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Annals of Economic and Social Measurement, 41, 1975

THE STRUCTURE OF CONSUMER PREFERENCES
BY
DaLe W. JORGENSON
AND

LAWRENCE J. LAau*

The purpose of this paper is to present an econometric methodology for selecting among alternutve
specifications of the structure of consiamer preferences in stutistical demand analysis. We first derive para-
metric restrictions for direct and indirect transcendental logarithmic wtility functions corresponding io
restrictions on the form of consumer preferences and on changes in preferences over time. We consider
restrictions correspending to groupwise separability in goods and in time, groupwise homotheticity.
groupwise linear logaritkmic utility, and groupwise equality of rates cof commodity augmentation. Second.
we formulate statistical tests of these restrictions based on the likelihood ratio principle. Finally. we present
empirical tests of eack set of restrictions for U.S. time series data on personal consumption experditures
for the period 1947-1571.

. INTRODUCTION

The purpose of this paper is to present an econometric methodology for charac-
terizing the structure of consumer preferences and changes in preferences over
time.! For this purpose we introduce new representations of consumer preferences.
Our approach is to represent the underlying utility function by functions that are
quadratic in the logarithms of the quantities consumed and time. Similarly. we
represent the underlying indirect utility funciion by functions that are quadratic
in the logarithms of ratios of prices to total expenditure and time. These representa-
tions of consumer preferences do not require the assumptions of additivity,
homotheticity, and stationarity of preferences implicit in the traditional approach
to statistical demand analysis.

We refer to our representation of the utility function as the direct transcen-
dental logarithmic utility function with time-varying preferences, or more simply.
the direct translog utility function. The utility function is a transcendental
function of the logarithms of the quantities consumed and of time.? Similarly, we
refer to our representation of the indirect utility function as the indirect transcen-
dental logarithmic utility function with time-varying preferences or, more simply,
the indirect translog utility function. Direct and indirect translog utility functions

* Harvard University and Data Resources. Incorporated. and Stanford University, respectively.
The research of Dale W. Jorgenson was supported by The National Science Foundation under Grant
G1-43097. The research of Lawrerice J. Lau was supported by the John Simon Guggenheim Memeorial
Foundation and by the National Science Foundation through Grant G5-40104 to the Institute for
Mathematical Studies in the Social Sciences, $tanford University. We are grateful to Christophe Cham-
iey and Paul Swaim for expert research assistance and to Laurits Christensen for helpful advice.
Responsibitity for any remaining deficiencies rests entirely with the authors.

' Direct and indirect utility functions with time-varying preferences ave discussed by Lau [1969a].

2 A function U = F(X) is an algebraic function if U can be defined implicitly by an equation
G(U, X} = 0, where G is a polynomial in U and X. All functions which are not algebraic are
transcendental. See Courant [1936], p. 119.
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without time-varying preferences were mtroduced by ('hri.stcuan. .Jrorgcnso.n, a!nd
. G hem to test the theory of demand and to characterize substitution
Lau and used byl‘ i 3 Lau and Mitchell andd Christensen and
TS Llomrz()}?(;ln):o%lr\(:'tli?illulirccl translog utility functions to cha;l,:i.
M;Fnsel :‘I("[eu([:inolf\) s:leterns.“’
lcnchzumi lillustmlion of the traditional approach to demand analysis, we cap
consider the d;)uble logarithmic demand functions empﬁ!oycd in the piﬁoncering
studies of consumer demand by Schultz. Stone, and Wold. If the theory of dem:‘md
is valid and demand functions are QOuble Ioganlhmlc with time p-cnq; the utility
function is neutral linear logarithmic. A neutrql .Imc;lr I()galrllhpllc utility function
is additive, homothetic, and stationary. Elasticities of substitution among all pairs
of commodities are constant and equal to unity. All expendnlprg proportions are
constant for all values of prices, total expendzlurc, and time. Similarly. the Rotter.
dam system of demand functions with nume l.r.cnds er.n.plo:.'cd b\ forlcn and Theil
is consistent with utility maximization only if the uuhl.y function 1s neutral linear
logarithmic.¢ We conclude that the double Iogzlrilhmllc. z_md Rotterdam demend
sy;lems implicitly maintain the hypotheses of additivity. homotheticity, and
stationarity. .

Houthakker and Stone have developed alternative approaches to demand
analysis that retain the assumption of additivity while dropping the assurnption of
homotheticity.” Stone has employed a linear expend.lt.urc system. based on a
utility function that is linear in the logarithm of quqnlltlcs copsumed less a con-
stant for each commodity, representing initial commitments of expenditure. Non-
zero commitments permit expenditure proportions to vary with total expenditure.
Houthakker has employed a direct addilog system. based on a utihity function that
is additive in functions that are homogeneous in the quantity consumed for each
commedity. The degree of homogeneity may vary from commodity to commodity,
again permitting expenditure proportions to vary with total expenditure. Parallell-
ing the direct addilog demand system, Houthakker has also employed an indirect
addilog system, based on an indirect utility function that is additive in the ratios
of prices to total expenditure.

Basmann, Johansen, and Sato have combined the approaches of Houthakker
and Stone, defining each of the homogeneous functions in the direct addilog
utility function on the quantity consumed less a constant for each commodity.®
The resulting utility functicn is additive but not homothetic. We conclude that

3 See Christensen. Jorgenson and Lau [1975]. Earlier Christensen. Jorgenson and Lau [1971,
13731 introduced transcendentai logarithmic functions into the study of production.

4 See Lau and Mitchelt [1971] and Christensen and Manser {1974a. 1974b

¥ See Schuliz [1938]. Stone [1954a]. and Wold [1953]. For a proof that an integrabie system of
double logarithmic demand functions with time trends implies neutra! linear legarithmic utility. e
Jorgenson and Lau {1974].

¢ See Barten (1964, 1967. 1969). McFadden [1964]. and Theil {1965. 1967. 19713, For a proof thal
an integrable Rotterdam system with time intercepts implies explicit neutral linear logarithmic utility.
see Jorgenson and Lau {1974].

7 See Houthakker [1960] and Stone {1954b}. The linear expenditure system was originally pro-
posed by Klein and Rubin [1947-1948]. '

¢ See Basmann [1969]. Johansen [1969] and Sato {1972} For ar empirical application. see Brown
and Heien [1972). A recent survey of econometric studies of consumer demand is given by Brown and
Deaton [1972].
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the fincar expenditure system. the direct and indirect addilog systems. and the
combined systems introduced by Basmann, Johansen. and Sato maintain the
hypotheses of direct or indirect additivity. By employing direct and indirect
translog utility functions with tinie-varying preferences we can test additivity.
homotheticity, and stationarity restrictions rather than maintaining these re-
restrictions on preferences as part of our econometric model.

In the following section we introduce direct and indirect translog utility
functions with time-varying preferences and the corresponding systems of indirect
and direct demand functions. We consider restrictions on the demand functions
implied by utility maximization. We impose these restrictions as part of our
maintained hypothesis. In Section 3 we consider demand systems associated with
restrictions on the structure of censumer preferences and changes in preferences
over time. We begin with groupwise separability and groupwise homotheticity
of preferences. For each set of restrictions on preferences. we derive parametiic
restrictions on the corresponding system of demand functions. These parametric
restrictions provide the basis for statistical test of alternative hypotheses about
the structure of consumer preferences.

We consider two alternative sets of restrictions on the variation of consumer
preferences over time. The first set corresponds to separability of goods and time:
a commodity group is scparable from time if the ratios of any pair of demand
functions for all commodities within the group are independent of time. An
alternative set of restrictions on changes in preferences is associated with com-
modity augmentation; commodity augmentaticn by itself is not a testable hypoth-
esis since any change in preferences over time can be regarded as commodity
augmenting or commodity diminishing. We impose restrictions o the variation
of preferences with time by imposing restrictions on rates of augmentation of
commodities within a given group: in particular, we formulate tests of equality of
rates of commodity augmentation within a group. Groupwise separability from
time and groupwise equality of rates of commodity augmentation are not mutually
exclusive ; however, they coincide only under additional restrictions such as neutral
linear logarithmic utifity.

We present empirical results of tests of alternative sets of restrictions on
consumer preferences and changes in preferences over time in Section 4. Our tests
are based on time series data for U.S. personal consumption expenditures of three
commodity groups-—durables. non-durables, and energy—for the period 1947-
1971. Our concept of personal consumption expenditures differs from the coi-
responding concept in the US. national income and product accounts in the
treatment of consumers’ durables.® We treat expenditure on consumers’
durables as part of gross private domestic investment rather than personal
consumption expenditures. We add an imputed flow of services from consumers’
durables to personal consumption expenditures. so that our concept of durables
services is perfectly analogous to the national accounting concept of housing
SEIVICES.

9 A detailed reconciliation of our concept of personal consumption expenditures and ihe national
accounling concept is given by Christensen and Jorgenson [1973]. pp. 331-348.
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3 TRANSCENDENTAL LOGARITHMIC LJTILITY FUNCTIONS WITH TIME-VARYING
e 1 o [ .
PREFERENCES

21, The direct translog wtility function

A direct wtility function U with time-varying prefetences can be written in
the form:
(2.1)
where X (i = 1,2,3)is the quantity consumed of the ith commodity and 1 is time,

! T - . TR . . X

At each time the consumer maximizes utility, subject to the budget constraint,

(2.2) 2pXi=M,
where p(i = 1, 2.3) is the price of the i-th commodity and M is the value of total

—an: ~(1\,],1\’2, /\.3.1)1

expenditure. : ; identi
Maximizing utility, subject to the budget constraint, we obtain the identity:
2 X ;
23) dnU X, 008 oy
(2. élnX; M “2dink,

This identity gives the ratios of prices tc total expenditure as functions of the

quantities consumed :

(’lng
pi_ _ChnX, 123
(24) W TR (j =123
T&=¢in X,

We refer to these functions as indirect demand functions.

Utility is nondecreasing in the quantities consumed, so that the negative
of the logarithm of utility is nonincreasing in the logarithms of the quantities
consumed. A necessary and sufficient condition for monotonicity of the negative
of the logarithm of the utility function at a particular point is that the budget
shares are non-negative at that point. The utility function is quasiconcave, so that
the negative of the logarithm of the utility function is quasiconvex. Monotonicity
and gquasiconvexity of the negative of the logarithm of the utility function are the
basic assumptions of the theory of demand.

