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Abstract

This paper provides an analysis of individual and social decision criteria for alternatives that are
composed of severa attributes. We derive additive and multiplicative criteria for individua
decision-making with new axioms and apply these criteria to obtain new justifications of known
socia choice rules with a bargaining interpretation, namely the generalized utilitarian and Nash
socia choice functions. Unlike most axiomatizations of bargaining solutions, our approach is, to a
large extent, based on the multi-attribute structure of the underlying alternatives and the resulting
individual decision criteria instead of axioms that impose restrictions on the choice function
directly. [ 2000 Elsevier Science BV. All rights reserved.

JEL classification: D81; D71; C78

1. Introduction

A standard cooperative bargaining solution as introduced by Nash (1950) assigns a
utility vector to each pair of a utility possibilities set and a disagreement point (the utility
vector resulting if the agents fail to reach an agreement) within a given domain. For
example, a typical domain of a bargaining solution consists of all pairs such that the
disagreement point is normalized to be the origin and the utility possibilities set is
convex and compact. Comprehensiveness of the feasible set frequently is required as
well. In this paper, we consider an informationally richer framework by allowing for the
possibility that the structure of the set of objects over which the bargaining process takes
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place may matter. In particular, we examine multi-attribute bargaining problems.
Multiple-issue bargaining — as it is often called — is also discussed in Kalai (1977) in
the context of interpreting his step-by-step negotiation axiom; see Kalai (1977, p. 1627)
for details. Furthermore, Ponsati and Watson (1997) provide an analysis of multiple-
issue bargaining in a cooperative framework. A typical example for a concrete multi-
attribute bargaining problem is a wage-employment bargaining model such as the one
developed by McDonald and Solow (1981). Multiple-issue bargaining in a non-
cooperative setting is discussed, for example, in Busch and Horstmann (1997) and in
Fershtman (1990).

To begin with, we provide new axiomatic derivations of additive and multiplicative
multi-attribute criteria for an individual decision maker. The preferences of a decision
maker over combinations of attributes are additive if they can be represented by a
cardina utility function that can be written as the sum of the utilities of the individual
attributes. The multiplicative decision criterion is based on the product of the utilities
over attributes. Clearly, these types of preferences possess separability properties with
respect to the attributes under consideration. See Fishburn (1970) for a comprehensive
treatment of utility theory and decision criteria.

Specifically, we use a weak version of utility independence (see, for instance, Keeney
and Raiffa, 1976, and the references quoted there) together with an additivity axiom to
generate an additive representation of an agent’s preferences. Similarly, we show that
the multiplicative decision criterion is implied by an analogous utility independence
axiom and a condition regarding the existence and properties of worst possible attributes.
By employing these new axioms, the paper also makes a contribution to the theory of
decison-making in the presence of several attributes. A discussion of separable
structures in consumer and producer theory can be found in Blackorby et al. (1978).

Turning from individual to social decision-making, we first characterize efficiency in
both the additive and the multiplicative case. This efficiency criterion, which leads to the
standard weak Pareto optimality condition, together with some other assumptions, is
then used to derive socia decision procedures with a bargaining interpretation. In the
additive case, weak Pareto optimality and an independence condition regarding the
restriction of choices to specific attributes lead to the generalized (not necessarily
symmetric) utilitarian socia choice functions, provided a mild regularity condition is
satisfied. Analogously, in the multiplicative case, generalized Nash socia choice
functions are obtained. The novel aspect of those axiomatic derivations of well-known
socia choice functions is that much of the structure is imposed through the individual
preferences rather than through axioms that operate directly on the social choice function
itself. We therefore provide a decision-theoretic foundation of these commonly used
solutions.

2. Multi-attribute preferences
Let N denote the set of positive integers, and let R (R ) be the set of all (positive)

real numbers. For n€ N, R" is the n-fold Cartesian product of R. Let M ={1, ..., m} be
asat of me N attributes. The sets A, ..., A, are the corresponding non-empty spaces
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of these attributes. Let A= X, ,A,. Forae Aand M' c M, let a_,,. be the subvector
of a that contains the components in M\M’ only. If M’ is a singleton {j}, we use the
simpler notation a_; instead of a_,;,. Anaogously, for A'c A and M’ € M, AL, =
{a_yla€ A}, and if M’ is a singleton {j}, we write A’ instead of A"

