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Non PricelnteractionandBusinesd-luctuations
in anAgentBasedModel of Firms’ Demograply

RobertoLeombruni

Abstract

This paperpresentsomeartificial stylisedfactsemeping in a simulatedcon-
testablemarket wherefirms interactwith eachotherin taking their stayor go de-
cision. | usenearlyzero-intelligencdirms: no optimisationis consideredandall
thefirms sell atafixedpriceanequalquantityof thegood. Theentryof new firms
is triggeredby the overall profitability of the market, measuredy the spreadbe-
tweenthe averagerateof profit andtheinterestrate. Theexit decisionis modelled
via a meanfield effect, to take into accountin the decisionprocesshoth the per
formanceof theindividual firm, andthe informationaboutthe profitability of the
market that canbe abducedooking at the stayor go decisionof the otherfirms.
Financialrequirement®f productionareconsideredwith a spreacetweercredi-
tor anddebtorinterestrates.Themodelis simulatedwith an ACE approachusing
the Swarmlibrariesreleasedy the SantaFe Institute.

1 Intr oduction

Empirical literature in industrial dynamicshas underlinedsince a long time mary
stylisedfactsrelatingfirms distribution characteristics— suchasthedifferentdynamic
pathfollowedby largeandsmallfirms, aright skewedsizedistribution, the presencef
anequilibrium positive firms turnover — thatcannotbe adequatelyackledwithin the
Representate Agent(RA) framawork. As it seemsrealmarketsarecharacterisethy
a"tremendousithin-industryheterogeneitythatis notcancellecbutby the’selection
of thefittest’, andthatrequiresa specificattention(Haltiwvanger1997).

The weaknessesf the RA framewnork have beenpointedout alsofrom a method-
ologicalpointof view, andtheeffectsthatheterogeneitandinteractionramongndivid-
ualscanhave on macrodynamics— particularlyin presencef marketimperfections
andstratgic complementarities— have becomea growing field of investigation(Kir -
man1992, GallegatiandKirman 1999, Delli Gattietal. 2000).

A naturalandsometimesradical” way of copingwith heterogeneitys by means
of agent-basedimulations. We may seeAB simulationsas just a different pathto
simplification. Gettingaway from a 1:1 mapof the world, the mainstreanmway is to



model markets with an over simplified structure,and populatethemwith few cate-
goriesof supefrational perfectly informed agents— sometimes capableof solving
even uncomputablaasks. The oppositepathis followed by AB practitioners,who
usuallyendaw their agentswith just limited informationandboundedrationality, and
spendtheir degreesof freedomallowing for heterogeneitylearning,interactionand
soon. The mostradicalway of doingthisis to adopt”zero-intelligence”(Zl) agents,
andlook whethertheir interactionin awell definedmarket microstructuregive riseto
macrobehwaioursthattendto replicatethosepredictedoy modelswith rationalandin-
formedagentyGodeandSunderl993and1997,Ternal998,Mirowski andSomefun
2000).Thespiritis well synthesisedly Epstein:"The issueis nothow muchrationality
thereis (atthemicrolevel), but how little is enoughto generatehe macroequilibrium”
(Epsteinl1999).

| adoptedhis kind of modellingto shav how Zl-agentscanbeusefulin theinves-
tigationof industrialdynamicsnamely in thestudyof therelationsbetweerentry-exit
of firms in/out of a contestablanarket, their financial position, andbusinesdluctua-
tions. Theadoptionof the ZI hypothesisallowedmeto shav how thefreeentry-&xit of
firms, togethemwith heterogeneityn their financial position,aresufiicient hypotheses
to generateatherinterestingaggrejatedynamicsandto reproducesomestylisedfacts
pointedout by the empiricalliteratureon this topic. Amongthe artificial stylisedfacts
producedrunning simulationsof the model, thereis a right skewed distribution for
the equity base attributablemainly to a compositioneffect; a long run positive firms
turnover, dueto a positive probability of exiting the market also during expansions;
businesxycles,dueto theinteractioncomponenbf thedecisiontakenby thefirms.

In next two sections,| briefly review the literatureof interest. In the following,
| presenthe algebraof the model,anda qualitative analysisof its dynamicswith no
heterogeneitamongfirms. Someotherresultson thedynamicsemeging aregivenin
sectionfour, wherel simulatethe samebasemodel. The effectsof heterogeneityare
thenstudied,putting idiosyncraticshockson the price at which firms areselling their
good.Someconcludingremarkswill follow.

2 Main empirical findings

Theissueof firms’ demographyameto the attentionof the scholarsat the beginning
of the Thirties,with theseminalwork of RobertGibrat(1931).His goalwasto explain
the skew distributionsthat could be obsenedin mary contects, amongwhich in firm
sizein manugcturingindustries. Gibrat firstly obsened that his datafit well with a
lognormaldistribution. To "generate”suchform, he assumed linkage betweena
firm’s currentsizeandhis rate of growth: Namely he proposedhata firm’s absolute
growth wereanormally distributedrandomvariable whosemeanwasproportional to
his actualsize. In otherwords,thata firm rate of growth werea normally distributed
randomvariablewith meanindependenof thefirm’s currentsize;the socalled”Law
of proportionateeffect” (seethe surwey in Schmalense#989).

