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Abstract

We consider abstract social systems of private gntgpmade oh individuals endowed with non-paternalistic
interdependent preferences, who interact througihanges on competitive markets and Pareto-effidienp-
sum transfers. The transfers follow from a disttil®iliberal social contract defined as a redisttidn of initial
endowments such that the resulting market equilibrallocation is, both, Pareto-efficient relatieeindividual
interdependent preferences, and unanimously waaldferred to the initial market equilibrium. Weodithe
global structure of the set of Pareto-efficienbeditions: its relative interior is a simply conregttsmooth

manifold of dimensiom-1, homeomorphic to the relative interior of theitissimplex of R". The property
obtains under three suitable conditions on theigagreordering of Pareto associated with individua
interdependent preferences, which essentially #hate the social utility functions built from wéited sums of
individual interdependent utilities, by means dbitery positive weights, exhibit a property of fdifentiable
non-satiation and some suitably defined propertyefuality aversion; and individuals have diveggiiews on
redistribution, in some suitable sense, at (inekjsidistributive optima. The set of market equilipn
allocations associated with the transfers of thdusive distributive liberal social contracts catsiof the
allocations that are unanimously weakly prefer@the initial market equilibrium and that maximize the set
of attainable allocations, weighted sums of indintinterdependent utilities derived from suitalsbetors of
positive weights ofRL. Its relative interior is a simply connected stmoonanifold of dimensiom-1

whenever the initial market equilibrium is not Rarefficient relative to individual interdependgmeferences.

Keywords
Walrasian equilibrium; Pareto-efficiency; liberalocgal contract; individual social
preferences; allocation; distribution

1-Introduction

This article derives the global structure of the afePareto-efficient distributions of wealth,
and its subset of distributive liberal social cants, in abstract social systems made of
individuals owners endowed with non-paternalistiteidependent preferences, who interact
by means of competitive market exchange and Pargimaving lump-sum redistribution.

Wealth distribution is formally analogous to a pymeblic good in the presence of non-
paternalistic utility interdependence (Kolm, 19@#ochman and Rodgers, 1969, and the
subsequent literature on Pareto optimal redisiobuteviewed in Mercier Ythier, 2006: 6.1).
Pareto efficiency moreover admits two distinctini@bns in this setup, namely, the
Pareto efficiency relative to individuals’ prefecess over their own consumption of market
commodities, thereafter namedarket efficiency and the Pareto efficiency relative to
individuals’ preferences over the whole allocatddmesources, labelledistributive efficiency
in the sequel. The two definitions articulate cetesitly, in the sense that the latter implies the
former, subject to a mild assumption of non-sairatof the partial preordering of Pareto
associated with individual preference relations roa#ocation. The second fundamental
theorem of welfare economics then applies to dhstive Pareto optima, that is, distributive
optima are Walrasian equilibria relative to suitabkctors of market prices and individual



endowments (Winter, 1969, Archibald and Donaldsi®8¥8, and the subsequent literature
reviewed in Mercier Ythier, 2006: 4.1.2).

These theoretical facts open on the possibilitycohsistently articulating market
exchange and redistribution within a liberal socahtract (Kolm, 1985, 1987ab, 1996: 5 and
2004: Chap. 3). The latter is characterized belevtha subset of distributive Pareto optima
that are unanimously weakly preferred to someahiValrasian equilibrium. This notion
provides a normative reference for optimal redsttion, defined in the ideal conditions of
perfect contracting in market exchange and soamtract redistribution: from a given
Walrasian equilibrium that is not a distributive tiopum, Pareto-improving lump-sum
transfers are performed on the initial distributioh individual endowments, so that the
resulting Walrasian equilibrium yields a distritugtioptimum unanimously preferred to the
initial Walrasian equilibrium.

While the focus of this article is the normativeaysis of the redistribution of wealth, it must
be noted that the formal setup developed belowigapas a special case, an important special
case of the standard model of general equilibriuth wure public goods (e.g. Foley, 1970,
Conley, 1994). This formal equivalence obtains vathassumption of weak separability of
individuals’ allocation preferences relative toith@wvn private consumption, and a suitable
reinterpretation of commodities (see footndtemd’® below, and also Mercier Ythier, 2006:
3.3.3 and 6.1). The distributive liberal social tant, properly reinterpreted, may therefore
provide a normative reference not only for optimeaistribution but also, more generally, for
the optimal provision of any type of pure publicmgo

The paper is organized as follows. Sections 2 aset 8section 2) and interpret (section 3) the
general equilibrium framework for the analysis @&réto optimal redistribution. Section 4
draws the consequences of the public good chaistaterof the distribution of wealth in
terms of the price-supportability of distributiveptoma and associate notion of price
equilibrium. Section 5 first sets the regularitynddions for a well-behaved set of liberal
social contract solutions to optimal redistributi@nbsection 5.1), next examines examples of
degenerate solutions to the same problem (subgeeéti®), and finally elicits sufficient
conditions on individual preferences for regulastdbutive efficiency (subsection 5.3).
Section 6 defines a notion of social contract elguilm that yields a determinate liberal
social contract solution to optimal redistributi@ection 7 is a brief conclusion.

2-Pareto optimal redistribution in a general equilibrium setup?

We consider the following simple society of indival owners, consuming, exchanging and
redistributing commaodities.

There aren individuals denoted by an indexrunning in N :{1,...,n}, and| goods and

services, denoted by an indexunning inL ={1,...]} . We letn=2 and| =1 in the sequel,

that is, we consider social systems with at least agents and at least one commodity (the
special casé =1 is studied in Mercier Ythier, 1997, whose mainufessare subsumed in the
results of the present study, and notably in Thasrg and 5).

! See Mercier Ythier, 2007: 1, for an informal datien of this characterization of the distributlieral social
contract and a brief discussion of some of itsti@is with the general notion of Kolm, 1985. Sesodllercier
Ythier, 1998, and 2006: 6.1, for a formal derivataf the same characterization in a game-theosetiap.

2 This section is, for the main part of it, an alggd version of the sections 2 and 3 of Mercier &th2007 and
20009.



The final destination of goods and services is\itdial consumption. A consumption of
individual i is a vector(x,,..., ) of quantities of his consumption of commoditiesndted

by x. The entries ofx are nonnegative by convention, corresponding tmatels in the
abstract exchange economy outlined beléw.allocation is a vecto(xl,...,x]), denoted by
X.

Individuals exchange commodities on a completeesysof perfectly competitive

markets. There is, consequently, for each commduliyunique market price, denoted fpy
which agents take as given (that is, as indepenfient their consumption, exchange or

transfer decisions, including their collective ster decisions if any). We lgb = ( B |q) :

Transfer decisions are made by coalitions, formaéfined as any honempty subset
of N, which may possibly be reduced to a single indigld A transfer of commoditl from
individual i to individualj is a nonnegative quantity,. We let: t, =( e § ) denotei’s
commodity transfers tp t, = (t;j )J_M denote the collection of’s transfers to others (viewed
as a row-vector oR'"™). A collection of transfers of the grand coalitiNnis denoted by,
that is:t = (t,...,t,).

We make the following assumptions on commodity djtias: (i) they are perfectlglivisible

(ii) the total quantity of each commodity is givence and for allg§xchange economyith
fixed total resourcgsand equal to 1 (the latter is a simple choicemats of measurement of
commodities); (iii) an allocation is attainable if it verifies thaggregate resource constraint

of the economy, specified as followgiDN X, <1 for all h (this definition of attainability
impliesfree disposal

The vector of total initial resources of the ecomorthat is, the diagonal vector
(1...,2) of R', is denoted byo . The set of attainable allocation{xOR": > x <4 is

denoted byA.

The society is @ociety ofprivate property In particular, the total resources of the economy
are owned by its individual members. The initialn@nship or endowment of individugain
commodityh is a nonnegative quantitsg, . The vector(w,,...,«, ) of i’s initial endowments

is denoted byw. We haveziDN @ = p by assumption. The initial distributiofa,...,w, ) is
denoted byw.

Individuals have preference preorderings over atioo, which are well-defined (that is,
reflexive and transitive) and complete. The allmratpreferences of every individualare
assumedseparablein his own consumption, that i€s preference preordering induces a
unique preordering om's consumption set for all. We suppose that preferences can be
represented by utility functions. In particulargtpreferences of individual over his own
consumption, as induced by his allocation prefezsnare represented by the (“private”, or
“market”) utility function u :R', -~ R, which we will sometimes also name ophelimity
function by reference to Pareto (1913 and 1916).e Tihproduct function
(W o prhy..,U o Pr) (X, ....% )—» U (X%),--4 (X))., wherepr; denotes the i-th canonical

projection (x,,...,x,) - X, is denoted byu. Finally, we suppose that individual allocation
preferences verify the following hypothesisrain-paternalistic utility interdependencior



all i, there exists a (“social”, or “distributive”) utiy function w :u@®" ) -~ R, increasing in

its i-th argument, such that the product functiapo u:(X,....,%)—- W(U(X),...., 4 (X))
represents’s allocation preferences. Whenewviés distributive utility is increasing in’s
ophelimity, this means that individuaéndorseg’'s consumption preferences within his own
allocation preferences (“non-paternalismi”for the sake of clarity, we reserve the terms
“individual distributive utility function” for funtions of the typew;, and “individual social
utility function” for functions of the typew ou. The terms ‘“individual distributive
preferences” and “individual social preferencesi,the contrary, are used as synonymous,
and designate individual preference relations @lrcation, in short, individual allocation
preferences.

Individual private utilities are normalized so tha(0) = O for alli. Naturally, this can
be done without loss of generality, due to thermmablcharacter of allocation preferences.

We letw denote the product functiofw,,...,w,):0 - (W (0),...,w (0)), defined on
u(R”).

We use as synonymous the following pairs of prigeiof the preference preordering
and its utility representationsmooth(C', with r >1) preordering, and smoottC() utility
representations; monotone(resp. strictly monotone, resp. differentiablyicity monotone)
preordering, andncreasing(resp. strictly increasing, resp. differentiabtyictly increasing)
utility representationsgonvex (resp. strictly convex, resp. differentiably stigicconvex)
preordering, and quasi-concave (resp. strictly iqoascave, resp. differentiably strictly
guasi-concave) utility representations. Their dgbns are recalled, for the sole utility
representations, in footnotdelow.

A social system is a Iis(w, u,,o) of social and private utility functions of indiwdls, and

aggregate initial resources in consumption commnesditA social system of private property
is a list (W, u,a)), that is, a social system where the total resauofesociety are owned by

individuals and initially distributed between therwcording to distributiom.*

% Note that non-paternalistic utility interdependemtes not implydistributive benevolencén the sense of
individual distributive utilities increasing in s@nothers’ ophelimities. It is compatible, in pautar, with the
distributive indifferenceof an individuali relative to any other individugl, that is, the constancy afs
distributive utility inj’s ophelimity in some open subset of domaifR") (“local” distributive indifference of

relative toj) or in the whole of it (“global” indifference). I compatible, also: with local or globaistributive
malevolence in the sense of individual distributive utilitiefecreasing in some others’ ophelimities; and,
naturally, with any possible combination of locanievolence, indifference or malevolence of anyvildial
relative to any other.