We approximate the negative of the logarithm of the utility function by a
function quadratic in the logarithms of the quantities consumed and t:

(2.5) “InU=ay+YaInX, +a,1+ F2Y Bin X;InX;
+YBIn X0+ 18,12,
Using this form of the utility function we obtain :

PiX;
M

To simplify this notation we write :

(27) Uy = Zd,‘, ,),-Wl' = Zﬁkh !}Ml = Zﬁkv (i= I, 2’ ]),
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YOou + Y Bin X, + -0 (=123



so that:
Xy _ %+ Lun Xi+ Byt
M 2y + Y BuIn Xi+ Byt
We note that the purameters %, and f3, have no effect on the utility-maximizing
quantities consumed. These two parameters cannot be identified {rom data on
prices and quantities.
The budget constraint implies that:

(2.8) (i= 1223

pX:

(29) DR

so that, given the parameters of any two eguations for the budget shares, p;X /M
(j = 1.2.3), the parameters of the third equation can be determined from the
definitions of ay, By; (J = 1,2,3). and iy,

Since the equations for the budget shares are homogeneous of degree zero in
the parameters. normalization of the parameters is required for estimation. A
convenient normalization for the direct translog utility function is:

(2.10) ay = 4= —|

We estimate only two of the equations for the budget shares, subject to
normalization of the parameter x,, appearing in each equation at minus unity.
Unrestricted, there are eighteen unknown parameters (o be estimated from the two
equations. If the equations are generated by utility maximization, the parameters
Bufi=123) and f,,, appearing in each equation must be the same. This results
in a set of restrictions relating the four parameters appearing in each of the two
equations, a total of four restrictions. We refer to these as equalily restrictions.

The negative of the logarithm of the direct translog utility function is twice
differentiable in the logarithms of the quantities consumed, so that the Hessian
of this function is symmetric. This gives ris¢ to a set of restrictions relating the
parameters of the cross-partiai derivatives:

@11 Biy= By Gi#iihi=1,23)

There is one restriction of this type among the parameters of the two equations
we estimate directly and two such restrictions among the parameters of the equa-
tion we estimate indirectly from the budget constraint. We refer to these as symmelry
restrictions. The total number of symmetry restrictions is three.

If equations for the budget shares are generated by maximization of a direct
translog utility function, the parameters satisfy equality and symmetry restrictions.
There are seven such restrictions. Given the seven ¢quality and symmetry restric-
tions, eleven unknown parameters remain to be estimated. Qur approach to the
analysis of consumer demand takes as assumptions the restrictions on expenditure
allocationimplied by utility maximization and the existence of the three commodity
groups—durables, non-durables, and energy—as well-defined economic aggre-
gates. Given these assumptions, we estimate the unknown parameters of our
complete demand system simultaneously.

Given the hypothesis of consistency between our system of indirect demand
functions and the maximization of utility and the grouping of commodities into
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three aggregates, we could procegd to 1Impose fu\rth(fr‘consl‘rz‘lil‘ns on the allocali()n
of personai consumption cxpcn(-llFlyrcs, such as Lornsldlll price and income clastici.
ties of demand or constant elasticities of substitution among commodity groups. '
However. such an approach weuld frustrate our primary rgscurch objlective of
characterizing the pattern of consumer dcn‘mnd empirically. This ilppr'oac-h would
convert hypotheses about budget allocation and patterns of substitution into
assumptions rather than hypotheses to be chled. ‘Ipsleud We Propose to test al|
further restrictions on the structure of the direct utility function.

22. The indirect translog utility function.
An indirect utility function V with time-varying preferences can be Written
in the form:

[re P2 ops
/S — EEINEE & N
(212) ¥ (’(M’ MM )

where V is the maximum level of utility corresponding to the prices p(i = 1,23
and the level of total expenditure M.

We can determine the budget share from the j-th commodity from the
identity :'!

dinvV piXic. GV .
TN S TR T TYT (=123
(213) dinp;/M M “¢Jlnp/M /

This identity gives the quantities consumed as functions of the ratios of prices to

total expenditures :
cnV
anp,/M
(; = ———— j=1,213).
(2.14) X; P IV (j )

We refer to these functions as direct demand functions.

Utility is nonincreasing in the prices, so that the logarithm of utility is non-
increasing in the logarithms of the prices. A necessary and sufficient condition for
monotonicity of the logarithm of the indirect utility function at a particular point
is that the budget shares are non-negative at that point. The indirect utility function
is quasiconvex, so that the logarithm of this function is quasiconvex.

The system consisting of the negative of the logarithm of the direct utility
function and the indirect demand functions is dual to the system consisting of the
logarithm of the indirect utility function and the direct demand functions. One
system can be obtained from the other by simply interchanging the quantities
consumed X; (i = [,2,3) with the ratios of prices to total expenditure p;/M(i =
1,2,3). All the properties of one system carry over to the other system with the
role of these two sets of variables interchanged.

* Systems of direct and indirect demand funztions with these properties are discussed by Christen-
sen, Jorgenson and Lau {19751,

™ This is the logarithmic form of Roy’s Identity. Sce Roy [1943).
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We approximate the logarithm of the indirect utility function by a function
quadratic in the logarithms of the ratios of prices to the value of total expenditure
and ¢:

215 InV = In 1 1 P
(2.15) n o+ Y % nytutts ZZ,’}UlnM M

+Z[3,,ln -t + [},,

Using this form of the indirect utility function we obtain:

(2.16) %t zﬁﬂl“ .+ f’,, == Z c t Zﬂk: ln L + Bt

M
(j=123)

As before, we simplify notation by writing:

(2.17) Iy = Z“b Bai = Zﬁkn Bu. = Z/fku i =123}

so that:

ijJ- Gt Zﬂﬁlnpi/M + ﬁjz'l

2.18 =
(218) M ay + Y By Inp/M + fiyy, -t

9 (j: ‘,2,3}‘

The parameters «, and f3, cannot be identified.

The budget constraint implies that, given the parameters of any two equations
for the budget shares, the parameters of the third equation can be determined from
the definitions of @y, By (j = 1,2,3), and By, . As before, we normalize the para-
meters of the indirect translog utility function so that:

(2.19) ay =Y 4= -1

As in the case of the direct translog utility function with time-varying preferences,
we estimate only two of the equatiens for the budget shares, subject to normaliza-
tion of the parameter x,, appearing in each equation at minus unity. We also
raintain the assumptions of utility maximization and the existence of the three
aggregates. The equality and symmetry restrictions resulting from these assump-
tions are strictly analogous to those for the direct translog utility function with
time-varying preferences.

2.3. Stochastic specification

The first step in implementing an econometric model of demand based on
the direct translog utility function with time-varying preferences is to add a
stochastic specification to the theoretical model based on equaticns for the
budget shares pJX JM(j = 1,2,3). Given the disturbances in any two equations,
the disturbance in the remaining equation can be determined from the budget
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‘onstraint. Only two equations are requived for a complctc ceonometric model of
consA r(d We assume that the noncontemporaneons disturbances. whether fronm
:i}:::lg‘::;é or dEﬂ'ércnt equations. have /ero covzn‘iamcc. No udditi‘onal restrictions
are placed on ihe disturbances, other than the requirentent that cllstf!rbﬂnccs fr(?m
the three equations must add nup to zcro. We also assume that the night hand side
variables of the equations for the bndgc? slmrcslarc nncorrelated with the sto.
chastic disturbances. This latter assnmnptnou facilitates the nse of the method of
maximum likelihood in estimation 0'4 the parameters. o

In implementing an econometric model of dlcmamd based on lhe indirect
utility function with time-varyig prc;fcrcnccs the first step. uslhcf()fc. 15 10 add 3
stoch’astic specification to the theoretical mpdcl based on equations for the budge:
shares p,.X /M(j = 1. 2.3). Only two equations are required for a complete deCIA
The assumptions that we make here are strlct!y analogons to those for the direct
translog utility function with limc-}’?l rying preter.cnccx We note. howcvcr, Th‘"‘F the
implications of the stochastic specification arc different forAthe direct and indirect
models and hence the results for the two models are not directly comparable.

To summarize: We have derived wodels for the allocutiqn of personal con-
sumption expenditures from direct and mdxrcgt lrunlsgog uulfly.funftmns with
time-varying preferences. We take the hypothesis ofntllh.ty maxl.mr{tauf)n to be an
assumption ratker than a hypothesis to be tested. Ut.lhty maximization implies
that the parameters of equations for the budget shares in each model satisfy seven
equality and symmetry restrictions that enable us to reduce the number of unknown
parameters from eighteen to cleven. These parameters are further constrained by
certain inequalities that embody monotonicity and quasiconvexity restrictions on
the negative of the logarithnm of the direct utihity function and the logarithm of the
indirect utility function. We estimate the parameters of our models of consumption
subject to the equality and symmetry restrictions . at a later stage we incorporate
the monotonicity and quasiconvexity restrictions.'?

3. PREFERENCE STRUCTURE
3.1. Appreximation

The primary objective of our research is to ascertain and characterize the
structure of consumer preferences empirically, withont maintaining restrictive
assumptions on the specific form of the utility function other than monotonicity
and quasiconvexity. We wish, first, to determine the effects of changes in total
expenditures and changes in preferences over time on the allocation of the con-
sumer budget among commodity gronps and, second, to determine the effects of
changes in relative prices on the allocation of the consnmer budget. that is, to
characterize the patterns of substitution among comnodities.

In the remainder of this section, we develop tesis of a series of possible re-
strictions on the underlying structure of consumer preferences. First, we consider
groupwise separability of preferences in commodities and in time. Second, we
consider overall hemotheticity and groupwise homotheticity of preferences.

¥ ier . . — . -
Monotonicity and quasiconvexity restrictions are discussed by Lau {1974}, Sce also Jorgenson
and Lau [1974).
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Third, we consider groupwise linear logarithmic utility as a possible restriction on
preferences. Finally, we consider groupwise equal rates of commodity augmentation
as a possible restriction on changes in the structure of preferences over tine.

The transcendental logarithmic utility function with time-varying preferences
can be interpreted as a local second-order Taylor’s series approximation of an
arbitrary utility function with time-varying preferences that is differentiable at
least up to the third order. In practical applications the latter condition is hardly
any restriction as any utility function can be approximated arbitrarily closely by
an infinitely differentiable function. Using this local approximation property,
the translog utility function can be used to test specific hypotheses on the structure
of the underlying utility function.

The parameters of the translog utility function can be identified with the
coefficients in a Taylor’s series expansion to the underlying utility function. They
take the values of the first and second partial ogarithniic derivatives of the nega-
tive of the logarithm of the underlying utility function at the point of expansion.
Specific hypotheses on the structure of preferences imply restrictions on the Hessian
of the negative of the logarithm of the utility furiction and can be tested by imposing
these restrictions on the parameters of the translog utility function.

