
NOTES AND COMMUNICATIONS

THE TAIL-FATNESS OF FX RETURNS RECONSIDERED

1 INTRODUCTION

It is a well-known stylized fact that foreign exchange returns are non-normal and
tend to have fat-tailed distributions. Although information about the precise mag-
nitude of the tail-fatness is crucial for applications such as risk analysis, little
consensus exists in this respect, due to estimation problems. Typically, empirical
estimation of tail-fatness is conditional on the specific �fat-tailed� distribution –
such as the Student-t or stable – chosen.1 Since these alternative distributions are
non-nested, an incorrect choice of distribution of returns may lead to significant
estimation errors and flawed inference.

In recent years, extreme value analysis has been proposed to overcome this
potential difficulty. It investigates the distribution of the maximum �minimum� in
large samples, thereby determining the shape of the tails of a distribution. The
limit law for the maximum is characterized by the so-called tail-index �, which
corresponds one-to-one with the number of existing moments of the underlying
distribution. Note that alternative distributions like the stable and Student-t now
are nested within the limit law for extremes; for the stable distribution, the char-
acteristic exponent equals the tail-index � � � 2�, while for the Student-t distri-
bution it is equal to the number of degrees of freedom v. The gain in applying
extreme value analysis is that one can nest and test for different tail sizes. How-
ever, information about the center characteristics of the distribution is disre-
garded. Since it is information about the outlier observations that is crucial for
studying issues like exchange rate volatility, exchange rate risk and value at risk,
the use of extreme value analysis offers a positive net gain in our view.

The best-known and most often applied extreme value estimator for the tail-
index was proposed by Hill �1975�. Although asymptotically unbiased, this maxi-
mum likelihood estimator suffers severely from small sample bias. In fact, this
holds for most alternative estimators, see Pictet et al. �1996�. Consequently, the

1 See Westerfield �1977�, Rogalski and Vinso �1978�, Boothe and Glassman �1987�, and McCulloch
�1997�.
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empirical applicability of tail-index estimation is limited to cases of extremely
large samples, either in the form of high frequency data or a very long sample
period.2 In real life, often neither of these two conditions is fulfilled and only a
small sample analysis is feasible.

In this contribution, we re-examine the tail-fatness of exchange rate returns
using the tail-index estimator proposed by Huisman, Koedijk, Kool, and Palm
�2001� – henceforth HKKP –, which is unbiased in small samples. We show that
previous tail estimates in the literature overestimate the amount of tail-fatness in
exchange rate returns. Additionally, goodness-of-fit statistics provide supportive
evidence for using the Student-t distribution as an appropriate �local� approxima-
tion of the tail probability of exchange rate returns. The evidence is more con-
vincing for floating than for exchange rates which have been subject to the ex-
change rate mechanism �ERM� within the European Monetary System �EMS�.

The paper is set up as follows. In section 2, we briefly discuss extreme value
theory and introduce the HKKP estimator to obtain unbiased tail-index estimates
in small samples. In section 3, we describe data on sixteen exchange rates be-
tween January 1979 and April 1996. In section 4, we apply the HKKP tail index
estimator and explicitly compare the HKKP tail index estimates with results from
the existing literature. Also, we successfully examine the goodness-of-fit of a Stu-
dent-t distribution with the degree of freedom equalling the HKKP tail estimates.
Conclusions are given in section 5.

2 THE TAIL-INDEX

The tail-index � measures the speed with which the tail of a fat-tailed distribu-
tion F�.� approaches zero, when F�.� fulfills the following regular variation con-
dition at infinity3:

limt → ∞ �1�F�tx�� / �1�F�t�� � x�� , �1�

which implies that the higher �, the less fat-tailed the distribution is. Because the
tail-index � equals the maximum number of finite moments in the sample, the
tail-index can directly be used to test for the number of existing moments.

