A Syntactic Approach to Rationality in Games

Giacomo Bonanno
Department of Economics,

University of California,
Davis, CA 95616-8578 - USA

e-mail: gfbonanno@ucdavis.edu

January 2007

Abstract

We consider strategic-form games with ordinal payoffs and provide a
syntactic analysis of common belief/knowledge of rationality, which we
define axiomatically. Two axioms are considered. The first says that a
player is irrational if she chooses a particular strategy while believing
that another strategy is better. We show that common belief of this weak
notion of rationality characterizes the iterated deletion of pure strategies
that are strictly dominated by pure strategies. The second axiom says
that a player is irrational if she chooses a particular strategy while be-
lieving that a different strategy is at least as good and she considers it
possible that this alternative strategy is actually better than the chosen
one. We show that common knowledge of this stronger notion of rational-
ity characterizes the restriction to pure strategies of the iterated deletion
procedure introduced by Stalnaker (1994).

Keywords: rationality, common belief, rationalizability, dominated strate-
gies, game logic, frame characterization.

1 Introduction

The notion of rationalizability in games was introduced independently by Bern-
heim [2] and Pearce [13]. A strategy of player ¢ is said to be rational if it
maximizes player i’s expected payoff, given her beliefs about the strategies used
by her opponents, that is, if it can be justified by some beliefs about her oppo-
nents’ strategies. If player i, besides being rational, also attributes rationality
to her opponents, then she must only consider as possible strategies of her op-
ponents that are themselves justifiable. If, furthermore, player i believes that
her opponents believe that she is rational, then she must believe that her op-
ponents justify their own choices by only considering those strategies of player
1 that are justifiable, and so on. The strategies of player i that can be justified
in this way are called rationalizable. Rationalizability was intended to capture



the notion of common belief of rationality. Bernheim and Pearce showed that
a strategy is rationalizable if and only if it survives the iterated deletion of
strictly dominated strategies.! They expressed the notion of common belief of
rationality only informally, that is, without making use of an epistemic frame-
work. The first epistemic characterization of rationalizability was provided by
Tan and Werlang [15] using a universal type space, rather than Kripke struc-
tures (Kripke [10]). A characterization of common belief of rationality using
probabilistic Kripke structures was first provided by Stalnaker [14], although it
was implicit in Brandenburger and Dekel [7]. Stalnaker also introduced a new,
stronger, notion of rationalizability — which he called strong rationalizability
— and showed that it corresponds to an iterated deletion procedure which is
stronger than the iterated deletion of strictly dominated strategies. Stalnaker’s
approach is entirely semantic and uses the same notion of Bayesian rationality
as Bernheim and Pearce, namely expected payoff maximization. This notion
presupposes that the players’ payoffs are von Neumann-Morgenstern payoffs.
In contrast, in this paper we consider the larger class of strategic-form games
with ordinal payoffs. Furthermore, we take a syntactic approach and define
rationality axiomatically. We consider two axioms.

The first axiom says that a player is irrational if she chooses a particular
strategy while believing that another strategy of hers is better. We show that
common belief of this weak notion of rationality characterizes the iterated dele-
tion of strictly dominated pure strategies. Note that, in the Bayesian approach
based on von Neumann-Morgenstern payoffs, it can be shown (see Pearce [13]
and Brandenburger and Dekel [7]) that a pure strategy s; of player 7 is a best
reply to some (possibly correlated) beliefs about the strategies of her opponents
if and only if there is no mized strategy of player 4 that strictly dominates s;.
The iterated deletion of strictly dominated strategies in the Bayesian approach
thus allows the deletion of a pure strategy that is dominated by a mixed strat-
egy, even though it may not be dominated by another pure strategy. Since we
take a purely ordinal approach, the iterated deletion procedure that we consider
only allows the removal of strategies that are dominated by pure strategies.

The second axiom that we consider says that a player is irrational if she
chooses a particular strategy while believing that a different strategy is at least
as good and she considers it possible that this alternative strategy is actually
better than the chosen one. We show that common knowledge of this stronger
notion of rationality characterizes the iterated deletion procedure introduced by
Stalnaker [14], restricted — once again — to pure strategies.

The paper is organized as follows. In the next section we review the KD45
multi-agent logic for belief and common belief and the S5 logic for knowledge
and common knowledge. In Section 3 we review the definition of strategic-form
game with ordinal payoffs and the iterated deletion procedures mentioned above.
In Section 4 we define game logics and introduce two axioms of rationality. In
Section 5 we characterize common belief of rationality in the weaker sense and

IThis characterization of rationalizability is true for two-player games and extends to n-
player games only if correlated beliefs are allowed (see Brandenburger and Dekel [7]).



common knowledge of rationality in the stronger sense.

The characterization results proved in Section 5 (Propositions 15 and 19)
are not characterizations in the sense in which this expression is used in modal
logic, namely characterization of axioms in terms of classes of frames (see [3] p.
125). Thus in Section 6 we provide a reformulation of our results in terms of
frame characterizations. Section 7 concludes.

2 Multi-agent logics of belief and knowledge

We consider a multi-modal logic with n + 1 operators By, Bs, ..., B,,, B, where,
for 4 = 1,...,n, the intended interpretation of B;¢ is “player i believes that ¢”,
while B, ¢ is interpreted as “it is common belief that ¢”. The formal language
is built in the usual way (see [3] and [8]) from a countable set A of atomic
propositions, the connectives = and V (from which the connectives A, — and
> are defined as usual) and the modal operators.

We denote by KD45, the logic defined by the following axioms and rules
of inference.

