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Abstract

The paper studies Akerlof's market for lemons in a new way. We firstly construct mixed
Perfect Bayesian Nash equilibria in which all qualities are sold on the market even if the
seller's strategy set is reduced to prices. Then we turn to the best-reply matching (BRM)
approach developed by Droste, Kosfeld & Voorneveld (2003) for games in normal form. In
a BRM equilibrium, the probability assigned by a player to a pure strategy is linked to the
number of times this strategy is a best reply to the other players’ played strategies. We
extend this logic to signaling games in extensive form and apply the new obtained concept to
Akerlof’s model. This new concept leads to a very simple rule of behaviour, which is
consistent, different from the Bayesian equilibrium behaviour, different from Akerlof’s

result, and can be socially efficient.

Résumé

L’article apporte un nouvel éclairage au marché des voitures d’occasion d’Akerlof. On
montre dans un premier temps que le passage des stratégies pures aux stratégies mixtes suffit
pour établir I’existence d’équilibres Bayesiens dans lesquels toutes les qualités sont vendues,
méme lorsque le vendeur ne dispose que du prix comme seule stratégie. On quitte ensuite la

logique de Nash pour celle du Best-Reply Matching (BRM) introduite par Droste, Kosfeld et

! e-mail: umbhauer @cournot.u-strasbg.fr
* The author is grateful to Jacques Thépot for comments.



Voorneveld (2003) pour les jeux sous forme normale. Dans un BRM équilibre, la probabilité
assignée a chaque stratégie est liée a la fréquence a laquelle elle est la meilleure réponse aux
stratégies des autres acteurs. On propose une extension de ce critere d’équilibre aux jeux de
signaux sous forme extensive tout en étudiant les difficultés conceptuelles soulevées par
cette extension. Puis on applique le nouveau concept obtenu au modele d’Akerlof. Cette
application débouche sur une regle de comportements cohérente, généralisable et d’une tres
grande simplicité, qui assure la vente de toutes les qualités de bien et qui differe

profondément de celles obtenues avec le concept d’équilibre Bayesien.

JEL classification: C72 D82 L15
Keywords: best-reply matching, experience goods, signalling game, mixed Perfect Bayesian
Equilibrium, extensive form, normal form

1. Introduction

In Akerlof's market for lemons, bad quality goods may throw high quality goods out
of the market. Yet Akerlof's result rests on a pure strategy approach. So we show, in section
2, that switching to mixed Perfect Bayesian Equilibria (PBE) allows different quality
experience goods to all be profitably sold on the market at different prices. In section 3, we
comment the nature of these equilibria and compare them to pure strategy PBE in games
with an additional strategic variable. In sections 4, 5, 6 and 7 we give up the mixed Nash
equilibrium logic and turn to the Best-Reply Matching (BRM) equilibrium concept
developed by Droste, Kosfeld & Voorneveld (2003) for games in normal form. In a BRM
equilibrium, the probability that a player assigns to a pure strategy is linked to the number of
times this strategy is a best reply to the strategies played by the other players. This concept
displays a different consistency than the mixed Nash equilibrium one. In a BRM
equilibrium, the probability distribution of player i is not the one that justifies the strategies
played by the other players (as it is the case in the mixed Nash equilibrium), but it expresses
the number of times each of her played strategy is a best reply. We argue that this

consistency is realistic, given that players are generally more concerned with the justification



of their own behavior, rather than with the justification of the other players' behavior. In
section 4 and 5 we look for BRM equilibria in normal form games, before and after
elimination of weakly dominated strategies: the results do not significantly differ in the
studied games. In section 6, we extend the BRM equilibrium logic to signaling games in
extensive form and apply the new obtained concept to Akerlof’s model. We show that the
switch from the normal form to the extensive form is not trivial from a logical point of view.
The reason lies in the decentralization of the actions (and hence also in the decentralization
of the justification of these actions) which is possible in the extensive form and precluded in
the normal form. It follows that we do not get the same BRM equilibria in our experience
good model, depending on whether we work with the extensive or the normal form of the
game. In section 7 we focus on the simplified Akerlof’s model with n prices p;...ps, such
that the seller whose good is of quality t; can only get a positive payoff by selling the good
at prices p; with j higher or equal than i . In this model the BRM logic for games in extensive
form selects a very easy profile of strategies: each quality t; is sold at each price p;j, with ]
higher or equal than i, with a same probability, and the consumer accepts each price with the
probability 1 divided by the number of qualities possibly sold at this price. This behaviour is
not only consistent with the BRM logic, but it is also very easy to learn and therefore to
adopt. Finally, in section 8, we conclude on the social surplus allowed by the BRM logic in

the price experience good model.

2. Different prices for different qualities

Akerlof's model is a signalling game with a seller and a buyer. The seller wants to sell a car
to the buyer. The car can be of different qualities. We choose, by contrast to Akerlof, to
introduce a finite number of qualities t;, with i from 1 to n, and t;<tj;; for any i between 1 and
n-1. The seller's reservation price for a good of quality t; is h;, i from 1 to n, with h; <h;; for i
from 1 to n-1. The seller sets a price for her car. The buyer observes the price and accepts or
refuses the transaction. The buyer's reservation price for a good of quality t; is Hj, 1 from 1 to
n, with H; <H;;; for any i between 1 and n-1. The buyer ignores the quality during the
transaction, but has a prior probability distribution over the qualities, that is common

knowledge of both players; the probability distribution assigns probability p; to the quality t;,



n
with O< p; <1 for any i from 1 to n and } p; =I. It is assumed that H; > h; for any 1 from 1 to
i=l1

n, in order to make profitable trade for both players possible. We also introduce the

assumption:
i 0.H.
Z%< hj forjfrom2ton (a)
=3y
k=1
and even the more restrictive assumption:
i p.H.
ijl—H‘ <h; forjfrom 2 ton and f from 1 to j-1. (b)
= Yoy
k=f

Assumption (a) is the heart assumption of Akerlof's comment. Assumption (b) namely
ensures that Hi<h;,1<Hj; for any i from 1 to n-1.
Throughout the paper, we call this game the price model. 1t's symbolic representation (with

two qualities) is given in figure 1.

(p1-hy , Hi-py) A A (p2-hy , Hi-p2)
\ Pi seller P2
(0’0)/‘(/5 ti| p1 E\\(O’O)
i consumer Nature E consumer
(pi-ha, Ho-p) (o i 6| 1-p; i A (p2-hz , Ho-p2)
\ o | . |
e el e
(0,0) 0,0)
Figure 1

Legend: A and R mean that the consumer accepts (A) or refuses (R) the trade. The first,
respectively the second coordinate of each vector of values, is the seller's, respectively the
consumer's payolff.