Restrictions on the structure of preferences do not necessarily imply the
corresponding restrictions on the translog utility function itself. Properties of the
underlying utility function and its translog approximation agree up to and includ-
ing second-order derivatives at the point of approximation. We distinguish between
situations where the translog utility function provides an approximation to an
underlying utility function with a certain property and sitvations where the
translog utility function also possesses that property. In the latter case, we say
that the translog utility function possesses the property intrinsically.

3.2. Groupwise separability

The first set of restrictions on consumer preferences that we propose to test are
groupwise separability restrictions. A direct utility function U with time-varying
preferences that is separable in X | and X, from X can be written in the form -

(3.1) —InU = F(-ImUYX,, X;,0, X,,1),

where the function — In U depends only on X |, X, and time and is nonincreasing
and quasiconvex in X, and X, . A necessary and sufficient condition for groupwise
separability of the direct utility function in X, and X, from X is that the ratio of
the indirer.c demand functions for X', and X, is independent of the quantity of X ;.
A direct utility function that is groupwise separable in X, and X, from time can
be writt:n in the form:

3.2) ~InU = F(—mUYX,,X,,X,), X3, 1),

which is analogous to equation (3.1) with the roles of X, and t interchanged. A
necessary and sufficient condition for groupwise separability of X, and X, from

time is that the ratio of the indirect demand functions of X, and X, is independent
of time. Groupwise separability in time is also referred to as groupwise neutrality.
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Partially differentiating equation (3.1) first wi.ih respect to In X ayg then
with respect to In X ; and In X, separately. we obtain:

AN T & g ¢ In !
(33) CX, flXy  F-mUtemX, o X,
22— InlU a ¢ = In("

/ln \2 clnXy ¢ -mU'cémY, ¢ X,

By observing that:

E-lU_EF e
(3.4) X, -mU' &m X,
¢c—U cFo¢— !

dnX, —mU' oy,

WC can rewrite

- U FF@ -l Xy ¢~y
S X, X, AR - clny,
so that:
2 —InU CFIC=In U ¢ X )0 — I U
(35) . :

CinX, X~ R < muy iy,
Given groupwise separability. equations (3.5) must hold everywhere: i
particular, they must hold at the point of approximation. in this case, In X, = |
(i =1,2,3), t =0, where we can identify the first and second partial derivatives

with the parameters of the direct translog utility function witk time-varying
preferences :

¢ —InU P &~ In U p
T V= M. A v Al = Pas.
cln X, ¢ X, cnX,éx,

¢—InU ¢—InU
YT = 4y, v P
cln X, cln X, :

Thus, given groupwise separability of X, and X, from X;. the parameters of the
direct translog utility function must satisfy the restrictions:

(3.6) /}13 = P3%y, ﬁze = P3%;,
where p, is a constant given by :

Py = -l B

AFA0 — I U o1 Xy)
CFA¢ ~ In U

at the point of approximation.
~ Similarly. in a manner strictly analogous to the derivation of equation (3.6).
1t can be shown that given groupwise separability of X, and X, from time. the

parameters of the direct translog utility function must satisfy the restrictions:

(37) ﬂlr = /’111 " ﬁ2r = /)112‘
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We note that there are no analogous restrictions on the direct translog parameters
for groupwise separability of the type X | and time from X', because the parameter
%, cannot be identified.

We distinguish among three commodity groups. Each pair of comniodities.
such as X, and X,. can be separable from the remaining commodity. X, in this
instance. and time. Corresponding to the three possible pairs of commodities.
there are six possible sets of groupwise separability restrictions aralogous to
equation (3.6) or equation (3.7). Each set of two restrictions involves the introduc-
tion of one new parameter—p; and p, in the examples given above. Under each
set of such restrictions, maintaining the symmetry and equality restrictions, ten
unknown parameters remain to be estimated.

The translog approximation to a groupwise separable utility function is not
necessarily gronupwise separable. For a direct translog utility function to be
groupwise separable in X, and X, from X, the ratio of the indirect demand
functions generated by the direct translog utility function must be independent of
X ,. We refer to adirect translog utility function as intrinsically groupwise separable
if it is groupwise separable. Two alternative sets of restrictions on the parameters
of the direct translog utility function are jointly necessary and sufficient for intrinsic
groupwise separability of the direct translog utility function. The first set consists
of the restrictions given in equation (3.6) and the additional restriction:

(3.8) Py =

This restriction implies that the cross partial derivatives of the direct translog
utility function with respect to X, and X; and X, and X,. respectively. are
identically zero at the point of approximation. Thus the indirect demands of X,
and X, do not depend on X ;. Werefer to this set of restrictions as explicit groupwise
separability restrictions.

A second set of restrictions that implies intrinsic groupwise separability of the
direct translog utility function is that p; is different from zero, but that the ratio
of the budget shares of X, and X, is constant for all prices, total expenditure and
time. This means that the parameters of the direct translog utility function must
satisfy the restrictions:

(39 a,B,, = P - 1182 = 22612 1yB23 = % B45. 1B = 225

that is, the second order translog parameters corresponding to the first and second
commodities must be in the same proportion as the first order translog parameters.
If the ratio of the optimal budget shares of X, and X, is constant, the direct utility
function takes the form:

—lnU=F@, InX, +dInX, Xy,0

where 8, and o, are constants. This utility function is both groupwise linear
logarithmic in X, and X, and groupwise separable in X, and X, from time. We
say that such a utility function is groupwise neutral linear logarithmic. This con-
dition is much more restrictive than groupwise separability or explicit groupwise
separability : we will discuss it in more detail in Section 3.4 below.

Similarly, two alternative sets of restrictions on the parameters of the direct
transtog utility function are jointly necessary and sufficient for intrinsic groupwise
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separability of X', and X, from time. The first set consists of the restrictions given
in equation (3.7) above and the additional restriction

(3.10) o, = 0.

that is. the direct translog utility function is explicitly groupwise .~:_¢'parabl_¢' in
Xy and X, from time. A second set of restrictions that also implies in(rm._m-
groupwise separability of X, and X, front time are the restrictions of grounpwise
neutral linear logarithniic utility.

We can show that restrictions analogous to equations (3.8) and (3..10) n_ulsl
hold for any one of the six possible types of explicit groupwise separability. given
groupwise separability. Under each set of explicit groupwise separability restric-
tions. nine unknown parameters remain to be estimated.

A direct utility function with time-varying preferences is additire in XX,
and X5 if it can be written in the form:

(3.11) —InU = F(—(In UMY, )+ In UXX,. 00+ In U3X 5. 000).

A necessary and sufficient condition for additivity in commodities is that the direct
utility function is groupwise separable in any pair of commodities from the
remaining commodity. In pariicular. since there are only three commodities,
groupwise separability of any (wo pairs of conimodities from the third is sufficient
for additivity. A direct translog utility function with time-varying preferences is
explicitly additive if it can be written in the form -

(3.12) —~InU = —In U'X,.t) = In UNX,.1) - In U¥X 5. 0.

where each function — In Ui =1,2,3)is nonincreasing and convex. The translog
approximation to an explicitly additive utility function is necessarily explicitly
additive. A necessary and sufficient condition for explicit additivity in commodities
is that the direct translog utility functior is explicitly groupwise separable in any
pair of comniodities from the remainirg commodity. Since there are only three
commodities. explicit groupwise separability for any two pairs of commoditics
from a third commodity is sufficient for explicit additivity.

A direct utility function with time-varying preferences is neutral if it can be
written in the form

“InU=F-muix, x, x,)

where —In U js independent of time. A necessary and sufficient condition for
neutrality is that the direct utility function is groupwise separable in any pair of
commodities fron: time. In particular, since there are only three commodities.
groupwise separability of any two pairs of commodities from time is sufficient for
neutrality. A direct utility function with time-varying preferences s explicitly
neutral if it can be written in the form:

(3.13) ~InU = ~InUNX,, X, X,) + F),

The translog approximation to an explicitly neutral utility function is niecessarily
explicitiy neutral. A necessary and sufficient condition for exphicit neutrality is thag
the direct translog utility function is explicitly groupwise scparable in any pair of
commodities from time. In particular, since there are only three commoditjes.
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explicit groupwise separability of any two pairs of commoditics from time is
sufficient for explicit neutrality.

3.3. Groupwise homotheticity and homogeneit y

The second set of functional restrictions on consumer preferences that we
propose to test are hemotheticity restrictions. First, we consider overall homo-
theticity of preferences. A direct utility function with time-varying preferences
that is lomothetic can be written in the form:

(3.14) ~InU = Fln HX,,X,, X5.0.0).

where H is homogeneous of degree one in the quantities X, X,,and X,. Under
homotheticity, the optimal budget shares for all three commodities depend only
on prices and time and are independent of total expenditure. An equivalent
characterization of homotheticity is that the ratios of indirect demand functions
are all homogeneous of degree zcroin X,. X, and X 5.

Partially differentiating equation (3.14) with respect to In X (j = 1.2.3). we
obtain:

¢C—InU _ ¢F ¢lnH

= . j=1.2.3).
¢InX; ¢inH én X L )

(3.13)

Second. differentiating again with respect to In X, (k = 1. 2. 3). we obtain:

(3.16) ¢ ~tmU  @F élnH ¢lnH
' ¢inX,élnX, élmHénX, éInX,
éF  *nH

+ .
clnH ln X, ¢In X,
(k=1273)
Finally, summing over k and using homogeneity of degree one of the function H.

we can write:

y ¢ -InU  @*F ¢nH
cln X, élnX; C¢lnHelnX;

(3.17) (j=1.23)

Given homotheticity, equations (3.17) must hold everywhere; in particular,
they must hold at the point of approximation. where we can identify the first and
second partial derivatives with the parameters of the direct translog utility function
with time-varying preferences:

AL I _
Zm}in Y :Z/}kj:ﬁ.‘lj- (j=1.223).
“In X
and :
d—InlU

ey,

dln X J
6l



Given homotheticity. the parameters of the direct translog utility function must
satisfy the restrictions:

(3.18) By = 02,4, Bur = 015, Sz = 0x,.
where o is a constant given by:

CFACIn H)
" AFAdIn H)
We introduce one new parameter. o, so that these restrictions reduce the number
of parameters by two, leaving nine unknown parameters to be estimated.

The translog approximation to a homothetic direct utility function is not
necessarily homothetic, even though it must satisfy the restrictions given in
cquation (3.18) above. For a direct translog utility function to be homothetic. the
ratios of the indirect demand functions generated by the direct translog utility
function must be homogeneous of degree zero in the quantities consumed. We
refer to a direct translog utility function as intrinsically homothetic if it is itself
homothetic. Two alternative sets of restrictions on the parameters of the direct
translog utility function are jointly necessary and sufficient for intrinsic homeoe-
theticity of the direct translog utility function. The first set consists of the restric-
tions given in equation (3.18) above and the additional restriction :

(3.1 o =0

We refer to this set of restrictions as explicit homotheticity restrictions. Under the
explicit homotheticity restrictions. only eight unknown parameters remain to be
estimated.

