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1. Introduction

The end of the cold war has been accompanied by a sweeping process of
democratization, creation of new countries and political separatism. However, even though
the probability of a confrontation between the two blocs of the cold war era is greatly
diminished, the number of localized, regional conflicts has not decreased; several observers
have in fact argued that one should expect more regional conflicts after the end of the cold
war.

This paper provides a model which is consistent with both these observations. First,
it implies an increase in the number of countries as a consequence of a reduction in the
probability of international conflict. Second, it argues that a reduction in the probability of
conflict among a few large countries, by increasing the number of smaller countries, may
increase the number of conflicts between the more numerous, smaller independent political
units. A related observation concerns the extent of the “peace dividend,” i.e., the reduction
in military spending following the end of the cold war. Our model suggests that the
worldwide “peace dividend” may be smaller than one might expect. The reason is that the
per capita costs of defense may increase in smaller countries that have to deal with more
numerous potential regional conflicts.

This paper joins two strands of the analytical literature. One is the economic
literature on the size of countries, as in the work by Friedman (1977), Casella and Feinstein

(1990) and Wei (1992).! Specifically, we build upon Alesina and Spolaore (1995), where

'For recent surveys, see Alesina, Perotti and Spolaore (1995) and Bolton, Roland and Spolaore (1995).
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we model the equilibrium number of countries as emerging from a trade off: the benefits of
economies of scale in the production of non-rival public goods against the costs of
heterogeneity in the population. In the present paper an additional benefit of size arises from
the consideration of potential international conflicts and the cost of defense. The second line
of research is the literature on conflict resolution and arms races recently surveyed by
Sandler and Hartley (1995). Classic references are Schelling (1960), Boulding (1962),
Olson and Zeckhauser (1966) and Tullock (1974). In particular, in our formalization of the
technology of conflict resolution, we follow Hirshleifer (1989, 1995).

This paper is organized as follows. Section 2 describes the model. Section 3
illustrates the ‘domestic’ equilibrium on the choice of defense and non defense spending.
Section 4 characterizes a symmetric equilibrium in which the number and size of countries
is endogenously determined. Section 5 discusses issues of stability, and specifically,

unilateral secessions. The last section concludes.

2. The Model
The world is modeled as a segment of length normalized to 1> The world population
has mass 1 and is uniformly distributed on the segment [0, 1]. A country is defined by two

borders and a non-rival public good, which we label the ‘government’. Each individual can

*See also Tullock (1980) and Garfinkel (1994).

*We could model the world as a circle, but this modeling choice, even though it would produce qualitatively similar
results would introduce unnecessary complications.
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only use one public good, i.e., 1 government, and individual utility is decreasing in the
distance from the government of the country to which the individual belongs. The distance
of individual i from his government is denoted /.. We assume that this distance captures
both a geographical and a preference dimension. That is, being “far” from the government
implies being distant both in geographical location and preferences; in other words, if two
individuals live far from each other, they are also distant in preferences. Hence, the location
of a government captures both a position on an ideological dimension and on a geographical
line. As discussed in more detail in Alesina and Spolaore (1995), this assumption ensures
that countries are geographically connected. An alternative assumption would be to retain
only the preference interpretation of distance and then impose costs on non geographically
connected countries. For the purpose of this paper the “preference” interpretation of distance
1s not necessary, although it makes the model richer.

Individual utility is given by:

U =z -t -gl 1)

where z, is the total income available to individual 7, 7, are his taxes, /. is the distance of
individual i from his government, and g is a positive parameter. Thus, individual utility is
linear in private consumption (z, - ¢, ) and linear in the distance from the public good.

The utility deriving from the public good is highest for /, = 0.
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The cost of a government is K, irrespectively of the size of the country. This
specification captures in the simplest possible way the benefit of “size” of a country.* In
fact, with a fixed cost of government the average per capita cost of financing is decreasing
with the size of the country.

In reality, the benefits of country size derive from several fixed costs, including
creating and maintaining a monetary system, a bureaucracy, a tax collection system. Also,
in a world of less than perfect free trade, the size of markets is affected by the size of
political jurisdictions. In the extreme case of complete autarky the two coincide: the market
size is the size of the country. Thus, in any model with increasing returns in the size of the
market economy, and some barriers to international trade, income is increasing in the size
of the country.’ Also, even though this argument is not explicitly accounted for in the
model, a large country can provide insurance to its regions, needed because of regional
idiosyncratic shocks.® Thus, in equilibrium the size of countries emerges from a trade-off.
Large countries can take advantage of the benefits of size, but are less homogeneous since
a larger population has more diverse preferences. As the size of a country increases, the cost
per capita of government decreases, but the average distance from the government, i.e.,

heterogeneity increases.

*A more general specification would be to impose K = o + Ps where s is the size of the country. Aslongas ¢ > 0
our results would be qualitatively unchanged.

’See Alesina and Spolaore (1995) and Spolaore (1995b) for more discussion on this point.

$See Sachs and Sala-i-Martin (1992) for an empirical discussion of regional insurance schemes in the US.
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We now consider the role of international conflict and defense spending. Individual

resources z, are divided into two components:

z, =y * e @)

y is individual income (equal for everybody), which is “safe” from the consequences of
conflict; e, 1s the expected amount of resources available to individual i after a (possible)
international conflict is resolved.

Conflict is modeled as follows. Individuals are randomly matched pairwise. When
a pair (7, j) meets, the two individuals generate a pool of resources equal to 2 e which has
to be divided. There are two possible states: conflict (¢) and no conflict (nc). In a state

of nc resources are distributed (peacefully) and equally:

¢ et &

We assume that;

Al:  Iftwo individuals who belong to the same country meet, they are always in a
state of no conflict.
If two individuals, i and j, who do not belong to the same country meet, they can either be
in conflict or in no conflict, in which case (3) applies. Conflict occurs with probability

p (i,j) . The following assumption generates a role for defense spending:
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A2:  Ifconflict occurs, the share of individual i depends on the defense spending

of his country, relative to defense spending of the country of individual j :

_ ¥ (d)
e = 2e
Y d) + v d)

@

where d, (dj) is the defense spending in the country of individual i (j) and ¢’ > 0 .

The rationale behind these assumptions should be clear. A1l rules out domestic
conflict. In fact we could assume an additional cost for a country for internal “law and
order” and conflict resolution (courts, legal system etc.). If this cost were increasing in the
size of the country, it would provide an additional argument for the costs of size, in addition
to the “average distance” argument emphasized above. If these costs were linear, our results
would be completely unaffected. If these costs were decreasing in the size of countries (i.e.,
economies of scale in law and order) they would provide an additional benefit for size.

The second assumption borrows from the literature on conflict resolution, and in
particular from Tullock (1980), Hirshleifer (1989, 1995) and Garfinkel (1994). The idea is
that the benefits for the individuals of a certain country in case of international conflict are
increasing in the military strength of the country relative to the opponent. We are assuming
that spending on defense translates into military strength. Thus we are abstracting from
different ‘productivities’ of defense spending in different countries. “Conflict” in our model

should be interpreted quite generally as a war (cold or hot), military “muscle flexing” or
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simply the weight in international trade bargaining tables ansing from a country’s strength.
Thus, the potential conflict between two individuals may stem from a trade relationship, or
from conflicting interests on natural resources and/or other economic and noneconomic
Issues.