The HKKP estimator is a simple and appropriate tool to obtain unbiased tail-
index estimates in small samples. The methodology starts from the observation
that the bias of the conventional Hill �1975� estimator is a function of sample

2 Recently, efficient non-parametric estimators have been proposed, see Beirlant et al. �1996�, for
example. However, their implementation is complex and small-sample properties are as yet unknown.
3 Many studies have shown that many financial series, including exchange rate returns fulfill this
condition.
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size n. Then, the bias function is used to correct for the small sample bias.4 Sup-
pose a sample of n observations is drawn from some unknown fat-tailed distri-
bution. Let the parameter � be the tail-index5 of this distribution, while xi is the
ith increasing order statistic �i � 1,2..n�. Hill �1975� proposes the following es-
timator for the tail-index:

��k� ���
j � 1

k

ln�xn�j�1�� /k�ln�xn�k� , �2�

where k is the pre-specified number of tail observations to include �k � 1,...n�1�.
The choice of k is crucial to obtain an unbiased estimate of the tail-index.6

HKKP �2001� show that for a quite general class of distribution functions, the
bias of the Hill estimator increases monotonically with k, while the variance is
proportional to 1/k. A trade-off results between unbiasedness and accuracy. Most
empirical studies suffer from this trade-off problem. Generally, a single ‘optimal’
k is selected. However a bias exists for any k exceeding zero. The dilemma is
resolved when the sample size goes to infinity for given k as then the bias goes
to zero.

The HKKP estimator overcomes the problem of the need to select an optimal
k in small samples, by exploiting an important characteristic of the bias function.
For values of k smaller than some threshold value � �for example k � n/2�, the
bias of the conventional Hill estimate of � increases almost linearly in k and can
be approximated by:

� �k� � � � �k � � �k� , k � 1,2, . . .� , �3�

where � �k� is a disturbance term. Instead of selecting a single value of k to es-
timate the tail-index of the distribution under consideration, we propose to com-
pute � �k� for a range of values of k from 1 to �. Subsequently, the vector of the
computed � �k�’s is used in equation �3�. We already argued that an unbiased es-
timate of � can be obtained only for k → 0. Evaluation of equation �3� for k
approaching zero yields the bias-corrected estimator of � proposed by HKKP
�2001�.

Although the coefficients in �3� can be estimated by Ordinary Least Squares
�OLS�, two issues have to be considered. First, as mentioned, the variance of Hill

4 This estimator, which may be seen as a modified Hill estimator, is studied in more detail in Huis-
man et al. �2001�.
5 By definition, � equals 1/�, where � refers to the maximum number of existing finite moments.
In the literature, the tail-index is referred to as either � or �; we use both interchangeably.
6 Various studies select k to minimize the MSE of the Hill estimates conditional on a known dis-
tribution, see for instance Koedijk and Kool �1994�. See Loretan and Phillips �1994� for an alterna-
tive approach.
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estimates � �k� varies with 1/k, so that the error term � �k� in equation �3� is het-
eroskedastic. As an alternative, we suggest a Weighted Least Squares �WLS� ap-
proach. Multiplying the right- and left-hand sides of equation �3� by �k and ap-
plying OLS to the transformed equation yields the WLS estimator which accounts
for heteroskedasticity. The estimate of � from the WLS regression is an approxi-
mately unbiased estimate of the tail-index �.

Second, the disturbances in �3� are correlated due to the construction of � �k�.
The variables � �k�, say for k � s and k � m, are correlated, since they are based
on order statistics, which are correlated, and they have 1 � min �s,m� common
observations, see equation �2�. Consequently, the usual formulae for the standard
errors are inappropriate for the OLS and WLS estimators, but the well-known
formulae �see HKKP �2001� for more details� for the standard errors of these
estimators when applied to the generalized regression model are consistent and
will be used in the sequel. In the empirical part, we report weighted least squares
estimates7 and appropriate standard errors accounting for the disturbance correla-
tion resulting from the use of order statistics and overlapping observations as
mentioned above.

