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ABSTRACT

Ongoing questions on the historical mean and standard deviation of the return on equities and
bonds and on the equilibrium demand for these securities are addressed in the context of a stationary,
overlapping-generations economy in which consumers are subject to a borrowing constraint. The
key feature captured by the OLG economy is that the bulk of the Juture income of the young agents
1s derived from their wages forthcoming in their middle age, while the bulk of the firure income of
the middle-aged agents is derived from their savings in equity and bonds. The young would like to
borrow and invest in equity, but the borrowing constraint prevents them from doing so. The middle-
aged choose to hold a diversified portfolio that includes positive holdings of bonds, and this explains

the demand for bonds. Without the borrowing constraint, the young borrow and invest in equity,

thereby decreasing the mean equity premium and increasing the rate of interest.
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1. INTRODUCTION

This paper addresses four anomalies in the financial markets. Why do so few consumers hold equities
and bonds? Conditional on holding financial assets, why do consumers hold bonds, given that equities
have outperformed bonds by a substantial margin in this century? Why is the historical premium on
equities over bonds so high, given the low covariance of equity returns and per capita consumption
growth? Lastly, why is the real rate of interest so low? Financial theory has yet to provide a satisfactory
answer to these questions in the context of a single model.

Why are these questions important? First and foremost, financial markets play a central role in
the allocation of investment capital and in the sharing of risk. Failure to answer these questions suggests
that our understanding of the fundamental process of capital allocation is highly imperfect. Second, the
basic economic paradigm employed in analyzing financial markets is closely related to the paradigm
employed in the study of business cycles and growth.! Failure to explain the stylized facts of financial
markets calls into question the appropriateness of the related paradigms for the study of macro-economic
issues.

We construct an OLG exchange economy in which the representative agent lives for three
periods. In the first period, a period of human capital acquisition, the agent receives a relatively low
endowment income. In the second period the agent is employed and is subject to large wage income
uncertainty. In the third period the agent retires and consumes the assets accumulated in the second
period.

We explore the implications of a borrowing constraint by deriving and contrasting the stationary
equilibria in two versions of the economy. In the borrowing-constrained version the agents are
prohibited from borrowing (and selling equity short). It is well known that human capital alone does not
collateralize major loans in modern economies for reasons of moral hazard and adverse selection. The
borrowing constraint is a reduced-form summary of these considerations. The borrowing-unconstrained
economy differs from the borrowing-constrained one only in that the borrowing constraint is absent.
This version is intended to capture the spirit of the widely-cited, complete-markets, representative-agent
economy.

The key feature captured by the OLG economy is that the bulk of the JSuture income of the young

agents is derived from their wages forthcoming in their middle age, while the furure income of the

Al This relation relies on the decentralization results in Donaldson and Mehra (1984) and Prescott and Mehra (1980).
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middle-aged agents is derived from their savings in equity and bonds. As a result of this difference, the
young have a different response to the mean equity premium than the middle-aged do.

If the equity premium has low correlation with the wage income that the young expect to receive
in their middle age, then the young would like to borrow and invest in equity. Indeed it turns out that, in
the stationary equilibrium of all of our borrowing-constrained economies, the equity premium has low
correlation with the wage income the young expect to receive in their middle age. The young would like
to borrow and invest in equity but the borrowing constraint prevents them from doing so. By contrast, in
the borrowing-unconstrained economy the young borrow and invest in equity, thereby decreasing the
mean equity premium and raising the rate of interest. Hence the documented puzzle that borrowing-
unconstrained models typically have difficulty explaining the high mean equity premium and the low
rate of interest.

The foregoing discussion begs a question. If equity is so attractive to the young, who ever
invests in bonds? The answer is that the saving middle-aged have had the uncertainty in their future
wage income largely resolved. The bulk of their future income is derived from their current savings in
equity and bonds. The equity premium is positively correlated with the future income of the middle aged
because their income is primarily derived from liquidating a portfolio of equity and bonds. The middle-
aged choose to hold a diversified portfolio that includes positive holdings of bonds and this explains the
demand for bonds.

The intuition behind our results is best understood in terms of the stochastic Euler equations of

consumption of the marginal investor in the equity and bond markets,

uc(cy)qe= BEfuclct+1)(@t+] +dery)],
(1.1)

where q ¢ is the current ex dividend price of a security (equity or bond) , q¢+1 is the ex dividend price
next period, d ¢+1 is the dividend (or coupon) next period and ¢ t ¢ t+] arec the current and the next-
period consumption of the marginal investor. In the constrained case, the young investor is infra-
marginal in both the equity and bond markets.

For purposes of illustration, consider the extreme case in which aggregate income is constant
over time. In a representative-agent economy, the consumption of the representative agent equals the
aggregate income and is constant. Since the representative consumer is the marginal investor in the
equity and bond markets, the expected return on equity equals the rate of interest and the equity premium

1$ zero.



By contrast, in the OLG borrowing-constrained economy the marginal investors in equity and
bond markets are the middle-aged investors. Since the wage income of the old is zero and since the old
consume by selling their savings in equity and bonds, ¢ t+1 Is positively correlated with the cam
dividend price of equity in period t+]. Equity pays off in states of low marginal utility (high
consumption) making it unattractive to the middle-aged investors, raising its rate of return and giving
rise to the equity premium. The young would like to purchase equity as a hedge against wage income
fluctuations because the wage income of the middle-aged and the aggregate dividend are perfectly
negatively correlated. However the borrowing constraint prevents them from doing so—they are infra-
marginal in both the equity and bond markets. If the borrowing constraint is relaxed, the young issue
bonds thereby raising the rate of return. The increase in the bond return induces the middle-aged to shift
their portfolio holdings in favor of the bond; the increase in the demand for equity by the young and the
decrease in the demand for equity by the middle-aged work in opposite directions; on balance, the effect
is to increase both the equity and the bond return while simultaneously shrinking the equity premium.

In  our calibrated economies the correlation between the aggregate dividend and the wage
income of the middle-aged is not -1, as in the above example, but ranges between high positive and
high negative values. In the equilibrium of all of the borrowing-constrained economies it turns out that
the correlation between the equity premium and the wage income of the middle-age is close to zero.
Whereas equity is no longer a hedge against future wage uncertainty for the young, it is nevertheless
attractive to the young because of the large mean equity premium and the low correlation of the premium
with the wage income of the middle-aged.

The paper is organized as follows. In the remainder of this section we review the related
literature. The economy is defined in Section 2. The stationary equilibrium is defined and characterized
in Section 3, with the proof of existence in the borrowing-constrained economy relegated to Appendix A.
In Section 4 we discuss the calibration of the economy. In Section 5 we present and discuss the
equilibrium results in both the borrowing-constrained and the unconstrained economies for a plausible
range of parameter values. Technical aspects of the numerical calculations are relegated to Appendix B.
Extensions are discussed in the concluding Section 6.

The observation that, contrary to the predictions of standard economic theory, only a small
fraction of individuals and households hold equities either directly or indirectly, was made in Mankiw
and Zeldes (1991), Blume and Zeldes (1993), and Haliassos and Bertaut (1995).

The question as to why the historical equity premium is so high and the real rate of interest is so
low was first raised in Mehra and Prescott (1985). They demonstrated that the equilibrium of a
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reasonably parameterized, representative-consumer exchange economy is able to furnish a mean annual
premium of equity return over the riskless rate of, at most, 0.35%, in contrast to its historical level of 6%
in U.S. data. Furthermore, the equilibrium annual riskless rate of interest is consistently too high, about
4%, as opposed to the observed 1% in U.S. data.2 In tests of the conditional Euler equations of the per
capita consumption, Hansen and Singleton (1982), Hansen and Jagannathan (1991), Ferson and
Constantinides (1991) and others also rejected the model.

Several generalizations of key features of the Mehra and Prescott (1985) model have been
proposed to mitigate its poor performance. These include alternative assumptions on preferences,3
modified probability distributions to admit rare but disastrous events,4 incomplete markets > and market
imperfections.6 Cochrane and Hansen (1992) and Kocherlakota (1996} provided excellent surveys of
this literature.

