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|. Introduction

Do mar ket econonmies allocate risk efficiently? If not, what
government policies can inprove the allocation of risk? These are
cl assi c questions of economc theory. One cel ebrated answer cones
fromthe Arrow Debreu theory of general equilibrium This theory
teaches that under certain conditions--in particular, i f
contingent-clainms markets are conpl ete--the allocation of risk wll
be Pareto efficient. In other words, wth conplete narkets,
society can let the invisible hand allocate ri sk.

Thi s paper explores a deviation fromArrow Debreu theory that
arises from a sinple fact that not everyone is born at the
begi nning of tinme. In an overl appi ng-generati ons econony, markets
nmust be i nconpl ete, because a person cannot engage in risk-sharing
trades with those who are not yet born. The risks associated with
hol ding capital assets, for instance, can be shared with others
alive at the sane tinme, but they cannot be shared with future
generati ons. As a result, the allocation of risk need not be
efficient, and governnment policy may be able to make Pareto
i nprovenents.

The suboptimality of risk allocation in stochastic
over | appi ng- gener ati ons nodel s has been di scussed i n several recent
papers, including Bohn (1998), Shiller (1999), Rangel and
Zeckhauser (1998), and Snetters (2000). W approach this issue by

considering a sinple thought experinent. |Imagine that al



generations ever to be born were here today and able to trade in
conplete contingent-clains markets. How would the allocation of
risk in this conplete-markets setting differ from the one the
econony reaches w thout these prenatal risk-sharing trades?

This approach builds on two traditions. The first is the
Arrow Debreu theory of general equilibrium In essence, our

t hought experiment opens up all markets that are assuned to exi st

in ArrowDebreu theory but, in fact, cannot exist in an
over | appi ng- gener ati ons econony. The second tradition is the
Rawl si an approach to social justice. Qur thought experinent

envi sions a hypot hetical tinme period when all generations are alive
in an "original position"” behind a "veil of ignorance.” In Rawls's
(1971) work on social insurance, the ignorance concerns cross-
sectional uncertainty about one's station in life. Here, the
i gnorance concerns time-series uncertainty about whether one is
born into a lucky or unlucky generation.

This theoretical investigation is notivated by practical
i ssues of public policy. The governnment influences the allocation
of risk anobng generations in many ways, nost notably through the
soci al security system A benevol ent policymaker mght try to use
these instrunents to achieve the allocation of risk that the
invisible hand would reach if it could. That is, the policynaker
mght try to inplenent the outcone that people would achieve on

their omn if, as in our thought experinent, they were able to fully



trade risks. Qur goal, therefore, is not only to exam ne how
different the world would be with conplete nmarkets but also to
di scuss how, wthout such markets, governnment policy m ght
substitute for them This analysis sheds light, for instance, on
how t he soci al security trust fund shoul d be i nvested and how t axes
and benefits should respond to nmacroeconom ¢ shocks.

We proceed as foll ows. Section Il presents a stochastic
over | appi ng- generati ons nodel that we use in our main analysis. To
keep things sinple, we assunme a single source of risk: uncertainty
about the return on capital. W Dbegin by describing the
equi libriumin which people can trade only with others alive at the
sanme tinme, so each generation bears the entire risk realized during

its lifetinme. W call this the Hobbesian equilibrium because it

is the equilibriumthat nature gives us (and because a person's
i nvol venent in the market econony is "nasty, brutish, and short.")

In Section I'l1l, we introduce the central thought experinment of
the paper. Mintaining the overlappi ng-generations franework of
Section Il, we posit the existence of conplete contingent clains
mar ket s--markets for the consunption good in each period in every
possi bl e history. The individuals who will nake up all generations
participate in these markets in an "original position" that exists
before the beginning of tine. W call the allocation of
consunption determned in the original position the Raw sian

equilibrium




Sections IV and V solve for the Rawl sian equilibriumin the
nmodel . I n general, one cannot obtain an analytic solution, so we
sinplify the problem in alternative ways. In Section IV we
consider a special case in which only a single generation faces
uncertainty in capital returns, and exam ne howthis risk is shared
wi th other generations. 1In Section V we consider the nore general
case in which every generation faces uncertainty. We derive an
approxi mate solution that is valid when the shocks are snmall.

The solution we find in Section Vtakes a sinple and intuitive
form W find that capital-return risk in each period is shared
equally anmong the generations alive during that period and all
subsequent generations. |In contrast to the Hobbesian equilibrium
where consunption is serially uncorrelated from generation to
generation, consunption in the Rawl sian equilibrium follows a
random wal k.

W al so draw a connection in Section V between our probl emand
the well-known Ransey social planning problem The Rawl si an
out cone we exam ne is determ ned by decentralized tradi ng anong an
infinite nunber of generations. Nonetheless, the resulting path of
consunption is the sane as would be chosen by a Ransey soci al
pl anner with a particular discount rate on future generations'
utility. Thus, the Rawl sian approach to generational risk offers
a rationale for studying Ransey optinma

We next nove closer to issues of policy. Because it is not



yet feasible to transport people back in time to an original
position, free markets are not a practical way to share
i ntergenerational risks. In Section VI, we ask whet her governnent
policies can substitute for the mssing markets and ensure the
Rawl si an al | ocati on. W find a sinple policy that does so: a
fully-funded social security systemin which the system s trust
fund holds equity. In this system benefits are permanently
adj usted i n response to shocks to equity returns to keep the system
sol vent .

There i s, however, nore than one way for policy to achi eve any
given allocation of risk. Pol i cymakers can also inplenent the
Rawl sian equilibriumif the social security trust fund hol ds safe
debt. Yet in this system benefits nust be adjusted in what, at
first glance, may seem a surprising way: they nust be negatively
i ndexed to equity returns.

