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Zrunlqj Sdshu Qr1 <:059
Rq wkh Hyroxwlrq ri wkh Vsdwldo Glvwulexwlrq
ri Hpsor|phqw lq Srvwzdu Xqlwhg Vwdwhv

Vdw|dmlw Fkdwwhumhh dqg Jhudog Fduolqr4

Uhvhdufk Ghsduwphqw
Ihghudo Uhvhuyh Edqn ri Sklodghoskld

Sklodghoskld/ SD 4<439

Rfwrehu 4<<:

4Suhylrxv yhuvlrqv ri wklv sdshu zhuh suhvhqwhg dw wkh Plgzhvw Pdfurhfrqrplfv
Frqihuhqfh/ wkh VHG Frqihuhqfh/ wkh UVDL Frqihuhqfh/ IUE V|vwhp Uhjlrqdo
Phhwlqj/ IUE Plqqhdsrolv dqg Sklodghoskld/ Fohpvrq Xqlyhuvlw| dqg wkh Xql0
yhuvlw| ri Shqqv|oydqld1 Zh wkdqn pdq| vhplqdu dqg frqihuhqfh sduwlflsdqwv iru
wkhlu xvhixo frpphqwv1 Zh dovr wkdqn Ylfwruld Frxsodqg dqg Plfkdho PfOdxjkolq
iru h{fhoohqw uhvhdufk dvvlvwdqfh/ dqg Vdoo| Exunh iru khosixo hglwruldo frpphqwv1
Wkh ylhzv h{suhvvhg lq wklv sdshu duh wkrvh ri wkh dxwkruv dqg gr qrw qhfhvvdu0
lo| uhsuhvhqw wkrvh ri wkh Ihghudo Uhvhuyh Edqn ri Sklodghoskld ru ri wkh Ihghudo
Uhvhuyh V|vwhp1



Devwudfw

Lq wklv sdshu/ zh grfxphqw d surqrxqfhg wuhqg wrzdug ghfrqfhqwudwlrq ri
phwursrolwdq hpsor|phqw gxulqj wkh srvwzdu shulrg lq wkh Xqlwhg Vwdwhv1
Wkh hpsor|phqw vkduh ri lqlwldoo| pruh ghqvh phwur duhdv ghfolqhg dqg wkrvh
ri lqlwldoo| ohvv ghqvh phwur duhdv urvh1 Prwlydwhg e| wklv �qglqj/ zh ghyhors
d v|vwhp0ri0flwlhv prgho lq zklfk lqfuhdvh lq djjuhjdwh phwursrolwdq hpsor|0
phqw fdxvhv hpsor|phqw wr vkliw lq idyru ri ohvv ghqvh phwur duhdv ehfdxvh
frqjhvwlrq frvwv lqfuhdvh pruh udslgo| iru wkh lqlwldoo| pruh ghqvh phwur du0
hdv1 D fdoleudwhg yhuvlrq ri wkh prgho vkrzv wkdw wkh pruh wkdq wzrirog
lqfuhdvh lq hpsor|phqw h{shulhqfhg e| PVDv gxulqj wkh srvwzdu shulrg zdv
lqghhg d srzhuixo irufh idyrulqj ghfrqfhqwudwlrq1



4 Zrunlqj Sdshu <:059
Lqwurgxfwlrq

Hfrqrplvwv kdyh orqj uhfrjql}hg wkdw/ e| orfdwlqj lq flwlhv/ �upv fdq
orzhu wkhlu frvwv ri surgxfwlrq e| wdnlqj dgydqwdjh ri djjorphudwlrq hfrqrplhv1
Lq vrph fdvhv/ �upv ehqh�w iurp ehlqj qhdu vlplodu �upv/ ehfdxvh lw doorzv
wkhp gls lqwr wkh flw|*v srro ri vshfldol}hg zrunhuv ru vshfldol}hg surgxfwv
+orfdol}dwlrq hfrqrplhv,1 Lq rwkhu fdvhv/ �upv ehqh�w iurp wkh juhdw ydulhw|
ri zrunhuv dqg vhuylfhv d elj flw| r�huv +xuedql}dwlrq hfrqrplhv,1 Lq wkh qrw
vr glvwdqw sdvw/ pdq| xuedq hfrqrplvwv wkrxjkw wkh ehqh�wv ri flw| orfdwlrq
zdv vr vwurqj wkdw wkh| suhglfwhg wkh frqwlqxhg frqfhqwudwlrq ri hfrqrplf
dfwlylw| lq frpsdudwlyho| ihz phwursrolwdq sodfhv +vhh Jrwwpdqq +4<94,,1
Lqghhg/ wkh xowlpdwh ylvlrq zdv wkh ghyhorsphqw ri �phjdorsrolvhv/� pruh
ru ohvv frqwlqxrxv vwuhwfkhv ri xuedq dqg vxexuedq duhdv/ hqfrpsdvvlqj d
qxpehu ri phwursrolwdq sodfhv +�glyhujhqw jurzwk�,1

Hyhq zkloh wkh suhglfwlrqv ri phjdorsrolvhv zhuh ehlqj dgydqfhg/ rwkhu
irufhv zhuh dw zrun ohdglqj wr d ghfrqfhqwudwlrq udwkhu wkdq dq lqfuhdvhg
frqfhqwudwlrq ri hfrqrplf dfwlylw|1 Gxulqj wkh srvwzdu shulrg/ hpsor|phqw
lq elj phwur duhdv juhz ohvv udslgo| wkdq hpsor|phqw lq vpdoohu phwur duhdv1
D  xuu| ri sdshuv lq wkh hduo| wr plg04<;3v dwwhpswhg wr dffrxqw iru wklv
ghfrqfhqwudwlrq ri shrsoh dqg mrev dv ehlqj uhodwhg wr juhdwhu suhihuhqfh iru
ohvv xuedql}hg olylqj +Ehdoh +4<::/4<;5,,> wr uhgxfwlrq lq xuedq djjorphud0
wlrq hfrqrplhv gxh wr whfkqrorjlfdo fkdqjh +Jduqlfn dqg Uhqvkdz +4<;3,/
dqg Fduolqr +4<;8,,> dqg wr jryhuqphqw srolflhv +Frohpdq +4<:;, dqg Ohyhq
+4<:;,,1

Lq wklv sdshu/ zh hydoxdwh dq dowhuqdwlyh h{sodqdwlrq wkdw irfxvhv rq
frqjhvwlrq frvwv dv d idfwru xqghuo|lqj wkh vsdwldo ghfrqfhqwudwlrq ri hfr0
qrplf dfwlylw|1 Wkh vwduwlqj srlqw iru wklv h{sodqdwlrq lv wkh idfw wkdw lq wkh
Xqlwhg Vwdwhv djjuhjdwh phwursrolwdq hpsor|phqw kdv pruh wkdq grxeohg
vlqfh 4<831 Li juhdwhu hpsor|phqw fdxvhv frqjhvwlrq frvwv wr lqfuhdvh sursru0
wlrqdwho| pruh iru pruh ghqvh xuedq duhdv/ wkhq hyhq zlwk xqfkdqjhg suhihu0
hqfhv/ whfkqrorj|/ dqg jryhuqphqw srolflhv/ lqfuhdvh lq djjuhjdwh phwursro0
lwdq hpsor|phqw frxog lpso| d pruh glvshuvhg vsdwldo glvwulexwlrq ri hp0
sor|phqw1

Wr hydoxdwh wklv h{sodqdwlrq/ zh �uvw grfxphqw wkh h{whqw ri hpsor|phqw
ghfrqfhqwudwlrq lq wkh Xqlwhg Vwdwhv gxulqj wkh srvwzdu shulrg1 Zh gr wklv
e| xvlqj frxqw|0ohyho gdwd wr frqvwuxfw hpsor|phqw vkduhv ri wkh wrs 4/ 8/ 43/
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53/ 63/ 83 dqg :3 shufhqw prvw ghqvh phwursrolwdq vwdwlvwlfdo duhdv +PVDv, dw
urxjko| 430|hdu lqwhuydov ehjlqqlqj lq 4<841 Wkhvh �Oruhq} fxuyhv� iru hp0
sor|phqw glvwulexwlrq fohduo| vkrz wkdw hpsor|phqw zdv kljko| frqfhqwudwhg
lq doo |hduv1 Wkh| dovr vkrz wkdw wkh h{whqw ri frqfhqwudwlrq kdv ghfolqhg
ryhu wkh srvwzdu shulrg= wkh �Oruhq} fxuyhv� iru odwhu |hduv olh frpsohwho|
lqvlgh wkrvh iru hduolhu |hduv1 Iru lqvwdqfh/ zh hvwlpdwh wkdw lq 4<84/ wkh wrs
4 shufhqw prvw ghqvh PVDv dffrxqwhg iru 47 shufhqw ri wrwdo hpsor|phqw
dqg wkh wrs 83 shufhqw prvw ghqvh PVDv iru 9< shufhqw1 E| 4<<7/ wkhvh
hpsor|phqw vkduhv kdg idoohq wr 9 shufhqw dqg 97 shufhqw/ uhvshfwlyho|1

Qh{w/ zh ghyhors d jhqhudo htxloleulxp prgho ri hpsor|phqw ghwhuplqd0
wlrq iru dq hfrqrp| zlwk d �{hg qxpehu ri orfdwlrqv dqg �{hg odqg duhdv iru
hdfk orfdwlrq1 Zh vkrz wkdw dq lqfuhdvh lq wrwdo hpsor|phqw lq wklv prgho
pd| fdxvh wkh htxloleulxp hpsor|phqw vkduh ri ghqvh orfdwlrqv wr ghfolqh
dqg wkrvh ri ohvv ghqvh orfdwlrqv wr ulvh1 Wkhq/ jxlghg e| plfur vwxglhv lq
wkh xuedq dqg uhjlrqdo hfrqrplfv olwhudwxuh/ zh vhohfw qxphulfdo ydoxhv iru
nh| prgho sdudphwhuv dqg fdoleudwh wkh prgho wr uhsurgxfh wkh hpsor|phqw
ghqvlw| ri hdfk PVD lq 4<841 Zh wkhq xvh rxu fdoleudwhg prgho wr suhglfw
wkh h�hfwv ri dq lqfuhdvh lq djjuhjdwh phwursrolwdq hpsor|phqw ri wkh pdj0
qlwxgh vhhq lq wkh Xqlwhg Vwdwhv gxulqj wkh srvwzdu shulrg1 Zh �qg wkdw
dq lqfuhdvh lq djjuhjdwh phwursrolwdq hpsor|phqw ri wklv pdjqlwxgh lv d
vwurqj irufh idyrulqj ghfrqfhqwudwlrq ri hpsor|phqw1 Lqghhg/ rxu fdoleudwhg
prgho jhqhudwhv pruh ghfrqfhqwudwlrq ri hpsor|phqw wkdq lv dfwxdoo| re0
vhuyhg ryhu wklv shulrg1 Wklv �qglqj lv urexvw wr yduldwlrqv lq wkh ydoxhv
ri wkh sdudphwhuv jryhuqlqj wkh vwuhqjwk ri djjorphudwlrq hfrqrplhv dqg
frqjhvwlrq frvwv dqg wr wkh ghwdlov ri wkh fdoleudwlrq vwhs1

Rxu �qglqj wkdw djjuhjdwh phwursrolwdq hpsor|phqw jurzwk vkrxog kdyh
fdxvhg pruh ghfrqfhqwudwlrq ri hpsor|phqw wkdq dfwxdoo| revhuyhg vxjjhvwv
wkdw fkdqjhv lq whfkqrorj| ru srolflhv pd| kdyh dfwxdoo| uhwdughg wkh glvshu0
vdo ri hpsor|phqw1 Wkxv/ udwkhu wkdq wklqnlqj derxw fkdqjhv lq whfkqrorj|
dqg srolflhv dv uhdvrqv iru ghfrqfhqwudwlrq wkh| pljkw eh frqvlghuhg dv srv0
vleoh fdqglgdwhv wr h{sodlq wkh ehwwhu0wkdq0suhglfwhg jurzwk ri wkh uhodwlyho|
ghqvh phwur duhdv1

Rxu vwxg| frpsohphqwv uhfhqw vwxglhv rq xuedq jurzwk1 Jodhvhu/ Vfklhqnpdq
dqg Vkohlihu +4<<8, h{dplqh srsxodwlrq jurzwk lq d furvv0vhfwlrq ri XV flwlhv
ehwzhhq 4<93 dqg 4<<31 Iru wkh prvw sduw/ Jodhvhu hw do irfxv rq flwlhv udwkhu
wkdq PVDv/ exw wkhlu uhvxow iru PVDv lqglfdwh wkdw PVDv lq wkh Qruwkhdvw
juhz pruh vorzo| wkdq PVDv hovhzkhuh1 Jodhvhu hw1 do*v �qglqj lv eurdgo|
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frqvlvwhqw zlwk rxuv vlqfh wkh Qruwkhdvw frqwdlqv d uhodwlyho| odujh vkduh ri
wkh qdwlrq*v ghqvh phwursrolwdq duhdv1

Pruh uhfhqwo|/ Hdwrq dqg Hfnvwhlq +4<<:, h{dplqhg jurzwk lq xuedq duhdv
lq Iudqfh dqg Mdsdq dqg irxqg wkdw doo flwlhv jurz dw wkh vdph udwh uhjdugohvv
ri srsxodwlrq vl}h1 Wkh| uhihu wr wklv dv hylghqfh ri sdudooho jurzwk dprqj
wkh xuedq duhdv wkh| vwxg|1 Lq d uhodwhg sdshu/ Eodfn dqg Khqghuvrq +4<<:,
h{dplqhg wkh hyroxwlrq ri xuedq srsxodwlrq dqg wkh qxpehu ri phwursrolwdq
duhdv lq wkh Xqlwhg Vwdwhv ehwzhhq 4<33 dqg 4<831 Wkh| dovr fkdudfwhul}h
wkhlu �qglqj dv rqh ri sdudooho jurzwk ri phwursrolwdq duhdv ri gl�huhqw vl}hv
dqg w|shv pdlqwdlqlqj +zlwk wkh hqwu| ri qhz phwur duhdv, d vwdeoh uhodwlyh
vl}h glvwulexwlrq ri phwursrolwdq duhdv ryhu wlph1 Rxu �qglqj ri hpsor|phqw
ghfrqfhqwudwlrq iru wkh srvwzdu Xqlwhg Vwdwhv vhhpv gl�huhqw iurp wkh �qg0
lqjv ri wkhvh wzr vwxglhv1 Krzhyhu/ lw lv gl!fxow wr frpsduh wkhvh vwxglhv
zlwk rxuv ehfdxvh zh uhodwh xuedq hpsor|phqw jurzwk wr xuedq hpsor|phqw
ghqvlw| udwkhu wkdq mxvw xuedq srsxodwlrq vl}h1 Dv zh glvfxvv odwhu/ Eodfn
dqg Khqghuvrq*v �qglqjv pd| eh frqvlvwhqw zlwk rxu ylhz ri hpsor|phqw
ghfrqfhqwudwlrq1

5 Idfwv
Gdwd

Zh xvh Frxqw| Exvlqhvv Sdwwhuqv +FES, gdwd iru wkh |hduv 4<84/ 4<8</
4<9</ 4<:</ 4<;< dqg 4<<7 wr grfxphqw wkh hyroxwlrq ri wkh vsdwldo glv0
wulexwlrq ri djjuhjdwh phwursrolwdq hpsor|phqw1 Wkh gdwd frqvlvw ri ixoo0
dqg sduw0wlph hpsor|hhv fryhuhg e| wkh Ihghudo Lqvxudqfh Frqwulexwlrqv Dfw
+ILFD,14 Jhqhudoo|/ hpsor|hhv ri hvwdeolvkphqwv wrwdoo| h{hpsw iurp ILFD/
vxfk dv prvw jryhuqphqw hpsor|hhv/ vhoi0hpsor|hg shuvrqv/ dqg udlourdg hp0
sor|hhv/ duh h{foxghg iurp Frxqw| Exvlqhvv Sdwwhuqv1 Rxu gdwd vhw frqvlvwv
ri 5/94; ri wkh 6/46: frxqwlhv dqg frxqw| htxlydohqwv +erurxjkv/ lqghshqghqw