For ractability we make two simplifying assumptions:
A3 ¥ (d) = d, (3)

Ad p(i,j)=p for every iJ . (6)

The second one represents a drastic simplification since it umplies that all individuals
have the same probability of being matched. Hence, it implies that the probability of a
match is independent of the distance between the pair, and independent of the country of
origin of the two individuals.” Extensions on this point would substantially complicate
notations and computations, but should not change the qualitative nature of our results.

Suppose that the world is divided in N countries, indexed by A, of size

s,, h=1,...N. Then, the value of e, is given by:

S,/ d

1 h
L -s 2 ™

e, = (L -(1-s)pler(l-s)p)

W ah

for an individual i belonging to country A.

"This assumption is analogous to the assumption of “panmictic matching” which is standard in the formal
biological literature: ... Panmixia means that each reproductively mature male i3 equally likely to mate with each
reproducuvely mature femule, regardless of their {ocation within the range ot the deme. Although not likely to be altained

in absolute form in nalure ... panmiXia is an important simplilying assumption made in much of elementary quantitative
theory” (Wilson, 1980, p.8).
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The first term in (7) represents the payoff of no conflict (e ) multiplied by the likelihood
of either not being matched with a foreigner, or being matched peacefully with a foreigner.
The second terms represent the probability of being matched to a foreigner with conflict
[(1 - 5,) p] multiplied by the outcome of conflict, which depends on relative defense
spending (%) multiplied by the probability of meeting citizens of the various

hl

).

. 81
countries (

h

Finally, for country #, extending from borders b to b , the budget constraints is given by:

b .
fé tidl—K+dh (8)

Equation (8) indicates that the total tax revenues have to equal the total of non defense

spending (K )and defense spending (d, ).

3. Voting on Government and Defense
Individuals vote by majority rule on the location (type) of government and on the size
of defense. We make the following two assumptions:
AS  Voting on the location of government and the size of defense occur after the country
borders have been established.
This is a natural assumption since it implies that policy decisions on the type of
government and the amount of defense spending can be taken only after a country is created.

A6  Ineach country, taxes are the same for everyone.



Two observations emerge immediately from the structure of the model:

1) For given borders, every citizen has the same preferences on the optimal

amount of defense; and

i1) The government is located in the middle of the country.

The first observation derives from the fact, embodied in (7), that every individual has the
same probability of meeting a foreigner and individual payoffs all depend identically on the
country’s aggregate level of defense. This result would not hold if|, for instance, individuals
close to the borders had a higher change of engaging in conflicts with foreigners. In the
latter case, border individuals would prefer a higher spending on defense.

The second result derives from a straightforward application of the median voter
theorem over the choice of location of the government, noting that this choice, by
assumption, does not influence individuals’ taxes, nor their desired amount of defense.
Assumption A6 implies that taxes cannot be a function of the (unique) parameter which
varies across individuals: the distance from the government. This assumption can be justified
in two ways. First, to the extent that individual location captures a preference dimension,
unobservability of preferences would imply that taxes linked to preferences are generally
unfeasible.® Second, Alesina and Spolaore (1995) derive this assumption as a result of a
realistic voting process on the distribution of the tax burden. With the same tax for

everyone, individuals close to the government are better off than those far from it. If taxes

®We do not explore here a connection with the literature on revelation mechanisms.
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were decided by majority vote, those individuals who are far from the government would
favor tax compensation schemes in their favor. Such schemes might also enforce larger
countries, by keeping border individuals “in”, with tax advantages. Alesina and Spolaore
(1995) consider linear taxation schemes, where the tax rate is a linear function of the distance
from the government. They show that, under some weak assumptions, if voting on taxes
occurs gffer country borders are decided (exactly as assumption AS requires), then the voting
equilibrium implies the same tax for everyone and the government located in the middle.
The intuition is that for given borders, fifty percent of the voters (those with a distance from
the government above average) would like to maximize compensations. The other half
would want to minimize them. The tie is broken if one assumes even infinitesimal
implementation costs of these transfer schemes. In summary, under realistic assumptions on
the order of voting, a majority would favor equal taxes. Thus, A6 could be derived as a
result, rather than imposed as an assumption. Since our focus here is not on compensation
schemes, we simply impose A6 from the start.
With taxes equal for every citizen the budget constraint for country s of size s,

implies:

by = )

The first order condition which determines the desired amount of defense by each individual

of country 4 is obtained using (1), (7), and (9) as follows:
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/
1 d,
S P Y 2 =0 (10)
Sn Wen "(d, +d,)

Equation (10) shows that the marginal costs of an extra unit of defense spending (equal to
1 , from (9)) have to equal the marginal benefits, in terms of a higher ‘prize’ in case of

Sh
conflicts, which is the second term in (10) obtained from (7).

4. The Equilibrium Number of Countries

We now characterize an equilibrium number of countries. In the next section we
discuss its stability, including the possibility of unilateral secessions. The first requirement
which we impose on an equilibrium configuration of borders is the following;:
Requirement 1: No individual (or group of individuals) can be forced to belong to an
existing country if he prefers to belong to a different one.

This feature of equilibrium is a benchmark, in which countries cannot impose
restrictions on individuals who want to join or exit. Remember that individuals are not
physically mobile. Thus “joining a country” means moving the border of that country. This
requirement implies a condition of indifference at the border: the individual at the border
must be indifferent on the choice of which country to belong to. The following result is
immediate:

Proposition 1.

Countries of equal size, with the government located in the middle and with the same

amount of defense spending, satisfy Requirement 1.
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The proof is immediate, remembering that everyone pays the same tax. Proposition

1 does not imply that the only type of equilibria which satisfies Requirement 1 has countries
of equal size. We return on this point in section 5 in the context of our discussion of
stability. Note, however, that given our assumption of uniform distribution of individuals,
equilibria with equally-sized countries are the natural candidates. In turn, if all the countries
have equal size, the natural candidates for an equilibrium is the symmetric one, with each
country spending the same amount on defense. Using (10), the symmetric equilibrium with ¥
countries of equal size s (so that N = %) implies that each country spends d* in

defense:

d* = s(1 —2s)p e 1)

Several observations are in order. First, the equilibrium amount of defense is
increasing in the probability of conflict. Not surprisingly, it is also increasing in the amount
of the payoff from conflict e. Second, defense spending is zero when there is only one
country in the world, since, by definition, there is no conflict. Third, defense pro capita,
which is:

i‘::(l—s)pe

S > (12)

is decreasing with country size. Larger countries have, in equilibrium, a lower per capita

defense bill. Fourth, since defense is, from the point of view of global efficiency, pure
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waste, individual utility would be maximized if p = 0 and d* = 0. Infact,if p > 0
and d, = d” for every country using (7) one can verify that e, = e for every i, exactly
asinthe case of p = 0. When p > 0, however, the “price” of the payoff e is the per capita
cost of defense given in (12). Obviously, we have a suboptimal Nash equilibrium on defense
spending.

Empirically, the relationship between country size and defense per capita is
influenced by two critical factors which our model does not capture: the existence of military
alliances, and the fact that smaller members of an alliance can free ride on the defense
capabilities of the larger member(s).” Both considerations are very important, and we do not
mean to downplay them. However, we see our model as a stepping stone upon which to
build these additional realistic features.

We now consider border redrawing by majority rule. We allow the existing countries
to eliminate a country or create a new country if the border change is approved by majority
rule in each of the countries whose borders are affected by the change. We restrict voting
only on proposals of border redrawing which satisfy Requirement 1.

Requirement 2. Given a configuration of countries that satisfies Requirement 1, in at least
one country a majority should oppose any proposal to redraw borders so that a new country

1s created or eliminated. Only proposals that satisfy Requirement 1 are admissible.