Akerlof’s comment goes as follows:



If trade occurs, the car is sold at a unique price, regardless of its quality, because any type

of seller wants to sell her car at the highest price. So imagine that the observed price is p,

with hj <p<h;,;, j higher or equal to 2. Only qualities lower or equal to t; can be sold at price

. . dopit; . .
p. It follows that the expected quality of the sold car is ZL and that the highest price the

i=l
2Pk
k=1

consumer accepts to pay is ZJ:pJ‘—Hl Yet this price, by assumption (a), is lower than h; and
= 3oy
k=1
therefore lower than p. So trade will not occur at price p. As a consequence, trade can only
occur at a price p lower than h,. This price is necessarily assigned to quality t; and will be

accepted, provided it is lower or equal to H;. Therefore the worst quality throws all the other

qualities out of the market.

The point we do not agree with in this comment is" that trade necessarily occurs at a unique
price". In fact, many prices can coexist on the market, as soon as one introduces mixed Nash
strategies. And this coexistence of prices will allow good qualities to be sold on the market,
even in a context that satisfies the assumptions (a) and (b).

Throughout the paper m(p;) is the probability that the seller of type t; plays p; ; q(p;) is the

probability that the consumer accepts price p;.

Proposition 1

There exists an infinite number of mixed strategies PBE, in which the seller of type t; plays
the prices p; * and pi+1*, respectively with probabilities 1-7i(pi+1*) and i(pis1*), with i from
1 to n-1; t, plays the price p,* with probability 1.

pi*=H;; h; <pi*<H; fori from 2 to n (and therefore p;*< pis* for i from 1 to n-1).

The buyer accepts p;* with probability 1 and accepts each price p;* i from 2 to n, with
probability q(p;*).

Ti(pi+1*) . 1 from 1 to n-1, and q(p;*), 1 from 1 to n, are defined by:

Ti(Pis1™) = Pist Tis1(Pic1™) Hig1-pict™) [Pi (Pis1™ - Hi)] (1)
q(p1*)=1
q(pi*)= (pi-1*-hi-)q(pi-1*)/(pi*-hip). (2)




The buyer assigns each price p different from the equilibrium prices, with Hi ;< p< H;, to ti,
for i from 3 to n, and each price p, with H;<p<H, , to t;. Hence he refuses the trade at each
non equilibrium price higher than H;. He accepts all the out of equilibrium prices lower than

H;.

Proof: see appendix 1

Given that both p;* and p;.;* are strictly higher than h; for i from 1 to n-1 and that p, is
strictly higher than h,, proposition 1 ensures that, as soon as the players are allowed to
play mixed strategies, trade can occur with positive probabilities at different prices and
each type's expected payoff can be positive at a PBE.

Does it make sense to work with mixed strategies in a price model? The answer is clearly
yes. As a matter of fact, in the real world, it makes sense for a seller of type t; to sometimes
cheat, by playing the price pi+1* played by the higher type ti,;, given that this higher price is
accepted from time to time. And it also makes sense to not always cheat, in that the
consumer does not buy at price pi.1* if his posterior beliefs on the types t; and t;;; are the
prior ones. Symmetrically, it makes sense for the buyer to accept the price pi+1+ with a given
probability, provided this price is mainly played by type ti;;. And it is also optimal to not
always accept pi+1* , in order to not induce the type ti to only play pisi*, a behaviour that

would in turn preclude trade.

Let us focus on a special equilibrium, we call the mainly fair equilibrium PBEI:

Let us assume that H;-H; ;=K for i from 2 to n, H;-hi=k, with k <K, p;=1/n for i from 1 to n.
Let us look for the equilibrium which satisfies: p;*=H;, pi* = hi+k/2= H;-k/2 for i different
from 1, t, only plays p, and t;, i from 1 to n, only plays p; and p;,; with positive probability;
we call this equilibrium mainly fair because both the buyer and the seller get the same payoff
each time the seller of type t; plays p;* (except for i=1).

One obtains:

PBE1: mainly fair equilibrium
Toni(Proiar ™) = 8(1+8)/(1+8) with 8= k/(2K-k) for i odd, i from 1 to n-1 (3a)

k
2K -k

k i
_X(H( ))




Toi(Pnis1™) = 8(1—81)/(1+8) for i even, i from 2 to n-2 (3b)
ko
2K — k) )

k
==

m(pi*) = 1-mi(pir1*) forifrom 1 to n-1

J'l:n(pn*) =1
q(pr*)=1
q(p*)= 2k"'/(2K+k)"" for i from 2 to n. 4)

Proof: see appendix 2

Let us illustrate this equilibrium by a numerical example.

For H;=50, H,=100, H3=150, h;=30, h,=80, h3=130, p;=1/3 for i from 1 to 3 and p;*=50,
p2*=90 p3*=140, one obtains m;(50)=13/16, m(90)=3/16, m(90)=3/4, m,(140)=1/4,
m3(140)=1, q(50)=1, q(90)=1/3 q(140)=1/18= 0.056.

In this equilibrium, the probability that each type of seller cheats (plays pi+1™ instead of p;*
when she is of type tj) rapidly converges to k/2K (1/5 if k=20 and K=50 like in the
numerical example) when n becomes large.

The probability of accepting prices rapidly decreases with i, yet it is not equal to 0.

The limit of the mainly fair equilibrium is easy to understand by looking at figure 2:

hi p* H hiv; pint™ Hin
. \I | . \I
k2 T k2 |k/2\\ k/2

K+k/2
Figure 2
K-k/2
N
N K

t; has to be indifferent between p;* and p;+1*, which is only possible if what she gets with p;*,
i.e. k/2 multiplied by the probability that this price is accepted, is equal to what she gets
when she plays pi+1*i.e. (K+k/2) multiplied by the probability that this price is accepted. One
immediately gets the condition q(pi+1*)= kq(pi*)/(2K+k) which is satisfied in (4).

Being indifferent between buying and not buying is only possible when buying leads to a 0
payoff. Call © the probability of cheating in the limit (i.e. when n goes to infinity). The
payoff obtained with p;;;* is equal to k/2 when the consumer faces a seller who does not

cheat, which happens with probability p(1-7); the payoff is equal to —-K+k/2 when he faces a




seller who cheats, which happens with probability px. It follows that his expected payoff is
equal to 0 when ©= k/(2K).

3. The utility of additional strategic variables

Let us look at the following strategy profile:

PBE 2
pi*=H; forifrom1ton

t; plays p;* with probability 1;

q(pr*)=1
i-1 Hj —hj

q(pi*) = [[——— forifrom2ton
F1Hj —h;

The consumer accepts any price lower than H; and refuses any price higher than H; and

different from Hj, j from 2 to n.

This strategy profile is a PBE .

Proof: it is enough to observe that the consumer, for each equilibrium price, is indifferent
between buying and not buying, so he can choose both actions with positive probability. And
the chosen probability is such that no type t; is better off switching to the equilibrium price of
another type tj. Given that an out of equilibrium price can always be assigned to t;, the

proposed profile is a PBE path.

