dv wkh djhqw zlwk
udwlrqdo h{shfwdwlrqv1 Lqwxlwlyho| wklv rffxuv ehfdxvh zkhq wkh djhqw uhmhfwv wkh rswlrq vkh dovr
vx�huv qr qhjdwlyh h{shfwhg ixwxuh glvxwlolw|1 Wklv �ehqh�w� lv qrw dydlodeoh wr wkh djhqw zlwk
udwlrqdo eholhiv1 Wkh rqo| ehqh�w ri frpplwphqw lv wkh sd|phqw `1 Iru wkh djhqw zlwk rswlpdo
eholhiv/ wkhuh lv wkh dgglwlrqdo ehqh�w ri dyrlglqj guhdg1

Wkh frlqflghqfh ri ghflvlrqv dv & � # �
�
looxvwudwhv wkh idfw wkdw zkhq srru dfwlrqv kdyh

odujhu frqvhtxhqfhv/ rswlpdo h{shfwdwlrqv duh forvhu wr udwlrqdo h{shfwdwlrqv1 Lq wklv vhwwlqj/

64



wkh odujhu &/ wkh pruh lpsruwdqw h{shulhqfhg xwlolw| uhodwlyh wr h{shfwhg ixwxuh xwlolw|/ dqg wkh
pruh dfwxdo rxwfrphv pdwwhu iru olihwlph zhoo0ehlqj uhodwlyh wr h{shfwhg ixwxuh xwlolw|  rzv1
Wkxv/ rswlpdo eholhiv dqg wkh dfwlrqv wkh| lqgxfh duh forvhu wr wkrvh ri wkh udwlrqdo djhqw1 Dv
& � # �

�
/ doo wkdw pdwwhuv lv h{shulhqfhg xwlolw| +zklfk ehfrphv qrq0�qlwh,/ dqg rswlpdo eholhiv

ehfrph udwlrqdo1

: Frqfoxvlrq
Wklv sdshu lqwurgxfhv d prgho ri xwlolw|0vhuylqj eldvhv lq eholhiv1 Rswlpdo h{shfwdwlrqv surylghv
d vwuxfwxudo prgho ri qrq0udwlrqdo exw rswlpdo eholhiv1 Zkloh rxu dssolfdwlrqv kljkoljkw pdq|
ri wkh lpsolfdwlrqv ri rxu wkhru|/ pdq| uhpdlq wr eh h{soruhg1

Iluvw/ wkh vshfl�fdwlrq ri srvvleoh hyhqwv lv pruh lpsruwdqw iru vshfli|lqj d prgho zlwk
rswlpdo h{shfwdwlrqv wkdq lw lv zkhq vshfli|lqj d prgho zlwk udwlrqdo h{shfwdwlrqv1 Iru h{dpsoh/
dq rswlpdo h{shfwdwlrqv htxloleulxp lq d zruog zlwk rqo| fhuwdlq rxwfrphv lv gl�huhqw iurp wkh
htxloleulxp lq wkh vdph zruog zlwk dq dydlodeoh vxqvsrw ru sxeolf udqgrpl}dwlrq ghylfh1 Zlwk
wkh udqgrpl}dwlrq ghylfh djhqwv fdq jdpeoh djdlqvw rqh dqrwkhu1

Vhfrqg/ djhqwv zlwk rswlpdo h{shfwdwlrqv fdq eh rswlplvwlf derxw xqfhuwdlq hqylurqphqwv/
dqg wkhuhiruh fdq eh ehwwhu r� zlwk wkh odwhu uhvroxwlrq ri xqfhuwdlqw|1 Iru lqvwdqfh/ |rx whoo
vrphrqh wkdw wkh| duh jrlqj wr uhfhlyh jliwv rq wkhlu eluwkgd| exw qrw zkdw wkrvh jliwv duh xqwlo
wkhlu eluwkgd|1 � � Pruh jhqhudoo|/ ehfdxvh pruh lqirupdwlrq fdq fkdqjh wkh delolw| wr glvwruw
eholhiv/ djhqwv fdq eh ehwwhu r� qrw uhfhlylqj lqirupdwlrq ghvslwh wkh ehqh�wv ri ehwwhu ghflvlrq
pdnlqj1 Lw lv/ krzhyhu/ qrw wkh fdvh wkdw djhqwv zrxog hyhu fkrrvh wkdw xqfhuwdlqw| eh uhvroyhg
odwhu ehfdxvh djhqwv wdnh wkhlu eholhiv dv jlyhq1 Ed|hvldq djhqwv qhyhu suhihu wkh odwhu uhvroxwlrq
ri xqfhuwdlqw| +Hold} dqg Vslhjohu +5335,,1

Wklug/ zh frqmhfwxuh wkdw wkh djhqw zkr idfhv wkh vdph sureohp djdlq dqg djdlq/ dqg vr
idfhv wkh srvvlelolw| ri odujh orvvhv iurp dq lqfruuhfw vshfl�fdwlrq ri suredelolwlhv/ zloo qdwxudoo|
kdyh d ehwwhu dvvhvvphqw ri suredelolwlhv1 Wkxv/ rswlpdo h{shfwdwlrqv djhqwv duh qrw hdv| wr wxuq
lqwr �prqh| sxpsv/� dowkrxjk wkh| pd| h{klelw ehkdylru idu iurp wkdw jhqhudwhg e| udwlrqdo

��� D vxusulvh sduw| iru dq djhqw udlvhv wkh srvvlelolw| lq wkh djhqw*v plqg wkdw kh pljkw jhw pruh vxusulvh sduwlhv
lq wkh ixwxuh dqg kh hqmr|v orrnlqj iruzdug wr wklv srvvlelolw|1
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h{shfwdwlrqv lq rqh0vkrw jdphv1
Irxuwk/ dqg forvho| uhodwhg/ wr zkdw h{whqw duh rswlpdo eholhiv hyroxwlrqdulo| dgydqwdjhg ru

glvdgydqwdjhg uhodwlyh wr udwlrqdo eholhivB Rq wkh rqh kdqg/ djhqwv zlwk rswlpdo h{shfwdwlrqv
pdnh srruhu ghflvlrqv1 Rq wkh rwkhu kdqg/ djhqwv zlwk rswlpdo h{shfwdwlrqv pd| wdnh rq pruh
ulvn/ zklfk fdq ohdg wr dq hyroxwlrqdu| dgydqwdjh1

Ilqdoo|/ rswlpdo h{shfwdwlrqv kdv surplvlqj dssolfdwlrqv lq vwudwhjlf hqylurqphqwv1 Lq d
vwudwhjlf vhwwlqj/ hdfk djhqw*v eholhiv duh vhw wdnlqj dv jlyhq wkh uhdfwlrq ixqfwlrqv ri rwkhu
djhqwv1
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Dsshqgl{hv
D Rswlpdo h{shfwdwlrqv zkhq wkh vwdwh vsdfh lv frqwlqxrxv