3 DATA

The data consist of London closing mid-prices against the pound sterling for the
period January 2, 1979 and April 4, 1996 obtained from DATASTREAM. The
currencies of sixteen countries are considered: Austria, Belgium, Canada, Den-
mark, France, Germany, Ireland, Italy, Japan, the Netherlands, Norway, Spain,
Sweden, Switzerland, the United Kingdom and the United States. We sample the
data at the weekly frequency8 �using end-of-period data� to reduce the influences
of ARCH effects and other types of dependency between subsequent observations
that are present in many financial data, since the tail-index estimates are pro-
duced assuming independent observations9. We have preferred not to use more
recent data as the probability distribution of EMS exchange rates in more recent
years is likely to have been affected by the expected start of the common cur-
rency euro as of January 1, 1999 and the decisions taken in the years preceding

7 HKKP �2001� have found the WLS estimator to be more accurate than the OLS estimator and to
be hardly less accurate than the generalized least squares estimator which also accounts for the cor-
relation between elements of the disturbance term in �3�.
8 Kearns and Pagan �1997� argue that the dependency between the observations results in serious
biases for GARCH and IGARCH type models, especially when those estimates are obtained from
small samples. Lucas �1997� shows that the tail-index estimator that we use in this study produces
rather unbiased tail-index estimates for a GARCH�1,1� process in a sample of 250 observations. This,
combined with the fact that we use weekly data to eliminate as much dependency as possible, sup-
ports that the results presented here are accurate.
9 Note that the true tail-index of the underlying return distribution is unaffected by time-aggrega-
tion; thus, the choice of sampling frequency should only affect the estimation results through the
change in number of observations.
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this date to make that start possible. All data are expressed as the number of
foreign currencies to pay for one unit of the numeraire currency.

Table 1 contains summary statistics of the weekly data. With respect to skew-
ness and kurtosis the following observations can be made from the table. First,
the EMS currencies denoted in German Mark �DM� are skewed to the right,
whereas the amount of skewness is much smaller and hovers around zero for the
floating exchange rates denoted in US dollars. Second, all exchange rate returns
exhibit excess kurtosis,10 reflecting apparent fat-tailedness. The excess kurtosis is
most apparent for the EMS exchange rates in general, and for the Spanish peseta
and Swedish krone in particular.

4 RESULTS

In this section, we present tail-index estimates � for the 16 currencies described
in the previous section with the US dollar and the DM alternating as benchmark
currency. We compare the tail-index estimates obtained from the HKKP estimator

10 Excess with respect to the normal distribution which has a kurtosis equal to 3.

TABLE 1 – SUMMARY STATISTICS

Currency numeraire: German Mark numeraire: US dollar

mean std. skew kurt. Mean std. skew kurt.

Austria �0.01 1.17 �0.12 3.55 �0.63 5.22 �0.10 1.47
Belgium 0.35 1.54 1.66 20.72 �0.28 5.17 �0.09 1.52
Canada 0.96 5.45 0.02 1.50 0.33 2.18 0.09 2.67
Denmark 0.56 1.67 1.53 11.76 �0.07 5.09 �0.10 1.15
France 0.78 1.85 2.86 28.21 0.15 5.14 0.06 1.86
Germany – – – – �0.63 5.25 �0.07 1.46
Ireland 0.93 2.52 1.76 16.86 0.30 5.17 0.21 2.66
Italy 1.57 3.25 2.28 18.09 0.95 5.04 0.68 5.86
Japan �0.54 4.47 �0.25 1.31 �1.17 4.99 �0.54 2.77
Netherlands 0.10 0.87 0.26 13.38 �0.53 5.17 �0.09 1.27
Norway 0.80 2.67 2.09 15.33 0.17 4.48 0.45 3.22
Spain 1.47 3.92 8.69 148.89 0.84 5.57 2.96 33.49
Sweden 1.11 3.94 6.32 84.03 0.48 4.95 3.15 34.10
Switzerland �0.23 2.50 0.15 3.11 �0.86 6.00 �0.12 1.30
U. Kingdom 0.96 3.96 0.59 3.03 0.33 5.16 0.24 3.38
U. States 0.63 5.25 0.07 3.46 – – – –

The mean, standard deviation, skewness and excess kurtosis of the weekly returns in an-
nualized percentages are provided for the period from January 2, 1979 through April 4,
1996.
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with results from the literature that are mostly obtained using maximum likeli-
hood techniques. Subsequently, goodness-of-fit tests are used to investigate
whether a hypothesized Student-t distribution with degrees of freedom equal to
the obtained HKKP tail-index estimates adequately reproduces the actual distri-
bution of exchange rate returns.