*For a survey of the literature on this point, see Sandler and Hartley (1995).
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In other words, this requirement implies that in an equilibrium at least one country
would veto any border rearrangement. Thus, we are trying to capture situations like
referenda on the choice of joining politico-economic unions (like the European Union), or
post-war international conferences to settle border disputes, or, more generally, border
rearrangements which are the result of some form of international agreement, rather than the

result of unilateral secessions, which we study in the next section.

Proposition 2,

The number of equally-sized countries which satisfies Requirement 2 is given by the

integer that is closest to:

Proof: See Appendix.
For the sake of simplicity in exposition, from now we will abstract from the integer

condition and assume that N = ‘ ' g—z_% is the equilibrium number of countries.

Corollary:  The equilibrium number of countries is decreasing with the probability
of conflict. The size of countries is increasing with the probability of conflict.
This is one of the critical results of the paper: it implies that a sharp decrease in the

probability of conflict would result in the break-up of countries. Two forces underlie this
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inverse relationship between p and N. First, if p increases, an individual would like to
belong to a larger country in order to reduce the probability of “being matched” with
foreigners. Second, since defense spending increases in p and defense per capita 1s
decreasing in larger countries, the benefits of size increase. If we view the end of the cold
war as a large drop in p, the model predicts that the creation of new countries should go hand
in hand with the end of the cold war.

One could expect that a large fall in the probability of conflict p (The “end of the cold
war,” should bring about a more peaceful world and a “peace dividend”, namely a reduction
in the per capita cost of defense. However, the emergence of several local conflicts cast
doubt on the first implication, and the “peace dividend” has been slow in materializing. Our
model is consistent with both these rather sad observations.

Let’s begin with the amount of world conflict. Define the mass of observable conflict

M. We have that:

M(p) =p (1 - §(p)) (14)

where §(p) 1is the equilibrium size of countries Thus, from Proposition 2:

§@) =& (15)
g - pe
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Proposition 3

The mass of international conflicts is increasing in p if and only if:

~ g - pe
se) < E=L7 16)
Proof: From (14):
dMp) _{ _ ¢ _ . ds(p)
& 1 -$§@)-p e (17)

substitute §(p) and é%f)—)- using (15) to obtain (16). Q.E.D.

The intuition of Proposition 3 is that a reduction in p has two effects. For a given
size of countries, it reduces the mass of international conflict. This direct effect is larger the
smaller is s, namely the larger the “mass” of international “matches”, relative to domestic
“matches”. The second, and indirect effect, is that a reduction in p reduces the size of
countries, thus it increases the mass of international interactions that can, potentially, lead
to conflict. As equation (16) shows, for § small the direct effect dominates, for § large it
does not. Therefore, starting from a world with a few large countries a reduction in p which
leads to the formation of many new countries may actually increase the mass of observed

conflicts.
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A similar intuition underlies the effect of a reduction of p on defense spending per

capita. From (12) it follows that:

a(d*/s) _ (1 -s)e _pe ds
op 2 2 dp

(18)

The first term is the direct positive effect of a change in p on defense per capita: a
lower p leads to lower defense. The second term, with the opposite sign, is the indirect
effect due to the consequences of a change in p on the size of countries. Equation (18)
leads to the following:

Proposition 4.

A reduction in p determines a reduction of defense per capita if and only if:

~ < & ~pe
$(p) p—s (19)

Thus, a reduction of p may actually lead to an increase in defense spending per
capita because countries become smaller. More generally, even when (19) holds, so that
lower p means lower defense, the model emphasizes a channel (through the size of

*

countries) which reduces the effect of p on

s
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5. Stability

In this section we consider the issue of stability of the equilibrium both to small
perturbations and to unilateral secessions. We begin with small perturbations in which one
border is moved slightly, so that a small mass € of population changes country.

Requirement 3 ( e-Stability ): A configuration of countries is stable if after a small ¢
perturbation of the border between two countries, the original equilibrium is re-established.

Consider a configuration of N countries of equal size. We know that this con-
figuration of borders satisfies Requirement 1. But is it stable? Suppose, without loss of
generality, that starting from the equilibrium with N countries of size s = % , country 1
isreduced to size s = s - € and country 2 to size s, =s +¢ . Would the
original equilibrium be restored? Namely, would the mass of individual € want to return
to country 1?2 When the size of two countries changes the following adjustments occur:

1) the type (location) of government in country 1 and 2:

i) the defense spending of countries 1 and 2; and

i)  the defense spending of all the other (N - 2) countries."
Intuitively, the third adjustment is “second order,” particularly for N large. In fact, looking
at the first order condition (equation (10)) one immediately verifies that the (N - 2)

countries not affected by the border perturbation change their choice only marginally because

"*Note that the location-type of government in these (N - 2) countries does not change, because their borders do
not change.
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the size of the other two countries have been reshuffled. We can obtain analytical results
under the simplifying assumption that the third type of adjustment is zero, namely the
(N - 2) countries not affected by the border change maintain their defense spending fixed.

In this case we can show the following:

Proposition 5.

Consider a configuration of N equally sized countries. If all the(N - 2) countries
not affected by the border change maintain their level of defense fixed, the smallest size of
countries which is stable, §, is a function of p, § (p) such that:

§5(0) < §(p) p>0

35) . (20)
op

Proof: See Appendix.

Thus, the minimum stable size is (weakly) increasing p. If p is high, small
countries are not stable in the sense that if a perturbation makes one country larger, the
citizens of the neighboring smaller countries would want to join the bigger country, because
defense is too expensive in the smaller country. Thus, the implication of Proposition 5 is

that, even leaving aside Requirement 2, the minimum stable size of countries (weakly)
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increases in p: with a higher probability of conflict, the minimum stable size of countries
is larger."

We can now extend our analysis of Requirement 2 to the case where we explicitly
take into account the issue of €- stability. Namely we modify Requirement 2 as follows:

Requirement 2': Given a configuration of countries that satisfies Requirement 3, in
at least one country a majority should oppose any proposal to redraw borders so that a new
country is created or eliminated. Only proposals which satisfy Requirement 1 and 3 are
admissible.

Numerical simulations described in Appendix show the following:
Results.
a) The maximum number of equally-sized countries that satisfies Requirement 3 is
decreasing in p;

b) The number of equally-sized countries N that satisfies Requirement 2'is the integer

closest to ‘ —gz_—? (Or, for small values of pe, the largest integer smaller than, ' gz_—}; ).

For large values of ‘ %;;e, we can ignore the integer condition and approximate

the number of countries that satisfies Requirement 2' by N = l %ﬁ_ This number,

therefore, not only approximates the equilibrium number of countries that satisfies

HOf course, it is possible that small increases in p leave the equilibrium size unchanged.
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Requirements 1 and 2, but also the stable number of countries that satisfies Requirements 3
and 2'.

We now turn to the issue of stability to unilateral secessions. A unilateral secession
occurs when a (connected) set of individuals belonging to an existing country unilaterally
forms a new country.

Definition: A country of size s is secession free, if no group of citizens would want to
unilaterally break away and form a new country.

First of all, note that if a secession occurs, three adjustments have to occur:

1) the location of government and defense spending of the new country;

ii) the location of government and the defense spending of the country which has been

split, and

ii1) the defense spending of all the other countries not affected by the secession.

While for the case of the - stability the third adjustment was “second order,” this is
not the case for (potentially large) unilateral secessions. Thus, we cannot derive results
analogous to Proposition 5.