Lq wkh pdlq wh{w/ zh ghvfuleh rswlpdo h{shfwdwlrqv zkhq wkh vwdwh vsdfh lv �qlwh dqg glvfuhwh1 Wklv
dsshqgl{ gh�qhv htxloleulxp zkhq xqfhuwdlqw| lv frqwlqxrxv1 Ohw � �X � Mv�� �

� � ghqrwh wkh frqglwlrqdo
fxpxodwlyh suredelolw| glvwulexwlrq ixqfwlrq ri wkh yhfwru X � � C dqg a� �X � Mv�� �

� � wkh vxemhfwlyh yhuvlrq1
Zkhq wkh vwdwh vsdfh lv frqwlqxrxv/ htxdwlrq +7, ehfrphv

~ �
�
? � > v�� ,

qa�
r�

@ pd{��� ` +? � , � � , . #
]
~ ��� �

�
/ +? � , � � , X ��� � , > X ��� � , v�� ,

qa�
r�

Qa�+X ��� � , 1
Dvvxpswlrq 4 lv uhsodfhg e|

Dvvxpswlrq 4� +Uhvwulfwlrqv rq suredelolwlhv/ frqwlqxrxv vwdwh vsdfh,
+l,

]

� ����� Qa�
�X � Mv�� �

� � @ 4
+ll, Qa� �X � Mv�� �

� � z 3
+lll, a�+v�

�
� , @ a� �X �� Mv�

�
� �
� � a� �X �� � � Mv�

�
� � �

� d d d a�+X � � ,
+ly, Qa� �X � Mv�� �

� � @ 3 li Q� �X � Mv�� �
� � @ 31

Ilqdoo|/ rswlpdo h{shfwdwlrqv duh ghwhuplqhg e| fkrrvlqj frqwlqxrxv suredelolw| ixqfwlrqv wr pd{l0
pl}h wkh ixqfwlrqdo remhfwlyh

pd{I 	
 + ����
��� ����� ,J o
% �
[

�����
# � � �

�
P�

�
{� �

�
v�� � � ,

qa�
r�

, f� �
�
v�� � � ,

qa�
r��

. ~ �
�
? �

�
v�� ,

qa�
r�

> v�� ,
qa�

r��&
3

E Surriv ri sursrvlwlrqv

E14 Surri ri Sursrvlwlrq 4

Surri= +l, Zh suryh wkh fdvh iru j � k 3> wkh fdvh iru j � c 3 lv dqdorjrxv1 Li j � k j ��� / wkhq
` � +p.j � . � , z ` � �p.j ��� . � � iru X ~ . � y 3 +E14,
` � +p.j � . � , c ` � �p.j ��� . � � iru X ~ . � k 3

Zkhq wkh dvvhw sd|v r� srruo|/ pdujlqdo xwlolw| lv kljkhu iru wkh djhqw zlwk wkh kljkhu vkduh lqyhvwhg lq
wkh ulvn| dvvhw1 Wkh djhqw zlwk udwlrqdo h{shfwdwlrqv kdv �uvw rughu frqglwlrq

[

� �"!�# �%$
$ � ` � �p.j ��� . � �. � . [

�&�'!�#)( $
$ � ` � �p.j ��� . � �. � @ 3
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zklfk frpelqhg zlwk htxdwlrq +E14, lpsolhv
[

�&�'! # �%$
$ � ` � +p.j � . � ,. � . [

�&�'!�#)( $
$ � ` � +p.j � . � ,. � c 3

Vxewudfwlqj wklv iurp wkh �uvw rughu frqglwlrq ri wkh djhqw zlwk rswlpdo h{shfwdwlrqv |lhogv wkh ghvluhg
lqhtxdolw| �[

� ���
+a$ � c $ � ,` � +p.j � . � ,. � k 3 +E15,

Wkxv li zh fdq vkrz wkdw j � k 3 lpsolhv j � k j ��� zh frpsohwh wkh surri ri +l,1 Wklv iroorzv iurp wkh
vhfrqg srlqw ri wkh sursrvlwlrq/ zklfk zh qrz suryh1

+ll, Zh �uvw wuhdw wkh fdvh j ��� k 3/ wkh fdvh j ��� c 3 lv dqdorjrxv dqg zh wuhdw j ��� @ 3
vxevhtxhqwo|1 Zh �uvw vkrz wkdw dq djhqw lqyhvwv ohvv lq wkh ulvn| dvvhw dv wkh suredelolw| ri wkh zruvw
vwdwh lv lqfuhdvhg + ���������
	 c 3,1 H{dplqh wkh djhqw*v �uvw0rughu frqglwlrq iru j � dqg frqvlghu d vpdoo
lqfuhdvh lq a$ ��� dw wkh h{shqvh ri a$ � / vr iru doo X � y C=

3 @ �` � +p.j � . ��� ,. �
� c ` � +p.j � . � ,. � � Qa$ ��� .
�[

� ���
a$ � ` � � +p.j � . � ,. �

� Qj � @ 3
Qj �
Qa$ �
� @ ` � +p.j � . � ,. � c ` � +p.j � . ��� ,. ���

S �� ��� a$ � ` � � +p.j � . � ,. ��

Qrwh wkdw wklv htxdov }hur iru X � @ C dqg wkdw wkh ghqrplqdwru lv dozd|v qhjdwlyh1 Zkhq wkh qxphudwru
lv srvlwlyh/ dv iru h{dpsoh zkhq . � � c 3/ wkhq zkhq wkh suredelolw| ri vwdwh X � lqfuhdvhv dw wkh h{shqvh
ri wkh ehvw vwdwh/ wkh rswlpdo sruwirolr vkduh lq wkh ulvn| dvvhw ghfuhdvhv1 Lq sduwlfxodu/

Qj �
Qa$ � c 3

Zkhq vxemhfwlyh suredelolw| pryhv iurp wkh ehvw wr wkh zruvw vwdwh/ wkh rswlpdo sruwirolr vkduh ghfolqhv
+vkruw srvlwlrq lqfuhdvhv,1

Vxssrvh iru sxusrvhv ri frqwudglfwlrq/ wkdw 3 c j � y j ��� 1 Vlqfh j � y j ��� / zh fdq iroorz wkh
vdph vwhsv dv lq +l, wr vkrz wkdw