4.1 Tail-Index Estimates

The observed excess kurtosis in Table 1 already supports the findings of many
other studies that the distribution of foreign exchange rate returns is fat-tailed.
Note though that the kurtosis estimate is conditional on existence of the fourth
moment of the underlying distribution. Especially for cases where quite large ex-
cess kurtosis values are obtained, such as, for example, the Spanish peseta and
the Swedish krone against the DM, this assumption might be unwarranted. A di-
rect way to test for the existence of the fourth moments is to evaluate the tail-
index estimates for each exchange rate. For this purpose, HKKP tail estimates
with appropriate standard errors are reported in Table 2. Estimates are shown for
left-tail and right-tail observations separately and for the combination of both
tails.11

According to Table 2, the fourth moments are likely to exist for all exchange
rates vis-à-vis the US dollar. Considering both tails simultaneously, tail-index es-
timates are found to vary between 4.0 for the Spanish peseta and 8.1 for the
British pound. The tail-index estimates for currencies vis-à-vis the German Mark
are smaller, indicating a higher amount of tail-fatness. The estimates vary be-
tween 2.2 for the French franc and 5.4 for the Canadian dollar. For many of
these exchange rates, the standard errors are such that the finiteness of the fourth
moments can be rejected.

From Table 2 we also conclude that the tail-index of the left and the right tail
often differ considerably. For example, we obtain a tail-index estimate equal to
4.3 for the left tail of Canadian vis-à-vis the German Mark and an estimate equal
to 7.3 for the right tail. If these tails differ significantly, one should use tail-spe-
cific estimates when drawing inference from the tails. The columns headed ‘t’
contain the t-statistics for testing the hypothesis that the left tail-index equals the
right tail-index �accounting appropriately for the dependence between left and
right tail-index estimates as they are functions of order statistics; see HKKP
�2001� for details�. The results show that the difference between the left tail-in-
dex and the right tail-index is insignificant for the majority of exchange rates. It
is significant at the 5% level for the Canadian dollar, the Danish krone, the Nor-
wegian krone, the Spanish peseta and the Swedish krone all vis-à-vis the German

11 All observations are taken in deviation of their sample mean. The left tail is examined using the
absolute value of all negative returns, the right tail is examined using all positive returns and to
examine both tails simultaneously we use the absolute values of all returns.
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TABLE 2 – TAIL-INDEX � ESTIMATES