Equilibrium models that allow for consumer holdings of bonds, consistent with the observed per
capita supply of bonds, are difficult to construct. Aiyagari and Gertler (1991) and Heaton and Lucas
(1996) presented models with infinitely-lived consumers, incomplete consumption insurance and market
frictions which cannot simultaneously generate the consumers’ holdings of bonds and the mean equity
premium.” In these models the borrowing constraint induces merely an inventory demand for equity and
bonds by the infinitely-lived consumers. By contrast, in our model the borrowing constraint plays a very
different role on the consumers’ life-cycle demand for equity and bonds.

A related puzzle is thdt a wide variety of partial-equilibrium portfolio models fail to explain why

investors who hold financial assets invest in bonds.8 In these models the equity and bond return

2This point was emphasized by Weil (1989).

3For example, Abel (1990), Benartzi and Thaler (1995), Boldrin, Christiano and Fisher (1996), Campbell and Cochrane (1995},
Constantinides (1990), Daniel and Marshall (1997), Epstein and Zin (1991), and Ferson and Constantinides (1991).

4See, Rietz (1988) and Mehra and Prescott (1988).

SFor example, Bewley (1982), Constantinides and Duffie (1996), Detemple and Serrat (1996), Lucas (1994), Mankiw (1986),
Mehra and Prescott (1985) and Telmer (1993). Heaton and Lucas {1997b) investigated empirically the risk factors and
demographic variables that explain cross-sectional differences in portfolio composition and identified the important role of
entrepreneurial risk.

6For example, Aiyagari and Gertler (1991), Alvarez and Jerman (1997), Basak and Cuoco (1998), Brav and Geczy (1995),
Danthine, Donaldson and Mehra (1992), He and Modest (1995), Heaton and Lucas (1996) and Luttmer (1996).

7Constantinides and Duffic (1996} pointed out, however, that the above difficulty may be resolved if the consumers’
idiosyncratic income shocks are sufficiently persistent and heteroscedastic. Storesletten, Telmer and Yaron (1997) investigated
the role of idiosyncratic income shocks in the context of a calibrated OLG model. In their model, whereas the effects of
idiosyncratic shocks on the risky returns are substantial, a large fraction of the equity premiurn remains unexplained.

8Bertaut and Haliasos (1997). Bodie, Merton and Samuelson (1992), Cocco, Gomes and Maenhout (1997), Gakidis (1997),
Haliassos and Hassapis (1997), Jagannathan and Kocherlakota (1996) and Viceira (1997) addressed this issue in models of life-
cycle behavior but without market frictions. Heaton and Lucas (1997a) addressed this issue in a model with market frictions but
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processes are given exogenously and reflect the historically large premium of equity over bond returns.
The puzzle is distinct from the equity premium puzzle in that the model is not constrained to match
features of the per capita consumption process but rather strives to match features of the demand for
equity and bonds.

Our paper incorporates standard modeling elements which have been employed extensively in
the literature.  Specifically, we introduce a borrowing constraint in the context of a stationary,
overlapping-generations economy. OLG models abound in the literature. For example, Auerbach and
Kotlikoff (1987) employed a deterministic OLG model in their study of fiscal policy. Rios-Rull (1994)
employed a stochastic OLG mode! in his investigation of the role of market incompleteness on
equilibrium allocations. The equity premium is a tangential issue in his investigation. When the market
is incomplete none of the traded securities may be interpreted as a bond and the equity premium cannot
be computed. Unlike these OLG models, our focus is in explaining the demand for and the returns of

equity and bonds.

2. THE ECONOMY

We consider an overlapping-generations, pure exchange economy. Each generation lives for three
periods as young, middle-aged and old. Three is the minimal number of periods that captures the
heterogeneity of consumers across age groups which we wish to emphasize: the borrowing-constrained
young, the saving middle-aged and the dis-saving old. In the calibration each period is taken to represent
twenty years.

Each generation of consumers is modeled by a representative consumer. We recognize that
consumer heterogeneity in the form of uninsurable, persistent and heteroscedastic idiosyncratic income
shocks has the potential to resolve empirical difficulties encountered by representative-consumer
models.9 Nevertheless consumer heterogeneity within generations is downplayed in our model in order
to isolate and explore the implications of heterogeneity across generations in a parsimonious paradigm.
Consumer heterogeneity within a generation, in the form of uninsurable and i.i.d. income shocks is
merely invoked in Section 4 in order to allow for a more liberal calibration of the per capita wage
income and dividend processes.

There is one consumption good in each period and it perishes at the end of the period. Wages,

without life-cycle behavior.

98ee. Mehra and Prescott (1985), Mankiw (1986) and Constantinides and Duffie (| 996),
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consumption, dividends and coupons as well as the prices of the bond and equity are denominated in
units of the consumption good. The consumer born in period t receives deterministic wage income
wl> 0 in period t, when young; stochastic wage income wli] >0 in period t+1, when middle-agéd;
and zero wage income in period t+2, when old. The wage income process of the middle-aged consumer
is exogenous, thereby abstracting from the labor-leisure tradeoff. Claims on a consumer's future wage
income are not traded.

The stylized assumptions made on the income processes are intended to capture three key
aspects of reality in a parsimonious way. 10 First, the wage income received by the young and the old is
small compared to the income received by the middle-aged. Therefore the young would like to borrow
against future income and the middle-aged would like to save. However the young cannot borrow
because of the borrowing constraint. Second, the major future income uncertainty is faced by the young.
It turns out that, in the equilibrium of most of our borrowing-constrained economies, the equity
premium has low correlation with the wage income that the young expect to receive in their middle age.
The young would like to borrow and invest in equity but the borrowing constraint prevents them from
doing so. Third, the saving middle-aged face negligible future wage uncertainty.! 1 Therefore they save
by investing in a portfolio of equities and bonds, driven primarily by the motive of diversification of risk.

The assumption that each period is of length 20 years has the unintended implication that the
stochastic income of the middle-aged is perfectly serially correlated over the 20 years. Obviously it is of
interest to increase the number of periods within the 60-year span.

There are only two types of securities in the economy, bonds and equity. Both are infinitely
lived. The bond is default-free and pays a fixed coupon b >0 in every period in perpetuity. We think
of the bond as a proxy for long-term government debht. The supply of the bond is fixed at one unit in
perpetuity. 12 Coupon payments are financed out of capital income payments. The ex coupon bond price

in period t is denoted by qby ; it is the price of the claim to the coupon b paid in perpetuity beginning

10The simplifying assumption that the wage income of the young is deterministic and common across the young of the same
generation may be relaxed to allow this income to be stochastic and different across the young of the same generation. Whereas
this generalization would certainly increase the realism {and complexity) of the model it would not change the basic message of
our paper. as long as a sufficiently large fraction of the young were to remain barrowing-constrained.

HThe simplifying assumption that the wage income of the old is zero may be relaxed to allow for pension income and social
security benefits, This income and benefits are deterministic from the perspective of the middle-aged consumers; when
incorporated into our analysis, they increase the demand for ¢quily by the middlc-aged and reduce the mean equity premium,
Specifically, the mean equity premium decreases approximately by the factor 1-x, where x is the fraction of consumption of the
old consumers that is derived from these benefits.

121t is infeasible to introduce a short-term {say, onc-year) bond in this economy because the length of one period is assumed to

be 20 years. Although it is feasible to introduce a one-period (20-year) bond in positive net supply, we do not do so for technical
reasons. Instcad, we report the shadow price of a one-peried { 20-year ) bond in zero net supply.
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with period t+ 1.