�[
� ���

+a$ � c $ � ,` � +p.j � . � ,. � y 3 +E16,
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Zh dovr kdyh suhglfwlrqv derxw wkh vljq ri wkh ohiw kdqg vlgh ri htxdwlrq +E16, iurp htxdwlrq +43, � wkh
rswlpdo fkrlfh ri a$ � / zklfk lpsolhv

vljq ^# +` � c ` � ,` @ vljq
%
Qj �
Qa$ �

�[
� ���

$ � ` � +p.j � . � ,. �
&

@ vljq
%
c

�[
� ���

$ � ` � +p.j � . � ,. �
&

@ vljq
% �[
� ���

+a$ � c $ � ,` � +p.j � . � ,. �
&

zkhuh wkh vhfrqg htxdolw| xvhv � � �
����
	 c 3 dqg wkh wklug pdnhv xvh ri wkh djhqw*v �uvw rughu frqglwlrq

+htxdwlrq +<,,1 Zkhq wkh djhqw lv lqyhvwlqj lq wkh ulvn| dvvhw ` � c` � k 3/ dqg zkhq vkruwlqj/ ` � c` � c 3
vr wkdw

vljq ^j � ` @ vljq
% �[
� � �

+a$ � c $ � ,` � +p.j � . � ,. �
&

+E17,

zklfk zlwk +E16, lpsolhv j � y 31 Wkxv zh kdyh d frqwudglfwlrq dqg zh nqrz iru j ��� k 3/ j � k j ���
ru j � y 31 Wkh �qdo vwhs lv wr uxoh rxw j � @ 31 Li j � @ 3 wkhq # +` � c ` � , @ 3 vr wkdw e| wkh
�uvw0rughu frqglwlrq iru eholhiv

3 @
�[

� ���
$ � ` � +p.j � . � ,. � 3 +E18,

Exw vlqfh wkh �uvw0rughu frqglwlrq ri wkh udwlrqdo djhqw lv htxdwlrq +E18, zlwk j ��� lqvwhdg ri j � dqg
wkdw wklv |lhogv d xqltxh j ��� k 3 zh nqrz wkdw j � @ 3 fdqqrw vroyh htxdwlrq +E18,1

Ilqdoo|/ frqvlghu wkh fdvh j ��� @ 31 Wklv rffxuv li dqg rqo| li o ^.` @ 31 Vxssrvh j � @ 3> wkhq
zh duh vxssrvlqj wkdw a$ lv vxfk wkdw ao ^.` @ 31 Lq idfw/ vxfk eholhiv vroyh wkh �uvw0rughu frqglwlrqv iru
rswlpdo eholhiv ehfdxvh zkhq j � @ 3, ` � c ` ��� @ 3 dqg S �� � � a$ � ` � +p,. � @ ` � +p, ao ^. � ` @ 31 Exw
�uvw rughu frqglwlrqv duh qrw vx!flhqw khuh> wkh vhfrqg0rughu frqglwlrq lv ylrodwhg1 Ohw a$ � eh d fdqglgdwh
rswlpxp zlwk ao ^.` @ 31 Frqvlghu wkh ghyldwlrq iurp eholhiv wkdw pryhv suredelolw| iurp wkh ehvw vwdwh
wr wkh zruvw/ a$ � @ a$ � � .Qa$ dqg a$ � @ a$ �� c Qa$1 Zh nqrz � � �

����
	 iurp +ll,> wkh djhqw uhvsrqgv e| uhgxflqj
klv lqyhvwphqw lq wkh ulvn| dvvhw1 Frqvlghu wrwdo olihwlph zhoo0ehlqj dv d ixqfwlrq ri a$ � / B +j � +a$ � , , a$ � ,1
Wkh fkdqjh lq olihwlph zhoo0ehlqj iru rxu Qa$ h{sdqghg durxqg a$ � +dqg vr j � +a$ � , @ 3, lv

QB +j � +a$ � , , a$ � , @ B � Qj �
Qa$ Qa$ . B � Qa$ . B � � Qj �

Qa$ +Qa$, � . B � Q
� j �
Qa$ � +Qa$, � . B � � +Qa$, � 3
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zkhuh B � uhsuhvhqwv d sduwldo ghulydwlyh1 Wkh �uvw0rughu whupv duh }hur +vlqfh wkh �uvw0rughu frqglwlrq
lv vdwlv�hg,/ B � � @ 3 vlqfh wkh sureohp lv olqhdu lv suredelolwlhv/ dqg B � @ #S �� ��� a$ �� ` � +p,. � .
#S �� ��� $ � ` � +p,. � @ 3 vlqfh ao ^.` @ 3 dqg o ^.` @ 31 Wkxv zh kdyh

QB +j � +a$ � , , a$ � , @ c#` � +p, +. � c . � , Qj �
Qa$ +Qa$, �

@ c# +` � +p, +. � c . � ,, �
` � � +p,S �� ��� a$ � . �� +Qa$, � k 3

zklfk lpsolhv wkdw wkh fkdqjh lq olihwlph zhoo0ehlqj lv srvlwlyh vr wkdw j � �@ 31 THG1

E15 Surri ri Sursrvlwlrq 5

+l, Iru udwlrqdo h{shfwdwlrqv/ hdfk djhqw*v �uvw rughu frqglwlrq lv
[

� $ �
�4 . � �

h � c 4
�
` �
��� �

� . h � � �
�
��4 .j � �4 . � �

h � c 4
���

@ 33

Zh jxhvv wkdw wkh pdunhw0fohdulqj sulfh lv

h � @ 4 .[

�
$ � � � 1

Vxevwlwxwlqj lqwr wkh deryh �uvw rughu frqglwlrq vkrzv diwhu vrph dojheud

` � �� � � �c ` � �� � � � @ 3

zklfk lpsolhv wkdw frqvxpswlrq lv shuihfwo| vprrwkhg dfurvv vwdwhv vlqfh ` � +d, lv prqrwrqlf1 Zulwlqj
� � � @ � � � rxw |lhogv