We assume there is a decision maker who has a cardinal utility function u: A - R. We
also assume that there is a fixed m-tuple a° € A with u(a) = u(@°) for al a€ A. That is,
a’ is a worst aternative in A

Let j € M. By fixing the m — 1 attributes in M\{j} at some given levelsa’ | EA_, the
utility function u induces a utility function u;: A; -~ R on the attribute space A The
property of utility independence (see Kemey and Raiffa, 1976, in particular Chaps 5
and 6) requires that this induced utility function is independent of the specific levels of
the other attributes — as is aready suggested by its notation. To define this property
formally, let = A" S A and let j €M. Al is utility independent of A”; if for every
a’; € A’, there exist functions f: A”; ~ Rand g;: A’; -~ R, , such that

u@="f(@_)+g@ )u@,a’;), foralaecA (1)

Clearly, utility independence is a separability property. (1) means that, on the restricted
domain A’, values of attribute j can be assessed without knowledge of specific values of
the remaining attributes. See Keeney and Raiffa (1976) for a detailed discussion of this
and related separability assumptions in this framework.

3. Additive decision criteria

In this section, we show that a specific utility independence requirement and a weak
additivity assumption imply that u must be additive.

Restricted a° utility independence requires that we can find a chain of m — 1 attributes
such that, for each attribute j in this chain, A; is utility independent of aII other
attributes, where this independence can be restrlcted to attribute values of al for all
attributes k that appear before j in the chain. For simplicity of exposition, we formulate
this condition for the chain consisting of the first m — 1 attributes and leave the obvious
generalization to the reader.

Restricted a° utility independence:

o A, is utility independent of A_;
« A, is utility independent of {aj}xA_, ,;

« A, is utility independent of {aJ} X {aJ} X - - - X{a’ } XA, .

This independence axiom is considerably weaker than Keeney and Raiffa’s (1976)
mutual utility independence because, for each j € M\{1, m}, al attributes k <j in the
chain can be fixed at a,. Moreover, only m — 1 rather than al m attributes are required
to satisfy an independence condition.
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The second axiom is a weakening of additive independence (see Keeney and Raiffa,
1976). Again, we state this condition for a chain involving the first m — 1 attributes only
in order to simplify notation.

Restricted additive independence:

« Forala €A |, thereexist aj, a € A, such that u(a), a_,) + u(a;, a°,) = u(@,,
a’,)+u@/, a ,) and u(@,, a’,)=u@,, a’,);

e and, for al a_;,,, €EA_,,, there exist a;, a;, €A, such that u(ay, aj, a_; ) +

u@,, a°,) = u(@,, a’,) + u@;, a;, a_; ,) and u@,, a’,) # u@; , a’,);

) H 0 0
* and, for al’! a,€EA,, thereexista,,_,,a, €A, suchothat uSal, ceey @ng @y,

0 0 0

a,) tu@n_q, A oq)) = u@n,-,, o)) tU@y, -5 8y_p Ayy, &) and u@n,-,,
0 0

a'—(m—l)) 7 u(ar/T’]—li a—(m—l))'

Analogously to restricted a° utility independence, the requirements imposed by restricted
additive independence become successively weaker as we progress along the chain of
attributes. Restricted additive independence is analogous in spirit to Keeney and Raiffa’s
(1976) additive independence (formulated for two attributes only). Additive indepen-
dence requires that there exist some attribute values a;, a; € A, and a,, a, € A, such
that u(a;, a;) +u(@;, a;) =u(@;, a;) +u@;, a,) and u(@;, a,) # u(a;, a,,) and u(a;,
a,) # u(@;’, a,). Our version of the additive independence condition, in contrast, requires
the existence of specific attribute values for several values of the other attributes, and the
worst attribute combination a° must be involved. This is the case because we combine
the axiom with a rather weak form of utility independence — namely restricted a° utility
independence — whereas Keeney and Raiffa (1976) employ the much stronger mutual
utility independence. Furthermore, note that restricted additive independence only
requires two of the utility values involved to be distinct, but additive independence
demands two inequalities of that kind.

The following theorem derives the additive decision criterion from the above axioms.
That is, we show that, if combined, the two conditions generate a strong separability
property — namely additive separability. See, for example, Blackorby et al. (1978) for a
thorough discussion of various separability properties. Note that, in order to reformulate
the axioms for general chains in this theorem, the same chains have to be used in both
axioms. Recall that a° is a worst aternative, i.e. u(@) = u(@’) for al a€ A.