The consumer born in period t has zero endowment of the bond. This consumer purchases
fraction th,O of the bond in period t, when young; adjusts the bond holding to zbt’l in period t+1,
when middle-aged; and sells the bond holding in period t+2, when old. By convention a negative bond
holding denotes a short position in the bond. As we do not explicitly model financial institutions, we

assume that the entire supply of the bond is held by the young and middie-aged consumers. Bond market

clearing in period t thus requires
beo+zbey =1 (2.1)

The equity is a claim to a dividend stream and pays net dividend d¢ in period t. We think of
equity as the sum total of the claims to firms (stocks, corporate bonds, etc.) and real estate. The supply
of equity is fixed at one share in perpetuity. The issue and repurchase of equities and bonds is implicitly
accounted for by the fact that the equity is defined as the claim to the net dividend. We do not model the
process by which firms finance the net dividend—firms are exogenous to the exchange economy. The ex
dividend price of equity in period t is denoted by q% and is the claim to the dividend stream in
perpetuity, beginning with period t+ 1.

The consumer born in period t also has zero endowment in equity and purchases fraction 28 of
the equity in period t, when young; adjusts the equity holding to z€ | in period t+1, when middle-aged;
and sells the equity holding in period t+2, when old. As before, a negative equity holding denotes a short
position in equity. We assume that the entire supply of equity is held by the young and middle-aged

consumers. Stock market clearing in period t requires

280+ z81 =1
(2.2)

The consumer born in period t consumes ct,0 when young, c¢ | when middle-aged, and ct,2
when old. The budget constraint of the consumer born in period t is:
ct,0 + 25 oqby + 2% 0q% < wo, 2.3)

when young;

ct,1 + 20 1qPpe ) + 2%,19%+1 < wlirp +2b g(qbpey + by + 2% 0(q%t+] T di+1) . (2.4)

when middle-aged; and



e,2 < 28 1(qbe+a + b) + 28 (8 + dean)
(2.5)

when old. Old consumers consume their entire wealth since bequests are ruled out in this economy. 13

The consumer born in period t has expected utility

E(ZZ: £ e, )IS,J (2.6)

where 3t is the information available to the consumer in period t. The subjective discount factor is the

constant 3 where 0 <3< 1. Period utility is of the form
u(e)=(1-aylEl-a. 1) (2.7)

where a > 0 is the (constant) relative risk aversion coefficient. We adopt a conventional specification
of preferences in order to focus attention on a different issue—the role of the borrowing constraint in the
context of an overlapping-generations economy—as well as to make our results directly comparable to
the prior literature.

Underlying the economy there is an increasing sequence {J¢: t=0, 1, ...} of information sets
available to consumers in period t. The information set 3¢ contains the wage income and dividend
histories up to and including period t. It also contains the consumption, bond investment and stock
investment histories of all consumers up to and including period t- 1. Most of this information turns out
to be redundant in the particular stationary equilibria explored in Section 3.

Consumption and investment policies are such that decisions made in period t depend only on
information available in period t. Formally, a consumption and investment policy of the consumer born

in period t is defined as the collection of the J-measurable (¢t,0, th,o, z% ). the J¢4|-measurable

3The assumption that bequests are ruled out provides a parsimonious way to explore the effect of a borrowing constraint on the
consumers' life-cycle behavior. It is, however, a controversial assumption and merits discussion. Note that what is critical in our
model is that the young do not receive (substantial) bequests and, therefore, find the borrowing constraint binding; whether the
old derive utility or not from bequeathing wealth to the future generations makes no difference in our model.

A simple way to relax the no-bequest assumption is to interpret the term ¢r 9 as the sum of the old consumers' consumption,
€1,2¢ - and bequests, ct2p : and interpret the term u {et,2 ) as the old consumers’ additive utility function of consumption and
bequests. As long as bequests skip a generation and are received by the borrowing-unconstrained middle aged. as it is often the
case, the young remain borrowing-constrained and our results remain intact.

More generally we could deline the old consumers’ utility of consumption and utility of bequests (“jay of giving™) as v {c1,2¢ )
T u(cr2p ). Furthermore we could specify that the old consumers are satiated at a low level of consumption. Such a model
would imply that the middle-aged consumers would save primarily to bequeath wealth rather than to consume in their old age.
This interpretation is reinforced by the cmpirical observation that the correlation between the consumption of the old and the
stock market return is low.



(Ct,lslbt,lz z°%,1) and the J{4p-measurable ct.2-

We consider two versions of the economy. In the borrowing-unconstrained version, the set of
admissible consumption and investment policies is defined by the constraint (2.3) on the non-negativity
of consumption and the budget constraints (2.4)-(2.5). These constraints, sometimes referred to as
positive-net-worth constraints, rule out the possibility of personal bankruptcy even though the consumer
may sell short the equity and the bond.

In the borrowing-constrained version of the economy, the set of admissible consumption and
investment policies is defined by the condition that the equity and bond holdings must be non-negative,
in addition to the constraints (2.3}-(2.5), which rule out negative consumption and personal bankruptcy.

The equilibrium of the particular borrowing-constrained economies that we calibrate has the
property that the constraint on selling equity short is never binding. It is the constraint on selling the
bond short that is binding in some, but not all the states, and captures the notion that borrowing is
forbidden. Since our main results depend crucially on the assumption that borrowing is ruled out, this
assumption merits careful examination.

The borrowing constraint may be challenged on the grounds that in reality consumers have the
opportunity to purchase equities on margin and purchase index futures with small initial and maintenance
margins. They may also borrow indirectly by purchasing the equity of highly levered firms and by
purchasing index options. We investigate these possibilities in the context of the equilibrium of
borrowing-constrained economies. In Section 5 we report that a very small margin suffices to deter a
borrowing-unconstrained young consumer from purchasing equity on margin, index futures and highly
levered forms of equity. Essentially, @ Young consumer is unwilling to sacrifice even a small amount of
immediate consumption to put up as margin for the purchase of equity.

We conclude the description of the economy by specifying the joint stochastic process of the
wage income and dividend. We assume that the wage income of the young is a constant w0 and that the
wage income of the old is equal to zero. Instead of specifying the joint process of the wage income of
the middie-aged consumer and the dividend, (wli, dp), we choose to specify the joint process of the

aggregate income and the wages of the middle-aged, (¥t wlt), where the aggregate income is defined as
ytIWO+W]t+b+dt. (2.9)

Our definition of aggregate income includes the (constant) coupon payment on government debt. !4 We

14This definition appears to differ from the standard definition of the GDP which does not include the coupen payment on
government debt. We justify our definition of the GDP as follows. In a more realistic model that takes into account the taxation
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model the joint process of the (de-trended) aggregate income and the wage income of the middle-aged as
a time-stationary process.!5 In the calibration, yt and wl; assume two values each. The four possible
realizations of the pair (yg, wl{) are represented by the state variable st=J, J=1,.,4. Wemodel s¢
as a Markov process with a non-degenerate, unique, stationary probability distribution and denote by I1

the 4x4 transition probability matrix.

3. EQUILIBRIUM
We consider stationary rational expectations equilibria as in Lucas (1978). Equilibrium is defined as the
set of consumption and investment policies of the consumers born in each period and the J{-measurable
bond and stock prices qb; and q& in all periods such that: (a) each consumer's consumption and
investment policy maximizes the consumer's expected utility from the set of admissible policies while
taking the price processes as given; and (b) the bond and equity markets clear in all periods.

It s beyond the scope of this paper to characterize the full set of equilibria in the borrowing-
unconstrained economy. It turns out, however, that in the borrowing-unconstrained economy there exists
a stationary equilibrium in which decisions made in period t and prices in period t are measurable with

respect to the current state s¢ =), j =1, ..., 4, and the one-period lag of the investment decisions of the

period-t middle aged, z%, and z? . Since in a stationary equilibrium the policy functions and prices are
g 1 | ry eq policy

independent of calendar time, the notation is simplified by dropping the time subscript. Thus

L‘( - I3 h Af - _e b . - . ef » _¢ b
zy\J.z, ,zv}) and z, (],z_, ,z;l) are the equity and bond demand functions of the young; z, (],z_, ,Z_,)
and zf’ (_j,zf, ,zf,) are the equity and bond demand functions of the middle-aged; and q”(j,zf] ,Zfl),
qh (j,zf, ,zfl) are the price functions. A formal definition of this equilibrium is the following:

Definition: 4 stationary REE in the borrowing-unconstrained economy is a pair of sels Gze

and G_y of possible values of stocks and bonds carried over by the middle-aged agents and a quadruple
Z-1

of demand functions

of wages and dividend by the government to service its debt, w@ + wly +d;  stands for the sum of the affer-tax wages and
dividend. The sum of the before-fax wages and dividend is obtained by adding b to the after-tax wages and dividend, as in
equation (2.9). In any case, the interest on government debt in the US is about 3% of the GDP and the calibration remains
cssentially unchanged whether the definition of the GDP includes the term b or not.

