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A Note About The Interest Rate and
The Revenue Function

Neri Salvadori* and Ian Steedman™*

The concern of this note is to reexamine the generally accepted notion that

... the revenue function provides a very general tool for modelling production so long as there
are no distortions. (Dixit and Norman, 1980, p 160). In particular, and contrary to popular
belief, there is no need to restrict the analysis to the'case where final goods are produced directly
by primary factors. There may be any pattern of goods being used as inputs to the production of
other goods.”

Whether or not there is, indeed, a ‘popular belief” of the kind described by Dixit and Norman
(who do not tell us where it is to be found), it is our contention such a belief is ill-founded. Yet it
is no less true that the presence of produced inputs can cause certain problems for the use of the
revenue function, as that is normally presented, when a positive rate of interest is paid on the
value of those inputs. (And economic systems with a uniform and constant interest rate have, of
course, been widely studied; c.f., for example, Malinvaud (1953), Mirrlees (1969), Starrett
(1970), Gale and Rockwell (1975).)

The usual derivation of the revenue function is based on the claim that “Production
decisions will maximize total profit . . . the problem will be to . . . maximize the value of [net]
output™ (ibid p. 31). But, if entrepreneurs have to pay a positive rate of interest on the capital
advanced for the purchase of produced inputs, the maximization of profit will not maximize the
value of net output; rather it will maximize that value minus the value of total interest
payments. What follows from this for the properties of the ‘revenue’ function?

The Linear Programming Case

Consider first a linear programming representation of a competitive economy, in which the
technical possibilities are shown by an output matrix, B = 0, a produced input matrix, A = 0,
and a primary input matrix, E = (. The vectors p>0and e > 0 represent a given commodity
price vector and a given primary input endowment vector, respectively; r = 0 is a given interest
rate. An activity vector, x, and a competitive primary input price vector, w, are to be chosen to
solve:

Vip,r,e) = Max p[B—(1 + r}Alx U{p, r, e) = Min we
{Exse ' [WE =p[B—(1 + r}A]
8.t 5.t.

x=0 w =0
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Since there are always feasible solutions, there are always optimal solutions and V = U are

uniquely determined. . ‘ ;
It is readily seen that V(p, r, €) is continuous; non-decreasing, linearly homogeneous an

convex in p; decreasing in r; non-decreasing, linearly homogencous and concave in e.
Moreover

AV = Ap[(B' — AY) — rAllx Apz0

AV = —Arp Ax Arz=0

AV = Ae,w; . Ae; =0
where As is the increment of s and M is the jth row of matrix M. Therefore, where V(p, , e) is
differentiable (i.e., where x and e are uniquely determined),

av k
W _ an ¥ j
where y; is the net output of j and k; is the capital stock of j;

' av
(2) vé“r- = —pk
where k is the capital stock vector;
v

(3) 6_61 = W,

It will be noted at once, from (1); that (V/dp;) = y;if and only if either the interest rate is zero

or commodity j is not used as a produced input.. ‘ .
Tt can, of course, also be seen from the original statement of the LP problem that while

4) AwAe = 0,
from the Min problem, the Max problem yields only
Ap(Ay — rAk) =0

or
(5) ApAy = rApAk

If the interest rate is zero, or if there are no produced inputs, we can be sure, from (5), that

ApAy = 0; but in general this is not known. Hence the presence of produced inputs‘aroes‘matter
for the use of the revenue function when combined with the presence of a positive interest

rate.
The Continuous Case
Consider the problem
V(p,1.e) = Max ([pq — (1 + r)pk], subject to £(q, k, ¢) = 0,
q.k

where the notation is as above, except that q now appears as the vectfg of gross outputs. (The

constraint f{q, k,e) = O has ‘normal’ properties.) First order conditions are natura.liy. P =

L(3f/dq)), (1 + )p; = — L(3f/dk) and f(q, k, e) = 0, where L is a Lagrangean multiplier. If
] s
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these can be solved for (g, k, L) we may write the maximum value of V as

(6) V(p, T, e) = [pg(P, r, C) - (1 + r)pk(ps r, e)]
From (6),

(0V/dp) = lg; — (1 + k] + 2~ pil(dqi/dp) — (1 + 1) (3k;/ap)]

0 = (3~ k) + L Y [(3ay/apy) (3f/dq,) + (ak,/0p,) (3/0k,)]

= (v — rk;)

In obtaining (1) we have, of course, simply applied the envelope theorem; more important is the
fact that (1') in effect reproduces (1), above, but now for the continuous case. Even when
V(p, 1, e} is differentiable everywhere, with respect to p, {3V /8p;) is not identical to the net
output of j, unless either the interest rate is zero or j is not used as a produced input.

The same kind of argument as was used to derive (1') also shows that

(2) (@V/ar) = —(pk)

which reproduces (2), above, but now for the continuous case. Also, it is clear from the ‘normal’
properties of f(q, k, e) that

(39 (dV/de) = w,
It follows at once from (3) that
(47 (8w;/de)) = (87V/del) <0

from the concavity of V with respect to e. But (1) yields only
(dy;/0p) — r(3k;/ap) = (8*V/ap?) = 0

from the convexity of V with respect to p. Hence

(5" (dy;/dpy) = r(dk;/dp;)

But, (dy;/dp;) > 0 is not ensured when r > 0 and j is used as a capital good.

We note finally the effects of a positive interest rate on Samuelson’s (1953} ‘reciprocity
conditions’. (Compare Gram, 1985.) From (1) and (3'), the equality of (6°V /de;0p;) and
(6°V /dp,de,) implies that

(dw;/dp;) = (dy;/de;) — r(3k;/de;);

it is not generally true that (8w;/dp;) = (8y;/de;). Similarly, from (1), the symmetry of the
matrix V,, yields

(8y;/dpy) = (Oyn/Op;) + r[(dk;/dp,) — (9ky /3p;) ]

therefore (dy;/dp,) = (dy,/dp;) if and only if either r — O or the matrix [(3k;/dpy)] is
symmetric; note that the second condition holds if there are no produced inputs, or by a fluke.
Only in a system having either a zero rate of interest, or no preduced inputs, can we be sure that
all the ‘reciprocity conditions’ will always hold.

Unless the presence of a positive interest rate is to be described as the presence of ‘a
distortion’—and why should it be?-—it would seem that the above quote from Dixit and
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Norman was insufficiently cautious. We have seen that some ‘revenue function’ results are
affected by the presence of produced inputs if a positive rate of interest is paid on their value.
And such a rate of interest is usually paid.
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