Currency numeraire: German Mark numeraire: US Dollar

Both Left Right t Both Left Right t

Austria 3.42
�0.33�

3.46
�0.48�

3.19
�0.45�

0.42 5.75
�0.56�

5.62
�0.80�

5.99
�0.82�

�0.32

Belgium 3.25
�0.32�

3.95
�0.54�

2.72
�0.39�

1.86 5.38
�0.52�

5.12
�0.72�

5.70
�0.79�

�0.54

Canada 5.45
�0.53�

4.37
�0.61�

7.26
�1.02�

�2.43 4.61
�0.45�

4.01
�0.55�

5.66
�0.80�

�1.70

Denmark 3.29
�0.32�

4.16
�0.56�

2.70
�0.39�

2.14 5.28
�0.52�

4.84
�0.68�

5.72
�0.80�

�0.84

France 2.21
�0.22�

2.71
�0.34�

2.49
�0.39�

0.42 5.24
�0.51�

5.52
�0.76�

4.77
�0.67�

0.74

Germany – – – – 5.32
�0.52�

5.94
�0.83�

4.83
�0.67�

1.04

Ireland 2.62
�0.26�

2.89
�0.38�

2.76
�0.42�

0.23 5.76
�0.56�

5.44
�0.74�

6.01
�0.86�

�0.50

Italy 2.28
�0.22�

2.36
�0.30�

2.43
�0.37�

�0.13 4.71
�0.46�

5.28
�0.72�

4.23
�0.61�

1.12

Japan 5.25
�0.51�

5.55
�0.78�

5.30
�0.73�

0.22 6.10
�0.59�

9.04
�1.32�

5.80
�0.78�

2.12

Netherlands 2.79
�0.27�

2.71
�0.38�

2.86
�0.40�

�0.27 5.37
�0.52�

6.28
�0.88�

4.71
�0.65�

1.44

Norway 3.31
�0.32�

4.95
�0.66�

2.51
�0.37�

3.21 4.44
�0.43�

4.89
�0.67�

4.04
�0.57�

0.97

Spain 3.19
�0.31�

4.60
�0.61�

2.53
�0.37�

2.90 4.03
�0.39�

5.08
�0.69�

3.28
�0.47�

2.16

Sweden 3.03
�0.30�

4.07
�0.55�

2.43
�0.36�

2.52 4.26
�0.42�

5.08
�0.70�

3.59
�0.51�

1.72

Switzerland 4.79
�0.47�

5.61
�0.79�

4.18
�0.58�

1.46 5.73
�0.60�

8.31
�1.16�

4.55
�0.64�

2.85

U. Kingdom 3.85
�0.38�

4.16
�0.56�

4.02
�0.59�

0.18 8.11
�0.79�

8.03
�1.09�

7.79
�1.12�

0.15

U. States 5.23
�0.52�

4.83
�0.67�

5.94
�0.83�

�1.04 – – – –

Tail-index estimates for the weekly returns for the period from January 2, 1979 through
April 4, 1996 are given for both tails jointly and for the left and the right tails separately.
The standard errors given in parentheses account for the correlation resulting from the use
of order statistics and overlapping observations. The two-sided t-test of the equality of the
tails for the exchange rate returns in terms of DM and US dollar respectively is given in
the column ‘t’.
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Mark and for the Japanese yen, the Spanish peseta, and the Swiss franc vis-à-vis
the US dollar.

4.2 The Tail-Index of EMS Rates Versus Floating Rates

Koedijk et al. �1992� and Koedijk and Kool �1994� show that EMS exchange rate
returns exhibit fatter tails than floating rate returns. The information in Table 2
provides clear evidence in support of this conclusion. For all EMS currencies,
tail estimates are lower when measured vis-à-vis the DM than vis-à-vis the US
dollar, regardless of whether the left-tail, right-tail or both are considered. Table
3 contains the results of formally testing the null hypothesis that the tail-index of
a currency vis-à-vis the German Mark equals the tail-index of the same currency
but now against the US dollar. The test statistic is asymptotically normally dis-
tributed. For negative values the tail fatness against the DM exceeds that against
the US dollar.

For most of the countries that have floated against both the US dollar and the
DM, the equality of tail-fatness across numeraire currencies cannot be rejected.
This is the case for Canada, Japan, Spain, and Switzerland. Note that Spain has
participated in the ERM only from 1989 onward, and has devalued a few times

TABLE 3 – EMS VERSUS FLOATING

Currency Both Left Right

Austria �3.58 �2.33 �2.99
Belgium �3.49 �1.30 �3.39
Canada 1.22 0.45 1.23
Denmark �3.28 �0.78 �3.42
France �5.48 �3.37 �2.94
Germany – – –
Ireland �5.10 �3.07 �3.40
Italy �4.77 �3.74 �2.54
Japan �1.08 �2.28 �0.47
Netherlands �4.37 �3.73 �2.41
Norway �2.09 0.07 �2.25
Spain �1.69 �0.53 �1.26
Sweden �2.41 �1.14 �1.86
Switzerland �1.25 �1.93 �0.43
U. Kingdom �4.88 �3.16 �2.98
U. States – – –

We report t-statistics for the two-sided test of the equality of the tails for exchange rate
returns in terms of DM and US dollar respectively. ‘Both’ refers to the test on both tails
simultaneously. ‘Left’ and ‘Right’ refer to the left and the right tail respectively.
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against the DM in 1992 and 1993. For all ERM countries equality of tail-indices
across numeraire currencies is firmly rejected with the tails against the DM show-
ing significantly more fatness than the tail-indices against the US dollar. The same
holds �marginally� for Norway and Sweden, even though they did not formally
participate in the EMS over the sample period. Consequently, the HKKP esti-
mates support earlier conclusions that the return distribution of non-floating ex-
change rates has substantially fatter tails than the distribution under floating.