After abouttwo decade®f but little researclon this topic, startingfrom the late
Fifties mary empiricalstudiesessentiallyconfirmedGibrat's law: At leaston average,
thereseemedo benorelationshetweerfirms’ sizeandtheir proportionakateof growth



(Hart andPrais1956; Simonand Bonini 1958; Hymer and Pashigian1962; ljiri and
Simon,1977). The evidenceon thelognormalshapeof the distribution, however, was
lesssound;the "main” factappearedo be a right skewed distribution, whichever the
underlyingfunctionalform.

Theseearly investigationson the Gibrat’s law had a severelimit in the datasets
availableatthetime. In the lastdecadestesearchers a numberof countriesgained
accesso longitudinaldatasetson businessunits— mainly of administratve source.lt
hasbeenpossiblethen,to traceindividual dataon entries exits, andlife trajectorieof
firms, anda greatdealof stylisedfactshasbeenproducedwith a greaterdetail. John
Sutton(1997) and RichardCaves (1998) suney the mary researchethat have been
producedon the "Gibratslegag/” andthe mostrecentfindingsaboutfirms’ demogra-
phy. As regardsitaly, an up to dateinvestigationcanbe foundin Lotti and Santarelli
(2001).

Many of thempointto a greatertheterogeneityf behaiours. As regardstherela-
tionsbetweergrowth ratesandfirms’ size,themainrefinementamefrom theanalysis
of small firms life trajectories. Beyond the averagesimilarities betweensmall and
largefirms’ proportionalgrowth, the smallonesrevealeda higherprobability of going
bankrupt;for thosesurviving, on the otherhand,we usuallyobsene higherandmore
variablegrowth ratesthanlarge firms (Evans1987; Dunnand Samuelsori 988; early
evidencein this directionin Mansfield,1962).

For the purposeof the backgroundknowledgeto next section,the main stylised
factsworth remindingaboutthe differentbehaiour of small andlarge firms arethe
following (seeagainCaves1998):

o thedependencef firms’ growth rateson firm ageandsize;
¢ thenegative relationbetweerexit probabilitiesandfirm size;
¢ therelative smallsizeof firms’ entering;

¢ theheteroskdasticityof growth ratevariancewith firm size;

To thesejt shouldbe addedsomavhata wealeningof the samefindings,namely
theimportanceof idiosyncraticfactorsin explainingtheoverallfirm performancéHalti-
wangerl997;Contini-Revelli 1992).

Anotherclearcutevidenceemegedabouttherole of inflows andoutflows of firms
in businesdluctuations. The first datumto cite relateswith the co-mosementsof net
businesgormation (entriesminus exits) with grossnationalproduct. Chatterjeeand
Cooper(1993)reportedfor the United Statesa correlationbetweerguarterlynet busi-
nessormationandgnpvariationsin 1955:1-1983:4f 54%. For Italy, Novaresg2001)
reportsacorrelationbetweeryearlynetbusinesgormationin theprivatesectorandgnp
growth in theyears1984-199&f about80%.

Secondlywe obsene a positive turnover of firms alsoin "equilibrium” conditions;
thatis, in everymarket, evenwhenthestockof firmsis roughlyconstantywe usuallyob-
seneimportantinflows andoutflows of firms. For Italy, in theyears1984—1998firms’
turnover (entry ratesplus exit rates)ascomputedwith the dataof BusinessRegistry



wason averagel5%; this figurerise to 19% usingthe Social Securitydata(Novarese
2001).As for astheimpactof this flows on growth, RajanandZingales(1998)find in
asampleof 42 countrieghatone-thirdof thegrowth in industriesoverthe 1980scome
from the creationof new firms.

Relatedto theseevidencearethefindingson the role of entryandexit on job cre-
ation and destruction. The Oecdestimatesharesof job creationand destructionat-
tributableto openingsand closuresof firms rangingfrom about25% for Canadato
67%in the United States. In Italy, in theyears1984—-1998the samesharehoveredon
33%,thatis, aboutoneout of threenew jobscreateds attributableto the entry of new
firms (SocialSecuritydata,MalpedeandCornaglia,2001).

In the sunwey studiesl cited, Suttonand Caves summarisehe mary efforts that
have beendirectedin relating thesedynamicsto mary micro- and macroeconomic
covariatesamongwhich R&D investmentsentry barriers,industryconcentratiorand
soon. They devotelessattentionto therelationsbetweerfinancialvariablesandfirms’
demography Variousphenomenan corporatefinanceseemrelatedto firm sizeand
growth; areferenceo somesuney studiescanbefoundin Kumaretal. (1999).To my
purposesthe mostsensibldink is thatgoingfrom firms’ financialfragility to business
fluctuations. The pathbreakingvorks on this topic aredueto HymanMinsky (1963,
1982), wherea wide-rangingdiscussiorabouteconomicpolicy is strictly entangled
with theanalysisof thefinancialfactorshatledto the’29 crisis. Themicroeconometric
researclrelatingthe ideasthere put forth andindustry dyamicsis at his beginnings,
partlybecausef thelack of data;theoreticalnvestigatiorproducednary contritution,
to which 1 will pointto in next section.