Theorem 1. Let u satisfy restricted a° utility independence and restricted additive
independence. Assume u is normalized so that u(a,) = 0. Then u(a) = =, ¢, u(a;, a‘ij) for
al aeA

Proof. Because A, is utility independent of A_,, there exist functions f; and g, such
that:

U@ =f,@ ;) + gy(a_y)u@;, a’,), forallac A %)
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where we chosea’ , =a°, in (1). Letting a, = aJ in (2), we obtain f,(a_,) = u(a}, a_,)
for al a € A because u(@®) = 0. Therefore:

u@) = U(a(lJv a_;) +gy(@_yu(@,, agl)! foralae A (3)

Because, by restricted additive independence, there exists a, € A, such that u(a,,
a®,)#0, we can choose a_, =a°, in (3) and use u@@”) = 0 to obtain g,(a°,) = 1.

Using restricted additive independence and (3), it follows that, for all a_, € A_,,
there exist a;, a; € A; such that:

g,(a_y)lu@;, %) —u@;, a’,)] = g,@°,) [u@@, a’,) — u(a;, a’,)]

Because, by restricted additive independence, u(a;, a°,)#u(a), a°,), this implies:
g,(a_,)=g,(@°,)=1for al a€ A Therefore:

u@=u@),a_,)+u@,a’,), foralacA (4)

Because A, is utility independent of {a} X A_, 2, there exist functions f, and g,
such that, with a, =aj in (1):
U@y, a_) =fa a ) + G858 U@, a2,), fordlac A (5)

Letting a, = a, in (5) and using u@”) = 0, we obtain f,(aj, a ;) = u(@j, a3, a_; ,)
for al a€ A. Therefore:

u(@l,a_,) = U@}, a3, a () + 9,(a7, a1 )u(@,, a2,), foralae A (6)

By restricted additive independence, there exists a, € A, such that u(a,, a°,)##0.
Therefore, letting a_, ,, = a°; ,, in (6) implies g,@a’,) = 1.

By restricted additive independence and (6), for al a_,, € A_|, ,,, there exist a,,
a, € A, such that:

gz(agr af{l,z})[u(aéy a(iz) - u(aé’ ' aciz)] = gz(a(iz)[u(a;a agz) - u(a;’, aciz)]

By restricted additive independence, u(a,, a°,)=u(@,, a°,) and, hence, g,(al,
a_1,) =0,@°%,) =1 for dl a€ A. Therefore:

u@, a_,) =u@, ay a_; )+ u@,a’,), fordlacA (7)
Using (7) in (4), we obtain:

u@) = u(@}, az a_; ) + U@, a’,) + u(@,;, a’,), foralacA
Repeated application of this argument for the attributes 3, ..., m— 1 yields:

u@=u@,,a’ )+ - - +u(@,a’,)+u@,a’,)fordlac A O

An immediate consequence of Theorem 1 is that u can be written as:

u@@ =2 u(a), fordlacA (8)

JEM
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where for every j €M, u;: A; —» R isan induced utility function as introduced in Section
2.

4. Multiplicative decision criteria

Keeney and Raiffa (1976) prove that if each attribute space A, is utility independent
of A_;, then the cardina utility function u can be written as a multilinear function —
see Keeney and Raiffa (1976, Chaps. 5 and 6) for details. In this section, we derive the
specia case of a multiplicative decision criterion with a weaker utility independence
axiom and an assumption which requires the a to lead to a worst alternative even when
combined with some vaues of a_; other than a

To exclude degenerate cases, We assume that there isan a* € A with a* # a for al
j €M and u(@*) > u(@°). For j €M, define A i ={a€A_, ]}|ak#ak for all
k=j+1,..., m}. The utility independence condition is parallel to the one in the
previous section, where a° is replaced with a*, and A_y

Restricted a* utility independence:

« A, is utility independent of K_l, _
. A is utility independent of {a%} X A_, ,;

. Am , is utility independent of {a*} X {a%} X - - - x{a;_z}x,&_{l

The following axiom requires a? to lead to a worst alternative when combined with
certain values of a_;.

Restricted zero independence:

u@)=u(a,a_,), fordlaa €A )
u(a’) = u(a*v aga a*{l,Z})’ fOI’ a” a, a, (S A (10)
u@)=u@*,...,a%_,a, ., a,), fordlaa eA (11)

Restricted zero independence implies that aJ is a worst-possible value for attribute one
in an absolute sense: a) leads to a worst alternative not only combined with a°; but
combined with any value of a_,. The remaining restrictions imposed by the axiom are
weaker because they apply only to some but not to all values of the remaining attributes.