4.3 A Comparison: HKKP Estimates Versus the Literature

The HKKP tail-index estimates reported in Table 2 are much higher than values
found in previous studies for floating rates. For example, Loretan and Phillips
�1994� report �’s for the DM / US dollar rate around 3.4 for the period 1978-
1991, while we find 5.3 for both tails instead. Boothe and Glassman �1987� re-
port a tail-index estimate of 3.2 for the German Mark / US dollar rate for the
period 1973-1984.

These differences might be due to the different sample periods. However for
roughly the same sample period as used by Loretan and Phillips, HKKP �2001�
find systematically higher tail-index estimates � for all currencies examined by
Loretan and Phillips �1994�.

An alternative explanation focuses on the shortcomings of previously applied
procedures. Loretan and Phillips �1994� obtain their estimates from the conven-
tional Hill estimator �2� which suffers from small sample bias. Boothe and Glass-
man �1987� use a maximum likelihood procedure to estimate the tail index con-
ditional on the true distribution being Student-t. As argued before, this method
suffers from bias as well in small samples and the distributional assumption may
be incorrect and lead to estimation errors. The inequality of left and right tails
for many currencies, as illustrated in Table 2, is of additional concern. Assuming
a symmetric distribution like a Student-t or a sum-stable distribution definitely
leads to misspecification. Overall, we conclude the HKKP results must be pre-
ferred. Consequently, exchange rate returns have fatter tails than the normal dis-
tribution, but they exhibit considerably less tail-fatness than has been argued in
the literature before. This holds especially true for floating exchange rate returns.

4.4 Distributional Characteristics

The fact that the tail-fatness of exchange rate returns has been considerably over-
estimated in the literature has important implications for the issue of which sta-
tistical distribution captures the observed distribution of exchange rate returns
best. Our results, for instance, indicate that the stable distribution with 2 � � is
likely to be inappropriate for exchange rate returns. The characteristic exponent
of the stable distribution which equals the tail-index is by definition below 2,
while we find tail-index values around 5 for most floating exchange rate returns.
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Westerfield �1977�, Rogalski and Vinso �1978�, and Boothe and Glassman
�1987� examined several distributions to capture tail-fatness. The Student-t distri-
bution, a mixture of normals, and the sum-stable distribution are shown to pro-
vide the best fit among various alternative candidates, although goodness-of-fit
tests only provide weak statistical evidence. This may be due to the poor quality
of previous tail estimates.

Here, we investigate whether a �possibly asymmetric� Student-t distribution
with number of degrees of freedom equal to the estimated tail-indices, adequately
fits the observed frequencies in the tails of the exchange rate return distribution.

Let xi be the exchange rate returns under consideration. To fit the Student-t
distribution, we assume that yi � 	 �xi�m� is Student-t distributed with � degrees
of freedom. Here m is a location parameter that equals the sample mean. The
scale parameter 	 is a function of the variance and can be derived as follows.
For a Student-t distribution with � degrees of freedom, the variance of yi equals
� / ��-2� where � 
 2. Consequently, the scale parameter 	 can be expressed in
terms of the variance of the exchange rate and the number of degrees of freedom
� as: 	 � � �� / ��-2�var �xi ��. Next, we set the number of degrees of freedom
equal to the HKKP tail-index estimate for each currency. As the tail-index esti-
mates for the left and right tails differ significantly for some exchange rates, the
whole distribution is fitted by separately using the estimated tail-index for each
tail. The above procedure allows for the estimation of the distribution for ex-
change rate returns conditional on the HKKP tail estimates and the sample mean
and variance.