* This formal definition of the social system ov@dawith an important special case of the standasdemof
general equilibrium with pure public goods. Patitithe setN of individuals into two subsets: the “rich”

{1....m} and the “poor’{m-1,...,n}, with 0<m< n. Suppose that: any rich individual is indifferé¢atthe
other rich and altruistic to the poor, that i\‘B/,(u(X))=,Ui (L,l( X)s Hao( Xer) oo H( 4)) with a strictly
increasingy; for all i <m ; the poor are egoistic, that ig (u( x)) = y( x) for all i >m; and the poor have null

initial endowments, that isqy =0 for all i >m. Reinterpret, next, the private welfare of po@s any generic

pure public good of typg private utility functionuy; as the production function of public goagdand private
consumptiorx; as a vector of inputs of “private” commoditiés1{l,...,1} . We end up with the standard setup

for a general equilibrium with public goods prodddeom private commaodities, only distinguished frahe
most general version of the latter by the asswnpgmbodied in the specification of individual isbaitility
functions, that preference relations are weaklyassge with respect to individual consumption oivate
commodities. Note that this separability assumpisotrivially verified when the private commoditg unique



It will not be necessary, for the definite purposéghis article, to develop a fully explicit
concept of social interactions, synthesized inranfd notion of social equilibrium, such as
those of Debreu, 1952, Becker, 1974 or Mercier &thi993 or 1998ab for example (see
Mercier Ythier, 2006: 3.1.1, 4.2.1 and 6.1.1 foremiew of such notions). The following
informal description, and set of partial definitsomwill suffice.

Market exchange is operated by individuals, whderact “asympathetically”
(Edgeworth, 1881) or “nontuistically” (Wicksteed9113) on anonymous markets, through
ophelimity-maximizing demands determined on the $alsis of market prices.

Sympathetic or altruistic interactions take plateedistribution. They may proceed,
in principle, from a whole range of moral sentingerdgf individuals, from individual
sentiments of affection between relatives, to iftiial moral sentiments of a more universal
kind such as philanthropy or individual sense strdbutive justice. They may, likewise, find
their expression in a large variety of actionspfrimdividual gift-giving to family transfers,
charity donations, or public transfers. We conaaetr in this article, onlump-sum
redistribution which meets the (weak) unanimouseagrent of the grand coalitipthat is,
redistribution of initial endowments that is appedvby some individual members of society
(one of them at least) and is disapproved by none.

These elements of social functioning are summadrzehe formal definitions below,
of a competitive market equilibriuymand adistributive liberal social contractThey are
complemented by the two notions of Pareto efficyematurally associated with them, that is,
respectively, the Pareto-efficiency relative toiundual private utilities (in shortmarket
efficiency or market optimury and the Pareto-efficiency relative to individsakial utilities
(in short,distributive efficiencyor distributive optimumn

Definition 1: A pair (p, x) such thatp>0 is acompetitive market equilibriuralso called
Walrasian equilibriump with free disposal of the social system of préa/atoperty(w, u,a)) if:

(i) x is attainable; (ii) ph(l—ziDN X,)=0 for all h; (i) and x maximizes u; in
{zOR,: > R#<), . hat foralli

Definition 2: An allocationx is astrong (resp.weak market optimunof the social system
(W, u,,o) if it is attainable and if there exists no attdilea allocation X such that

u (%) = y(x) for alli, with a strict inequality for at least onéresp.u (x’) >y ( x) for all
i). The set of weak (resp. strong) market optimévmfu,,o) is denoted by, (resp.P, O P)).

Definition 3: An allocationx is a strong (resp.weak distributive optimumof the social
system (w,u,p) if it is attainable and if there exists no attdileaallocationx' such that

W (u( X)) 2 vy( u( )9) for all i, with a strict inequality for at least one (resp.
W (u( X)) > vy( u( )9) for alli). The set of weak (resp. strong) distributive matiof(w, u,,o)
is denoted by,, (resp.P, O P,).

Definition 4: Let (p, x) be a competitive market equilibrium with free displ of the social

(I=1: this is the case considered in Mercier Yth2806, 3.3.3 and 6, and in Conley, 1994).



system of private propert{w, u,w) . Pair(a), (p, X)) is adistributive liberal social contract
of (w,u,w) relative to market equilibrium(p,x) if (p,X) is a competitive market

equilibrium with free disposal dfw u,cd) such that: (X' is a strong distributive optimum of
(w,u,p); (ii) and w; (u(x)) = w( u ¥) for alli.

For the sake of brevity, the competitive marketildgpium with free disposal of Definition 1
will often be referred to as Walrasian equilibriameven simply as “market equilibrium” in
the sequel. Likewise, we will often refer to thetdbutive liberal social contract simply as the
“social contract”.

Whenever a pail(cd,(r}, X)) is a distributive liberal social contract ¢fw,u,w)
relative to market equilibrium(p, x), we also refer tav’ as a distributive liberal social
contract of (w,u,w) relative to (p,x), and tox' as adistributive liberal social contract

solutionof (w,u,w) relative to(p, X).

We finally introduce two assumptions which will bwaintained throughout the main
propositions of the sequel.

Assumption 1 below summarizes the working hypothexedifferentiability and convexity.
Its contents, and notably the second part of thesfative to distributive preferences, are
discussed in detail in Mercier Ythier, 2009: 3. Tdwefinitions of corresponding standard
properties of utility functions, such as differedtlity, quasi-concauvity, strict quasi-concavity
and other, are recalled in the associate footndth,brief comments on their relations and on
some of their elementary consequertces.

Assumption 1% Differentiable convex social system: (i) For all i, u; is: (a) continuous,

® We use the following standard notations in theused.et z=(z,..., 7)) and 2 =(2, .., z,)OR", m=1:
z27 if z=27 foranyi; z>2 if z22 and z#Z 2 ; z>» Z if z >z foranyi; zZ is the inner product
zi"ll; z’; Z' is the transpose (column-) vector gf RT ={zOR™ z20} ; RT, ={zOR™ z>0}. Let
f= ( flens fq) 'V - RY, defined on open s&t O R™, be the Cartesian product of tlé real-valued functions
f:V - R; 0f and0*f denote its first and second derivative respegtivaf (X) , viewed in matrix form, is
the gxm (Jacobian) matrix whose generic enfgf; / 9x;)(X) , also denoted by ; f; (X) (or, sometimes, by

axj f. (X)), is the first partial derivative df with respect to its j-th argumentatthe transposédfi (X)]T of

the i-th row of Of (X) is the gradient vector dfatx; finally, 0°f, (X), viewed in matrix form, is thanx m

(Hessian) matrix whose generic entrig” f, /0x;0x, )(X) , also denoted b@?k f, (X), are the second partial
derivatives of; atx.
® Recall thaty, is defined onR'+ , the nonnegative orthant ®R'. we say that such a function iigcreasing

(resp. strictly increasing) ifx > x' (resp. x >x’) implies u, ()g)> y ( >,<’). It is: quasi-concaveif
u(x)zy(x) implies u (ax +(1-a)x’)z y(x) for any 1=2a=0; sticty quasi-concave if
u(x)z y(x), x #x implies u(ax+(1-a)x’)>uy(x) for any1>a >0; differentiably strictly

quasi-concaven an open, convex sa&t O R’ if its restriction toV is C® (that is, twice differentiable with
continuous second derivatives), strictly quasi-ewes and has a nonzero Gaussian curvature evergvimgr



increasing, and unbounded above ; @B)in R, ; (c) differentiably strictly quasi-concave in

R',, and, in particular, differentiably strictly conain an open, convex neighborhood of

{x OR.,: x <4 in R',; (d) and such thak > 0 wheneveru ()g)>0(: y (O)).(ii) For

all i, w is: (a) increasing in its i-th argument and comtius; (b) C* in R',; (c) quasi-
concave; (d) and such that (@) > w(0) if and only if G >>0. (iii) For alli, w o u is quasi-
concave.

The second assumption is thdifferentiable non-satiation of the weak distrilwati
preordering of Paretpowhich supposes, essentially, that distributivdew@ence, if any, is
not so intense and/or widespread as to imply theletien of aggregate resources at
distributive optimum. Combined with Assumption 1, implies the positive aggregate
valuation of the private wealth and welfare of aibividuals at distributive optimum
(Appendix: Theorem 3). That is, we suppose thaeww@énce, if any, is dominated, at social
optimum, by positive self-valuation, possibly comdyl with distributive benevolence (if

any).

Assumption 2: Differentiable non-satiation of the weak distributive preordering of
Pareto: For all #0S, and allaDu (A)nRY,, > 4ow (0)#0.

3- Selfishnessin the marketplace, altruism in the society

In this section, we briefly develop an interpraiatof some of the key features of the formal

0%u (%) [oy(x)1"
ou (x) 0

differentiably strictly concavén an open, convex sat OR', if its restriction toV is and such that the

(or equivalently a nonzero determinant of the bordeHessian ( J for everyx in V);

Hessian matri>«32ui (x;) is negative definite for every in V. Note that the differentiable strict quasi-contavi
ofy in R, implies the existence of a differentiably styatbncaveC? utility representation of the underlying
preference preordering on any compact, convex safse',, (Mas-Colell, 1985: 2.6.4), so that the second part
of assumption 1-(i)-(c) does not imply any additibrestriction, relative to the first part of thense assumption.
Note also that an increasimgwhich also idifferentiably strictly quasi-concave iR',, must bedifferentiably
strictly increasingn R',, , that is, such thadu, (x) >0 everywhere inR', (hence strictly increasing i, ).
And note, finally, that in the special case of ag# market commodity (that is|l=1), we can let
u (%) =Log(1+ x) without loss of generality (asC* differentiable strictly quasi-concave” degeneraies
this simple case, toC? strictly increasing”).

Suppose, next, that utility representatigns bounded above and verifies all other Assumgtib+(i).
Let supy R, )=b>a> q(p). Note thataDq(RL)z[O, b), sincey; is continuous and increasing. Define

£:[ob) ~ R, by: £(t)=t if tO[0,a) ; and &(t) =t+(t-a) exp(1/(b-1)) if tO[a,b). One verifies by
simple calculations thatis strictly increasing, and thatou, is C*, unbounded above, and therefore represents

the same preordering asand verifies assumption 1-(i). That is, there dsloss of generality in supposing
unbounded above.

Assumption 1-(i) notably implies thati: R" - R" is onto (sinceu; is a continuous, increasing,
unbounded above functioR', - [O,oo) for all i), so that the domaim(R") of individual distributive utility

functions coincides with the nonnegative orthant Bf . The definitions above extend readily to functions
andw ou.



model of section 2, in terms of their implicatiofs individual’s market behaviour, social
contract redistribution and their articulation.

The separability of individual allocation preferescrelative to own consumption means,
essentially, that the individual behaviour of deshand supply of market commodities can be
appropriately described by a stable Walrasian denfanction, that is, a function: whose
variables (the “determinants” of individual demaard supply) are restricted to market prices
and individual wealth (the latter reducing, in thetup above, to the value of individual
endowment before or after social contract redistidm); and which is homogeneous of
degree 0 in these arguments (individuals are ubfest to “monetary illusions”), additive
(individuals spend their whole budget), and vesifiee law of demand (the Slutsky matrix is
symmetric semi-definite negativé)The stability of the demand function notably means
this context, that individual demand behavioumidependent of others’ consumption. These
assumptions can be suitably interpreted in term@/icksteed’s notion of nontuism referred
to above, namely, the idea that individuals whaulgd in market activities (purchases and
sales of market commodities) concentrate on therl|ahat is, temporarily ignore alternative
considerations which they might find interesting amother context. They consistently
maximize stable preferences relative to this nasrodefined object, or, equivalently,
consistently minimize expenditure relative to wedfaobjectives derived from such stable
preferences.