5 An alternative plausible procedure is to model the joint process of the growth rate of the aggregate income and the ratio of the
wage income of the middle-aged 1o aggregate income as a time-stationary process. See Mehra (1988),
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A stationary rational expectations equilibrium in the borrowing-unconstrained economy may be shown
to exist. 16

In the borrowing-constrained economy we characterize the set of parameters for which the
young find the borrowing constraint binding and choose not to short the equity (even though the
restriction on short sales is not binding). This is the scenario which we aim to capture with the
borrowing constraint. With these parameter values there exists a stationary equilibrium in which
decisions made in period t and prices in period t are measurable with respect to the current state St =],
J=1,..., 4. Essentially, the consumer born in period t - 1 enters period t with zero holdings in the
bond and equity; the state s;_] becomes irrelevant for decisions made in period t and for prices in

period t. A formal definition of the equilibrium in the borrowing-constrained economy is the following:
Definition: 4 stationary rational expectations equilibrium in the borrowing-constrained economy is a

pair of price functions, q° (j ) and g ( j) , that satisfy:

@ u (w(i)-a*()-a* ()a*(i)

and

If

4
k=1

A3 u([a°G)+d®)]+[a" (k)+b])(a" (k)+ b)TT,,

k=1

I16The outline of the proof is as follows. By the results in Balasko et al (1980, Section 4), our model is isomorphic te one in
which agents live for two periods. In this latter context, Cass et. al. (1992), demonstrated existence of equilibrium for the case in
which assets pay off in money. By Remark 2 of the same paper, this result can be extended to a model in which the asset payoffs
arc denominated in terms of the consumption good. provided the asset return matrix has full rank. This is the case in our model
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It is shown in Appendix A that a stationary rational expectations equilibrium in the borrowing-
constrained economy exists. The numerical routine for calculating the equilibrium in both the

borrowing-constrained and the unconstrained economies is outlined in Appendix B.

4. CALIBRATION
The preference parameters are the relative risk aversion (RRA) coefficient, o, and the subjective
discount factor, . We present results for the plausible values @ =2 , 4 and 6 of the RRA coefficient.
We set 3= .44 for a period of length 20 years. This corresponds to an annual subjective discount factor
of .96 , which is standard in the macro-economic literature.!”7

The calibration of the joint Markov process on the wage income of the middle-aged consumers,
wl | and the aggregate income, y, is simplified considerably by the observation that the equilibrium
security prices in the borrowing-constrained economy are linear scale multiples of the wage and income
variables. This follows from the homogeneity introduced by the constant-RRA preferences and is made
precise in Lemma A.1 in Appendix A. A corresponding homogeneity result applies to the unconstrained
economy.

This property of equilibrium security prices implies that the equilibrium joint probability
distribution of the bond and equity returns is invariant to the Jevel of the €X0genous macro-economic
variables for a fixed correlation structure. The distribution depends on (i} the average share of income

t
wliw

going to labor, E( v ) ; (i) the average share of income going to the labor of the young, w0 / E[y];

(iii) the average share of income going to interest on government debt, b / E[y); (iv) the coefficient of
variation of the 20-year wage income of the middle aged, o(w')/E(w'); (v) the coefficient of

variation of the 20-year aggregate income, o(v)/E(y);, and (vi) the 20-year autocorrelations and
cross-correlation of the labor income of the middle-aged and the aggregate income, corr (y LY tl).
corr (wl ¢ . wl 1) and corr re, wl (). Accordingly, we calibrate the model on ranges of the above

moments (i)-(vi). There are enough degrees of freedom to permit the construction of a 4x4 transition

matrix, T, which exhibits a particular type of symmetry.18

by construction.
I7We 2lso caleulated the equilibrium in economies with annual subjective discount factor equal 0 1.04. The results, not
reported here, are insensitive to the value of the subjective discount factor.

18The Joint process on income (y) and wage of the middle-aged (wl) is modeled as a simple Markov chain with transition
matrix
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The single most serious challenge to the calibration is the estimation of the above unconditional
moments. Recall that the wage income of the middle-aged and the aggregate income are 20-year
aggregates. Thus, even a century-long time series provides only five non-overlapping observations,
resulting in large standard errors of the point estimates. Standard econometric methods designed to
extract more information from the time series, such as the utilization of overlapping observations or the
fitting of high-frequency, high-order, time-series models, only marginally increase the effective number
of non-overlapping observations and leave the standard errors large.19

We proceed with the estimation of the unconditional moments:

U}
W|+W

i. The average share of income going to labor, E( ” ) . In the U.S. economy this ratio is about

.66 10 .75, depending on the historical period and the manner of adjusting capital income. The model
considered in this paper, however, is implicitly concerned only with the fraction of the population
which owns financial assets, at least at some stage of their life cycle. For the time period for which
the equity premium puzzle was originally stated, about 25% of the population held financial assets
(Mankiw and Zeldes (1991) and Blume and Zeldes (1993)); that fraction has risen to its current level
of about 40%. In our borrowing-constrained economy, the fraction of the population owning
financial assets is .33, midway between the aforementioned estimates. We acknowledge, however,

that age is not the sole determinant of ownership of financial assets. In light of these comments we

set the ratio E(Wl*w”) in the range ( .60, .69 ) .

¥
ii. The average share of income going to the labor of the young, w¥ /E[y]. This share is set in the
range { .16, .20 ), sufficiently small to guarantee that the young have the propensity to borrow and
render the borrowing constraint binding in the borrowing-constrained economy.

iil. The average share of income going to interest on government debt, b / E[y]. This was set at .03,

(Y1»W:) (prlz) (Yz’wi) (stW;)

(Y,,w)) o 7T G H
(Y,,w))| m+A b—A H o
(Y,,w,) o} H d—-A T+ A
(Y,,w)) H c T )

- . .. . . - !
Given the assumed symmelry of the transition matrix, there are only eight parameters (o be determined: Yi. Y2, Wy,

W, ¢ T, 0, A andH . The parameters are chosen to satisfy the following eight conditions: (1) the six target moments,
(i)-(vi}: (2) the normalization E[y} = | ; and (3) the conservation requirement that the row sums of the elements of the (ransition
matrix are one.

19 We are indebted to Edward Prescott for numerous helptul discussions on calibration.
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consistent with the US historical experience.

- The coefficient of variation of the 20-year wage income of the middle aged, o(w')/E(w').

The comparative return distributions generated by the constrained and the unconstrained versions of
the model depend crucially on this coefficient. Ideally we would like the calibration to reflect the
fact that the young face large idiosyncratic uncertainty in their future labor income, generated by
uncertainty in the choice of career and on their relative success in their chosen career. Nevertheless,
consumer heterogeneity within a generation is disallowed in our formal mode! in order to isolate and
explore the implications of heterogeneity across generations in a parsimonious way. Here, and in the
estimation of the auto-correlations and cross-correlation in (vi), we shall merely invoke consumer
heterogeneity as a justification for being liberal in estimating these moments.

We are unaware of any study which estimates the coefficient of variation of the 20-year (or, annual)
wage income of the middle aged, o(w')/ E(w'). Creedy (1985), in a study of select "white collar"
professions in the U K, estimated that the annual coefficient o(w) / E(w) is in the range 0.31-0.57 ;
in a study of women, Cox (1984) estimated the coefficient to be about 0.25. Gourinchas and Parker

(1996) estimated the annual cross-sectional coefficient of variation to be about 0.5 . Taking the
above estimates into account, we calibrate the coefficient of variation to be 0.25 .