A second set of restrictions that implies intrinsic homotheticity of the direct
translog utility function is that ¢ is different from zero. but that the ratios of all
pairs of optimal budget shares are constant for all prices, total expenditure and
time. This means that the parameters of the direct translog utility function must
satisfy:

(3.20) N =B By =1p,. LBy = 138,
2 B2 = 13045, 1 Bys = 138y, Y23 = 13f,,.
Bay = 1f;. 213y = 1305, 22l 3y = 230853,
2B =23y, Aify = 2138, Lobse = 238,

not all of which are independent. In other words, the second order parameters of
each commodity must be in the same proportion as the first order parameters.
If the ratios of all pairs of optimal budget shares are constant. the direct utility
function takes the form: '

(3.21) —InU=F&,nX, +4,In Xy +6;In X5, 0

where 3,.9,. and d, are constants. We refer to such a utility function as neutral
linear logarithmic. This condition is much more restrictive than homotheticity or
explicit homotheticity and we will discuss itin more detail in Section 3.4,
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A direct utility function with time-varying preferences is homogeneous if it
can be written in the form:

(3.22) ~InU =1Inf{XN,. X, X;.10)

where H is a homogeneous function of degree one in X, . X, and X ;. Homogeneity
is. of course. a specialization of homotheticity. Under homogeneity the parameters
of the direct translog utilitv function must satisfy the explicit homotheticity
restrictions given in equation (3.19) above and the additional restriction:

{323) /),‘\“ = 0

We refer to this sct of restrictions as homogeneity restrictions. Under these re-
strictions only seven unknown parameters remain to be estimated. We note that
the translog approximation to a homogeneous direct utility function is necessarily
homogeneous.

An alternative form of homotheticity of preferences is groupwise homo-
theticity. A direct utility function with time-varying preferences that is groupwise
homothetic in X, and X, can be written in the form:

(3.24) U = FInHX,.X,. X, 0.X,.1)

where H is homogeneous of degree one in the quantities X, and X,. Under
groupwise homotheticity in X, and X, the ratio of the indirect demand functions
of X, and X, is homogencous of degree zero in X | and X,. In other words, the
ratio of the indirect demands remains invariant under proportional changes in the
quantities consumed of X, and X ,. Under groupwise homotheticity the parameters
of the direct translog utility function must satisfy the restrictions:

(3.25) Pri+ P =057 Biz + B2 = 0132,

This set of two restrictions involves the introduction of one new parameter,
@,,,s0 that only ten unknown parameters remain to be estimated. Corresponding
to the three possible pairs of commodities, there are three possible sets of group-
wise homotheticity restrictions. Restrictions analogous to those given i equations
(3.25) above must hold for any one of the three possible sets of groupwise homo-
theticity restrictions.

The translog approximation to a groupwise homothetic direct utility function
is not necessarily groupwise homothetic. For a direct translog utility function to
be groupwise homothetic, the ratio of the indirect demand functions of X, and X,
generated by the direct translog utility furiction must be homogeneous of degree
zeroin X, and X ,. We shall refer to a direct translog utility function as intrinsically
groupwise homothetic if it is itsell groupwise homothetic. Two alternative sets of
restrictions on the parameters of the direct translog utility function are jointly
necessary and sufficient for intrinsic groupwise homotheticity of the direct translog
utility function. The first set consists of the restrictions given in equations (3.25)
above and the additional restriction :

(326) GlZ = O
We refer to this set of restrictions as explicit groupwise homotheticity restrictions.
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Under the explicit groupwise hemotheticity restrictions, only nine unknown
parameters remain to be estimated. . N

A second set of restrictions that implics intrinsic groupwise hmnmhcl:cny
of the direct translog utility function is that a,, is different from zero, but that the
ratio of the optimal budget shares of X, and X, is constant for all prices, total
expenditure and time. This is precisely the case of groupwise neutral lincar loga-
rithmic utility discussed in Section 3.2 above with the restrictions given in equation
(3.9). Corresponding to the three possible pairs of commoditics. there are three
possible sets of explicit groupwise homotheticity restrictions. Resirictions analo-
gous o those given in equation (3.26) above must hold for any one of the three
possible sets of explicit groupwise homotheticity restrictions.

A direct mtility function with time-varying preferences is inclusively groupwise
homothetic in X | and X, if it can be written in the form -

{3.27) —InU = F(ln (X . X,. X, 0.0),

where H is homogencous of degree one in the quantities X, and X, Given
groupwise homotheticity. this condition implies in addition that the ratios of al|
the indirect demand functions are homogeneous of degree zero in the quantities
Xy and X ,. Under inclusive groupwise homotheticity in X | and X » the parameters
of the direct translog utility furction must satisfy the groupwise homotheticity
restrictions given in equation (3.25) above and the additional restriction :

(3.28) bPis+ By = 0y2%5.

Under the inclusive groupwise homotheticity restrictions, only nine unknown
parameters remain to be estimated. Again, there are three possible sets of inchisive
groupwise homotheticity restrictions corresponding to the three possible sets of
groupwise homotheticity restrictions. Restrictions analogous to those given in
cquation (3.28) must hold for any one of the three possible sets of gronpwise
homotheticity restrictions.

The translog approximation to a inclusively groupwise homothetic direct
utility function is not necessarily inclusively groupwise homothetic. For a direct
translog utility function to be inclusively groupwise homothetic. the ratios of all
pairs of indirect demand functions generated by the direct translog utility function
must be homogeneous of degree zero in X, and X,. As before. two alternative sets
of restrictions on the parameters of the direct translog utility function are jointly
hecessary and sufficient for inclusive groupwise homotheticity of the direct
translog utility function. The first set consists of the restrictions given in equations
(3.28) above and the additional restriction -

(3.29) P

We refer to this set of restrictions as explicit inclusire groupwise homotheticity
restrictions. Under this set of restrictions, only eight unknown parameters remain
1o be estimated.

A second set of restrictions that implies intrinsic inclusive groupwise homo-
theticity of the direct translog utility function is that a,, 1s different from zero but
that the direct utility function is groupwise neutral linear logarithmic, Correspond-
ing to the three possible pairs of commodities. there are three possible sets of
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explicit inclusive groupwise homotheticity restrictions. Restrictions analogous
to those given in equation (3.9) above must hold for any one of the three possible
sets of explicit inclusive groupwise homotheticity restrictions.

Finally, direct utility function with time-varying preferences is groupwise
homogenecus if it can be written in the form :

(3.30) -InU =InH(X,, X, X,.1),

where H is homogeneous of degree one in the quantities X; and X ,. Groupwise
homogeneity is, of course, a specialization of inclusive groupwise homotheticity
which is in turn a specialization of groupwise homotheticity. Under groupwise
homogeneity the parameters of the direct translog utility function must satisfy
the explicit inclusive groupwise homotheticity restrictions given in equation
(3.29) above and the additional restriction :

(3.31) Bro + By = 0.

We refer to this set of restrictions as groupwise homogeneity restrictions, Under
these restrictions only seven unknown parameters remain to be estimated. We
note that the translog approximation to a groupwise homogeneous direct utility
function is not necessarily groupwise homogeneous. Corresponding to the three
possible pairs of commodities, there are three possible sets of groupwise homo-
geneity restrictions. Restrictions analogous to those given in equation (3.31) must
hold for any one of the three possible sets of groupwise homogeneity restrictions.

We conclude this section by noting that groupwise homotheticity in all
possible groups is neither necessary nor sufficient for homotheticity of the direct
utility function. Even explicit groupwise homotheticity in all possible groups is
not sufficient for homotheticity of the direct utility function. On the other hand.
inclusive groupwise homotheticity in all possible groups is sufficient, but not
necessary, for homotheticity. Inclusive groupwise homotheticity in all possible
groups implies linear logarithmic utility. Finally, explicit inclusive groupwise
homotheticity in all possible groups implies explicit linear logarithmic utility
and groupwise homogeneity in all possible groups implies neutral linear logarith-
mic utility.

34. Groupwise linear logarithmic utility

A direct utility function with time-varying preferences that is groupwise
homothetically separable in X, and X, from X, can be written in the form :

(3.32) —InU = F(n H(X,. X,.1), X,.1),

where H is a homogeneous function of degree one and depends only on X,, X,
and time. A necessary and sufficient conditions for a direct utility function to be
groupwise homothetically separable in X, and X, from X 1s that the function is
both groupwise separable and groupwise homothetic in X, and X,.

Groupwise homothetic separability implies that the ratio of the indirect
demanc functions is independent of X, and is homogeneous of degree zero in X,
and X,. The translog approximation to a groupwise homothetically separable
direct utility function is not necessarily groupwise homothetically separable.
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For a direct translog utility function to be itself groupwise homothetically separ-
able, the ratio of the indirect demand functions of X, and X, generated from 3
direct translog utility function must be independent of .«\’_,. fand. hon_mgcncous of
degree zero in X, and X,. We refer to a direct translog utllit){ function as i{m-,',,_
sically groupwise hemothetically separable if it is groupwise homoihetically
separable.

As before, two alternative sets of restrictions on the parameters of the direct
translog atility function are jointly necessary and sufticient for intrinsic groupwise
homothetic separability of the direct translog utility function. The first consists
of the combination of the explicit groupwise separability. given in equation (3.8)
above, and explicit groupwise homotheticity, given in equation (3.26) above.
We refer to the conjunction of these two sets of restrictions as the explicit groupwise
homothetic separability restrictions. A second set of restrictions that impliesintrinsic
groupwise homothetic separability of the direct translog utility function is that of
groupwise neutral linear logarithmic utility, given in equation (3.9) above.

A direct utility function U with time-varying preferences is groupwise linear
logarithmic 1f it can be written in the form :

(333) —InU = F,(nn X, + 6,00 In X5, X 5. 1),

where 4,(1) and d,(1) are functions only of time. A necessary and sufficient condi-
tion for groupwise linear logarithmic utility in X, and X, is that the ratio of the
optimal budget shares of X, and X, is independent of all prices and total expendi-
ture and depends only on time. Given groupwise komothetic separability in X,
and X, from X, groupwise linear logarithmic utility in X, and X, requires the
additional restriction

(3.34) NPy = 1,8,

Under these restrictions only eight unknown parameters remain to be estimated.
There are three possible sets of groupwise linear logarithmic utility restrictions
and restrictions analogous to those given in equation (3.34) must hold for any one
of them.