4Frxqw| Exvlqhvv Sdwwhuqv gdwd uh hfw hpsor|hhv rq wkh sd|uroov ri fryhuhg �upv
gxulqj wkh �uvw txduwhu ri wkh |hdu1 Zlwk wkh h{fhswlrq ri 4<84 dqg 4<<7/ wkh �uvw txduwhu
iru doo rwkhu |hduv lq rxu vdpsoh rffxuuhg derxw rqh |hdu ehiruh exvlqhvv0f|foh shdnv1 Wkh
�uvw txduwhu ri 4<84 rffxuuhg wzr |hduv ehiruh d exvlqhvv0f|foh shdn1 Dw wklv zulwlqj/ d
shdn lq wkh h{sdqvlrqdu| skdvh ri wkh exvlqhvv f|foh wkdw ehjdq lq wkh vhfrqg txduwhu ri
4<<4 kdv qrw ehhq uhdfkhg1 Qrqhwkhohvv/ �yh ri wkh vl{ wlph shulrgv ehwzhhq 4<84 dqg
4<<7 rffxuuhg dw derxw urxjko| wkh vdph skdvh ri exvlqhvv0f|foh h{sdqvlrqv/ dqg doo vl{
shulrgv rffxuuhg gxulqj dq h{sdqvlrqdu| skdvh ri wkh f|foh1
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flwlhv/ sdulvkhv/ hwf1, frpsulvlqj wkh Xqlwhg Vwdwhv15 Gdwd rq yduldeohv rwkhu
wkdq hpsor|phqw +srsxodwlrq dqg odqg duhd ri frxqwlhv, zhuh wdnhq iurp
Wkh Flw| dqg Frxqw| Gdwd Errn1

Dowkrxjk frxqwlhv uhsuhvhqw d �qhu ohyho ri jhrjudsklfdo ghwdlo/ zh fkrvh
phwursrolwdq vwdwlvwlfdo duhdv +PVDv, dv wkh jhrjudsklfdo xqlw iru rxu dqdo|0
vlv1 Dq PVD w|slfdoo| frqvlvwv ri d fhqwudo flw| ri dw ohdvw 83/333 shrsoh/ dv
zhoo dv dq| frqwljxrxv frxqwlhv wkdw duh phwursrolwdq lq fkdudfwhu/ dv ghwhu0
plqhg e| wkh shufhqwdjh ri lwv qrqdjulfxowxudo oderu irufh dqg e| wkh dprxqw
ri frppxwlqj ehwzhhq wkh frxqwlhv dqg wkh fhqwudo flw|1

Iru hdfk ri wkh vl{ |hduv/ zh frqvwuxfwhg d frpprq vhw ri PVDv e| frp0
elqlqj frxqwlhv dffruglqj wr wkh 4<;6 fodvvl�fdwlrq ri phwursrolwdq duhdv1
Wklv surfhgxuh jdyh xv d vdpsoh frqvlvwlqj ri hpsor|phqw dqg rwkhu gdwd
iru 5<: PVDv1 Dowkrxjk vrph ri wkhvh PVDv zrxog qrw txdoli| dv PVDv
lq hduolhu |hduv +dffruglqj wr wkh PVD gh�qlwlrq lpsolflw lq wkh 4<;6 fodvvl0
�fdwlrq ri phwur duhdv,/ iru hdvh ri h{srvlwlrq zh frqwlqxh wr uhihu wr wkhvh
�xuedq orfdwlrqv�ri hduolhu |hduv dv PVDv1

Dv qrwhg suhylrxvo|/ wkh hpsor|phqw fryhudjh ri FES lv qrw frpsohwh1
Wr jhw vrph lqglfdwlrq ri wkh qxpehu ri zrunhuv plvvlqj iurp rxu gdwd exw
suhvhqw lq rxuPVDv zh frpsduhg wkh wrwdo qxpehu ri zrunhuv lq rxu PVDv wr
wrwdo qrqidup sd|uroo hpsor|phqw lq hdfk ri wkh vl{ |hduv1 E| wklv phdvxuh/
zh dsshdu wr kdyh dq|zkhuh ehwzhhq 96 wr 9; shufhqw ri doo zrunhuv lq rxu
PVDv1 Vlqfh uxudo duhdv pxvw kdyh dffrxqwhg iru vrph qrqidup hpsor|phqw/
wklv phdvxuh lv lq wkh qdwxuh ri d orzhu erxqg1

Wkh Glvwulexwlrq ri Hpsor|phqw dqg wkh Sdwwhuq ri Hp0
sor|phqw Ghfrqfhqwudwlrq

Zh xvh rxu vdpsoh wr grfxphqw wkh ghjuhh ri vsdwldo lqhtxdolw| ri djjuh0
jdwh X1V1 hpsor|phqw dqg krz wkdw lqhtxdolw| kdv fkdqjhg ryhu wlph1 Zh
gr wklv e| udqnlqj PVDv lq hdfk |hdu e| wkhlu hpsor|phqw ghqvlwlhv lq wkdw
|hdu dqg wkhq revhuylqj zkdw vkduh ri wrwdo FES hpsor|phqw lv dffrxqwhg

5Zh kdyh ohvv wkdq frpsohwh fryhudjh ri frxqwlhv iru d ydulhw| ri uhdvrqv1 Vrph frxq0
wlhv wkdw zhuh vhsdudwho| lghqwl�hg lq odwhu |hduv lq rxu vdpsoh zhuh frpelqhg zlwk rwkhu
frxqwlhv lq 4<841 Udwkhu wkdq h{foxgh wkhvh frxqwlhv iurp rxu gdwd vhw/ wkh frxqwlhv wkdw
zhuh frpelqhg lq 4<84 zhuh frpelqhg iru doo shulrgv lq rxu gdwd vhw1 Lq dgglwlrq/ wkh
lqghshqghqw flwlhv lq Ylujlqld dqg wkh lqghshqghqw flwlhv ri Vw1 Orxlv/ PR/ dqg Zdvklqj0
wrq/ GF/zklfk duh wuhdwhg e| wkh Fhqvxv Exuhdx dv vhsdudwh frxqwlhv/ zhuh gursshg iurp
rxu dqdo|vlv1
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iru e| wkh wrs 4 shufhqw wr :3 shufhqw ri prvw ghqvh PVDv lq hdfk |hdu1 Li
wkh vsdwldo glvwulexwlrq ri zrunhuv qrw fryhuhg e| FES lv vlplodu wr wkrvh ri
fryhuhg zrunhuv/ wkhvh vkduhv vkrxog eh d uhdvrqdeoh hvwlpdwh ri wkh vsdwldo
glvwulexwlrq ri doo X1V1 zrunhuv1

Wdeoh 4= Hyroxwlrq ri Hpsor|phqw Glvwulexwlrq Dfurvv PVDv/4<840<7

\hdu 4( 8( 43( 53( 63( 83( :3(
4<84 1469: 15<9< 17558 1835; 18<58 19<65 1:7<8
4<8< 14598 15<8; 1743< 18349 18<<4 19<56 1:894
4<9< 14438 15:67 16<58 17<4< 18;<9 19<77 1:845
4<:< 13;57 15686 16634 17;:: 18:69 199:4 1:699
4<;< 13:65 1559; 1665: 18335 18:68 19:94 1:74;
4<<7 13887 14<99 15;8< 178:5 1868; 1974: 1:3<:
(fkdqjh 4<840<7 08<13 0661; 06516 0<14 0<19 0:17 0816

Wdeoh 4 vkrzv wkdw ghqvh PVDv dffrxqw iru d glvsursruwlrqdwho| odujh
vkduh ri djjuhjdwh phwursrolwdq hpsor|phqw lq hdfk ri rxu |hduv1 Iru lq0
vwdqfh/ lq 4<84 wkh 4 shufhqw/ ru wkuhh prvw ghqvh PVDv/ dffrxqwhg iru 47
shufhqw ri djjuhjdwh phwursrolwdq hpsor|phqw> wkh 43 shufhqw/ ru 63 prvw
ghqvh PVDv/ iru 75 shufhqw> 53 shufhqw/ ru 93 ghqvhvw PVDv iru rqh0kdoi
ri djjuhjdwh phwursrolwdq hpsor|phqw1 Wkxv/ wkh glvwulexwlrq ri djjuhjdwh
phwursrolwdq hpsor|phqw lv uhpdundeo| frqfhqwudwhg1

Wdeoh 4 dovr vkrzv wkdw wkh glvwulexwlrq ri hpsor|phqw kdv fkdqjhg ryhu
wlph1 Zkloh wkh wkuhh prvw ghqvh PVDv dffrxqwhg iru 47 shufhqw ri wrwdo
qdwlrqdo hpsor|phqw lq 4<84/ wkh sursruwlrq ihoo wr mxvw 818 shufhqw e| 4<<7/
d 8< shufhqw ghfolqh1 Dv wkh odvw urz ri Wdeoh 4 vkrzv/ wkh shufhqwdjh ri
djjuhjdwh phwursrolwdq hpsor|phqw dffrxqwhg iru e| wkh 63 ghqvhvw PVDv
ihoo 65 shufhqw ehwzhhq 4<84 dqg 4<<71 Wkh vkduhv ri wkh 53 shufhqw wr :3
shufhqw prvw ghqvh PVDv dovr ihoo ehwzhhq 4<84 dqg 4<<7/ exw wr d ohvvhu
h{whqw wkdq iru wkh 43 shufhqw prvw ghqvh PVDv1 Lq wklv vhqvh/ wkh srvwzdu
shulrg lq wkh Xqlwhg Vwdwhv kdv ehhq fkdudfwhul}hg e| ghfrqfhqwudwlrq ri
djjuhjdwh phwursrolwdq hpsor|phqw1

Iljxuh 4/ vkrzlqj sorwv ri wkh hqwluh hpsor|phqw glvwulexwlrq fxuyhv iru
PVD hpsor|phqw iru4<84/ 4<8</ 4<9</ 4<:</ 4<;</ dqg 4<<7 pdnhv wklv
ghfrqfhqwudwlrq wuhqg dexqgdqwo| fohdu= revhuyh wkdw wkh glvwulexwlrq fxuyhv
iru vxffhvvlyh �ghfdghv� olh lqvlgh hdfk rwkhu16

6Lq Iljxuh4/ hpsor|phqw lq hdfk shufhqwloh lv glylghg e| wrwdo PVD hpsor|phqw iru
wkdw |hdu lqvwhdg ri wrwdo FES hpsor|phqw1
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Dv qrwhg lq wkh lqwurgxfwlrq/ rxu �qglqj ri hpsor|phqw ghfrqfhqwudwlrq
iru wkh srvwzdu X1V1 vhhpv gl�huhqw iurp Eodfn dqg Khqghuvrq*v �qglqj ri
�sdudooho jurzwk� iru wkh 4<33 wr 4<83 shulrg lq wkh X1V1 Zkloh gl�huhqfhv
lq wlph shulrg dqg xqlw ri revhuydwlrq +Eodfn dqg Khqghuvrq h{dplqh srs0
xodwlrq udwkhu wkdq hpsor|phqw, pd| sod| d uroh/ lw lv srvvleoh wkdw wkh
gl�huhqfhv pd| eh pruh dssduhqw wkdq uhdo1 Eodfn dqg Khqghuvrq*v qrwlrq
ri �sdudooho jurzwk� lqyroyhv +lq sduw, wkh hqwu| ri qhz phwursrolwdq duhdv1
Ehfdxvh zh xvh wkh 4<;6 PVD fodvvl�fdwlrq ri phwur duhdv/ vrph orfdwlrqv lq
rxu vdpsoh zhuhq*w PVDv lq wkh hduolhu |hduv1 Wkxv/ li fodvvl�fdwlrq ri h{lvw0
lqj orfdwlrqv lqwr PVDv lv wdnhq wr phdq �hqwu|� ri qhz PVDv/ wkh qxpehu
ri phwur duhdv juhz lq rxu vdpsoh dv zhoo1 Wkxv/ rxu gdwd pd| eh frqvlvwhqw
zlwk wkhlu qrwlrq ri �sdudooho jurzwk1� Htxlydohqwo|/ Eodfn dqg Khqghuvrq*v
�qglqjv pd| eh frqvlvwhqw zlwk rxu qrwlrq ri hpsor|phqw ghfrqfhqwudwlrq
lq wkdw wkhlu �qhz� xuedq duhdv zhuh dovr orfdwlrqv wkdw zhuh lqlwldoo| ohvv
ghqvh1

Wkh Lvvxh

Lq wklv sdshu zh zlvk wr h{dplqh wkh h{whqw wr zklfk wkh lqfuhdvh lq dj0
juhjdwh phwursrolwdq hpsor|phqw zdv uhvsrqvleoh iru wkh sdwwhuq ri hpsor|0
phqw ghfrqfhqwudwlrq grfxphqwhg deryh1 Dv qrwhg hduolhu/ rxu k|srwkhvlv
lv wkdw orfdwlrqv wkdw zhuh uhodwlyho| ghqvh lq 4<84 idfhg kljkhu frqjhvwlrq
frvwv dw wkh pdujlq wkdq ohvv ghqvh orfdwlrqv1 Wklv vxjjhvwv wkdw ryhu wlph/
wkh hpsor|phqw vkduh ri orfdwlrqv wkdw zhuh ghqvh lq 4<84 zrxog idoo dqg
wkdw ri orfdwlrqv wkdw zhuh uhodwlyho| ohvv ghqvh lq 4<84 zrxog ulvh1

Iljxuh 5 vkrzv sorwv ri wkh hyroxwlrq ri hpsor|phqw vkduh ehwzhhq 4<84
dqg 4<<7 iru orfdwlrqv udqnhg e| wkhlu 4<84 hpsor|phqw ghqvlwlhv1 Zh edqg
orfdwlrqv lqwr 43 jurxsv= wkh �uvw qlqh jurxsv kdyh 63 PVDv hdfk dqg wkh
whqwk kdv 5:1 Dv lv hylghqw/ wkhuh lv d fohdu whqghqf| iru wkh hpsor|phqw
vkduh ri ohvv ghqvh orfdwlrqv wr ulvh dw wkh h{shqvh ri pruh ghqvh orfdwlrqv17

Wkxv/ lw vhhpv dw ohdvw uhdvrqdeoh wr sxuvxh wkh txhvwlrq srvhg lq wklv sdshu1

Wr hydoxdwh wkh uroh ri dq lqfuhdvh lq djjuhjdwh phwursrolwdq hpsor|phqw
lq hpsor|phqw ghfrqfhqwudwlrq/ zh qhhg d prgho1 Wkh prgho zh xvh lq
wklv sdshu lv lqvsluhg e| wkh v|vwhp0ri0flwlhv prgho ghvfulehg lq Khqghuvrq
+4<;:,1 Wkh nh| frqfhswxdo gl�huhqfh ehwzhhq Khqghuvrq*v v|vwhp0ri0flwlhv

7D vlplodu whqghqf| lv glvfhuqdeoh lq xqjurxshg gdwd dv zhoo1 Wklv lqirupdwlrq lv
suhvhqwhg odwhu lq wkh sdshu1
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prgho dqg rxuv lv wkdw zh wdnh wkh qxpehu ri xuedq orfdwlrqv +�flwlhv�, lq wkh
hfrqrp| dv h{rjhqrxvo| jlyhq dqg �{hg lq odqg duhd1 Zh gr wklv wr frqirup
wr rxu gdwd lq zklfk wkh qxpehu dqg duhdv ri hdfk orfdwlrq +PVD, lv �{hg1 D
vhfrqg lpsruwdqw gl�huhqfh lv wkdw zh doorz d orfdwlrq*v hpsor|phqw ghqvlw|
wr sod| dq lpsruwdqw uroh lq wkh prgho1 Lq doo rwkhu uhvshfwv/ rxu prgho lv
frqvlghudeo| vlpsohu wkdq Khqghuvrq*v1 Wkh vlpsolflw| lv irufhg rq xv ehfdxvh
zh kdyh wr xvh hvwlpdwhv ri djjorphudwlrq hfrqrplhv dqg frqjhvwlrq frvwv
dydlodeoh iurp plfur vwxglhv wr uhqghu rxu prgho qxphulfdo1 Zh eholhyh wkdw
wkhvh hvwlpdwhv/ zklfk duh fuxgh dqg lpsuhflvh/ fdqqrw eh xvhg wr �fdoleudwh�
d v|vwhp0ri0flwlhv prgho dq| pruh vrsklvwlfdwhg wkdq wkh rqh zh suhvhqw lq
wkh qh{w vhfwlrq1

6 Wkh Prgho
Wkhuh duh P orfdwlrqv lqgh{hg e| � ' �c 2c �c ���c� dqg d odujh qxpehu ri
lqglylgxdov zkr olyh dqg zrun lq wkhvh orfdwlrqv1 Wkh whfkqrorjlfdo rssru0
wxqlwlhv dydlodeoh wr wkhvh shrsoh/ wkhlu suhihuhqfhv dqg hqgrzphqwv/ dqg
pdunhw htxloleulxp frqglwlrqv duh ghvfulehg ehorz1