Requiring restricted zero independence is close to but weaker than imposing the
so-called zero condition on attributes 1,..., m—1, as is done in Miyamoto et al.
(1998). The zero condition holds for attribute j if the level ajO for attribute j makes the
decision maker indifferent between all combinations of the other attributes.
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The above two axioms lead to the multiplicative decision criterion described in the
following theorem.

Theorem 2. Let u satisfy restricted a* utility independence and restricted zero
independence. Assume that u is normalized so that u@@’) =0 and u(@*)=1. Then:
u@ =11 u(a, a*)) for all a€ A.

jeEM

Proof. By (9-11) we must have:

u@,a ,)=0, foradlaeA (12)
u@, aj,a_,,)=0, fordlagA (13)
u@,...,ax_,, a%,l, a,) =0, foradlaeA (14)

Because A, is utility independent of K,l, choosing a’, = a*, in (1) implies that
there exist functions f; and g, such that:

u@="fa.,) +og,(@_,u@;,a*,), fordlacA (15)
Letting a, = a‘j in (15), (12) implies f,(a_,) =0 for al a€ A.

Now let a, =a* in (15). Noting that f,(a_,) =0 and u(a*)=1, it follows that
g,(a_,)=u(a%, a_,) for al a€ A. Therefore:

u@ =u(@*,a_,)u@,,a*,), fordlacA (16)

Because A, is utility independent of {a*} x A_\_{l,z}, there exist functions f, and g,
such that:

u@i, a_,)=f@,a ,) +0@%5 a ;,)u@,a*,), foradlacA (17)

[choose @', =a*, in (1)]. Letting a,=a) in (17) and using (13), we obtain f,(a*,
a_; ) =0foral ac A Now let a, =a% in (17) to obtain g,(@%, a_;, ,) = u(@3, a¥,
a_, ) for al ae A Hence:

u@},a_,)=u@i, as a_; ,)u@, ay), foralacA (18)
Using (18) in (16), we obtain:;

u@ =u@y,as,a_; ,)u(@, a*,)u(@, a*;), foradlacA
Repeated application of this argument for the attributes 3,..., m— 1 yields:

u@ =u@,,a*,)...u@, a*,)u@,, a*,)foradlac A. 0

Again, it follows that there exist induced cardinal utility functions u;: A; — R for all
j €M such that:
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u@=1[] u(@), foralaca (19)
ieEm

To conclude this section we note that the conditions in Theorem 2 are sufficient but
not necessary for a multiplicative representation. For example, take m=2, A, = A, =
{1/2, 1}, and u(a,, a,) = a,a,. In this case, (9) is not satisfied.

5. Efficiency

Consider now a situation where we have n € N decision makers concerned with the
multi-attribute aternatives in A. Let N={1, ..., n} denote the set of decision makers.
Weuseu': A - R to denote the cardinal utility function of individual i € N. The induced
utility functions (as in Theorems 1 and 2) on A are denoted by u}: A - RfordljeM
and all i €N. For each agent i €N, a” and a*' are the alternatives corresponding to a°
and a* in the single-agent case. Note that these alternatives may be agent-specific.

We make the assumption that the set of utility vectors corresponding to outcomes in
A i.e theset {(u'@),..., u"@) € R"ja € A}, is a convex set. In this framework, it is of
interest to identify those outcomes that are efficient in the sense that it is impossible to
make everyone in N better off. Formally, an outcome & € A is efficient if and only if, for
al a€ A, there exists i € N such that u'(a) = u'(a). Hence, efficiency here corresponds
to the concept of weak Pareto optimality — see Section 6.

The set of efficient outcomes can be characterized in the additive and multiplicative
cases discussed in the previous sections. If all agents preferences have an additive
representation, we obtain the following result. Let A" denote the unit simplex in R".

Theorem 3. Let each u' satisfy restricted a® utility independence and restricted additive
independence, and assume u'(@”) =0 for every i €N. Then an outcome 4 € A is
efficient if and only if there exists t=(t*, ..., t") € A" such that & maximizes =,
t'u'(@) on A and, for all j EM, & maximizes =, t'ui(a) on A,.