Section VIl sketches extensions of our basic nodel, including
one in which both wage growh and capital returns are uncertain.
Here, the Rawl sian equilibrium shares both kinds of uncertainty
across generations, and this allocation can again be inplenented
Wi th an equity-based social security system

Section VIII concl udes.

I[I. The Mbdel and the Hobbesi an Equilibrium

This section describes the basic version of our overl appi ng-



generations nodel, which we keep as sinple as possible to build
intuition. A fixed nunber of people is born each period, and
everyone lives for two periods. When young, a person supplies
| abor inelastically and receives a fixed wage, which we nornmalize
to one. Each person consunes only when he is old. Thus a worker
saves his entire wage when he is young and consunes the return on
this saving, including the principal, when heis old. There are no
bequests. W assune log utility over consunption; thus lifetine
utility for an individual born at periodt is

(1) U = log(ci),

where c;,; i s the individual's consunption in period t+1l, when he is
ol d.

Qur assunption that only the old consune sinplifies the nodel
by elimnating the intertenporal consunption decision of the young,
which is not essential to the issue of intergenerational risk-
sharing. In Section VII, we discuss a nore general nodel in which
i ndi vi dual s consune in both periods of life.

W |let R denote the gross return on savings between periods
t-1 and t. Because the generation born at t receives a wage of one
and saves it all, its consunption at t+l1 is R.;. W take the
return R to be an exogenous random variable. These assunptions
about factor returns could be justified by positing a I|inear
technology for output: Y =L + RK

We assune that R is distributed i ndependently over tine and



has a two-point distribution. Let o be the average val ue of the
interest rate. R equals p+x, wwth probability one half and p-x;
with probability one half. x, nmeasures the degree of dispersionin
the capital returnin periodt. It is natural to focus on the case
in which x, is the sanme for all t (and we will do so below), but it
will prove useful to have in hand the general case in which x,
vari es across periods. W assune that the | owest possible return,
o-Xy, 1S greater than one; this assures that the nodel satisfies
Abel et. al's (1989) condition for dynam c efficiency in D anond's
(1965) sense.

As a benchmark, we begin by considering the equilibrium of
this nodel wthout any intergenerational risk sharing. Thi s
equilibrium is assumed in nost previous work on stochastic
over | appi ng-generations nodels. It is based on the realistic
assunption that people can trade only with others who are alive at
the sane tinme. W al so make the standard assunption that the young
enter the market after the current return on savings is realized;
thus there is no remaining uncertainty within a period for the old
and young to share. As noted above, we call this outcone the

Hobbesi an _equi li brium

G ven the environnent just described, the Hobbesian
equilibriumis trivial to derive. The generation born at t saves
its wage and consunes its wealth when old. Thus, c¢,,=R.,; and

U=l og(R.,,). Because R,; is randomand uncorrel ated over tine, each



generation bears all of a single idiosyncratic risk--the return
risk inthe period it happens to be old. Note that consunption is
i ndependently distributed fromgeneration to generation.

This Hobbesian equilibrium is clearly inefficient. There
woul d be gains if the old at period t+1 could share the risk it
faces wwth the generations born at t+1 and |later. However, by the
tinme these generations are born and ready to participate in
mar kets, the outconme for period t+l is already realized, and

private inprovenents in risk allocation are no | onger possible.

[11. The Rawl si an Equili brium

W now consider a hypothetical world wth markets for
i ntergenerational risk-sharing. W assune that all generations are
placed in an "original position" that exists before period one,
when the first generationis born. In this original position, each
person knows when he will be born, but he does not know the future
evol ution of the econony; in particular, he does not know whet her
his generation will be lucky or unlucky in its realization of
capital returns. 1In the original position, everyone can share the
risks they face by participating in contingent-clains markets.
We use the follow ng term nology. The "state" in periodt is
the realization of R in that period. Because there are two
possi bl e realizations of R, there are two possible states in each

period. A "history" of the econony through periodt is a sequence



of states for periods 1,...,t. There are 2' possible histories of
t he economny through period t, which we index by h=1,..., 2"

We assune that the markets in the original position are
conplete in the sense that there is a market for the consunption
good in each period and each possible history of the econony
t hrough that period. W index consunption at period t in history
h by th. For each period t, there are 2' nmarkets for history-
conti ngent consunpti on.

A person born in period t receives a wage of one in all
hi stories of the econony through t. Thus, his endownent is one
unit of good th for all h=1,...,2". He can sell part of this
endownent and use the proceeds to buy conditional consunption goods
at t+1. He can also save and thereby transform goods dated at t
into goods dated at t+1. For each unit of good th that he saves,
he receives units of goods (t+1)h' for each history h' through t+1
that is a continuation of history h. There are two such histories:
the saver receives p+x,,; of the good in one history and p-X,,; In
the other. G ven these possibilities, an agent chooses a basket of
goods dated at t+1 to maxim ze the expected value of utility,
log(cCii) -

A Walrasian auctioneer finds the price that equilibrates
supply and demand in each market for history-contingent
consunption. W are interested in the set of equilibriumprices

and the resulting allocation of consunption in all possible



hi stories of the econony.