Whfkqrorj|
Wkhuh lv rqh lqwhuqdwlrqdoo| wudghg jrrg dqg � orfdo jrrgv1 Wkh sur0

gxfwlrq ixqfwlrq iru surgxflqj wkh lqwhuqdwlrqdoo| wudghg jrrg lq orfdwlrq �
lv=

t ' b��qE����
k
� g

�3k
� / f 	 k 	 � +4,

zkhuh�� dqgg� duh wkh oderu dqg fdslwdo xvhg lq orfdwlrq �c b lv dq hfrqrp|0
zlgh whfkqrorj| lqgh{/ dqg �� lv dq lqgh{ wkdw fdswxuhv wkh lpsdfw ri orfdwlrq
rq flw| �*v surgxfwlrq fdsdelolwlhv1 Iru lqvwdqfh/ wkh surgxfwlrq dgydqwdjhv
frqihuuhg e| ehlqj d sruw zrxog eh fdswxuhg e| d kljk ��c dv zrxog sur{lplw|
wr rxwsxw dqg lqsxw pdunhwv1 Ilqdoo|/ qE��� lv d ixqfwlrq wkdw wdnhv lqwr
dffrxqw wkh surgxfwlrq dgydqwdjhv ri djjorphudwlrq=

qE��� ' 4@ i�D
4�?c �

D
� jc �4�? � fc D : f +5,

Wklv vshfl�fdwlrq ri wkh djjorphudwlrq ixqfwlrq kdv wzr lpsruwdqw ihdwxuhv1
Iluvw/ lw uhvwulfwv djjorphudwlrq hfrqrplhv wr eh d frqvwdqw ehorz vrph
�wkuhvkrog� ohyho ri hpsor|phqw/ �4�?1 Vhfrqg/ lw dvvhuwv wkdw lq wkh udqjh
zkhuh djjorphudwlrq ehqh�wv duh lqfuhdvlqj lq orfdo hpsor|phqw/ wkh hodv0
wlflw| ri djjorphudwlrq ehqh�wv zlwk uhvshfw wr fkdqjh lq hpsor|phqw lv d
frqvwdqw1

:



Hdfk orfdwlrq dovr surgxfhv d orfdo jrrg wkdw fdq eh frqvxphg rqo| e|
orfdo uhvlghqwv1 Wkh orfdo jrrg lq orfdwlrq � lv surgxfhg xvlqj d whfkqrorj|
wkdw lv olqhdu lq wkh wudghg jrrg=

C� ' E1�K��
3�t +6,

Khuh 1� lv dq lqgh{ vshfl�f wr orfdwlrq � dqg lv phdqw wr fdswxuh wkh h�hfw
ri orfdwlrq rq wkh surgxfwlrq ri wkh orfdo jrrg1 Iru lqvwdqfh/ krxvlqj ehlqj
dq lpsruwdqw orfdo jrrgc 1� frxog uh hfw wkh frvwv ri surgxflqj krxvlqj lq
orfdwlrq �� Wkh rwkhu idfwru K� lv d ixqfwlrq wkdw prghov wkh frvwv lpsrvhg
e| hpsor|phqw ghqvlw| rq wkh surgxfwlrq ri wkh orfdo jrrg=

K� ' e�E��*���c � : f +7,

zkhuh �� lv odqg duhd ri orfdwlrq �� Wkxv/ dffruglqj wr +6, dqg +7,/ kljkhu
hpsor|phqw ghqvlw| pdnhv wkh surgxfwlrq ri wkh orfdo jrrg ohvv h!flhqw1 Dq
lpsruwdqw surshuw| ri wkh K� ixqfwlrq lv wkdw lwv hodvwlflw| zlwk uhvshfw wr
hpsor|phqw ghqvlw| lv lqfuhdvlqj lq ghqvlw|=

_E*? K��

_ *?E��*���
' �E��*��� +8,

Hqgrzphqwv dqg Suhihuhqfhv

Wkhuh duh wzr w|shv ri lqglylgxdov/ wkrvh zkr rzq fdslwdo dqg wkrvh zkr
gr qrw1 Erwk w|shv kdyh rqh xqlw ri oderu wkdw wkh| lqhodvwlfdoo| vxsso| wr
�upv lq rqh ri wkh � orfdwlrqv1 Zh dvvxph +iru wudfwdelolw|, wkdw rzqhuv
ri fdslwdo duh lppreloh dqg wkhlu orfdwlrq h{rjhqrxvo| jlyhq1 Wkhuh lv d
phdvxuh �8

� � f ri rzqhuv lq orfdwlrq �� Wkh wrwdo phdvxuh ri doo lqglylgxdov
lv jlyhq e| ��

Lqglylgxdov zkr gr qrw rzq fdslwdo orfdwh wr pd{lpl}h xwlolw|1 Wkh xwlolw|
wkdw d preloh lqglylgxdo jhwv iurp olylqj lq orfdwlrq � lv jlyhq e|=

L� ' ZE���}�wS
�3wc f 	 w 	 �c +9,

zkhuh }� dqg S duh wkh lqglylgxdo*v frqvxpswlrq ri wkh orfdo dqg wudghg jrrg/
uhvshfwlyho|1 Wkh ixqfwlrq ZE��� lv dq dphqlw| lqgh{ wkdw wdnhv dffrxqw ri
djjorphudwlrq ehqh�wv iru frqvxphuv=

ZE��� ' 4@ i�4�?#c��#jc �4�? : fc # : f +:,
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Wklv vshfl�fdwlrq sdudoohov wkh vshfl�fdwlrq ri djjorphudwlrq ehqh�wv lq
wkh surgxfwlrq ri wkh wudghg jrrg dqg kdv vlplodu surshuwlhv1 Iru vlpsolflw|/
zh dvvxph wkdw wkh hpsor|phqw ohyho eh|rqg zklfk djjorphudwlrq ehqh�wv
iru frqvxphuv ehjlq wr lqfuhdvh zlwk orfdo hpsor|phqw lv wkh vdph ohyho dv
iru surgxfhuv1

Htxloleulxp Frqglwlrqv

Ohw wkh wudghg jrrg eh wkh qxphudluh1 Ohw wkh sulfh ri wkh orfdo jrrg lq
orfdwlrq � eh R�c wkh zdjh udwh ��c dqg ohw wkh zruog uhqwdo udwh rq fdslwdo eh
o� Zh zloo irfxv rq htxloleuld lq zklfk wkhuh lv d srvlwlyh phdvxuh ri preloh
lqglylgxdov uhvlglqj lq hdfk orfdwlrq1 Irupdoo|/ zh uhtxluh=

�� : �8
� +;,

Xwlolw| pd{lpl}dwlrq lpsolhv wkdw d preloh lqglylgxdo lq orfdwlrq � fkrrvhv
}� ' wE��*R�� dqg S ' E� � w���� Wkxv/ wkh lqgluhfw xwlolw| ri d preloh
lqglylgxdo uhvlglqj lq orfdwlrq � lvG

T� ' ZE���w
wE�� w�E�3w�R3w� ��

Jlyhq +;,/ lq htxloleulxp zrunhuv pljudwh xqwlo xwlolw| dfurvv orfdwlrqv lv
htxdol}hg1 Wklv lpsolhv=

ZE���w
wE�� w�E�3w�R3w� �� ' T +<,

Zh dvvxph wkdw doo orfdo jrrgv duh vxssolhg frpshwlwlyho|1 Wkh surgxf0
huv ri wkhvh jrrgv wdnh wkh hpsor|phqw ghqvlw| lq hdfk orfdwlrq dv jlyhq1
Wkhuhiruh/ wkh sulfh ri wkh orfdo jrrg lq orfdwlrq � zloo htxdo lwv pdujlqdo
frvw=

R� ' 1�e
�E��*��� +43,

Wxuqlqj wr wkh wudghg jrrg/ d �up wkdw orfdwhv lq orfdwlrq � wdnhv wkh
ohyho ri orfdo hpsor|phqw dqg wkh surgxfw zdjh lq wkdw orfdwlrq dv jlyhq1
Lw dovr wdnhv o dv jlyhq1 Lq htxloleulxp/ wkh surgxfw zdjh lq hdfk orfdwlrq
pxvw eh vxfk wkdw wkh sur�w iurp surgxflqj wkh wudghg jrrg lv }hur lq doo
orfdwlrqv1 Wkhvh }hur0sur�w frqglwlrqv duh=

�� ' dkkE�� k�E�3k�b��qE���o
�
k o

3E�3k�
k +44,

<



Ilqdoo|/ wkh vxp ri oderu vxsso| dfurvv doo orfdwlrqv pxvw htxdo wkh h{0
rjhqrxvo| jlyhq wrwdo vxsso| ri oderu lq wkh hfrqrp|=

�[

�'�

�� ' � +45,

Ghqrwh wwE�� w�E�3w� kkE��k�E�3k�b�*k e| MEkc wc b� dqg wkh surgxfw ri
orfdwlrq0vshfl�f idfwruv/ 13w� � ��*k� c e| 7�� Wkhq/ vxevwlwxwlqj htxdwlrqv +43,
dqg +44, lqwr htxdwlrq +<, |lhogv=

MEkc wc b� � 7� � qE���
�
k � ZE��� � e3�wE

��
��

� � o3E�3k�
k ' T +46,

Lq zkdw iroorzv/ wkh � htxdwlrqv lq +46, dqg htxdwlrq +45, duh xvhg wr
vroyh iru wkh � n � xqnqrzqv/ ��c � ' �c 2c �c ���c�c dqg T 1 Wklv surfhgxuh
dvvxphv wkdw wkh xqrevhuyhg glvwulexwlrq ri lppreloh lqglylgxdov fdq dozd|v
eh vshfl�hg wr vdwlvi| wkh lqhtxdolwlhv lq htxdwlrq +;, iru wkh ohyhov ri ��

fdofxodwhg xvlqj wkh � htxdwlrqv lq +46, dqg htxdwlrq +45,1 Lw lv srvvleoh wr
surfhhg wklv zd| ehfdxvh ri wkh dvvxpswlrq wkdw wkhvh flwlhv fdq lpsruw ru
h{sruw wkh wudghg jrrg dqg wkh fdslwdo vwrfn iurp hdfk rwkhu ru wkh uhvw ri
wkh zruog1 Li wkh rshq0hfrqrp| dvvxpswlrq lv gursshg/ lw zrxog eh qhfhvvdu|
wr lpsrvh hfrqrp|zlgh uhvrxufh edodqfh frqglwlrqv iru wkh wudghg jrrg dqg
wkh fdslwdo vwrfn1 Wkh glvwulexwlrq ri lppreloh zrunhuv zloo wkhq pdwwhu iru
wkh ghwhuplqdwlrq ri htxloleulxp18

7 Surshuwlhv ri wkh Prgho
Wkh �uvw remhfwlyh lv wr h{sodlq krz wkh xwlolw| ri d preloh zrunhu lq d jlyhq
orfdwlrq lv d�hfwhg e| wkh hpsor|phqw ghqvlw| lq wkdw orfdwlrq dqg krz
wkh htxloleulxp hpsor|phqw ghqvlw| ri d orfdwlrq lv ghwhuplqhg jlyhq wkh
xwlolw| ohyho wkdw preloh zrunhuv fdq jhw hovhzkhuh1 Wkh vhfrqg remhfwlyh
lv wr h{dplqh krz fkdqjhv lq hfrqrp|zlgh yduldeohv/ vxfk dv bc oc dqg �c
d�hfw wkh htxloleulxp hpsor|phqw ghqvlw| lq hdfk orfdwlrq1 Wkh pdwhuldo

8Li lppreloh zrunhuv lq flw| l rzq nIl xqlwv ri fdslwdo shu shuvrq dqg wkhlu xwlolw|
ixqfwlrq kdv wkh vdph irup dv wkdw ri preloh lqglylgxdov/ wkh wrwdo ghpdqg iru wkh wudghg
jrrg lq flw| l lv \ G

l @ ^+4 � �, . ��lh�+Ql@Dl,`^zlQl . u+Ql � QI
l ,nIl `1 Wkh vxsso| ri

wkh wudghg jrrg lq flw| l lv \l @ ^+4��,@u`+4��,@�^�!l�+Ql,`
4@�Ql= Iru d forvhg hfrqrp|/

	l\ G
l pxvw htxdo 	l\l> zklfk phdqv wkdw nqrzohgjh ri QI

l dqg nIl lv qhhghg wr ghwhuplqh
wkh htxloleulxp hpsor|phqw ohyhov1
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lq wklv vhfwlrq surylghv wkh edfnjurxqg wr xqghuvwdqg wkh uhvxowv ri wkh
frpsxwdwlrqdo h{shulphqwv uhsruwhg lq wkh qh{w vhfwlrq1

Htxloleulxp Hpsor|phqw Ghqvlw| iru d Vlqjoh Orfdwlrq

Ohw D*k eh ghqrwhg e| >c w� e| Bc dqg E�4�?*��� e| (�� Wkhq/ xvlqj +5,
dqg +:,/ wkh o1k1v1 ri htxdwlrq +46, pd| eh zulwwhq dv d ixqfwlrq ri ghqvlw|
(=

T�E(� ' MEkc wc b� � 7� � �>n#
� �4@ i(>n#c (

>n#
� j � e3B( � o3E�3k�

k

Lw lv frqyhqlhqw wr zrun zlwk wkh orjdulwkplf wudqvirup ri T�E(�� Ohw
*?E(� eh ghqrwhg e| _c *?E(�� e| _�cdqg *?EMEkc wc b� � 7� ��>n#

� � o3E�3k�
k � e|

r�1 Wkhq=

*?ET�Ee
_�� � ��E_� ' r� n E>n #� �4@ i_c _�j � B � e_ +47,

Wkh ixqfwlrq ��E_� lv frqwlqxrxv ryhu wkh hqwluh udqjh E�4cn4� dqg
gl�huhqwldeoh hyhu|zkhuh h{fhsw 7_�� Lq wkh E�4c _�� udqjh/ zkhuh djjorphu0
dwlrq hfrqrplhv duh lqvhqvlwlyh wr fkdqjhv lq orfdo hpsor|phqw/ wkh ixqfwlrq
lv vwulfwo| ghfuhdvlqj dqg vwulfwo| frqfdyh=

Y��*Y_ ' Y2��*Y_
2 ' �B � e_ 	 f +48,

Lq wkh E_�cn4� udqjh/ zkhuh djjorphudwlrq hfrqrplhv lqfuhdvh zlwk orfdo
hpsor|phqw/ wkh ehkdylru ri �� uh hfwv wkh lqwhudfwlrq ri frqjhvwlrq frvwv
dqg djjorphudwlrq hfrqrplhv1 Wkh �uvw dqg vhfrqg ghulydwlyhv zlwk uhvshfw
wr _ ryhu wklv udqjh duh=

Y��*Y_ ' E>n #�� B � e_ +49,

Y2��*Y_
2 ' �B � e_ 	 f +4:,

Wkxv/ ��E_� frqwlqxhv wr eh vwulfwo| frqfdyh exw zlwk uhjdug wr wkh vljq ri
wkh �uvw ghulydwlyh wzr srvvlelolwlhv h{lvw= +l, (� � E>n #�*B ru/ htxlydohqwo|/
7_� � *?dE>n #�*Bo� Lq wklv fdvh +49, lpsolhv wkdw wkh ��E_� ixqfwlrq lv vwulfwo|
ghfuhdvlqj ryhu wkh udqjh E_�cn4�1 +ll, 7_� 	 *?dE>n #�*Bo1 Lq wklv fdvh +49,
lpsolhv wkdw ��E_� lqlwldoo| lqfuhdvhv/ uhdfklqj d orfdo pd{lpxp dw _ ' *?EE>
n#�*B�c dqg wkhq ghfolqhv1

Iljxuhv 6+d, dqg 6+e, looxvwudwh wkhvh wzr fdvhv1 Wkhvh wzr fdvhv dulvh eh0
fdxvh djjorphudwlrq hfrqrplhv duh uhodwhg wr hpsor|phqw zkloh frqjhvwlrq
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frvwv duh uhodwhg wr hpsor|phqw ghqvlw|1 Wkxv/ lw lv srvvleoh iru d frpsdfw
orfdwlrq wr ehfrph txlwh ghqvh ehiruh lw dwwdlqv wkh hpsor|phqw ohyho eh|rqg
zklfk djjorphudwlrq hfrqrplhv lqfuhdvh zlwk vl}h1 Lq wklv fdvh/ zklfk lv wkh
�uvw fdvh qrwhg deryh/ djjorphudwlrq hfrqrplhv fdq vorz grzq wkh ghfolqh lq
xwlolw| wkdw rffxuv zlwk lqfuhdvlqj ghqvlw| exw wkh| fdqqrw uhyhuvh lw +Iljxuh
6+d,,1 Lq frqwudvw/ d orfdwlrq wkdw lv odujh lq odqg duhd pljkw dwwdlq �4�?

ehiruh lw jhwv wrr ghqvh1 Lq wklv fdvh/ zklfk lv wkh vhfrqg fdvh qrwhg deryh/ lq0
fuhdvlqj djjorphudwlrq hfrqrplhv zloo ryhufrph wkh xwlolw|0ghsuhvvlqj h�hfw
ri lqfuhdvlqj ghqvlw| iru vrph udqjh ri hpsor|phqw ghqvlw| +Iljxuh 6+e,,1