Note that the individuals with the highest incentives to break away are those located
far away from the government near the borders of the original country. In fact, for given
country size, and given size of a secession, those who gain the most are those who were far
from the original government and are much closer to the government of the new country.
Clearly, the possibility of secessions impose an upper limit on country size. If a country is

too large, a fraction of its citizens at the border would break away because they are so far
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from the government that they are willing to bear the costs of a higher defense bill and total
tax per capita, and lower total defense in a conflictual world.

The first question which we ask is whether the configuration of N countries of equal
size § = 1—17 is secession free. Numerical simulations described in the Appendix show the
following results:

Result. The size § is secession free.

The simulations imply a search over a grid of values for possible secession sizes. We
then check whether or not all the individuals in the proposed break away region are better
off after the secession. A country is secession free if we cannot find a size for a possible
secession in which all the individuals who are breaking away are better off. Note that this
procedure implies (rather realistically) that nobody can be forced to unilaterally break away
from an existing country against his will.

A second interesting question is the following. Leaving aside Requirement 2, what
is the relationship between p and the minimum size which is secession free? By numerical
simulations, described in Appendix we obtain the following:

Result: The maximum size that is secession free is increasing in p.

In other words, when the probability of a conflict increases, larger countries that

would not have been secession-free for a smaller p become secession free. Conversely, a

sharp drop in p would induce certain regions to secede, which would not have seceded with

a higher p. Therefore, even leaving aside the equilibrium number of countries N obtained
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applying Requirement 2, this result on secessions establishes that one should observe a
break-up of countries when, for whatever reason, the probability of conflict decreases.
This observation is quite important because it underlies the generality of the direct
relationship between country size and probability of international conflict. In fact, this
relationship emerges simply as a result of the secession-free requirement, regardless of any
other requirement which (like Requirement 2) identifies a specific equilibrium number of

countries.

6. Conclusions

This paper provides a model consistent with three observations. First, secessions and,
more generally, break-up of countries should go hand in hand with a reduction of
international conflict. Second, the number of conflicts among small countries may go up,
as a result of the break-up of previous larger political units. Third, the size of the ‘peace
dividend’ is influenced by the process of country break-up which follows the reduction in
the likelihood of international conflict.

While these implications of the model appear quite consistent with recent events, we
should emphasize several limitations of our approach. First and foremost, we have
completely ignored the role of alliances and the related problem of free riding in defense
spending by smaller members. To some extent, one can reinterpret the ‘country’ of our
model as a group of allied countries, and view our model of country formation as a model

of alliance formation. However, the analogy can be pushed only to a point, because critical
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issues of bargaining (and free riding) amongst allied countries cannot be addressed. Second,
our model of conflict is somewhat rudimentary, since we assumed that the probability of
conflict amongst citizens of different countries is the same around the world. It could be
interesting to consider extensions in which the probability of conflict between groups of
individuals may depend on their geographical and/or preference distance, and/or on other
political, economic and social characteristics. Third, we almost exclusively focused on
symmetric equilibria. Fourth, the equilibrium concepts we have used to determine the
endogenous configuration of countries are based on “self determination” and voting
mechanisms. Although these concepts may be appropriate to study a completely democratic
world, they are far from realistic, especially in situations of international conflict. However,
the general principles behind our results are likely to be robust with respect to different
specifications of the process of country formation. For instance, Spolaore (1995a) derives
similar results for the case of a world in which governments are modeled as rent-maximizing
Leviathans. Fifth, our assumption concerning the identity between the geographic and
preference dimension excludes the consideration of ethnic minorities. In the context of our
model, in fact, an ethnic minority could be viewed as a group of individuals with preferences
very different from those of individuals on their right and left geographically. In reality, the
existence of ethnic minorities is a critical determinant of both country formation and
secessions and of regional conflicts. More generally, focusing on continuous, uniform
distinctions of individual characteristics allows us to study some important and robust

relationships between conflict, defense and country size with the minimum amount of
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notational and analytical complexity. However, additional insights can probably be obtained
by extending and modifying the basic framework in order to allow for asymmetries and
discontinuities. These extepsions are left for future research.

Despite all these caveats, the contribution of this paper consists in building if not a
bridge at least a wire between the literature on country formation and the literature on

international conflict and defense spending.
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Let [, {N} denote the distance of individual i, belonging to country 4, from his

country’s government when the world is divided in N countries of equal size s = I/N, and

let 1, {N} denote the taxes paid by i . Each individual i in country » will prefer N to N+1

countries if and only if:

1, AN} + gl {N} < t, {N+1} + gl {N+1}

That is:

t, {N+1} -t {N} > g[l {N} - L, {N+1}]

Since:

1, pe
t,{N} =NK+ (1 - =)=
w (V3 ( N) 2

1 | pe
t, {IN+1} = (N+1D) K + (1 - —) £
'h{ b= ) ( N+1) 2

we have that, for every individual i in each country A:

(A1)

(A.2)

(A.3)

(A.4)
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+ - = + ___pe
ty AN+1} - 1, {N} = K NN (A.5)

Denote with /_, {N} - I .,{N+1}the median distance change in country 4. It can

be shown'? that the median distance change is the same in all countries, and equal to:

1

! -1 {N+1} = ————
m ANy = L {N+1} INNAT) (A.6)
Hence, N is always preferred to N + 1 in all countries if and only if:
K + _p_e_ > L
IN(N+1) ~ 2N(N+D) (A7)
which is satisfied if and only if:
N(N+1) > &8 _P¢ (A.8)

2K

Analogously, each individual 7 in country # will prefer N to N-1 if and only if:

127 proof by construction is provided in Alesina and Spolaore (1995), Appendix, Lemma 1.
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t, AN} + gl AN} < t,{N-1} + gll,,{N-1} - [, {N}] (A.9)

That is:

AN} = 1, {N-1} < g [L, (N-1} - [, {N}] (A.10)

It is immediate to verify that, for every i in each country 4, we have:

AN} - £, {N-1} =K + #3 (A.11)

N will satisfy requirement 2 only if there exists at least one country 4 in which:

K + Z_A/(};\e/——l) sgll, {N-1} -1 {N}] (A.12)

It can be shown' that, for any N, the maximum median distance change

LaAN-1} -1 {N} is given by:

A proof by construction is provided in Alesina and Spolaore (1995). Appendix, Lemma 2.
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1

Imh,{N_l} - lmh{N} = m

(A.13)

Therefore, there exists no country 4 in which the median voter prefers N-1 to N if and only

if:
K + __pe < 85
IN(N-1) ~ 2N(N-1) (A.14)
which is satisfied if and only if:
N(N-1) < & _F¢ (A.15)

2K

Hence, N satisfies requirement 2 if and only if it satisfies both (A.8) and (A.15). The

integer that satisfies both equations is the integer closest to

g ~pe
2K

Q.E.D.
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Proof of Proposition 5.
In order to prove Proposition 5 we first need to prove a Lemma. Define as dl/ and
dz/ the defense spending in country 1 and 2 after the € - perturbation. Remember that

/ / . , .
s, =§ - ¢g,s, =s + ¢ , and that we are assuming that d, i =3, ... N remain

unchanged, so that d, = s (1 —ZS) Pe - g

Lemma:

/
> _2 >0
s

/
d < d - d
1 S% s —

/
5y 2

Proof. Using the first order conditions, (10), after some algebra, one obtains the following

system of equations in dll and d2/ ;

d

+ 1-2§)———m— + (s-&8)——— | =
(se)(.s)(d;w’)2 @e&4+@2 2pe (A.16)
/
(s-8) |[(1-25)—2 + (s+e) i - (A.17)
(dl/ + d)2 (dl/ + dz/)Z 2pe

Differentiate both sides with respect to €, noting that the right hand side of (A.16) and
(A.17) are a constant. Then evaluate the two expressions at € = 0, noting that at
e=0d =d =d.