The coefficient of variation of the 20-year aggregate income, o(y)/E(y). This coefficient
captures the variation in detrended, 20-year, aggregate income. In the U.S. economy the log of the
detrended ( Hodrick-Prescott filtered ) quarterly aggregate income is highly autocorrelated and has
standard deviation of about 1.8%. This information provides little guidance in choosing the

coefficient of variation of the 20-year aggregate income. We consider the values 0.20 and 0.25 .

vi. The 20-year auto-correlations and cross-correlation of the labor income of the middle-aged and

the aggregate income, corr(y, w, }, corr(y,,y, ) and corr(w},w:_,) . Lacking sufficient time-
series data to estimate the 20-year auto-correlations and cross-correlation, we present results for
corr(y,,y, ;)= corr(w,,w,_ )=0.1 or 0.8 ; and corr(y, w,)=0.10r0.8 .

In Table 1 we report historical estimates of the mean and standard deviation of the annualized,

20-year holding-period-return on the CRSP value-weighted index of NYSE, AMEX and NASDAQ

stocks: and on the Ibbotson US Government Treasury Long Term bond file. The mean (equity or bond)

return is defined as 100 x [ {sample mean of the 20-year holding period return} /20 . | J. The standard

deviation of the (equity or bond) return is defined as 100 x [ sample std {(20-year holding period
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return) /20 } 1. We also report the mean equity premium, defined as the difference of the mean return on
equity and the mean return on the bond; and the standard deviation of the premium, defined as 100 x [
sample std {(20-year equity return)!/20 - (20-year bond return)1/20 } . The relevant estimates for our
purposes are on real returns and these cover the sample period 2/1947 - 12/1996, with 358 overlapping
observations. We also report the estimates on nominal returns, as these cover the longer sample period
1/1926 - 12/1996, with 611 overlapping observations. We do not report standard errors, as these are
large: on nominal returns we have only four and on real returns we have only two non-overlapping
observations.

In Table 1 the (real) mean equity return is 5% - 6% with a std of 3% - 4% ; the mean bond
return is about 1% ; and the mean equity premium is 5% - 6% . (We stress that what we refer to here
as the std of equity return is the std of the annualized 20-year equity return, as defined above, and is very
different than the std of the [-year equity return which is typically of the order of 16% annual). Since the
“equity” in our model is the claim not just to corporate dividends but to a/! risky capital in the economy,

the mean equity premium that we aim to match is about 3% .

5. RESULTS
The properties of the stationary equilibria of the calibrated economies are reported in Tables 2-4 . The
annual subjective discount factor is set equal to .96, the average share of income going to labor is setin
the range (.60 , .69 ), the average share of income going to the labor of the young is set in the range (
16, .20 ) and the average share of income going to interest on government debt is set equal to .03 . In
Table 2 weset RRA=6, o (y)/E[y}=020and o (w!)/E[wl]=0.25;in Table 3 we set RRA
=4, 0 (y)/E[y]=025and o (wl y/E[wl | =0.25; and in Table 4 we set RRA =2, o (v)/E]
y]=025and o (wl)/E[wl]=025

In the tables the one-period (20-year) bond is referred to as the “bond”. The bond is in zero net
supply. In the borrowing-constrained case the bond price is defined as the private valuation of the bond
by the middle-aged consumer.20 In the unconstrained case the bond price is also defined as the private

valuation of the bond by the middle-aged consumer 2! The consol bond is referred to as the “consol”.

208pecitically, it is the shadow price of the bond determined by the marginal rate of substitution of the middle-aged consumer.
It would be meaningless to report the private valuation of the bond by the young consumer because the young consumer would
like t sell the bond short (borrow) but the borrowing constraint is binding,

218pcciﬁcally, it is the shadow price of the bond determined by the marginal rate of substitution of the middle-aged consumer.
The private valuation of the bond by the young consumer is also well defined. We have calculated both private valuations of the
bond and they agree to the second decimal point. Essentially the two traded securities, the equity and the consol, come close to
completing the market and the private valuation of the (one-period) bond by the voung and the middle-aged practically coincide,
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The consol is in positive net supply.

The mean (equity, bond or consol) return is defined as 100 x [{mean of the 20-year holding
period return}1/20 | 1. The standard deviation of the {equity, bond or consol) return is defined as 100 x
[std {(20-year holding period return)!”20 ¥ . The mean premium of equity return over the bond return,
“MEAN PRM/BOND?”, is defined as the difference of the mean return on equity and the mean return on
the bond. The standard deviation of the premium of equity return over the bond return, “STD
PRM/BOND”, is defined as 100 x [ sample std {(20-year equity return)!/20 _ (20-year bond
return)”zo}]. The mean premium of equity return over the consol return, “MEAN PRM/CONSOL.”, and
the standard deviation of the premium of equity return over the consol return, “STD PRM/CONSOL”,
are defined in a similar manner.

The single most important observation across all the cases reported in Tables 2-4 is that the mean
(20-year or consol) bond return roughly doubles when the borrowing constraint is relaxed. This
observation is robust to the calibration of the correlation and auto-correlation of the labor income of the
middle-aged and the aggregate income. Thus, the borrowing constraint goes a long way, albeit not afl
the way, towards alleviating the risk-free rate puzzle. This, of course, is the first part of the thesis of our
paper: if the young are able to borrow, they do so and purchase equity; the borrowing activity of the
young raises the bond return, thereby exacerbating the risk-free rate puzzle.

The second observation across all the borrowing-constrained cases reported in Tables 2-4 is that
the minimum mean equity premium over the 20-year bond is about half the target of 3% . Further, the
premium decreases when the borrowing constraint is relaxed. This is the second part of the thesis of our
paper: if the young are able to borrow, the increase in the bond return induces the middle-aged to shift
their portfolio holdings in favor of the bond; the increase in the demand for equity by the young and the
decrease in the demand for equity by the middle-aged work in opposite directions; on balance, the effect
is to increase both the equity and the bond return while simultaneously shrinking the equity premium.
Whereas the mean equity premium decreases in all the cases when the borrowing constraint is relaxed,
the amount by which the premium decreases is the largest in the top panels of Tables 2-4 in which the
labor income of the middle-aged and the aggregate income are negatively correlated.

The third observation across all the cases reported in Tables 2-4 is that the correlation of the
labor income of the middle-aged and the equity premium over the 20-year bond , corr( w!, PRM/BOND
). is much smaller in absolute value than the exogenously-imposed correlation of the labor income of the

middle-aged and the dividend, corr( wl, d). Thus equity is attractive to the young because of the large

even though the bond is not traded in the equilibrium.
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mean equity premium and the low correlation of the premium with the wage income of the middle-aged,
thereby corroborating another important ingredient of our story.

The fourth observation is that the borrowing constraint results in standard deviations of the
annualized, 20-year equity and bond returns which are Jower than in the unconstrained case and which
are comparable to the target values in Table 1.

Since our main results depend critically on the assumption that borrowing is prohibited, this
assumption merits careful examination. The restriction on borrowing against future labor income is
realistic. However the restriction on borrowing to invest in equity may be challenged on the grounds that
in reality consumers have the opportunity to purchase equity and stock index futures on margin and
purchase a home with a 15% down-payment. We investigate these possibilities in the context of the
equilibrium of the borrowing-constrained economies. We define M to be the dollar amount that a
consumer can borrow for one (20-year) period with one dollar down-payment and invest M + 1 dollars in
equity on margin. That is, the margin requirement is 1 / (M+1), which is approximately equal to M-! for
large M. We report the maximum value of M that still deters young investors from purchasing equity on
margin. Tables 2-4 display the value of M in the equilibrium of all the borrowing-constrained
economies. In all cases M exceeds the value of 55 : a young consumer is unwilling to sacrifice even one
dollar of immediate consumption to put up as margin for the purchase of equity worth $56. This
demonstrates that our results remain unchanged, if the borrowing constraint to purchase equity is
replaced by even a small margin requirement of 2 % .