�� �
� . h � � �

�
��4 .j � �4 . � �

h � c 4
��

@ �� �
� . h � � �

�
��4 .j � �4 . � �

h � c 4
��

j � � 4 . � �
4 .S � $ � � � c 4

�
@ j � � 4 . � �

4 .S � $ � � � c 4
�
3

Wklv lpsolhv j � @ 3 xqohvv wkh uhwxuq rq wkh vwrfkdvwlf dvvhw lv wkh vdph dfurvv vwdwhv/ ����� 	����� # � # � # @
�����
	��� � # � # � # 1 Lw lv vwudljkwiruzdug wkdw ? ��� �� @ 3 dqg wkdw wkhvh doorfdwlrqv vdwlvi| wkh djjuhjdwh uhvrxufh

frqvwudlqw1
+ll, Surri e| frqwudglfwlrq wkdw j � �@ 3 iru erwk djhqwv/ xvlqj htxdwlrqv 44f1 Vxssrvh j � @ 3/ wkhq

frqvxpswlrq lv shuihfwo| vprrwkhg dfurvv vwdwhv/ � � � @ �1 Vrph dojheud vkrzv wkdw wklv doorfdwlrq fdq
vdwlvi| wkh �uvw rughu frqglwlrqv dqg wkh uhvrxufh frqvwudlqw iru udwlrqdo eholhiv dqg htxloleulxp sulfh1
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Exw wkhvh frqglwlrqv duh qrw vx!flhqw dqg wklv doorfdwlrq lv qrw dq rswlpdo doorfdwlrq1 Zh vkrz wkdw
hdfk djhqw fdq fkdqjh klv eholhiv dqg doorfdwlrqv voljkwo| zlwklq wkh ihdvleoh vhw dqg lqfuhdvh klv olihwlph
zhoo0ehlqj1 Frqvlghu wkh ghyldwlrq iurp remhfwlyh eholhiv/ a$ � � @ $ � � . +c4, � � � Qa$1 Lq wklv fdvh djhqwv
uhvsrqg e| lqfuhdvlqj +ghfuhdvlqj, wkhlu frqvxpswlrq lq wkh vwdwh wkh| shufhlyh dv pruh +ohvv, olnho| e|
Q� vr dv wr vdwlvi| wkhlu �uvw0rughu frqglwlrq1

3 @ [

�

�
+c4, � � � ` � +�, +4 . � � c h � , Qa$ . $ � ` � � +�, Q�

�
��

Q� � ��
Q� � ��
Qa$ Qa$ +4 . � � c h � ,

�

Wkh v|pphwu| ri wkh ghyldwlrq pdlqwdlqv h � dw wkh udwlrqdo h{shfwdwlrqv sulfh/ vr wkdw lw lv fohdu wkdw
wkh djjuhjdwh uhvrxufh frqvwudlqw lv phw1 E| wkh exgjhw frqvwudlqw/ iru hlwkhu djhqw

Q� �
Q� � @ 4. � � c h �

4 . � � c h �
@ � � c $ � � � c $ � � �

� � c $ � � � c $ � � �
@ c$ �$ �

Wkxv/ diwhu vrph dojheud
Q� � ��
Qa$ @ +c4, � ` � +�,

` � � +�,$ � 3
Ohw olihwlph zhoo0ehlqj eh 4 � �� � �� +a$ � , , a$ � � � lq zklfk zh duh wuhdwlqj � � �� dv d ixqfwlrq ri � � �� 1 Wkh fkdqjh
lq olihwlph zhoo0ehlqj iru djhqw 7 dqg wkh fkdqjh Qa$ kdv }hur �uvw0rughu h�hfwv/ dv lq wkh sduwldo0htxloleulxp
fdvh1 Wkh vhfrqg rughu whupv duh

4 �
� � Q�

�
��

Qa$ +Qa$, � .4 �
�
�Q� � ��
Qa$

� �

+Qa$, � .4 �
� � +Qa$, � 3

4 � � @ 3 vlqfh 4 lv olqhdu lq suredelolwlhv1

4 �
� @ [

�

�
#a$ � � ` � �� � � � Q�

�
��

Q� � �� . #$ � ` � �� � � � Q�
�
��

Q� � ��
�
@ 3

zkhuh wkh odvw htxdolw| frphv iurp hydoxdwlqj dw � � � @ � dqg vxevwlwxwlqj � � 	
� � 	 1 Wkxv wkh wrwdo zhoiduh

jdlq vlpsol�hv wr

4 �
� � Q�

�
��

Qa$ +Qa$, � @ 5# +c4, � ��� ` � +�,
�
4 . $ �

$ �
�
+c4, � ` � +�,

` � � +�,$ � +Qa$,
�

@ 5# +`
� +�,, �

� �
�
	 . �

� 	
�

c` � � +�, +Qa$, � k 33
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Lqwxlwlyho|/ lq wklv dowhuqdwlyh doorfdwlrq hdfk djhqw vx�huv d vhfrqg0rughu zhoiduh orvv lq wkh vhfrqg
shulrg iru vwdqgdug dujxphqwv derxw shuihfw frqvxpswlrq vprrwklqj1 Krzhyhu/ wkh ryhudoo zhoiduh jdlq
lv srvlwlyh ehfdxvh wkh djhqw fdq lqyhvw lq wkh vwdwh wkdw kh eholhyhv pruh olnho| dqg dqwlflsdwh d xwlolw|
jdlq1 Wklv |lhogv d frqwudglfwlrq vr wkdw zh kdyh j � �@ j � 1 Vlqfh dw ohdvw rqh djhqw kdv j �@ 3/
erwk djhqwv kdyh j �@ 3 e| wkh djjuhjdwh uhvrxufh frqvwudlqw dqg qrwlqj wkdw hdfk djhqw kdv d srvlwlyh
hqgrzphqw1 Vr djhqwv duh jdpeolqj1

+lll, Zh surfhhg lq 8 vwhsv1
Vwhs 4  � �@ 3=

Vxssrvh  � @ 3/ wkhq #` � �� � � � @ 	 � iru erwk X e| wkh �uvw rughu frqglwlrq �a$ � � � +htxdwlrq 44e,1
Vlqfh 	 � grhv qrw ghshqg rq X/ wklv lpsolhv wkdw wkh djhqw zrxog shuihfwo| vprrwk frqvxpswlrq dfurvv
vwdwhv/ ` �� � � � @ ` �� � � �1 Wklv lq wxuq/ lpsolhv j � @ 3/ dv vkrzq deryh/ zklfk e| wkh djjuhjdwh uhvrxufh
frqvwudlqw lpsolhv wkh rwkhu djhqw*v sruwirolr vkduh lq wkh ulvn| dvvhw lv dovr }hur1 D frqwudglfwlrq dulvhv
dqg khqfh/ zh pxvw kdyh  � �@ 3 dw wkh rswlpxp1

Vwhs 5= wkhuh duh wkhq wzr fdvhv/ fdvh +d, � �� k � �� dqg � �� k � � � dqg fdvh +e, � �� k � �� dqg �
�

� k � �� 1
Wkh  � htxdwlrqv lpso| wkdw +4 . � � , k h � k +4 . � � , k 3 vlqfh a$ z 3 dqg ` � k 31 Wkh
djjuhjdwh uhvrxufh frqvwudlqw lpsolhv wkdw +d, j � k 3 k j � ru +e, j � k 3 k j � 1 Wkhvh lq
wxuq lpso| e| wkh frqvxpswlrq gh�qlwlrq lq +d, � �� @ �� �� . h � � �

�
� �4 .j � � ����� 	��� c 4

��
k � �� @

�� �� . h � � �
�
��4 .j � � ����� 	��� c 4

��
dqg � �� k � � � > fdvh +e, � �� k � �� dqg �

�

� k � �� 1
Vwhs 6= lq fdvh +d,  � k 3 k  � dqg lq fdvh +e,  � k 3 k  � 1

Wkh qh{w vwhs surylghv pruh lqirupdwlrq derxw  � 1 Iurp htxdwlrqv a$ � �

3 @ #` �� � � �c 	 � c  �
�
` � �� � � �

�4 . � �
h � c 4

�
h �

�

3 @ #` �� � � �c 	 � c  �
�
` � �� � � �

�4 . � �
h � c 4

�
h �

�

vxewudfw wkh htxdwlrqv iru wkh vdph djhqw

#` �� � � �c #` �� � � � @  � h �
�
` � �� � � �

�4 . � �
h � c 4

�
c ` � �� � � �

�4 . � �
h � c 4

��

Fdvh +d, j � k 3 k j � / � �� k � �� dqg � �� k � � � wkh ohiw kdqg vlgh lv srvlwlyh iru 7 @ 4/ qhjdwlyh iru 7 @ 5/
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vr

 � �` � �� �� � +4 . � � c h � ,c ` � �� �� � +4 . � � c h � ,� k 3
 � �` � �� � � � +4 . � � c h � ,c ` � �� �� � +4 . � � c h � ,� c 3

Qrz wkh wzr �uvw rughu frqglwlrqv iru j � =

3 @ [

�

��#a$ � � . #$ � �` � �� � � �
�4 . � �

h � c 4
��

.  � ^.`

zkhuh ^.` lv vrph srvlwlyh qxpehu1
Iru 7 @ 4/ zulwh rxw dqg vxevwlwxwh $ � dqg a$ � xvlqj wkh idfw wkh suredelolwlhv vxp wr rqh/ dqg

pxowlso| wkurxjk e|  � / jlylqj

3 @ �a$ � � . $ � �` � �� � � �
� ����� 	��� c 4

�
. 5` � �� � � �

� � ��� 	��� c 4
�
c �a$ � � . $ � �` � �� � � �

� � ��� 	��� c 4
�
.  � ^.`

@ 5 � ` � �� � � � +4 . � � c h � , . �a$ � � . $ � � � �` � �� � � � +4 . � � c h � ,c ` � �� � � � +4 . � � c h � ,�. � � �
�

^.` 1

Wkh lqhtxdolw| deryh lpsolhv wkh whup  � IJ k 3 vr wkdw zh kdyh

3 @ ^.` .  � ^.` . ^.`

vr wkdw  � c 33
Vlploduo|/ iru 7 @ 5, zh jhw

3 @ 5` � �� � � �
� ����� 	��� c 4

�
c �a$ �� . $ � �` � �� � � �

� � ��� 	��� c 4
�
. �a$ �� . $ � �` � �� �� �

� � ��� 	��� c 4
�
.  � ^.`

@ 5 � ` � �� � � � +4 . � � c h � ,c �a$ �� . $ � � � �` � �� � � � +4 . � � c h � , . ` � �� �� � +4 . � � c h � ,�. � � �
�

^.`

Wkh lqhtxdolw| deryh lpsolhv wkh whup  � IJ c 3 vr wkdw zh kdyh

3 @  � ^c`c ^c` . ^.`

vr wkdw  � k 31
Vwhs 7= Rswlplvp derxw kljk frqvxpswlrq vwdwh

Wxuqlqj wr suredelolwlhv/ iurp wkh �uvw htxdwlrq/ 3 @ S � �#a$ � � . #$ � �` � �� � � �
� ����� #��� c 4

�
c � ^c` vlqfh

` � � c 3 vr wkdw

vljq
+
[

�
�#a$ � � . #$ � �` � �� � � �

�4 . � �
h � c 4

�,
@ vljq�c � �
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Iru 7 @ 4/ � �� k � �� vr ` � �� �� � c ` � �� �� �

�#a$ �� . #$ � �` � �� �� �
�4 . � �

h � c 4
�
. �#a$ �� . #$ � �` � �� �� �

�4 . � �
h � c 4

�
k 3

Iurp wkh djhqw*v rswlpl}dwlrq sureohp/ S � a$ � � ` � �� � � � ++4 . � � ,c h � , @ 31 Wklv lpsolhv

$ � ` � �� �� �
�4 . � �

h � c 4
�
. $ � ` � �� �� �

�4 . � �
h � c 4

�
k 3

dqg djdlq
�$ � c a$ �� �` � �� �� �

�4 . � �
h � c 4

�
. �$ � c a$ �� �` � �� �� �

�4 . � �
h � c 4

�
k 3

dqg xvlqj wkh idfw wkdw suredelolwlhv vxp wr xqlw|
�$ � c a$ �� �` � �� �� �

�4 . � �
h � c 4

�
. �4c $ � c 4 . a$ �� �` � �� �� �

�4 . � �
h � c 4

�
k 3

�$ � c a$ �� �
�
` � �� �� �

�4 . � �
h � c 4

�
c ` � �� �� �

�4 . � �
h � c 4

��
k 3

Ilqdoo|/ zh nqrz  � �` � �� �� � +4 . � � c h � ,c ` � �� �� � +4 . � � c h � ,� k 3 dqg ` � �� �� � +4 . � � c h � , c
` � �� �� � +4 . � � c h � , c 3 vr zh kdyh �$ � c a$ �� � c 3 ru a$ �� k $ � 1 D v|pphwulf dujxphqw vkrzv a$ � � c $ �
dqg wkh suredelolwlhv ri wkh vhfrqg vwdwh iroorzv1

E16 Surri ri Sursrvlwlrq 6

Sduw +ll,= Vxewudfw o
k
� �� ���

�
|� � � �

�
M|� �

l
iurp hdfk vlgh ri htxdwlrq +48, zlwk + @ 4

� ��
�
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�
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k
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�
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Vlqfh wkh vxssruw ri wkh lqfrph surfhvv grhv qrw dgplw d sodq vxfk wkdw o
k
� �� � �

�
|� � � �

�
M|� �

l
k � � wkh

vhfrqg whup lv srvlwlyh1 Wkh iroorzlqj ghprqvwudwhv wkdw wkh �uvw whup lv srvlwlyh1
� � ���
� � p @ # �

# � � � p
4 .S � � � � �

� ��� +# � . & � ,
4 .S � � �

� ��� +# � . & � ,
c #p 4 .S � � � � �

� ��� +# � . & � ,
4 .S � � � � �

� � � +# � . & � , . �# � � � . & � � � �
c 4
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�
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�
M|� �

l
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dqg zh kdyh wkh uhvxow1
Sduw +lll,= Iurp wkh djhqw*v frqvxpswlrq Hxohu htxdwlrq
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zkhuh wkh lqhtxdolw| iroorzv iurp sduw +ll,1
Sduw +l,= wkh frqvxpswlrq uxoh dw 0. 4 lv
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E17 Surri ri Sursrvlwlrq 8

Surri1 Frqvlghu wkh xwlolw| ri wkh djhqw zkr fkrrvhv y ++, dw shulrg 4 zkhuh + k 4

~ � @ c
�
� . #� . 3 3 3. # � � � � . # � � � ao ^? � `

�

P � @ 3
~ � @ c

�
� . #� . 3 3 3. # � ��� � . # � � � ao ^? � `

�

P � @ c&�
d d d

~ � @ c? �
P � @ c �& � � � . 3 3 3. & � . &� �
~ � @ 3 iru 0 k +
P � @ c& � � � �? � .

�& � � � . 3 3 3. & � . &� �� iru 0 k +

Dgglqj wkhvh wrjhwkhu dqg wdnlqj xqfrqglwlrqdo h{shfwdwlrqv

c ++ c 4, � c ++ c 5,#� c 3 3 3 c # � � � � c # c # �
4c # ao ^? � `c o ^? � `c

�

� � � +o ^?� ` . ++ c 4, �,

Vr rswlpdo h{shfwdwlrqv jlyhq wkh fkrlfh ehwzhhq y ++, dqg y ++ . 4, vhwv ao ^?` @ 3 lq zklfkhyhu shulrg
lv jrlqj wr eh fkrvhq vr dv wr plqlpl}h guhdp glvxwlolw|1 Jlyhq wkdw wkh djhqw kdv juhdwhu h{shfwhg
glvxwlolw| iurp grlqj wkh dfwlrq lq + .4 wkdq + / y ++, � � y ++ . 4,1 Dw wlph + wkh djhqw douhdg| nqrzv
? � 1 Li wkh sodq lv wr xqghuwdnh wkh dfwlrq dw + . 4/ wkh deryh irupxod iurp wkh shuvshfwlyh ri wlph +
zlwk ao ^? � ��� ` @ 3 dssolhv

c� c o ^? � ��� `c �

� � � +o ^? � ��� ` . �,
Iru fkrrvlqj wr xqghuwdnh wkh dfwlrq wrgd|/

~ � @ c? �
P � @ 3
~ � @ 3 iru 0 k +
P � @ c& � � � o ^? � ` iru 0 k +
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Dgglqj wkhvh wrjhwkhu jlyhv
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�

� � � +o ^? � ` . �,
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k
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E18 Surri ri Sursrvlwlrq 9

Vwhs 4= Ghulyh ryhudoo xwlolw| iru frpplwphqw dqg eholhiv vxfk wkdw djhqw suhihuv wr frpplw1
Dv vkrzq lq wkh wh{w ao ^� � ` @ 31 Khqfh/ wkh ryhudoo xwlolw| iru frpplwphqw lv

�� ��� �
�`c # � � � o ^� � `

� @ �� ��� �
�
`c # � � � 45

�
1

Vwhs 5= Ghulyh ryhudoo xwlolw| iru rswlrq dqg eholhiv vxfk wkdw wkh djhqw suhihuv wr uhmhfw wkh frpplw0
phqw1

Wkh h{shfwhg ydoxh ixqfwlrqv zlwkrxw frpplwphqw duh

o ^~ � ` @ c# � � � aS +� � c � �� , ao ^� � M� � c � �� `c # � � �
�
4c aS +� � c � �� ,
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�
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�
`c +4cS +� � c � �

�
,,
�
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o ^P � ` @ 3
o ^~ � ��� ` @ +4cS +� � c � �� ,,o ^� � ��� `
o ^P� ��� ` @ cS +� � c � �

�
, &o ^� � M� � c � �

�
`c +4cS +� � c � �

�
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o ^~ � ` @ 3 iru 0 k + . 4
o ^P � ` @ c& � � � � � +S +� � c � �� , &o ^� � M� � c � �� ` . +4cS +� � c � �� ,, +&� .o ^� � ��� `,, iru 0 k + . 4
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Diwhu glvfrxqwlqj wkh ydoxh ixqfwlrqv zlwk wkh glvfrxqw idfwru #/ wkhlu vxp irupv wkh sodqqhu*v
remhfwlyh ixqfwlrq1 Wkh frqvwudlqw wkdw ao ^~ � Mnhhs rswlrq wr srvwsrqh` z ao ^~ � Mfrpplwphqw` fdq eh
uhzulwwhq dv

aS +� � c � �� , ao ^� � M� � c � �� ` .
�
4c aS +� � c � �� ,

��
� . # ao ^� � ��� M� � z � �� `

�
z ao ^� � `c # � � � `

E| lqvshfwlrq/ lw lv rswlpdo iru wkh djhqw wr eholhyh wkdw � � ��� @ 3 zkhqhyhu � � z � �� vlqfh wklv plqlpl}hv
wkh glvxwlolw| ri h{shfwlqj d edg ixwxuh rxwfrph dqg dovr uhod{hv wkh frqvwudlqw1 Vxevwlwxwlqj ao ^� � ` @
ah +� � c � �

�
, ao ^� � M� � c � �

�
` .

�
4c aS +� � c � �

�
,
� ao ^� � M� � z � �

�
` lqwr wkh frqvwudlqw jlyhv

�
4c aS +� � c � �� ,

�
� y

�
4c aS +� � c � �� ,

� ao ^� � M� � z � �� `c # � � � ` +E19,

vr wkdw wkh frqvwudlqw grhv qrw ghshqg rq ao ^� � M� � c � �� `1 Wkhuhiruh/ wr plqlpl}h guhdg/ lw lv rswlpdo
iru wkh djhqw wr eholhyh wkdw � � @ 3 zkhqhyhu � � c � �� 1 Vlploduo|/ ao ^� � M� � z � �� ` grhv qrw dsshdu lq wkh
remhfwlyh dqg wr orrvhq wkh frqvwudlqw ao ^� � M� � z � �

�
` @ 41 Vr wkh sureohp lv wr pd{lpl}h wkh glvfrxqwhg

vxp ri h{shfwhg ydoxh ixqfwlrqv

c++ c 4,# � � �
�
4c aS +� � c � �

�
,
�
� c ��� �

	