We obtain:
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3d,
1-2s s (1-25) 9d, 1 Er (A.18)
+ — |+ | -2 - - -5 =0
4d 4d 44* Oe 4d 4d?
od]
_ _rgy Od! e .
_Q29) s, | (29 % 1 %e | _ (A.19)
4d 4d 4d? ok 4d 4d?

Solving, one obtains:

ad. _

oe 1 -5 s
ad/ _
h __1-24d (A.21)
de 1 - s s

For s < % (A20) is positive and (A21) is negative. Using (A20) and (A21), and evaluating

at € = 0 one obtains:

/ / / /
Odyls, 1 |9 & |  _d _ _pe_, (A.22)
de s+e | de  s+e s(1-s) 2
/ / / /
9d\/sy 1 19 4| __d _pe_, (A.23)
e s—€ | de il 2 s(1-s) 2

Equations (A20), (A21), (A22) and (A23) imply the Lemma. Q.E.D.
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In words, for a small perturbation of the border between two countries, total defense
is larger in the larger country, but defense per capita, thus taxes per capita are higher in the
smaller country. We are now ready to prove the Proposition.

Define §(0) as the minimum stable size, for p = 0. From the results of Alesina
and Spolaore (1995) we know that for p = 0, §(0) = 1/N, where N is the largest integer
smaller than \J—% First, we want to prove that §(p) > §(0) foranyp > 0. Ifp =0

the condition for stability can be written as follows:

§-¢€ K S+e K
—_ ) - — < —) +
()~ <8 () (A.24)
Suppose now that §(p) <§(0) . For some p >0 , choose s’ such that

§(p) < s’ <§(0). Consider the e perturbation when s = s’ . Since s’/ < §(0) if
p = 0 the individual at the new border prefers the bigger country. Since s’ > §(p) forp > 0
the border individual prefers the smaller country. This is a contradiction, since if p > 0
defense pro capita, thus taxes per capita, are higher in the smaller country and total defense,
thus the expected revenue from conflict, are lower in the smaller country. Thus if the
individual at the border between countries of size s’ + € and s’ - € prefers the bigger
country for p =0 he cannot prefer the smaller country for p > 0. Thus,
§(p) = §(0) for p > 0. Consider now p’>p. A similar argument based on
contradiction establishes that §(p’) > s(p); thus it follows that the function §(p) is

weakly increasing in p. Q.E.D.
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Numerical simulations

£ - Stability.

Consider N countries of equal size s = I/N. Suppose that a small perturbation takes
place at the border between country 1 and country 2, so that 51/ =s -¢ and
s, = s + €. Theother N-2 countries remain of size s. All countries adjust their defense
spending after the perturbation. New defense spending in country 1 (2) will be denoted by
dll (dzl ). Defense spending in the remaining N-2 countries is denoted by d’. Then, d1/ , dz/

and d’ are given as follows:

/ / /
/ 1 d, d,
d| = argmax { 2pe(s+e) + 2pe(N-2)s - }
d/+d) dj+d’ S7E
/ d g 4
d, = argmax {2pe(s-¢t) + 2pe(N-2)s - }
aivd] qea o
/ / / /
d'=argmax {2pe(s-¢) d +2pe(s+e) d +2pe(N-3)s d_ —i}
d/+d’ d)+d’ d'+d’ S

The first-order conditions are:
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/

d, d’ 1
2pe(s+e) ——— + 2pe(1-2s) — = (A.25)
(d1+d2)2 (dl +d/)2 s$—€
dl/ d’ 1
2pe(s-e) ———— + 2pe(1-2s) — = (A.26)
(dl +d2)2 (dl +d/)2 S+E

dl/ dzl 1
2pe(s~e) ——— + 2pe(s+e) ———— + 2pe(1-3s) — =
4d

A27
(dl/+d/)2 (d2/+d/)2 ( )

© |~

For any given vector of parameters (pe, g, K) and for any given configuration of N

countries of size s = 1/N, it is possible to calculate the amount of defense per capita,

d =dl1(s-¢€)d =di(s+e), d =dIs. (A.28)

that would be chosen, respectively, in country 1, country 2, and in the remaining N-2
countries when the border between country 1 and country 2 is perturbated, so thata fraction € = As
of the population of country 1 joins country 2, where Ais a number much smaller than 1.
These values can be obtained by solving the system (A-25)-(A-27) numerically. Table 1
shows the values of c?l/, 32/, and 33/, for pe = 500.

By using the above defense values, we can then calculate the utility ull (u2/ )of the

individual at the border between country 1 and country 2 if she belongs to country 1 (country
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2). In general, these utilities are given as follows:

/ /

/ d, d, K
u/ = [1-p(1-(s-e)] e +2pe [(s +&) ——+(1-25) ——] -
d, +d, d +d’ 5°¢
d s
R 2
u, = [1 - p(l - (s +€)]e (A.29)
/ d/ K
+ 2pe[(s - ¢€) 2 + (1 - 2s) 2 ] -
d/ +d d) +d  S*E
_ d2/ s +teE
s + 8 2

The values of ull and u, are reported in Tables 1 and 2 for different values of g and K. If
ul/ > u2/ , the individual at the border would like to join the smaller country. In this case,
the original configuration would be stable. By contrast, if #, < u,, the individual at the
border would like to join the larger country, henceforth amplifying the perturbation. In the
latter case, the original configuration is not stable (i.e., it does not satisfy Requirement 3).
Tables 1 and 2 indicate with “1” whether ”1/ > uzl, (stability) and with “0" the opposite
case (instability), for different values of g when pe = 500 and
K =05 (Table 1) and K = 4 (Table 2) .

For any given value of the vector ( pe, g, K ), we can then find the maximum N that
satisfies Requirement 3, i.e., that is stable (note that if N is stable, so is N-1). Let N® denote
the maximum number of equally-sized countries that satisfies Requirement 3, i.e., that is

stable (or, more specifically, €~stable).
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Table 3 shows the values of N°*for different values of the parameters (pe, g K).

Denote with N’/ the largest integer smaller than , | %ﬁ , and with N the integer that is

2
closest to , ‘ % . It 1s immediate to notice that:

1) N°€ is decreasing in pe. This result is illustrated in Figures 1-4 for selected
values of g and XK.
2) N’ is always e-stable; N’ is e-stable for values of pe larger than the

critical value pe defined by the following equation:'*

N*(pe) = gz—]fe (A.30)

Hence, if N” is e-stable, the number N which satisfies Requirement 2' is equal to N

Otherwise, it is equal to N, which is always stable.