Non-paternalistic interdependent utilities consisext, of individual preferences over the
distribution of private welfare. Private welfare determined by market prices and private
wealth through individual (stable) consumption prefices and associate Walrasian demand,
or, equivalently, through individual indirect priea utility functions (see the precise
formulation of these notions in section 4 belowheThon-paternalistic allocation preferences
of individuals therefore induce individual prefeces over both market prices and wealth
distributiorf, combining individual distributive utilities withindirect private utilities.
Accordingly, the associate distributive optima t¢encharacterized, equivalently: as feasible
allocations undominated with respect to individsakial preferences; or as price-wealth
competitive equilibria (that is, systems of markeites and wealth distribution supporting
market optima) undominated with respect to induicelividual preferences over prices and
wealth (Mercier Ythier, 2009: Theorem 3). The lusypn endowment redistribution of the
liberal social contract therefore affects individwanditions of optimization through two
channels in this construct: its direct consequermes the distribution of wealth; and the
substitution and income effects on individual detchamd private welfare of the induced
changes in equilibrium market prices. These effe€tsocial contract redistribution involve
two types of externalities: the public good extéitiess generated by the changes in the
distribution of wealth, whose extent is determibgdhe extent of actual distributive concerns
in society; and the pecuniary externalities gemeraby induced changes in equilibrium
market prices (if any), which necessarily affadtindividuals in society. If social contract
redistribution, as should normally be expectedjatt implies changes in equilibrium market
prices? wealth distribution then necessarily has the attara of ageneral(pure) public good

" Standard microeconomic theory establishes the atgrige of maximizing consumption utility subjectitear
budget constraint, minimizing expenditure subjeztprivate welfare objectives, behaving accordingato
Walrasian demand function, and behaving accordimgat Hicksian demand function, when individual
preferences are increasing differentiably strictpvex.

® This implies that we concentrate on the distributaspects of the general notion of liberal sociaitract of
Kolm, 1985. We abstract from alternative consideres, such as the treatment of consumption extitesl
which are considered in the general notion (seegxample, Kolm, 2004, p. 67, on the latter subject

® Theoretical exceptions are well-known and quitecific, essentially: invariance of aggregate demsmd



in this setup, if not directly through individuakttibutive concerns (as may or may not be the
case, depending on the extent of the latter), adtlendirectly through induced pecuniary
externalities.

The condition of unanimous weak preference of $amatract equilibrium allocation over
initial equilibrium allocation (Definition 4-(ii)jmplies an individual right of veto against any
change in initial endowment distribution. This edsd feature of the notion of distributive
social contract developed here interprets as akoontract foundation for individual rights
of private property, understood as individuals’ relsain aggregate social resources and
subsequent individual right of freely allocatingroshare between the alternative uses of own
consumption and market exchartfén view of the ubiquitous externalities of soatantract
redistribution, it implies that sizeable redisttilom will take place within the distributive
liberal social contract only if it receives a widHruistic support in society (notwithstanding
conceivable oddities and complexities briefly evibke footnote'’). Obvious circumstances
where such altruistic unanimous agreement can behesl are the cases of individual
starvation or social exclusion from extreme povearts (i)-(d) and (ii)-(d) of Assumption 1
together imply unanimous strict preference for seution in situations where the private
wealth or welfare of some individual(s) are nulteéisely, they imply that any allocation
where all individuals have a positive private wiea#tind welfare is unanimously strictly
preferred to any allocation where some individuplizate wealth is =0.

The distributive liberal social contract, so couostt, rationally founds a distributive welfare
state, by providing two rationales for state ingron in distribution matters: the

enforcement of the individual rights of private peoty constitutionally guaranteed in the
social contract; and the solution of the sociaicefhcy issues raised by the public good and

redistribution (Bergstrom and Cornes, 1983 and 8eog and Varian, 1985); and, in the case of Welras
production economies, constant returns to scdiems’ production of market commodities.

19 The opportunity of including redistributive giftiving, whether individual or collective, in thissti of
alternative uses of private wealth is open to fit@search. Presumably, private redistributivegjifing should
be crowded out by unanimous social contract reldigion in the multi-commodity setup, as it is hetsingle-
commodity setup, and under essentially the samditboms (Mercier Ythier, 1998: Theorem 1).

1 ogically (if not practically) interesting case$ aomplex redistribution patterns are the so-caltednsfer
paradoxes”, where, for example, a “donor” trangfigr{or depleting) part of his endowment ends ugpebeff in
terms of his private welfare, and/or a “benefictaof transfers ends up worse off relative to thislfare
criterion, as in the cases of impoverishing trarssffiscussed in international trade theory. In sca$es, the
“true” donors are, of course, those whose privatdfase diminishes in transfers.

The unanimous agreement condition for liberal damatract redistribution implies that all individis,
and notably “true donors”, should end up betterinfterms of their individual social welfare follang the
transfers (“paradoxical” or not). That is, true dosmshould be compensated for their loss in privagare by
some satisfaction from their distributive preferesidt is logically conceivable (if not psychologliy plausible)
that part of such compensations be derived fromstiisfaction of distributive malevolence, “truendo’
enjoying the loss in private welfare of other td@ors whom she or he dislikes. One of our basaraptions
(Assumption 2), while compatible with such psyclgidal complexities at individual level, rules theoat as
possible driving force of redistribution at soctaintract level, by supposing, essentially, that appreciation
and altruism together dominate malevolence. Thatdsial contract redistribution, if any, necedggoroceeds
from dominant distributive altruism among true denim this setup, as asserted in the text aboveut @ more
formally, it can be easily shown, under Assumptidnand 2, that if individuals are non-benevolerg th
distributive liberal social contract necessariduees to status quo (hint of proof: Suppose thahaaket
optimum x is not a distributive optimum, and consider a itimed of malevolent true donors a¢ their
distributive utilities are jointly decreasing ineih private welfare ax, jointly increasing in their private welfare
at 0, and must therefore attain a point of satiatibassociate partial preordering at some acdessitocation in
A, which contradicts Assumption 2). Naturally, naenbvolence includes distributive indifference aspacial
case, that is, the distributive liberal social cact is the status quo, and therefore, in particuldes out transfer
paradoxes, in Arrow-Debreu social systems (see plaof subsection 5.2 below).



pecuniary externalities of collective redistributioThe same rational foundations extend to
the productive public sector (the productive welfastate, so to speak), through the
reinterpretation of transfers and individual mosiveitlined in footnoté.

4- Thedistribution of wealth and welfare as public goods

This section draws the consequences of the publd gharacteristics of the distribution of
ophelimity or wealth (Kolm, 1966, Hochman and Radgel969), in terms of the latter's
valuation by suitably defined supporting pricesligtributive optimum.

We denote by the indirect (private) utility function of an inddual i in the sequel. It is
defined in the wusual way, as the functionR, xR, -~ R such that

vi(p.r)=max{y(x):x=0andp x<} for any price-wealth vectofp,r)OR!, xR, .
Under Assumption 1-(i), indirect private utility riations are: >0 andC' over R', xR, ;

well-defined and continuous oveR!, xR,, with v,(p,0)=0 for all p>0; strictly

increasing with respect to wealth; and positiveymogeneous of degree 0. We let: the
distribution of money wealth(r,...,r,) be denoted byr; the product function

'n

(p.r) - (w(P.5).... v, (P.1,)) be denoted by.

We first recall the definition of amarket price equilibrium and then proceed to the
construction, on an analogous pattern, of a naif@ocial contract price equilibrium

Definition 5: Attainable allocatiornx is a market price equilibriumwith free disposal of
(w,u,p) if there exists a vector of market prices2 0 such that p.(o-) . %)=0 andx

maximizesu; in {z OR',: pz < p ¥ foralli.

Under Assumption 1-(i), market price equilibrium aguivalent to market optimum, as a
consequence of the first and second theorems d&ngetconomics.

The Theorem 2 of Mercier Ythier, 2009, reproducedrheorem 3 of the Appendix of the
present article, states that, under Assumptionsnd 2 the weak distributive optima of

(w,u,p) can be identified with the maxima o} s (wou) in the set of attainable

allocationsA={xOR": ziDN X <4 , the vector of weightg/ running over the unit-simplex
S, This fact yields the following definition ofsupported distributive optimum

Definition 6: A weak distributive optimunx of (w,u,p) is supportedby vector 4% 0 of
RT if x maximizesziDN M (W o u) in the set of attainable allocations of the sosyatem.

The maxima of the “social-social” welfare functiorEiDN M (W ou) with strictly positive

weights are of special interest from a normativespective, as they take into account, to
some extent at least, the distributive preferemmées! individuals. For this reason, we label
theminclusivedistributive optima below, defined formally asléats:

Definition 7: A weak distributive optimum isclusiveif it is supported by a 0 vector .
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Supported distributive optima are identical to weakributive optima by Theorem 3. The set
of inclusive distributive optima is contained inetiset of strong distributive optima as an
immediate consequence of definitions. The lattelusion is proper in general (see the

remark following Theorem 2 in section 5 below). \Wenote byP,  the set of inclusive
distributive optima. We therefore hakg 0 P, [ P, , with generally proper inclusions.

We know from Theorem 3 that any weak distributiy@imum is supported by a strictly
positive vector of market prices. A pe(ip, p) OR" xR', (with ¢#0) supporting any weak
distributive optimumx is defined up to a positive multiplicative congtény the first-order
conditions of Theorem 3-(ii), and therefore carchesen so that eithgeJS, or pO S (but
not both, except by coincidence). Note thatneed not be unique, in general, for a gipen
while p necessarily is wunique for any givenu. If x is >0, the term

HO,W (u(x))arj v( p px) of the first-order conditions interprets as therginzal valuation,
by individual i, of individual j’s wealth. The sumziDN 10w (u(x))arj y(p px) is the

“social-social” marginal valuation ¢fs wealth at the distributive optimum. It is consté=1)
overj. The distinction of an “individual-social” and adcial-social” marginal valuation of
individual wealth is a consequence of the publiodyoharacter of wealth distribution in this

setup. The f'O'C'ZiDN 10, W (u(x))arj y(p px)=1 derived in Theorem 3 correspond, in

particular, to the Bowen-Lindahl-Samuelson conditfor the optimal provision of “public
n,. 12
good”r;.

“Social-social” marginal valuations of individuaplelimities are well-defined at any weak
distributive optimum, while a complete system adiindual marginal valuations of his and
others’ ophelimities is well-defined only for incliwe distributive optima (as the definition of
a meaningful system of marginal valuations of ardividuali supposes a positive supporting
). These facts, and the normative reason for aigpaansideration of inclusive distributive

optima, justify the introduction of the two addii notions below, which emphasize the
inclusive outcomes of social contract redistribatio

Let 77, denotei’s marginal valuation of’s wealth, corresponding, in the former

paragraph, to a term of the typed,w (u(x))arj V(P pX). This corresponds tiés Lindahl

price of j’'s wealth, in a scheme of Lindahl pricing of weattistribution as a public good.
Note that 7z necessarily is positive at inclusive distributieptimum under Assumption 1,

but that 7z, could be negative (resp. =0) for a pair of distindlividualsi andj, if (and only
if) i is malevolent (resp. indifferent) jat this optimum that is, id;w (u(x)) <0 (resp. =0).