Wkh vkdsh ri wkh ��E_� ixqfwlrq ehduv gluhfwo| rq wkh srvvlelolw| ri pxo0
wlsoh htxloleulxp hpsor|phqw ghqvlwlhv iru d vlqjoh orfdwlrq1 Wkh ghqvlwlhv
fruuhvsrqglqj wr wkh srlqwv zkhuh wkh ��E_� ixqfwlrq lqwhuvhfwv wkh krul}rqwdo
�rxwvlgh0rssruwxqlwlhv� olqh duh doo htxloleulxp ghqvlw| ohyhov1 Lq 6+d,/ zkhuh
wkh ��E_� ixqfwlrq lv prqrwrqlfdoo| ghfolqlqj/ wkhuh lv rqo| rqh htxloleulxp
ghqvlw| ohyho1 Lq frqwudvw/ wkhuh duh wkuhh htxloleulxp ghqvlw| ohyhov lq 6+e,1
Dv xvxdo/ wkh plggoh htxloleulxp/ _�� c lv xqvwdeoh= d vpdoo lqfuhdvh ru gh0
fuhdvh lq ghqvlw|/ e| udlvlqj ru orzhulqj wkh xwlolw| ohyho deryh ru ehorz zkdw
preloh zrunhuv fdq jhw lq rwkhu orfdwlrqv/ zloo lqgxfh ixuwkhu lqfuhdvhv ru
ghfuhdvhv lq ghqvlw|1 Wkh rwkhu wzr htxloleuld/ _u� dqg _M� c duh vwdeoh1

Htxloleulxp Hpsor|phqw Ghqvlwlhv iru wkh V|vwhp0ri0
Flwlhv

Wkh sxusrvh ri wklv vhfwlrq lv wr h{sodlq krz htxloleulxp hpsor|phqw
ghqvlwlhv uhvsrqg wr fkdqjhv lq hfrqrp|zlgh yduldeohv lq wkh prgho1 Rqh
frpsolfdwlqj idfwru lv wkh srvvlelolw| ri pxowlsoh htxloleuld1 Wr gr frpsdud0
wlyh vwdwlfv/ zh pxvw vshfli| d surfhgxuh iru vhohfwlqj rqh htxloleulxp zkhq
pruh wkdq rqh h{lvwv1

Wkh surfhgxuh zh hpsor| lqyroyhv wzr uhvwulfwlrqv1 Iluvw/ zh uhvwulfw
dwwhqwlrq wr vwdeoh htxloleuld rqo|1 Wklv lv mxvwl�deoh rq wkh jurxqg wkdw
xqvwdeoh htxloleuld +l1h1/ htxloleuld lq zklfk vrph orfdwlrq lv lq dq xqvwdeoh
htxloleulxp, duh �ud}ru*v hgjh� fdvhv1 Vhfrqg/ zh dvvxph wkdw lq uhvsrqvh wr
d fkdqjh lq d sdudphwhu/ wkh hfrqrp| pryhv wr wkh qhz vwdeoh htxloleulxp
wkdw lv forvhvw wr wkh lqlwldo htxloleulxp1 Wkh mxvwl�fdwlrq iru wklv uhvwulfwlrq
lv ohvv fohdu/ exw lw vhhpv wr eh d uhdvrqdeoh surfhgxuh iru vwxg|lqj wkh
h�hfwv ri hqylurqphqwdo fkdqjhv/ vxfk dv whfkqrorjlfdo fkdqjh dqg lqfuhdvh
lq djjuhjdwh phwursrolwdq hpsor|phqw/ wkdw rffxu lq vpdoo lqfuhphqwv ryhu
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Zlwk wkhvh uhpdunv lq plqg/ zh �uvw pdnh suhflvh wkh frqglwlrqv wkdw d
v|vwhp0ri0flwlhv htxloleulxp pxvw vdwlvi|/ lqfoxglqj wkh vwdelolw| uhvwulfwlrq1

Gh�qlwlrq 4 Wkh froohfwlrq i_W� c �Wc r�c 7_�c �j lv d v|vwhp0ri0flwlhv htxlole0
ulxp li lw vdwlv�hv wkh iroorzlqj frqglwlrqv=

�W ' r� n E>n #� �4@ i_W� c _�j � B � e_W� ; � ' �c 2c � � � c� +4;,
�[

�'�

�� � e_W� ' � +4<,

_W� 5 E�4c 7_�� ^ E*?dE>n #�*Bocn4� ; � ' �c 2c � � � c� +53,

Frqglwlrqv +4;, dqg +4<, duh wkh htxdo xwlolw| dqg djjuhjdwh oderu uhvrxufh
edodqfh frqglwlrqv/ uhvshfwlyho|1 Wkhvh fruuhvsrqg wr htxdwlrqv +46, dqg +45,
ri wkh suhylrxv vhfwlrq1 Wkh vwdelolw| uhtxluhphqw lv lqfrusrudwhg lq frqglwlrq
+53,1 Iru wkh fdvh zkhuh 7_� 	 *?dE>n #�*Boc wklv frqglwlrq surklelwv _W� wr olh
lq wkh forvhg lqwhuydo d 7_�c *?dE>n #�*Boo( dv vkrzq lq Iljxuh 6+e,/ wklv lqwhuydo
fruuhvsrqgv wr wkh grpdlq ri _ iru zklfk wkh ��E_� ixqfwlrq lv xszdug vorslqj1
Iru wkh fdvh zkhuh 7_� � *?dE>n#�*Boc +53, grhv qrw lpsrvh dq| uhvwulfwlrq dw
doo/ vlqfh _W� fdq wkhq olh dq|zkhuh rq wkh uhdo olqh1 Qr uhvwulfwlrq lv qhhghg
ehfdxvh lq wklv fdvh wkh ��E_� ixqfwlrq lv ghfuhdvlqj lq _ ryhu wkh hqwluh uhdo
olqh1:

Wkh �uvw sursrvlwlrq fkdudfwhul}hv wkh qdwxuh ri d v|vwhp0ri0flwlhv htxl0
oleulxp1 Lw jlyhv vx!flhqw frqglwlrqv xqghu zklfk rqh orfdwlrq zloo eh pruh
ghqvh wkdq dqrwkhu1 Wkh wkuhh sursrvlwlrqv wkdw iroorz lw jlyh wkh pdlq
frpsdudwlyh vwdwlfv uhvxowv +doo surriv duh froohfwhg lq wkh dsshqgl{,1

Sursrvlwlrq 4 Frqvlghu wzr orfdwlrqv � dqg � iru zklfk 7� : 7�� Li �� � ��

dqg 7_� dqg 7_� duh erwk juhdwhu wkdq *?dE> n #�*Boc lq dq| v|vwhp0ri0flwlhv
htxloleulxp _W� : _W� �

9Wkhuh uhpdlqv wkh lvvxh ri vhohfwlqj wkh lqlwldo htxloleulxp ghqvlw| iru d flw| lq wkh
frpsdudwlyh vwdwlfv h{huflvh1 Dv h{sodlqhg lq vhfwlrq 8/ lq wkh frpsdudwlyh vwdwlfv h{huflvh
zh shuirup/ wklv lvvxh lv uhvroyhg e| vhohfwlqj htxloleulxp ghqvlwlhv wkdw pdwfk hpsor|0
phqw ghqvlwlhv iru hdfk flw| iru 4<841 Lq rwkhu zrugv/ zh xvh klvwru| wr vhohfw wkh lqlwldo
htxloleulxp1

:Wkh suhvhqfh ri wkh vwdelolw| uhvwulfwlrq lpsolhv wkdw hpsor|phqw ghqvlw| ri d orfdwlrq
pd| fkdqjh glvfrqwlqxrxvo| lq uhvsrqvh wr d fkdqjh lq dq hqylurqphqwdo idfwru vxfk dv
djjuhjdwh hpsor|phqw1 Frqvhtxhqwo|/ vxfk d v|vwhp0ri0flwlhv htxloleulxp pd| idlo wr h{lvw
iru vrph sdudphwhu ydoxhv1 Krzhyhu/ wklv gl!fxow| lv qrw hqfrxqwhuhg lq dq| ri wkh
frpsxwdwlrqdo h{shulphqwv frqgxfwhg lq vhfwlrq 91
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Wkh frqglwlrqv xqghu zklfk rqh orfdwlrq zloo eh pruh ghqvh wkdq dqrwkhu
duh txlwh lqwxlwlyh1 Doo hovh uhpdlqlqj wkh vdph/ d orfdwlrq wkdw lv pruh
h!flhqw wkdq dqrwkhu lq surgxflqj rqh ru erwk jrrgv +l1h1/ kdv d kljkhu �
dqg2ru orzhu 1, zloo dwwudfw pruh zrunhuv1 Li vxfk d orfdwlrq lv dovr odujhu
lq odqg duhd/ lw fdq vxssruw d eljjhu zrunirufh dqg hqmr| dw ohdvw dv pxfk/
li qrw pruh/ djjorphudwlrq hfrqrplhv iru dq| jlyhq ohyho ri frqjhvwlrq1 Wklv
pd| ixuwkhu lqfuhdvh lq lwv ghqvlw|1

Sursrvlwlrq 5 Wkh htxloleulxp hpsor|phqw ghqvlw| lq hdfk orfdwlrq lv lq0
ghshqghqw ri wkh uhqwdo udwh o dqg ri wkh hfrqrp|zlgh wrwdo idfwru surgxfwlylw|
lqgh{ b�

Fkdqjhv lq b dqg o vkliw hyhu| ��E_� ixqfwlrq xs ru grzq e| wkh vdph
dprxqw iru doo orfdwlrqv1 Qrw vxusulvlqjo|/ wkh rqo| h�hfw ri vxfk d fkdqjh lv
wr dowhu wkh xwlolw| ohyho wkdw preloh lqglylgxdov uhfhlyh lq hdfk orfdwlrq e|
vrph lghqwlfdo dprxqw1 Wkxv/ wkhuh lv qr uhdvrq iru wkh preloh zrunhuv wr
dwwhpsw wr uhorfdwh dqg qr uhdvrq iru hpsor|phqw ghqvlwlhv wr fkdqjh1

Wkh qh{w sursrvlwlrq irfxvhv rq wkh frqvhtxhqfh ri dq lqfuhdvh lq wkh
djjuhjdwh qxpehu ri zrunhuv1 Zh surylgh frqglwlrqv xqghu zklfk wkhuh lv
dq lqyhuvh uhodwlrqvkls ehwzhhq wkh lqlwldo hpsor|phqw ghqvlw| ri d orfdwlrq
dqg wkh jurzwk udwh ri hpsor|phqw lq wkdw orfdwlrq1

Sursrvlwlrq 6 Ohw i_�� c ��c r�c 7_�c � �j eh wkh lqlwldo v|vwhp0ri0flwlhv htxlole0
ulxp dqg vxssrvh wkdw i_2� c �2c r�c 7_�c �2j lv wkh qhz v|vwhp0ri0flwlhv htxlole0
ulxp iru � 2 : � �� Ohw 4� ' E�2

� *�
�
� � ghqrwh wkh +jurvv, jurzwk udwh ri

hpsor|phqw lq orfdwlrq �� Li _�� : 7_� : *?dE>n #�*Bo iru doo �c wkhq 4� : � iru
doo � dqg _�� : _�� lpsolhv 4� 	 4��

Wklv lqyhuvh uhodwlrqvkls ehwzhhq ghqvlw| dqg hpsor|phqw jurzwk fdq eh
lqwxlwlyho| h{sodlqhg dv iroorzv1 Li lq hdfk orfdwlrq djjorphudwlrq ehqh�wv duh
vhqvlwlyh wr orfdo hpsor|phqw +l1h1/ _�� : 7_� iru doo �,/ wkhq d 4 shufhqw lqfuhdvh
lq hpsor|phqw lq hdfk orfdwlrq zrxog udlvh djjorphudwlrq ehqh�wv e| E>n#�
shufhqw lq hdfk orfdwlrq1 Rq wkh rwkhu kdqg/ vlqfh d 4 shufhqw lqfuhdvh lq
d orfdwlrq*v hpsor|phqw lpsolhv d 4 shufhqw lqfuhdvh lq lwv ghqvlw| +ehfdxvh
wkh duhd ri hdfk orfdwlrq lv ehlqj khog �{hg,/ wkh frvw ri olylqj zrxog ulvh
e| +dssur{lpdwho|, B �(�

� lq hdfk orfdwlrq1 Wkxv/ wkh frvw ri olylqj zloo ulvh
uhodwlyho| pruh lq ghqvh duhdv1 Li xwlolw| ri d preloh zrunhu lv d ghfuhdvlqj
ixqfwlrq ri ghqvlw| lq hdfk orfdwlrq +l1h1/ 7_� : *?dE> n #�*Bo iru doo �,/ wkhq
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d rqh shufhqw lqfuhdvh lq wrwdo hpsor|phqw pxvw/ lq htxloleulxp/ uhvxow lq
d ohvv wkdq 4 shufhqw lqfuhdvh lq hpsor|phqw lq ghqvh orfdwlrqv dqg d pruh
wkdq 4 shufhqw lqfuhdvh lq hpsor|phqw lq ohvv ghqvh rqhv1

Wkh qh{w sursrvlwlrq hvwdeolvkhv wkh olqn ehwzhhq dq lqyhuvh uhodwlrqvkls
ehwzhhq lqlwldo ghqvlw| dqg orfdo hpsor|phqw jurzwk dqg ghfrqfhqwudwlrq ri
hpsor|phqw1 Iluvw/ zh gh�qh �ghfrqfhqwudwlrq ri hpsor|phqw1�

Gh�qlwlrq 5 Ohw 5 5 i�c 2j lqgh{ wzr gl�huhqw glvwulexwlrqv ri hpsor|phqw
dfurvv wkh � orfdwlrqv1 Ohw u5E6� eh wkh iudfwlrq ri wrwdo hpsor|phqw df0
frxqwhg iru e| wkh 6 prvw ghqvh orfdwlrqv lq wkh glvwulexwlrq 5� Wkhq hpsor|0
phqw lv pruh ghfrqfhqwudwhg +ru ohvv frqfhqwudwhg, lq wkh vhfrqg glvwulexwlrq
uhodwlyh wr wkh �uvw li u2E6� � u�E6� iru doo 6 dqg u2E6� 	 u�E6� iru vrph
6�

Sursrvlwlrq 7 Ohw i_�� c ��c r�c 7_�c � �j eh wkh lqlwldo v|vwhp0ri0flwlhv htxlole0
ulxp dqg vxssrvh wkdw i_2� c �2c r�c 7_�c �2j lv wkh qhz v|vwhp0ri0flwlhv htxlole0
ulxp iru � 2 : � �� Li 7_� : *?dE>n #�*Bo iru doo � dqg _�� : _�� lpsolhv 4� 	 4�c
wkhq wkh qhz glvwulexwlrq ri hpsor|phqw zloo eh ohvv frqfhqwudwhg wkdq wkh
lqlwldo glvwulexwlrq ri hpsor|phqw1

Wdnhq wrjhwkhu/ wkhvh wzr sursrvlwlrqv surylgh vx!flhqw frqglwlrqv iru dq
lqfuhdvh lq wrwdo hpsor|phqw wr fdxvh ghfrqfhqwudwlrq ri hpsor|phqw1 Wkhvh
frqglwlrqv duh txlwh uhvwulfwlyh/ vr lw lv lpsruwdqw wr hpskdvl}h wkdw wkh| duh
vx!flhqw frqglwlrqv rqo|1 Lq h�hfw/ wkhvh frqglwlrqv uhvwulfw djjorphudwlrq
hfrqrplhv wr sod| rqo| d olplwhg uroh lq wkh ghwhuplqdwlrq ri hpsor|phqw
dfurvv orfdwlrqv1 Krzhyhu/ hyhq li wkhvh frqglwlrqv gr qrw krog iru doo orfd0
wlrqv/ ghfrqfhqwudwlrq zloo rffxu dv orqj dv orfdwlrqv iru zklfk wkhvh frqgl0
wlrqv gr krog dffrxqw iru d vljql�fdqw iudfwlrq ri wrwdo hpsor|phqw1 Lqghhg/
lq wkh qxphulfdo prgho h{dplqhg lq vhfwlrq 9/ zh hqfrxqwhu vhyhudo ylrodwlrqv
ri wklv lqyhuvh uhodwlrqvkls +xvxdoo| ehfdxvh wkh 7_� 	 *?dE>n #�*Bo frqglwlrq
lv ylrodwhg,/ exw wkh ghfrqfhqwudwlrq surshuw| lv vwloo suhvhuyhg1