Secession-Free Equilibria
Consider N countries of equal size s. Consider a secession of size z taking place in
country 1. Then, we have a new country of size z spending d, in defense. The rest of

country 1, being now of size s-z, spending d__ in defense, and the remaining N-/ countries,

“For instance, in table 3 (K =0.5), for g = 800, the critical pe is 400; for g = 1600, the critical pe is 700, etc.
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of size s = /N, spending d’ in defense. d,d_, and d /" are given by the following first

z

order conditions (as long as the system has strictly positive solutions)'’:

d,_ d’ 1
2pe(s-z) — =2 +2pe(l-s) —&— = =
(d +d_)Y (d +d'yY z
5 d, 2pe (1-5) d’ 1
ez ——— +2pe(l-s =
pe z @d 7 iz @ < dy 5= (A.31)

d d _
2pez ——%_ + 2pe (s-2) 17z + 2pe(1-s)
(d, + d’y (d_, + d’y ad’

1
s

For any z < s/2, let u denote the status-quo utility of an individual located at a distance

s/2-z from the center, that is:

d*

un=e+g(1—(%—z))——]s£— (A.32)

Let u_ denote the utility of that same individual should a secession of size z occur, so that
he would be located at the border between the new country of size z and the rest of his old

country, now of size s-z:

dz 2 N-1 d’ 2
= - e + —
4, =p (5-2) 5o 2e + p(N-1)s —= 2
z e z d (A.33)
y4 K z
+(1-p-z))e+g(l-2)-—=-—=
2 z z

The conditions that characterize the corner solutions are available upon request.
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This individual would be in favor of (against) a unilateral secession of size z as long as u
is smaller (larger) than u_, and be indifferent in the case u, = u.. For a given
configuration of N countries of size s = 1/N, we can calculate the values of
u, and u_associated with different possible secessions of size z = As, where Atakes
different values between 0 and 0.5. Similar calculations, mutatis mutandis, can be performed
for values of A larger than 0.5. If #_ is smaller than u for some values of A, that
configuration will not be secession free. On the other hand, if for every A u_ > u_, we can
say that s = 1/N is secession-free.

Table 4 shows the values of defense per capita and of u, and u forg=800, K=0.5,
and pe =50 . The A's take values between .05 and .5 In this example, s = 1/2 and s = 1/3
(N =2 and N = 3) are not secession free. Up to 25% of the citizens of each country of size
s would be happier if they could form a smaller country on their own. Secessions of size
1/40, 1/20, 15/200, 1/10 and 1/8 would all be approved unanimously by the relevant subset
of citizens. s = 1/4 (N = 4) is not secession-free either, because up to 20% of the citizens of
each country of size s would like to form a smaller country. N =5 is not secession free
because secessions of size z = s/10 = 1/50 and z = .15s = 3/100 would be unanimously
preferred by the relevant fractions of the population. By contrast, values of N larger than 5

are secession free.

!$For this specific example, no secession would ever occur for A > 0.5. This tums out to be true in all our
calculations for N> 2. In some cases, when N = 2, a majority of the original population may want to secede and form a
smaller nation,
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In general, if N is secession-free, so is N+1. For each value of the parameters (g, K,
pe), we can calculate the minimum N that is secession-free. In Tables 5 and 6, the minimum
N that is secession free is denoted by N*, and is calculated for different values of the
parameters. In particular, we find that:

u N*is decreasing in pe. This result is illustrated in Figures 5 - 7.

n The largest integer smaller than g 2_ If ¢ is always secession free.



40

References

Alesina, A., R. Perotti and E. Spolaore (1995), “Together or Separately? Issues on the Costs
and Benefits of Political and Fiscal Unions,” European Economic Review, April.

Alesina, A., and E. Spolaore (1995), “On the Number and Size of Nations,” NBER Working
Paper No. 5050, March. Revised: October.

Bolton, P., G. Roland (1995), “The Break-up of Nations: A Political Economy Analysis,”
CEPR Discussion Paper No. 1225, August.

Bolton, P., G. Roland and E. Spolaore (1996), “Economic Theories of the Break-up and
Integration of Nations,” European Economic Review, April.

Boulding, K.E. (1962), Conflict and Defense: A General Theory, Harper, New York.

Casella, A, and J. Feinstein (1990), “Public Goods in Trade: On the Formation of Markets
and Political Jurisdictions,” NBER Working Paper No. 3554, December.

Friedman, D. (1977), “A Theory of the Size and Shape of Nations,” Journal of Political
Economy, 85 (1).

Garfinkel, M.R. (1994), “Domestic Politics and International Conflict,” American Economic
Review, December.

Hirshleifer, J. (1989), “Conflict and Rent-Seeking Success Functions: Ratio versus
Difference Models of Relative Success,” Public Choice, November.

(1991), “The Technology of Conflict as an Economic Activity,” American
Economic Review Papers and Proceedings, May.

(1995), “Anarchy and Its Breakdown,” Journal of Political Economy, Vol. 103,
February.

Olson, M., and R. Zeckhauser (1966), “An Economic Theory of Alliances,” Review of
Economics and Statistics, 48, 266-79.

Sachs and Sala-i-Martin (1992), “Fiscal Federalism and Optimum Currency Areas: Evidence
for Europe from the United States,” in; M. Canzoneri, P. Masson and V. Griles (eds.),



41

Establishing a Central Bank: Issues in Europe and Lessons from the U.S., Cambridge
University Press, Cambridge and New York.

Sandler, T. And K. Hartley, (1995), The Economics of Defense, Cambridge University Press,
New York.

Schelling, T.C. (1960), The Strategy of Conflict, Harvard University Press, Cambridge (MA).

Spolaore, E. (1995a), “Enlargements Dynamics in Political and Economic Unions,” Y1j6
Jahnsson European Integration Lectures 7, October.

(1995b), “Economic Integration and Political Borders,” prepared for the
conference “Regional Integration and Economic Growth,” Tel Aviv University.

Tullock, G. (1974), The Social Dilemma: The Economics of War and Revolution, University
Pub., Blacksburg (VA).

(1980), “Efficient Rent Seeking,” in 7oward a Theory of the Rent-Seeking
Society, edited by J.M. Buchanan, R.D. Tollison, and G. Tullock, Texas A&M
University Press, College Station.
Wei, Shang-Jin (1992), “To Divide or to United: A Theory in Secessions,” mimeo,
University of California, Berkeley.

Wilson, E.O. (1980), “Sociobiology,” Harvard University Press, Cambridge.