3 Modelling strategieson firm demography and busi-
nessfluctuations

The”classic”view ontherelationsbetweerfirm size,thenumberof firms populatinga
market, theirentryandtheir exit in a perfectcompetitionframewnork canbetracedback
to Viner (1931). Thekey assumptioris thatof a representatie firm with astrictly con-
cave long run averagecostfunction. This way, the optimalsizeof afirm is determined
by the efficiency conditionsof production,andthe equilibriumnumberof firmsis de-
terminedcomparingthis optimal sizewith the dimensionof anexogenousiemand.If
g¢ is the productionthat minimisevariablecostsat the level vc®, the market will then
bein equilibriumwith a numberof firms suchthat:

N®=D(vc®)/q° 1)

whereD(p) is demandat price p. Firmsinflows andoutflows, in this framework,
areadjustmento theequilibrium,andwill betypically drivenby thedemandsideof the
model: An expansiorof marketdemandwill causeheentryof new firms,acontraction
the exit of someincumbentfirms. SheshinskandDreze(1976)shawv thatwith these

10ecd1994 yearsfrom themid-Eightiesto 1991. The high figurefor the United Statesstems(also)from
thedifferentdataused relative to plantsandnotfirms.



assumptionainotherindustry-structuremplication of demandfluctuationscanbe the
loweringof theaverageoutputof therepresentatie firm. As for asdynamicshowever,
thisframework is particularlypoor, andits implicationsstayat oddswith theempirical
evidence.

The efforts of the literatureto reconcilethis raw portraitwith empiricalevidence
have beenmainly directedin two directions: A greaterrealismof the theoreticalas-
sumptionsagreateraccordancef themodels’'resultswith the stylisedfactson firms’
demographyAs to thefirst point,acrucialassumptiorthathasbeenrelaxedis thestrict
concaity of thecostfunction,in accordancevith theobsenationthatthereis usuallya
wide productionrangefor which variablecostsareconstan{SimonandBonini 1958).
Therelevanceof this hypothesiss straightforward: If the productionfunctionimplies
aflat bottomin thevariablecostscurve the simplemechanisnsketchedabove breaks
down, sincea changeof marketdemandcanbe absorbedatleastin part) by theactive
firms; a conclusionthat seemsn accordancevith empiricalresearci{RajanandZin-
gales1998).1n this case therefore we canno moredeterminean equilibriumnumber
of firms (at bestan equilibriumrangecanbe derived), andthe qualitatve assessment
of marketdynamicsandfirm flows becomesvenlooserthanin Viner's case.

Keepingaparttherealismof assumptionghe mostchallengingssuewerethecon-
structionof modelswith aggreyateimplicationsmorein accordancavith the stylised
factsthatthe empiricalliteratureproducedn theyears.Thecontrasbetweerthe skew
sizedistribution of firms in real marketsandthe standardnodelwith N equalfirms
wasfirstly tackledby meansof stochastianodels,and varioushypothesesboutthe
randomprocesgyuidingfirm growth weretested(a surwey in Steindl1965).

This family of modelshasbeencriticisedfor its 'purely statistical’ nature. This
notwithstandingthey arein principle reconcilablewith a flat-costcurve framework.
If the microfoundation®f incumbentfirms’ growth canbe consideredinsatisctory
their equilibrium outcomescan be justified by modelslike SimonandBonini’s, and
they generataggrayateresultsin accordancevith the early stylisedfactsproducecon
firms’ demography

As theempiricalfindingsgaineddetails,however, this modellingstrateyy revealed
unsatishctory Tackling with an equilibrium positive firm turnover, for instancere-
quiresa moreradicalrelaxingof the representatie agenthypothesisif all firms were
characterisetly anequalminimumof thelong runaveragecostcurve,ashockmoving
amarketoutof theequilibriumwouldimply justone-way flows, andwhentheequilib-
rium is establishedve shouldobsene no entriesandexits. Thesamecanbesaidabout
thedifferentgrowth pathsfollowedby youngandold firms.

The efforts to betterfit the data,then,involved putting heterogeneityn somefirm
level characteristicsasin Lucas(1978),thatconsideredlifferentmanageriabbilities;
or in the studiesthat consideredlifferencesn R&D and productvity levels (a most
comprehensieinvestigationon this topicscanbefoundin Sutton1998).

The first attemptto give a comprehensie theoreticalfoundationof all aspectof
firm’s mobility in a competitve market structurewere givenin a pathbreakingpaper
by Boyan Jovanovic (1982). He proposedan evolutionarymodelof "noisy” selection,
wherefirms areassumedheterogeneouwith respecto their productvity, but uncover
theirtrueefficienciesthrougha BayesiariearningprocessThis giveriseto patternsof



entry, growth, andexit, thataccountedor mary of thedepartureérom theproportional
growth law, amongwhich anhigherlevel andvariability in the growth ratesof younger
firms, a positive relation betweenfirm ageand size, anda positive relation between
market profitability andconcentration.

Individual productvity, in Jovanovic’ model, doesnot changeover time, andthe
selectiorendsupin anequilibriumin whichthereareno inflows andoutflows of firms.
Hopenhayn(1992), extendshis resultsallowing for a stochastievolution in the pro-
ductivity level. The framawork is the same:A populationof firms with perfectfore-
sighton pricesanddemandevel, performinganintertemporaprofit maximisation.He
derivesa limit distribution thataddsto the main resultsof Jovanovic a positive equi-
librium firms turnover. The dynamicbehaviour of the model,however, is limited to a
comparatve staticsanalysis.