We let 7z =(7,,...,m7,) and m=(r,...,/,) in the sequel. We then define amclusive

distributive liberal social contragtand asocial contract price equilibriuras follows:

Definition 8: Pair (J, (P, X) is aninclusivedistributive liberal social contracof (w, u,w),

2 The fo.c. . 4o,w (u(x)))aq ( >J<)= p of Theorem 3-(ii) formally correspond, likewisey Bowen-

Lindahl-Samuelson conditions for “public goox]’ For a detailed comment of the paradoxes assdcigith the
formal identification of private wealth with a pibbood, see Mercier Ythier, 2006: 6, notably pp6-300.
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relative to competitive market equilibrium with érelisposal p, x) of (w,u,w), if (P, X) is
a competitive market equilibrium with free disposalof (W, u,ai) such that: (i)
w(u(x)) = W u ); (ii) andx is an inclusive distributive optimum dfw, u, o).

Definition 9: Market price equilibriunx’ of (W, u,,o) is asocial contract price equilibriurof
(w,u,w), relative to competitive market equilibrium witreé disposa( p, x) of (w,u,w), if:
(i) w(u(x)) = W( u >§) (ii) there exists(p', 77) such that: (ap’ supportsx; (b)Y 77 =1
for all j; (¢) and, for alli, r = (ﬁ. Xy eew POX ) maximizes r - w, (v( P, r)) in
{rORY: mr <mr} .

The next theorem establishes the connections bettkese last two notions, and shows, as a
by-product, that the set of{0) social contract price equilibria of a social gystof private
property, relative to a Walrasian equilibrivnof the latter, is the set of inclusive distribativ
optima unanimously weakly preferredxo

Theorem 1: Let (w,u,p) verify Assumptions 1 and 2, and suppose moredvet for all
p>0 and alliON, function r — w,(v(p,r)) is quasi-concave irR',,. The following

propositions (i) and (ii) are then equivalent: Allocation X = w is a > 0 social contract
price equilibriumof (W, u,a)), relative to competitive market equilibrium witreé disposal

(p°, XO) of (w,uw); (i) Endowment distributionw =X is, both: (a) an inclusive
distributive optimum of(w, u,0); (b) and an inclusive distributive liberal soc@intract of
(w,u,w), relative to competitive market equilibrium witteé disposa( p°, x°) of (w, u,w).

In particular, the set o 0 social contract price equilibriaf (W, u, a)) relative to( p°, x°) is
equal to{xO R, : w( u( ¥) = V\( y 9()) .

Proof. The last part of Theorem 1 is a simple consequ@iche first part and Definition 8.
Let us prove the first part, that is, &) (ii).
(i) We first prove that (i (ii). Let X be a >>0 social contract price equilibrium relatio

competitive market equilibrium with free dispos(qio, x°) of (W, u, a)). Then x is a market
price equilibrium by Definition 9. It is supportéy a > 0 system of market pricep , hence
such thatziDNx =p. Since X is >0, we havedu,(x)=0,v,(p’,p .x)p for all i.
Moreover, for alli there existsy, OR,, such thatd w (v(p, r*))a,jv, (p.f)=ym forall
JON, by the first-order conditions for a>0 maximum of r -w, (v( P, r)) in
{rOR",:m.r <mr’} (wherer = (px1 eer P X )). Dividing both sides of the f.o.c. by,
adding up over for any givenj, and using the fact thaziDN 77, =1 by Definition 9, one gets
the set of Bowen-Lindahl-Samuelson conditio@:IDN (1/v,)o,w(v(p,r ) (p.f)=1
for all j. Letting #=(1/v,,...,1/v,), and combining the findings above, we end up wth
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following: X" is >0, such that)’ X =p, and there exist(;,u, p*) OR?, xR, such that,

for all jON, > u4ow (u(x*))>0 and ) 40w (u(x*))aq ( )1() = p. The
conclusion follows from Theorem 3 with a suitabtemalization of .

(i) We now prove the converse (i} (i). Let endowment distributionv be an inclusive
distributive optimum of (w,u,p) and an inclusive distributive liberal social cautr of

(W,u,0) relative to competitive market equilibrium witteé disposa( p°, X°) of (w, u,c).

From Theorem 3 and the definition of an inclusiigributive optimum:w is > 0, such that
ZiDN « =p, and there exists & OR", and a uniquep 0S such that, for alljON,

Do MO W (u(a)*))>0 and Y 40w (u(a)*))aq (a{) =p. We know that,
consequentlyw is a market price equilibrium with free disposal(av, u,,o), supported by
p’, and thatd, v, (p, P« )=1/D KO, w( L(cu)) for all j. Let: r’ :(p*.a{ er P W, );
= po,w(v(p, r*))arj\((ﬁ,;f) for all (i,j). Then Zimﬂij =1 for all j. And for all {,j):
oW (V(P,1))a, v (P, P)=(1/y4)m , with1/4 >0.

At this stage, we have proved that: there existysiem of market pricep >0
which supportsw as a market price equilibrium (ﬁf/v, u,,o), and a system of Lindahl prices

T such that:7z, = 140, w (v(p, f))ari\( (p, 1) forall (,j); ziDN 7, =1 for all j; and, for all
i, r verifies the first-order necessary conditionsgdocal maximum of — w, (v( P, r)) in
{rOR": /.r </r’} . There remains to establish that(u(w)) = vy( u( )?)) for all i; and
r" is a global maximum of — w, (v( P, r)) in{rORY: .r <7z.r’} foralli.

Endowment distributionv being a market price equilibrium oéf/v, u,,o) necessarily
is the uniqgue Walrasian equilibrium aIIocation(tw, u,cJ) under Assumption 1-(i) (Balasko,
1988: 3.4.4%. The definition of a liberal distributive sociabmtract then readily implies that
w (u(e)) 2 w(u R)) for alli.

Finally, the functionsr — w. (v( p*,r)) being quasi-concave iR", by assumption,
the first-order necessary conditions for a local ximam of r - w, (v( P, r)) in

{rOR}: z.r </zr’} are also sufficient conditions for a global maximwf the same
program, as a consequence of the Theorem 1 of AarmhEnthoven, 196d.

The assumption that functions—w; (v(p,r)) are quasi-concave iiR’, does not imply

significant additional restrictions on individualgferences, relative to the quasi-concavity of
distributive utility functionsw;, as established in the following proposition:

Proposition 1: Suppose tha{w,u) verifies Assumption 1, and leb, (a) (resp. D,’(r))

13 See the Appendix of Mercier Ythier, 2007 for acdission of the relations between our Assumptiomd. a
Balasko’s setup, and associate conditions for i@ wansposition of Balasko’s results into our getu
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denote the j-th principal minor of the bordered $i@s of w (resp. r - w, (v(p, r))),
evaluated atd>0 (resp.r>0). Then: Dij’(r):(ﬂksjarkvk( P 1))’ D (v(p r))) for all
(p,r)>0, and alli andj. In particular, for alli: (i) principal minors D;’(r) verify the
necessary condition for the quasi-concavity rof-w; (v(p,r)) in R7,; (i) if principal

minors D, (0) verify the sufficient condition for the quasi-cavity of w; in R",, then

4

r—w, (v( P, r)) is quasi-concave iiR", .

Proof. The bordered Hessian oft » w(0), evaluated at >0, is matrix

H; (0) = azwi(fj) [ow( o1 . The bordered Hessian of —w,(v(p,r)), evaluated at
ow, () 0

0*(w eV)(p 1) [(we(p I’

o(w ov)(p 1) 0

0°(W, ov)(p,r) which is located on the j-th row and k-th columd &i’(r) is

r>0, is matrix Hi’(r):( J The generic entry of

aﬁkvvi(v(p,r))arjvj (p,rj)arkvk(p, r.). The generic entry of d(w ov)(p,r ) (resp.
[0(w, oV)(p,r)]") which is located on the k-th column (resp. jokw) of Hi’(r) , With k< n
(resp.j<n),is d,w (v(p,r))0, v, (p.r) (resp.o;w (v(p,r))arjvj (p,r;))- The multilinearity
of the determinant then impliesDi].’(r):(Hkgjarkvk(p k) D; (v(p r)) The marginal
ophelimities of wealthd, v, (p,r, )being >0 for all k, Dij’(r) is equal to O if and only if
D, (v( P, r)) =0, and otherwise has the same signl:qs(v( P, r)) The second part of the

proposition is a simple consequence of these faots of the Theorem 3 of Arrow and
Enthoven, 1964

Note, to conclude this section, that the concesoafal contract price equilibrium introduced
above endorses the separation of allocation aridldison as autonomous processes. There
is not, and actually there cannot be, in this sedny price system that would simultaneously
coordinate the allocation and distribution choioésndividuals. The reason for this is quite
simple indeed, embodied in the basic structurehefdonstruct: for any given endowment
distribution, the systems of equilibrium marketcgs are entirely determined by individual
private preferences, through the aggregate excessmmt function that the latter induce.
Symmetrically, the coordination of redistributivarisfers by means of Lindahl prices, if any,
must be made on the basis of given market pricesdgvelop an equilibrium concept of this
type in section 6.

5- Global propertiesof regular distributive efficiency

This section characterizes the global structurthefsets of inclusive distributive optima and
social contract price equilibria, which stems frim characterization of inclusive distributive
optima as maxima of positively weighted sums ofivittal social utilities in the set of
attainable allocations. We first elicit, in subsewt5.1, the regularity conditions on the system
of individual social preferences ensuring that skés of inclusive distributive optima and of
social contract price equilibria are well-behavadierms of dimension and connectedness.
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This general property is complemented, in subsedi@, with the presentation of examples
of social systems where the social contract salusippears degenerate, for reasons rooted in
their basic structure, that is, in the initial emdoent distribution or in the system of
individual social preferences. Subsection 5.3, lfimaprovides insights on the type of
restrictions on individual social preferences reegito obtain a well-behaved social contract
solution.

5.1- Regular distributive efficiency

In this subsection, we notably concentrate on spoadence¢ S - A defined by:
¢ (u)= argmainDN/Jiw,(u(x)) :x0d Al. The correspondence is well-defined, and its

values are contained irP,, when the social system verifies Assumption 1 dhd

differentiable nonsatiation of the weak distribetipreordering of Pareto (Theorem 3).We
summarize some of its elementary properties imthe proposition:

Proposition 2: Let (W, u,,o) verify Assumptions 1 and 2. Ther®, is a nonempty and
compact subset &; and ¢ is a well-defined, upper hemi-continuous, compaaotd convex-
valued correspondencg, — R,.