Qobviously, this is a hard problem and we have been unable to
find a general analytical solution. Therefore, we sinplify the
problemin two different ways in the next two sections. 1In Section
IV, we assune that capital returns are uncertain in only a single
period; thus there is only one shock. 1In Section V, we return to
t he general case of many shocks but sol ve the nodel using a first-
order approximation. Thus, we derive a solution that is valid when
t he shocks to capital returns are small. Each of these two speci al
cases yields its own insights into the nature of the Raw sian

equi l i brium

V. The Case of a Single Shock

The original position we have described i ncl udes many markets
for sharing risks. In this section, we consider a special case in
whi ch only one generation faces uncertainty. 1In this exanple, the
uncertainty concerns the capital return in period j for the
generation born at j-1. In the notation introduced above, x;>0 and
x;=0 for all tF . This exanple hel ps develop intuition about the
nmodel, and it is a building block for the nore general analysis
bel ow.

A. Solution for the Rawl si an Equilibrium

In this exanple, the possible histories of the econony

collapse to a sinple set. In period j, there are two possible

10



states of the econony: the good state (G in which R=p+x; and the
bad state (B) in which R=p-Xx;. R=p in all other periods. There
is only one possible history of the econony through t for t<j, and
two possible histories through t>j: the history with state G at |
and the history with state B at j. Thus there is only one market
for consunption in each periodt<j, and two markets for each period
t>j. We index the goods in the various markets by t for t<} and
by ti, i=Gand i=B, for t>j.

The Appendi x describes in detail the solution for the Raw si an
equi librium Here, we sketch the approach and results.

The starting point is the budget constraints and objective
functions of individuals in the original position. Using these, we
solve for history-contingent consunption demand as a function of
the relative prices of contingent consunption goods and then for
the equilibriumrelative prices. Inequilibrium there is no trade
in goods dated before j, when the shock occurs. The only notive
for trade is to share the risk fromthe shock, and goods before |
cannot be contingent on the shock. The key prices are those for

conti ngent goods dated j and later; we denote these prices by P.g

and P The Appendi x shows that equilibrium relative prices
satisfy

(2) Piil Piianyi = P for i = G B;

(3) Pis/ Pie = Q= [0 + (0-1)x1/[0% - (p-1)%].

These equations fully describe the path of equilibriumrelative

11



prices.
These equilibrium conditions are sinple to interpret.

Condi tion (2) concerns the prices of the good in different periods
but the sanme realization of history. It is a no-arbitrage
condition. In this econony, people trade consunpti on between t and
t+1 both by saving and by participating in markets. I n
equilibrium the two activities nust yield the same return.

Condition (3) gives the relative price of consunption in the
good and bad histories. This price is the sanme for all periods
t>j; this follows froma no-arbitrage condition and the fact that
agents can trade across periods at a fixed rate. The key result is
that 1. it costs nore than a unit of consunption in the good
history to buy a unit in the bad history. This is necessary to
i nduce agents to denmand greater consunption in the good history,
when nore resources for consunption are avail abl e.

The Appendi x al so derives equilibrium consunption of each
generation. For generations born before j-1, consunption in the
Rawl sian equilibriumis the same as in the Hobbesian equilibrium
For the generation born at j-1 (the one that experiences the
shock), consunption when old is given by

(4) Cic [(1+Q o + (1-QX;]/2
cie = [(1+Q o + (1-Qx;]1/2Q .

For all generations born at | and later, consunption in the

Rawl sian equilibriumis

12



(5) Cia

Cis

o(1+Q/ 2;
o(1+Q/2Q t > +1.

Equations (2) though (5) fully describe the Rawl sian equilibrium

B. Discussion of the Rawl sian Equilibrium

The solution we have just described has two notable
properties. First, the ratio of consunption in the good and bad
histories is equal to @1 for all generations born at j-1 and
later. Al these generations--those who are old when the shock
occurs and those who cone | ater--suffer the sane proportional | oss
i n consunption froma bad shock. In other words, the risk fromthe
shock is spread equally across generations.

This contrasts sharply with the Hobbesian equilibrium I n
that equilibrium the returnrisk in period | affects only the old
inthat period. The ratio of consunption by the old in periodj in
the two histories is (p+x;)/(p-X%;), which is greater than Q Thus,
this generation reduces its risk by noving from the Hobbesian
equilibriumto the Rawl sian equilibrium where it can share risk
with future generations.

The second notabl e result concerns average consunption in the
Hobbesi an and Rawl si an equilibria. For generations born at j and
| ater, average consunption over the good and bad histories is
[ (1+Q %/ 4Q p. This exceeds p, which is these generations'
consunption in the Hobbesian equilibrium Thus, average

consunption is higher in the Rawlsian equilibrium than in the

13



Hobbesian equilibrium for all these generations. A bit nore
al gebra shows that for the generation born at -1, average

consunption is lower in the Rawl sian equilibrium O course, for

all generations, utility nust be higher in the Raw sian
equilibrium for the Hobbesian allocation is still feasible.
These results have a sinple interpretation. 1In the Hobbesian

equi librium the generation born at j-1 is uniquely di sadvant aged:
it is the only generation facing return uncertainty. In the
original position, it reduces this wuncertainty through the
contingent-clains markets. In essence, it buys insurance from
| ater generations. But |ater generations are willing to sell
insurance only if they are conpensated for taking on the risk.
This conpensation is reflected in a value of Q greater than one.
As a result, |ater generations obtain nore consunption in the good

hi story than they give up in the bad history.

V. The Case of Many Small Shocks

Havi ng expl ored the special case of a single shock, we now
exam ne a nore general case in which there are shocks in every
period: X, is positive for all t. 1In the original position, there
are now 2' markets for history-contingent consunption in periodt.
These markets yield rich opportunities for sharing risks anong
gener ati ons.