In the last decadeshowever, the representatie agentframavork hasbeenques-
tioned not only in its "strongest”version,i.e. whenthe assumptioris that realistic
macrobehwaiour can be obtainedignoring the heterogeneityf agents but alsowhen
the heterogeneityalthoughconsideredis managediia a massve setof unrealisticas-
sumptionamposedto derive an exact microfoundatiorto the aggreyatebehaiour; in
someway, cancellingout mostof the potentialeffectsthatheterogeneitganhave on
the dynamics(Martel 1996; Kirman 1992). Therelaxing of this (apparently)'weak”
RA hypothesischaracterisea wide literatureon the effectsthatheterogeneityandin-
teractionamongindividuals can have on the macrodynamicsn presenceof market
imperfectionsandstratgjic complementaritie§GallegatiandKirman 1999).

The relevanceof a soundemodelling of heterogeneityand interactionfor busi-
nessdynamicshasbeenpointedout to the industrial organisationliteraturein mary
contritutionsfocusingon firms’ financialfragility. Building on the seminalworks of
HymanMinsky, mary authorsdevelopedtheseideasfocusingon how firms’ financial
fragility andthepresencef bankrupty costscanshapenacroeconomibehaiour (see
for instanceGreenvald and Stiglitz (1988,1993),Bernanie andGertler(1989,1990),
Kyiotaki andMoore (1997)). A featurecommonto thesecontrituteis the adoptionof
a Dixit-Stiglitz modelof productdifferentiation,andthe assumptiorof heterogeneity
in firms’ equity baselevel. Delli Gatti and others(2000), built an explicit link be-
tweenthe businesdluctuationsemenging in thesefamily of models,the evolution in
thedistribution, andthe firms’ inflows andoutflows.

A cornvenientway of tacklingwith H&I is by meansof aclassof modelsdeveloped
within statisticalmechanicgo studythe aggreyatedynamicsof particlesystems.The
earliestexampleof the useof statisticalmechanicsn theeconomicdomaindatesback
to Follmer (1974),and hasbeengiven a major impulseby the the seminalworks of
Brock and Durlauff on socialinteractionandbinary choicemodels(seefor instance
Brock andDurlauff 2000).

The adoptionof suchtoolsin the field of industrial dynamicsis ratherat its be-
ginning. An andKiefer (1995), Cowan and Cowan (1998)andDalle (1997)analyse
processesf technologyadoptionin presencef local andglobal externalities.Ozman
(2000)investigatehe clusteringin R&D activity.



4 The model

Themodelis anextensionof a previouswork (seeLeombrunietal. 2001), wherewe
introducednearlyzero-intelligencgZl) firms to studyindustrydynamics.The useof
Zl-agentsallowedusto derive asortof benchmarkor the behaiour of a market with
freeentryexit, linearproductioncosts,andequityrationing.

There theentryexit decisionwereessentiallyexternalto thefirms: givena positive
(negative) profitability of themarket- measuredby the spreacetweertheinterestrate
of asecureassetandthe averageprofit rate- a certainnumberof firms weredriveninto
(outof) themarket.

Here,we give backto thefirms a bit of intelligence to modelthe presencef local
anddispersedknowledgeon the market profitability.

On oneside, potentialentrantshave accesgust to price signals,sothatentriesare
still drivenby the presencef morethannormalprofits.

On the otherside,incumbentdirms have at their disposallocal knowledgeon the
market profitability. This information,however, is dispersedandhasto be extracted
lookingatthebehaviour of theothercompetitors Thestayor godecisionthen,is mod-
elled assuminghon-priceinteractionamongfirms: eachof themwill make its choice
consideringooththeir own performanceanthe signalson the market profitability that
they havelooking atthe stayor go decisiontakenby its competitors.

4.1 Firms and households

The demandsideof the modelconsistof a constanandexogenousncomeY, which
is entirely spentby householdgo buy equalquantitiesof the goodsproducedby the
incumbenfirms. Thepricetoois given,andis normalisedo oneplusanidiosyncratic
shockidenticallyandindipendentlydistributedacrosgime andfirms.

The N incumbentfirms face fixed unitary (production)costsa. Theith firm’s
productionis financedby meansof its equity baseA;, andthe eventualnegative slack
betweenequity andthefinancialrequirementyields a costof r timesthe slack. This
is equivalentto assuminga spreacbetweercreditoranddebtorr, the formerbeingset
to zero.

Eachfirm thenwill be characterisetdy thefollowing profit equation:

ni:w_r(%_m if%—ﬁq>0 (2a)
M= (1+5;\l_ a)Y otherwise (2b)

Firmsremunerateheir shareholderattherater, while the excesgshortfll) of the
profit over the dividendincreasegdecreaseshe equity base. Therefore the motion
equationof the equityof ith firm will bethefollowing:

AA =T —TA; 3)
=A(m—r)



with 15 = IM; /A
To studythe overall behaiour of our market, we will neglectfor a while the id-

iosyncraticshockson prices,andconsiderseparatelyhedynamicsof A andN. For the
sale of simplicity, we'll alsotreatN ascontinuous.