AXIOMS:

1. All propositional tautologies.

2. Axiom K for every modal operator: for O € {By, ..., B,, By},
Op AD(¢ —v) -0y (K)

3. Axioms D, 4 and 5 for individual beliefs: for i = 1,...,n,

Bip — —~Bi~¢ (D;)
Bi¢ — B; B¢ (4:)
=Bi¢ — Bi=~Bi¢ (5i)

4. Axioms for common belief: for i =1,...,n,

B.¢ — BiB.¢ (CB2)
B.(¢ — Bidp A . ABpd) — (Bid A ... A Bud — B.¢) (CB3)

RULES OF INFERENCE:
1. Modus Ponens: from ¢ and (¢ — ) infer ¢p (MP)
2. Necessitation for every modal operator: for 0 € {By, ..., By, B.},

from ¢ infer O¢ (NEC)

We denote by S5 the logic obtained by adding to KD45; the following
axiom:



5. Axiom T for individual beliefs: for i = 1,...,n,
Bip — ¢. (Ty)

While KD45; is a logic for individual and common beliefs, S5 is the logic
for (individual and common) knowledge. To stress the difference between the
two, when we deal with S5, we shall denote the modal operators by K; and K,
rather than B; and B, respectively.

Note that the common belief operator does not inherit all the properties of
the individual belief operators. In particular, the negative introspection axiom
for common belief, =B.¢ — B,—B.¢, is not a theorem of KD45). In order
to obtain it as a theorem, one needs to strengthen the logic by adding the
axiom that individuals are correct in their beliefs about what is commonly
believed: B; B.¢ — B.¢. Indeed, the logic KD45; augmented with the axiom
B;B.¢ — B.¢ coincides with the logic KD45; augmented with the axiom
—B.¢ — B.—B.¢ (see [6]).

On the semantic side we consider Kripke structures (see [10]) (Q, By, ..., By, B.)
where (2 is a set of states or possible worlds and, for every j € {1,...,n,*}, B;
is a binary relation on Q. For every w € Q and for every j € {1,...,n,x}, let

Bj(w) = {w € Q:wBjw'}.

Definition 1 A D45% frame is a Kripke structure (2, By, ..., Bn, By) that sat-
isfies the following properties: for all w,w’ € Q and i =1,...,n,

1. Seriality: B;(w) # @,

2. Transitivity: if ' € B;(w) then B;(w") C B;(w),

3. Buclideanness: if W' € B;(w) then B;(w) C B;(w'),

4. By is the transitive closure of By U...U B, that is, w' € B, (w) if and only
if there is a sequence (w1, ...,wm) 0 Q such that (1) w1 = w, (2) w, =w' and
(3) for every k = 1,...,m—1 there is an iy € {1,...,n} such that wiy1 € B;, (wk).

An S5} frame is a D45, frame that satisfies the following additional prop-
erty: forallw e Q andi=1,...,n,

5. Reflexivity: w € B;(w).

Figure 1 illustrates the following D45% frame: n =2, Q = {«, 8,7}, Bi(a) =
Bi(3) = {a}, Bi(x) = {7}, Bala) = {a} and Ba() — Ba(1) — 14,7}, Thus
B.(a) = {a} and B.(B8) = B.(y) = {«, 5,7} We shall use the following con-
vention when representing frames graphically: states are represented by points
and for every two states w and w’ and for every j € {1,...,n,*}, ' € Bj(w)
if and only if either (i) w and w’ are enclosed in the same cell (denoted by a
rounded rectangle), or (ii) there is an arrow from w to the cell containing w’, or
(iii) there is an arrow from the cell containing w to the cell containing w’.



a B Y

B, ) [ ‘)

a B y

Bl Qe
Figure 1

The link between syntax and semantics is given by the notions of valuation
and model. A D45% model (respectively, S5 model) is obtained by adding to
a D45% frame (respectively, S5 frame) a valuation V : A — 29 where A is
the set of atomic propositions and 2 denotes the set of subsets of 2. Thus a
valuation assigns to every atomic proposition p the set of states where p is true.
Given a model and a formula ¢, we denote by w |= ¢ the fact that ¢ is true at
state w. The truth set of ¢ is denoted by ||¢||, that is, ||¢]| = {w € Q : w = ¢}.
Truth of a formula at a state is defined recursively as follows.

ifpe A, w = p if and only if w € V(p),
wE ¢ if and only if w ¥ ¢,
wEoVY if and only if either w = ¢ or w =4 (or both),

wkE B¢ (i=1,..,n) ifand only if B;(w) C ||¢||, that is,
if ' = ¢ for all W’ € B;(w),
w = By if and only if B.(w) C ||¢|| -

A formula ¢ is valid in a model if it is true at every state, that is, if ||¢] = Q.
It is valid in a frame if it is valid in every model based on that frame.

The following result is well-known (see, for example [4], [11] and [12]).

Proposition 2 Logic KD45 is sound and complete with respect to the class
of DA5Y frames, that is, a formula is a theorem of KD45) if and only if it is
valid in every D45 frame. Similarly, S5), is sound and complete with respect
to the class of S5 frames.



3 Games and dominance

In this paper we restrict attention to finite strategic-form (or normal-form)
games with ordinal payoffs, which are defined as follows.

Definition 3 A finite strategic-form game with ordinal payoffs is a quintuple
G = (N, {Si}tien 0 {=i}ien » 2), where

N ={1,...,n} is a set of players,

S; is a finite set of strategies of player i € N,

O 1is a finite set of outcomes,

>, is player i’s ordering of O,?

z:8 — O (where S = Sy X ... x Sy, ) is a function that associates with every
strategy profile s = (s1,...,8,) an outcome z(s) € O.

Given a player i we denote by S_; the set of strategy profiles of the players
other than ¢, that is, S_; = 51 X ... X §;—1 X S;41 X ... X Sp,. When we want to
focus on player ¢ we shall denote the strategy profile s € S by (s;,s—;) where
s; € S;and s_; € S_;.

Definition 4 Given a game G = <N, {Si}tien» O, {ii}ieN,z> and s; € S;, we
say that, for player i, s; is strictly dominated in G if there is another strategy
t; € S such that — no matter what strategies the other players choose — player
1 prefers the outcome associated with t; to the outcome associated with s;, that
is, if z(t;, s—i) =i 2(8i,8—i), for all s_; € S_;.

Let G = (N, {Si}ien O {=itien ) and &' = (N', {Si}iens , O {= i} ie s+ #)
be two games. We say that G’ is a subgame of G if N' = N, O' = O, ==,
z' = z and, for every i € N, S/ C S;.