The translog approximation of a groupwise linear logarithmic direct utility
function is not necessarily groupwise linear logarithmic. For a direct translog
utility function to be itself groupwise linear logarithmic, the ratio of the optimal
budget shares of X, and X, generated from a direct translog utility function must
depend only on time. We shall refer to a direct translog utility function as intrinsi-
cally groupwise linear logarithmic if it is itselfl groupwise linear logarithmic. As
before. two alternative sets of restrictions on the parameters of the direct translog
utility function are jointly necessary and sufficient for intrinsic groupwise linear
logarithmic utility. The first consists of the explicit groupwise homothetic separa-
bility restrictions and the additional restriction :

(3.35) Bry =0,

Under these restrictions only six unknown parameters remain to be estimated.
We refer to these restrictions as explicit groupwise linear logarithmic wtility re-
strictions. A second set of restrictions that implies intrinsic groupwise linear
logarithmic utility is that of groupwise neutral linear logarithmic utility, given in
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equation (3.9} above. Corresponding to the three possible pairs of commodities.
there are three possible sets of explicit groupwise linear logarithmic utility restric-
tions. Restrictions analogous to thosc given in cquation (3.35) must hold for any
one of them.

A direct utility function with time-varying preferences is linear logarithmic
in X, X,.and X, if it can be written in the form:

(3.36) ~InU = FO,(0M X, + 8,(0In X, + 3, In X5, 1),

where 8 (1), d,(1) and d,(t) are functions only of time. A necessary and sufficient
condittion for linear logarithmic utility is that the direct utility function is groupwise
linear logarithmic in every pair of the three commoditics. In particular, since there
are only three commodities, groupwise linear logarithmic utility for any two pairs
of commodities is sufficient for linear logarithmic utility.

A direct utility function U with time-varying preferences is explicitly linear
logarithmic if it can be written in the form:

(3.37) ~InU =38,(0InX, +6,0InX, + 0} In X, + F(n).

The translog approximation to an explicitly linear logarithmic utility function is
necessarily explicitly linear logarithmic. A necessary and sufficient condition for
explicit linear logarithmic utility is that the direct translog utility function is
explicitly groupwise linear logarithmic in every pair of the three commodities. In
particular, since there are only three commodities, explicit groupwise linear
logarithmic utility for any two pairs of commodities is sufficient. Given linear
logarithmic utility, explicit groupwise linear logarithmic utility in any one of the
three possible pairs implies that the direct utility function is explicitly linear
logarithmic. For an explicitly linear logarithmic utility function the budget shares
of all commodities are independent of prices and total expenditure, depending
only on time.

Finally, a direct utility function U with time-varying preferences is neutral
linear logarithmic if it can be written in the form :
(3.38) ~InU=Fo,InX, +3,InX, +d,In X,,1),
where 6,0, and d; are constants. Two alternative sets of conditions are jointly
necessary and sufficient for neutral linear logarithmic utility. First, the direct
translog utility function is both neutral and linear logarithmic and it is either explic-
itly neutral, explicitly linear logarithmic, or both. Alternatively, the direct translog
utility function satisfies the restrictions given in equation (3.20), that is, the neutral
linear logarithmic utility restrictions. In either case, the empirical implications
are identical—the budget shares of all commodities are constant.

3.5. Groupwise equal rates of commodity augmentation

As an alternative point of departure for the analysis of time-varying pref-
erences, we suppose that the quantities consumed of X |, X, and X , are augmented
by factors A,(t), A,(1) and A,(1) respectively, where the augmentation factors are
functions only of time. A direct utility function with commodity-augmenting time-
varying preferences can be written in the form:

(3.39) —~In U = F(4,(NX . A(0X,. A4()X ).
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Without loss of generality, the augmentation factors can be l}ornlalized 50 thaF they
all take the valie unity for 1 = 0. Without further rcstricuong on the function
commiodity augmentation is not a testable hypolhgsis. since it has no hcmpmcul
implications that can be refuted. Even if onc restricts egch angmentation fuct.or
to be drawn from the family of one-parameter algebraic functions, commodity
augmentation is still not a testable hypothesis since the parameters %, and f§,
are not identified.

A direct utility function with time-varying preferences that is characterized
by groupwise equal rates of commodity augmentation can be written in the form:

(3.40) ~InU = FIANX ,, A(DX 5. A,()X ).

The cross partial derivatives of —In U with respect to time and In X,.InX, or
In X, are given by,

- InlU &PF A ‘o ﬁzlimn A
(3.41) dnX, ot éInX? 4 éInX,énX, A4
0?F A,
T imX, X, a4,
?* —InU O°F A+ ’F A
dlnX,dt  énX, éInX, 4" alnXx: A4
é*F A,
dInX,dlnX, A,
?-InU _ O*F A L OF Ay
dInXyét dInX,0lnX, A" ¢ nX,élnX, 4
OF A,
_*_~ 2.;~__
oInX3 A,

By observing that :

O'F &?~InU

42 T Y A = o,
(342) dInX éInX, (7lnX,-¢?lan

(i,j=1,2,3),

and the fact that equation (3.41) must hold everywhere, in particular, at the point
of approximation where 1 = 0, we can identify the first and second partial deriva-
tives of —In U with the parameters of the direct translog utility function with time-
varying preferences. Groupwise equal rates of commodity augmentation in X,
and X, implies the foliowing sets of restrictions - '

(3.43) Bie= B+ Biyi + Bi34s, Ba=Prok + By2 + B234s,
By = B34 + Bast + Bashy,

where:

).= N 2’3=

R

:r;');‘
w

P
w

are the rates of commodity augmentation at the point of approximation. We note
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that this set of three restrictions involves the introduction of two new parameters. /
and 4, 1n the example given above. Hence under groupwise equal rates of commod-
ity augmentation only ten unkunown parameters remain to be estimated. Restric-
tions analogous to those given in equation (3.43) must hold for the two remaining
possible sets of groupwise equal rates of commodity augmentation restrictions.

A necessary and sufficient condition for groupwise equal rates of commodity
augmentation of the direct utility function in X and X, is that there exist two
scalars » and #, for every ¢ such that:

[UCX (X, X,-X5,0) _ [eUeX \1JmX,.nX,,n,X5.0)

344 = .
(3:49) [CU/X,(X ), X, X3 1) [0U/EX )X, X 4. 1:X 4.0)

In other words, at every t there exist a proportional scaling of X', and X,, and a
scaling for X 5, so that the ratio of the indirect demands at time zero is the same as
the ratio of the indirect demands ai time t. We can verify directly that a translog
approximation to a direct utility function with time-varying preferences charac-
terized by groupwise equal rates of commodity augmentation is always character-
ized by groupwise equal rates of commodity augmentation.

A direct utility function U with time-varying preferences that is characterized
by groupwise zero rates of commodity augmentation can be written in the form:

(3.45) —InU = F(X,.X,, A{)X ;).

The corresponding restrictions on the parameters of the indirect translog utility
function with time-varying preferences can be obtained from equation (3.43) abovz
by setting 4 equal to zero. Under groupwise zero rates of commodity augmentation
the parameters must satisfy the restrictions:

(3.46) ﬁlr = ﬂlJ)*S' fa = /fZJ}-sv .[;31 = 153,3;-3-

Under these restrictions, only nine unknown parameters remain to be estimated.
Restrictions analogous to those given in equation (3.46) must hold for the two
remaining possible sets of groupwise zero rates of commodity augmentation.
As before, we can show that the translog approximation to a direct utility function
with time-varying preferences characterized by groupwise zero rates of commodity
augmentation is always characterized by groupwise zero rates of commodity
augmentation.

A direct utility function with time-varying preferences is characterized by
equal rates of commodity augmentation in X ;, X, and X, if it can be written in
the form:

(3.47) ~InU = G(A(X . AIX 5, AIDX ;).

A necessary and sufficient condition for equal rates of commodity augmentation
of the direct utility function 1s that the direct utility function is characterized by
groupwise equal rates of commodity augmentation in every pair of the three
commodities. In particular, since there are only three commedities, groupwise
equal rates of commodity augmentation for any two pairs of commodities is
sufficient for equal rates of commodity augmentation.
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Finally, a direct utility function with !:'me-varying.pfeferenu:s |x characterized
by zero rates of commedity augmentation if and only if it is characterized by group-
wisc zero rates of commodity augmentation in every pair of the three commodi-
ties. In particular, since there are only three commodities, grogpwise Zero rates of
commodity augmentation for any two pairs of commodities is sufﬁcncm. In fact,
given equal rates of commodity augmentation, zero rates ofcomquny dugmenta-
tion for any pair of commodities implies zero rates of augmentation. In this case
the direct utility function is also explicitly neutral.

3.6. Duality

The implications of separability, homotheticity, linear logarithmic utility
and equal rates of commodity augmentation for the indirect utility function with
time-varying preferences are strictly analogous to the corresponding properties
for the direct utility function with time-varying preferences. They impose restric-
tions on the direct demand functions as opposed to the indirect demand functions,
Similarly, the parametric restrictions implicd by these properties of the indirect
translog utility functions are strictly analogous to the parametric restrictions
implied by the corresponding properiies of the direct translog function. The
roles of quantities consumed and ratios of prices o total expenditure are, of course,
interchanged.

However, a given property of the direct utility function need not imply the
same property of the indirect utility function. For example,a groupwise homothetic
direct utility function docs not correspond to a groupwise homothetic indirect
utility function. The direct utility function is inclusively groupwise homothetic
if and only if the indirect utility function is inclusively groupwise homotbhetic.
Since homotheticity implies groupwise inclusive homotheticity for the group
consisting of all commodities, direct homotheticity is equivalent to indirect
homotheticity. An alternative sufficient condition for groupwise homotheticity
of both the direct and indirect utility functions is groupwise separability (either
direct or indirect) in the same group of commodities.

Similarly, a groupwise commodity separable direct utility function does not
correspond to a groupwise commodity separable indirect utility function. Direct
and indirect utility functions are groupwise commodity separable in the same
group of commodities if and only if the utility function (either direct or indirect)
is also groupwise homothetic in the same group of commodities, In addition.
the direct utility function js groupwise homothetically commodity separable
i and only if the indirect utility function is groupwise homothetically commodity
separable.

In general, a groupwise time separable direct utility function does not cor-
respond to a groupwise time separable indirect utility function. Two alternative
sufficient conditions for groupwise time separability of both the direct and the
indirect utility functions in the same group of commodities are, first, inclusive
groupwise homotheticity of the utility function {either direct or indirect) in the



An additive direct utility function does not correspond to an additive indirect
utility function. Direct and indirect utility functions are simultancously additive
only if the utility function (either direct or indirect) is homothetic or if the utility
function (either direct or indirect) is linear logarithmic in all but one of the com-
modities.! In addition, the direct utility function is additive and homothetic il
and only if the indirect utility function is additive and homothetic. On the other
hand, a neutral direct utility function always corresponds to a neutral indirect
utility function. A groupwise linear logarithmic direct utility function always
corresponds to a groupwise linear logarithmic indirect utility function. Since a
groupwise linear fogarithmic utility function is groupwise homothetically com-
modity separable, a groupwise neutrai linear logarithmic direct utility function
always corresponds to 2 groupwise neutral linear logarithmic indirect utility
function.