A. Solution for the Rawl si an Equilibrium

14



We are interested in solving for equilibrium consunption in
all possible histories, of which there are 2' through periodt. W
sinplify this hard problem by using a first-order approxinmation
that is valid as long as the shocks, x;,, are small. That is, we
derive the Rawl sian equilibriumwhen there are small fluctuations
in capital returns.

The advantage of using a first-order approximation is that it
el imnates any possible interaction anong the shocks in different
periods. (This is shown formally in the Appendix.) Thus, we can
use the results in the previous section to show the effect of any
i ndi vi dual shock, and we can find the effect of a series of shocks
by summ ng the effects of the shocks.

Consi der, then, a shock in period j. Equations (3)-(5) show
consunption for period j and after. Substituting the expression
for Qin equation (3) into equations (4)-(5) yields consunption in

terns of the size of the shock, x

;, and the average return op.

Taking a first-order approximation in x; around x;=0 yields
(6) Cic

Ce = 0 - [(p-1)/p]X.

o+ [(p-1)/0]X;

(If you really want to see the details, go to the Appendi x.)
According to equation (6), the shock to the capital return

causes consunption to rise or fall by a fraction (p-1)/p of the

shock for each generation born at j-1 and later. Note there is no

distinction here between the generation born at j-1, who I|ives

15



t hrough the shock, and |ater generations. They share the risk
equally and in an actuarially fair way, so that all generations
have t he sane average consunption. The previous result that |ater
generations have higher average consunption no |onger holds,
because the relative price of consunption in the good and bad
hi stori es approaches one as the shock becones small. That is, the
conpensation future generations denmand to take on risk is second-
order, so it vanishes as the shock becones snall

Wi | e equati on (6) shows how consunpti on responds to a single,
smal | shock, the result for a series of small shocks is found by
summ ng the effects of each shock. To express equilibriumin a
particul ar history, we |l et 6, be an indicator variable equal to one
in the good state and mnus one in the bad state. The history of
the econony through t is given by the sequence {6,, 6,,...., 6}.
I n any history, consunption in the Rawl sian equilibriumis given by

t
(7) cc = p+ 2 6[(e-1)/p]X.
j=1

If the shocks are all the sane size (x;=x for all j), then this
expression reduces to
(8) ¢ = p+ (N=N)[(p-1)/p]X,
where N° is the nunber of periods through t with good realizations
of the shock and N is the nunber with bad realizations. A
generation's consunption is raised by a fixed anount for every good

shock in the past and reduced by the sane anount for every bad

16



shock.

Note that the | ast equation inplies
(9) Ci - Cx = 6[(p-1)/p]x .
In each period, the change in consunption is proportional to the
current shock. Thus, even though consunption in the Hobbesian
equi libriumwas serially uncorrel ated, consunption in the Raw si an
equi libriumfollows a randomwal k. The reason is that full risk-
sharing causes each shock to be spread equally over current and
future generations. Rat her than a shock affecting only the
generation living throughit, it affects | ater generations as well.
| ntergenerational risk sharing nmakes the inpact of a shock both
smal | er and nore persistent.

B. Rawl s Meets Ransey

Qur randomwal k result for Raw sian consunption nmay seem
famliar: it resenbles Hall's (1978) result for the optinmal plan
for a single, infinite-horizon Ranmsey consuner under uncertainty.

The resenbl ance is not a coincidence. Any Pareto-efficient
equi librium solves a social planner's problem for sone set of
wei ghts on the welfare of different agents. In our nodel, the
Rawl si an equilibrium solves a planner's problem for maximzing a
wei ght ed average of the utility of different generations. For this
pl anner's problem to beconme the Ransey nodel, the only mssing
ingredient is for the weights to decline exponentially over tine.

One can show the wei ghts do in fact decline exponentially with

17



t he di scount factor f=1/p. The following is a sketch of the proof.
Consider an infinite-horizon social planning problem wth |og
utility, a gross interest rate p, and an arbitrary di scount factor
B(t) for discounting utility between periods t and t+1. Under
certainty, consunption grows between t and t+1 at a rate B(t)p.
Wth small shocks, <certainty-equivalence holds, and expected
consunption growth equals B(t)p. In our solution for the Rawl si an
equi l i brium however, consunption is expected to remain constant.
Thus, the discount factor nust be the constant £3=1/p. Thi s
establishes that the social planning problem associated with the
Rawl sian equilibriumis the Ransey problem with this particul ar
di scount factor.

Thi s correspondence between the Rawl sian equilibrium and the
Ransey nodel is noteworthy. FEconom sts often use Ransey probl ens
when studying the allocation of consunption over tine. One
justification for this approach is Barro's (1974) nodel, where the
di scount factor nmeasures the extent of altrui smanong generations.

The Rawl sian equilibrium however, suggests a different
rationale for studying the Ransey problem and a different
interpretation of the discount factor. In our environnent, to
replicate the Rawl sian equilibrium the social planner has to
distribute risk optinmally but not pursue determnistic transfers
across generations. If the discount factor (3 were not equal to

1/ o, the planner woul d want to nove resources fromearlier to | ater

18



generations, or vice versa. Wen the discount factor R is exactly
1/ p, the planner's only remaining goal is to allocate risk
efficiently. Thus, only this discount factor replicates the
equi librium that generations would choose on their own in the
original position. Inthis way, the Rawl sian equilibriumpins down
the discount rate in the Ranmsey nodel wthout invoking

i ntergenerational altruism

VI. Inplications for the Design of Social Security

So far, we have considered how opti mal intergenerational risk
sharing, as nodel ed by conpl ete contingent-clains narkets, affects
the allocation of resources. W now nove closer to issues of
policy and consider what institutions mght support this optinal
al l ocation. The natural institution to consider is social security,
because it takes resources from some generations and gives
resources to others, which is what is needed to share generati onal
risk. But how should we design a social security systemif our
goal is to inplenent the allocation of resources in the Raw si an
equi | i briunf

The first result concerning social security design follows

naturally fromthe results we have al ready seen

Proposition 1: Wthout governnment intervention, the econony cannot

reach the optinmal allocation of risk across generations.