0 06/88C 052882 O 0SG6ZL 0SS6Z O G566V Gvé6r, O GG'LOL SvLOL 8vC 8yc Zve 8¢ 00
0 0S668Z 056682 O 0Z90EL OL'OOEL O  ¥GLLS OF'LLS 0  OZ¥hL €LVLL 62€ 6CE€ 6C€ 6C¢ s/
Il 00'668C 006682 O O00GLEL D0'GLEL O 20'€ZS 862 O €0/ZL L69ZL 067 067 06% 06% 05
L 0$'868C 05'868C° O OCOLEL OS'OLEL O 61626 GL'SZS O  €96ZL 65624 €S  PbS €VS  €vg T
| 0T/68Z 0£7268C O OCLLEL OTZLEL O  lTL26 €2.25. O /TTEL €22l 609 0L'9 609 609 ov
|  06'¥68Z 06¥68Z O 08ZLEL 08'ZLEL O €7625 02625 O G6VEL L6PEL ¥69 S69 €69 69 . GE
I 001682 00'L68Z L  OLZLEL OLZLEL O LO'LES 66065 O 89/EL G9/EL 908 908 GOS8 908 0g
I 0S'¥88Z 0S¥88Z L  0G'OLEL 0G9LEL O  LSTES 6V'2ES O LSOVl 6YOpL 096 196 656 096 T
L Ov'€/8C 09€/8Z |  OSELEL OGE€IEL O OSECES OSEES. O  LSEyL BYeEpl 8841 68LL 981L 881L  OZ
L 0v0/8C 05082 L 0GZLEL 09TLEL O LO'EES 09CES. O Wi'vbl Chbvl I¥Th 8YTL SVTL L¥ZL . 6l
L 06'998Z 012982 L OV'LIEL OS'LLEL L ZOCES L9€ES O  6Lbvl ZLbpL ZL'EL E€LEL OLEL ZTLEL 8l
L 00'€98Z 0CT'EYBZ L OLOLEL OTOIEL L BYEES 89EES. O  SrSyl €Syl vE'EL SEEL £9EL vEEL Ll
L 05'868Z 0.'8G8Z) L  09'80CL OLBOEL L  COEES €OEES! O  bLOvL LL'OFL SOPL 99VL €9FL S9bL 9l
|l OF'€S8Z 09'€S8Z' L  08'90EL 06'90EL L  OSEES OSEES, O  ¥8OYL 289vL 9SGL 2GGL ¥SGL 95SL  Gi
I 0S.L¥8T 0L°/¥8T, L  OLVOEL OL¥OEL L  BZEES BCEES. O  8GZbL 9G/bL 869 099L /S9L 8591 vl
L 090v8Z 08'0V8Z | L  OZTOEL OTZOEL |  S6'ZES L6TES| O GEBYL vEBYL GLLL LIV WLl SLLL €L
| Ov'Zesz 09°7€8Z L 0L'66ZL 0ZT66TL L 6Y'TES LGTES| O LL'6YL 9L'6YL.OL'6L LL'6L 8O6L OLEL - Zl
b 0.72Z8Z 062Z8C: L  0S'G6ZL 05'G6ZL L  S8LES /8LES! O  GO'OSL ¥OOSL 990z 890Z ¥90Z 9902 LI
L 060LBZ OL'LLBZ L  0606ZL OL'I6ZL L  66°08G LOLEG| O  LO'LGL 66'0GL 0S5CZ ¢5CZ 8vZZ 0S2Z O
L 0b'96.Z 09962 L  0£G8ZL OV'S8ZL L 28625 8625 | O 90TGL SOTGH 69VZ LLYT L9VT 69VT 6
b 0V'82.Z Ov8LLZ! L 0T8iTL OE8LZL L  €TBTG LTBIS, O OTES VTESL VELZ L€LT CELZ VELZ 8
b OvYSiZ 08'VSLZ| b 0289ZL 00'G9ZL L GO'9ZS 0L'GS | O  GOVSL POPSL LOOE YIOE 6S0E L90E L
08'7ZLz 0T€TLZi L 0Z9SZL OV'9SCL' L 167ZS €0€ZS| O  VE'OSL €COSL TLVE SLVE 69VE ZLVE 9
| 02’89 08'8/92| | Ov'eETL 098EZL! L  O¥'8LS ¥GBLG| O  0S'8SL 0S'8S5L 000y €00Or .66 000V G
b 0LLLOZ 06'WL9Z| L OELLZL OLMbZL L PYLLG 95LIG L 6¥LOL LGLOL 889y 16Oy ¥8'Oy 889y
| 00'66¥Z 0000052, L 06°GOLL OV'99LL. L Lb'66Y 6566V L ©L'99L 6L'99L 95'GG 8G'GS €S5SS 955G €
Zn<in  gn N lznein  gn AN TZN<lngn 4N jgn<in gn  An | gp 2P 4P P N
00zg=bH | 0091=b 0098=b : 00p=H M
00g=ad
LO00=YX

A1qeys uojisdg jo uoneulwislag (| djqel

G'0=MA




0 06/€5C OV/ESZ, O 0BGHE OL'SH6 0O 066FL OLBYL. O OL'8YC 068vZ- SLPCT LIV ELVT SL¥CT 00
0 O£€E9Z 0/2€9C O 0QOvrOL OV'EPOL O OE6YC 0.8 O  €0'8vL- £98FL- '68CC 26ZC 982€ 68T€ S/
0 0TV¥ciZ 08'€Z/Z O OTOVLL 086ELL O OZ8YE 08/YE O O08/b- 08y~ 006 GO6% G68+% 008Y O
0 0L'lp/ZT 0BOV.Z: O 06%9SLL 09'8SLL 0  PBL9E 6VL9E! O LL[Z- L08C- ZEV'S LEV'S [T¥'S TEY'S  GY
0 OV/S/Z OL'LS.T! O OvZLVL OVZZLL: O  Lp/8E 60286 O 65 16/ ‘#6099 00L'9 8809 +609  OF
0 0STLLZ 0ETLLZ. O OV'S6LL 0TSELL. O G890V 8590y O  2G2L 6ZZL (6669 9v6'9 2Z€6'9 6E69  GE
0 0,98/ 0668/ O 08ZiZh 092k O LL'9Zy 68°GCy! O 6LCC GSZ€ 19508 €908 8¥08 9508 O
0 00.6/Z 00/6/Z, O 0L'6ZZL 0682ZCL. 0 60SYY LBYPYY' O OLES 06T 0096 6096 1656 0096  SC
0 0G'€08C 0S€08Z O 09€yzl Ovepbzk' O  LS€E9y €v€9F O 8GE€. Tvel 'S/8LL 988°LL ¥98'LL G811 0T
0 00¥08Z 06€08C. O OL9PZL 009¥VZL. O  LL/9% vO'L9v O  VL.L SS'/ZL 'SOvZL LIvZL ¥SbZL Sov'ZL 6l
L 00¥08Z 00V08C: O 0S'8YCL Oy'8yTL: 0O €L0.F 090y, O G818 0.8 ZLL'EL OEL'EL GOLEL ZLL'EL 8
| 09'€08T 09'E08Z° O  0L0GZH 090SCh 0 €TViv Zh'viy. O L1098 [8'G8 [LvB'€L PSB'EL 8Z8'€L L¥BEL Ll
L 097208Z 092082, O 0.72G2L 09ZSZL O B89LLY [S/ip! O 6LO6 9006 |8Vl 99Vl SE9VL 8YYPL Ol
L 0071082 00'V08Z. O OV'vSTL OEWSZL O SO'L8Y G608Y O OYY6 LZ¥6 (9GSl 0/5Sh LyG'GL 9SG°GL Gl
L 0$'86/Z 09%86/Z, O 0LGSZL 0.'GSZL O EE¥8Y vTv8y| 0O €986 1596 [Z8G'9L /6G'OL 995'OL Z85'OL vl
L 0L'G6/T 02'S6LZ° O  0L95Zh 0L'9SZL' O 0S'/8F Zv/8y! O 06T0L 6L7T0L |2SLZV 89L°/L SELLL TSL°LL €L
L 0V06.C 0906/Z' O 0ZLSTh 0TLSTL' O €506 Lb06Y. O TZL0L ZL'Z0L ([60'6L SLL'6L 080'6L L606L L
L 0ZY8LZ O¥'Y8LZ: L 00'/GZL 00SZL. O BEE6Y VEEGY O  6GLLL OGLLL [199°0Z 089°0Z €Y9°0T L990Z  hi
b 06'G/LZ 0L'9LLZ; L  009SCL 009SZL 1 O 20'96Y 86G6F: O  vO'OLL 96°GLL |00S'ZC 02S2C 08F'ZC 0052 Ol
I 06%9/Z 0L'S9LT! L  06'€GCh 06'€SZL. O GE'Q6F ZE86F| O 65021 2S0ZL [L69+FC €LLVZ 0.9%C L69YZ 6
L 0L0S.Z OV0S/Z. L 020SZL 0E0SZL| O 92005 vm_ooi 0 82SZL 2Z'STL |WPELZ L9ELT 0TELT wYELZ 8
L 000ELZ 0S0ELZ. L Obbbeh 0SPbZL| O  /SL0S ZGL0S: O  ZL'OEL LL'OEL |ZL90E 8EQ0E /8S0E TLOOE £
L 0810/Z 02202 L  O0EGETh Op'SETh! L 66105 LOTOS| O  O9ESEL LEGEL ?wﬁvm 0S.¥E ¥6OVE TTLVE 9O
I 0/099Z 0E£'L992, | 06022} OLlZZL| L 86005 ZOLOS: O 2ZOLyL 86°0FL _ooo.ov 0£0'0v 0/6'6€ 0000% §
L 0T'/6SZ 08'26SZ | L OV .6LL 8.3:7 L 9v'l6v v56Y 0  LS'Lbl 6YLPL |G/8°9v 9069V PY8'OV S/89Y b
| 08'88YC 05682 L 0G'GGLL 06'GSLL| L  Z688F BOG8P! L G9'GSL B9'GGL |9GG'SS £85GS 8Z5GS 956G €
Zn<in  Zn AN lZngln  zn AN Zn<ln Zn N Tgn<inogn un | oep gp P .p N
00ze=b 0091 =6 ! 008=6 m 00%=b ‘ i