We also investigate the possibility that investors evade the margin requirement by purchasing the
equity of a levered firm, where the “firm” is the claim to the dividend process. A simple variation of the
above calculations shows that a margin requirement of 4% suffices to deter the borrowing-constrained
young from purchasing the levered equity even if the debt-to-equity ratio is 1:1. We conclude that our
results remain effectively unchanged even if we recognize the ability of firms to borrow.

Finally in Table 5 we present the consumption of the young, middle-aged and old and the
conditional first moments of the returns at the four states of the borrowing-constrained economy. The

economy is calibrated as in the first two columns of the top panel of Table 2 and corresponds to the case
where RRA=6, o (y)/E[y]=020, ¢ (wl)/E[wl]=025,corr(y,,y_,)= corr(w!,w!_ )=
0.1 and corr(y, w )= 0.1. As expected, the young simply consume their endowment, which in our

model is constant across states. The consumption of the middle-aged is also fairly smooth. The

consumption of the old is surprisingly variable; it is this variability that induces the middle-aged to invest
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partly in bonds, despite the high mean premium of equity over bonds. The conditional first moments of

the returns are substantially different across the states.

6. CONCLUDING REMARKS

We have addressed ongoing questions on the historical mean and standard deviation of the returns on
equities and bonds and on the equilibrium demand for these securities in the context of a stationary,
overlapping-generations economy in which consumers are subject to a borrowing constraint. The
particular combination of these elements captures the effect of the borrowing constraint on the investors’
saving and dis-saving behavior over their life-cycle and provides answers to these questions.

The model is intentionally sparse in its assumptions in order to convey the basic message in the
simplest possible way. It can be enriched in various ways that enhance its realism. For example, we
may increase the number of generations from three to sixty, representing consumers of ages twenty to
eighty in annual increments. In such a model we expect that the youngest consumers are borrowing-
constrained for a number of years and invest neither in equity nor in bonds; thereafter they invest in a
portfolio of equity and bonds, with the proportion of equity in their portfolio decreasing as they grow
older and the attractiveness of equity diminishes.

We may increase the endowment of the young consumers to reflect inter-generational transfers;
and we may make the endowment of the young random and different across consumers. These changes
will have pricing implications to the extent that the young investors who are currently infra-marginal in
the equity and bond markets become marginal. We may model the pension income and social security
benefits of the old consumers. We may model the heterogeneity of consumers within a generation. We
may model the GDP growth as a stationary process rather than modeling the (de-trended) GDP Jevel as a
stationary process. We may model distinct production sectors, endogenize production and endogenize
the labor-leisure tradeoff. We may model the government sector in a more realistic way than we have
done in the paper. We suspect that in all these cases the primary message of our paper will survive: the

borrowing-constraint has the effect of lowering the interest rate and raising the equity premium.
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TABLE 1

Real Returns 2/1947 - 12/1996

EQUITY BOND PREMIUM
MEAN 5.5% 0.12% 5.38%
STD 3.26% 2.14% 3.33%

Nominal Returns 1/1926 - 12/1996

EQUITY BOND PREMIUM
MEAN 11% 4.02% 6.98%
STD 3.18% 2.68% 4.19%

We report empirical estimates of the mean and standard deviation of the annualized, 20-year holding-period-return on the CRSP
value-weighted index of NYSE, AMEX and NASDAGQ stocks; and on the Ibbotson US Government Treasury Long Term bond
file. The mean return (on equity or the bond) is defined as 100 x [ {sample mean of the 20-year holding period return} 1/20 - |
]. The standard deviation of the (equity or bond) return is defined as 100 x [ sample std {(20-year holding period return)!/20 I
The mean premium is defined as the difference of the mean return on equity and the mean return on the bond. The standard
deviation of the premium is defined as 100 x [ sample std {(20-year equity return)1/20 - (20-year bond return)!/20 3 .
Estimates on real returns cover the sample period 2/1947 - 12/1996, with 358 overlapping observations. Estimates on nominal
returns cover the sample period 1/1926 - 12/1996, with 611 overlapping observations.
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TABLE 2°

CORRELATION (y, w')=0.1

LOW SERIAL AUTOCORR. HIGH SERTAL AUTOCORR,

OF y AND OF w' (0.1) OF y AND OF w! (0.8)

BORROWING BORROWING BORROWING BORROWING
CONSTRAINED | UNCONSTRAINED | CONSTRAINED | UNCONSTRAINED
MEAN EQUITY RET. 89 12 9.0 .1
STD OF EQUITY RET. 5.6 10.3 57 9.9
MEAN BOND RET. 53 9.7 54 98
STD OF BOND RET. 36 6.8 3.6 6.6
MEAN PRM/BOND 3.7 15 3.6 1.6
STD PRM/BOND 45 7.7 46 74
MEAN CONSOL RET. 39 10.6 43 10.7
STD OF CONSOL RET 44 6.9 a4 6.7
MEAN PRM/CONSOL 5.0 0.6 4.7 0.4
STD PRM/CONSOL 6.4 6T 6.6 6.3
MARGIN", M 178 NA. 170 NA.
CORR (w', d) -0.43 “6.43 038 -0.38
CORR( w', -0.05 0.00 -0.06 0.00
PRM/BOND)
CORRELATION (y, w') =038
LOW SERIAL AUTOCORR. HIGH SERIAL AUTOCORR.
OF y AND OF w' (0.1) OF y AND OF w' (0.8)
BORROWING BORROWING BORROWING BORROWING
CONSTRAINED | UNCONSTRAINED | CONSTRAINED | UNCONSTRAINED

MEAN EQUITY RET. 83 13.7 8.1 14.5
STD OF EQUITY RET. 46 75 34 45
MEAN BOND RET. 6.1 12.1 6.3 13.0
STD OF BOND RET. 38 6.4 32 42
MEAN PRM/BOND 22 16 i8 13
STD PRM/BOND 3.7 33 2.0 7.0
MEAN CONSOL RET. 6.8 12.8 71 133
STD OF CONSOL RET 47 6.7 32 43
MEAN PRM/CONSOL 5 09 1.0 1.2
STD PRM/CONSOL 3.0 256 s 1.6
MARGINT, M 164 NA. 156 N.A.
CORR (w'. d) 55 0.55 0.91 0.91
CORR( w', -0.02 0.04 0.22 0.13
PRM/BOND)

AWesct RRA=6, ¢ (y)/E[y]=020and & (w!l)/E[w!]=025. The variables are defined in the main text of the
paper. The consol bond is in positive net supply and the one-peried {20-year) bond is in zero net supply.
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TABLE 3°

CORRELATION (y, w')=0.1

LOW SERIAL AUTOCORR. HIGH SERIAL AUTOCORR.