4.2 Equity baseequilibrium

Holding N constantthe equilibriumconditionAA; = 0 is reachedvhen

m=r (4)

It canbe shawn that, if the conditiona(1+r) < 1 holds, equation(4) implies
alsono liability for the firm, sowe cansubstitute(2b) into it to obtainthe following
equilibriumvalueof A:

Y(1-a)
N (5)
If we draw equation(5) againstN, we have the hyperbolic’Normal profits curve”
(NPC) that identifiesall the infinite couples(A,N) in which AA = 0 (cp. figure 2).
Whenary firm hasan equity baselower thanthat of the NPC, the excessprofit will
accumulateuntil the equilibriumvalueis reachedandsimilarly in the oppositecase.
As aconsequenceén equilibriumary initial heterogeneityn the equitywipesout.

A=

4.3 Firms’ turnover equilibrium

Now let'shold A constanaindequalfor all firms, andlet usspecifyseparatelgheentry
andthe exit mechanisms.

Giventhe partialequilibrium natureof the model,we assumedhe existenceout of
ourmarketof anunboundedetof potentialentrantsWe assumedlsono entrybarriers
(purecontestablenarkethypothesis)sothattheinflow of new firmsis triggeredsimply
by thedifferencebetweerthe averagerateof profit andtheinterestrate.

Entries,then,will "happen”only whenthe marketis nottoo crowdedfor the given
aggreyateddemandthatis whenactualN is lowerthanthevaluethatsatisfiest=r.

The conditionis the samethan (4), but the passagédo (the inverseof) equation
(5), necessaryo computean N* of equilibrium, is lessdirect. In fact, herewe are
consideringonly the entriesin the market, so thatthe N* that we cancomputefrom
(5) is just a bendimarkwith which to comparethe actualnumberof firms: it is the
maximumnumberof firms compatible given A, with atleastnormalprofits. Whether
or not thatvaluewill be afeasibleequilibriumdependslsoon theexit fluxes;andas
we will shaw, theansweiis no.

As a consequencehe equilibriumin N givenA doesnotimply no liability for the
firms, andto solve 1= r we mustconsidetboth profit equationg2a-2b).

2The conditionstatesthatthe unitary productioncosts,augmentedor the costsof their financing,must
be lower thanthe price. It is a sort of minimum requiremenfor the market to exist, andwe’ll assumat
alwaysverified.



The switch betweenthe two profit equationss the "No liability line” (NLL) we
drawn on figure 2, definedby the conditionaY /N = A. In the region lying over it,
firms have no liability, the "active” profit equationwill be (2b), andthe N* satisfying
T=r canagainbefoundonthe NPC.

In theregionbelow it, the active” profit equationwill be(2a). It is easyto seethat
if a(1+r) < 1is verified,with any couple(A,N falling in this areafirms areearning
morethannormalprofits. Hence,new firms will continueto entry until N goesover
theNLL.

In conclusiongivenA, theuniqueN compatiblewith theconditiontt=r isthatread
ontheNPC.To determingheentity of theinflow, then,we calculateanequilibriumN*
via equation(5), andlet the numberof entrantl be equalto the difference- if positive
- betweenactualN and N*, timesan adjustmentcoeficienty. Writing it in relative

terms,we’ll have
. Y(1—-a)
i= N> max{y[ AN 1] ,O} (6)

Turning to the incumbentfirms, the decisionthey have to take is whetherto stay
in themarketor to leaveit. As said,theinformationthey have to baseonto take their
choiceis twofold: their own performanceandthe profitability of the market.

To evaluatethelatter, they try to extractsomeinformationlooking atthe behaviour
of their competitors.Whenthey obsene thatsomeof themareleaving, they interpret
this factasa signalthatthe market profitability is gettingworse. Mia this interaction
effect, then,a firm hasa positive probability of exiting evenif it is makingmorethan
normalprofits.

Formally, this is equivalentto the presenceof stratgyic complementaritiesfirms
will judge corvenientto make a stay or go choiceof the samesign of that of their
competitors.

A cornvenientway of tacklingthis socialinteractioneffect, is to slightly modify a
meanfield effectmodelasthoseproposedy Brock andDurlauf (seefor instance), to
let the externalfield be determinedendogenously

Calling uy thechoiceof theith firm, andw.; theaveragechoiceof its competitors,
we write the expectedbenefitof ith firm as:

V(w) = hioy + JwiEi(wai) +n(w) (7)

where:

w, = —1 standdfor the”go” choice,andw, = 1 for the"stay” choice;

h;, the externalfield, is a measuref thefirm’s own profitability;

J is aparametemeasuringhe strengthof theinteraction;

Ei(.) is theoperatoithatgivesthe expectationf firm i;

n(wy) is arandomtermwhoserealisationdepend®n the decisiontaken,indepen-
dentacrosdndividuals.

Assumingthedifferencen (1) —n(—1) to belogistically distributed,we’ll havethat
the probabilitythatith firm will stayin the marketis proportionalto:

Priey = 1] = Pr[V(1) > V(=1)] O exp{B[hi + JEi(w-i)]} (8)



wherep is the inverseof the scaleparametenf thelogistic distribution. Notethatthe
introductionof a randomtermin the expectedbenefity impliesa positive exit proba-
bility not only with h positive, but alsowhenthefirm obsenesnoneof its competitors
exiting.