Moreover, a direct utility function with time-varying preferences charac-
terized by groupwise equal rates of commodity augmentation always corresponds
to an indirect utility function with time-varying preferences characterized by
groupwise equal rates of commodity augmentation. Likewise, a direct utility
function with time-varying preferences characterized by groupwise zero rates of
commodity augmentation always corresponds to an indirect utility function with
time-varying preferences characterized by groupwise zero rates of commodity
augmentation,'#

Finally, a utility function is self-dual if both the direct and the indirect utility
functions (corresponding to the same preferences) have the same functional form.'?
The only translog utility function which is self-dual is the neutral linear iogarithmic
utility function. Neutral linear logarithmic utility functions are the only intrinsi-
cally additive, homothetic, and stationary direct or indirect translog utility
functions. Direct and indirect translog utility functions can represent the same
preferences if and only if they arc neutral linear logarithmic. Unless this stringent
condition is met, the direct and indirect translog approximations to a given pair
of direct and indirect utility functions correspond to different preferences, so that
the properties of these approximations are not fully comparable.

4. EMPIRICAL RESULTS
4.1. Summary of tests

Tests of the restrictions on preferences we have considered can be carried
out in many sequences. We propose to test restrictions on the structure of pref-
erences, given equality and symmetry restrictions, but not monotonicity and
quasiconvexity restrictions. Monotonicity and quasiconvexity restrictions take
the form of inequalities rather than equalities, so that these restrictions do not
affect the asymptotic distributions of our statistics for tests of restrictions on the
structure of preferences.'® These distributions are the same with or without

15 See Samuelson [1965] and Houthakker {1965]. We may also mention the “seif-dual addilog
system’” introduced by Houthakker [1965]. This system is not generated by additive utility functions
except for special cases.

13 This is the special case introduced by Hicks [1969]. See also Samuelson [1969].

14 For some of these results on the duality of direct and indirect utility functions, see Houthakker

{1960}, Samuelson [1960] and Lau [1969b)].
16 See Malinvaud {1970), pp. 366-368.
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imposing the restrictions associated with monotonicity and quasiconvexity.
After the set of acceptable restrictions on the structure of prcfcrcncc.fs Is deter-
iined. we can impose the constraints implied by monotonicity and quasiconvexity
of the direct or indirect utility function. _ ‘ o

Our proposed test procedure is presented in diagrammatic for_m I a scries of
five figures. We propose to test the restrictions derived from grou pwise scparability.
homotheticity. groupwise homotheticity. and commodity augmenting change in
preferences, in parallel. Given groupwise homothetic scparabll!ly f_or any gro'up,
we proceed to test the additional restrictions implied by groupwise .lmear logarith-
mic utility, conditional on the restrictions implied by groupwise homothetic
separability. Given the outcome of these tests we can determine the set of accept-
able restrictions on the structure of preferences.

Beginning with separability. we recall that. first. groupwise separability for
two of the three possible groups of iwo commodities from the third commodity
implies groupwise separability for the third group and additivity of the utility
function. Likewise. explicit groupwise separability for two of the three possible
groups implies explicit groupwise separability for the third and explicit additivity
of the utility function. Second. groupwise separability for two of the three possible
groups of two commodities from time implies groupwise separability of the third
group from time and neutrality of the utitity function. Likewise. explicit groupwise
separability for two of the three possible groups from time implies explicit group-
wise separability of the third group from time and explicit neutrality of the utility
function.

We first test groupwise separability restrictions for each possible group. If
We accept groupwise separability for any group. we proceed to test explicit group-
wise separability for that group. If we accept the hypothesis of groupwise separa-
bility from the third commodity for any two ofthe three possible groups, we accept
the hypothesis of additivity. If we accept the hypothesis of explicit groupwise
separability from the third commodity for any two of the three groups. we accept
the hypothesis of explicit additivity. If we accept the hypothesis of groupwise
separability from time for any two of the three possible groups. we accept the
hypothesis of neuirality. If we accept the hypothesis of explicit groupwise
scparability from time for any two of the three groups. we accept the hyvpothesis
of explicit neutrality.

Our test procedure for separability is presented diagrammatically in Figure 1.
There are three sets of tests of this type; the diagram gives only one set of such tests.
For each group we test groupwise separability from the third commodity and
from time. Conditional on the corresponding groupwise separability restrictions.
we proceed to test the hypothesis of explicit groupwise separability from the third
commodity and from time. Combining results from the tests for each of the three
commodity groups, we can test the hypotheses of additivity. explicit additivity,
neutrality, and explicit neutrality.

Continuing with homotheticity. we first test groupwise homotheticity
restrictions for each possible group. In parallel we test homotheticity restrictions
for the group consisting of all three commodities. If we accept homotheticity for
all three commodities, we proceed to test explicit homotheticity. If we acceplt
explicit homotheticity for all three commedities, we proceed (0 test homogeneity.
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Equality and Symmetry

One Equality @

‘ £1.2} Separability from 3 (’.l.l‘; Separability from t

One Equality Restriction

@c Equality Restriction One Equality Rm
-
——— I
I
11,2} Explicit Separability 11.2} Explicit Separability
from 3 from ¢

[

Figure 1 Tests of Separability. (There are three sets of tests of this type: this diagram gives only one
set of such tests corresponding to the group ;1. 2}.)

Our test procedure for homotheticity, homotheticity, explicit homotheticity. and
homogeneity is presented diagrammatically in Figure 2.

If we accept groupwise homotheticity for any group, we proceed to test
explicit groupwise homotheticity and inclusive groupwise homotheticity for that
group in parallel. If we accept both explicit groupwise homoetheticity and inclusive
groupwise homotheticity for any group. we accept the hypothesis of explicit
groupwise inclusive homotheticity. Conditional on explicit groupwise homo-
theticity for any group, we proceed to test groupwise homogeneity for that group.
Our test procedure for explicit and inclusive groupwise homotheticity is presented
diagrammatically in Figure 3. There are three sets of tests of this type; the diagram
gives only one set of such tests.

We observe that a utility function with time-varying preferences is charac-
terized by linear logarithmic utility if it is groupwise linear logarithmic in all three
possible groups consisting of two commodities each. Inclusive groupwise homo-
theticity for all three groups implics that the uiility function is linear logarithmic;
if we accept inclusive groupwise homotheticity for all three groups, we accept the
hypothesis of linear logarithmic utility. If we accept explicit inclusive groupwise
homotheticity for all three groups, we accept the hypothesis of explicit linear
logarithmic utility. Finally, if we accept groupwise homogeneity for all three groups,
we accept the hypothesis of neutral linear logarithmic utility.

We can combine the results of our parallel tests of separability and homo-
theticity in order to draw conclusions about homothetic separability. If we accept
the hypothesis of groupwise separability for a group consisting of two commodities
from the third, and for the same group we accept the hypotheses of groupwise
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— Equality and Syminetry \
// \\

\ ' '
Two Equality Qne Equality \ One Equality One Equality
Restrictions Restriction Restriction Restriction
Homotheticity {1,2) Homotheticity 12,3} Homotheticity {1.3} Homotheticity l

One Equality
Restriction

Explicit
Homotheticity

[

One Equality
Restriction

Hemogeneity

Figure 2 Tests of Homotheticity.

homotheticity, explicit groupwise homotheticity, inclusive groupwise homo-
theticity, or groupwise homogeneity, we accept the hypotheses of groupwise
homothetic separability, groupwise explicitly homothetic separability, groupwise
inclusive homothetic separability, or groupwise homogeneous separability,
respectively, for that group. Similarly, if we accept the hypothesis of explicit group-
wise separability for a given group, and for the same group we accept the hypothesis
of groupwise homotheticity, explicit groupwise homotheticity, inclusive groupwise
homotheticity and groupwise homogeneity, we accept the hypotheses of groupwise
homothetic explicit separability, explicit groupwise homothetic separability,
groupwise inclusive homothetic explicit separability and explicit groupwise
homogeneous separability, respectively, for that group. Finally, if we accept the
hypotheses of additivity and homotheticity, we accept the hypothesis of homo-
thetic additivity. If we accept the hypotheses of explicit additivity and either
explicit homotheticity or homogeneity, we accept the hypotheses of explicit linear
logarithmic utility and neutral linear logarithmic utility, respectively.

Proceeding under the hypothesis of additivity, if we accept inclusive groupwise
homotheticity of any one of the three possible groups of two commiodities each,
we accept the hypothesis of groupwise linear logarithmic utility for that group.
If we accept inclusive groupwise homotheticity of any two of the three possible
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One Equality
Restriction

{1.2} Inclusive
Homotheticity

{1, 2} Homotheticity

Two Equality
Restrictions

One Equality
Restriction

{1.2} Explicit
Homotheticity

One Equality
Restriction

One Equality
Restriction

1.2} Explicit
Inclusive Homotheticity

Cne Equality
Restriction

{1.2} Homogeneity

Figure 3 Tests of Groupwise Homotheticity. (There are three sets cf tests of this type: this diagram
gives only one set of such tests correspording 1o the group {1.21)

groups of two commodities each, we accept linear logarithmic utility of the utility
function. If we accept explicit inclusive groupwise homotheticity of any one of the
three possible groups of two commodities each, we accept the hypothesis of explicit
groupwise linear logarithmic utility for that group. If we accept explicit inclusive
groupwise homotheticity of any two of the three possible groups of two commodi-
ties each, we accept the hypothesis of explicit linear logarithmic utility of the utility
function.

Alternatively, proceeding under the hypothesis of explicit additivity, if we
accept inclusive groupwise homotheticity of any one of the three possible groups
of two commodities each, we also accept the hypothesis of explicit groupwise
linear logarithmic utility for that group. If we accept inclusive groupwise homo-
theticity of any two of the three possible groups of two commodities each, we
accept the hypothesis of explicit linear logarithmic utility.