The proposed profile is a well known one, but in another model. 1t is the Riley equilibrium
of the experience good model, in which the seller both chooses a price and the quantity she
wants to sell at this price. Enlarging the seller's strategy set is a widespread reaction to
Akerlof's impossible trade result. So for example some papers introduce, in addition to the
choice of a price, the choice of a date of transaction or the choice of a quantity. In the latter
games, each type of seller chooses a couple (p,q) where p and q are respectively the price
and the quantity she wants to sell at price p; usually one introduces an upper bound for q,
equal to 1. The buyer, after observing the couple (p,q) accepts or refuses the transaction.
When (p,q) is accepted, the seller's payoff, respectively the buyer's payoff, is defined by (p —
hi)q and (H;-p)q, when the good is of quality t;, for i from 1 to n. In absence of trade, both
payoffs are equal to 0. We call this model the price quantity model.




If the price quantity model satisfies the same assumptions than the price model (especially
assumptions (a) and (b) on the reservation prices and the prior probabilities), then the Riley

equilibrium of the price quantity game is defined by:

Riley equilibrium

ti plays (Hj,qi*), fori from 1 to n.

qi*=1

. II:[l Hj—hj

= [I————
j=1Hj+1_hj

The consumer accepts all the couples (Hj, gi*), 1 from 1 to n, and, for example, rejects all the
out of equilibrium couples (p,q) with p>H; (by assigning p to t;) and accepts all the couples
(p.q) with p<H;.

It is immediate that the PBE 2 of the price model is the Riley equilibrium of the price
quantity model. The probability of trade in the price model becomes the quantity bought by
the consumer in the price quantity model. Therefore the only difference between both
equilibria is that the seller's expected payoff (because trade occurs with probability q) in the
price model becomes a sure payoff in the price quantity model, given that the quantity q is
bought with probability 1. Yet this difference has no impact if the payoffs satisfy the Von
Neuman Morgenstern axiomatic.

Given that the Riley equilibrium (when assumption (a) is satisfied) maximises the sellers'
payoff in the price quantity model, it follows that the price is sufficient to get the same
maximal payoff. In the numerical example (H;=50, h;=30, H,=100, h,=80, H3=150, h3=130
p(ti)==1/3 for i from 1 to 3) PBE2 leads to the prices 50, 100 and 150 and to the probabilities
(quantities) q;=1, qx=2/7 and q3=4/49; the seller's maximal surplus in both the price and the
price quantity models is therefore equal to 1340/147=9.12.

Hence a simple additional strategic variable like the quantity is of no use for the seller,

who can achieve the same maximal payoff without it.

So what is the added value of the quantity? Let us come back to the mainly fair equilibrium.
It is easy to establish that the price quantity model leads to a PBE path, called fair
equilibrium, very close to PBE 1, in which t; plays (Hj,1), ti plays (pi*= Hi-k/2, qi*=

2k"™'/(2K+k)"" ) for i from 2 to n and the consumer accepts all these couples. The seller's




payoff is again not affected by the switch from the price model to the price quantity model,
given that the equilibrium quantities in the price quantity model are the probabilities of trade
of one unit of good in the price model. But, by contrast to the Riley equilibrium, the fair and
the mainly fair equilibria display two main differences.

The first difference is that the buyer's payoff is equal to O in the mainly fair equilibrium,
whereas it is positive in the fair equilibrium. Indeed, in the price quantity model, p;* is only
played by t;, hence the buyer gets qi*k/2= k'/(2K+k)"" when he accepts the couple (pi*, g;*), i
from 2 to n. In our numerical example (H;=50, H,=100, H3=150, h;=30, h,=80 h3;=130,
p1=50, p>=90. ps=140, p(t)=1/3 for i from 1 to 3), the consumer's surplus becomes
10.1/3+10.1/18= 70/18, the seller's payoff being unchanged. By contrast, in the price model,
pi* is both played by t; and ti_j, in such a way that the buyer's expected payoff is null, which
precisely allows him to accept the price with probability q;*. Moreover, the nullity of the

buyer's payoff holds in every PBE of the price model.

Proposition 2

In every PBE of the price model in which each type of seller gets a positive payoff:

- each type of seller plays at most 3 prices with a positive probability;

- if tj plays 3 prices p, p', and p", with p<p'<p", then p'=H;;

- if t; plays a price p different from Hj, then p is also played with positive probability by the
adjacent type ti.; Or tisi;

- at most 2n-1 different prices are played in a PBE path;

- the buyer's payoff is null.

In every PBE of the price model, the buyer's payoff is null.

Proof: see appendix 3

It follows that the additional quantity variable is able to increase the social surplus. In our
numerical example, it is namely possible to show that the maximal social surplus in the price
quantity model is obtained in the PBE path in which p;=50, p,=100, p;=130, q:=1,
q2=2/7,and qz= 4/35; the social surplus is equal to 28/3. This surplus is higher than the
maximal social surplus in the price model, given that it shrinks to the maximal surplus of the
seller which is equal to the lower value 1340/147. An economist appreciates this difference,

which is of course a positive point for the introduction of the additional variable.
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Yet the second difference between the fair and the almost fair equilibrium is that by
switching from the price model to the price quantity model, we loose the cheating
phenomenon. As a matter of fact, the probabilities mi(pi+1*) disappear in the switch, given
that in the fair equilibrium t; only plays the couple (p;*,qi*). Given that, for a high number of
qualities, the probability of cheating goes to k/2K (= 1/5 in the numerical example), we loose
this behaviour which consists, for each type except for the highest, to play the immediate
higher price one fifth of the time. Is this loss a good or a bad point? Economists usually do
not appreciate cheating because, usually, cheating is harmful for some players (here the
consumer). But, nevertheless, cheating is, whether right-minded persons like it or not, one of
the cornerstones of human behaviour; hence eliminating it through a structural change in the
played game is perhaps not the only way to cope with it.

So, in the next sections, we approach the price model in a different way. We show that by
switching to another equilibrium approach, one may keep the cheating phenomenon and

simultaneously get a high social surplus.

4. Best-reply matching in normal form games

Let us turn to the best reply matching equilibria (BRM) introduced by Droste, Kosfeld &

Voorneveld (2003). The definition of this concept is given for games in normal form. It is

recalled hereby:

Definition (Droste & al. 2003)).
Let G=(N, (SiieN, >;, 1€ N) be a game. A mixed strategy p (peP) is a BRM equilibrium if
for every player i € N and for every pure strategy s;€S;, :

1

pi(s)= X Pp.i(s.)
S—ieBi_l(si) Card Bi (S—i)

In a BRM equilibrium, the probability assigned to a pure strategy is linked to the number of
times it is a best response to the strategies played by the opponents. So, for example, if
player i' s opponents play s with probability p.i(s.i), and if the set of i's best responses to s ;
is the subset of pure strategies Bi(s.i), then each strategy of this subset is played with the
probability p.i(s;) divided by the cardinal of Bi(s;). This concept makes sense it that it

displays a consistency which is not present in the mixed Nash equilibrium. Indeed, in a BRM
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equilibrium, the probability assigned to a pure strategy of player i is not the probability that
justifies the other's strategies (as it is the case in the mixed Nash equilibrium) but it is
relative to the number of times the strategy is a best response for player i. We agree with the
authors that this consistency is very realistic, given that people, in general, are more
concerned with the justification of their own behaviour than with the justification of the
behaviour of others (which happens in mixed Nash equilibria) .>

Let us study the implication of such a criterion in the price model in normal form.