� ��� � ^S +� � c � �
�
,o ^� � M� � c � �

�
` . +4cS +� � c � �

�
,, +#o ^� � � � ` . �,`

@ c++ c 4,# � � �
�
4c aS +� � c � �� ,

�
� c � � �

	

� ��� �
k �
� +� �� ,

� . +4c � �� ,
�# �

� . ��
l

+E1:,

vxemhfw wr
` y

�
4c aS +� � c � �� ,

�
# � � � +4c �, 3 +E1;,

Qrwh �uvw wkdw li ` k # � � � +4c �,/ wkh frqvwudlqw dozd|v idlov vr wkdw wkh djhqw fkrrvhv frpplwphqw1
Qrwh vhfrqg wkdw wkh remhfwlyh ixqfwlrq ghfuhdvhv zlwk 4c ah +� � c � �

�
,/ vr wkdw xqfrqvwudlqhg rswlpdo

eholhiv zrxog vhw ah +� � c � �� , @ 4/ vr wkdw wkh djhqw eholhyhv lw zloo wdnh wkh dfwlrq lq + zlwk fhuwdlqw|
+dw qr frvw,1 Exw wklv zrxog ohdg wr d ylrodwlrq ri wkh frqvwudlqw +xqohvv ` @ 3,1 Wkxv wkh frqvwudlqw
elqgv +li ` c # � � � +4c �,, vr wkdw

�
4c aS +� � c � �

�
,
�
@ `
# � � � +4c �,

Vr zh vhhn wr pd{lpl}h

c++ c 4,# � � �
� `
# � � � +4c �,

�
� c ��� �

	

� ��� �
k �
� +� �� ,

� . +4c � �� ,
�# �

� . ��
l
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zklfk kdv �uvw rughu frqglwlrq
� �� @

�
� # . �1

Wxuqlqj wr ao �� �
� ��� M� � c � �

�
�/ lq rughu wr hqvxuh lqfhqwlyh frpsdwlelolw|/ lw pxvw eh wkdw c� �

�
z c� c

# ao �� �
� ��� M� � c � �

�
� ru 4 z ao �� �

� ��� M� � c � �
�
� z �

� +� �� c �,1
Wkh ryhudoo xwlolw| lv

c++ c 4, �
+4c �,`c ��� �

	

� ��� �
�# �

� . �� �4c �
�
� �
� # . ���

Vwhs 6= Vroyh iru wkh vhw ri ` iru zklfk wkh olihwlph zhoo0ehlqj ri frpplwphqw lv kljkhu wkdq wkh
olihwlph zhoo0ehlqj ri uhmhfwlqj frpplwphqw1

4
4c #&

�
`c # � � � 45

�
z c++ c 4, �

+4c �,`c ��� �
	

� ��� �
�# �

� . �� �4c �
�
� �
� # . ���

`. +4c #&, ++ c 4, �
+4c �,` z # � � � 45 c # � � � �# �

� . �� �4c �
�
� �
� # . ���

` z # � � �
�
� c �# �

� . �� �4c �
�
� �
� # . ���

4 . +4c #&, ++ c 4, �
� � � ���

Iru doo ` k # � � � +4c �,/ wkh djhqw dozd|v fkrrvhv frpplwphqw uhjdugohvv ri eholhiv1
Khqfh/ fkrrvh frpplwphqw zkhqhyhu

` z plq
+
# � � � +4c �, , # � � �

�
� c �# �

� . �� �4c �
�
� �
� # . ���

4 . +4c #&, ++ c 4, �
� � � ���

,
3
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Uhihuhqfhv
Dlqvolh/ J1 +4<<4,= �Ghulydwlrq ri *Udwlrqdo* Hfrqrplf Ehkdylru iurp K|shuerolf Glvfrxqw Fxuyhv/�

Dphulfdq Hfrqrplf Uhylhz/ ;4/ 667�6731
Dnhuorii/ J1 +4<<4,= �Surfudvwlqdwlrq dqg Rehglhqfh/� Dphulfdq Hfrqrplf Uhylhz/ ;4/ 4�4<1
Dnhuorii/ J1/ dqg Z1 W1 Glfnhqv +4<;5,= �Wkh Hfrqrplf Frqvhtxhqfhv ri Frjqlwlyh Glvvrqdqfh/�

Dphulfdq Hfrqrplf Uhylhz/ :5+6,/ 63:�4<1
Doshuw/ P1/ dqg K1 Udliid +4<;5,= �D Surjuhvv Uhsruw rq wkh Wudlqlqj ri Suredelolw| Dvvhvvruv/� lq

Mxgjhphqw Xqghu Xqfhuwdlqw|= Khxulvwlfv dqg Eldvhv/ hg1 e| G1 Ndkqhpdq/ S1 Vorylf/ dqg D1 Wyhuvn|1
Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

Dwwdqdvlr/ R1 +4<<<,= �Frqvxpswlrq/� lq Kdqgerrn ri Pdfurhfrqrplfv/ hg1 e| M1 E1 Wd|oru/ dqg
P1 Zrrgirug/ yro1 4/ fkds1 44/ ss1 :74�;451 Hovhylhu Suhvv1

Dxpdqq/ U1 M1 +4<:9,= �Djuhhlqj wr Glvdjuhh/� Dqqdov ri Vwdwlvwlfv/ 7/ 4569�456<1
Eduvn|/ U1/ W1 Mxvwhu/ P1 Nlpedoo/ dqg P1 Vkdslur +4<<:,= �Suhihuhqfh Sdudphwhuv dqg Eh0
kdylrudo Khwhurjhqhlw|= dq H{shulphqwdo Dssurdfk lq wkh Khdowk dqg Uhwluhphqw Vxuyh|/� Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ 445+5,/ 86:�;31

Eìqderx/ U1/ dqg M1 Wluroh +5335,= �Vhoi0frq�ghqfh dqg Shuvrqdo Prwlydwlrq/� Txduwhuo| Mrxuqdo ri
Hfrqrplfv/ 44:+6,/ ;:4�<481

Exhkohu/ U1/ G1 Juliilq/ dqg P1 Urvv +4<<7,= �H{sorulqj wkh �Sodqqlqj Idoodf|�= Zk| Shrsoh
Xqghuhvwlpdwh Wkhlu Wdvn Frpsohwlrq Wlphv/� Mrxuqdo ri Shuvrqdolw| dqg Vrfldo Sv|fkrorj|/ 9:+6,/
699�6;41