Definition 5 (IDSDS procedure). The Iterated Deletion of Strictly Dominated
Strategies (IDSDS) is the following procedure. Given a game

G= <N, {Sitien O A=itien ,z> let <G0, G, ...,G™, > be the sequence of sub-
games of G defined recursively as follows. For alli € N,

1. let S = S; (thus G° = G) and let DY C SY be the set of strategies of
player i that are strictly dominated in G°;

2. form >1, let S™ = S;"il\D;"*l and let G™ be the subgame of G with
strategy sets S;". Let D" C S be the set of strategies of player i that are
strictly dominated in G™.

Let S3° = () S (where N denotes the set of non-negative integers) and

meN
let G be the subgame of G with strategy sets S°. Let S = S x ... x §2°.3

2That is, >=; is a binary relation on Q that satisfies the following properties: for all 0, o', 0" €
O, (1) either 0 =; o' or o’ »=; o (completeness) and (2) if o >=; o’ and o’ =; o then o =; o’
(transitivity). The interpretation of o =; o’ is that, according to player i, outcome o is at
least as good as outcome o’. The strict ordering >; is defined as usual: o >; o’ if and only if
o =; o' and not o’ »=; o. The interpretation of o =; o is that player 7 prefers outcome o to
outcome o'.

3Note that, since the strategy sets are finite, there exists an integer r such that G™® =
G" = G"tF for every k > 1.



The IDSDS procedure is illustrated in Figure 2, where
5(1) - {A7B7C7D}7 D(l) = {D}7 Sg - {67f79}7 Dg =
S% = {A7B7C}7 D% =9, 521 = {evag}7 D% = {g}§
S% = {A7B7C}7 D% = {0}7 S% = {e7f}7 D% = J;

Sig) = {A7B}7 DzI)) =g, SS’ = {e7f}7 D% = {f}a
S9e = 57 = {A}. Thus S* = {(4,¢)}.

In Figure 2 we have represented the ranking »; by a utility (or payoff)
function u; : S — R satisfying the following property: u;(s) > u;(s’) if and only
if z(s) =; z(s’) (in each cell, the first number is the payoff of player 1 while the
second number is the payoff of player 2).

Player 2 Player 2
e f g e f g
P A| 3,2| 3.1 0,1 Al 3,2| 3,1 ofz
|
3,1
;‘B 2,3 3,2 —_ B 2 3 3 2 311
e
rocl 1.2 1.2 4,1 el 1.2 1.2 4]n
1
——0.2 | 0.3 | 1.3 (by O) Gl\ (by €)
0
G=G
e f
e f
e A 3,2 3,1
Al 3.2 3l 1
A [3.2 ¢ <« 3 [2,3] 3,2
B 2,3 3] 2
B[] (yA) cTT 2 T2 (vB)
. (by e
3 2
G G G

Figure 2



The next iterated deletion procedure differs from IDSDS in that at every
round we delete strategy profiles rather than individual strategies.?

Definition 6 (IDIP procedure) Given a game G = (N,{Si};cn O, {=i}ien » %)
a subset of strategy profiles X C S and a strategy profile x € X, we say that x
is inferior relative to X if there exists a player i and a strategy s; € S; of player
i (thus s; need not belong to the projection of X onto S;) such that:

1. z(six—y) =i z(xi,2—;), and

2. forall s—; € S_;, if (xi,s—;) € X then z(s;,5-;) = z2(x;,8—4).
The Tterated Deletion of Inferior Profiles (IDIP) is defined as follows. For
m € N define T™ C S recursively as follows: T° = S and, form > 1, T™ =
Tm=I\I"=1 where I™~1 C T is the set of strategy profiles that are inferior
relative to T™~Y. Let T = (| T™.

meN

The IDIP procedure is illustrated in Figure 3, where
=S = {(Av d)? (Av 6), (A7 f)v (Bv d)7 (B7e)7 (B7 f)v (Cv d)v (Cv 6), (Cv f)}v
I° = {(B,e),(C, f)} (the elimination of (B,e) is done through player 2 and
strategy f, while the elimination of (C, f) is done through player 1 and strategy
B);
T = {(Av d)v (Av 6)7 (A7 f)v (Bv d)v (B7 f)v (07 d)v (Cv 6)}, I' = {(Bv d)? (B7 f)v (Cv 6)}
(the elimination of (B,d) and (B, f) is done through player 1 and strategy A,
while the elimination of (C,e) is done through player 2 and strategy d);
T? = {(A,d),(A,e), (A, f),(C,d)}, I? = {(C,d)} (the elimination of (C,d) is
done through player 1 and strategy A);
T3 ={(A,d),(A,e), (A, f)}, I? = @; thus T = T3.

Player 2 Player 2
d € f d € f
ey A[2.L] 01121 Plever 2.1]0,1] 2.1
aly B[ 1,0 1,0 1,1 | =——> aly B | 1,0 1,1
1.4 1.3] 0.3 1.4 1.3
T T l
Player 2 Player 2
d e f d e f
ey A 22101121 o A [21]0d1l21
aly B <« aly B
c c [1.4
To =79 T

Figure 3

4This procedure is the restriction to pure strategies of the algorithm introduced by Stal-
naker [14].

5Since the strategy sets are finite, there exists an integer r such that 7°° = 7" = 7"tk
for every k > 1.



4 Game logics

A logic is called a game logic if the set of atomic propositions upon which it is
built contains atomic propositions of the following form:

e Strategy symbols s;, t;, ... The intended interpretation of s; is “player ¢
chooses strategy s;”.

e The symbols r; whose intended interpretation is “player ¢ is rational”.

e Atomic propositions of the form ¢; =; s;, whose intended interpretation is
“strategy t; of player i is at least as good, for player 4, as his strategy s;”,
and atomic propositions of the form ¢; =; s;, whose intended interpretation
is “for player i strategy t; is better than strategy s;”.

From now on we shall restrict attention to game logics.