If we accept the hypothesis of groupwise homothetic separability for all three
possible groups of two commodities each and, in addition, we accept the hypoth-
esis of inclusive groupwise homotheticity of any one of the three possible groups
of two commodities cach, we accept the hypothesis of lincar logarithmic utility. If
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either of these two hypotheses are strengthened to hold explicitly, we acceept the
hypothesis of explicit lincar logarithmic utilil_y. . -

If we accept the hypothesis of groupwise homothetic separability for any
group of two commodities from the third. we proceed to test the hypothesis of
groupwise linear logarithmic utility for that group, condlt.|0n.111 on groupwise
homothetic separability. If we accept the hypothesis of groupwise linear logarithmic
utility for group consisting of two cominodities, and for th-at group we iccept any
two of the three hypotheses of explicit groupwise separability, explicit groupwise
homotheticity, and inclusive groupwise homotheticity, we accept the hypothesis
of explicit linear logarithmic utility for that group. If. in addition, we accept the
hypothesis of groupwise homogeneity for that group, we accept the hypothesis of
explicit neutral linear iogarithmic utility for that group. If we accept the hypothesis
of groupwise linear logarithmic utility for any two of the three possible commadity
groups. we accept the hypothesis of linear logarithmic utility. Our test procedure
for groupwise linear logarithmic utility, giver groupwise homothetic separabihty
restrictions, is presented digrammatically in Figure 4.

11.2} Homothetic {1.3} Homothetic {2.3} Homothetic
Separability Separability Separability

One Equali:y\ One Equality One Equality
wlriclioy Restriction Restriction

+1.2} Linear {13} Lincar 2.3} Linear
) L} ! i L

Logarithmic Utility Logarithmic Utility Logarithmic Utility

Figure 4 Tests of Lincar Logarithmic Unility.

Finally, we consider tests of restrictions associated with commodity augment-
ing changes of preferences over time. First we test the hypothesis of groupwise
equal rates of commodity augmentation for all three possible groups of two
commodities each. If we accept the hypothesis of equal rates of commodity
augmentation for any two of the three groups, we accept the hypothesis of equal
rates of augmentation for all three commodities, and hence for all three groups.
There is then no need to test zero rates because equal zero rates for all commodities
is implied by explicit neutrality, which has been tested under separability. 1f we
accept the hypothesis of equal rates of commodity augmentation for only a single
group of two commodities, we proceed to test the hypothesis that the rate of aug-
mentation for that group is equal to zero. Our test procedure for equal rates of
commodity augmentation is presented diagrammatically in Figure 5.
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One Equahty
Restriction

{1.2} Equal
Rales

One Equality \
Reslriclion

{1.2} Zero
Rates

Equality and Symmetry J\

One Equality
Restriction

{1.3} Equal
Rales

One Equality

Restriction

(1.3} Zero
Rales

"~

One Equality
Restriction

(2.3} Equal

Rates

One Equahty
Restrichion

12,3} Zero

Rates

Figure S Tests of Commodity-Augmenting Change in Preferences.

4.2. Estimation

Our empirical results are based on time series data for prices and quantities
of durables, non-durables, and energy and time. We have fitted the equations for
budget shares generated by direct and indirect translog utility functions with time-
varying preferences, using the stochastic specification outlined above. Under this
specification only two equations are required for a complete econometric model of
demand. We have fitted equations for durables and for energy.'’ For both direct
and indirect specifications we impose the hypothesis that the model of demand 1S
consistent with utility maximization, so that the parameters of this model satisfy
equality and symmetry restrictions. Given these restrictions, and the normaliza-
tion of &y, at mirius unity, eleven unknown parameters remain to be estimated in
our econometric model. Estimates of these parameters for the direct translog
utility function with time-varying preferences are given in the first column of
Table 1. Estimates of these parameters for the indirect transiog utility function
with time-varying preferences are presented in the first column of Table 2.

7 We employ the maximum likelihood estimator discussed. for example. by Malinvaud [1970].
pp. 338-341. For the direct series of lesls we assume that the disturbances are independent of the
quantities consumed. For the indirec series of lests we assume thal the disturbances are independent
of the ratios of prices 1o the value of 101al expenditure.
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Given the validity of the theory of demand. we impose restrictions on the
structure of consumer preferences for dumhlc..s'. non-durables. and energy,
For cach sct of restrictions we imposg the cqu.alny :ll.ld SYMINCTY restrictions,
We then impose the additional restrictions assocltated with czufh hyp(_)thesis abou
the form of the utility funciion. Thc sceond culump ol Table 1 BIves estimates undey
cquality and symmetry rcstricuons? rcpar.amctr!zed to provndc‘cs.tlmatcs of the
commodity augmentation factors W{thQUl imposing further restrictions. The third
column gives cstimates under addmw;y restrictions:; th.c fourth colump gives
estimates under explicit additivity, the fifth under neutrality, and the sixth unge;
explicit neutrality. The seventh cp!umn gives estimates under homiolheticity, the
eighth under explicit homotheticity, the ninth under homogencity: the tenty
column gives estimates under linear logarithmic utility, th.e eleventh u nder explicit
finear logarithmic utility, and the twelfth under ncu.tr.al l!ncar. logarithmic utility.
Corresponding estimates for the indirect translog uul.ny. function are presented in
the second through twelfth columns of Table 2. Estimates for neutral linear
logarithmic utility are identical for direct and 111Q|rect trams!og utility functions,

Our next set of restrictions is assoctated with groupwise separability of the
direct transiog utiiity function with time-varying preferences. The thisteent
column of Table | gives restricted estimates for groupwisc separability of the
group {1, 2}. This group consists of durables and non-durables. The fourteenth
column of Table ! gives estimates for the group {1, 3}, consisting of durables and
energy. The fifteenth column of Table 2 gives estimates for the group {23},
non-durables and energy. We present restricted estimates for explicit groupwise
separability in these same groups in the sixteenth through eighteenth columns of
Tabie 1. Corresponding estimates for the indirect translog utility function are
given in the thirteenth through eighteenth columns of Table 2.

The nineteenth column of Table | gives restricted estimates for groupwise
separability for the group {1,2} from time. The twenticth column of Table | gives
estimates for the group {1, 3}, and the twenty-first column for the group {2.3.
We present restricted estimates for explicit groupwise separability from time in
these same groups in the twenty-second through twenty-fourth columns of Table .
Corresponding estimates for the indirect translog utility function are given in
the nineteenth through twenty-fourth columns of Table 2.

Our third set of restrictions on functional form is associated with hypotheses
of groupwise homotheticity of the direct translog utility function with time-
varying preferences. The twenty-fifth column of Table } gives restricted estimates
for groupwise homotheticity for the group { 1. 2]. Restricted estimates for the groups
{1,3} and {2,3} are given in the twenty-sixth and twenty-seventh columns,
Columns twenty-eight through twenty-nine give the corresponding restricted
estimates for explicit groupwise homotheticity. Columns thirty through thirty-iwo
give the corresponding restricted estimates for inclusive groupwise homotheticity
restrictions. Columns thirty-three through thirty-six give the corresponding
restricted estimates for groupwise homogeneity. The corresponding restricted
estimaies for the indirect translog utility function are given in columns twenty-five
through thirty-six of Table 2.

Our fourth set of restrictions on functional form is associated with groupwise
homothetic separability of the direct translog utility function with time-varying

96



preferences. For each of these hypotheses we impose equality and symmetry
restrictions and the corresponding groupwise separability and groupwise homo-
theticity resirictions. The thirty-seventh column of Table 1 gives restricted esti-
mates for groupwise homothetic separability for the group {1,2}. Corresponding
estimates for groups {1, 3} and {2, 3} are given in colummns thirty-cight and thirty-
nine of Table 1. Restricted estimates for groupwise linear logarithmic utility are
given in cotumns forty through forty-two, for explicit groupwise linear logarithmic
utility in columns forty-three through forty-five, and for groupwise neutral linear
logarithmic utility in columns forty-six through forty-eight. The corresponding
restricted estimates for the indirect translog utility function are given in columns
thirty-seven through forty-eight of Table 2.

The fifth and final set of restrictions on functional form is associated with
restrictions on the form of commodity augmenting change in preferences for the
direct translog utility function with time-varying preferences. We present restricted
estimates cotresponding to the hypotheses of groupwise equal rates of commodity
augmentation in columns forty-nine through fifty-one of Table | and restricted
estimates corresponding to the hypotheses of zero rates of commodity augmenta-
iion in columns fifty-two through fifty-four. Corresponding estimates for the
indirect translog utility functicn is given in columns forty-nine through fifty-fou
of Table 2.

4.3. Test statistics

To test the validity of equality restrictions implied by the theory of demand
and restrictions on the form of the utility function, we employ test statistics based
on the likelihood ratio A, where:

max &

w

" max &
Q

The likelihood ratio is the ratio of the maximum value of the likelihood function
for the econometric model of demand Q without restriction to the maximum value
of the likelihood function for the model w subject to restriction.

We have estimated econometric models of demand from data on U.S. personal
consuniption expenditures for 1947-1971. There are twenty-five observations for
each behavioral equation, so that the number of degrees of freedom available for
statistical tests of the theory of demand is fifty for either direct or indirect specifica-
tion. For normally distributed disturbances the likelihoed ratio is equal to the
ratio of the determinant of the restricted estimator of the variance-covariance
matrix of the disturbances to the determinant of the unrestricted estimator, each
raised to the power —(n/2).

Our test statistic for each set of restrictions is based on minus twice the
logarithm of the likelihood ratio, or:

—2InA = n(n[E,] — IniZgl),
where £, is the restricted estimator of the variance-covariance matrix and £, is
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the unrestricted estimator. Under the null. hypothesi; the likelihood ratiq tesi
statistic is distributed, asymptotically, as chi-squared with a number of degrees (f
freedom equal to the number of restrictions to be tested. .

To control the overall level of significance for each scries of tests, direct ang
indirect, we set the level of significance for cac.h series at Q.OS. We then allocate
the overall level of significance among the various stages In cach series of tegy,
We test groupwise separability, homothet.icily, groupwise homolhelicity, group.
wise linear logarithmic utility, and groupwise gqual rates ofcommodity augmenta.
tion proceeding conditionally on the validity of the equality and symmetry
restrictions implied by the theory of demand. These tests are not “*nested” sg that
the sum of the levels of significance for each of the five sets of hypotheses is an upper
bound for the level of significance of tests of the sets of hypotheses considered
simultaneously. We assign a level of significance of 0.01 to each of the five sets of
restrictions.

There are twelve restrictions associated with groupwise separability angd
explicit groupwise separability : we assign a level of significance of 0.0008 to each
There are three restrictions associated with homotheticity; we assign 0.0033 (o
each. There are tweive restrictions associaied with groupwise homotheticity;
we assign 0.0008 to each. There are three restrictions associated with groupwise
linear logarithmic utility; we assign 0.0033 to each of these restrictions. Finally,
there are six restrictions associated with groupwise equal rates of commodity
augmentation ; we assign a level of significance of 0.0017 to each.