Using (8), we can computethe mathematicakxpectationsof the individual be-
haviour E(wy), i = 1...N, andaggregyatethemto computethe expectedaveragechoice
w in the population.Imposinga coherencdetweerthis latter andthe expectationsof
theindividuals,i.e. letting E(w) = Ej(w.i)Vi, andrememberinghatthe equity base,
the market share,and hencethe firms’ profitability situationsas expressecdy h; are
the samefor all firms, we canwrite the conditionfor the averagechoicew* to be an
expectationakquilibrium;

w* = tanh{B[h+ Jw*]} 9)

Sincetanh(.) is continuousandis acontractiorof [—1;1] into itself, thereis atleastone
solutionto (9); whenJp < 1, it canbeshowvn thatthesolutionis unique.Assumingthis
conditionverified,we canre-scalew* to obtaina uniquevaluefor therateo of exiters
which givesa self-consistenéquilibriumin the expectations:

-

o= 5 (10)

Now thatwe have definedthe entry exit rules,we canput themtogetherto write
theequilibriumconditionAN = 0 < i = 0. We canproceedasfollows.

Firstly, we canobsene thatfor h to be a measuref the firm’s profitability it must
beincreasingn 1, whichin turnis a continuousdecreasindunction of N, definedin
(0, ) andtheredifferentiablealmosteverywhere.

If weletalsoh(N) becontinuousandobsene thatequationg9-10)defineimplic-
itly 0 asadecreasindunctionof h, with valuesin (0; 1), we'll havethat

o(N) : 0% ~ (0;1) (11)

is acontinuousandincreasingunctionof N.
By a simpleanalysisof thetwo curvesi = i(N) — o = o(N), descendshatthereis
avalueN strictly lower than Y(%;“) in which entriesare equalto exits; thatis, firms

turnoverwill bein equilibriumin apointlying strictly underthe NPC.

A corvenientway to betterqualify this equilibriumis to considerbothi ando as
functionsof the productAN. In figure 1 we plottedthemwith valuesof the parameters
satisfyingthe hypotheseadoptedill now, andspecifyingh as:

h=""
r

If we readthis figure "for getting” for a while the A on the X-axes,we canseethe
N of equilibriumfor theturnoverderivedabove.

Thekey obsenation,is thatthefunctiono(.) is separablén AN. If we assumehe
sameseparabilityfor thefunctioni(.), we'll have thattheequilibriumconditionfor the

10
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Figurel: Firms’ turnoverequilibrium.

firms’ turnover will dependonly on the productof A andN. In thefigure, a change
AN = 1/AA will not changethe positionof the entry/exit ratescurves,andhencethe
positionof the equilibrium.

If we call k thevalueof the productAN at which the two curvesintersectwe can
write themapthatdefinesthe turnover equilibriumin thespace(N, A) as:

k()
N= A (12)
wherek(.) doesnt dependn A, but dependon all the other parametersf the
model.
Thisturnoverequilibrium(TE) curve actsasanattractorfor N (cp. figure2). Given
A, for valuesof N lower thanthatidentifiedby equation(12), we’ll beattheleft of the
equilibriumof figure 1: entrieswill behigherthenexits, andN will increase Similarly
in the oppositecase.

4.4 Mark et dynamicsand heterogeneity

In thelasttwo paragraphsye derivedthe equilibrium conditionfor the equitybaseas
afunctionof N, andthe equilibriumconditionfor thefirms’ turnover asa function of
A

In figure 2 we draw the two equilibrium maps,togethemwith the no liability line.
Thedirectionof thetrajectoriesaroundthesemapsis alsoreported:accordingto what
statedin paragrapht.2,in the areaabove the NPC the equity will decreasewhile in
paragrapht.3we sav thatin the areaabove the TE curve therewill be an excessof
exits onentriesandN will decrease similarly in theoppositecases.

We alsosaw thatthe latter lies strictly underthe former, so that betweenthe two
we have anattractorbasinwherethe systemwill fall with certainty
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The dynamicsinsidethe basinis that depicted: with agentsall equal,the market
will gotowardshigherequityandlower N.

N

Equity equlibrium
Turnover equilibrium
No liability line

A

Figure2: (A,N) phasediagram- no heterogeneity

We mustconsidertwo more factorsto betterassesshe behaiour of our market:
therole of liabilities, andthatof heterogeneity

In the figure, we draw the no liability line underthe two othercurves,but thatis
notalwaysthe case.The positionof the NLL andof the NPCdepend®nly onthepa-
rameters anda, andonthelevel of theaggreyateddemandy, while the TE curve will
dependilsoontheparameterf andJ, with whichwe modelledthestratejic interaction
amongdfirms, andony. For someconfigurationsof thesethreelatter parametershen,
the TE curve cango underthe NLL. Thiswill changeslightly the trajectoriesaround
theequilibriummaps sinceboththe equityandtheturnoverwill evolve accordingo a
differentprofit equation.

Actually, the TE curwe itself will have a differentformulation, sincethe implicit
functionk(.) of themodelparametersvill change Without gettinginto details,it can
beshawn thatit will lie underthe TE curve ascalculatedgnoringfinancialcosts.With
no heterogeneityaryhow, thiswill notchangehequalitative dynamicsdepictedsofar.