To test the hypothesis that the Student-t distribution is a good approximation
for the unconditional distribution of exchange rate returns, we apply a Pearson
goodness-of-fit test similar to that used by Boothe and Glassman �1987�. The
goodness-of-fit test compares the observed and expected number of observations
in c intervals.12 We set the number of intervals c equal to 20.13 The intervals
�except the first in the left tail and the last in the right tail which are open to the
left and the right respectively� are chosen such that they are of equal length and
that the tail intervals have 5 expected observations, which is the minimum for
the test statistic to be chi-squared distributed.

Table 4 contains the results both for the whole distribution and for the tails.
With respect to the latter, we distinguish between fitting the 5% largest and 5%
smallest observations and fitting the 10% largest and 10% smallest observations.

12 When the theoretical distribution is given under the null hypothesis, the test statistic is asymp-
totically chi-square distributed with �c�1� degrees of freedom. When the number of estimated param-
eters is k, the statistic is bounded between chi-square distributions with �c�1� and �c�k�1� degrees
of freedom, respectively.
13 As in Boothe and Glassman �1987�, who use 14 intervals, our results are robust with respect to
the number of intervals chosen. See Bain and Engelhardt �1987� for details on goodness-of-fit tests.
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From Table 4, we observe that the Student-t is a good approximation for the
complete distribution of returns for many of the floating exchange rates �see the
‘all’ column�. For the tails, the fit is even better.14 For all currencies against the
US dollar, the test fails to reject the Student-t distribution both for the 5% and
10% categories. Note that this result also holds for the exchange rates for which
the Student-t distribution was rejected for all observations: the Japanese yen, the
Spanish peseta, the Swedish krone and the Swiss franc. This result implies that
one could rely on the Student-t distribution to obtain tail information for these

14 Especially the fit of the tails is relevant here. Although the Student-t fits the overall distribution
rather well too, if the goal is to fit the complete distribution, empirical distribution kernel estimates
and splines are likely to produce an even better fit.

TABLE 4 – GOODNESS-OF-FIT STATISTICS FOR STUDENT-T

Currency numeraire: DM numeraire: US dollar

5% 5% �R� 10% all 5% 10% All

Austria 9.49 10.82 18.57 22.95 4.87 22.87 20.82
Belgium 18.13 19.39 31.06 44.00 5.49 13.46 13.88
Canada 12.66 14.96 24.29 23.27 6.36 12.06 18.20
Denmark 18.29 11.17 24.94 46.15 7.75 15.14 12.39
France 21.79 18.47 37.92 100.80 5.30 16.57 20.58
Germany – – – – 11.35 16.81 21.39
Ireland 17.89 16.01 25.64 77.83 4.89 15.03 16.17
Italy 36.18 44.27 48.64 92.67 9.81 7.75 14.87
Japan 10.59 10.38 13.17 18.84 13.29 20.65 45.33
Netherlands 12.26 15.80 26.58 28.46 7.57 16.32 12.75
Norway 46.62 23.64 59.06 80.01 10.28 19.00 26.83
Spain 46.51 47.80 51.88 118.31 10.57 12.29 48.07
Sweden 21.27 22.69 40.36 74.58 15.82 16.93 32.82
Switzerland 3.46 5.65 13.99 10.74 16.28 23.59 33.52
U. Kingdom 27.57 32.56 33.33 41.45 7.57 14.79 27.68
U. States 11.21 13.09 17.28 21.50 – – –

The goodness-of-fit statistics test the fit of the Student-t distribution with the number of
degrees of freedom equal to the tail-index estimate �. The tests are performed on all ob-
servations �all�, on the 10% largest and the 10% smallest observations �10%�, on the 5%
largest and the 5% smallest observations �5%� and on the 5% largest and smallest ob-
tained from the sample from which data for all realignment periods are excluded 5% �R�.
The expected and observed frequencies are calculated over 20 intervals for all and 10%;
they are calculated over 10 intervals in case of 5%. Separate tail estimates are used for the
right and left tails. The chi-square critical value �neglecting the effect of parameter esti-
mation� for 19 degrees of freedom at the 5% level is 30.14; for 9 degrees of freedom it
equals 16.92
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floating rates in practice. Also, the Student-t distribution has the advantage of
providing accurate exceedence probabilities or quantiles for the tails in a straight-
forward way. Especially for events that occur with a probability smaller than 1/n,
a good fit of the tails through a Student-t distribution is potentially valuable. Ex-
trapolation out-of-sample using the functional form of the Student-t can be done
with great ease and could be very useful for risk management.