8 Sdudphwhu Vhohfwlrq dqg Fdoleudwlrq
Wkh qxphulfdo vshfl�fdwlrq ri wkh prgho ghvfulehg e| +4;, 0 +53, lqyroyhv
fkrrvlqj ydoxhv iru wkuhh jurxsv ri sdudphwhuv1 Wkhvh duh +l, wkh djjorphudwlrq0
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uhodwhg sdudphwhuv/ >c #c dqg 7_�/ +ll, wkh frqjhvwlrq0uhodwhg sdudphwhu Bc dqg
+lll, wkh orfdwlrq0vshfl�f idfwruv r��;

Zh xvh h{lvwlqj plfur vwxglhv wr jxlgh rxu vhohfwlrq ri wkh djjorphudwlrq0
dqg frqjhvwlrq0uhodwhg sdudphwhuv1 Wkh orfdwlrq0vshfl�f idfwruv r� duh gh0
whuplqhg e| fdoleudwlqj wkh prgho wr uhsurgxfh wkh dfwxdo 4<84 hpsor|phqw
ghqvlwlhv iru doo 5<: orfdwlrqv lq rxu gdwd vhw1 Dv zloo ehfrph fohdu ehorz/
wkh delolw| ri rxu prgho wr pdwfk hpsor|phqw ghqvlwlhv lq 4<84 ghshqgv
lpsruwdqwo| rq wkh ydoxhv ri wkh djjorphudwlrq dqg frqjhvwlrq sdudphwhuv1
Wkxv/ wkh wzr vwhsv duh qrw lqghshqghqw ri hdfk rwkhu1 Lq ylhz ri wklv/ zh
xvh dydlodeoh plfur vwxglhv wr sxw erxqgv rq wkh djjorphudwlrq dqg frqjhv0
wlrq sdudphwhuv dqg wkhq vhohfw iurp zlwklq wkhvh erxqgv wr fduu| rxw wkh
fdoleudwlrq vwhs1

Uhodwlrqvkls Ehwzhhq Hpsor|phqw dqg Srsxodwlrq Dfurvv
PVDv

Ehiruh zh fdq surfhhg zlwk sdudphwhu vhohfwlrq dqg fdoleudwlrq/ wkhuh
lv dq lpsruwdqw suholplqdu| vwhs1 Wkh dydlodeoh hvwlpdwhv ri djjorphudwlrq
dqg frqjhvwlrq sdudphwhuv jlyh wkh vwuhqjwk ri wkhvh h�hfwv lq uhodwlrq wr
fkdqjhv lq orfdo srsxodwlrq udwkhu wkdq orfdo hpsor|phqw1 Wkhuhiruh/ wr xvh
wkhvh hvwlpdwhv zh qhhg wr nqrz krz hpsor|phqw dqg srsxodwlrq duh uhodwhg
lq rxu orfdwlrqv1<

Zh xvh wkh hpsor|phqw gdwd iru 4<:< dqg wkh srsxodwlrq gdwd iru 4<;3
wr jdxjh wkh uhodwlrqvkls ehwzhhq hpsor|phqw dqg srsxodwlrq iru rxu 5<:
PVDv1 Iljxuh 7 sorwv wkh orjdulwkp ri orfdwlrq hpsor|phqw lq 4<:< djdlqvw
wkh orjdulwkp ri orfdwlrq srsxodwlrq lq 4<;31 Wkh vrolg olqh lv rqh wkdw ehvw
ghvfulehv wklv uhodwlrqvkls lq d ohdvw0vtxduhv vhqvh1 Lw kdv dq lqwhufhsw ri 0515
dqg d vorsh ri 413;981 Wkxv/ wkh hpsor|phqw wr srsxodwlrq udwlr vkrzv d
voljkw whqghqf| wr ulvh zlwk srsxodwlrq1 Iljxuh 8 sorwv wkh hpsor|phqw wr

;Hdfk vl lv d vxp ri erwk orfdwlrq0vshfl�f dv zhoo dv hfrqrp|zlgh yduldeohv1 Krzhyhu/
vlqfh wkh vl*v gl�hu dfurvv orfdwlrqv rqo| ehfdxvh ri gl�huhqfhv lq wkh orfdwlrq0vshfl�f
yduldeohv/ zh uhihu wr wkh vl*v dv orfdwlrq0vshfl�f idfwruv1

<Qrwh wkdw lw lv qrw dgylvdeoh wr xvh +wkh hdvlo| dydlodeoh, djjuhjdwh hpsor|phqw wr
srsxodwlrq udwlr iru wklv sxusrvh1 Iru rqh wklqj/ wkh ghprjudsklfv ri odujh dqg vpdoo PVDv
whqg wr eh v|vwhpdwlfdoo| gl�huhqw/ vr wkhuh duh v|vwhpdwlf gl�huhqfhv lq wkh hpsor|phqw wr
srsxodwlrq udwlr dfurvv PVDv ri gl�huhqw vl}hv1 Ixuwkhupruh/ dv qrwhg hduolhu/ wkh Frxqw|
Exvlqhvv Sdwwhuq gdwd gr qrw fryhu doo zrunhuv/ vr wkdw wkh hpsor|phqw wr srsxodwlrq udwlr
iru dq| orfdwlrq lq rxu gdwd vhw lv prvw olnho| orzhu wkdq wkh hpsor|phqw wr srsxodwlrq
udwlrv uhsruwhg iru djjuhjdwh gdwd1
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srsxodwlrq udwlrv djdlqvw wkh orjdulwkp ri orfdwlrq hpsor|phqw1 Wkh phgldq
hpsor|phqw wr srsxodwlrq udwlr/ lqglfdwhg e| wkh vrolg olqh/ lv 31651 Zh xvh
wkhvh idfwv ehorz1

Hvwlpdwhv ri Djjorphudwlrq0Uhodwhg Sdudphwhuv

Uhfdoo wkdw > ' D*k dqg 7_� ' *?E�4�?*���� Vlqfh zh kdyh revhuydwlrqv
rq wkh odqg duhd ri hdfk PVD +��,czh qhhg hvwlpdwhv ri kc Dc �4�?/ dqg #
rqo|1

Ohw*v ehjlq zlwk kc wkh h{srqhqw wr oderu lqsxw lq wkh surgxfwlrq ixqfwlrq
iru wkh wudghg jrrg1 Xqghu shuihfw frpshwlwlrq/ wkh htxdolw| ri zdjhv dqg
pdujlqdo surgxfw ri oderu lpsolhv wkdw wkh vkduh ri ydoxh0dgghg devruehg e|
frpshqvdwlrq wr zrunhuv lv k� Ixuwkhupruh/ vlqfh zrunhuv duh hpsor|hg rqo|
lq wkh surgxfwlrq ri wkh wudghg jrrg/ wkh vkduh ri frpshqvdwlrq lq ydoxh0
dgghg lv k iru hyhu| hqwhusulvh lq rxu prgho1 Dyhudjh k/ dv phdvxuhg e|
oderu*v vkduh lq X1V1 JGS/ kdv ehhq derxw 526 iru wkh srvw0ZZLL shulrg1
Vlqfh wklv hvwlpdwh lv uhodwlyho| suhflvh/ zh vhw k ' f�S.�

Lq rughu wr erxqg D dqg �4�?c zh wxuq wr vwxglhv wkdw dwwhpsw wr hvwl0
pdwh wkh ghjuhh ri djjorphudwlrq hfrqrplhv iru X1V1 flwlhv1 Dv glvfxvvhg lq
Prrpdz +4<;4,/ wkhuh duh hvvhqwldoo| wzr zd|v ri rewdlqlqj vxfk dq hvwlpdwh1
Lq wkh �uvw phwkrg/ wkh }hur0sur�w frqglwlrq iru �upv lv xvhg wr gholyhu d
uhodwlrqvkls ehwzhhq d orfdwlrq*v qrplqdo zdjh dqg vxfk fkdudfwhulvwlfv dv
lwv srsxodwlrq vl}h/ lqgxvwu| pl{/ hwf1 Lq wklv dssurdfk/ dq hvwlpdwh ri wkh
frh!flhqw rq srsxodwlrq vl}h lv dq hvwlpdwh ri wkh vwuhqjwk ri djjorphud0
wlrq hfrqrplhv1 Lq wkh vhfrqg phwkrg/ wkh surgxfwlrq ixqfwlrq lv hvwlpdwhg
gluhfwo| xvlqj gdwd rq ydoxh0dgghg/ hpsor|phqw/ fdslwdo vwrfn/ srsxodwlrq
vl}h/ lqgxvwu| pl{/ hwf1 Djdlq/ wkh frh!flhqw rq srsxodwlrq vl}h surylghv dq
hvwlpdwh ri wkh vwuhqjwk ri djjorphudwlrq hfrqrplhv1

Wxuqlqj �uvw wr hvwlpdwhv rewdlqhg xvlqj wkh }hur0sur�w frqglwlrq/ qrwh
wkdw wkh }hur0sur�w frqglwlrq +44, lq frqmxqfwlrq zlwk djjorphudwlrq ixqfwlrq
+5, lpsolhv=

*?�� ' frqvwdqw n k3� *?�� n D � k3�?� � �� n D � k3�?4�? � E�� ���

zkhuh ?� lv wkh orj ri hpsor|phqw/ ?4�? lv orj ri �4�?cdqg �� lv dq lqglfd0
wru ixqfwlrq wkdw wdnhv rq wkh ydoxh � zkhq ?� h{fhhgv ?4�? dqg f rwkhu0
zlvh1 Vyhlndxvndv +4<:8, hvwlpdwhg d uhodwlrqvkls ri wklv irup iru hdfk ri 47
wzr0gljlw pdqxidfwxulqj lqgxvwulhv1 Kh xvhg VPVD srsxodwlrq udwkhu wkdq
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hpsor|phqw dv d uhjuhvvru dqg ljqruhg wkh srvvlelolw| ri wkuhvkrogv +l1h1/ dv0
vxphg wkdw � lv � iru hyhu| revhuydwlrq,1 Kh rewdlqhg hvwlpdwhv ri D � k3�

wkdw udqjh iurp f�f��S wr f�fHDD zlwk d phgldq ydoxh ri durxqg f�feH +Wdeoh
LY/ s1 737,143 Xvlqj wkh hvwlpdwhg uhodwlrqvkls ehwzhhq orj hpsor|phqw
dqg orj srsxodwlrq/ dqg d oderu vkduh ri 2*�c Vyhlndxvndv* hvwlpdwhv lpso| d
phgldq hvwlpdwh ri D ri derxw f�f�144

Krzhyhu/ Vyhlndxvndv* hvwlpdwhv ri D � k3� vx�hu iurp +dw ohdvw, wzr rs0
srvlwh eldvhv1 Iluvw/ kh xvhg rqo| d olplwhg qxpehu ri yduldeohv wr frqwuro iru
orfdwlrq0vshfl�f idfwruv ��� Uhfdoo wkdw Sursrvlwlrq 4 vxjjhvwv wkdw wkhuh lv
olnho| wr eh d srvlwlyh ghshqghqfh ehwzhhq �� dqg ?� lq htxloleulxp vr wkdw
rplvvlrq ri uhohydqw orfdwlrq0vshfl�f idfwruv zloo eldv wkh hvwlpdwhv ri D �k3�

xszdug1 Rq wkh rwkhu kdqg/ Vyhlndxvndv glg qrw frqvlghu wkh srvvlelolw| wkdw
djjorphudwlrq hfrqrplhv pd| eh lqvhqvlwlyh wr fkdqjhv lq srsxodwlrq xs wr
d fhuwdlq ohyho +l1h1/ wkh srvvlelolw| ri d wkuhvkrog olnh �4�?,/ zklfk pd| kdyh
eldvhg klv hvwlpdwh ri D � k3� grzqzdug145 Vwloo/ wkh h{whqw ri wkh grzqzdug
eldv lv pxfk ohvv fhuwdlq wkdq wkh xszdug eldv wkdw doprvw fhuwdlqo| h{lvwv
dqg lv olnho| wr eh txlwh vljql�fdqw1 Wkhuhiruh/ lw lv uhdvrqdeoh wr frqfoxgh
wkdw f�f� lv dq xsshu erxqg hvwlpdwh ri D� Wkxv/ zh surfhhg rq wkh dvvxps0
wlrq wkdw Vyhlndxvndv* hvwlpdwhv vxjjhvw d ydoxh ri D ehwzhhq f�f� dqg/ vd|/
f�f�D� Wklv lpsolhv d ydoxh ri > vrphzkhuh lq wkh f�f22D wr f�feD udqjh1

Wxuqlqj wr surgxfwlrq ixqfwlrq hvwlpdwhv/ revhuyh wkdw wkh orfdwlrq0vshfl�f
surgxfwlrq ixqfwlrq +4, lq frqmxqfwlrq zlwk wkh djjorphudwlrq ixqfwlrq +5,
lpsolhv wkh iroorzlqj uhodwlrqvkls=

+� ' frqvwdqwn *?�� n D? � �� n D?4�? � E�� ��� n E�� k�&� +54,

zkhuh +� lv orj ri orfdwlrq �*v dyhudjh oderu surgxfwlylw| dqg &� lv wkh orj
ri lwv fdslwdo shu zrunhu udwlr1 Dv ehiruh/ � lv dq lqglfdwru yduldeoh wkdw
wdnhv rq wkh ydoxh � li ?� h{fhhgv ?4�? dqg }hur rwkhuzlvh1 Vhjdo +4<:9,

43Wkh gdwd shuwdlq wr doo VPVDv lq 4<9:1
44Prrpdz +4<;4, dgmxvwhg Vyhlndxvndv* hvwlpdwhv ri � ���4 iru wkh revhuyhg oderu vkduh

lq hdfk lqgxvwu| dqg uhsruwhg hvwlpdwhv ri � wkdw udqjh iurp 3=339 wr 3=37;8 zlwk d phgldq
ydoxh ri 3=3599= Krzhyhu/ dv qrwhg e| Flfrqqh dqg Kdoo +4<<9,/ wkh Fhqvxv ri Pdqxidfwxuhv
gdwd ryhuvwdwh ydoxh0dgghg shu zrunhu lq odujhu flwlhv dqg khqfh xqghuhvwlpdwh wkh zrunhu*v
vkduh ri ydoxh0dgghg iru wkrvh flwlhv1

45Wkh uhdvrq iru wkh grzqzdug eldv lv dv iroorzv1 Li d srsxodwlrq �wkuhvkrog� h{lvwv/
|l zloo eh ohvv vhqvlwlyh wr gl�huhqfhv lq srsxodwlrq vl}h1 Dq hvwlpdwlrq vwudwhj| wkdw
ljqruhg �wkuhvkrogv� +dqg xvhg wkh ixoo yduldwlrq lq srsxodwlrq vl}h, zrxog dvvljq d vpdoohu
frh!flhqw rq srsxodwlrq wr ��w� wkh uhodwlyh lqvhqvlwlylw| ri |l wr srsxodwlrq vl}h1
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hvwlpdwhg d uhodwlrqvkls ri wklv irup rq gdwd iurp 8; VPVDv iru 4<9:1 Kh
xvhg VPVD srsxodwlrq udwkhu wkdq hpsor|phqw dv wkh vl}h yduldeoh dqg xvhg
d whup olnh D � ��c lqvwhdg ri D?� � �� n D?4�? � E�� ���c wr wdnh lqwr dffrxqw
gl�huhqfhv lq surgxfwlylw| vwhpplqj iurp gl�huhqfhv lq srsxodwlrq vl}h1 Kh
irxqg phdvxudeoh surgxfwlylw| gl�huhqfhv iru VPVDv zlwk srsxodwlrq deryh
dqg ehorz 2 ploolrq dqg hvwlpdwhg wkdw gl�huhqfh wr eh derxw H shufhqw lq
idyru ri VPVDv zlwk d srsxodwlrq ryhu 2 ploolrq1

Ehfdxvh Vhjdo xvhg eurdg srsxodwlrq fdwhjrulhv wr phdvxuh VPVD vl}h/
klv hvwlpdwh ri dq H shufhqw surgxfwlylw| gl�huhqwldo lq idyru ri odujh VP0
VDv fdqqrw eh xvhg wr ghwhuplqh D� Rq wkh rwkhu kdqg/ klv �qglqj wkdw
surgxfwlylw| gl�huhqfhv duh glvfhuqleoh ehwzhhq wkh jurxs ri VPVDv zlwk
srsxodwlrq juhdwhu wkdq 2 ploolrq dqg wkh jurxs ri uhpdlqlqj VPVDv pd|
eh lqwhusuhwhg dv hylghqfh wkdw �4�? fdqqrw eh dq| juhdwhu wkdq .Dfc fff
zrunhuv146 Zh surfhhg rq wkh dvvxpswlrq wkdw d sodxvleoh ydoxh ri �4�? olhv
vrphzkhuh lq wkh �ffc fff wr.Dfc fff udqjh1

Zh glg qrw �qg dq| xvdeoh hvwlpdwhv ri #� Iru zdqw ri vrphwklqj ehwwhu/
zh vhw lwv ydoxh htxdo wr f�f��

Hvwlpdwhv ri Frqjhvwlrq0Uhodwhg Sdudphwhuv

Uhfdoo wkdw B ' w � �c zkhuh w lv wkh vkduh ri orfdo jrrgv lq wkh krxvhkrog
exgjhw dqg � lv wkh shufhqwdjh fkdqjh lq wkh sulfh ri wkh orfdo jrrg gxh wr
d xqlw fkdqjh lq hpsor|phqw ghqvlw|1

Lq rxu prgho/ wkh uhodwlrqvkls ehwzhhq wkh sulfh ri wkh orfdo jrrg dqg
hpsor|phqw ghqvlw| lv jlyhq e| htxdwlrq +43,1 Wklv htxdwlrq lpsolhv wkh
iroorzlqj uhodwlrqvkls=

*? R� ' *? 1� n � � _�
Uredfn +4<;5, hvwlpdwhg d uhodwlrqvkls ri wklv irup xvlqj gdwd iurp :6 VP0
VDv iru 4<:61 Vkh xvhg wkh orjdulwkp ri wkh dyhudjh uhvlghqwldo vlwh sulfh dv
wkh ghshqghqw yduldeoh dqg ydulrxv VPVD0vshfl�f idfwruv dqg VPVD srs0
xodwlrq ghqvlw| dv uhjuhvvruv1 Wkh frh!flhqw rq wkh ghqvlw| yduldeoh lq khu
uhjuhvvlrq lv 2�f� �f3e +Wdeoh 6/ s1 45:5,1 Vlqfh wkh phgldq PVD hpsor|0
phqw wr srsxodwlrq udwlr iru rxu orfdwlrqv lv f��2/ Uredfn*v hvwlpdwh ri wkh
ghqvlw| frh!flhqw lpsolhv d � ydoxh ri +dssur{lpdwho|, S�f� �f3e�

46Zh xvhg wkh hvwlpdwhg uhodwlrqvkls ehwzhhq orj hpsor|phqw dqg orj srsxodwlrq lq
Iljxuh 7 wr ghwhuplqh wkh hpsor|phqw ohyho fruuhvsrqglqj wr d srsxodwlrq ri 5 ploolrq1
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Wr jhw d shuvshfwlyh rq wklv hvwlpdwh/ frqvlghu dq PVD zlwk hpsor|phqw
ghqvlw| ri 7<33 zrunhuv shu vtxduh ploh1 Wklv �jxuh lv derxw wkh xsshu olplw
ri wkh hpsor|phqw ghqvlwlhv revhuyhg lq rxu gdwd vhw1 Iru vxfk dq PVD/
d 4 shufhqw lqfuhdvh lq hpsor|phqw ghqvlw| zrxog phdq dq dgglwlrqdo eb
zrunhuv shu vtxduh ploh dqg dq lqfuhdvh lq wkh vlwh sulfh ri uhvlghqwldo odqg
ri dssur{lpdwho| 2�be +' eb� S�f� �f3e � �f2� shufhqw1

Ri frxuvh/ Uredfn*v ghqvlw| frh!flhqw phdvxuhv wkh sursruwlrqdwh lq0
fuhdvh lq uhvlghqwldo vlwh sulfh dvvrfldwhg zlwk dq lqfuhdvh lq srsxodwlrq ghq0
vlw| dorqh +kroglqj rwkhu idfwruv/ vxfk dv fulph dqg srooxwlrq/ frqvwdqw,1 Lq
uhdolw|/ dq lqfuhdvh lq PVD srsxodwlrq ghqvlw| lv olnho| wr eh dffrpsdqlhg
e| lqfuhdvhv lq fulph/ srooxwlrq/ dqg rwkhu frqjhvwlrq0uhodwhg frvwv1 Wkxv/ lw
lv uhdvrqdeoh wr ylhz khu hvwlpdwh dv surylglqj d orzhu erxqg rq ��

Wr hvwlpdwh wc zh xvhg wkh 4<:50:6 frqvxpswlrq h{shqglwxuh vkduhv ri xu0
edq zdjh hduqhuv dqg fohulfdo zrunhuv uhsruwhg lq Mdfrev dqg Vklss +4<<3,147

Zh vxpphg wkh h{shqglwxuh vkduhv rq irrg/ vkhowhu/ xwlolwlhv +lqfoxglqj ix0
hov dqg sxeolf vhuylfhv,/ sxeolf wudqvsruwdwlrq/ hqwhuwdlqphqw/ dqg vxqgulhv1
Wkhvh fdwhjrulhv dprxqwhg wr DS�H shufhqw ri wrwdo krxvhkrog h{shqglwxuhv
+Wdeoh 5/ s1 55,1 Vlqfh vrph ri wkhvh frpsrqhqwv duh qrw hqwluho| orfdo/ zh
hvwlpdwh w wr eh f�Df� Vlqfh zh eholhyh wklv hvwlpdwh wr eh uhodwlyho| suhflvh/
zh vhw w wr f�Df1

Wdnhq wrjhwkhu/ wkhvh hvwlpdwhv lpso| d ydoxh ri B qr vpdoohu wkdq ��f�
�f3e� Zh surfhhg rq wkh dvvxpswlrq wkdw d sodxvleoh ydoxh ri B lv vrphzkhuh
lq wkh ��f� �f3e wr S�f� �f3e udqjh1

Fdoleudwlrq ri PVD0Vshfl�f Idfwruv

Wkh �qdo vwhs lv wr ghwhuplqh wkh PVD0vshfl�f idfwruv1 Wklv lv grqh
e| fkrrvlqj djjorphudwlrq dqg frqjhvwlrq sdudphwhuv zlwklq wkh sodxvleoh
udqjhv qrwhg deryh dqg fdoleudwlqj wkh prgho wr pdwfk hpsor|phqw ghqvlwlhv
revhuyhg lq 4<84 iru hdfk ri rxu 5<: orfdwlrqv1

Wklv vwhs zrxog eh vwudljkwiruzdug exw iru wkh idfw wkdw wkh revhuyhg hp0
sor|phqw ghqvlw| iru hdfk orfdwlrq pxvw vdwlvi| wkh vwdelolw| uhvwulfwlrq qrwhg
lq wkh gh�qlwlrq ri v|vwhp0ri0flwlhv htxloleulxp +htxdwlrq +53,,1 Iru hdfk or0
fdwlrq/ wklv uhvwulfwlrq ghshqgv rq lwv odqg duhd/ ��c dqg rq wkh ydoxhv ri wkh
djjorphudwlrq0 dqg frqjhvwlrq0uhodwhg sdudphwhuv1 Lq sduwlfxodu/ lw grhv qrw

47H{shqglwxuh vkduhv whqg wr fkdqjh ryhu wlph1 Vlqfh rxu hvwlpdwh ri � lv ghulyhg iurp
d vwxg| edvhg rq 4<:6 gdwd/ zh xvhg wkh h{shqglwxuh vkduhv iru wkh forvhvw dydlodeoh |hdu1
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ghshqg rq wkh orfdwlrq0vshfl�f idfwru1 Wkhuhiruh/ rqfh wkh djjorphudwlrq0
dqg frqjhvwlrq0uhodwhg sdudphwhuv duh fkrvhq/ wkhvh fkrlfhv +dorqj zlwk ��,
ghwhuplqh wkh ghqvlw| }rqh wkdw frq lfwv zlwk vwdelolw|1 Wkh gl!fxow| lv wkdw
wkhuh lv qr dvvxudqfh wkdw dfwxdo hpsor|phqw ghqvlwlhv lq 4<84 zloo olh rxwvlgh
wklv �iruelgghq }rqh1�

Iljxuh 9 looxvwudwhv wkh sureohp iru d ydoxh ri �4�? ' �ffc fff/ > ' f�feD
dqg B ' ��f � �f3e1 Lw jlyhv d vfdwwhu sorw ri doo 5<: E 7_�c _�� sdluv iru 4<841
Wkh yhuwlfdo olqh lv huhfwhg dw *?dE> n #�*Bo dqg wkh gldjrqdo olqh lv wkh eD�

olqh1 Iru dq| vfdwwhu srlqw o|lqj ehorz wkh eD�0olqh dqg wr wkh ohiw ri wkh
yhuwlfdo olqh/ 7_� 	 _� 	 *?dE> n D�*Bo� Wkxv/ dq| srlqw lq wkdw wuldqjxodu
duhd ylrodwhv wkh vwdelolw| uhvwulfwlrq1 Iru wkhvh sdudphwhu fkrlfhv/ wkhuh duh/
hylghqwo|/ txlwh d ihz orfdwlrqv zkrvh hpsor|phqw ghqvlwlhv lq 4<84 fdqqrw
eh h{sodlqhg e| rxu prgho1

Krzhyhu/ wkhvh sdudphwhu fkrlfhv lpso| wkh �zruvw0fdvh0vfhqdulr� lq whupv
ri qxpehuv ri orfdwlrqv wkdw ylrodwh wkh vwdelolw| uhvwulfwlrq1 Uhodwlyh wr wkh
sodxvleoh udqjhv iru Bc >c dqg �4�?/ wkh vhohfwhg ydoxhv sxw wkh yhuwlfdo olqh dv
idu wr wkh uljkw dv srvvleoh dqg hdfk vfdwwhu0srlqw dv forvh wr wkh krul}rqwdo
d{lv dv srvvleoh1 Iru orzhu ydoxhv iru > dqg2ru kljkhu ydoxhv iru Bc wkh yhuwlfdo
olqh zrxog pryh wr wkh ohiw/ zklfk zrxog uhgxfh wkh qxpehu ri revhuydwlrqv
idoolqj lq wkh �iruelgghq }rqh�> iru kljkhu ydoxhv ri �4�? +dqg/ wkhuhiruh/
kljkhu ydoxhv ri 7_� iru hdfk orfdwlrq,/ wkh vfdwwhu0sorw zrxog pljudwh xszdug/
zklfk zrxog uhgxfh wkh qxpehu ri revhuydwlrqv lq wkh �iruelgghq }rqh� dv
zhoo1

Vlqfh zh zdqwhg wr uhwdlq wkh delolw| wr ydu| > dqg B zlwklq wkhlu shuplv0
vleoh udqjh/ zh phw wkh vwdelolw| uhtxluhphqw e| vhwwlqj �4�? kljk hqrxjk vr
wkdw hyhq zlwk > dw lwv wrs ydoxh dqg B dw lwv erwwrp ydoxh wkhuh duh qr re0
vhuydwlrqv lq wkh �iruelgghq }rqh1� Zh irxqg wkdw dq �4�? ydoxh ri 883/333
zdv vx!flhqw wr dffrpsolvk wklv1

Iru rxu edvholqh prgho/ zh vhw �4�? ' DDfc fff zrunhuv1 Zh vhw > ' f�f�e
dqg B ' e�D � �f3e/ zklfk duh wkh plgsrlqwv ri wkh uhvshfwlyh udqjhv ri >
dqg B1

Wkh fdoleudwlrq vwhs zdv wkhq shuiruphg dv iroorzv1 Zh �uvw qrupdo0
l}hg wkh orfdwlrq0vshfl�f idfwru iru wkh ghqvhvw orfdwlrq zlwk pruh wkdq �4�?

zrunhuv lq 4<84 wr �� Wkhq/ xvlqj wklv orfdwlrq*v duhd dqg lwv dfwxdo hp0
sor|phqw ghqvlw| lq 4<84 +dqg wkh vhohfwhg ydoxhv iru �4�?c >c #/ dqg B,/ zh
ghwhuplqhg iurp htxdwlrq +4;, wkh htxloleulxp ydoxh ri �W iru wklv orfdwlrq lq
4<841 Iru wkh uhpdlqlqj orfdwlrqv/ zh xvhg wkhlu duhdv/ wkhlu dfwxdo hpsor|0
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phqw ghqvlwlhv lq 4<84/ dqg wkh frpsxwhg ydoxh ri �W wr vroyh iru wkh xqltxh
orfdwlrq0vshfl�f idfwruv iurp fruuhvsrqglqj htxdwlrqv lq +4;,1

9 Ilqglqjv
Lpsolfdwlrqv ri Hpsor|phqw Jurzwk lq wkh EdvholqhPrgho

Iljxuh :+d, sorwv wkh dfwxdo hpsor|phqw ghqvlwlhv iru rxu orfdwlrqv lq
4<84 dqg wkh suhglfwhg hpsor|phqw ghqvlwlhv iru 4<<7148 Wkh orfdwlrqv duh
rughuhg e| dfwxdo hpsor|phqw ghqvlw| lq 4<841 Hyhu| orfdwlrq lv suhglfwhg
wr kdyh kljkhu hpsor|phqw ghqvlw| lq 4<<7 wkdq lq 4<841 Wkhuh lv dovr d
whqghqf| iru ghqvlw| wr ulvh sursruwlrqdwho| pruh iru ohvv ghqvh duhdv1 Qrwh
wkdw/ e| frqvwuxfwlrq/ rxu prgho h{dfwo| uhsurgxfhv wkh hpsor|phqw ghqvlw|
iru 4<841

Iljxuh :+e, sorwv wkh dfwxdo hpsor|phqw ghqvlwlhv iru 4<<7 dorqj zlwk
wkrvh suhglfwhg e| rxu prgho1 Wzr ihdwxuhv ri wklv sorw vwdqg rxw1 Iluvw/
wkh suhglfwhg ghqvlw| sorw lv qrw dv mdjjhg dv wkh dfwxdo rqh1 Vhfrqg/ wkh
suhglfwhg hpsor|phqw ghqvlw| lv orzhu wkdq dfwxdo hpsor|phqw ghqvlw| iru
orfdwlrqv wkdw zhuh ghqvh lq 4<84 dqg lv kljkhu wkdq dfwxdo hpsor|phqw
ghqvlw| iru orfdwlrqv wkdw zhuh uhodwlyho| ohvv ghqvh lq 4<841

Wkh �uvw ihdwxuh lqglfdwhv wkdw pdq| pruh orfdwlrqv fkdqjhg wkhlu udqn0
lqjv +uhodwlyh wr wkhlu udqnlqjv lq 4<84, lq wkh gdwd wkdq lq wkh prgho1
Lq whupv ri rxu prgho/ lq zklfk orfdwlrq0vshfl�f idfwruv duh fdoleudwhg wr
pdwfk 4<84 hpsor|phqw ghqvlwlhv/ wklv ihdwxuh xqghuvfruhv wkh lpsruwdqfh
ri fkdqjhv lq orfdwlrq0vshfl�f idfwruv lq dffrxqwlqj iru dfwxdo hpsor|phqw
ghqvlwlhv lq 4<<71 Qhyhuwkhohvv/ wkh idfw wkdw fkdqjhv lq udqnlqjv rffxu lq wkh
prgho dw doo +dv hylghqfhg e| wkh vslnhv lq suhglfwhg hpsor|phqw ghqvlwlhv,
lv qrwhzruwk|1 Wkhvh vslnhv rffxu ehfdxvh ri wkh ihhgedfn h�hfwv ri djjorp0
hudwlrq hfrqrplhv zkhq hpsor|phqw lq d orfdwlrq lqfuhdvhv eh|rqg �4�? dqg
wkdw orfdwlrq*v odqg duhd lv odujh hqrxjk iru 7_ wr eh ohvv wkdq *?dE>n #�*Bo�

Iljxuh ; looxvwudwhv wklv iru wkh Ulyhuvlgh0Vdq Ehuqduglqr phwursrolwdq
duhd/ rqh ri wkh orfdwlrqv wkdw h{shulhqfhg dq hpsor|phqw vslnh lq rxu prgho1
Wkh wrs krul}rqwdo olqh lv wkh frpsxwhg �W lq 4<84 zlwk _D�-37� dv Ulyhuvlgh0
Vdq Ehuqduglqr*v revhuyhg hpsor|phqw ghqvlw| lq wkdw |hdu1 Wkh erwwrp

48Lq wklv dqg doo vxevhtxhqw h{shulphqwv lq wklv vhfwlrq/ wkh frpsxwhg htxloleulxp hp0
sor|phqw lv zlwklq 	4 shufhqw ri wrwdo 4<<7 hpsor|phqw lq rxu PVDv1
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krul}rqwdo olqh lv wkh suhglfwhg �W lq 4<<7 dqg _be-37� lv wkh suhglfwhg hp0
sor|phqw ghqvlw| iru Ulyhuvlgh0Vdq Ehuqduglqr1 Revhuyh wkdw ehfdxvh wkh
�E_� ixqfwlrq kdv dq lqfuhdvlqj vhjphqw/ wkh htxloleulxp ghqvlw| lq 4<<7 lv
frqvlghudeo| kljkhu wkdq lw zrxog eh li wkdw vhjphqw zhuh devhqw1