Fdsolq/ D1 M1/ dqg M1 Ohdk| +5333,= �Wkh Vrfldo Glvfrxqw Udwh/� QEHU Zrunlqj Sdshu/ :<;61
+5334,= �Sv|fkrorjlfdo H{shfwhg Xwlolw| Wkhru| dqg Dqwlflsdwru| Ihholqjv/� Txduwhuo| Mrxuqdo

ri Hfrqrplfv/ 439+4,/ 88�;31
Hold}/ N1/ dqg U1 Vslhjohu +5335,= �Dqwlflsdwru| Ihholqjv dqg Dwwlwxghv Wrzdugv Lqirupdwlrq/�
Pdqxvfulsw/ Q\X1

Jhdqdnrsorv/ M1/ G1 Shdufh/ dqg H1 Vwdffkhwwl +4<;<,= �Sv|fkrorjlfdo Jdphv dqg Vhtxhqwldo
Udwlrqdolw|/� Jdphv dqg Hfrqrplf Ehkdylru/ 4/ 93�:<1

Jrxulqfkdv/ S10R1/ dqg M1 D1 Sdunhu +5335,= �Frqvxpswlrq Ryhu wkh Olihf|foh/� Hfrqrphwulfd/
:3+4,/ 7:�;<1

Jxo/ I1/ dqg Z1 Shvhqgruihu +5335,= �Whpswdwlrq dqg Vhoi0Frqwuro/� Hfrqrphwulfd/ 9<+9,/ 4736�681
Kduedxjk/ U1 +5335,= �Vnloo Uhsxwdwlrq/ Survshfw Wkhru|/ dqg Uhjuhw Wkhru|/� Plphr/ Foduhprqw

Froohjhv1
Kduulv/ F1/ dqg G1 Odlevrq +5334,= �G|qdplf Fkrlfhv ri K|shuerolf Frqvxphuv/� Hfrqrphwulfd/
9<+7,/ <68�8:1

Ndkqhpdq/ G1 +5333,= �H{shulhqfhg Xwlolw| dqg Remhfwlyh Kdsslqhvv= D Prphqw0Edvhg Dssurdfk/� lq
Fkrlfhv/ Ydoxhv dqg Iudphv/ hg1 e| G1 Ndkqhpdq/ dqg D1 Wyhuvn|/ ss1 96:�9<51 Fdpeulgjh Xqlyhuvlw|
Suhvv/ Qhz \run1

Ndkqhpdq/ G1/ S1 S1 Zdnnhu/ dqg U1 Vdulq +4<<:,= �Edfn Wr EhqwkdpB H{sorudwlrqv ri H{shul0
hqfhg Xwlolw|/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 445+5,/ 6:8�7381

7:



Odlevrq/ G1 +4<<:,= �Jroghq Hjjv dqg K|shuerolf Glvfrxqwlqj/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/
445+5,/ 776�::1

Odqglhu/ D1 +5333,= �Zlvkixo Wklqnlqj= D Prgho ri Rswlpdo Uhdolw| Ghqldo/� PLW Pdqxvfulsw1
Orzhqvwhlq/ J1 +4<;:,= �Dqwlflsdwlrq dqg wkh Ydoxdwlrq ri Ghod|hg Frqvxpswlrq/� Hfrqrplf Mrxuqdo/
7:/ 999�;71

Orzhqvwhlq/ J1/ dqg G1 Suhohf +4<<5,= �Dqrprolhv lq Lqwhuwhpsrudo Fkrlfh= Hylghqfh dqg dq
Lqwhusuhwdwlrq/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 43:/ 8:6�<:1

Oxfdv/ Mu1/ U1 H1 +4<:9,= �Hfrqrphwulf Srolf| Hydoxdwlrq= D Fulwltxh/� lq Wkh Skloolsv Fxuyh dqg
Oderu Pdunhwv/ yro1 4 ri Fduqhjlh Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ ss1 4<�791 Qruwk0
Kroodqg/ Dpvwhugdp1

Pxoodlqdwkdq/ V1 +5335,= �D Phpru|0Edvhg Prgho ri Erxqghg Udwlrqdolw|/� Txduwhuo| Mrxuqdo ri
Hfrqrplfv/ 44:+6,/ :68�::71

Pxwk/ M1 U1 +4<93,= �Rswlpdo Surshuwlhv ri H{srqhqwldoo| Zhljkwhg Iruhfdvwv/� Mrxuqdo ri wkh Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq/ 88/ 55<�6381

+4<94,= �Udwlrqdo H{shfwdwlrqv dqg wkh Wkhru| ri Sulfh Pryhphqwv/� Hfrqrphwulfd/ 57/ 648�
6681

Qhuoryh/ P1 +4<8;,= �Dgdswlyh h{shfwdwlrqv dqg frezhe skhqrphqd/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/
:5/ 55:�5731

R*Grqrjkxh/ W1/ dqg P1 Udelq +5334,= �Fkrlfh dqg Surfudvwlqdwlrq/� Txduwhuo| Mrxuqdo ri Hfr0
qrplfv/ 449+4,/ 454�931

Uxelqvwhlq/ D1 +4<<;,= Prgholqj Erxqghg Udwlrqdolw|1 PLW Suhvv/ Fdpeulgjh/ PD1
Vdydjh/ O1 M1 +4<87,= Wkh Irxqgdwlrq ri Vwdwlvwlfv1 Zloh|/ Qhz \run1
Vlprq/ K1 +4<;5,= Prghov ri Erxqghg Udwlrqdolw|1 PLW Suhvv1
Vlpv/ F1 D1 +5334,= �Lpsolfdwlrqv ri Udwlrqdo Lqdwwhqwlrq/� Sulqfhwrq Xqlyhuvlw| Pdqxvfulsw1
Vwurw}/ U1 K1 +4<8804<89,= �P|rsld dqg Lqfrqvlvwhqf| lq G|qdplf Xwlolw| Pd{lpl}dwlrq/� Uhylhz ri

Hfrqrplf Vwxglhv/ 56+6,/ 498�;31
Wd|oru/ V1 H1/ dqg M1 G1 Eurzq +4<;;,= �Looxvlrq dqg Zhoo0Ehlqj= D Vrfldo Sv|fkrorjlfdo Shuvshfwlyh
rq Phqwdo Khdowk/� Sv|fkrorjlfdo Exoohwlq/ 436+5,/ 4<5�5431

Zhlqvwhlq/ Q1 G1 +4<;3,= �Xquhdolvwlf Rswlplvp Derxw Ixwxuh Olih Hyhqwv/� Mrxuqdo ri Shuvrqdolw|
dqg Vrfldo Sv|fkrorj|/ 6<+8,/ ;39�;531

\duly/ O1 +5334,= �Eholhyh dqg Ohw Eholhyh= D{lrpdwlf Irxqgdwlrqv iru Eholhi Ghshqghqw Xwlolw|/� Frzohv
Irxqgdwlrq Glvfxvvlrq Sdshu Qr1 4677/ \doh Xqlyhuvlw|1
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