OF y AND OF w' (0.1) OF y AND OF w' (0.8)

BORROWING BORROWING BORROWING BORROWING
CONSTRAINED | UNCONSTRAINED | CONSTRAINED | UNCONSTRAINED
MEAN EQUITY RET. 9.7 132 9.6 13.4
STD OF EQUITY RET. 47 74 16 7.1
MEAN BOND RET. 638 10.9 6.8 1.1
STD OF BOND RET. 36 54 33 5.0
MEAN PRM/BOND 30 23 2.9 23
STD PRM/BOND 33 52 30 5.2
MEAN CONSOL RET. 6.0 11.4 6.1 11.5
STD OF CONSOL RET 41 56 4.0 52
MEAN PRM/CONSOL 37 1.8 35 19
STD PRM/CONSOL 44 46 45 4.6
MARGIN™, M 140 NA 142 NA
CORR (w', d) -0.30 -0.30 024 -0.24
CORR( w'. -0.04 0.00 0.04 0l
PRM/BOND)
CORRELATION (y,w')=0.8
LOW SERIAL AUTOCORR, HIGH SERIAL AUTOCORR,
OF y AND OF w' (0.1) OF y AND OF w' (0.8)
BORROWING BORROWING BORROWING BORROWING
CONSTRAINED | UNCONSTRAINED | CONSTRAINED | UNCONSTRAINED

MEAN EQUITY RET. 92 13.9 9.1 14.4
STD OF EQUITY RET. 472 63 30 4.0
MEAN BOND RET. 6.9 12.1 7.1 126
STD OF BOND RET. 3.4 53 25 3.4
MEAN PRM/BOND 23 19 20 1.7
STD PRM/BOND 2.6 32 2.3 24
MEAN CONSOL RET. 75 125 76 12.9
STD OF CONSOL RET 3.6 55 25 35
MEAN PRM/CONSOL 1.7 14 15 15 |
STD PRM/CONSOL. 25 2.7 1.8 20
MARGINT. M 162 NA 151 NA
CORR (w' ., d) 0.69 0.69 0.95 0.95
CORR( w'. 0.02 -0.03 0.20 0.13
PRM/BOND)

AWesct RRA=4, 0 (y)/E[y]=025and & (wl)/E[w!]=0.25. The variables are defined in the main text of the

paper. The consol bond is in positive net supply and the one-period (20-ycar) bond is in zero net supply.
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TABLE 4°

CORRELATION (y, w')=0.1

LOW SERIAL AUTOCORR.
OF y AND OF w' (0.1)

HIGH SERIAL AUTOCORR.
OF y AND OF w' (0.8)

BORROWING BORROWING BORROWING BORROWING
CONSTRAINED | UNCONSTRAINED | CONSTRAINED | UNCONSTRAINED
MEAN EQUITY RET. 8.7 92 8.6 93
STD OF EQUITY RET. 39 5.0 39 13
MEAN BOND RET. 6.8 8.6 6.8 86
STD OF BOND RET. 26 24 25 22
MEAN PRM/BOND 19 0.6 18 0.6
STD PRM/BOND 33 4.4 32 43
MEAN CONSOL RET. 6.4 838 6.4 88
STD OF CONSOL RET 29 25 39 23
MEAN PRM/CONSOIL. 23 04 22 0.5
STD PRM/CONSOL 4.0 0.4 39 0.4
MARGIN", M 55 NA 55 NA
CORR(w', d) 2030 -0.30 0.24 024
CORR( w', 0.03 0.00 0.03 0.00
PRM/BOND)
CORRELATION (y, w')=0.8
LLOW SERIAL AUTOCORR. HIGH SERIAL AUTOCORR.
OF y AND OF w! (0.1) OF y AND OF w' (0.8)
BORROWING BORROWING BORROWING BORROWING
CONSTRAINED | UNCONSTRAINED | CONSTRAINED | UNCONSTRAINED

MEAN EQUITY RET. 8.4 9.7 84 9.8
STD OF EQUITY RET. 32 37 24 2.6
MEAN BOND RET. 72 8.9 74 9.1
STD OF BOND RET. 23 25 T4 15
MEAN PRM/BOND 12 0.8 1.0 0.8
STD PRM/BOND 24 27 2 2.1
MEAN CONSOL RET. 7.4 91 75 92

' STD OF CONSOL RET 2.5 26 14 15
MEAN PRM/CONSOL 1.0 06 08 0.6
STD PRM/CONSOL 22 53 18 9
MARGINT, M 65 NA 56 NA
CORR (w',d) 0.69 0.69 0.95 0.95
CORR( w', -0.01 0.00 0.06 0.04
PRM/BOND)

dWeset RRA=2. 0 (v)/E[y]=025and & (wl)/E [wl 1=0.25. The variables are defined in the main text of the

paper. The consol bond is in positive net supply and the one-period {20-year) bond is in zero net supply.

27




TABLE 5*

STATE 1 STATE 2 STATE3 | STATE4 | UNCONDITIONAL
PROBABILITY .273 . 227 .225 .225 NA
CONSUMPTION OF THE 19,000 19,000 19,000 19,000 NA
YOUNG
CONSUMPTION OF THE 36,967 33,003 27,335 28,539 NA
MIDDLE-AGED
CONSUMPTION OF THE 62,232 26,594 71,864 31,058 NA
OLD
MEAN EQUITY RETURN 4.8 5.7 13.9 11.7 8.9
MEAN BOND RETURN 2.5 0.8 7.7 9.6 5.3
MEAN PRM/BOND 23 4.9 6.2 2.1 3.7
MEAN CONSOL RETURN 23 -1.5 4.8 9.2 3.9
MEAN PRM/CONSOL 2.5 7.2 9.1 2.5 5.0
MARGIN', M 1212 386 178 373 178

1
@ Wesel RRA=6, 0 (y)/E[y]=020, ¢ (wl)/E[w!l =025, corr(y,,y, )= corr(w,,w,  )=0.1and

COIT(y W, )= 0.1. The variables are defined in the main text of the paper. The consol bond is in positive net supply and the
one-period (20-year) bond is in zero net supply.
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APPENDIX A: Existence of Equilibrium in the Borrowing-Constrained EconomyAl

Lemma A.1: Let the period utility function u(c) be of the form u(c) =c¢” [y .If {(q‘j ,qj’ ): j= 1,2,3,4'}
constitutes an equilibrium for the economy defined by {( VW, Wy, B) =123 4} then for any A > 0,
{(ﬂq, g, ) =123 4} is an equilibrium for the economy defined by

WAy, .Aw), Aw,, AB): j = 12,34},

Proof: Under the specified utility function, {(q;,q;' ):j = 1,2,3,4} must satisfy, for j =1,2,3.4,

14

g 24: (g¢ +a; )i,

() , and
(W= ~a2B) R (g wag]+[ar +1]B )

. qh 2 (‘I:"‘I)H,‘k

(ii) — Z —

U (-8 (g edi]elat +1]5)

Now consider the economy defined by {(By, 0w, Ow, QB) j=1273 4} It follows from equations (i)

that:

i 4 4+ AdC)T
ay M.l -y =ﬁz . (;qu .+ k,,) . I
(;“W} ~Aq; *‘I?’IB) - ([Mi +MZ]+[qk + l]yB)

It similarly follows from equation (ii) that

@iy

a) " (g +1)r1,,
1 p b = 'BZ : b =7
(4!~ 4q° —q' 28) = (g5 + 2dg ) +[at + 1))
with equations (i)’ and (ii) holding for all states j=1,2,3,4. Since

e _ i
Ad; = Ay, — Aw; — Aw, — A8,
equations (i)’ and (i)’ confirm that {(ﬂq; ,qr‘;f ):j = 1,2,3,4} constitutes an equilibrium for the economy

characterized by {(/1} )m AW, ,/IB) J=123 4} In all cases it is understood that the stochastic structure

Al Note two differences in the notation relative 1o that in the main text. First, the RRA coefficient is denoted by 1 - ¥ rather

than by & . Sccond, the number of consol bonds is b (rather than 1 ) and the interest per bond is 1 (rather than b).
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remains unchanged (i.e., no change in the I g 's j=1234,k=1234).
The equations defining equilibrium in the above lemma assume that the bonds are perpetuities,
paying one unit of consumption every period. An identical argument holds if the bonds arc one-period’

discount bonds paying one unit of consumption one period after issuance only.

Theorem A.1: Let the period utility function u(c) be of the form uc)= d Iy , ¥ < 0, and consider an
economy defined by {(y_’. ,wj,wo,B):j = 1,2,3,4} with B >0, w;- >0,/=12734, and

dj >0, j =1,2,3,4. Then a constrained equilibrium exists for this economy.