Wkh vhfrqg ihdwxuh lqglfdwhv wkdw wkhuh lv pruh ghfrqfhqwudwlrq ri hp0
sor|phqw lq wkh prgho wkdq lq wkh gdwd1 Wklv fdq eh vhhq prvw fohduo|
e| jurxslqj orfdwlrqv dqg h{dplqlqj wkh hpsor|phqw vkduhv ri jurxsv1 Dv
lq Iljxuh 5/ zh udqnhg orfdwlrqv e| hpsor|phqw ghqvlw| lq 4<84 dqg wkhq
edqghg wkhp lqwr 43 jurxsv= wkh �uvw qlqh jurxsv kdyh 63 orfdwlrqv hdfk
dqg wkh �qdo jurxs kdv 5:1 Iljxuh < sorwv wkh dfwxdo fxpxodwlyh hpsor|phqw
vkduhv lq 4<84 dqg 4<<7 dqg wkh suhglfwhg fxpxodwlyh hpsor|phqw vkduhv lq
4<<7 iru hdfk ri wkhvh 43 jurxsv149 Lw lv txlwh hylghqw wkdw wkh prgho suhglfwv
pruh ghfrqfhqwudwlrq wkdq wkdw zklfk dfwxdoo| rffxuuhg1

Zh fdq jhw ixuwkhu lqvljkw lqwr suhglfwlrqv ri wkh prgho li zh h{dplqh
hpsor|phqw vkduhv iru hdfk ri wkhvh jurxsv1 Iljxuh 43 lv vlplodu wr Iljxuh <
exw sorwv hpsor|phqw vkduhv ri hdfk jurxs lqvwhdg ri fxpxodwlyh hpsor|phqw
vkduhv1 Qrwh wkdw wkh suhglfwhg hpsor|phqw vkduhv duh ohvv wkdq dfwxdo
hpsor|phqw vkduhv iru wkh �uvw hljkw jurxsv zkloh lw lv wkh rwkhu zd| durxqg
iru wkh odvw wzr jurxsv1

Dovr/ dw ohdvw iru wklv zd| ri jurxslqj wkh gdwd/ wkh prgho vxffhvvixoo|
fdswxuhv wkh txdolwdwlyh ihdwxuhv ri wkh dfwxdo sdwwhuq ri ghfrqfhqwudwlrq1
Wkh jurxsv iru zklfk dfwxdo hpsor|phqw vkduhv ihoo ehwzhhq 4<84 dqg 4<<7
+jurxsv 4 dqg 5, zhuh dovr wkh rqhv iru zklfk suhglfwhg hpsor|phqw vkduhv
ihoo1 Dqg/ zlwk wkh h{fhswlrq ri jurxs wkuhh/ jurxsv iru zklfk dfwxdo hp0
sor|phqw vkduhv urvh ehwzhhq 4<84 dqg 4<<7 zhuh dovr wkh jurxsv iru zklfk
suhglfwhg hpsor|phqw vkduhv urvh1

Wkh H�hfw ri Yduldwlrqv lq wkh Vwuhqjwk ri Djjorphu0
dwlrq Hfrqrplhv dqg Frqjhvwlrq Frvwv rq Hpsor|phqw
Ghfrqfhqwudwlrq

Lq wklv vhfwlrq/ zh h{dplqh wkh vhqvlwlylw| ri wkh suhglfwlrqv ri wkh edvholqh
prgho wr fkdqjhv lq Bc > dqg �4�?�

49Uhfdoo wkdw wkh vkduhv duh zlwk uhvshfw wr wrwdo hpsor|phqw dv uhsruwhg lq wkh Frxqw|
Exvlqhvv Sdwwhuqv1 Vlqfh wklv lqfoxghv hpsor|phqw lq qrq0phwur frxqwlhv/ fxpxodwlyh
hpsor|phqw vkduh ri wkh whqwk jurxs lv ohvv wkdq 433 shufhqw1
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Vhqvlwlylw| wr Fkdqjhv lq B +Frqjhvwlrq0uhodwhg Sdudphwhu,

Iljxuh 44 sorwv wkh suhglfwlrqv ri wkh prgho zkhq doo djjorphudwlrq sd0
udphwhuv duh nhsw dw wkhlu edvholqh ydoxhv exw wkh ydoxh ri B lv ydulhg1 Lq
wklv sorw/ wkh plggoh edu iru hdfk jurxs lv wkh edvholqh suhglfwlrq zkloh wkh
�uvw edu lv wkh prgho*v suhglfwlrq zkhq B ' ��f� �f3e dqg wkh wklug edu lwv
suhglfwlrq zkhq B ' S�f� �f3e�

Wr lqwhusuhw wklv sorw lw lv lpsruwdqw wr uhfrjql}h wkdw B lv qrw wkh rqo|
sdudphwhu wkdw fkdqjhv dfurvv wkh wkuhh vlpxodwlrqv1 Vlqfh B lv xvhg lq wkh
fdoleudwlrq vwhs/ d fkdqjh lq B dovr fkdqjhv wkh vhwwlqjv ri wkh orfdwlrq0
vshfl�f idfwruv1 Wkxv/ wkh eduv iru hdfk jurxs uh hfw gl�huhqfhv lq erwk B
dqg lqgxfhg gl�huhqfhv lq orfdwlrq0vshfl�f idfwruv1

Wr vruw rxw wkh h�hfwv ri wkhvh vlpxowdqhrxv fkdqjhv/ lw lv xvhixo wr frq0
vlghu wkh h{suhvvlrq iru wkh �uvw0urxqg +ru lpsdfw, h�hfw rq wkh xwlolw| ohyhov
ri preloh zrunhuv lq 4<<7 ri d fkdqjh lq B� Xvlqj htxdwlrq +4;,/ wklv fkdqjh
fdq eh zulwwhq dv=

�
�

�E�bbe�� �WE�bbe� ' Er
�

� � r��� EB� � B� � e_W� E�bbe�

zkhuh �
�

�E�bbe� lv wkh xwlolw| ohyho wkdw zrxog suhydlo lq orfdwlrq � li wkh
hpsor|phqw ghqvlw| ri orfdwlrq � lv khog �{hg dw wkh ydoxh suhglfwhg iru lw
lq 4<<7 e| wkh edvholqh prgho +zh ghqrwh wklv suhglfwhg htxloleulxp ghqvlw|
e| _W� E�bbe�, dqg r

�

� lv wkh �wk orfdwlrq0vshfl�f idfwru zkhq wkh frqjhvwlrq
sdudphwhu lv vhw wr B��

Wklv h{suhvvlrq kdv wzr sduwv= wkh �uvw sduw lv wkh h�hfw ri wkh lqgxfhg
fkdqjh lq wkh orfdwlrq0vshfl�f idfwru dqg wkh vhfrqg sduw lv wkh gluhfw h�hfw
ri d fkdqjh lq B1 Iljxuh 45 sorwv wkh gluhfw lpsdfw h�hfw ri d ghfuhdvh lq
B iurp wkh edvholqh ydoxh ri e�D � �f3e wr ��f � �f3e� Dv zh zrxog h{shfw/
wkhuh lv d vxevwdqwldo lqfuhdvh lq wkh xwlolw| ohyho ri preloh zrunhuv lq wkh yhu|
ghqvh orfdwlrqv uhodwlyh wr rwkhu/ ohvv ghqvh rqhv1 Li wklv zhuh wkh rqo| h�hfw
lq rshudwlrq/ rxu prgho zrxog jhqhudwh dq lqfuhdvh lq wkh hpsor|phqw vkduh
ri wkh prvw ghqvh orfdwlrq dorqj zlwk +txlwh srvvleo| vxevwdqwldo, ghfuhdvhv
lq hpsor|phqw vkduhv ri ohvv ghqvh orfdwlrqv1

Wxuqlqj wr wkh lqgxfhg fkdqjh lq orfdwlrq0vshfl�f idfwruv/ rxu fdoleudwlrq
vwhs lpsolhv=

r
�

� � r� ' �EB� � B� � Ee_�E�bD�� � e_�E�bD���
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Iljxuh 46 sorwv wkh lqgxfhg fkdqjhv lq orfdwlrq0vshfl�f idfwruv1 Qrwlfh wkdw
wkh h�hfw ri lqgxfhg fkdqjhv lq orfdwlrq0vshfl�f idfwruv lv urxjko| rssrvlwh wr
wkh gluhfw h�hfwv1 Wklv lv lqwxlwlyh1 D ghfuhdvh lq B orzhuv frqjhvwlrq frvwv
dqg ghqvh orfdwlrqv jdlq pruh iurp wkdw uhgxfwlrq wkdq ohvv ghqvh flwlhv1
E| lwvhoi/ wklv zrxog lpso| d juhdwhu frqfhqwudwlrq ri zrunhuv lq pruh ghqvh
orfdwlrqv1 Krzhyhu/ vlqfh wkh fdoleudwlrq vwhs irufhv wkh prgho wr uhsurgxfh
wkh +xqfkdqjhg, hpsor|phqw ghqvlw| iru 4<84/ wklv lqfuhdvhg dwwudfwlyh irufh
ri orzhu frqjhvwlrq frvw pxvw eh frxqwhuhg e| pdnlqj ghqvh orfdwlrqv ohvv
dwwudfwlyh uhodwlyh wr ohvv ghqvh rqhv1 Khqfh/ wkh fdoleudwlrq vwhs lqfuhdvhv
wkh orfdwlrq0vshfl�f idfwruv ri ohvv ghqvh orfdwlrqv uhodwlyh wr pruh ghqvh
rqhv1

Iljxuh 47 vkrzv wkh ryhudoo lpsdfw h�hfw ri d uhgxfwlrq lq B� Qrwlfh wkdw
wkhuh lv qrz pxfk ohvv h�hfw rq wkh xwlolw| ohyho ri preloh zrunhuv lq wkh
yhu| ghqvh orfdwlrqv1 Lqghhg/ wkh ryhudoo h�hfw lv wr pdnh vhyhudo ohvv ghqvh
orfdwlrqv yhu| dwwudfwlyh +dv lqglfdwhg e| wkh vslnhv lq wkh fkduw,1 Dv uhvxow/
wkh hpsor|phqw vkduh ri wkh ohdvw ghqvh jurxs ulvhv dw wkh h{shqvh ri rwkhu
jurxsv14:

Dq lpsruwdqw lpsolfdwlrq ri wkh deryh dqdo|vlv lv wkdw wkh �qglqjv ri wkh
edvholqh prgho duh urexvw wr fkdqjhv lq wkh frqjhvwlrq frvw sdudphwhu1 D
433 shufhqw yduldwlrq lq B kdugo| d�hfwv wkh suhglfwhg hpsor|phqw vkduhv
ri wkh �uvw hljkw jurxsv ri orfdwlrqv1 Wkh vljql�fdqw fkdqjhv duh frq�qhg
wr wkh wzr ohdvw ghqvh jurxsv1 Wklv frphv derxw ehfdxvh wkh prgho lv uh0
txluhg wr pdwfk revhuyhg hpsor|phqw ghqvlwlhv lq 4<84 iru doo sdudphwhu
vhohfwlrqv1 Wklv uhtxluhphqw lpsrvhv vhyhuh frqvwudlqwv rq krz pxfk wkh
suhglfwhg hpsor|phqw vkduhv fdq ydu| zlwk fkdqjhv lq B�

Vhqvlwlylw| wr Fkdqjhv lq > dqg �4�? +Djjorphudwlrq0Uhodwhg Sd0
udphwhuv,

Iljxuhv 48 sorwv wkh suhglfwlrqv ri wkh edvholqh prgho zkhq wkh ydoxh ri
> lv ydulhg1 Dv ehiruh/ wkh plggoh edu lq hdfk jurxs lq hdfk �jxuh lv wkh
suhglfwlrq ri wkh edvholqh prgho1 Wkh �uvw edu lq hdfk jurxs lv wkh prgho*v
suhglfwlrq zkhq > ' f�f2� dqg wkh wklug edu wkh suhglfwlrq zkhq > ' f�feD�
Hylghqwo| yduldwlrqv lq > gr qrw d�hfw wkh hpsor|phqw vkduh ri wkh �uvw qlqh

4:Lw vkrxog eh fohdu wkdw wkh h�hfwv ri dq lqfuhdvh lq � zloo eh d pluuru rssrvlwh ri wkhvh
h�hfwv1 Wkh ryhudoo h�hfw zloo eh d ghfolqh lq wkh xwlolw| ri vhyhudo ohvv ghqvh orfdwlrqv dqg/
wkhuhiruh/ d idoo lq wkh hpsor|phqw vkduh ri wkh ohdvw ghqvh jurxs1
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jurxsv yhu| pxfk/ exw wkh hpsor|phqw vkduh ri wkh whqwk jurxs ulvhv zlwk
lqfuhdvhv lq >� Rqfh djdlq/ wkh uhodwlyh lqvhqvlwlylw| ri prgho suhglfwlrq wr
fkdqjhv lq > rffxuv ehfdxvh ri wkh r�vhwwlqj h�hfwv ri lqgxfhg fkdqjhv lq
orfdwlrq0vshfl�f idfwruv dqg wkh gluhfw h�hfw ri fkdqjhv lq >� Lq Iljxuhv 49
dqg 4: / zh sorw wkh gluhfw h�hfw dqg wkh lqgxfhg fkdqjhv lq r� ri d uhgxfwlrq
lq > iurp f�f�e wr f�f2�� Wkh gluhfw h�hfw ri d uhgxfwlrq lq > lv wr uhgxfh
djjorphudwlrq ehqh�wv ri odujh PVDv zklfk whqgv wr uhgxfh wkh xwlolw| ohyho
ri pruh ghqvh orfdwlrqv uhodwlyh wr ohvv ghqvh rqhv1 Krzhyhu/ wkh lqgxfhg
h�hfw jrhv wkh rwkhu zd|1 Wkh ryhudoo lpsdfw h�hfw ri d uhgxfwlrq lq >c
vkrzq lq Iljxuh 4;/ lv wr ohdyh wkh xwlolw| xqfkdqjhg iru prvw orfdwlrqv exw
uhgxfh lw pruh iru ohvv ghqvh orfdwlrqv wkdq iru ghqvh orfdwlrqv1 Khqfh/ wkh
hpsor|phqw vkduh ri wkh ohdvw ghqvh orfdwlrq idoov uhodwlyh wr rwkhu orfdwlrqv1

Iljxuh 4< sorwv wkh suhglfwlrqv ri wkh prgho zkhq �4�? lv ydulhg1 Dv
ehiruh/ wkh �uvw edu lq hdfk jurxs lv wkh suhglfwlrq ri wkh edvholqh prgho1
Wkh �uvw edu lq hdfk jurxs lv wkh prgho*v suhglfwlrq zkhq �4�? lv orzhuhg wr
733/333 dqg wkh wklug edu lwv suhglfwlrqv zkhq lw*v udlvhg wr :83/3331 Rqfh
djdlq/ wkh h�hfw rq suhglfwhg hpsor|phqw vkduhv lv qrw yhu| odujh iru wkh
�uvw qlqh jurxsv1 Wkh vkduh ri wkh ohdvw ghqvh jurxs ghfuhdvhv zlwk lqfuhdvhv
lq �4�?� Iljxuhv 53 dqg 54 vkrz wkh gluhfw lpsdfw h�hfw dqg wkh lqgxfhg
fkdqjhv lq orfdwlrq0vshfl�f idfwruv ri d uhgxfwlrq lq �4�? wr 733/3331 Dv lv
hylghqw/ wkh gluhfw dqg lqgxfhg h�hfwv rq wkh prvw ghqvh orfdwlrqv duh lq
rssrvlwh gluhfwlrqv1 Wkh ryhu doo lpsdfw h�hfw/ vkrzq lq Iljxuh 55/ lv odujhvw
iru orfdwlrqv lq wkh wklug/ irxuwk/ qlqwk/ dqg whqwk jurxsv1 Fruuhvsrqglqjo|/
wkhvh jurxsv jdlq hpsor|phqw vkduh dw wkh h{shqvh ri rwkhu jurxsv1

Wkh H�hfw ri Yduldwlrqv lq Orfdwlrq0Vshfl�f Idfwruv rq
Hpsor|phqw Ghfrqfhqwudwlrq

Zh dovr lqyhvwljdwhg zkhwkhu wkh suhglfwlrqv iru 4<<7 duh vhqvlwlyh wr
fkdqjhv lq wkh zd| wkh orfdwlrq0vshfl�f idfwruv duh fdoleudwhg1 Iljxuh 56
frpsduhv wkh suhglfwlrqv iru 4<<7 hpsor|phqw vkduhv ri wkh edvholqh prgho
wr wkrvh ri d prgho lq zklfk wkh orfdwlrq0vshfl�f idfwruv duh fdoleudwhg wr
pdwfk revhuyhg hpsor|phqw ghqvlwlhv lq 4<8<1 Doo rwkhu sdudphwhuv duh khog
dw wkhlu edvholqh ydoxhv1 Dv lv hylghqw/ wklv fkdqjh kdv yhu| olwwoh h�hfw rq
wkh suhglfwlrqv iru 4<<71
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: Frqfoxvlrq
Wklv duwlfoh orrnv dw krz X1V1 phwursrolwdq duhdv ri gl�huhqw ghqvlwlhv de0
vruehg wkh lqfuhdvh lq djjuhjdwh phwursrolwdq hpsor|phqw ryhu wkh srvwzdu
shulrg1 Dq h{dplqdwlrq ri doprvw 633 phwur duhdv vkrzv wkdw wkh lqlwldoo|
pruh ghqvh phwur duhdv orvw hpsor|phqw vkduh wr wkh lqlwldoo| ohvv ghqvh
phwur duhdv/ d wuhqg zh odeho dv ghfrqfhqwudwlrq ri hpsor|phqw1