We first focus on a game with two qualities t; and t; and only two prices p, and p,, with h;
<pi<H;, ho<p,<H; and p;H;+p,Ha<h,, in accordance with the assumptions introduced in
section 2.

In this context, the best reply matching concept can be addressed by the use of table 1:

qi q2 qs3 q4
AlpiAlpy | A/piR/p2 | R/piA/pz | R/piR/p2
I pi/tipi/tz | B2 B> by
) pi/tip2/t2 | B2 by by
I3 p2/tipi/ta B, by
I4 p2/tipa/ts | by B, b1 b1 B,
Table 1

Legend of table 1 (and the following tables): b; means that the seller's strategy is a best
reply to the buyer's strategy, B, means that the buyer's strategy is a best reply to the seller's
strategy.

Table 1 tells when a strategy is a best reply:

For example, (pi/t; po/tz) is a best response for player 1 each time player 2 plays (R/p; R/p»)
or (A/p; R/pz). In the same way, for example, (A/p; A/p,) is a best response for player 2
each time player 1 plays (pi/t; pi/tz) or (pi/t; p2/t2). (R/p; A/pz) is never a best response for
player 2.

r;, 12, 13 and r4 are the probabilities assigned to (pi/tipi/t2), (pi/tip2/t2). (p2/tipi/tz) and
(p2/tip2/t2); qi, Q2. q3 and g4 are the probabilities assigned to (A/p1A/pz), (A/piR/py),

? One observes that this consistency is compatible with Nash's consistency when the Nash equilibria are strict.
In a strict Nash equilibrium player i's strategy s;* is the only best reply to the other players' strategies s;*. It
follows that, according to the BRM logic, s;* has to be played with the probability of play of s;*, i.e. 1. Hence a
strict Nash equilibrium is also a BRM equilibrium.

12



(R/p1A/py) and (R/piR/py).It follows that (pi/tipi/t;) will be played with probability q4/4,
because (R/piR/py) is supposed to be played with probability qs and there are 4 best
responses for player 1 to this strategy. Hence r;= q4/4.

In a similar way we get the following equations:

q=1/2+n,

= o+ qua/4 Q=11/2+13+14/2
3= q4/4 Q=0

r4= 1+ q3 + qa/4 qa =T14/2
r1+r+r3+rs=1 qi1+qo+q3+qa=1

This system leads to

r1=2/33, 1,=13/33, 13=2/33, 14= 16/33

qi= 14/33, q,=11/33, q3=0, q4= 8/33

The Kuhn equivalent behavioural strategies are:

i (p1) = 11412 = 15/33 71 (p2) = 13414 = 18/33

To(p1) = 11413 = 4/33 Mo (p2) = o414 = 29/33

q(p1) = qi+q2=25/33

q(p2) = qi+qs= 14/33

Let us comment the values of 7(p1), Ti(p2), Ta(p1), Ta(p2), q(p1) and q(pz). One observes that
the probabilities have been obtained without taking into account the exact values of the
payoffs of the players. Hence each time h;<p;<H;, h,<p,<H, and p;H;+p,H,< hy, we will
get the same BRM equilibrium. This is not a strange property given that pure Nash equilibria
also share it. Yet mixed Nash equilibria do not share it (the values of the probabilities
depend on the values of the parameters of the games). Hence it is difficult to compare the
unique BRM equilibrium to the mixed PBE of the price model (reduced to two prices p; and
p2), which differ according to the values of p; and p,. But we can nevertheless make the
following comments:

First, like in the PBE of proposition 1, t; plays both prices p; and p, and the consumer both
accepts and refuses p,. t; almost only plays p, and the buyer almost always accepts p;, two
results that are close to the ones obtained in the PBE equilibrium. But, by contrast to the
PBE, whose equilibrium probabilities depends on the exact values of p; and p, and the other

parameters of the game, in the BRM equilibrium t; plays each price among half of time

13



(15/33 and 18/33 are close to %2) and the buyer accepts p, with a probability close to %2 also

(14/33), regardless of the exact values of the parameters.

The same exercise can be done for a higher number of types. For example let us turn to three
types, t;, t; and t3 and 3 prices p;, p» and p3, with h;<p;<H; hy<p.<H,, hi<ps;<Hs,
(p1H1+p2H2)/( p1+p2)< hy and pH +poHo+psHs< hs. We also assume, like in the numerical
almost fair equilibrium, that p,<(p;H;+psH;3 )/(pi1+p3). The best-reply table is table 2.
Writing r= qg/27 , the system of equations becomes:

ri=r=qg/27 forifrom 1 to 3, from 5 to 6, from 10 to 11, from 13 to 16, from 18 to 24, from
26 to 27 included.

4= r7=rg=to= qg/27 + qu4/4

r12=qs/27 + qe/2

r17=qs/27 + q6/2 + Q2

I2s=qs/27 + Qi+ Q3+ g5 + q7

27 8

>r =1, >q;=1

i=1 i=1

q1=51/2 + 314/2

Qo= 8r + 214 + 125 /4

Q3= /4 + 112/2 +117/2

qa= 171/4 + 14/2 + 112/2 +125/4

qs=1/4

qe=91/4 + 125/4

qr=r117/2

qs=1/2 + 1p5/4

One obtains:

r=1/264, r4=r7=rg=r9 = 97/2112, rip=123/2112, r;7=593/2112, 5= 106/264

q1=331/4224, q,= 470/2112, qs= 752/4224, qu= 712/4224, qs= 1/1056, qe= 115/1056, q;=
593/4224 qs= 108/1056

The Kuhn equivalent behavioural strategies are:

T (p1) = I1+0+3+14+15+T6H7+13+19= 428/2112=0.20

T (p2) = r1o+r1 140124134 a5+ 6+ 74T 18= 772/2112=0.37

TC](p3) = I'19+Ipo+1++H13+ 14+ 5+ 6+ 7= 114/264=0.43
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qi qz g3 g4 gs de q7 gs
AlpiAPAD; | AAR | ARA | ARR | RAA |RAR |RRA | RRR
1| pi/tip/tpi/ts B, B, B, B, by
1 | pipip2 B, B, by
13 | pPip2p1 B, B, by
4 | pPip2p2 B, B, by b1
Is | pipip3 B, B, b,
s | P1P3p1 B, B> by
r7 | Pip3ps B, b B, by
r3 | pip2ps3 B, b, b,
ry | pip3p2 B, by b,
T1o | P2p1p1 B, B> by
ri1 | p2pip2 B, B, by
r2 | P2p2p1 B, B, by by
r13 | p2p2p2 B, B, B, B, by
14 | P2p1P3 B, by
Iis | p2p3pi B by
I | P2P3P3 B, b; B,
117 | P2p2p3 by B, b1 B> b1
rig | p2p3p2 B, B, b,
9 | p3pip1 B, B, by
10 | P3pip2 B, b1
21 | P3p2p1 B, by
12 | p3p2p2 B, B, by
13 | P3piP3 B, B, by
24 | P3p3pi B, B, by
s | P3p3p3 by B, by B, by B, by | biB
126 | P3p2ps B, B, by
127 | P3p3p2 B B, by
Table 2
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To(p1) = r1++s+1 0+ 4T 14+ 19 +H0+23= 9/264 = 0.03