19



Simlarly, a social security system that relies conpletely on

private accounts also fails to allocate risk optinmally.

The first part of the proposition states that the Hobbesian
equilibriumis not the sane as the Rawl sian equilibrium which we
established in the preceding sections. The second part of the
proposition follows for the sanme reason. In this nodel, a social
security systemwth private individual retirenent accounts does
not nove the allocation of risk away from the Hobbesian
equi librium each generation still bears the full risk of shocks to
the capital return rather than sharing the risk wth other
generati ons. Simlar results about the sub-optimality of the
equilibriumw thout intervention are presented by authors such as
Bohn (1998) and Rangel and Zeckhauser (1998).

Although it is easy to see that a privatized social security
system does not inplenment the Rawlsian equilibrium it is less
obvious how to describe policies that do. In overl appi ng-
generations nodels, the governnment can often achieve the sane
al l ocation of resources in several equivalent ways. For exanple,
a tax or transfer can occur when a person is young or old; wth
appropriate discounting, this does not matter for the resulting
al l ocation of consunption. For concreteness and realism we focus
on policies that resenble social security systens: the young pay

taxes based on their wages, and the old receive transfers. We

20



examne two ways to inplenent the Rawsian equilibrium as
expressed in equation (8).

The first is described in this proposition:

Proposition 2: The governnent can inplenment the Raw sian

equi librium using a fully-funded social security system with a
trust fund invested in equity clains to capital. The soci al
security benefit responds positively to the capital return, and it

follows a random wal k.

The proof is straightforward. In essence, the governnent here
t akes over the econony and enforces the Rawl sian allocation. It
taxes 100 percent of wages (recall that there is no first-period
consunption), invests the tax revenue in capital, and then pays out
a benefit determ ned by equation (8). Providing a social security
benefit equal to consunption in the Rawl sian equilibrium ensures
that the system replicates that equilibrium This system is
feasi bl e because the Rawl sian equilibriumis feasible.

This social security system may seemrenote fromreal -world
policy, but there is another, nore natural way to describe this
system The tax rate is constant, the systemis fully-funded and
invested in equity, and the benefit rises or falls as the econony
realizes shocks. In each period, the benefit is based on the

systemls "pernmanent incone." That is, the benefit is set at a
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| evel that could remain constant if there were no nore shocks.
Seen in this light, the systemresenbl es sonme proposals for soci al
security reform which often invol ve adjusting benefits in response
to changes in the systenlis expected resources.

In the system just described, the social security trust fund
must be invested in equity clains to capital. There is, however,
anot her way to reach the Rawl sian allocation that does not require

the trust fund to hold equity clains:

Proposition 3: The governnent can inplenment the Raw sian

equi libriumusing a fully-funded soci al security systeminvested in
ri skless bonds. 1In this system the benefits received by the old

are negatively indexed to the current return to capital.

To establish this proposition, imagine we were in a world
described by Proposition 2, where the trust fund is invested in
equity clains to capital. Then suppose the governnent nakes three
changes. First, it sells its equity clains to the private sector.
Second, it uses the proceeds fromthat sale to buy riskless debt
fromthe private sector. Third, it adjusts the social security
benefit to insure the private sector against the uncertainty
inherent in holding the equity clains. Meanwhil e, the private
sector engages in the opposite transaction: it buys the equity

claims with the proceeds fromits debt sale.
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In this newsystem the social security benefit is consunption
in the Rawl sian equilibrium as determned in equation (8), m nus
6,x. This last termrepresents the negative indexation: it offsets
the gain or loss that the private sector experiences fromissuing
ri skl ess bonds and buying risky capital. (Note that wunder our
smal | -shock assunption, riskless bonds pay p, while risky capital
earns p+6,X.) This schenme reaches the sane allocation of
consunption and risk as in Proposition 2--the Rawl si an all ocati on.
But the asset allocation has changed: risky capital is nowheld in
the private sector, rather than by the governnent.

The nmessage of Propositions 2 and 3 can be summarized as
follows. In the Hobbesian equilibrium capital risk in any period
falls entirely on the generation that is old in that period. To
nove toward the Rawl sian equilibrium a social security system has
to share that risk with future generations. There are two ways to
do this. The social security systemcan hold the econony's capital
stock and the risks associated with it. O the social security
system can insure generations for the capital risk they bear

t hrough negative i ndexati on.

VIl. Two Extensions

This section considers two ways to generalize our nodel
First, we allow wages as well as capital returns to be uncertain.

Second, we assune that agents consume in both periods of their
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lives. The derivations parallel those for our basic nodel, so we
only sketch the anal ysis.

A. Wage-G owth Uncertainty

In reality, wages as well as capital returns are uncertain.
A generation can suffer bad luck in the form of |ow wage grow h,
such as the productivity slowdown from 1974 to 1996. Here we
exam ne intergenerational risk-sharing in the presence of wage as
wel | as asset-return uncertainty.