Definition 7 Fiz a game G = (N,{Si};cn O, {=i};en »2) with

S = {s},s2,...,s!"} (thus the cardinality of S; is m;). A game logic is called a
G-logic if its set of strategy symbols is {Sf}izl,...,n;kzl,...,'rm (with slight abuse
of notation we use the symbol s¥ to denote both an element of S;, that is, a
strategy of player i, and an element of A, that is, an atomic proposition whose
intended interpretation is “player i chooses strategy s¥”).

Given a game G with S; = {s}, s?,...,s"}, we denote by L2% (respectively,

L27) the KD45;, (respectively, S57) G-logic that satisfies the following addi-
tional axioms: for all ¢ = 1,...,n and for all k,¢ =1, ..., m;, with k # ¢,

stV iV Vs (G1)
=(sF A sp) (G2)
sk — Byst (G3)
stz s5) V(86 = sh) (G4)
st =i sf; o ((sf = ) A= (sh =i sh))  (GB)

Axiom G1 says that player ¢ chooses at least one strategy, while axiom G2
says that player ¢ cannot choose more than one strategy. Thus G1 and G2
together imply that each player chooses exactly one strategy. Axiom G3, on
the other hand, says that player ¢ is aware of his own choice: if he chooses
strategy s¥ then he believes that he chooses s¥. The remaining axioms state
that the ordering of strategies is complete (G4) and that the corresponding
strict ordering is defined as usual (G5).

Proposition 8 Fiz an arbitrary game G. The following is a theorem of logic
Lg45 : Byst — sF. That is, every player has correct beliefs about her own choice
of strategy.’

6Note that, in general, logic L845 allows for incorrect beliefs. In particular, a player might
have incorrect beliefs about the choices made by other players. By Proposition 8, however, a
player cannot have mistaken beliefs about her own choice.



Proof. In the following ‘PL’ stands for Propositional Logic. Fix a player 4
and k, ¢ € {1,...,m;} with k # £. Let ¢ denote the formula

(s}V .. VST A st AL A T A asPTE A LA s

1. ¢—sF tautology

2. —(sFAsh) axiom G2 (for ¢ # k)
3. 8P — st 2, PL

4.  B;sF — B;—st 3, rule RK 7

5. Bi—usf — —|Bz~sf axiom D;

6. st — Bst axiom G3

7.  —B;st — st 6, PL

8. Bjst — —st 4,5, 7, PL (for £ # k)
9. siv..vsm™ axiom G1

10. Bisk — (stv..vs™) 9 PL

11. Bisk —¢ 8 (for every ¢ # k), 10, PL
12 Bisk — sk 1,11, PL. m

On the semantic side we consider models of games, which are defined as
follows.

Definition 9 Given a game G = <N,{Si}i€N,O,{ti}ieN,z> and a Kripke
frame F = (Q,{B;}ien, Bs), a frame for G, or G-frame, is obtained by adding
to F' n functions o; : Q — S; (i € N) satisfying the following property: if
W' € Bi(w) then o;(w') = o;(w).

Thus a G-frame adds to a Kripke frame a function that associates with every
state w a strategy profile o(w) = (01(w), ...,0n(w)) € S. The restriction that if
W' € Bi(w) then o;(w') = 0;(w) is the semantic counterpart to axiom G3. Given
a player i, as before we will denote o(w) by (0;(w),0—;(w)), where o_;(w) € S_;
is the profile of strategies of the players other than .

We say that the G-frame (Q, {B;}ien, Bx, {0 }ien}) is a D45} G-frame (re-
spectively, S5% G-frame) if the underlying Kripke frame (Q, {B;}icn, Bs) is a
D457 frame (respectively, S5 frame: see Definition 1).

Definition 10 Given a game G with S; = {s},s?,...,s!"'}, and a G-frame Fg =

(0 {B;i}ien, By, {oi}tien}), a model of G, or G-model, is obtained by adding to
Fg the following valuation:

o w sk if and only if o;(w) = s¥,
o w = (sF =i st) if and only if (s, 0_;(w)) =; 2(sf, 0_i(w)) and, similarly,
w = (sf =i st) if and only if 2(sf,0-i(w)) =i 2(sf, 0-i(w))-

Let F24 (respectively, F2°) denote the set of D45 (respectively, S57) G-
frames and MZ24° (respectively, M2?) the corresponding set of G-models.

"RK denotes the inference rule “from v — x infer [y — Ox”, which is a derived rule
of inference that applies to every modal operator [J that satisfies axiom K and the rule of
Necessitation.

10



Figure 4 illustrates a game and a D45} frame for it. The corresponding
model is given by the following valuation:
Oz|:B/\€/\(B>-1A) (C>—1A)/\(Bi1C)/\(CilB)/\(f>-2d)
AN(f=2e)A(e=ad)A(d=2e)
B'ZB/\CZ/\(A>-1 ) (A>—1 )/\(Bil(}’)/\(C’ilB)/\(f>2d)
AN(f=2e)A(e=a2d)A(d=2e)
vyEAANIANA =1 BIAN(A =1 C)AN(B =1 C)N(C =1 B)A(d =2 ¢€)
Nezgd)N(d=2 [YN(f =2 d) A (e =2 f) A (f =2e).

Player

o
AN
MO

a B Y
B ([ -]
o B Y
B e——C_ 9
0,: B B A
O-2 e d d
Figure 4

Proposition 11 Logic LE* (respectively, L2 ) is sound with respect to the class
of ME% (respectively, M2?) models.

Proof. It follows from Proposition 2 and the following observations: (1)
axioms 1 and G2 are valid in every model because, for every state w, there is
a unique strategy s¥ € S; such that o;(w) = s¥ and, by the validation rules (see
Definition 10), w = s¥ if and only if o;(w) = s¥; (2) axiom G3 is an immediate
consequence of the fact (see Definition 9) that if W’ € B;(w) then o;(w') = 0;(w);
(3) axioms G4 and G5 are valid because, for every state w, there is a unique
profile of strategies o_;(w) of the players other than ¢ and the ordering =; on
O restricted to z(S; x 0_;(w)) induces an ordering of S;. m

11



5 Rationality and common belief of rationality

So far we have not specified what it means for a player to be rational. The first
extension of L2 that we consider captures a very weak notion of rationality.
The following axiom — called WR. for ‘Weak Rationality’ — says that a player
is ¢rrational if she chooses a particular strategy while believing that a different
strategy is better for her (recall that r; is an atomic proposition whose intended
interpretation is “player i is rational”):

sK A Bi(sh =i s) — =y (WR)

7

Given a game G, let LE*+WR (respectively, L2>+WR) be the extension
of L2 (respectively, Lg?) obtained by adding axiom WR to it.