Proof. Because the set of utility vectors generated by the outcomes in A is convex,
a € Aiséefficient if and only if there existst € A" such that & maximizes =, _, t'u'(a) on
A

Suppose & € A maximizes 3, _,, t'u'(a) on A for some t € A". By (8):

u@=2 u(a), foralieN, fordla €A
jeM

Because:

max{z > u}(aj)}=2 max{E tiu}(ai)} (20)
ieEN  jeM jiem ieN
4 maximizes =, t'u(a) foral jeM

Conversely, suppose & maximizes 2,y t'ui(a) for al j € M. Using (20), it follows
that & maximizes =, _ t'u'(@ on A. O
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In the multiplicative case, we obtain an analogous result. As in Theorem 2, we now
assume the existence of appropriate a” and a*' for each i € N.

Theorem 4. Let each u' satisfy restricted a*' utility independence and restricted zero
independence, and assume u'(@”) =0 and u'(a*') = 1 for each i € N. Then an outcome
a € Ais efficient if and only if there exists t = (t*, . . ., t") € A" such that & maximizes
ﬂie,\, ui(a)t' on A and, for all j €M, & maximizes HiEN U}(aj)t' on A,

Proof. Again, the convexity of the set of utility vectors generated by the outcomes in A
implies that an outc_ome a € Aisefficient if and only if there existst € A" such that &
maximizes HiEN u'(@" on A, where we use the convention 0%:=1.

Suppose & maximizes H,EN u (a) on A for somete A", By (19):

u@=1] u@) foralien, fordlaecA
iem

and, therefore, & maximizes:

[T 1T u@)"

iENjEeM
on A Suppose first that there exists k& N such that u (a) =0, in which case H,EN
u(a) =0. Note that this can occur only if t“>0 and u(a)=0. By assumption,
u'(@*')=1>0 for al i €N. By restricted zero independence and the assumption that
the set of utility vectors generated is a convex set, there must be an a* € A such that
u'@)>0foralie N and thus HIEN u (a*) >0, contradicting the observation that a
maximizes H, o U'(@)". Therefore, this case cannot occur, and we must have u'(a)" >0
for al i €N. Hence:

max{IEN L u?(aj)‘i} ZJQA max{i];L u}(ai)‘i} (21)

and, as in Theorem 3, it follows immediately that & maximizes ]_LEN u}(aj)t' on A, for
aljeM.

Now supposea maX|m|zes]_[,6N u(a) on A foral jeM. Because u'(a*') > 0 for
ali €N, u(a*')>0fora|| iEN and foraII j EM Asbeforetherearea* € A with
u(a* )>0fora|| i €N and for al j €M and, thus ]_[,EN u(a*) >0for a||j€|\/|
Therefore in order for a to maximize ]_[,EN u. (a) it must be the case that u; (a) >0
for al i €N and for al j € M. By (21), it follows that & maximizes ]_[,EN u (a) on
A O

6. Multi-attribute bargaining problems

The results of the previous sections can be illustrated by applying the additive and
multiplicative criteria to specific group decision problems. For example, consider the
problem of selecting outcomes from a feasible set of aternatives on the basis of the
agents' preferences. Suppose the space of alternatives A is given, and we want to make a
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selection from A for al profiles of individual utility functions within a given class.
Because A is fixed throughout this section, we simplify notation by suppressing the
dependence of the functions considered here on A. A profile of cardinal utility functions
is denoted by U = (u, ..., u"). The utility possibilities set generated by the profile U is
given by:

{x€R"|Fa € Asuchthat x' = u'(a), for al i €N}
Accordingly, the induced utility possibilities set for attribute j E M is:
{xER"Ja € A suchthatx' = ui(a), foral i € N}

Let % be a set of admissible profilesU = (u*, ..., u") of cardinal utility functions. Let
2" be the set of al non-empty subsets of A. A social choice function is a mapping c:
U - 2" such that, for al U € % and for al a, a’ €c(U), u'(a)=u'(@’) for al i €N.
That is, we make the assumption commonly used in cooperative models of bargaining
that there is a unique utility vector associated with the selected outcomes. Interpreted as
a bargaining problem, the disagreement point is given by (u'@”),..., u"@™) =
(0,..., 0); recall that a” denotes the worst alternative for agent i € N. A bargaining
solution is a specia case of a socia choice function, where the only relevant features are
the utility possibilities set and the disagreement point of a problem. Since this additional
restriction is not necessary for the purposes of this section, we will use the more general
choice function ¢ as defined above.