Let W denote the wage in period t and H=W/W_, denote the
gross growmh rate of the wage. Hrepresents the gromh in the val ue
of the human capital with which a person is endowed at birth. As
afirst step toward realism we allow the mean of H, which we cal
Y, to be greater than one. Paralleling our assunption about R we
assune that H has a two-point distribution: H equals y+z, with
probability one half and yv-z, with probability one half, where z
IS a positive constant. Wage-growth H is serially uncorrelated,
so the level of the wage follows a randomwalk with drift; this
seens realistic as a first approximtion. W assune v+z, < p-X,
whi ch assures dynamic efficiency in Dianond' s sense. W nmake no
assunption about the contenporaneous correlation of H and R.

In this version of the nodel, the consunption of generation t
when old is WR,, in the Hobbesian equilibrium It is the product
of a randomwal k variable (the wage) and a serially uncorrel ated

variable (the return to capital). Because there are two possible
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realizations of R and two of H, there are a total of four possible
states each period. This nmeans there are 4' possible histories of
t he econony through period t. 1In the original position, there is
a mar ket for consunption in each period in each of these histories.

The anal ysis of this nodel parallels the previous discussion.
One can first solve the nodel for the case of a wage-growth shock
in a single period to see how the risk fromthis shock is shared
anong generations. One can then derive a first-order approxi mation
to the general case of wage-growth and capital-return shocks in
each peri od. | f uncertainty is constant over time (that is, if
x;=x and z,=z for all t), then the approximate solution for
consunption in the Rawl sian equilibriumis

(10) ¢ = pv' [l + (N®- N®x(p-v)/p* + (N°- NF)z/o],

where N®is the nunber of periods in which the realization of the
R-shock is good and the other N s are defined simlarly.

To interpret this expression, note that pyv' would be the
consunption of generationt when old if wage growth and the capital
return were always equal to their neans of yv and p. Shocks to R
and H cause random wal k novenents in consunption relative to this
baseline. Each shock to the capital return permanently raises or
| owers consunption by a fraction x(p-v)/p? each shock to wage
growh raises or I|owers consunption by a fraction z(1/p).
Consunption follows a random walk, with the innovation in each

peri od depending on both of the shocks. Ceneral i zi ng anot her
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earlier result, we can show that this consunption behavior is the
sane as woul d be chosen by a Ransey social planner with di scount
factor v/ p.

As in our earlier analysis, noving fromthe Hobbesian to the
Rawl sian equilibrium reduces the inpact of shocks on the
generations who receive them In the Hobbesian equilibrium a
positive shock to the capital return at t rai ses the consunption of
the old at t by a fraction x/p. In the Rawl sian equilibrium the
effect is x(p-v)/p? whichis afraction (p-v)/p<l of the effect in
t he Hobbesian equilibrium Simlarly, a positive wage shock rai ses
the consunption of the generation that receives it by z/v in the
Hobbesian equilibrium and z/p in the Raw sian equilibrium the
latter is a fraction v/ p<l of the forner.

In the conplete markets of the original position, the two
kinds of risk are shared differently. As before, a generation that
receives a capital-return shock shares the risk with future
gener ati ons. However, the original position does not create
opportunities to share wage-growth risk with future generations.
Because the wage follows a random wal k, a wage-growth shock at t
al ready has a proportional effect on all generations born at t and
| ater in the Hobbesian equilibrium |eaving no roomfor additional
ri sk-sharing. There is, however, an opportunity to share the risk
from a wage-growmh shock at t with the generation that is old

during that period. |In the Hobbesian equilibrium this generation

26



is unaffected by the shock, because its wage was determned in the
previ ous period. By contrast, in the Rawl sian equilibrium a wage-
grow h shock at t affects the consunption of the old at t; this
allows a smaller effect on the young at t and all |later
gener ati ons.

The addition of wage uncertainty has little effect on the
nature of the social security systens that inplement the Raw si an
equi librium Propositions 1-3 of the previous section still hold.
The only difference is that both shocks affect the systenis
resources and hence cause randomwal k novenents in the |evel of
soci al security benefits.

B. Consunption in Both Periods of Life

We now rel ax the assunption that individuals consune only when
old. In particular, we assune that an individual born in periodt
receives utility of

(11) U = olog(ct) + (1-o)log(cis),
where c¢{ and c? are the consunption of the young and the old in
period t. Qur earlier nodel is the special case in which o=0.

Once again, the Hobbesian equilibriumis sinple to derive.
The assunption of log utility leads to the result that an agent
saves a fraction 1-o of his wage. Consunption when young is oW,
and consunption when old is (1-a)WR.;.

To derive the Rawl sian equilibrium we continue to assune that

there are two possible values of R and two possible values of H
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for each t. Thus, there are again 4' history-contingent
consunption goods for eacht. 1In this case, however, an agent born
at t consunes goods dated at both t and t+1.

At an intuitive level, it is easy to see the Raw sian
equilibrium that arises in this setting. Each agent snooths
consunption over the two periods of his life; thus, a shock at t
has the sane proportional effect on c¢¥ and c° for all generations
born at t and later. Along with this snpothing across periods for
each generation, we have the sane snoot hing across generations as
before using the conplete contingent-clains markets.

One detail is that a shock to wage growh or the capita
return in period t affects both c¥ and c° for generations born at
t and later but affects only c° for the generation born at t-1,
because cY.;, is determ ned before period t. The Appendi x gives
formulas for cY and cf. The key qualitative features are that the
ratio of c¢{ to c? is a constant, and that ¢y and c{ each follow a
random wal k, rising or falling each period in response to current
shocks to wage growth and the capital return. There is perfect
ri sk-sharing both across the old and young alive at the sane tine
and across different periods.