The next axiom — called SR for ‘Strong Rationality’ — expresses a slightly
stronger notion of rationality: it says that a player is irrational if she chooses
a strategy while believing that a different strategy is at least as good and she
considers it possible that this alternative strategy is actually better than the
chosen one.

s¥ A Bi(st =i s A =B (st =i sF) — . (SR)

2

Given a game G, let Lg45+SR (respectively, Lg5—|—SR) be the extension of
L2% (respectively, Lg?) obtained by adding to axiom SR.

The following proposition shows that L2**+SR is an extension of L24°+WR.
Proposition 12 WR is a theorem of Lg45—|—SR,

Proof. As before, ‘PL stands for Propositional Logic’.

L. Sf A Bi(sf = Sf) A _‘Bz‘_‘(Sf > Sf) — Ty Axiom SR
2. (Ti A Sf) — - (Bl(sf >~ Sf) A ﬁBi—'(Sf =i Sf)) 1, PL
3. (stmish) e (shmisF) A=(sh =i sh) Axiom G5
4. (shmish) = (st= sb) 3, PL
5. Bi(st = s¥) — Bi(sf =, s¥) 4, RK (see footnote 7)
6. Bi(sf i Sf) - _‘Bz‘_‘(Sf i Sf) Axiom D;
7. Bi(s! =i s¥) — (Bi(sf =i sF) A =B (st = sF)) 5, 6, PL
8. = (Bi(s! = s¥) A=Bi=(sf = s¥)) — —Bi(sf =; s¥) 7, PL
9. (ri Asf) — —By(st =i s¥) 2,8, PL
10.  s¥ A Bi(st = s8) — ;. 9, PL.
|
Definition 13 Given a game G, let Mg%‘WR - Mg45 (respectively, MgS‘WR -

MZP) be the class of D45 (respectively, S5%) G-models (see Definition 10)
where the valuation function satisfies the following additional condition:

12



e w 7 if and only if, for every s; € S; there exists an w' € B;(w) such
that z(o;(w), o—i (W) =4 2(s;, 03 (W')).

For instance, in the model based on the frame of Figure 4 we have that
a = (riA-re), B E (ri1Are) and v | (11 Are). To see, for example, that 5 = ro
note that o2(8) = d and for strategy f we have that v € By(8), o1(y) = A and
2(A,d) =2 z(A, f), while for strategy e we have that 8 € Bz(5), 01(8) = B and
z(B,d) =2 z(B,e).

Thus, in the model based on the frame of Figure 4, we have that at state
both players are rational, player 2 believes that player 1 is rational, but player
1 mistakenly believes that player 2 is irrational: 8 = r1 Are A Bary A Bi—ra.

Proposition 14 Logic LE*+WR (respectively, LZP+WR) is sound with re-

spect to the class of models Mg%‘WR (respectively, Mgs‘WR ).

Proof. By Proposition 11 it is sufficient to show that axiom WR is valid
in an arbitrary such model. Suppose that w | s¥ A Bi(sf =; sF). Then
oi(w) = sF and B;(w) C ||sf >=; sF|| , that is (see Definition 10), z(s¢, o_;(w’)) =;
2(sk,o_;(w"), for every w' € B;(w). It follows from Definition 13 that w = ;.
(Recall that, by Definition 9, o;(w’) = 0;(w), for all W’ € B;(w).) m

The following proposition shows that common belief of the weak notion
of rationality expressed by axiom WR characterizes the Iterated Deletion of
Strictly Dominated Strategies (see Definition 5).8

Proposition 15 Fiz a finite strategic-form game with ordinal payoffs G. Then
both (A) and (B) below hold.

(A) Fiz an arbitrary model in Mg45|WR and an arbitrary state a.
If a = Bi(ri A ... A1y) then o(a) € S*°.

(B) For every s € S there exists a model in MgS‘WR and a state o such
that (1) o(a) = s and (2) a = K.(r1 A ... Amy).0

Proof. (A) Fix a model in Mg%‘WR and a state o and suppose that o =
Bi(r1 A...Ary). The proof is by induction. First we show that, for every player
i =1,..,n and for every w € B.(a), 0;(w) ¢ DY (see Definition 5). Suppose
not. Then there exist a player i and a 3 € B.(a) such that o;(3) € D?, that
is, strategy o0;(8) of player ¢ is strictly dominated in G by some other strategy
5, € S;: for every s_; € Sy, 2(8i,5-;) > 2(0i(8),s—;). Thus, for every
w € Bi(B), 2(8i,0_i(w)) =i z(0:(B),0_i(w)). It follows from Definition 13 that

8 Proposition 15 is the syntactic-based, ordinal version of a semantic, probabilistic-based
result of Stalnaker [14]. As noted in the Introduction, Stalnaker’s result was, in turn, a
reformulation of earlier results due to Bernheim [2], Pearce [13], Tan and Werlang [15] and
Brandenburger and Dekel [7].

9Recall that, in order to emphasize the distinction between belief and knowledge, when
dealing with the latter we denote the modal operators by K; and K rather than B; and Bk,
respectively. Similarly, we shall denote the accessibility relations by K; and Ks rather than
B; and B, respectively.
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B | —r;, contradicting the hypothesis that 8 € B.(a) and o = B,r;. Since, for
every w € Q, o;(w) € SY = S;, it follows that, for every w € Bi(a), 0;(w) €
SNDY = S Next we prove the inductive step. Fix an integer m > 1 and
suppose that, for every player j = 1,...,n and for every w € B.(a), 0(w) € Si™.
We want to show that, for every player ¢ = 1,...,n and for every w € B.(a),
o;(w) ¢ D™. Suppose not. Then there exist a player ¢ and a § € B, («) such that
0;(B) € D™, that is, strategy o;(5) is strictly dominated in G™ by some other
strategy 5; € S]". Since, by hypothesis, for every player j and for every w €
B.(a), oj(w) € S, it follows — since B;(8) C B.(3) C Bi(a) (see Definition 1) —
that for every w € B;(8), 2(8;,0—i(w)) =4 2(04(8),0_i(w)). Thus, by Definition
13, B = -y, contradicting the fact that 8 € B.(a) and « = B,r;. Thus, for
every player ¢ = 1,...,n and for every w € B, (), oi(w) € [ S = S>*. It
meN

only remains to show that o;(a) € S°. Fix an arbitrary § € B;(«). Since
Bi(a) C B.(a), 8 € B.(a). Thus 0;(8) € S°. By Definition 9, o;(5) = o;().
Thus o;(a) € S¢°.