Proof. The continuity of functionsziDN,ui(vvl ou) for all #OS, and compactness @k
readily implies thatg is well-defined, that is, thaargmax{zim,uivvI (u(x)) :xO A is a
nonempty subset of for all #OS,. The convex-valuedness @f is a straightforward
consequence of the convexity of getand quasi-concavity of functions ou for all i.
P, :Dmsﬁ¢(/,1) by Theorem 3. It will suffice, therefore, to fihiswith, to establish that

Graphg is closed (see Mas-Colell, 1985: A.6). L(qr[q,xq) be a converging sequence of
elements ofGraph¢, and denote by, x) its limit. We want to prove thatz= ¢ (x) . From

Theorem 3 and the continuity of functio@sv., u anddu, for all i: x is 20, such that
> %=p, and there exists pOR, such that, for all (i,j)ONXxN,

> 0w (u(x)ay (x)= k. # belongs toS, by closedness of the latter, so tha 0.

Therefore x verifies the first-order necessary conditionsdareak maximum ofv in A. The
f.o.c. are also sufficient, by Assumption 1 and Tieeorem 1 of Arrow and Enthoven, 1961.

Thereforex P,, and the conclusion then comes as a simple coaseqwf Theorem 8.

Correspondence will be viewed, consequently, as a correspondeBce. B, from there
on. LetInt S, denote the relative interior @& (= S n R’,). The restriction ofp to IntS,
appears as a natural candidate for a homeomorphis® — P , provided notably that
¢ (1) and g™ (x) be single-valued for allz0Int S, and allxO P, . This need not hold true

in general. The following notion of regular distitive efficiency sets minimal sufficient
conditions forg to define such a homeomorphism.

Definition 10: The differentiable social systenfw,u,p) is regular with respect to
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distributive efficiencyf: (i) aw(u(X) is nonsingular for alk 0 P, ; (i) and ziDN H(Wou) is

differentiably strictly concave at akO¢ (u) for all #OInt S, .

We show in Theorem 2 below that the second redulaondition (differentiable strict
concavity) is sufficient for¢(/,1) to be single-valued for alzIntS,, and that the first

regularity condition of Definition 10 (nonsinguleyj is sufficient for¢’1(x) to be single-

valued for all xOP; .

The manifold structure of the set of inclusive dimitive optima of differentiable
social systems, and of the set of social contracequilibria of differentiable social systems
of private property, then follows from the firstgrdarity condition by means of the Regular
Value Theorem.

Theorem 2: (i) Let (w,u,p) verify Assumptions 1 and 2, and suppose thatu,p) is
regular with respect to distributive efficiency.efhP, is a simply connected'@nanifold of
dimension n-1, homeomorphic to IntS,. (i) Suppose moreover that functions
r—w, (v( p, r)) are quasi-concave iR}, for all p> 0 and alli ON . Then, for any initial
distribution wJ A and any competitive market equilibrium with freespbsal (p, x) of
(W, u, a)) such thatxJ P, , the relative interior of the set of social contrprice equilibrieof
(w,u,w) relative to (p,x) is a simply connected ‘Gnanifold of dimensionn-1, whose
inverse image by is a simply connected, open subsetrdfS, .

Proof. The proof proceeds in three steps.
(i) In Step 1, we prove thathe restriction ofg to IntS, is a homeomorphisimt S, - P

with a C inverse; in particularP,” is simply connected
We first prove that the second regularity conditimplies that¢(,u) is single-valued for all
puOInt S, . Let 40OIntS,. We suppose tha¢(/,1) contains two distinct elemenksandx,
and derive a contradiction. The definition ¢f and the quasi-concavity of functiong o u
together imply that w(u(ax+(1—a) X))z V\(L( ))): v( (1 >§) for all real number
a0[0,1 . The second regularity condition readily impliesttthe € functionsw o u are all
strictly concave in some neighbourhoddf x in R™. For a <1 sufficiently close to 1, we
must therefore havew(u(ax+(1—a) X))>> V\( Y ))) But ax+(1-a)x O A, due to the
convexity of the latter set. Thereford]¢ (L) , the wished contradiction.

We next prove that, for any( P, , ¢’1(x) is single-valued and’C

From Theorem 3:x0OP, is a >0 market price equilibrium supported by=a0

price systenp which is unique up to a positive multiplicativenstant. Letp” denote the
unique supporting price systemyothat belongs toS. Theorem 5 implies that for any
u0¢™(x) there exists a unique price systenp, proportional top”~ with a OR,, , such

that, for all JON, > 19,w (u()) =1/9, y (a' p.ap. ;().
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The homogeneity of degree 0 of indirect ophelimilynctions imply that
9.V, (,Bap*,,é’ap*.>§)=(1/,8)6,j Y(a p.a *p.P<) for all B>0 (positive homogeneity of
degree -1 of the derivative). Letting ,B:Grlvl(ap*,ap*.xt) and applying f.o.c.
aul(xl)zarlvl(a p,ap. )g)a p, one gets: 0.V, (ap*,ap*.ﬁ)/arl\((a p,a p. 3() =
ariv]. (0u, (x,),0u,(x,).x;) forall j>1.

Dividing f.o.c. D" wdwi(u(x)=1/0, v, (ap’,ap x) by fo.c. Y mdwi(u(x)=
1/6r1v1(ap*,ap*.x1) for all j>1, and using the result of the former paragrapte gets the
following equivalent system of-1 equations: (12iDN wio1wi(u(x))) ziDN wiowi(u(x))=
1/6,]vj (0u, (x,),0u,(X,)-x;) . Multiplying both sides byZiDN wiowi(u(x)) and rearranging,
one finally gets:ziDN ui(ajwi(u(x))-(llari V; (0u, (%,),0u, (%,)-X;) )01wi(u(x)))=0, j>1.

Denote by B(x) the nxn matrix obtained from Jacobian matriaw(u(x)) by
substracting column-vecto(lla V; (U (%),0u(X%). x))a V\( L( 3{) to the first and j-th

columns ofaw(u(x)) forall j>1, and byC(x) the nx(n-1) matrix obtained fromB )

by deleting its first column. The system of f.cobtained at the end of the former paragraph
writes, in matrix form:/,l.C(x) =0, or equivalently[C(x)]T 4" =0, which, for any giverx,
characterizes the kernel of the transpos€ ()i() The first regularity condition of Definition
10 and the multilinearity of the deternrinaimply [ow(u(X)|=|B(%|#0, hence
rank C(x) = rank[ C( x)]T = n— 1. Thereforedim KerneI[C(x)]T =n-(n- 3= that is,
the kernel 01{C(x)]T is a homogeneous line oR", which moreover admits 0

directing vector since ¢*(x) O Kernel [C(x)]T. Its intersection with hyperplane
{zOR": )" 2z =0} reduces, consequently, {6} . This implies in turn that the x n matrix
D(x) obtained fromB(x) by substituting the transpose of the unit diagaway-vector

(L...,0) of R" for its first column is nonsingular, forrankD (x)= rank[D(x)]T =

n-dim Kerne[D(x)]T = n-dim{ZOR" :)" 7= 0}n Kernel[ ¢ ))]T = 1 . Therefore
equation D (x) - (1,0,...,0 = C, viewed as a linear equation jm for any fixed xO P, ,
admits a unique solutior (1,0,...,0 [ D(x ] We can letg™(x) .0 [ D(x :|

Moreover, ¢ is C' by Assumptions 1-(i)-(b) and 1-(ii)-(b) EQJtlIlty functlons) and the
implicit function theorem applied to functidk" xR, - R": (x,x) - x#.D(x)-(1,0,..,0
at any point(4,x)0 S, x B such thatwOg™(x).

From there on, the restriction ¢f to Int S, is denoted by’ .

Theorem 3 and the definition of inclusive distrilvat optimum readily imply that
#(IntS,)= B . Function ¢ therefore is a one-to-one mappimgt S, ~ P, with a C

inverse. We now prove that is continuous. Let sequengé converge toy in IntS,. The
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compactness ok implies that sequencg’ (,uq) admits a converging subsequencd.ir.et x

be the latter’s limit. The continuity ofx, x) — ZiDN’UiW(u( x)) implies that inequalities

Do MW (u(¢'(,uq))) > > Ul vy( uf 3) which hold true for all pair%uq,;z)’(/,lq)) and
all zO A by definition of ¢’ , extend to the limit pai(, x) . That is,x = ¢’ ().

Finally, IntS, is simply connected, as a convex set. ThereR)re; ¢’(Int Sn) is

simply connected, as homeomorphic to the formeis Ebmpletes the proof of the first step.
(ii) In Step 2, we prove tha®,” is a C' manifold of dimensiom—1.

Let g denote theC' function R}, x IntP, — R" defined byg(x, x)= ©.D(¥)-(1,0,..,9
(see Step 1 above). Under Assumption 14G),P, is a C manifold of dimensiom -1 (Mas-

Colell, 1985: 4.6.9). Functiog therefore is a Efunction on a & manifold of dimension
2n—-1, mapping into aC* manifold of dimensiom. From Theorem 3Graphg '= g™ (0).

0,9(# x) = D(x), which is a nonsingulanx n matrix at anyxJ P, by the first regularity
condition (see Step 1 above). Therefmekag(/,l,x) = n everywhere inGraph¢ ’, that is, O

is a regular value 0§. The Regular Value Theorem (see Mas-Colell, 1982.2) then
implies that Graphg' is a C manifold, whose dimension is equal to

dim(RY, xIntP,)-dimR" =n-1. Finally, denote by . @ local ¢ diffeomorphism
R"™ _, Graphp * at some point(,u, x) of Graphg’; pr, the projectionGraphg ' - P,
defined by pr,(#.x)=x; and & functon P, - Graphg defined by
®(x)= (¢"1(x), x) . Note thatpr, is C”, while ® is C' by Step 1 of this proof. Therefore,
przohw) is a local & diffeomorphismR"* _ P’ at (/,1, x), whose & inverse is
(h(#yx))‘lo @ . This completes the proof of Step 2.

(i) In Step 3, finally, we prove the second paffTheorem 3.
Let L denote the set of social contract price equilibfidw,u,w) relative to the Walrasian

equilibrium (p, x) of the latter, and suppose thakJB,. From Theorem 1,
LaRY, =R, n{zOR": w(u 2)= W { X} . The continuity ofw andu and the openness
of P, then imply thatint L is equal t®® n{zOR": w( u j)>> v( @ ¥} . SincexOR,,
open set {zOR": vv(u( 3) > V\( y ))} is nonempty. And
P’ n{zOR": V\,( U 3)2 v( (] )(} is nonempty by Mercier Ythier, 2009: Theorem }(ii
Therefore, so isintL (since P, is open). Functionsw ou being quasi-concave, set
{zOR": w(u( 2)> W ( ¥} is convex, and is therefore an open convex subls&"

hence is a simply connecté@’ manifold of dimensiorn. P, being a simply connected'C
manifold of dimensionn- &nl by Steps 1 and 2 above, so is its intersectiorh wit
{zOR"™: w(u( 2)> W ( ¥} . Thatis, IntL is a simply connected'Gubmanifold of,’,

of same dimension as the latter. Conseque¢t1§/(lnt L) is a simply connected, open subset
of IntS,.m
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Note, to conclude this first subsection, that, atraightforward consequence of definitions, if
W, o u is strictly quasi-concave for all (an assumption that we are not willing to make in

general, but that proves useful below for illust@fpurposes), the®, = P, . If, moreover, the
social system is regular with respect to distrimitefficiency, we haveP, =Int P, by

Theorem 2, so that, in particular, inclusi®)) 0 P, is proper in this case (see Proposition 2).