Turning to the inplenentation of the Rawl sian equilibrium
we find that the spirit of our earlier results continues to hold.
The only qualification to Propositions 1-3 concerns the behavi or of

taxation. Consider Proposition 2, which describes a fully-funded
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trust fund that holds equity clains to capital. Once again, the
soci al security benefit equal s consunpti on when old in the Rawl si an
equi librium Yet, because agents now consune when young, taxes on
t he young are no | onger 100 percent. Instead, taxes are set such
that the after-tax wage equals consunption when young in the
Rawl si an equilibrium

In this system the key paraneters are again adjusted in the
spirit of the permanent i nconme hypothesis, in the sense that shocks
affect the systenis resources, leading to permanent changes in
benefits and taxes. A good shock to the capital return raises
benefits and reduces taxes. A good shock to wage growth raises
both benefits and taxes. (This last result ensures that sone of
the windfall to the young is taxed away to be shared with the
current old). The systemls paraneters are al ways adjusted i n a way
that maintains a fixed ratio of the benefit to the after-tax wage.
Both the level of taxes and the social security benefit follow a

random wal k.

VI11. Concl usion

This paper has explored an approach to analyzing
intergenerational risk sharing. According to this approach,
pol i cymakers designing institutions that share generational risk
should attenpt to achieve the allocation that the various

generations would reach on their own if they could have traded in
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conpl ete contingent-clains markets. That is, policy should achieve
what the invisible hand would if it coul d.

Thi s approach can be used not only for deriving the opti mal
all ocation of consunption but also as a guide for the design of a
social security system An obvious but inportant result from our
analysis is the suboptimality of private retirement accounts--a
possi bl e social security reformthat has received nmuch attention in
recent years. Private retirenments accounts nerely replicate the
equi libriumw thout any intergenerational risk sharing. That is,
private retirement accounts | eave all generations facing nore risk
t han t hey shoul d.

Anot her robust conclusion from our analysis is that the
governnment should spread capital risk anbng generations in a way
t hat appears absent from current policy. If equity clains to
capital are held privately, as they are now, then optina
intergenerational risk sharing requires that social security
benefits be negatively indexed to the capital return: social
security benefits should be cut when the stock market is doing
well. In the absence of such negative indexation, the governnent
shoul d invest the social security trust fund directly in capital.
Negati ve i ndexati on and gover nnment ownership of capital seemto be
the only nechanisns that allow current capital risk to be shared
optimally with future generations.

Several recent proposals for social security reformhave, in
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fact, included such provisions. The Cinton adm nistration, for
i nstance, proposed investing the social security trust fund in
equities, as envisioned in our Proposition 2. The negative
i ndexation of benefits to equity returns may seemless |ikely, but
in fact it is part of the Feldstein proposal for social security
reform (see, for exanple, Feldstein and Samm ck, 1999, and
Fel dstei n and Ranguel ova, 2001). In this plan, individuals would
have private accounts invested in capital markets; the nore they
earn in these accounts, however, the less they would receive in
suppl enmental benefits. This "clawback” provision, as it is often
called, resenbles the negative indexation envisioned in our
Propostion 3. Ei ther approach could inplenment the Raw sian
equilibrium raising the expected welfare of all generations. In
theory, intergenerational risk sharing offers the prospect of a
free |l unch.

Adm ttedly, given econom sts' |imted understanding of these
issues, it my be too early to junp to policy conclusions. Even
wth the extensions in Section VII, the nodel in this paper nakes
many strong assunptions: individuals within a generation are
honmbgeneous, wages and capital returns are exogenous, all
generations are the sane size, and so on. Addressing real-world
i ssues of social security reform will require relaxing these
assunptions. Fortunately, the concept of a Rawl sian equilibrium -

the equilibriumin an overl appi ng-generati ons nodel with conplete
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contingent-clainms markets--is quite general. Future work could
investigate the nature of the Rawlsian equilibrium and the

institutions that caninplenent it in aricher variety of settings.
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APPENDI X
This Appendi x presents details of our analysis that are
omtted fromthe text.

EquilibriumPrices with a Single Capital -Return Shock

Here we derive the Rawl sian equilibriumwhen there is a single
capital -return shock in period j. W do this by deriving two
necessary conditions for the equilibrium equations (2) and (3).

Equation (2) states that, for t>j, the relative price of
consunption at t and t+1 in the sane history nust equal the gross
interest rate p. To see why this condition nust hold, suppose
first that P,/P,.)i<p. In this case, an agent born at t can buy a
unit of good ti, save it to acquire p units of good (t+1)i, sel
enough of good (t+1)i to pay for his purchase of good ti, and still
have sone left over. This arbitrage possibility would create an
infinitely large demand for good ti, which could not be satisfied
by the finite suply.

Now suppose that P,/P..,>0. In this case, no agent born at
t wll save, because he can obtain a higher return by selling his
endownent of good ti and buying good (t+1)i. Thus the capita
stock is zero in period t. This cannot be an equilibrium because
no capital in period t neans there are not enough resources from
t+1 onward to nake every generation as well off as in the Hobbesi an
equilibrium |f sonme generation is worse off than in the Hobbesi an

equilibrium the allocation cannot be the Raw sian equilibrium
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because agents have the option of avoiding the narkets and
recei ving their Hobbesian consunption |evels.?