To(p2) = r3+14+18 4112 +113 +117 +121+122 +126= 950/2112= 0.45
To(p3) = Te+r7 +19 +115 +116 +T1g +124 +125 +127= 1090/2112= (.52
T3(p1) = 11+13 +16+T 10+ 12 +1 5+ 9+ +14= 187/2112=0.09
T3(p2) = ro+ra+rg +111 +113 + g +T20+122 +127= 250/2112=0.12
T3(P3) = I's5+r7 +1g +T14 +T16 +T17 123 +125 +126= 1675/2112=0.79
q(p1)=q1 +q2 +q3 +q4 = 2735/4224= 0.65

q(p2)= q1 +q2 +qs5 +qe = 1735/4224=0.41

q(p3)= q1 +q3 +qs+q7 = 840/2112 = 0.40

These results lead us to observations that will generalize:

Proposition 3

The BRM equilibrium displays some common points with the PBE equilibria (of proposition
1) obtained for 3 prices, but also two main differences. The common points are first that t; is
the type who plays p; with the highest probability, second that all prices are accepted with a
significant probability. The main difference is that t; does not only play p; and p, but she
also plays ps; with a significant probability. More generally, in a model with n types of
seller, t; plays all the prices pj, pi+1,-...pn With a significant positive probability. This is
impossible in any PBE with a positive payoff for the seller (see proposition 2). This
difference is linked to another difference. In the PBE equilibria, the probabilities of
accepting the price p; geometrically decreases in i. This fact is no longer true with the BRM

concept.

5. Best-reply matching in normal form games without weakly dominated strategies

Let us come back to the BRM equilibrium in the game with only two types. q(p:) is different
from 1 because the consumer is indifferent between accepting and refusing p; when p; is not
played by any type of seller. Yet, given that p; is lower than H;, a buyer's strategy that
refuses p; is weakly dominated by the strategy that accepts p;, the behaviour after p, being
equal. In the same way, my(p;) is different from 0, because p; can lead to a 0 payoff each
time the consumer refuses both prices. Yet a seller's strategy that leads to the play of p; when

the seller is of type t; is weakly dominated by the strategy that leads to the play of p, when
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the player is of type t,, the action by type t; being equal. So, in order to eliminate these rather
non natural probabilities, let us turn to the game in which t, always plays p, and the

consumer always accepts p;. The best-reply table is table 3:

qi qQ
AlpiAlpy | AlpiR/p2
I pi/tip2/ta | Ba by
r p2/tip2/tz | by B
Table 3

The system of equations becomes:

rn=q non=q q=rn q=rn.

Therefore r1= r,=q; =q>= %2 and the Kuhn behavioural equivalent strategies become:

T(p1) =11=0.5, M(p2) =1=0.5, mM(p2)=1

q(py) =1, q(p2) =qi=0.5.

Hence t; plays both prices with probability Y2 and the consumer accepts the high price with
probability Y2 , a result which is close to the one obtained in the price model with the weakly
dominated strategies. It follows that, in this game, the elimination of weakly dominated

strategies has almost no impact on the BRM equilibrium.

In the three type case, with hi<p;<H; hy<p.<H,, hi<ps;<Hs, (piH;+p>H>)/ (pi+p2)< hy and
pi1H+p.Ho+psHs< hs , each seller's strategy in which she plays p; if she is of type t; is
weakly dominated by the strategy in which she plays p, when she is of type t,, the actions
played by types t; and t; being equal. Similarly, each seller's strategy in which she plays p;
or p; if she is of type t3 is weakly dominated by the strategy in which she plays p; when she
is of type t3, the actions played by types t; and t, being equal. Similarly a strategy such that
the consumer refuses p; is weakly dominated by the strategy in which he accepts p;, the
behaviour after p, and p; being equal. Hence eliminating weakly dominated strategies leads
to the table 4.

The system of equations becomes:

r=1=q4/2, 13=Q, 14=15=0, T6=q1+q3

qi=r1, qo=r2/2+15+16/2, qQ3=r3, Q4= r2/2+14+16/2

It follows that r=r,=1/7, 13=2/7, 14=15=0, 16=3/7, qi= 1/7, qo=q3= qa= 2/7.

17



The Kuhn equivalent behavioural strategies are:
T(py) =277, mi(p2) = 2/7, mi(ps) = 3/7

T(p2) = 3/7, Ta(p3) =477, m3(p3) =1

q(p= 1, q(p2)=3/7, q(p3)=3/7.

qi qz2 qQ3 4
Alp1AlpAlps | AlpiAIpaR/ps | AlpiRIpyAlps | AlpiR/paR/ps
r| pi/tip/taps/ts | Bz by
I pi/tips/ty pa/ts B, b1 B,
I3 p2/tipa/ty pa/ts by B>
T4 p2/tips/ta pa/ts B,
Is p3/tip2/t pa/ts B,
T pa/tipa/ta p3/ts b1 B, b1 B,
Table 4

Except for m(p;) and 7;(p, ) which are respectively significantly higher and lower than their
values in the original game (namely because accepting p; with probability 1 increases its
play by t;), the results are again similar to the one obtained without the elimination of the
mixed strategies. Therefore the conclusions do not significantly differ from the ones

obtained in the preceding approach.

6. Best-reply matching in extensive form games without weakly dominated strategies

Unfortunately, whereas Nash equilibria select the same issues in both the normal or the
extensive form of a game, the BRM equilibrium concept does not select the same issues in
both representative forms of a game.

Let us be more precise. Droste & al 's (2003) BRM definition is given for the normal form
only. So let us first propose a natural extension of their definition to the extensive form of a

signalling game:

Extension of the BRM equilibrium concept to extensive form signalling games
Let G be a finite signalling game in extensive form. Player 1 can be of n types and sells at
most M messages. Player 2 observes each message m and responds with an action r out of

R(m), the finite set of actions available at message m. A behavioural strategy profile

((ntl (.)...7ttn ), Tom, (.)...n2mM (.)) 1s a BRM equilibrium if:
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-for every type t; of player 1, and every message m; available to type t;,

1 M
T )= Y [Ty, ()

reBt_.l (m;) Card Bti (r) j=1
i

where r =( 1y,...1v) is a profile of actions played by player 2, and B, (r) is the set of best

responses of type t; to the profile r.