The social choice function ¢ induces a choice function ¢.: % — 2% for each attribute
j € M. Specifically, for al j€M and al U € %, ¢,(U) ={a € AJaE c(U)}. Note that
we do not explicitly require that the same utility vector results for all chosen outcomes
in the image of the induced choice functions — this property follows as a consequence
of our choice independence axiom defined below.

Using the results of the previous sections, we can derive generalized utilitarian and
generalized Nash social choice functions in this framework. In addition to the axioms on
individual preferences leading to the additive and multiplicative representations derived
above, we impose some restrictions on the choice function c.

First, we require ¢ to be weakly Pareto optimal in the sense that it selects efficient
outcomes only. Let E(U) denote the set of efficient outcomes A for the profile U € %.

Weak Pareto optimality: For all U € %, c(U) < EU).

Furthermore, we impose an independence condition regarding the choice of the
individual attributes.

Choice independence: For al j €M, for al U, UE% if u —u for dl i €N, then
u(al)—u(a,)for al 3 €c(U) and for al aEC(U)

Choice independence requires that the selection of each attribute is independent of the
values of the remaining attributes and, thus, is another separability condition. Note that
choice independence implies that, for a given profile, all attribute values selected by the
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corresponding induced social choice function lead to the same utility vector (to see this,
set U = U in the definition of choice independence).
Finally, we impose a regularity condition.

Regularity: There exist U € % and h, k € M such that h # k and, for all j € {h, k}, there
exists a unlque tangent hyperpl ane to the induced utility possibilities set for attribute j at
the point (u (a,) , U (a])) where a, ec(U).

Regularity only requires the existence of some profile such that the tangent hyperplane to
two induced utility possibilities at the utility vectors induced by the choice function is
unique. Note that any bargaining solution defined on a standard domain satisfies a
regularity condition of that type.

We call ¢ a generalized utilitarian social choice function if there exists t € A" such
that, for all U € %, c(U) is a subset of the set of maximizers of =, _ t'u'(a) on A.
Anaogously, ¢ is a generalized Nash social choice function if there exists t € A" such
that, for all U € %, c(U) is a subset of the set of maximizers of [ [, _,, u'(@)" on A

Theorem 5. Let % be the set of all profiles U such that the utility possibilities set
associated with U is compact and convex and, for each i € N, there exists a” € A such
that u'(@)=u'@”) =0 for all a€ A, and u' satisfies restricted a° utility independence
and restricted additive independence. Let ¢ be a social choice function satisfying weak
Pareto optimality, choice independence, and regularity. Then ¢ is a generalized
utilitarian social choice function.

Proof. Let U € % and h, k€ M be as in the definition of the regularity axiom. By weak
Pareto opt| mallty and the definition of c, there exists t € A" such that a is a maximizer
of 3. t'U'(a) on A for al a € c(U). By Theorem 3, a, maximizes ¥, ., t'u'(a) on A
for al j € M. Regularity implies that, for j € {h, k}, t is the only vector of coefflc:lentsfor
which a maximizes this weighted sum on A,.

Let U € U be arbitrary. Let the profile U be such that uh = u and u = u for all
i E N andforalje M\{h} Let a € c(U). By weak Pareto opt|ma||ty, a maX|m|ze$ Zien
t'0'(a) on A for some f € A". Theorem 3 implies that & maximizes X, ¢ t'al (a,) on A,
for al j € M. Choice independence |mpl|es that uh(ah) = uh(ah) By regularlty, t=t

Now let the profile U be such that 0,=uy, and G;=u; for dl i EN and for all
je M\{k} Let 3 e c(U). By weak Pareto optimality, & maX|m|zes Zien t'0'(a) on A for
some t € A", Again, Theorem 3 implies that & maximizes =, t'u'(a) on A for all
j € M. Choice independence implies that G,(3,) = uk(ak) By regulanty, t=t

Let a€ c(U). By choice independence, for all i €N, u, (a) =ui(&) for all j € M\{h}
and u; n@,) = uh(ah) This implies that & maximizes E,EN t'u] (a]) on A fordl jeM
and, using the argument in the proof of Theorem 3, it foIIows that a maximiz&s Zien
t'u'(@ on A O

Analogously, the generalized Nash social choice functions are implied in the
multiplicative case. Because the proof of this result is parallel to the proof of the
previous theorem, it is omitted.
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Theorem 6. Let % be the set of all profiles U such that the utility possibilities set
associated with U is compact and convex and, for each i € N, there exist a°, a*' € A
such that u'(@) = u'@@”) =0 for all a€ A and u'(a*') = 1, and u' satisfies restricted a*'
utility independence and restricted zero independence. Let ¢ be a social choice function
satisfying weak Pareto optimality, choice independence, and regularity. Then c is a
generalized Nash social choice function.