(B) Let m be the cardinality of S = S7°x...x S and let Q = {w1, ..., wm }.
Let o : 0 — S°° be a one-to-one function. For every player ¢, define the following
equivalence relation on Q: wkK;w’ if and only if 0;(w) = 0;(w’), where o;(w) is
the i'" coordinate of o(w). Let K, be the transitive closure of |J K; (then,

iEN
for every w € Q, Ki(w) = Q). The structure so defined is clearly an S5 G-
frame. Consider the model corresponding to this frame (see Definition 10). Fix
an arbitrary state w and an arbitrary player i. By definition of S°°, for every
s; € S; there exists an w’ € K;(w) such that z(o;(w), 0_;(W')) = 2(si,0_;(W)).
Thus w |= r; (see Definition 13). Hence, for every w € Q, w |= (r1 A... Ary,) and,
therefore, for every w € Q, w = Ki(ri A ... A1), B

Remark 16 Since Mg5|WR - Mg%‘WR it follows from part (B) of Proposition
15 that the implications of common belief of rationality (as implicitly defined by
aziom WR) are the same as the implications of common knowledge of ratio-
nality.

The above observation is not true for the stronger notion of rationality ex-
pressed by axiom SR, to which we now turn.

Definition 17 Given a game G, let Mg%‘SR C ME* (respectively, Mgs‘SR C

M2 ) be the class of D45 (respectively, S5) G-models where the valuation func-
tion satisfies the following condition:

e w =1 if and only if, for every s; € S;, whenever there exists an w' €
Bi(w) such that z(s;,0—;(W')) =i z(0i(w),0_;(W")) then there exists an
w"” € Bi(w) such that z(o;(w),o—;(w")) »=; z(si,0_;(W")).

Thus, at state w, player 7 is rational if, whenever there is a strategy s; of
his which is better than o;(w) (the strategy he is actually using at w) at some

14



state w’ that he considers possible at w, then o;(w) is better than s; at some
other state w” that he considers possible at w. For example, in the model based
on the frame of Figure 4 we have that w = (r; A —rg) for every w € {«, 8,7}
At state (8, for instance, player 2 is choosing strategy d when there is another
strategy of his, namely f, which is better than d at 5 and as good as d at v and
Bs(B) = {B,~}. Thus he is irrational according to Definition 17.

It is easily verified that M55 ¢ M5 *I" A

S5|WR
MR

and, similarly, M?‘SR C

Proposition 18 Logic LE*+SR (respectively, LZ?+SR) is sound with respect
to the class of models Mg%‘SR (respectively, M?lSR ).

Proof. By Proposition 11 it is sufficient to show that axiom SR is valid in
an arbitrary such model. Suppose that w = s¥ A B;(sf =; s¥) A =B;=(sf =,
sF). Then o;(w) = sF and Bij(w) C ||sf =; s¥|| [that is — see Definition 10 —
2(st, 0 (W) =i 2(sk,0_;(w")), for every W’ € B;(w)] and there is an w” € B;(w)
such that w” |= sf =; sF, that is, z(s¢,0_;(w")) =; 2(s¥,0_;(w")). Tt follows
from Definition 17 that w |= —r;. m

The following proposition shows that common knowledge of the stronger
notion of rationality expressed by axiom SR characterizes the Iterated Deletion

of Inferior Profiles (see Definition 6).1

Proposition 19 Fiz a finite strategic-form game with ordinal payoffs G. Then
both (A) and (B) below hold.
(A) Fiz an arbitrary model in MgS‘SR and an arbitrary state o. If
a = Ki(ri Ao Ary) then o(a) € T,
S5|SR

(B) For every s € T there exists a model in My, and a state o such
that (1) o(a) = s and (2) a = K (r1 A ... ATy).

Proof. (A) As in the case of Proposition 15, the proof is by induction. Fix

a model in M?‘SR and a state a and suppose that o | K. (r1 A ... Ary,). First

we show that, for every w € K.(a), o(w) ¢ I° (see Definition 6). Suppose, by
contradiction, that there exists a 8 € K.() such that o(3) € I°, that is, o(53)
is inferior relative to the entire set of strategy profiles S. Then there exists
a player ¢ and a strategy §; € S; such that z(8;,0_;(8)) =i z(0:(8),0-:(8)),
and, for every s_; € S_;, 2(8;,5-i) =i 2(04(8),5-;). Thus z(§;,0_;(w)) =;
2(0i(8),0—;(w)), for every w € K;(8); furthermore, by reflexivity of IC; (see
Definition 1), 8 € K;(8). It follows from Definition 17 that 8 |= —r;. Since
B € K.(a), this contradicts the hypothesis that o | K,r;. Thus, since, for
every w € Q, o(w) € S = TY we have shown that, for every w € K,(a), o(w) €
TO\IO =T,

Now we prove the inductive step. Fix an integer m > 1 and suppose that, for
every w € Ki(a), o(w) € T™. We want to show that, for every w € K.(a),

10Proposition 19 is the syntactic-based, ordinal version of a semantic, probabilistic-based
result due to Stalnaker [14] . For a correction of that result see Bonanno and Nehring [5].