Theorem 2 then yields a simple geometric repretientaf well-behaved social contract
solutions for 3-agents social systems, illustrateigure 1.

The Figure exploits the following consequenceshefassumptions of Theorem 2 and
the strict quasi-concavity of functiong o u.

From Assumption 1-(if: u(A) is a convex subset of dimensionof u(R")=R";
function x - u(X) is a homeomorphismP, — u(P) and aC' diffeomorphism
IntP, - Intu(R); the set of market-efficient ophelimity distribais u(P,)(= u(R))
coincides with the upper frontier ofA), that is, with se{G00UW A: 0> 0= GO0 (0 B ;
its relative interior is a smootIC{) hypersurface (that ig) -1 dimensional submanifold) of
R".

These facts and Theorem 2 then imply théP’ ) is a smooth hypersurface &"
contained in Int u(F;). The same  property applies, essentially, to

Intu(L)={a0u B)): W d> V\( L( 9())} , that is, to the interior of the set of ophelimity
distributions of inclusive social contract solutsoassociated with initial market equilibrium
allocation x°, when the latter is not a distributive optimumistiet is aC' hypersurface of
R" contained inu(P; ).

Introducing the additional assumption of strict gju@oncavity of functionsw; o u
yields the following additional properties: the efimity distribution that maximizesy in P,
is unique; andintu(R,) = u(R,) (for u is a homeomorphisn®, — u(R), and IntP, =P,
by the strict quasi-concavity assumption).

In Figure 1, we denote by the maximum ofw in P,, and by(° the ophelimity

distribution associated with some market equilibri@llocation X’ 0P,. From the facts
above, u(R,) is the subarea of surfacetu(P,) delimited by the continuous curves
o'l =argmax(w(0),vy(t)) ;0 P} for all pairs {i,j} of distinct individuals of
N ={1,2,3. The set of ophelimity distributions associatedhwthe inclusive distributive
optima of the social system is the relative inteiad the former surface, that is, surface

4 The convexity of u(A) is a simple consequence of assumptions 1-(i)éod —(c) and the
normalizatioru(0) = 0. Function x - u(x) is a homeomorphisn®?, - u(R) as a consequence of Assumptions

1-(i)-(b) and -(c) (e. g. Mas-Colell, 1985: 4.6a)d aC' diffeomorphismint P, - Int u( Fl’J) as consequence of
Assumption 1-(i) (Mas-Colell, 1985: 4.6.9). Equalia(P ) ={000y A: 0> G= 00 ( M follows from the
definition of strong market optimum and the conitypwf private preferences (as implied by Assumptio(i)-
(a)), while equalityu(F;) = u(P) follows from the strict monotonicity and continuidf private preferences (as

implied by Assumptions 1-(i)-(a) and -(c)); its bld structure of smootm—1 dimensional manifold follows
from Assumption 1-(i) by Mas-Colell, 1985: 4.6.9.
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u(R)\(GHfFO GO G @) . Finally, setu(Ln RY,) is the subarea of the former delimited
by the indifference curves af, andw, through@®, andInt u(L) is its relative interior.

[Figure 1 approximately here]
5.2- Examples '

The three examples that we develop in this sulise&khibit four cases of social systems
where the distributive liberal social contracts,ilehwell-defined in the formal sense of
Definition 4, nevertheless appear degenerate inesonportant respects. We first briefly
summarize their main characteristics, and next ggdcto the detailed derivation of their
salient properties.

The social systems of the first two examples harapeesentative agent, in the sense that they
“behave” as single rational (i.e. preference-maxing) agents.

In Example 1, all individuals have the same soutdity function, while they may differ in
their private preferences. These unanimous digividupreferences make a representative
agent in the common sense of the notion. They alage a representative agent in the
abstract sense above, as its individual optimunthé unique social contract solution,
irrespective of the initial distribution. This casé degeneracy stems from a conspicuous
violation of the first regularity condition of Deiition 10.

In Example 2, we develop two variants of socialteys from the same basic Walrasian
exchange economy with transferable (quasi-lineavate utility.

The assumption of transferable utility implies tbgistence of a representative
consumer, that is, the invariance of aggregate ddrt@redistribution.

In the first variant, the social system considtseif-centred utilitarians. Distribution is
not a relevant object for the social contract,hie sense that, with these assumptions, any
market optimum is a distributive optimum. The dizitive liberal social contract then
translates into the maximization of aggregate \iealt the one hand, and the status quo in
distribution on the other hand. The social systemuled, so to speak, according to the views
of the representative consumer, which do not cdmaevith any of the individual views of
actual consumers, but which, in a literal sensenoode with their sum. This case of
degeneracy involves the violation of the secondleed@y condition.

In the second variant, the social system is mdda lmenevolent Sovereign and his
egoistic subjects. Individual preferences verifg fiist and second regularity conditions. The
degeneracy of the social contract proceeds fromatsumption that the Sovereign has
complete control over the numeraire. He implemectsisequently, his own optimum, with
the effect of precluding the achievement of anyusize social contract. The representative
agent, in this last case, is the Sovereign.

The social system of Example 3 has no represestatient. It is made of unsympathetically
isolated individuals, who only feel concerned wiitleir own wealth and welfare. It identifies,
therefore, with the Walrasian exchange economy ihatontains. It verifies all the
assumptions of Theorem 2, and nevertheless exhibit®bvious reasons, the same type of
trivial status quo social contracts as the firstargt of Example 2 above.

5 This subsection owes much to my lecture notes fiéms-Colell’s course on general equilibrium theaty
Harvard, notably the part relative to representationsumer theory.
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Example 1. Unanimous distributive preferences

Let (W, u,p) , verifying Assumption 1, be such that all indivadisl have the same distributive

utility function w . Distributive utility function w then is also the unique “social-social”
utility function of the social system, that iiim uw =w for all #0S,. We suppose,

moreover, thatw is strictly increasing and strictly concave. Theial system then verifies
all assumptions of Theorem 2, except the first ey condition which, clearly enough, is

violated everywhere irP, . Functionw' has a unique maximum i, which we denote by
X . One easily verifies tha®,, P, andP, then degenerate to the singlel{oﬁ}. The latter

is also equal tap (x) for all #OS,, so that¢‘1(x*) = §,. This example therefore exhibits a

simple (actually, a trivial) case of violation dfet properties of Theorem 2 derived from the
sole violation of the first regularity condition.

Example 2: Transferable private utility

In this example, it will be convenient to adopt getup of Balasko, 1988, that is: individual

private preferences are defined aB8 on the whole ofR', monotone, differentiably strictly
convex and bounded from below, and the first comitgasl selected as the numeraire (that is,
its price is normalized to 1). Walrasian demand andirect ophelimity functions are then

well-defined C” functions on{pOR',: p =1} xR, and we moreover suppose that the
restrictions of the latter tppOR!,,: p =1} xR, are of the types, (p,r) =t +h (p), that is,

we suppose that individuals’ private preferences quasi-linear in the numeraire for
nonnegative consumption bundles. In other wordscaresider a special case in the general
class of exchange economies with transferablayu¢(ergstrom and Varian, 1985).

Roy’s identity and Walras Law readily imply thatgaggate deman(ZiDN f.(p, pw)

is invariant to redistribution, that isw - Zi (p, pw) is constant in the set of

f
ON !
nonnegative distributionscw such that Zima{:p. There is, consequently, a unique

. P pa ¥ p (from Balasko, 1988:

f
ON !
3.4.4), that is, this economy has a unique systéneqailibrium prices, independent of
distribution w. Moreover, aggregate demand ZiDN f.(p,r) writes

(Lt 4D > e eaP @R =20, B (P, = 9, B(P), hence is of the

general type G(p.li+...+rn), so that the economy has a representative constwner

nonnegative distributions (Balasko, 1988: 7.Ann.B)nally, the set of market optima
associated with nonnegative wealth distributions (r,,...,r,) 0S, is:

{( r1+ZkD|_’k22pka 2 0( P), —9,b( pP)), (r, +Zm,k22pka 2 2(P), =0 ,B(p)),....(r+
zkmykﬁ pd,b.(p),=0,8(P)): (f....r)0 S}, identical to'S, up to a simple one-to-one

linear transformation. Abusing notations, we denwoyeP, the intersection of the latter set

equilibrium vector of market pricgs such thatzi

with R” | that is, the set of nonnegative market optima.
We now turn to the assumptions on distribution.
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In a first variant of the Example, we suppose th#Ht agents areself-centred
utilitarians, endowed with linear distributive itl function w, :0 - Z;um a; 4 such that
. for all i and all j#i. Matrix ow(() then is constant, positive,

symmetric and has a positive dominant diagonal. Sdugal system verifies the first regularity
condition, aqaw(0)| >0 for all O by positive diagonal dominance. But it violates #econd

O<ay,=p<a=g¢

regularity condition, due to the linearity (ZiDN,ui(wI o U) in the numeraire. In view of the
characterization of the se®, of nonnegative market optima above, “social-sdcidility
functions me U (W ou) appear essentially as linear functions of theritistion of wealth.

In other words, the wealth of any pair of indivithkiaare perfect substitutes relative to
ZEN,ui(W,ou). One easily verifies, in particular, that the sef maxima of

Y. (d/n)(weou) inA(ORY) is the whole sef,, as > (1/n)(weu) puts the same
weight (1/n)a+((n—1) /n)[j7 on all ophelimities. Denoting by, the set of nonnegative

market optima, we therefore ha® = P,, which contradicts the first property of Theorem 2

Distribution appears essentially irrelevant as bjea of social contract in this social system.
The sole basis for unanimous agreement is the corfoe market efficiency, that is, to use
Marshall's terminology (as this social system exBilsome of the main characteristics of
Marshall’s static equilibrium), the concern for timeaximization of the sum of private
surpluses, or, equivalently, for the maximizatidraggregate wealth (the “wealth of nation”,
to use the words of Adam Smith). Moreover, the gfetlllocations unanimously weakly

preferred to any givexx P, reduces t({ x} . The distributive liberal social contract therefor
naturally leads to status quo in this setup, iespf the existence of distributive concerns in
individual preferences.

The second variant of the Example is the macreakdcansposition of Becker’s
theory of family interactions (1974). Itis illuated by Figure 2 for a 3-agents social system.
Agent 3 (say, Phard® owns the numeraire (that i%y, =1), and has a concave strictly

increasing, differentiably strictly concave ifR’,, distributive utility functionw,. All other
individuals are egoistic as above. The determio&m@w(() reduces tqaw(0)| =0,W(0) #0.