An interesting feature of Theorems 5 and 6 is that the resulting social choice functions
are such that the attributes can be separated in a bargaining process: it is sufficient to
consider each attribute independently of the remaining ones. This considerably facilitates
the application of the procedure to actual bargaining situations.

As an illustration, suppose the alocation of m goods in an n-agent economy is to be
determined by means of a bargaining process. If the individual preferences satisfy the
appropriate independence axioms, the results of this section can be used to justify the
use of a generalized utilitarian solution or a generalized Nash solution. By adding a
symmetry or anonymity condition, the utilitarian solution and the Nash solution are
obtained. See also Kaai (1977) and Ponsati and Watson (1997) for examples and
discussions of multiple-issue bargaining situations.

7. Concluding remarks

The results of this paper provide a decision-theoretic foundation for specific socia
choice procedures. In particular, multi-attribute decision criteria are employed. An
assumption underlying our approach is that individual utility functions are of the same
structure. One possibility for extending our work would be to examine situations where
individual agents may have different types of utility functions over multi-attribute
alternatives.

All our results have been formulated and derived for the case of cardinal utility. To a
large extent they can almost without modification be stated and derived for the
framework of decision making under risk, where lotteries are included and utility is of
the von Neumann—Morgenstern type (von Neumann and Morgenstern, 1947). In
bargaining this is a quite standard framework and, indeed, it would imply the convexity
assumption made in Sections 5 and 6. Theorems 4 and 6 on the multiplicative case,
however, would have to be modified, e.g. by requiring that efficient outcomes are always
riskless.

Finally, we note that the results for the multiplicative case (the even-numbered
theorems) are derived independently of the results for additive structures (the odd-
numbered theorems). In contrast, Trockel (1998) derives the Nash bargaining solution by
means of an exponential transformation from an additive setup. In order to employ an
analogous procedure for the results obtained here, it would be required to formulate the
axioms for the multiplicative case by using a structure that exactly parallels that of the
additive model.



W. Bossert, H. Peters / Mathematical Social Sciences 40 (2000) 327-339 339
Acknowledgements

We thank the Nederlandse Organisatie voor Wetenschappelijk Onderzoek (NWO) for
financial support under Grant No. B46-363. The comments of two anonymous referees
and an associate editor led to substantial improvements.

References

Blackorby, C., Primont, D., Russell, R.R., 1978. Duality, Separability, and Functional Structure: Theory and
Economic Applications. North Holland, New York.

Busch, L.-A., Horstmann, 1.J., 1997. Bargaining frictions, bargaining procedures and implied costs in
multiple-issue bargaining. Economica 64, 669—680.

Fershtman, C., 1990. The importance of the agenda in bargaining. Games and Economic Behavior 2, 224—238.

Fishburn, PC., 1970. Utility Theory for Decision Making. John Wiley, New York.

Kalal, E., 1977. Proportional solutions to bargaining situations: Interpersonal utility comparisons. Econo-
metrica 45, 1623-1637.

Keeney, R.L., Raiffa, H., 1976. Decisions with Multiple Objectives. Preferences and Value Tradeoffs. John
Wiley, New York.

McDonald, 1.M., Solow, R.M., 1981. Wage bargaining and employment. American Economic Review 71,
896-908.

Miyamoto, J., Wakker, P, Bleichrodt, H., Peters, H., 1998. The zero-condition: A simplifying assumption in
QALY measurement and multiattribute utility. Management Science 44, 839-849.

Nash, J.F., 1950. The bargaining problem. Econometrica 18, 155-162.

Ponsati, C., Watson, J., 1997. Multiple-issue bargaining and axiomatic solutions. International Journal of Game
Theory 26, 501-524.

Trockel, W., 1998. Rationalizability of the Nash Bargaining Solution, Working Paper 291. Ingtitute of
Mathematical Economics, University of Bielefeld.

von Neumann, J.,, Morgenstern, O., 1947. Theory of Games and Economic Behavior, 2nd Edition. Princeton
University Press, Princeton.