15



o(w) ¢ I'™. Suppose, by contradiction, that there exists a § € K. («) such that
o(B) € I, that is, o(p) is inferior relative to 7™ Then there exists a player ¢
and a strategy §; € S; such that z(5;,0_;(8)) =; z(0:(8),0-;(8)), and, for every
S—; € Sy, if (8;,8—;) € T™ then 2(8;,5-;) =; z(0i(8),s—;). By Definition 9,
for every w € K;(B), 0;(w) = 0;(8) and by the induction hypothesis, for every
w € Ki(a), (04(w),0-;(w)) € T™. Thus, since K;(8) C K.(8) C Ki(a), we
have that, for every w € K;(5), (0i(8),0-i(w)) € T™. By reflexivity of I;,
B € Ki(B). It follows from Definition 17 that S = —r;. Since 5 € K.(«), this
contradicts the hypothesis that a | K,r;.

Thus, we have shown by induction that, for every w € K, (a), o(w) € ﬂ T =

meN
T°°. It only remains to establish that o(a) € T°°, but this follows from reflex-

ivity of ..

(B) Let m be the cardinality of T7°° and let Q = {wy, ...,wp, }. Let o : @ — T
be a one-to-one function. For every player i, define the following equivalence
relation on Q: wk;w’ if and only if o (w) = o;(w’), where o;(w) is the i** coordi-
nate of o(w). Let K, be the transitive closure of U IC; (then, for every w €

ieN

K.(w) = Q). The structure so defined is clearly an S5 G-frame. Consider the
model corresponding to this frame (see Definition 10). Fix an arbitrary state
w and an arbitrary player ¢. By definition of T, for every player ¢ and every
s; € S; if there exists an w’ € KC;(w) such that z(s;,0_;(w')) =i z(0i(w), 0—;(W"))
then there exists an w” € K;(w) such that z(o;(w),o_;(w")) =; 2(si,0-i(wW")).
Thus w |= r; (see Definition 17). Hence, for every w € Q, w |= (r1 A... Ary,) and,
therefore, for every w € Q, w = Ki(ri A ... Ary). B

Note that Proposition 19 is not true if one replaces knowledge with belief, as
illustrated in the game and frame of Figure 5. In the corresponding model we
have that, according to the stronger notion of rationality expressed by Definition
17, o« Ery Arg and B | r1 A g, so that « = B.(r1 A ra), despite the fact
that o(a) = (B,d), which is an inferior strategy profile (relative to the entire
game).!! In other words, common belief of rationality, as expressed by axiom
SR, is compatible with the players collectively choosing an inferior strategy
profile. Thus, unlike the weaker notion expressed by axiom WR (see Remark
16), with axiom SR there is a crucial difference between the implications of
common belief of rationality and those of common knowledge of rationality.

Tn the game of Figure 5 we have that S = S = {(4,¢),(4,d),(B,c),(B,d)} while
T ={(A,0),(B,)}.
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6 Frame characterization

The characterization results proved in the previous Section (Propositions 15
and 19) are not characterizations in the sense in which this expression is used
in modal logic, namely characterization of axioms in terms of classes of frames
(see [3] p. 125). In this Section we provide a reformulation of our results in
terms of frame characterizations.

Definition 20 An axiom characterizes (or is characterized by) a class F of
Kripke frames if (1) the aziom is valid in every model based on a frame that
belongs to F and, conversely, (2) if a frame does not belong to F then there is a
model based on that frame and a state in that model at which an instance of the
axiom is falsified.'?

We now modify the previous analysis as follows. First of all, we drop the
symbols r; from the set of atomic propositions and correspondingly drop the
definitions of the classes of models Mg45‘WR, Mg5|WR, Mg45‘SR and MZE)‘SR

(Definitions 13 and 17). Secondly we modify axioms WR and SR as follows:

12For example, as is well known, the axiom B;¢ — B;B;¢ is characterized by the class of
frames where the relation B; is transitive.
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sf — —\Bi(sf —; sf) (WR/)
sk — = (Bi(sf =i S8) A= Bi(s = sf)) . (SR/)

Axioms WR' and SR’ correspond to adding to the logics considered previ-
ously the axiom that players are rational. In fact, from r; and WR one obtains
WR’ (using Modus Ponens) and similarly for SR’.

The next proposition is the counterpart of Proposition 15.

Proposition 21 Subject to the valuation of the atomic propositions s¥, (sf bt sf)
and (sf —i sf) specified in Definition 10, axiom WR' is characterized by the

class of D45% game frames (see Definition 9) that satisfy the following prop-
erty: for alli € N and for all w € Q, o;(w) € S£°.

Proof. Fix a model based on a frame in this class, a state «, a player ¢ and
two strategies s¥ and s¢ of player i. Suppose that a |= s¥, that is, o;(a) = s¥. We
want to show that a = —B;(s! =; s¥). Suppose not. Then B;(a) C Hsf =i k|
that is,

)

for every w € Bi(a), z(st,0_i(w)) =i 2(sF, 0_i(w)). (1)

By hypothesis, for every player j # i and for every w € Q, 0(w) € S5°. Thus
it follows from this and (1) that s¥ ¢ S, contradicting the hypotheses that
oi(a) = sF and o;(w) € S for all w € Q.
Conversely, fix a D457 frame not in the class. For every state w and every
. N oo ifoj(w) €S
player j let m(w,j) = { m i ojw) € DY
N,w € Q}. By our hypothesis about the frame, m € N. Let i € N and o € Q
be such that 7 = m(i, ). Then

Let 7 = min{m(w,j) : j €

oi(a) € Dlﬁl (2)
and, since (see Definition 5), for every j € N and for every p,q € N U {oc},
SpPta c gP

i =
for every j € N and w € Q, 0j(w) € S;“ (3)

Let s¥ = o;(a). By (2) and (3) , there exists a s/ € S; such that, for every
we N z(sho_j(w) =i 2(sF,o_i(w)). Thus Bi(cr) C ||sf >; s¥|| and thus
o |= s¥ A B ||sf =i s¥||, so that axiom WR is falsified at c. m