- after each message my, for every action Tm, available after my:

= 3 Lt
T T = .. (m;
ka( my )Card Bzmk (m) 11;11 tl( 1)

rneBE}nk (T,
where m=(m;...m,) is the profile of messages sent by the n types of player 1 and B,,, (m)is

the subset of player 2's best response to the profile m after observing my.

Let us apply this definition to the price model with two qualities t; and t; and two prices p;
and p;, with h;<p;<H;, hy<p<H, and p;H;+p,H,<h,. We also eliminate the weakly
dominated strategies, given that their elimination seems not to have a strong impact on the
results. Hence t, can only play p, and the consumer can only accept p;. It follows that the
BRM equilibrium logic in the extensive form of the game leads to:

T(p1)= 1-q(p2)

T1(p2)= q(p2) given that t;'s best response is p, each time the consumer accepts p», and p;
in the remaining case.

To(p2)=1

q(pn=1

q(p2) = 1-mi(p2)  given that player 2's best response when he observes p; is to accept p; if
and only if t; plays p;.

It immediately follows that:

T1(p2)= T (p1)= Y2, Ta(p2)= 1, q(p1)=1 and q(p2)=1/2.

Hence, in the two type game, we get exactly the same result regardless of the

representative form of the game.

Unfortunately, this equality of results does not generalize.
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So let us first turn to the game with three types, t;, t; and t3, with h;<p;<H; hy<p.<H,,
hs<ps<Hs, (piHi+p2Ho)/(p1+p2)< hy, piHi+p2Ho+psHs< hs. We also eliminate the weakly
dominated strategies, so that we can write: q(p1)=1, ®3(p3)=1 and m,(p;)=0. The studied game
is the one given in the 4 figures 3.

The system of equations becomes:

T (p3)=q(p3)

T (p2)= (1-q(p3))q(p2)

given that t;'s best response is p3 each time the consumer accepts p3 and it is p, each time the
consumer refuses p3 but accepts p,. With the remaining probability (not written here) t; plays
p1.

Ta(p3)= q(p3) + (1-q(p3))(1-q(p2))/2

given that t,'s best reply is to play ps each time ps is accepted and also each time both p3; and
p2 are refused. In the latter case, both p, and ps3 are best replies, which explains the division
by 2. t, plays p, with the remaining probability (not written here).

m3(p3)=1

q(p)=1

q(p2)= (1- T1(p2)) Ta(p2)+(1-71(p2))(1-T2(p2))/2

because accepting p, is optimal if only t; plays p, or if neither t; nor t; play p,. In the latter
case, player 2 can also refuses p,, which explains the division by 2. The consumer refuses p;
with the remaining probability.

q(p3)= (1-m1(p3))(1-1m2(p3))

because accepting ps is optimal only if t; and t, do not play p;. The consumer rejects p; with
the remaining probability.

Solving the system of equations leads to:

T (py)= T(p2)=T1(p3)=1/3, T2(p2)= T2(p3)=1/2, T3(p3)=1

q(pv=1, q(p2)=1/2 and q(p3)=1/3.

Let us comment this result.

First, even if the seller's behaviour is not far removed from the one in the normal form game
(2/7, 2/7, 3/7 become 1/3,1/3,1/3 and 3/7 becomes V2), the results obtained in the extensive
Jorm are different from the ones obtained in the normal form. Let us give some insights

into why the results are different.
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In the extensive form game, we both have:

T (p2)= (1-q(p3))q(p2) (given that t;'s best response is p, each time the consumer refuses p3
but accepts p2)

and T (p3)= q(p3) + (1-q(p3))(1-q(p2))/2

(given that t's best reply is to play ps each time ps is accepted and also each time both ps and

p2 are rejected).

(p1-hi, Hi-py)
(p1-hy, Hi-py)
(p2-hi, Hi-p) A P1 A (p3-hi, Hi-p3)
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In other words, p, is optimal for t; in the strategy configuration of figure 3b, and ps is
optimal for t; in the strategy configurations of figures 3a, 3c and 3d.. Hence there is no
configuration such that simultaneously p, is optimal for t; and ps3 is optimal for t,. Yet this
does not prevent p, from being optimal for t; in some circumstances and ps from being
optimal for t; in other circumstances. It follows that the BRM concept in extensive form
clearly uses the decentralization of the decisions taken by t; and t,, a decentralization which

is possible in the extensive form approach.

This decentralization is impossible in the normal form approach. So we observe in table 4
that po/t;ps/t, pa/ts is never a best response given that there is no configuration of player 2's
responses such t; and t, are simultaneously best off by playing p, and ps respectively. The
normal form links the actions taken at each decision node of the seller and therefore looks
for configurations of actions by the consumer that justify a profile of decisions of the seller
(one at each information set). Hence the logic is different and this explains that both

approaches do not lead to the same results.

Second, the obtained result is worth of interest in that the obtained behaviours are
elementary: t; can play 3 prices and plays each of them with probability 1/3, t, can play 2
prices and plays each of them with probability %2, t3 can only play one price and of course
plays it with probability 1; the buyer accepts p; —which can only be played by t;- with
probability 1, he accepts p,- which can be played by 2 types- with probability %2, and he
accepts p3 —which can be played by 3 types- with probability 1/3. We prove in the next

section that this behaviour can be generalized.

7. Best reply matching in extensive form: a simple behaviour rule that should be

experimentally tested

In this section we prove that the above behaviour generalizes as soon as one smoothly

changes the behaviour of some players when they are indifferent between several best

responses. Droste & al.(2003) tell in their paper that there is no real motivation to assign to
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each best response the same probability (by dividing by the cardinal of the subset of best
responses).

Let us turn to the general case with n types, after elimination of the trivial weakly dominated
strategies. So we focus on a game with n types, n prices pi, p2, ..pn, With hi<pi<Hj, i from 1 to
n, such that the consumer is strictly better off accepting p; if only t; plays p; and is indifferent
between accepting and refusing p; only if nobody (i.e. no type lower or equal to tj) plays p;.
In this latter case, we now suppose that, instead of accepting and refusing p; with the
probability of the event ''no type lower or equal to t; plays p;'' divided by 2, the consumer
accepts p; only with the probability of this event divided by i. Given that i is the cardinal of
the set of types that can play pi, we introduce in some way a kind of risk aversion that grows
with higher prices. This is not a silly assumption even if we admit that we only introduce it
in order to get the generalization of the result obtained in the three type case.