00G=ad

L0070 =Y

Aujiqels uopisdg yo uoneulwialeq (g dlqeL p=)




€ 0096
G 0008
6 000 00%9
zL 0001 0095
Gl vyl 008¥
8l ZeLL 000¥
0z 0002 000 00Z¢
12 AW 0L € 0082
ze 9e°ee 0001 £ 00¥2
€2 Sr'eT TAA 14 0002
v 6v'v2 vi vl 9 00'0 0091
14 00'GZ 00'GL L 00'G £ 0ov1
14 06'6Z 1861 8 L0°L € 002}
9z 86°G¢ 8591 6 99'8 14 000t
9z r4ALT4 96'91 6 GE'6 % 006
oz o¥'9z zeLL 0l 0001 14 008
9z 6992 89°/1 L L9°0L G 00.
az £6'92 £0'81 Ll gLLlL 9 5 009
/2 912 .£'8) Ll €L 9 € 00S
X 6€'.C 1284 4} TArA" L 14 000 00%
12 1922 r06L zL GL'ZL 8 14 vG'e 00¢
12 v8'LT 9c'6l £l AN 8 g 00°G 002
8¢ 90'8¢ 6961 €1 69°€l 6 9 ZL'9 00t
8¢ AN T4 9.6l €l 19°EL 6 9 €9 Gl
82 L1182 ¥8'61 £l z6°¢l 6 9 19'9 05
82 A T4 26'61 vl £0'vl 6 9 G8'9 14
82 9z'8¢ 166l pl 0L'vL 6 9 86'9 ol
8z 1282 86'61 4 ANt 6 L €0'L G
8¢ 82'8¢ 6661 vl Zl vl 6 L VoL 4
8¢ 82'8C 6661 vl gL'yl 6 L v0'L €
8¢ 8¢'8C 66'61 4 S 4 6 L G0'L Z
8¢ 82'8C 0002 i rLyiL 6 i 90/ L
82 82'8¢ 0002 4! vi'vl 6 000l l 10/ 100'0
N N N N N N N N N a,d
00v9=6 00¢g=b 0091 =6 008=6 00¥=6

9|gels-3 i Jey) N wnuwixep ¢ ajqe|

G 0v(nz/(ad-b))
L1000 =Y '¥

i
X Z




Table 4: Determination of A Stability

g =800
K=0.5
pe = 50
A=.05 A=.10 A=.15 A=.20 A=.25 A=.30 1=.35 A=.40 A=.45 A=.50
a' 12.5 12.5 12,5 12,5 125 12.5 125 12.5 12.8 12,5
31 0 0 8.29 14.50 17.35 18.65 19.15 19.18 18.94 18.51
92 12.50 12.50 13.17 14.12 15.00 15.83 16.59 17.31 17.95 18.51
N=2 |d3 11.87 11.25 11.29 11.60 11.82 11.99 12.11 12.19 12.24 12.26
un 608 628 648 668 688 708 728 748 768 788
us 722 724 719 715 710 704 698 691 684 677
unzus 0 0 0 0 0 1 1 1 1 1
N
d* 16.67 16.67 16.67 16.67 16.67 16.67 16.67 16.67 16.67 16.67
§1 0 0 0 8.59 14.01 16.94 18.57 19.43 19.81 19.88
dz2 16.66 16.65 16.64 17.26 17.93 18.51 19.02 19.44 19.73 19.88
=3 |33 16.25 15.83 15.40 15.57 15.78 15.94 16.05 16.13 16.18 16.19
un 663 676 690 703 716 730 743 756 770 783
us 715 724 724 721 719 717 714 711 707 703
unzus 0 0 0 0 0 1 1 1 1 1
c?‘ 18.75 18.75 18.75 18.75 18.75 18.75 18.75 18.75 18.75 18.75
3‘1 0 Q 0 463 11.60 15.53 17.85 19.21 19.98 20.37
d2 18.74 18.73 18.69 18.91 19.42 19.85 20.18 20.40 20.48 20.37
N=4 |d3 18.44 18.12 17.8 17.71 17.89 18.03 18.13 18.19 18.23 18.25
un 690 700 710 720 730 740 750 760 770 780
us 707 722 725 724 723 722 721 720 718 716
un>us 0 0 0 0 1 1 1 1 1 1
- 20 20 20 20 20 20 20 20 20 20
€1 0 0 0 1.86 9.87 14 .47 17.24 18.95 19.99 20.58
9‘2 19.99 19.97 19.92 19.93 20.34 20.65 20.86 20.95 20.87 20.58
N=5 |d3 19.75 19.49 19.23 19.04 19.21 19.33 19.41 19.47 19.51 19.52
un 706 714 722 730 738 746 754 762 770 778
us 698 719 724 725 725 725 725 725 724 723
unzus 1 0 0 1 1 1 1 1 1 1
3- 20.83 20.83 20.83 20.83 20.83 20.83 20.83 20.83 20.83 20.83
§1 0 0 1] 0 8.58 13.65 16.76 18.71 19.94 20.69
QZ 20.82 20.79 20.74 20.65 20.96 21.19 21.31 21.30 21.11 20.69
N=6 |d3 20.62 20.41 20.19 19.97 20.11 20.21 20.29 20.35 20.38 20.39
un 717 724 730 737 744 750 757 764 770 777
us 688 715 722 724 725 726 727 728 728 727
unzus 1 1 1 1 1 1 1 1 1 1
a' 21.43 21.43 21.43 21.43 21.43 21.43 21.43 21.43 21.43 21.43
§1 0 0 0 0 7.58 13.01 16.37 18.51 19.88 20.75
22 21.42 21.39 21.32 21.22 21.42 21.58 21.63 21.54 21.27 20.75
N=7 |[d3 21.25 21.07 20.88 20.69 20.77 20.86 20.93 20.98 21.01 21.02
un 725 730 736 742 748 753 759 765 770 776
us 678 711 720 724 725 727 728 729 730 730
unzus 1 1 1 1 1 1 1 1 1 1
a 21.88 21.88 21.88 21.88 21.88 21.88 21.88 21.88 21.88 21.88
c:1:1 0 0 0 0 6.79 12.50 16.06 18.34 19.83 20.79
d2 21.86 21.83 21.76 21.65 21.76 21.87 21.87 21.72 21.38 20.79
N=8 a3 21.72 21.56 21.39 21.22 21.27 21.35 21.42 21.46 21.49 21.50
un 730 735 740 745 750 755 760 765 770 775
us 669 707 718 722 725 727 729 730 731 732

unzus
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