Proof: Let A be defined by

~ 1 1
A= Emin{—:j = 1,2,3,4}. Thus,

7

&3

1 ~ 1
= (y—]sj =L234ordy; <5<l j=1234.

f

| =

We will prove the existence of equilibrium for the economy {(/{yj,izw;,/'l,hwo,iB):j = 1,2,3,4} ,
knowing, by the lemma, that an equilibrium will also exist for the original economy as well. For
simplicity, let us make the following identification: V= /{yj ,W_; = /{w; W, = iwo ,and B = B , with
di =9, —w =¥, - B>0.
The following properties of the scaled economy will be used in the argument:
(i) l?v: <1, since ﬁi_} <y, <l forallj’s;

(i) B> 0, since B> 0, by assumption;

(it1) C}j > 0, since d? > 0, by assumption; and
(iv) ﬂ(c?; + B)r <1, since #<1,and c;'; +B< y, <l

Define 4, = {(q“if,qu )q‘} > O,q.? 2 0,and g + éq;’ < v'iii} for j=12,34. 4 is both compact

and convex. So also is the Set A, where 4 = 4| x 42 x A3 x A4. Define a mapping F{ on 4, by

Fllgra7)a5.92 (a5 gt Wasoat)) = (@000 ) @020 (3030 1 (@5.37)) where
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q

L (g7 +d; %) - a5 -4’ B) 11,
(iii) q; —ﬁ; ([q,’; +a7f]+[q,': +1]B?)1~y

and

(a2 +d:)(3%, -q; ~a18) ",
. ~h . . . .

Note that a fixed point of F is an equilibrium for the economy {le , ﬁ/: W0 ,B} provided it lies

in 4. Clearly F is continuous, as the right hand side of equations (iii) and (iv) are ratios of continuous

functions, with the denominator bounded away from zero. The latter assertion follows from the facts that

g 20, qf >0 Vv kand c%,f + B> 0. We thus need only demonstrate that F: 4 — A4, if we are to
conclude, by Brower’s Theorem that £ has a fixed point.

By construction §; > 0 and é‘f 2 0; we need only demonstrate that g + Baf,? < W} for all ;.

e v gt = gy G N -a;-a18) 11, Bab+1)(%)-q;-g!8) ",
T k=1 ([q;’ +c§,f]+[q,f + l]f?)l_r ([q,f +a7,f]+ [qf + I]B?)H

(et e a AT % (q;+5:)+é(q:+l)
RN v Rre

S0\ (g dg ]+ et +1)B)”

SN «
<(w;.) <! since W, <1and y <0,

The borrowing constraint reduces the problem into a one-period optimization problem which is

computed numerically using a standard Newton-Raphson algorithm.
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APPENDIX B: Numerical Calculation of the Equilibrium

In the unconstrained economy we begin with the domain of definition. We approximate the true
functions zg(j,z°,,2")), ze(j, z%,,2%). 4 (J, zf,,2°) and q°(j,z°,,2",) on a partition of the state space

G where G= {1234} x Gz, % Gz” . In the above set, Gz®, and Gz” are sets of possible values of

stocks and bonds carried over by the middle-aged agents.

Suppose we have a solution to the (n-1)st iterations:

z5(j,25,,2°;n=1)
z0(j.z5,,z% n—1)
q°(j.z%,,25:n=1)
qb(jazeqszljl;n_l)

Then z;(j,z¢,,2";n), 20 (j, 25, 2" 0).q° (j.2z5),2°;n) and q°(j,z%,,2°;n) are constructed as follows.
Let the functions from the (n-1)st iteration be used to define the RHS of equations (i) — (iv) of the

unconstrained equilibrium definition. The nth iteration functions then solve the following system of

equations:

(i) u, (w’ -q°(j.z%, ,Z:;n) z; (J',Z'ipzﬂ ;n) — qh(j,z: ’Zt:] :n)

c20(3,2%,225m) ¢° (3,25, 2°%50)
4
=B 2w a° (k25 (j.2°,, 2% n), 29 (3,25, 2% s n);n - 1)
k=1

+dy)zg(k,z¢,, 205 n) +[q° (k,z§ (j, 2%, 255 n),

zo (282 sn) n=1) + 1] 27 (j.z5).2%; n)
+w, —q°(k,z§(j,z%,,2°:n),20(j,2z%,,2° ;n);n — 1)

o7y (k,25(j. 2%, 225 ), 29 (j.z%,. 2" s n);n — 1)

~q"(k,z§(j. 2,255 n), 25 (4.2%,, 2% s n)in — 1)

02y (k.25 (3,25, 2% ; n), 20 (.28, 20,  n)in — 1)

*[q°(k,z; (j,z:,ztjl; n), Zg (J‘,Z::ZZ; n).;n—1) +di]njl

1]

(i)’ u1 (same argument as LHS of ()"} qb (1,2°%,, ZE, in)

4 same argument as the
:Bz u, oy
= RHS of (i)
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of the form: q¢(k, z; (j, z¢

*[q°

. b .
(k.z5 (22,225 n), 2 (3, 25,20 s n)n— 1) + d I,

(i) ul([qe(j,zi],zljl;n) +df]zs, +[qb(j,Z:,Zl_)];n) +1]2",

: b ; b .
-q°(j.z5,z°5n) 27 (§,2%,,2%;5 n)

(j,zil,ZEl; n) Z:](sz:,Zt,’l; n)) qe(j7zilﬁztjl;n)

]
=B u, ([q¢ (k, z: (. 2°,,2% : n) zg(j,zi,,z’jl;n); n-1)+ d¢ ]
k=1

. b
- z7(, 2%,27, 5 n)

+[qb (k, 5 G, 25,,2°%; 0, 205G, z°,,2° ; n); n-1) +1]

b, b
Tz (_]s Ze_gaz,l;n))

9€ 25y 25,205 0), 20 G, 27,28 0y n-1) + df ] mgp

) same argument as in
vy  u, s
[ LHS of (ii1)

4 same argument as in
=By, .,
Por LHS of (ii1)

j q°(j,z%,,2%;n)

] [qb (k, z{ G, 2%, 2% n)

23 (s 25,,2° s n) ne1) + 1] mp

. b . b
V)Y 270, 25,z i) =1- 25, 2°,.2° 5 n)

N b, b, . b, b,
iy  z)G, 252l i)y =b- z,G, 5,25 5 n)

Interpolation: Note that in the above set of optimality equations (RHS) we encounter expression

~1

b b, b . b . b, b . .
z°5n), 2o, 25,27 50y n-), qP(k, z5 G, 2°,.2° 0n), 280G, 25, .25 n);

. . . b,
n-1), zy (k, z; (j, z°, ,le, ;i n), zg(], z°, ,ZEI ;n), n-1) and z:’ (k, z; G, z°, ,ZE, in), 2, G, Z°, ,Zlf, :n),

n-1). It needs to be explained how these functions are defined if the solution functions zy (. 2¢ z'f, in)

-1

b ¢ b . - .. .
and z,{(j, z°,,2 ,; n) do not lie on elements of GZ: X GZE] . This is accomplished as follows: Let

A,

be the norm of the partition Gz“ and let A , be the norm of the (. partition. Suppose it was
-1 Z.) -1

33



necessary to evaluate q° (k,-, -; n-1) at values of z; (j, z°, ZE] ; n), and zg g, z%, ,ZE] ; nn), for which
2o (s 25, 20 n), =z (m) + 7, A, ,and

2 G, 2°,, 2% 5 n), = 22 () + Yy A, , where
zy (m) € Gz°, (i.e. the mth grid point),

Zg e GZ: (i.e., the 1 th grid point), and
0<ye<l, O0<yp<l.

In this case, for example, the q€ (-, -, -; n) function is defined according to:
qc &k, z,(, 25,255 n), zg(j, z%,,z°,;n), n-1)

=(-7e)(1- ¥ b a® (k, z5(m), zg(1); n-1)

(L= 7 ) (7 b) ¢ (k, zg(m), Zg(I+1); n-1)

=7 e (-7 p) g€ (k. 5 (m+1), z5(1); n-1)

+ ¥ e 7 ba®(k, zg(m+l), zg (1+1); n-1).

The remaining functions are constructed analogously. A Newton-Raphson algorithm is used to construct
the nth iterative solution, given the above approximation. Our experience has been that not less than 500

iterations are required for convergence. For the constrained problem the equilibrium is solved for

directly again using a Newton-Raphson algorithm.

34