The system of equations in the general case becomes:

71 (Pn)=q(Pn)

m(p)=ae) [ [ -a(p,) fori from 2 ton-1

j=itl

nl(pl): 1- an (pi)

Ti(Pn)= q(pn) +[ ﬁ(l —q(p;) )/ (n-i+1) for i from 2 to n-1

i

Ti(px)= q(px) IHI(I —-q(p,)) +[ﬁ(1 —q(p;) 1/ (n-i+1) for i from 2 to n-1 and k from i+1 to

j=k+1 JH
n-1
m(p)=1- Y m,(p;)
=i+l
T (pn)= 1
qipn=1

i-1 i
q(pi)= Ti(pi) Hl(l—nj(pi))+ [Hl(l—nj(pi))] /1 forifrom 2 ton
= =

It is easy to check that a solution for this system of equations is given by:
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Proposition 4
In the n type case, the BRM behaviour is given by:
Ti(p;)= 1/(n-i+1) forifrom 1 tonandj fromi to n.

q(p;)= 1/j for j from 1 to n.

In other words, each type plays each available price with the same probability and the
consumer accepts each price with the probability 1 divided by the number of types who can
play this price. It is difficult to find a more easy behaviour, that displays the same amount
of consistency. To our mind it would be worth testing experimentally if such a behaviour can

be adopted by real players.

8. Conclusion: best-reply matching and social surplus

Let us conclude by observing that the preceding behaviour rule is not only simple and
consistent but it can lead to positive payoffs for both the consumer and the seller, at least
if the number of types is low. Moreover, the social surplus can be higher than the highest

PBE social surplus in the price quantity model.

Proposition 5

In the price model with two types and two prices p; and p,, with h;<p;<H; ho<p,<H,, and
piH+p2Ho<h, |, best reply matching can lead to positive payoffs for both the consumer and
the seller. Moreover the social surplus can be higher than the highest PBE social surplus

in the price quantity model and therefore also in the price model.

To prove this proposition, we first observe that the highest social surplus achievable with a
PBE in the price quantity model is obtained with p;= H;, p,=hy, qi1=1, q2= (H;-h;)/(hy-h;). It
leads to the social surplus p;(H;-h;)+p2 (Hz—hz)(Hl—hl)/(hz—hl).4

In the price model, in which the consumer's surplus is necessary null (cf. proposition 2), the
highest social surplus limits to the highest seller's payoff, which is equal to the lower amount

p1(Hi-h))+p2(Ha-ho)(Hi-hy)/(Ha-hy).

4 . . . .
This result derives from a maximization program.
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Now let us look for the BRM equilibrium in the game with 2 prices, with h;<p;<H;,
ho<pr<H, and p;H;+p2H,< hy, after elimination of the weakly dominated strategies (hence
t, plays p, with probability 1 and the buyer accepts p; with probability 1). We know that in
this case the normal form approach and the extensive form approach of BRM lead to the
same result, i.e. t; plays p; and p, with probability 2 and the buyer accepts p, with
probability ¥2. It follows that the surplus of the seller is p;[(p1-hi)1/2 + (p2-hy)1/2.1/2]+ p»
(p2-h2)1/2. The consumer's surplus is equal to p;[(H;-p1)1/2 + (H;-p2)1/2.1/2]+ p2 (Ha-p2)1/2.
So, first, the total surplus is equal to p;(H;-h;)3/4 + p» (Hy-hy) 1/2.

Take the values H;=50, h;=49, H,=70, h,=61, p;=p»=0.5, p; very close to 50° and p2=62.

It is easy to check that the assumptions on the parameters are satisfied, that the highest PBE
social surplus in the price quantity model is 3.5/4, that it is equal to 5/7 in the price model,
and that the highest PBE consumer surplus is 1.5/4 in the price quantity model (it is null in
the price model); the highest PBE seller payoff is 5/7. By contrast, the BRM social surplus is
equal to 10.5/4, i.e. 3 times the maximal PBE social surplus of the price quantity model. The
maximal consumer surplus for a p; close to 50 is obtained for p, very close to 61 and is
therefore equal to 3.5/4, which is much higher than the maximal consumer surplus in the
price quantity model. The highest BRM seller payoff is obtained for p; very close to H; and
p2 very close to H, and it is equal to 20.5/4 (the surplus of the consumer being negative in
this case).

Moreover it is easy to find values of p; and p, that lead to positive payoffs for both players.
For example, for p; very close to 50 and p,=62, the consumer surplus is equal to 2/4 and the
seller surplus is equal to 8.5/4. Both payoffs are not only positive, but they are both higher
than the maximal consumer and seller surplus in a PBE in both the price and the price
quantity model.

So we can conclude as follows: given that cheating is allowed in the BRM approach (t;
cheats half of time), cheating does not necessarily lead to bad payoffs as soon as one gives
up the Nash consistency approach. With the alternative consistency approach conveyed by
the BRM concept, cheating can be socially efficient in that each type of seller as well as the

consumer can get a positive payoff. So the bad quality does do not necessarily throw out the

> We choose p; very close (approximately equal) to H, in order to show that the result is not linked to the fact
that p; can be chosen lower than H; in the BRM approach whereas it has to be higher or equal to H; in any
PBE.
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good quality out of the market even in a simple price model, and everybody can get a

positive payoff.
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Appendix 1

(2) implies that t;, with i from 1 to n-1, is indifferent between p;* and pj.™* :
(piv1*-hi).q(pis1*)= (pi™*-hi)q(pi*) (5)
It follows from (5), and from the definition of p;*, that q(p;*) decreases in1i .
Let us prove that, for i from 2 to n-1, t; prefers p;* and p;.+1* to any p;*, with j higher than i+1:
(Py1~h).q(py1)= (py*-hy)a(py™) for j from i+1 to n-1
Hence (pj+1*-hi).q(pj+1*) =(pj+1*-hj+hj-hy).q(pjc1*)= (pj*-hjq(p;*) +(hj-h))q(pj+1*)
< (pi*-h)q(p;*) +(h;-h))q(p;*) (given than h;>h; and that q(p;*) decreases in 1) .
Hence (pj+1*-h;).q(pj+1*)<(p;*-hi)q(p;*) for any j from i+1 to n-1 and therefore:
(pi*-hi).q(p;*)<(pir1*-hi)q(pis1*) = (pi*-hi)q(pi*) for any j from i+2 to n.
Let us now establish that t;, for 1 from 2 to n-1, prefers p;* and pi,1* to any p;*, with j lower
than i.
We have, for any j, with 1<j <i :
(pj-1*-hy).q(pj-1™)= (Pj-1*-h;j.1).q(pj-1¥)+(hj.1-h;)q(pj.1*)
= (pi*-hy-1)-q(p;™)+(hj.1-hi)q(p;1 %)
=(p;*-hi).q(p;*)+ (hi-hj.1)q(p;*)+(hj.1-hi)q(p;.1 %)
=(pi*-hy).q(p;*)+ (hi-hj-1)(q(p;*)-q(pj-1))
< (pj*-hi).q(p;*) because (hj-hj.1)(q(p;*) -q(p;-1™))<0.
It follows that (p;*-h;).q(p;*) < (pi*-hi)q(p;i*) for j, with 1<j<i.
It follows that ti's behaviour is optimal, for i from 1 to n.
Let us now turn to the consumer. Given his out of the equilibrium path beliefs, his reaction
to out of equilibrium prices is optimal. We consider now his behaviour after equilibrium
prices:
It is optimal to accept H;.
Only ti; and t; play p;* for any i from 2 to n.
Accepting p;* leads to the expected payoft:
Pi-1 Ti1(pi™)(Hic-pi*)+pi T(pi*) (Hi-pi*)
Given (1) this payoff is equal to 0, which justifies the buyer’s mixed strategy.