The next proposition is the counterpart of Proposition 19.
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Proposition 22 Subject to the valuation of the atomic propositions s¥, (sf bt sf)
and (sf —i sf) specified in Definition 10, axiom SR’ is characterized by the class
of S5% game frames (see Definition 9) that satisfy the following property: for

allw e Q, o(w) € T,

Proof. Fix a model based on a frame in this class, a state «, a player ¢ and
two strategies s¥ and s! of player i. Suppose that a |= s¥ A B; (s¢ =; s¥), that
is, oi(a) = s¥ and B;(a) C ||sf =; sF||, that is,

for all w € Bi(a), z(st,0_i(w)) =i z(sF, o_i(w)). 4)

We want to show that a = B;—(s{ =; s¥). Suppose not. Then there exists a

7

B € Bi(a) such that 8 |= (sf =; s¥), that is,

K3

2(s5,0-:(B)) =i 2(sf,0-i(B))- (5)

It follows from (4) and (5) that (s¥,0_;(8)) = (04(8),0_:(8)) is inferior relative
to the set {s € S : s = o(w) for some w € B;(a)}, contradicting the hypothesis
that o(w) € T for all w € .

Conversely, fix an S5% frame not in the class. For every state w, let m(w) =

00 if o(w) € T . .
{ mif o(w) € I = T\ Let mp = min{m(w) : w € Q}. By our
hypothesis about the frame, my € N. Let a € Q be such that mg = m(«).

Then o(a) € I™°, that is, there is a player ¢ and a strategy s¢ € S; such that

2(s5,0-i(@)) =i z(0i(a),0-i(@)) (6)

and

Yw € Q, if (04(a), 0_i(w)) € T™ then z(s!,0_i(w)) =i z(di(a),0_i(w)). (7)

By definition of my, since (see Definition 6) for every p, ¢ € NU{oo}, TP+ C
TP, for every w € Q, o(w) € T™0. Thus, letting s¥ = o;(«), it follows from (7)
that Bi(ar) C ||st = s¥|, that is, o = Bj(s! =; sF). Since the frame is an S5
frame, B; is reflexive and, therefore, « € B;(«). It follows from this and (6) that
a = =Bi~(sf =; sF). Thus a = sF A Bi(st =; s¥) A =Bi=(sf =; sF), so that
axiom SR/ is falsified at . m

There appears to be an important difference between the results of Section 5
and those of this section, namely that, while Propositions 15 and 19 give a local
result, Propositions 21 and 22 provide a global one. For example, Proposition 15
states that if at a state there is common belief of rationality, then the strategy
profile played at that state belongs to S°°, while its counterpart in this Section,
namely Proposition 21, states that the strategy profile played at every state
belongs to S°°. As a matter of fact, the results of Section 5 are also global in
nature. Consider, for example, Proposition 15. Fix a model and a state o and
suppose that « |= B«(r1 A ... ATy,). Since, for every formula ¢, B.¢p — By B¢ is

19



a theorem of KD457 | it follows that o = BB« (r1 A ... Ary), that is, for every
w € Bi(a), w = By(r1 A ... Ary). Thus, it follows from Proposition 15 that
o(w) € 8, for every w € B,(a).'3 That is, if at a state there is common belief
of rationality, then at that state, as well as at all states reachable from it by the
common belief relation B, it is true that the strategy profile played belongs to
S5°°. This is essentially a global result, since from the point of view of a state «,
the “global” space is precisely the set B, («).

Thus the only real difference between the results of Section 5 and those of
this section lies in the fact that Propositions 15 and 19 bring out the role of
common belief by mimicking the informal argument that if player 1 is rational
then she won’t choose a strategy s; € DY and if player 2 believes that player 1 is
rational then he believes that s; ¢ DY and therefore will not choose a strategy
s2 € D3, and if player 1 believes that player 2 believes that player 1 is rational,
then player 1 believes that sy ¢ D3 and will, therefore, not choose a strategy
51 € D?, and so on. Beliefs about beliefs about beliefs ... are explicitly modeled
through the common belief operator. In contrast, Propositions 21 and 22 do
not make use of the common belief operator. However, the logic is essentially
the same. In particular, common belief of rationality is generated by the axiom
WR’ (or SR’) and the rule of necessitation: from s¥ — =B (s§ = s¥) we get,
by Necessitation, that By (s} — =Bi(s{ =1 s}))ABz (s} — =By (s} =1 s})) and
thus, whatever is implied by WR! is believed by both players. Further iterations
of the Necessitation rule yields beliefs about beliefs about beliefs ... about the
rationality of every player.

7 Conclusion

We have examined the implications of common belief and common knowledge of
two, rather weak, notions of rationality. Most of the literature on the epistemic
foundations of game theory have dealt with the Bayesian approach, which iden-
tifies rationality with expected payoff maximization, given probabilistic beliefs
(for surveys of this literature see [1] and [9]). Our focus has been on strategic-
form games with ordinal payoffs and non-probabilistic Kripke structures. While
most of the literature has been developed within the semantic approach, we
have used a syntactic framework and expressed rationality in terms of syntactic
axioms. We showed that the first, weaker, axiom of rationality characterizes
the iterated deletion of strictly dominated strategies, while the stronger axiom
characterizes the pure-strategy version of the algorithm introduced by Stalnaker
[14].

The two notions of rationality used in this paper can, of course, be used also
in the subclass of games with von Neumann-Morgenstern payoffs and the results
would be the same. Furthermore, the standard notion of Bayesian rationality
as expected payoff maximization is stronger than (that is, implies) both notions
of rationality considered in this paper. Thus our results apply also to Bayesian
rationality.

13 This fact was proved directly in the proof of Proposition 15.
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We have provided two version of our characterization results. The first
(Propositions 15 and 19), which comes closer to the previous game-theoretic
literature, is based on an explicit account of the role of common belief of ra-
tionality and thus requires a syntax that contains atomic propositions that are
interpreted as “player 4 is rational”. The second characterization (Propositions
21 and 22) is closer to the modal logic literature, where axioms are characterized
in terms of properties of frames. However, we argued that the two characteri-
zations are essentially identical.

We have restricted attention to strategic-form games. In future work we
intend to extend the analysis to extensive-form games with perfect information
and the notion of backward induction, which also does not require a probabilistic
framework.
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