The results are not that strong for the exchange rates vis-à-vis the German
Mark. The Student-t is rejected to fit the tails for the Belgian franc, the Danish
krone, the French franc, the Irish pound, the Italian lira, the Norwegian krone,
the Spanish peseta, the Swedish krone, and the British pound. One reason why
the Student-t distribution is rejected in the tails for the exchange rates mentioned
above may be the realignments that took place in the EMS. To test for the im-
pact of these realignments we computed HKKP tail-index estimates from a sample
where all realignment observations were excluded. Fitting a Student-t with the
new tail estimate for the 5% smallest and 5% largest observations leads to good-
ness-of-fit statistics in the 5% �R� column. The results improve somewhat and
show that we cannot reject the Student-t distribution for the Danish krone and
possibly the Irish pound. Note that the Student-t is rejected to fit the whole dis-
tribution but accepted to fit the 10% tail for the Danish krone, the Irish pound,
and the Dutch guilder. Clearly, realignments do not provide the complete story
about the difference between ERM and floating exchange rate return distribu-
tions.

5 CONCLUSIONS AND PRACTICAL IMPLICATIONS

In this contribution, we focus on the tail characteristics of the unconditional dis-
tribution of exchange rate returns. It is a stylized fact that exchange rate returns
are fat-tailed. However, methods used to compute the degree of tail-fatness gen-
erally suffer from small sample bias. We apply the unbiased HKKP tail-index
estimate, which essentially is a modified Hill estimate corrected for small sample
bias. The correction exploits the fact that the bias is approximately linear in the
number of tail observations used.

We apply this method to currencies of 16 countries, measured against both US
dollar and DM for the period 1979-1996. We conclude first, that the magnitude
of tail fatness in exchange rate returns has been seriously over-estimated in the
past, especially for many floating rates. Second, the tail-indices for the left tail
�negative returns� differ significantly from those of the right tail for many ex-
change rates; the assumption of an underlying symmetric distribution is inappro-
priate, therefore. Third, the tails of EMS exchange rate returns are significantly
fatter than the tails of floating rate returns. Fourth, the Student-t distribution is
found to fit the tails of all floating exchange rates when the degree of freedom
parameter is set equal to the HKKP tail estimate. For some of the exchange rate
returns in terms of the German Mark apparent skewness and realignments in the
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EMS result in somewhat poorer fits. This conclusion holds even when realign-
ments are excluded. More research is needed to better understand the difference
between exchange rates that are subject to an exchange rate mechanism and float-
ing rates in this respect. Nevertheless, the Student-t fits the tails well for almost
all exchange rates under consideration.

The results put forward in this contribution have important implications for
managing exchange rate risk. Risk on extreme events on floating exchange rate
positions has been seriously over-estimated in the past. Furthermore, one needs
to analyze positive and negative returns separately and one cannot directly as-
sume that the probability of extreme events is the same for short and long for-
eign exchange positions. Also, the probability on extreme events is much higher
for EMS rates.

Finally, the Student-t distribution with number of degrees of freedom set equal
to the HKKP tail-index estimate can be used as an accurate approximation for
tails of the unconditional return distribution of floating exchange rates and of most
EMS exchange rates with the German Mark as numeraire. Exceedence probabili-
ties and quantile estimates used as inputs for Value at Risk formulae can be eas-
ily obtained by extrapolation of the fitted Student-t distribution. This is especially
attractive for the analysis of the risk on out-of-sample events which occur with a
probability smaller than 1/n.
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