The first regularity condition holds true, therefpm this social system. The second regularity
condition is also verified, by the Proposition 3snibsection 5.3 below. We denote kythe
unique maximum of Pharao’s social utility in the séfeasible allocations, and suppose that
it is > 0. If one moreover assumes, for simplicity, that thiial distribution w is a
Walrasian equilibrium, the achievement of Pharaogtimum then supposes some
redistribution of wealth and numeraire from himsetd all others. Therefore,

w(u( x)) > V\/( L(a))) and xU P, . Since Pharao has a complete control over theiress in

numeraire, the natural distributive outcome fos thcial system is allocation . The latter is

'® From Ramsey to Ramses Il, so to speak : Barro’spemion paper of Becker’s in the "§2ssue of the JPE
(1974) develops a macroeconomic analogue of thee gaodel, where the representative agent is a dgnast
sequence of altruistically related generationss Toinstruct has often been compared, in subsetiigzature on
the same topic, with Ramsey’s Mathematical ThednSavings (1928). It seems to me that, besides thei
undeniable practical virtues in terms of legibilaynd tractability, these models draw much of theddwious
power of seduction from their metaphorical resoeawith an archetype, nicely characterized by KailaRyi
under the label of “redistribution” (and contrastedhim with the market on the one hand, and wéttiprocity

on the other handthe Great Transformatiqri944, Chap. 4; see also Max Weber, 1921).
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a distributive optimum unanimously preferred to tmmatial Walrasian equilibrium. It
corresponds, consequently, to a distributive libeial contract in the formal sense of
Definition 4. This social contract is not inclusjvend actually there cannot be any more
exclusive social contract, in a formal sense, thi@is one, as the “social-social” utility
function that it maximizes coincides with the seteial utility function of Pharao. Figure 2
displays the variant of Figure 1 that corresporwd$hts configuration of the social system:

u(P) is represented by an isosceles triangle of béseobtained fromS; by means of

u

translation (z, z,, z) - ( WD+ g 2 3()))) L 0°=u(x); 0°=u(w); the
curve connecting pointd®, 0" and 0" is Pharao’s indifference curve througl(ua)) ; and the
set of ophelimity distributions associated with thelusive social contract solutions such that

W(u( x)) > vv( L(a))) is, consequently, the interior of surfa@@’d’ .

[Figure 2 approximately here]

Example 3: Unsympathetic isolation

Let (W, u,,o) verify Assumption 1, and suppose that individustributive preferences are

non-malevolent and such that = pr for alli in {xOR": x > gpfor all } , wheree is a >0

real number that can be taken arbitrarily clos@.t@hat is, all individuals are indifferent to
the private wealth or welfare of others (univeidiatributive indifference) when all individual
consumptions are above some0 threshold close to 0. We interpret this threshatda
survival or social minimum, and we let, accordinglyw be such that

P’ 0{zO P: z> gpfor all j. This social system verifies all the assumptichgheorem 2,

and notably, in particular: Assumption 2 (from noaievolence and Assumption 1); the first
regularity condition, sincéw(0) =1 for all G0 u(P,) ; and the second regularity condition,
for the differentiable strict concavity of all pate utility functions implies the differentiable
strict concavity of x — ZiDN KUy (x) for all >0 (see Proposition 3 below). The social

system (w,u,p) then identifies, essentially, with the Walrasiawcheange economyu, o)
whenever the associate Walrasian equilibria makeh rform of the social minimum. In
particular: all market optima above the social minm are distributive optima, that is,
{xOPR: x> ¢pforall } O R,; and, of course, the distributive liberal sociahtract implies
status quo at all Walrasian equilibrium meeting thaorm, that s,
{zOR: WU )= v § X} ={ X for all x0O{zO R: z>>epforall §. As is well-known,

general Walrasian exchange economies, such asctéidzad by Assumption 1-(i), generally
do not have representative agents (Balasko, 1988n73).

5.3- Regular social systems

This last subsection makes a brief first exploratid the restrictions on admissible social
systems required for a well-behaved liberal soctaitract solution to optimal redistribution.
By social contract solution, we mean any distripeibptimum unanimously weakly preferred
to the initial market equilibrium (see the end e€tson 2), or also, by extension, the set they
constitute.
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The social contract solutions are well-behaveddatably: they are inclusive; they are not, or
not always, a status quo; and they make a simphnhected subset of the set of market
optima, of same dimension as the latter (that figjimensionn-1). We consider each of
these characteristics in turn, and some of thgdlications for the underlying social systems.

Inclusiveness is a basic normative requirementigded to provide a universal foundation to
the social contract, by ensuring the effective usmn of all individual preferences in the
design of aggregate social utility functions. Ittaddy implies the use of the weak Pareto
Principle (the weak distributive preordering of &aj) for comparing allocations, and,
consequently, of the strong Pareto optimum fordbkénition of distributive optimum, but

actually demands still more than that (since tlwusion P, O P, is proper, as noticed in 5.1

above).

The variant of Becker’s social equilibrium analgze the Example 2 of subsection
5.2 suggests that the implementation of an inclussocial contract might require a
sufficiently balanced initial distribution, or a&dst may be greatly eased by it. It should not be
the case, in other words, that a single agent, groap of agents (say, for example, “the
Rich”) are able and willing to take advantage oéithdominant position at the initial
allocation, to implement their own optimum, so penfiing a literal interpretation of
redistribution as unilateral Charity from benevadldvenefactors to passive and silent
beneficiaries (see Mercier Ythier, 2006, notably.3.and 6.2, for a discussion of the
theoretical literature on charitable donations)teNthat such exclusive social contracts are
always accessible from any initial market optimumxOR, (formally,

0P, n{zORY: WU 3)= W ¢ ¥} generally is nonempty, as clearly appears fronuréig

1). The remark above, therefore, does not refemmsmh to the logical possibility or
impossibility of exclusive solutions, as to the ydbility of the selection of an inclusive
outcome, and to the general characteristics obtiogal system which condition the latter. A
reasonably balanced initial distribution certaiidya favourable circumstance. A pervasive
awareness of the robustness conferred to sociatambrby universal participation is another
one, still more important than the former. It seegasonable to think that the real counterpart
of the abstract notion of liberal social contrsittdied in this article, if any, supposes the both
of them and their mutual reinforcement, in its estaft maturity at least.

The second condition for a well-behaved social @it is that it explains effective
redistribution, that is, that the social contramlugon is not, or not always, the status quo. In a
minimal interpretation of this requirement, thigopases that some market optima at least are
not distributive optima, that is, formally, thaclasion B, [I P, is proper. The latter supposes
in turn that preferences exhibit some taste foistatution such as, for example, some degree
of inequality aversion, at the individual level adurse (see the social system of the Homo
Economicus of Example 3), but also at the aggretgtel (confer the Marshallian social
system of Example 2). The second regularity cooibf Definition 10 essentially supposes
the latter, that is, a taste for averaging exhiblig the positively weighted sums of individual
social utility functions at associate inclusivetdmutive optima. We establish below that this
regularity condition does not impose any seriowrictions onnon-malevolenindividual
distributive preferences, for two complementaryscees.

First of all, the set of smoottC{ ), monotone preference preorderings®h\{0} that

are differentiably strictly convex i\ is open and dense in the set of smooth monotone
distributive preference preorderings de! \{O}, as a consequence of Mas-Colell, 1985:

8.4.1, and its elements admit utility representetithat are differentiably strictly concave in
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A, as a consequence of Mas-Colell, 1985: 2.6.4tHeronvords, the strict concavity of utility
representations in the set of admissible allocatiisna generic property of smooth convex
monotone social preferences at the individual levehce also at the aggregate level.

The genericity argument above is not completeligfatory, nevertheless, as, first, it
is mute on non-monotone (that is, malevolent) dqmieferences, and as, second, it derives
the strict concavity of the “social-social” utilitjunction from the strict concavity of
individual social utility functions. The latter rot realistic, due to the large-scale character of
the object of preferences (inter-individual weatibtribution in the whole society), and the
distributive indifference that this seems normatlyimply within widespread parts of their
domain of definition. Fortunately enough, it carsigabe established (see Proposition 3
below) that theconcavityof individual distributive utility functions andstrict concavityof
private utility functions inA, which are much easier to defend, suffice fordtnet concavity
of positively weighted sums of individual social utilities i, provided that individual
distributive utility functions are monotone (nondealence) and increasing in own
ophelimity.

The violation of the second regularity conditionthre first variant of Example 2,
therefore, is not robust, for it appears as a apnmace of the use of quasi-linear utility
representations of individual private preferencBebust difficulties with this regularity
condition, if any, will stem from distributive malelence.

Proposition 3: Suppose that for all w is concave i, increasing, and increasing in its i-th
argument;u, is strictly concave irA. Then ZiDN,ui(wI o u) is strictly concave irA for all

u>0.

Proof: For any pair of distinct attainable allocatior(, X) and anyO<a <1, we have

u(ax+(1-a) X)>au( Y +(L-a) Y X) since they are all strictly concave iA and X is

different from X for at least one I. Therefore,

W(u(ax+(1 a) ) ( ay 3+(1-a) | 59) for all i, with a strict inequality for any
such thaty (ax+(1-a) x)>ay( X +(1-a) y( X), by the monotonicity assumptions. And

w (au(X)+(1-a)u( x))zaw(y })+@-a) W ¢ %) by concavity for alli. Hence:
w(u(ax+(1-a) X)) >aw | §)+(1-a) W} { ¥). And therefore, for any x> 0:

pw(u(axe (1-a) X)) > aew(  3)+(1-a) o  9).

The third condition for a well-behaved social cantrsolution concerns the global structure
of the solution set, as a simply connected setirmedsionn -1 (Theorem 2-(ii)). The latter

obtains as a simple consequence of the same gespeftthe seP,” of inclusive distributive
optima (see Step 3 of the proof of Theorem 2).

The simple connectedness Bf means, essentially, that this set has no “holEis&
set of market optimaP, also is simply connected (Balasko, 1988: 3.2 arf). 3This
mathematical property is suggestive of the possibdf performing redistribution along a
continuous path of minimal length iR, orP,", by means of continuous adjustments in the

distribution of endowments (see Balasko, 1988: & further developments of this
interpretation). It follows from the first and sexbregularity conditions of Definition 10 (see

25



Step 1 of the proof of Theorem 2).
The dimensional propertgdim P, = n—1 states that the set of inclusive distributive

optima has the maximum dimension consistent witmclusion P, 0O P, (since

dim IntP, = n-1). This corresponds to a property of non-degeneractythe strict

(mathematical) sense. The first regularity condii®the minimal sufficient condition for the
latter, as appears clearly from Step 2 of the padofheorem 2. This regularity condition
supposes, essentially, that individuals have dingrgiews on desirable redistribution at any

inclusive distributive optimum. More formally, thews of matrixdw(u(x ))at x(1 P, are the
Jacobian vector®w, (u(x ))pointing in the direction of the best (local) istdbutions from
u(x) from the perspective of individual The first regularity condition therefore states,
equivalently, that the families of Jacobian vectpee/( U %) : i} have maximal rank for

any nonemptyl [1 N at any inclusive distributive optimum. Hence th&erpretation above.
The need for this regularity condition is a direcnsequence of the public good

character of private wealth and welfare distribogioin this setup. The condition is

automatically verified, for example, and can therefremain implicit, in the social system of

the Homo Economicus of Example X ¢ u(x) is a homeomorphisnP, - u(Fa) for

monotone strictly convex private preferences, asda-known: see footnot&’ above). The
very existence of a distributive liberal social tant, if any, supposes a balance between: (i)
on the one hand, some degree of conformity in idd&ds’ tastes for redistribution, which
must be sufficient to imply unanimous agreemenatingt to some acts of redistribution at
least; (i) and, on the other hand, divergencesndividual views relative to distribution,
which must be sufficient to make a contractual solumeaningful, as opposed to the more
centralized modes of collective action that wouldgeed from the exact conformity of
individual distributive preferences in large subseftN (with the social system of Example 1
as a limit case). This balance of the social cahtdeduces quite naturally from actual
characteristics of individual preferences, whicimomonly balance propensities to redistribute
associated with altruistic feelings, empathy, arsgeof distributive justice, on the one hand,
against care for own wealth and welfare on therotiaad. To put it more completely, the
liberal social contract most naturally interpretsthe reflection, at the aggregate level, and
translation into redistributive transfers, of thebaracteristics of actual individual preferences
confronted with actual initial endowment distritmuti or actual pre-transfer market
equilibrium allocation.