Now consi der equation (3), which gives the relative price of
consunption in the good and bad histories. This equation foll ows
from two underlying conditions. The first is a first order
condition for utility maxim zation: the relative price Qnust equa
the ratio of marginal utilities of consunption in the good and bad
histories. Wth log utility, the ratio of marginal utilities is
the inverse of the ratio of consunption levels. Thus Q= c,d ¢,z for
t >h

The other condition underlying (3) is that, in each possible
hi story, the present val ue of total consunption begi nning in period
] must equal the present value of resources beginning at j, given
the gross interest rate p that holds from j+1 on. The present
value of resources is the gross return on capital at j plus the
present value of wages at j, j+1, ... If the present value of
consunption were greater than the present value of resources, the
all ocation would not be feasible. If the present value of
resources were l|larger than the present value of consunption, the

all ocation woul d be inefficient, and hence coul d not be a Wal rasi an

11f the capital stock is zeroin periodt, the econony's resources fromt+1

on are given by the certain wage of one at t+1, t+2,.... In the Hobbesian
equi librium consunption is p>1 at t+1, t+2, .... Thus there are not enough
resources to give each generation its consunption level in the Hobbesian

equilibriumw th certainty. And one can show that randonization woul d only make
matters worse, because it would create uncertainty about consunption w thout
raising its average |evel.
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equi l i brium

In the good history, the gross capital return in period | is
o+x; and the wages at j, j+1, ... are 1, 1, ... The present value
of these resources is p + x; + p/(p-1). In the bad history, the
wages are the same but the capital return at j is p-X;; the present
val ue of resources is p - x; + p/(p-1). The ratio of these two
present values nust equal the ratio of the present values of
consunption in the two histories. Recall that the ratio of
consunption in the two histories is Qin each period; this inplies
that the ratio of present values of consunption is Q Setting Q
equal to the ratio of present values of resources yields equation
(3).

Equi l i brium Consunption Levels with a Single Capital -Return

Shock

Gven the relative prices in equations (2)-(3), one can derive
equi librium consunption levels from agents' utility-maxim zation
probl enms. A generation born in period t> has an endowrent of one
unit of good t G and one unit of good tB, because his wage is one in
both histories. |If we treat good tGas the nuneraire, the val ue of
an agent's endowent at t is (1+Q . The agent wi shes to consune in
period t+1 in each history. Gven the relative prices in (2) and
(3), the agent's budget constraint is

(A1) Cirane ¥ Lrens = (1+Q).

Maxi m zi ng the average of utility, 10g(G.,), over the two histories
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subject to (Al) yields the solutions for c(.;cand c.yg i n equation
(5).

The generation born at j-1 and old in period | receives a unit
of good j-1 (this is not indexed by G or B because the shock has
not yet occurred). By saving, he can transformhis unit of good j -
1 into p+x; units of good jG and p-x; units of good jB. He w shes
to consune goods j G and jB, and faces the budget constraint

(A2) Cic t+ @js = p + X; + A p-X;)

Maxi m zi ng expected utility subject to (A2) yields the consunption
levels in (4).

The Case of ©Many Snml |l Shocks

Equation (6) gives a first order approximation in x; of
equations (4) and (5), the equilibrium consunption levels in the
exanple of a single capital-return shock. To see how (6) is
derived, consider c,g for t>j+1. Evaluating the expression in (5)
at x;=0 yields c,&=p, since Q=1 when x;=0. Differentiating with
respect to x; yields

(A3) de.d dx; = (of 2) (dQ dx;)
Taking the derivative of Q (equation (3)) and evaluating it at x;=0
yi el ds

(A4) dQ dx; -0 = 2(p-1)/p%.
Substituting (A4) into (A3) yields

(A5) dc d dXjxjo = (p-1)/p .

This result leads to the approxi mate solution for c,gin (6). The
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results for c,g and for consunption at t=j are obtained simlarly.

Qur use of first-order approxi mati ons makes it easy to go from
one shock to the general case of x,>0 for all t. In the genera
case, we are interested in deriving

Con( Xqy -+ vy Xy¢)
for all periods t and all histories h through t. A first-order
approximation in X, ...,X; yields

( AB) Cin = Cp(0,...,0) + zi,0c/ Ixs(0,...,0)x, .

In this expression, the first termon the right is p, the
equi l i briumconsunption | evel when there are no shocks. Wthin the
sum a termoc,,/ ox,(0,...,0) can be determ ned as foll ows. Consider
cn(0,...,0,%,0,...,0), i.e. ¢, as a function of x, when all other
x's are zero. Differentiating this function with respect to x, and
eval uati ng it at Xs=0 yi el ds acn/ Xs(0,...,0). But
cin(0,...,0,%,0,...,0) is just the solution for conditional
consunption in periodt when there is a single capital-return shock
at s. This solution is given in equations (4) and (5). I n
deriving (6), we used the results that the derivatives of (4) and
(5) evaluated at x,=0 are (p-1)/ o when the capital -return shock at
s is good and -(p-1)/p when the shock is bad. These results inply
oc,p/ 9Xs(0,...,0)=064(p-1)/ p. Substituting this result into (A6)
yields equation (7), the approximte solution for consunption in
t he general case.

The Rawl sian Equilibriumin the General Case
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Here we provi de approxi mate sol utions for consunption in the
Rawl si an equi librium when agents consune in both periods of life
and both wage growh and the capital return are uncertain. W
assunme constant | evels of uncertainty: x,=x and z;,=z in all periods.
The results are generalizations of equations (8) and (10) and are
derived in the sane way as those equati ons:
(A7) ct = ci*[1 + (N°- N®Kx + (N°- NFK z],

K=(1-0) (p-v)/[p*op(p-v)], K =1/ (p-aptay) ,
where c} for i=y,o are consunption of the young and the old and ci*
is consunption in the certainty case of R=p and H=y for all t
(c¥*=ay' and cP*=(1-a)v'p). As discussed in the text, the ratio of
c/ to c? is a constant equal to cy*/cP* = o/ [(1-a)p]. Both ¢y and

c? follow random wal ks in response to shocks to H and R
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