Whenwe allow for heterogeneityn the firms’ equitybase the portraitcanchange
sensibly

On oneside, the equilibrium conditionwe derived for the firms turnover is again
no moredirectly applicable.While the entriesaredrivenonly by the averagemeasure
of the market profitability, the exit rule hasa nonlinearitythat makesthe aggreyation
sensibleto the dispersiorof the distribution. Experimentallyaswe’ll see the hetero-
geneityimpliesadownwardshiftin the TE.

In addition, if the equity dispersiongoesover a threshold,a not-emptysubsetof
firmswill lie undertheNLL. Thiswill changeboththe benefitfunctiononwhichthey
basetheir stayor go choiceon, andthe motionequatiorof their equity. In otherwords,
we canhave two nonemptysubsebf firms following two differentdynamicregimes.
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On the otherside, the directionfollowed inside the basinattractorcanchangeits
sign,providedthatthe new firms enteringthemarkethave anaverageequitylowerthan
theincumbents’.This compositioneffect, in fact,countenailsthetendeny in therise
of theaverageA whenwe areunderthe NPC.

Both theseeffects are easily handledbuilding an agentbasedsimulation of our
model,with which we canalsohave somehints on the dynamicsaroundthesemaps.

5 The simulations

In this sectionwe first reportsometechnicaldetailsconcerningthe simulationscon-
ducted.We thenproceedo show the artificial time seriesgeneratedfirst reproducing
the resultsabove derived assumingno heterogeneitygmongfirms anda uniqueequi-
librium in the stayor go choice thenrelaxingboth of them.

5.1 Technicaldetails

The simulationshave beenconductedn Swarm, a setof softwarelibrariesdeveloped
atthe SantaFelnstitutein New Mexico - startingfrom 1995-, to helpsimulatingcom-
plex systems.The underlyingprogramminganguage®f Swarm are Objectve-Cand
Java, which object-orientedhrchitecturds particularlysuitedto run agent-basedimu-
lations’. In anutshell asimulationin Swarmis built up puttingtogetherapopulationof
artificial agents independentpieces” of software containingthe agents’behaioural
algorithmsandtheir vectorof statevariables anda schedulewith the orderedlist and
thetiming of all theactionseachagentwill make.

The core of our simulationhasbeenbuilt up with threekinds of agents: firms
andhousehold¢whosestatevariablesandbehaiour area straightforvardtranslation
of the model characteristicglescribedabove), and an ervironment,whoserole is to
collect and distribute statistics,to co-ordinateentriesand exits, andto behae asan
interfacebetweerthe otheragents.

For every time-stepof the simulation,the mainitemsof the schedulearethe fol-
lowing:

1. Householdsdo shopping;

2. Environment:checkfor bankruptcies;
3. Firms: take thestayor go decision;
4. Ervironment:createnew firms.

During thefirst step,a representatie householdspendsentirelyits yearlyincome.
It dividesit equallyamongthe incumbentfirms, exceptfor a randommultiplicative
shockon the price payedto eachseller The shockis extractedfrom a uniform dis-
tribution with meanone,whosesupportis a simulationparametemodifiableat start

3For economicsimulationsin Swarm seeLuna and Stensson(2001) and Luna and Perrone(2002.
Technicaldetailson the Swarm Toolkit canbefound ontheweb, at http://wwwswarm.og.
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up. The eventualslack betweenyearly incomeand actual spendingis addedto the
following periodincome.

In thesecondstepof theschedulgheernvironmentchecksf therehave been’hard”
bankruptciesi.e. if any firm’s equity basehasfallenunderathreshold- thatwe setto
zero. Afterwards,it asksto all firms to take their stayor go decision,providing them
with the macrovariablesvaluesthey needin orderto take it.

To implementthe stayor go choice,we hadto betterspecifyequation(7). For the
externalfield we usedthefollowing:

18,
hizt—)i;L (15 —r),

whereL is the lag operatoyandb is the numberof periodsconsideredy thefirms to
evaluatetheir own profitability. For whatconcernghe expectation®nthebehaiour of
their competitorsyve assumedgainanadaptve mechanismthey have beenput equal
to thelaggedproportionof exitersre-scaledo theinterval [-1, 1]:

E; (Q)Ni) =1- ZL(O)

Finally, the entry of new firms is driven by the Environmentobject. If theres a
positive slackbetweerthe overall rate of profit andthe interestrate, the ervironment
will createanumberof new firmsaccordingo equation(6). In accordancevith empir
ical findings,we let new entrantshave an averageequity baselower thanthe entrants.
However, not to put a biastowardsa predetermine@quity level, we extractedit from
its distribution amongthefirst quantilesof theincumbents.

5.2 Simulation runs

To getstartedwe simulatecthe modelwith no shockson prices,anda uniquesolution
for the stayor go choice- theconditionbeingJ < 1 4.

As we canseein figure 3, the qualitatve outcomeswve obtainarein line with those
predictedby the formal study of the model. Oncethe trajectorygoesover the TE
curve®, themarketstartsmoving towardslow N andhigh A; the pathseemsjuiteclose
to the TE curve, shaving fasteradjustmentsn the numberof firms.

Puttinganidiosyncraticshockon prices,this portraitchangessfollow.