For our econometric models of demand based on the direct and indirect
translog utility functions with time-varying preferences we have assigned levels of
significance to each of our tests ol hypotheses about the structure of preferences so
as to control the overall level of significance for all tests at 0.05. The probability
of a false rejection for one test among the collection of all tests we consider is
iess than or equal to 0.05. With the aid of critical values for our test statistics given
in Table 3, the reader can evaluate the results of our tests for alternative significance
levels or for alternative allocations of the overall level of significance among
stages of our test procedure. Test statistics for each of the hypotheses we have
considered about the structure of preferences are given in Table 4.

TABLE 3
CRITICAL VALUES OF y2/DEGREES OF FREEDOM
Degrees of Level of significance
freedom 0.10 0.05 0.01 0.005 0.001 0.0005
t 2.71 3.84 6.64 7.88 10.83 12.12
2 2.30 3.00 461 5.30 6.91 1.60

The results of our tests of restrictions on preferences based on the direct
translog utility function, as presented in Table 4, are, first, that the group {1,2},
durables and non-durables, is separable from commodity 2, energy, and that the
group {2, 3}, non-durables and energy, is separable from commodity 1, durables.
These two sets of restrictions imply additivity. Second, the group {1, 3}, durables
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TABLE 4
TEST STATISTICS

Degrees of  Critical Test Statistics
Hypothesis Freedom Values Direct Indirect

Given equality und symmetry
Groupwise separability

{1.2} from 3 1 1135 440 0.55
{1, 3} from 2 1 11.35 27.52 15.14
12,3} from | 1 11.35 1.86 3035
{1,2} fromt 1 1135 15.44 383
{1.3} fromt 1 11.35 7.08 2795
{2,3} from t I 11.35 4.11 3773
Homotneticity 2 5.98 28.24 2537
Groupwise homotheticity
{1.2} t 1135 1.87 1.08
{13} 1 11.35 1.0 2468
{2.3} 1 11.35 321 17.65
Groupwise equal rates
{1.2} 1 10.32 11.89 213
1.3} ! 1032 1245 16.50
{2.3} 1 10.32 14.18 3038

Giren groupwise separability
Groupwise explicit separability

{1, 2} from 3 1 11.35 12.61 139
{1, 3} from 2 1 11.35 0.88 038
{2. 3} from 1 1 11.35 11.61 5.27
{1.2} from t 1 1135 0.00 399
{1.3} from t 1 11.35 497 0.67
{2, 3} from t 1 11.35 28.16 15.17

Giren homotheticity
Explicit homotheticity 2 5.98 10.09 1.20
Given groupwise homotheticity
Groupwise inclusive homotheticity

11,2} 1 11.35 29.25 13.04

{1.3} 1 11.35 156 2199

{2.3} 1 11.35 20.77 1311
Groupwise explicit homoetheticity

{1.2} 1 11.35 12.70 163

{1, 3} 1 11.35 10.77 016

12,3} 1 11.35 26.20 13.99

Given groupwise egual rates
Groupwise zero rates

{1.2} 1 10.32 0.23 5.12

{13} 1 10.32 2.21 2.60

{2. 3} 1 10.32 0.08 490
Given explicit homotheticity

Homogeneity 1 9.13 i 45.50

Given groupwise explicit inclusive homotheticity
Groupwise homogeneity

{12} 1 1125 369 38.89
{1.3} 1 11.35 3201 1312
{2, 3} 1 11.35 13.82 52.24

Given groupwise homothetic separability
Groupwise linear logarithmic utility

{1.2} ! 9.13 15.72 27.06
0.3} 1 9.13 1.57 20.50
{2,3} 1 9.13 16.02 10.35

9



and energy, and the group 12,3}, non-durab]gs and f:nergly, are scpara.blc from time.
These two sets of restrictions impl){ neutrality. Thlrd, all three possible groups of
two commodities each are groupwise homothem;; hc'nce. cach of these groups i
homothetically separabie. Fourth, llu? group | 1 35, durqb}es. and cnergy, i
explicitly inclusive groupwise hon?othetl.c,.whlch implies cxphan linear If’gaflthﬁlic
utility. Finally, the group {1, 3} is explicitly separable from t:mc. Wth’h "T}Plies
neutral linear logarithmic utility or constant budget shares. This specification is
determined by only two unknown parameters.. .

Turning to the results of our tests of restrictions on preferences based on the
indirect translog utility function, as presented in Table. 4 we find th"dt the group
{1, 3}, consisting of durables and non-'durablc's, 1$ expl_ncnly groupwise separable
from cemmodity 2, energy, and from time. Thls'group is also gxphcntly groupwise
homothetic and has equal rates of commodl_ty augmentation equal to zero,
The form of the system of equations corresponding to the indirect utility function

is as follows:
pXy o+ fi(nfp/M] —In [Pz:"M]_)

M — 1+ BysIn(py/M) + fiy, -t
P2 X, _ oy — By (inlpy/M] — In[p,/M])

M —1+Bn(py/M)+ Byt
P3Xy o3+ By3In(py/M) + By, -t

M =1+ By in(py/M)+ Byt

This specification is determined by five unknown parameters. We recall that the
direct and indirect vtility function represent the same preferences only if they are
self-dual. The dual of the neutral linear logarithmic direct utility function is the
neutral linear logarithmic indirect utility function. We conclude that the test
results for the two models do not coincide. This is not surprising, since the stochastic
specifications used in the two sets of tests are different.

REFERENCES

Barten, A. P. [1964]. “Consumer Demand Functions under Conditions of Almost Additive Pref.
erences,” Econometrica, 32:1-38.

Barten, A. P.(1967), “Evidence on the Slutsky Conditions for Demand Equations.” Reriew of Econom-
ics and Swatistics, 49:77-84.

Barten. A. P.[1969]. “Maximum Likelihood Estimation ofa Complete System of Demand Equations,”
European Economic Review. 1: 1-13.

Basmann. R. L. [1968]. “*Hypothesis Formulation in Quantitative Economics: A Contributior to
Demand Anaiysis.” in J. Quirk and H. Zarley. eds., Papers in Quantitative Economics, Lawrence,
Kansas: 143-202.

Brown. J. A. C. and A. S. Deaton {1972). “Models of Consumer Behaviour: A Survey.” Economic
Journal. 82: 1145-123¢,

Brown. M. and D. M. Heien [1972]. “The S-Branch Utility Tree: A Generalization of the Linear
Expenditure System.” Econometrica. 49 737-747.

Christensen. L. R. and D. W. Jorgenson [1573). "U.S. Income. Saving and Wealth. 1929-1969."
Review of Income and Wealth. 4 329-362.

Christensen.L.R..D. W. Jorgenson. and L. J. Lau [1971]. " Conjugate Duality and the Transcendental
Logarithmic Function.” Econometrica. 39 (1971): 225-256.

100



Christensen. L. R.. D. W. Jorgenson. ard L. J. Lau{1973}. “Transcendental Logarithmic Production
Frontiers.” Review of Economics and Siatistics, 55: 28--45.

Christengen. L. R.. D. W. Jorgenson. and L. I. Lau [1975]. “Transcendental Logarithmic Utility
Functions.” American Economic Review. 65: forthcoming.

Christensen. L. R. and M. E. Manser [1974a). “Cost of Living Indexes and Price Indexes for U.S. Meat
and Produce. 1947-1971." Working Paper 21. Bureau of Labor Statsstics. January.

Christensen. L. R. and M. E. Manser {1974b). ~Estimating U.S. Consumer Preferences for Meat,
1947-1971.” Social Systems Research Institute. University of Wisconsin. February.

Courant. R. [1936). Differential and Integral Calculus. New York: Interscience.

Hicks. J. R.[1969]. "Direct and Indirect Additivity.” Econometrica. 37:353-354.

Houthakker. H. S. [1960}. - Additive Preferences.” Econometrica. 28: 244-257.

Houthakker. H. S. {1965]. A Note on Self-Dual Preferences.” Econometrica. 33: 797-801.

Johansen. L. [1969]. On the Relationship between Some Systems of Demand Functions.” Liiketaloudel-
linen Aikakauskirja. 1: 39-41.

Jjorgenson. D. W. and L. 1. Lau [1974]. “Integrability of Consumer Preferences.” Working Paper.
Department of Economics. Stanford University.

Klein. L. R. and H. Rubin [1947-1948). A Constant-Uiility Index of the Cost of Living.” Review of
Economic Studies. 15. 84-87.

Lau. L. 1. [1969a). ~'Direct and Indirect Utility Functions: Theory and Applications.” Working Paper
No. 149. Institute of Business and Economic Research. University of California. Berkeley.

Lau, L. J. {1969b). ~"Duality and the Structure of Utility Functions,” Journal of Economic Theory. 1:
374-396.

Lau. L. J.[1974). ~Econometrics of Monotonicity. Convexity and Quasiconvexity.” Econometrica. 42:
forthcoming.

Lau. L. J. and B. M. Mitchell [1971]. ~A Linear Logarithmic Expenditure System: An Application to
US. Data,” Econometrica. 39 (1971): 87-88.

Malinvaud. E. [1970). Statistical Methods of Economelrics. 2nd ed.. Amsterdam: North-Holland.

McFadden. D. L.[1964). ~Existence Conditions for Theil-Type Preferences.” Working Paper. Depart-
ment of Economics. University of Califernia. Berkeley.

Roy. R.[1943). De I'Utilité: Contributicn & la Théorie des Choix. Paris: Hermann.
Samuelson. P. A.-{1965). “Using Full Duality to Show that Simultaneously Additive Direct and
Indirect Utilities lmplies Unitary Price Elasticity of Demand,” Econometrica, 33:781-756.
Samuelson. P. A. [1969). “"Corrected Formulation of Direct arnd Indirect Additivity.” Econometrica.
17: 355-359.

Satc. K. [1972). ~Additive Utility Functions with Doubie-Log Consumer Demand Functions.”
Journal of Political Economy. 80: 102-124.

Schultz. H. [1938). The Theory and Measurement of Demand. Chicago: University of Chicago Press.

Stone, J. R. N.[1954a}, Measurement of Consumer’s Expenditures and Behauiour in the United Kingdom,
Vol. I. Cambridge: Cambridge University Press.

Stone. J. R. N. [1954b). ~Linear Expenditure Systems and Demand Analysis: Ar Application to the
Pattern of British Demand.” Economic Journal. 64: 511-527.

Theil. H. [1965]. " The Information Approach to Demand Aralysis.”” Econometrica. 33: 61-87.

Theil, B. [1967). Economics and Information Theory. Amsterdam: North-Holland.

Theil. H. [1971). Principles of Econometrics. Amsterdam: North-Holland.

Wold. H. O. A. with L. Juréen [1953). Demand Analysis: A Study in Econometrics. New York: John
Wiley.

101