Xvlqj d fdoleudwhg yhuvlrq ri wkh v|vwhp0ri0flwlhv prgho/ zh vkrz wkdw wkh
pruh wkdq wzrirog lqfuhdvh lq djjuhjdwh phwursrolwdq hpsor|phqw h{shul0
hqfhg e| rxu PVDv gxulqj wkh srvwzdu shulrg zdv d srzhuixo irufh idyrulqj
ghfrqfhqwudwlrq1 Lqfuhdvh lq djjuhjdwh phwursrolwdq hpsor|phqw ohdgv wr
ghfrqfhqwudwlrq ehfdxvh frqjhvwlrq frvwv ulvh idvwhu iru lqlwldoo| ghqvh phwur
duhdv wkdq iru wkh lqlwldoo| ohvv ghqvh phwur duhdv1

Pdq| hfrqrplvwv kdyh vshfxodwhg wkdw ghfrqfhqwudwlrq ri hpsor|phqw
uhsuhvhqwv qrwklqj pruh wkdq d frqwlqxdwlrq ri wkh irufhv wkdw ohg wr vxexu0
edql}dwlrq ri shrsoh dqg mrev +Ohyhq +4<:;,/ dprqj rwkhuv,1 Zkloh fkdqjhv
lq suhihuhqfhv ru jryhuqphqw srolflhv dqg d ghfolqh lq xuedql}dwlrq hfrqrplhv
kdyh ehhq vkrzq wr eh lpsruwdqw iru vxexuedql}dwlrq/ wkhuh lv olwwoh hylghqfh
wkdw wkhvh irufhv duh uhvsrqvleoh iru ghfrqfhqwudwlrq1 Rxu �qglqjv vxjjhvw
wkdw wkh irufhv xqghuo|lqj vxexuedql}dwlrq duh qrw qhhghg wr h{sodlq ghfrq0
fhqwudwlrq1

Li rxu �qglqj wkdw juhdwhu djjuhjdwh phwursrolwdq hpsor|phqw jhqhudwhg
pruh vsdwldo ghfrqfhqwudwlrq ri hpsor|phqw wkdq lv dfwxdoo| revhuyhg lq wkh
srvwzdu shulrg lv dffhswhg/ wkh qh{w vwhs zloo eh wr h{sodlq zk| wklv lv vr1 Lq
wklv uhjdug/ zh eholhyh wkdw whfkqrorjlfdo fkdqjh pd| kdyh dfwxdoo| idyruhg
hpsor|phqw jurzwk lq wkh pruh ghqvh phwursrolwdq duhdv dv vxjjhvwhg e| wkh
�qhz� jurzwk wkhru| +Oxfdv +4<;;, dqg wkh vwxglhv e| Hdwrq dqg Hfnvwhlq
dqg Eodfn dqg Khqghuvrq phqwlrqhg hduolhu,1 Wklv olwhudwxuh kdv hpskd0
vl}hg wkh uroh ri flwlhv lq wkh surfhvv ri lqyhqwlrqv dqg lqqrydwlrqv dqg lw lv
srvvleoh wkdw wklv rqjrlqj surfhvv ri whfkqrorjlfdo fkdqjh sxw ghqvhu PVDv
whfkqrorjlfdoo| dkhdg ri wkh ohvv ghqvh PVDv1
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Surri ri Sursrvlwlrq 4

Vlqfh 7_� dqg 7_� duh erwk juhdwhu wkdq *?dE>n#�*Boclw iroorzv iurp htxdwlrqv
+48, dqg +49, wkdw ��E_� dqg ��E_� duh erwk vwulfwo| ghfuhdvlqj ixqfwlrqv1
Qh{w/ revhuyh wkdw iru dq| orfdwlrq &=

�&E_� ' r& � E>n #� � @& n E>n #�4@ i_n @&c ?4�?j � B � e_

zkhuh ?4�? ' *?E�4�?� dqg @& ' *?E�&�� E| dvvxpswlrq/ r� � E> n #� � @� :
r� � E> n #� � @� +uhfdoo wkh gh�qlwlrq ri r��� Dovr/ e| dvvxpswlrq 4@ i_ n
@�c ?4�?j � 4@ i_n @�c ?4�?j iru dq| _� Khqfh/ ��E_� : ��E_� iru doo _� Vlqfh
erwk ixqfwlrqv duh ghfuhdvlqj/ wkh ixqfwlrq ��E_�pxvw olh wr wkh uljkw ri ��E_��
Wkhuhiruh/ lq dq| htxloleulxp/ _W� pxvw h{fhhg _W� �

Surri ri Sursrvlwlrq 5

Ohw i_W� c �Wc r�c 7_�c �j eh d v|vwhp0ri0flwlhv htxloleulxp iru vrph o dqg b1
Vxssrvh wkdw b dqg o fkdqjh wr b� dqg o�c uhvshfwlyho|1 Wklv lpsolhv wkdw
r� fkdqjh wr r��� Exw lw iroorzv iurp wkh gh�qlwlrq ri r� wkdw r�� ' r� n {
iru vrph { 5 -� Qrz frqvlghu wkh froohfwlrq i_W� c �W n {c r��c

7_�c �j� Lw lv
fohdu wkdw +l, wklv froohfwlrq vdwlv�hv doo htxloleulxp frqglwlrqv lq +4, dqg lv
wkhuhiruh d v|vwhp0ri0flwlhv htxloleulxp/ dqg +ll, wkh htxloleulxp ghqvlw| iru
hdfk orfdwlrq lq wklv qhz froohfwlrq lv +wulyldoo|, wkh rqh wkdw lv forvhvw wr wkh
lqlwldo htxloleulxp iru hdfk orfdwlrq1 Wkh uhvxow iroorzv1

Surri ri Sursrvlwlrq 6

Wr ehjlq zlwk/ qrwh wkdw 7_� : *?dE>n#�*Bo lpsolhv wkdw wkh ��E_� ixqfwlrq
lv vwulfwo| ghfuhdvlqj lq _ iru doo � vr wkdw wkhuh lv d xqltxh htxloleulxp ghqvlw|
iru hdfk orfdwlrq lq erwk wkh lqlwldo dqg wkh qhz htxloleulxp1

+l, Qrz/ revhuyh wkdw/ zlwk qr fkdqjh lq dq| ��/ dq lqfuhdvh lq wrwdo
hpsor|phqw lpsolhv wkdw htxloleulxp hpsor|phqw ghqvlw| pxvw lqfuhdvh lq
dw ohdvw rqh orfdwlrq1 Iru vshfl�flw|/ vxssrvh lw ulvhv iru orfdwlrq ��� Lw iroorzv
wkdw �2�� 	 ���� 1 Wkhq/ Gh�qlwlrq 4; lpsolhv wkdw �2� 	 ��� iru doo � dqg khqfh
_2� : _�� iru doo � dv zhoo1 Vlqfh _

2
� ' *? 4� n _�� c 4� : � iru doo ��

+ll, Qh{w/ revhuyh wkdw iru dq| sdlu ri orfdwlrqv � dqg �c +4;, lpsolhv=

�2� � ��� ' �2� � ��� +55,

5;



Vlqfh _� : 7_� iru doo �c vxevwlwxwlqj +4;, lqwr +55, |lhogv=

�BEe_
2
� � e_

�
� � n E>n #�E_2� � _�� � ' �BEe_

2
� � e_

�
� � n E>n #�E_2� � _���

Xvlqj wkh idfw wkdw _2� ' *? 4� n _�� wkhq jlyhv=

�B � e_�� E4� � �� n E>n #� *? 4� ' �B � e_�� E4� � �� n E>n #� *? 4� +56,

Qrz vxssrvh wkdw _�� : _�� 1 Wkhq/ iru dq| frpprq ydoxh ri 4 wkh o1k1v1 ri
+56, lv ohvv wkdq lwv u1k1v1 Ixuwkhupruh/ vlqfh _�� : *?dE>n #�*Bo iru doo �c wkh
o1k1v1 dqg wkh u1k1v1 ri +56, duh vwulfwo| ghfuhdvlqj iru 4� � � dqg 4� � �c
uhvshfwlyho|1 Lw iroorzv wkhq wkdw +56, lpsolhv 4� 	 4��

Surri ri Sursrvlwlrq 7

Wr ehjlq zlwk/ qrwh wkdw 7_� : *?dE>n#�*Bo lpsolhv wkdw wkh ��E_� ixqfwlrq
lv vwulfwo| ghfuhdvlqj lq _ iru doo � vr wkdw wkhuh lv d xqltxh htxloleulxp ghqvlw|
iru hdfk orfdwlrq lq erwk wkh lqlwldo dqg wkh qhz htxloleulxp1

Vlqfh 7_� : *?dE> n #�*Bo iru doo � lpsolhv wkdw ��E_� ixqfwlrq lv vwulfwo|
ghfuhdvlqj iru doo �/ lw iroorzv iurp +4;, wkdw iru dq| � dqg �c _�� : _�� lpsolhv
wkdw r� : r�/ zklfk/ lq wxuq/ lpsolhv wkdw _2� : _2� � Wkhuhiruh/ wkh duudqjh0
phqw ri orfdwlrqv wkdw rughuv wkhp lq whupv ri ghfuhdvlqj ghqvlw| lq wkh
lqlwldo htxloleulxp dovr rughuv wkhp lq whupv ri ghfuhdvlqj ghqvlw| lq wkh
qhz htxloleulxp1 Ixuwkhupruh/ vlqfh wkh lqyhuvh uhodwlrqvkls ehwzhhq lqlwldo
ghqvlw| dqg hpsor|phqw jurzwk lv dvvxphg wr krog/ wklv duudqjhphqw dovr
rughuv orfdwlrq lq whupv ri lqfuhdvlqj 4�� Iru wkh uhvw ri wklv surri/ dvvxph
wkdw orfdwlrqv duh rughuhg lq wklv zd|1

Gh�qh 4 wr eh � 2*�� dqg ohw � � g 	 � eh vxfk wkdw 4� � 4 iru doo
� � g dqg 4� : 4 iru doo � : g� Gh�qh � r

� *�
r dv /rc r ' �c 2� Vlqfh /2

� 	 /�
�

li dqg rqo| li 4� 	 4c dqg urE6� lv/ e| gh�qlwlrq/
S6

�'� /
r
� / lw iroorzv wkdw

u2E6� 	 u�E6� ; 6 � g dqg
S�

�'6 /2
� :

S�
�'6 /�

� ; 6 : g� Qrz revhuyh
wkdw wkh vhfrqg lqhtxdolw| lv htxlydohqw wr � � S�

�'6 /2
� 	 � � S�

�'6 /�
� ;

6 : g1 Vlqfh urE6� ��n
S�

�'6 /r� ' �c lw lv dovr htxlydohqw wr u2E6� �� 	
u�E6� �� ;6 : g1
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Uhihuhqfhv
^4` Ehdoh/ F1 �Wkh Uhfhqw Vkliw ri Xqlwhg Vwdwhv Srsxodwlrq wr Qrq0

phwursrolwdq Duhdv/ 4<:304<:8/� Lqwhuqdwlrqdo Uhjlrqdo Vflhqfh Uhylhz/
5/ +4<::,/ ss1 44604551

^5` Ehdoh/ F1 �Wkh Srsxodwlrq Wxuqdurxqg lq Uxudo Vpdoo0Wrzq Dphu0
lfd/� lq Z1S1 Eurzqh dqg G1I1 Kdgzljhu/ Hgv1/ Uxudo Srolf| Sureohpv=
Fkdqjlqj Glphqvlrqv/� Oh{lqjwrq/ Pdvv1= Oh{lqjwrq Errnv/ +4<;5,1

^6` Eodfn/ G1/ dqg M1Y1 Khqghuvrq1 �Xuedq Jurzwk/� Qdwlrqdo Exuhdx ri
Hfrqrplf Uhvhdufk Zrunlqj Sdshu Qr1 933;/ +4<<:,1

^7` Fduolqr/ J1D1 �Ghfolqlqj Flw| Surgxfwlylw| dqg wkh Jurzwk ri Uxudo
Uhjlrqv= D Whvw ri Dowhuqdwlyh H{sodqdwlrqv/� Mrxuqdo ri Xuedq Hfr0
qrplfv/ 4;/ +4<;8,/ ss1 4405:1

^8` Flffrqh/ D1 dqg Kdoo/ U1H1 �Surgxfwlylw| dqg wkh Ghqvlw| ri Hfrqrplf
Dfwlylw|/� Dphulfdq Hfrqrplf Uhylhz/ ;9/ +4<<9,/ ss1 870:31

^9` Frohpdq/ M1V1 �Vrfldo Surfhvvhv dqg Vrfldo Srolf| lq wkh Vwdeoh Phwursr0
olv/� lq F1O1 Ohyhq/ Hg1/ Wkh Pdwxuh Phwursrolv/ Oh{lqjwrq/ Pdvv1=
Oh{lqjwrq Errnv/ +4<:;,1

^:` Hdwrq/ M1 dqg Hfnvwhlq/ ]1 �Flwlhv dqg Jurzwk= Wkhru| dqg Hylghqfh
iurp Iudqfh dqg Mdsdq/� Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv/ 5:/
+4<<:,/ ss1 775077:1

^;` Jduqlfn/ G1 dqg Uhqvkdz/ Y1 �Frpshwlqj K|srwkhvhv rq wkh Rxworrn
iru Flwlhv dqg Uhjlrqv= Zkdw wkh Gdwd Uhyhdo dqg Frqfhdo/� Sdshuv/
Uhjlrqdo Vflhqfh Dvvrfldwlrq/ 78/ +4<;3,/ ss1 43804571

^<` Jodhvhu/ H1O1/ Vfkhlqnpdq/ M1D1/ dqg Vkohlihu/ D1 �Hfrqrplf Jurzwk lq
d Furvv0vhfwlrq ri Flwlhv1� Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 69/ +4<<8,/
ss1 44:0476

^43` Jrwwpdqq/ M1Phjdorsrolv/ Qhz \run= Wzhqwlhwk Fhqwxu| Ixqg/ +4<94,1

^44` Khqghuvrq/ M1Y1 �Jhqhudo Htxloleulxp Prgholqj ri V|vwhpv ri Flwlhv/�
lq H1V1 Ploov/ Kdqgerrn ri Uhjlrqdo dqg Xuedq Hfrqrplfv/ Yroxph LL=
Xuedq Hfrqrplfv/ Qhz \run= Qruwk Kroodqg/ +4<;:,1
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^45` Mdfrev/ H1 dqg Vklss/ V1 �Krz Idplo| Vshqglqj Kdv Fkdqjhg lq wkh
X1V1/� Prqwko| Oderu Uhylhz/ +Pdufk 4<<3,/ ss 5305:1

^46` Ohyhq/ F1O1 �Wkh Hphujhqfh ri Pdwxulw| lq Phwursrolv/� lq F1O1 Ohyhq/
Hg1/ Wkh Pdwxuh Phwursrolv/ Oh{lqjwrq/ Pdvv1= Oh{lqjwrq Errnv/
+4<:;,1

^47` Oxfdv/ U1H1 Mu1/ �Rq wkh Phfkdqlfv ri Hfrqrplf Ghyhorsphqw1� Mrxuqdo
ri Prqhwdu| Hfrqrplfv/ 55/ +4<;;,/ ss160751

^48` Prrpdz/ U1O1 �Surgxfwlylw| dqg Flw| Vl}h= D Fulwltxh ri wkh Hyl0
ghqfh/� Wkh Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 449/ +4<;4,/ ss1 9:80;<1

^49` Uredfn/ M1 �Zdjhv/ Uhqwv dqg wkh Txdolw| ri Olih/� Mrxuqdo ri Srolwlfdo
Hfrqrp|/ <3/ +4<;5,/ ss1 458:045:;1

^4:` Vhjdo/ G1 �Duh Wkhuh Uhwxuqv wr Vfdoh lq Flw| Vl}hB� Uhylhz ri Hfr0
qrplfv dqg Vwdwlvwlfv/ 8;/ +4<:9,/ ss1 66<0831

^4;` Vyhlndxvndv/ O1 �Wkh Surgxfwlylw| ri Flwlhv/� Wkh Txduwhuo| Mrxuqdo ri
Hfrqrplfv/ ;</ +4<:8,/ ss16<607461
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