Firstof all, thedynamicof theaveragesquitybasewill bedumpedoy acomposition
effect, sincenew firms will be endaved on averageof an equity baselower thanthe
incumbents. As a consequencehe equilibrium condition AA = 0 will be satisfied
someavhereundertheNPC.

The movementtowardslow N and high A, then, will be either slower, or even
reversed.

As afirst steptowardsthis secondccase we calibratecthe simulationparameterso
to obtainthe almostcoincidenceof thetwo curves. In figures4 and5 we canseetwo

4Assuming,aswe aredoing,adaptve expectationsthe equilibriumis alsostable(cp. Brock andDurlauf
2000).
STheturnover equilibriumcurve hasbeenplottedsolvingnumericallyk(.) in functionof the parameters.
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recurrentstylisedfactsthat characteriseéhe dynamicsalsoin this quasi-equilibrium
case namely:aright skewed distribution of the equity base andirregularfluctuations
of thenumberof firms’ time serie$.
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Equity Base Density
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I 20 40 Bl

equity

Figure4:

6The (mostcrucial”) parametersalueswerethefollowing: r = 0.02,a = 0.96,3 = 2.2,J = 0.6. In this
casegsoasin somefollowing simulationswe have BJ > 1, sothatwe canhave multiple equilibriain thestay
or godecision.Anyway, it canbe shavn thata jump from oneequilibriumto anothercanonly occureither
with avery large exogenousshock,or with adowvnward shift in the h, towardsnegative values.Thelatterin
ourmodelcannotoccur sinceh is endogenousandannealsapidly to positve valuestheformerseemedo
usout of the scopeof our analysis.
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The formeris surelyrelatedto the compositioneffect dueto the low equity level
of theentrantssoasthe latterareobviously fired by the stochasticomponentsf the
simulation.

Both of them, however, arestrictly relatedalsoto the interactionterm ruling the
exits. As a matterof fact, the relation betweenthe asymmetryandthe parametergd
andp is straightforvard, sincethey influencedirectly the entity of the exit fluxes;and
hencealsothe way in which the turnover changeghe compositionof the population.
For somesetof parametergheskawnesscanalsoturn negative: whenall thefirmsface
no liability costs,little is better”: a lower A bringsan higherrate of profit, which in
turnis sufficientto countenail thesignalrecevvedby theexit fluxes,stronglyamplified
by the high J. While the right tail of the distribution canbe almostbe cancelledout.
With heterogeneityanda non empty quotaof firms facingfinancial constraintsthis
somevhatcounterintuitie effect disappears.

Thestrenghof interactionhasaquitedirectrelationalsovith businesdluctuations,
via two effects: it canstuckan agentto a behaiour consistenwith the others’one,
hencestabilisingit; andit canamplify randomshocksthat wouldn't elsavherehave
greateffectontheaggreyate.

Letting the heterogeneityoe higher - relatively to the distancebetweenthe NPC
andtheNLL - we canobseneachangdn the dynamicregime.

We alreadysawv how theNPC,becaus®f thecompositioreffect, canbelowerthan
in the basemodel. It happensomethingsimilar to the TE curve, thatis, the curves
thatwe draw asa function of the average value of the equity, overestimateshe level
at which thereis equilibrium in the firms turnover. This is a commonresult of all
the simulationsconducted and maybeit was predictable,studyingmore deeplythe
nonlinearspecificatiorof the entry-&«it rules.

A little bit harderto predict, was the fact that the two curves can changetheir
relative position. In figure 6, we reportthe outcomesof two simulations,conducted
with all the structuralparametergqual, but with a differentvarianceof the random
shock.As abenchmarkye draw only the NLL togetherwith the seriessinceit is the
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only curve whosepositionis not changedy the heterogeneity
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Apparently the higher dispersionin the equity basecausedhe "empiric” firms’
turnover equilibrium curve to go above the line thatstabilisethe averageA. This fact,
changedhedirectionfollowedby the systeminsidethe attractorbasin,andcausedhe
secondexperimentendtowardshighervaluesof N. In thefigure,actually we reported
threehundredtime stepsfor the serieswith the lower noise,andsix hundredgor the
highervarianceone.

This latter, in fact, for the first threehundredtime stepsremainsaboutthe same
levelsof N. Afterwards,”somethinghappens”andthe seriesstartsmoving.

6 Conclusions

Perfectcompetitionis usuallyassociatedvith theideathatfirmstake for exogenoughe
behaviour of theircompetitorsl studiedacasen whichthisideais notconnectedvith
the assumptiorof no interactionat all betweenagents.Namely | consideredhe non
priceinteractionbetweerincumbentfirms, dueto the procesf knowledgeextraction
- aboutthe market profitability - in which they areinvolvedin.

This assumptiorhasbeenmodelledwith a meanfield effect, in which the external
field - the firms’ own profitability - is endogenoussinceit dependsalsoon the entry
fluxesandon thedynamicsof their equitybase.

Allowing for idiosyncraticshockson prices, the simulationsproducedsomear-
tificial stylisedfactsof interest: a right skewed distribution for the equity base,at-
tributablemainly to a compositioneffect; a long run positive firms turnover, which is
related,amongthe others,to the dispersiorof the equity distribution; businessycles,
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triggeredby the stochasticomponent®f the modelandmagnifiedby the interaction
componenbf thedecisiontakenby thefirms.
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