Appendix 2

Implementing q(p;*) is straightforward and will not be reproduced here.
Let us turn to T i(pi+17*).
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We have m,(py)=1.

The buyer is indifferent between buying and refusing trade at price p,* only if
(Hn_ pn*) Pn + (Hn—l'pn*) nn—l(pn*)pn—lz(), ie.

To-1(pn™)= k/(2.(K-k/2))=b/a by setting b=k/2 and a= K-k/2

Hence 7,1 (pn.1¥)=1-T01(pn*)= 1-b/a

The buyer is indifferent between buying and refusing trade at price p,.;* only if
(Hn-l - pn-l*) J.l:n-l(I:)11-1>k)l)n-l + (Hn-Z'pn-l*) nn-Z(pn-l*)an:O’ ie.

Tn2(pr*)= (1-b/a)(k/2)/(K-k/2)=(b/a) — (b/a)’

Hence T, 2(pn2*)= 1-Tp2(pn-1*)= 1-b/a +(b/a)2.

A recurrence reasoning implies that :

For any i even, i from 2 to n-2 or n-1 (depending on whether n is odd or even),
Toei(Prie1 )= (b/a)-(b/a)* +(bla)’-......-(bla)'= -8 +5°-......-&'

= 5(1- (8H)1HE2))/(1.82) - 8 1- (8%)*D2)/(1-8?)

= (1- §")8(1- §)/(1-8%)= 8(1-8)/(1+d)

For any odd i, 1 from 1 to n-1 or n-2 (depending on whether n is odd or even)
Toni(Proie1 )= (b/a)-(bla)? +(b/a)’-......+(b/a)'= 8-8 +&-......+8'

= 5(1- () MHD2y/(1.82) - 8 1- (8%)+D2)(1-82)

= (8- 8- 843" )/(1-8%)= (1- 8)( & + 8")/(1-8%)= & (1+8)/(1+3)

Appendix 3
Let us focus on a PBE path in which each type of seller gets a positive payoff.

Let us first prove that if t; plays 3 prices p, p' and p", then p'=H;.

We necessarily have (p-h;)q=(p'-hi)q'=(p"-h;)q" where q, q' and q" are the probabilities of
buying at prices p, p' and p". Necessarily q >q">q">0 (given the positive payoff of each type
of seller). It follows that, for each type t; with j<i, (p-hj)q>(p'-h;)q">(p"-h;)q" and that for each
type t; with j>i, (p-h;j)q<(p'-h;))q'<(p"-h;)q". Therefore p' and p" can not be played by any type
lower than t; and p and p' can not be played by any type higher than t;. It derives that p' is
only played by t;. Given that q' is different from 0 and 1, the consumer is indifferent between
buying and not buying; this is only possible if p'=H;.

It follows in the same way that, if t; plays 4 prices p, p', p" and p"', with p<p'<p"<p"', then
p'=p"=H;. Hence each type of seller sets at most 3 prices. Moreover, if she sets three prices,
the middle price is H;.

We now show that if a price p is only played by t;, then it is necessarily equal to H;. As a
matter of fact, if p>H; , p is refused and t;'s payoff is null (a contradiction to the positivity of
the payoff of each type of seller). If p<H; then p is accepted with probability 1. It follows
that nobody plays a price lower than p; hence p is necessarily the lowest price played in the
game. Moreover, given that t; prefers p to any higher equilibrium price, any type lower than
t; also prefers p to the higher prices. Hence, either t; is different from t; and p is played by
several types (a contradiction to our assumption), either ti=t;; but the lowest price played by
t;, in each PBE, is at least H; (a contradiction to our assumption), given that any price lower
or equal to H; is accepted by the consumer. It follows that if a price p is only played by t,
then it is necessarily equal to H;.

It derives from the above observation that if t; plays a price p different from Hi, then p is
necessarily played by another type. Let us suppose the contrary. Then, if p<H; ( is
necessarily different from 1) p is accepted with probability 1 which leads all the types lower
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than t; to play p (a contradiction to our assumption). If p>H;, p is refused and t;'s payoff is
null, a contradiction to the positivity of the seller types' payoff. It follows that p is
necessarily played by another type.

Let us be more precise by showing that an adjacent type, ti.; or tiy; , plays p.

If p is played by t; with j<i-1, than t;.; prefers p to any lower price. And, given that t; plays p,
ti.; prefers p to any higher price. It follows that ti.; only plays p.

Symmetrically, if p is played by a type t; with j>i+1, than ti,; prefers p to any higher price.
And, given that t; plays p, ti;+; prefers p to any lower price. It follows that t;;; only plays p.

It immediately follows that at most (2n-1) different prices are played in the game. As a
matter of fact, given that a type t; can at most play 3 different prices, and given that, in this
case, the middle price is necessarily Hj, t; can only play 2 different prices H; and p;>H;.
Hence p; is necessarily played by t,. It follows that t; can at most play the three prices, p;, H
and p,>H,. It follows that t3 plays p, and that t3 can at most play the three messages p,, H3
and ps>Hj3. And so on, till to t,.; who can at most play three prices, pn.2,Hn.1 and py,.;. Hence
t, plays pn-1 and she can at most play 2 different prices, p,.; and H,. The result follows.

Let us finally prove that in a PBE path in which each type of seller gets a positive payoff, the
buyer's payoff can only be equal to 0.

It follows from the positivity of the seller types' payoff that the consumer accepts each
equilibrium price with a strictly positive probability. Let us suppose that the buyer accepts an
equilibrium price p* with probability 1. In that case, p* is necessarily the lowest price played
in the equilibrium. Call t; the highest type playing p*. Necessarily, p*>h; and t; plays p* with
at most probability 1. Yet assumption (a) ensures that ile—HJ< h;<p* for i1 from 2 to n. It

Hypy
k=1

follows that the consumer refuses p* (a contradiction), unless i is equal to 1. Yet, in that
case, p* is necessarily equal to H; and the buyer's payoff is null . Hence each price different
from H; is accepted with a probability lower than 1. It follows that the buyer is indifferent
between buying and not buying at every equilibrium price different from H;. This means that
his payoff is equal to O (i.e. the payoff of the absence of trade) for any equilibrium price.

In fact the buyer's payoff is null in any PBE of the price model. Consider any price p* of the
PBE equilibrium path. Either p is refused with probability 1, in which case the buyer's payoff
is null. Either it is accepted with a positive probability, in which case the preceding
observations ensure that the buyer's payoff is also equal to 0.
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