A major, if not unique, source of divergence ddivndual views on redistribution is
self-centredness, which consists for an individoaput a larger weight on his own wealth
than on the individual wealth of others, or of dahle selection of the latter. The following
Proposition derives, on this simple basic pattemo, assumptions on the system of individual
social preferences which imply the first regularitpndition, namely: thedistributive
indifference to the wealthiewhich supposes that every individual puts, sspgeak, a “null
weight” on the wealth of any other individual aad$¢ as rich as himself at any inclusive
distributive optimum; and thepositive diagonal dominancef the Jacobian matrix of

r- w(v( P, r)) at any inclusive distributive optimum. These résshould only be viewed

as simple indications about a possible line ofaegefor obtaining general characterizations
of systems of preferences compatible with the fiegjularity condition. There seems to be
scope for substantial improvements on this topiitecclearly.

Proposition 4: Let (w,u,p) verify Assumption 1, and suppose that, for any kvpeice-
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wealth distributive optimun{p,r)>>0 such thatf (p,r)OP, : (i) either d,w (v(p, ))=0
for all pair of distinct individuals(i,j) such thatr, <r, ; (i) or matrix ow(v(p,r)).9,v(p,r)
has a positive dominant diagonal. Théw, u,p) verifies the first regularity condition of
Definition 10.

Proof. (i) Let (W, u, ,0) verify the first assumption, and suppose, withioss of generality,
thatr,>r,>...2r,. Thenaow(v(p,r ))is a triangular matrix, whose sub-diagonal entess
all =0. Thereforgdw(v(p,r))| = [0 @ W (V(p.1)), which is >0 by Assumption 1-(ii)-(a). The
conclusion follows from the equivalence of weakcepfwealth distributive and weak

distributive optimum (Theorem 3).
(i) Let (W, u,,o) verify the second assumption. Note that the gereriry located on the i-th

row and j-th column of matrixow(v(p,r)).d,v(p,r) is 6J.vvi(v(p,r)).0rjvj(p,r‘). The
multilinearity of the determinant therefore impliethat: |6W(v(pr)).6,v(pr)|:
(HiDNarivi(p,r))|aw(v(pr))|, where HiDNanvi(p,ri) is >0. The diagonal dominance

assumption implies tha{ﬂw(v(p,r)).arv(p,r)| is >0. Therefore|0vv(v(p,r))| is >0, and the

conclusion follows from the equivalence of weakceprwealth distributive and weak
distributive optimum as aboue.

6- Social contract equilibrium

We very briefly return, to conclude the formal dieyenents of this article, on the notion of
social contract equilibrium.

The set of social contract solutions studied i thiticle leaves, when it is well-behaved, a
substantial amount of mathematical indeterminatative to distribution, as measured by the
dimension € n-1) of the manifold of price-wealth social contraguéibria or, equivalently,

by the dimension of the set of supporting vectdraveights of the associate “social-social”
utility functions (Theorem 2-(ii)J/ A natural solution for removing this remaining
indeterminacy in our setup is Lindahl equilibriumpnstrued as a process of social
communication which uses Lindahl pricing to eliaitd coordinate individual preferences
relative to distribution treated as a public gobkércier Ythier, 2004, defines the notion, and
analyzes its existence and some of its determipaoperties in the one-commodity cdée.

' Note that indeterminacy in the sense above doepreclude a substantial explanation power of ibigon, as
measured by the ratio of the magnitude of hypeaserfi(L), computed from the relevant integral, relative to

the magnitude of hypersurfaag€R,) or u(P) (see Figure 1 and the associate remarks, followiegproof of

Theorem 2). In other words, the set of social @wittsolutions could represent a very small fractibthe set of
Pareto-efficient distributions in the distributisense and, a fortiori, in the market sense. Thigghhbe the case,
notably, if the initial market allocation is close the set of distributive optima, or, equivalenifythe value of
the transfers of the social contract representsall graction of the total value of the equilibriuaocation. This
could very well be the case in practice, as genuaaistribution seem to represent only a smalltfoacof
aggregate market wealth in real economies.

18 This notion of Lindahl equilibrium reduces to te@ndard notion in the general equilibrium modethwi
public goods of footnoté above, when there is a single private commodityis Bimple fact is established in
Mercier Ythier, 2006: Theorem 16-(i). The footndfeof the same reference also translates into thispse
(general equilibrium with public goods and a singtévate commaodity) Foley’'s 1970 proof that hisinatof
core with public goods contains the Lindahl equiéib Note that the Foley-core necessarily is comt@iin the
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We extend it to the present setup in Definition delow, and establish, as a corollary of
Theorem 1, that it actually yields an inclusiveiabcontract solution. The associate wealth
distribution, moreover, is unanimously strictly faneed to the wealth distribution induced by
the initial market equilibrium allocation evaluatatisocial equilibrium market prices, when
the initial market equilibrium allocation is noséf an inclusive distributive optimum. These
properties of social equilibrium hold true providésht indirect individual social utility

functions r - w, (v(p, r)) exhibit suitable properties of preference for ages at social
equilibrium market prices.

We letN denote se{77=(rz, ..., 7,) O[] , R": 2., 7% =1 for all j}.

Definition 11: (77, p’,X )OMN x S x Ais asocial contract equilibriunof (w,u,w), relative to
competitive market equilibrium with free disposa(p®, x°) of (W, u,a)), if:

M w(u(xX)) = w y R)); (i) X is amarket price equilibrium supported py; (iii) and for all

i, 1" =(p .X,...,p X ) maximizesr - w,(v(p,r) in{rOR": r <m.(p".x,...p X)}.

The notion differs from the social contract pricggigibrium of Definition 9 by maintaining
the initial market equilibrium allocatior® in the specification of the right-hand side of
individual “budget constraints”. It shares with tlermer the fundamental feature of
endorsing the separation of allocation and distifiou as autonomous processes of
coordination of: (i) on the one hand, individualcd&ns relative to market demand,

coordinated by market prices for given distributioi) and on the other hand, individual
choices relative to distribution, coordinated bydahl shares for given market prices.

Corollary: Let (W, u,a)) verify Assumption 1, and suppose moreover thatafox [0S, and
all a0u(AnRY,, > uow(0)#0; and for all p>0 and all iON, function
r - w(v(p 1)) is quasi-concave iR",. If (77,p’,X) is a social contract equilibriurof
(w,u,w), relative to competitive market equilibrium witteé disposal(p®, x°) of (w,u,w),

such thatx > 0, then endowment distributiowy = X is, both: (a) an inclusive distributive
optimum of (w,u,p); (b) and an inclusive distributive liberal soc@ntract of (w,u,w),

relative to competitive market equilibrium with éredisposal (p°, x°) of (W, u,a)). If,

moreover, xX°’0P, and r — w(v(p,r)) is strictly quasi-concave for ali, then

w(u(x)) > W\ P, ( p- %, P-K).

Proof: Let (77,p",X ) be a social contract equilibriusf (w,u,w), relative to competitive
market equilibrium with free disposdlp®,x°) of (w,u,), such thatx > 0, and denote
r'=(p .X,...p % ). Functionr - w,(v(p,r)) being strictly increasing i, the budget
constraint must be satiated at any of its maxima{riflR": 7z.r < 77.(p".X,...,p X )}.
Therefore Z.r' =m.(p X,....p X ), and r’ also is a maximum ofr — w, (v(p,r)) in

set of distributive liberal social contract solutiowhen the private commodity is unique (Merciehni¥t, 2006:
footnotes’?and®).
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{rOR}: z.r </zr’} . Hence X is a >0 social contract price equilibrium o(fw u,a)),
relative to competitive market equilibrium with érelisposal(p°, xX°) of (W, u,a)), and the

first part of the Corollary follows from the appditton of Theorem 1.
Suppose that, moreovex; 0P, andr — w,(v(p,r)) is strictly quasi-concave for all

i. We havew(u(xX)) = W\ p,( p- %, P-%))), r' being a maximum ofr - w, (v(p, 1))
in {rORY: 7r <m.(p’.x,...,p X )} for alli by definition of a social contract equilibrium.
Suppose thatw (u(X)) = w(« p,( p. %,..., p.%))) for somei, and let us derive a
contradiction. The strict quasi-concavity of- w.(v(p,r)) implies that any strict convex
combinationar” +(1-a)(p X ,....p X ), 0<a <1, is strictly preferred by to bothr" and

(P X P %) (since  w(v(p,r))=w(ux)=w(¥¢p(p%., pix)). Since
moreoverar” +(1-a)(p X ,...p X XD {rOR} :mr<m.(p X,....p X)), r" cannot be a

maximum of r - w(v(p,r) in {rOR": r <m(p".x,....,p .X)}, which yields the
wished contradictiom

Let us mention, to finish with, an interesting opgmestion, namely, whether the type of
rational redistribution implied by the social edgoilum concept above introduces sufficient
regularity in income effects to imply the law ofndand (that is, a negative semi-definite
Slutsky matrix) for aggregate market demand atad@cintract equilibrium. This would open

new perspectives for the study of the relationsvbeh allocation, distribution and the

dynamics and regulation of economic equilibriumaigetup richer, if not more tractable, than
the models of representative agent that have beesla@ped on this subject in the last twenty
years or so (by real business cycle theory, noably

7- Conclusion

This article has examined the rational foundatidnth@ distributive (and, by extension,
productive) welfare state on the liberal socialtcact. The latter deduces from the unanimous
agreement of individual members of society, asofedi from their actual preferences and
rights, including their common concerns relativetite distribution of wealth. We notably
elicit general conditions over preferences andtsigthich make the liberal social contract an
interesting, non trivial solution to the public gb@roblem of redistribution. The analysis
relies, in the main, on the precise formulatiorthe integration of (rational) social contract
redistribution with (competitive) market equilibnu It introduces new questions on the
implications of the (partial) rational control ofeadth distribution in the social contract
redistribution for market functioning (the combiioat of income effects in the determination
of aggregate demand, notably) and, consequently,tife interaction of the allocation,
distribution and regulation branches of public fine.

Appendix: First-order conditionsfor distributive efficiency

For the reader's commaodity, we reproduce belowfleorem 3, the characterization of weak
distributive optima derived in Mercier Ythier, 200Eheorems 1 and 2 and proofs.

Theorem 3: Let (W, u,p) verify Assumptions 1 and 2. The following thre@positions are
then equivalent: (i)x is a weak distributive optimunfw,u,p); (i) x is >0, such that
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D X=p, and there exists (4 p)0S xR, such that, for all jON,

> kow (u(x) =10, \(( B p ?<) >0 and (X 40w (u(x))ay ( >J<) = [ (iii) there
exists £JS, such thak maximizesziDN M (W ou) inA.
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Figure 1

Distributive liberal social contracts in the private utility space
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Figure 2

Becker’s social system and the distributive liberal social contract
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