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Abstract

This paper attempts to underline how the Diagonal Transfer Continuity hypothesis
(Baye, Tian and Zhou, 1993) and Better-Reply Security (Reny, 1999) are unconnected
between themselves as sufficient conditions for stating the existence of Nash equilibria.
Besides, various examples and counterexamples regarding Nash equilibria existence
Theorem (Baye, Tian and Zhou, 1993) and extensions of maximum existence results
for bifunctions established for a function of one variable (Baye and and Zhou,1995).
We present, also, a sufficient conditions for Diagonal Transfer Continuity. Moreover, an
example of quasi-concave game having multiple Nash equilibria, in which the aforesaid
hypotheses and other improvements (Lignola, 1997) fall, is presented.
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1 Introduction

In the Sections 2 and 3, we study the relationships between the Diagonal Transfer (Upper
Semi) Continuity introduced in [1], [2], and Better-Reply Security introduced in [5]. Both
of them represent the main attempts to relax the continuity hypothesis on Nash Equilibria
Theorems.

We introduce some notations and definitions. Let G = (X;, u;);=1,., @ maximum game
with X; C R" the individual strategy space and X = []", X; C RAM=Z1 1) the whole
strategy space. Let U a neighborhood of a point zy € R, we denote by U™ :={z € U | x <
rotand Ut :={x € U | © > z¢}. Let A C R, we denote by x4 the characteristic function of
the subset A which assumes value 1 if z € A or 0 if x € A. For sake of simplicity, we denote
by xq3 = xi where I € R; and let a,b € R we denote J(a,b) =] min {a,b} ,max {a, b} [. Let
x € X be a multistrategy, we denote x_; = (x1,. .., 1,Tiz1,...,Tit1) € X _; = Hiel\{i} X;.
Moreover, let be BR; : X_;, — X

BRAx ) — (o x
Ri(z_;) argxr_rz}gi wi(wi, x_;)

the Best Reply multifunction for the the player 7.

Moreover, the function ¢ : (z,y) € X xX — > " | u;(z;, y—;) is the equilibrium bifunction
for the game G. Such a function ¢ is diagonal transfer continuous on AC X inye€ Z C X
if, by assuming that for every point (z,y) € A x Z such that ¢(z,y) > ¢(y,y), there exists
T € Aand U C Z a neighborhood of y in Z such that ¢(z,y') > ¢(y ,y') for all y’ € U. We
shall simply say that ¢ is diagonal transfer continuous in ¥y when A = X and Z = X.

For the following definition, we claim that X C R" and C' C X are convex subsets. There-
fore, ¢(x,y) is diagonal transfer quasi concave in x on A C X for any finite subset X™ =
{z',... 2™} C A there exists a corresponding finite subset Y™ = {y!,... y™} C C such
that for any finite subset {ykl, T ,yks}, 1 < s <mand any y* € co {ykl,ka, e ,yks}
we have

. l 0 0 0
min ¢(y",y") < o(y*,y").

1<I<s

We will simply say ¢ diagonally transfer quasi concave in  when A = X and C' = X.



In terms of individual payoffs, we remark these definitions. For the following definition,
we claim that X; C R is a convex subset. A payoff v, is said to be uniformly transfer quasi
concave on X if, for any finite subset X™ = {x!,... 2™} C X there exists a corresponding
finite subset Y;™ = {y},...,y"} C C such that for any finite subset {yfl,ny, . ,yfs},
1 < s <m and any yfo € co {yfl,ny, . ,yfs} we have

. 1 1 0 l
1%?5 [uz(l’f L) = wilyy ’l’ﬁi)} <0

A payoff u; is said to be uniformly quasi concave on X if yf = :cf forallj=1,...mandi=
1,...n. A payoff u; is said to be transfer upper semicontinuous in x; if, for every y; € X; and
x € X, wi(w;, x_;) > ui(y;, x_;) implies that there exists a a point £ € X and a neighborhood
U of y; such that u;(Z) > u;(y;,Z_;) for all y; € U. A function f : X — R is said to be
transfer (weakly) upper continuous on X if for points z, y € X, f(y) < f(z) implies that
there exists a point ° € X and a neighborhood U of y such that f(z) < (<)f(z') forall U. A

game G is Better-Reply Secure if whenever (z*, u*) is in the closure of the graph of its vector

*
—17)

payoff function and x* is not an equilibrium and other players deviate slightly from z* ., some
player i can secure a payoff strictly above v at 2* [5][pp.1033]. His hypothesis generalized the
Complementary Discontinuities (Reciprocally Upper Semicontinuity) assumption introduced
by Simon in [7]; and the Payoff Security introduced by himself in [8]. In particular, payoff
security requires that for every strategy x € X, each player has a strategy z; € X; that,
virtually, guarantees the payoff he receives at = even if the others deviate slightly from z
[5][pp- 1032]. In mathematical words, for every strategy = € X and e > 0, there exists
Z; € X; such that w;(Z;,y_;) > wu;(x) — € for all y_; in a neighborhood of z_; and for all
1 = 1,...,n. Reciprocal upper semicontinuity requires that some players payoftf jumps up
whenever some other players payoff jumps down [5|[pp. 1034]. In mathematical words, if
whenever (x,u) is in the closure of the graph of its vector payoff function and u;(x) < u; for
every player 4, then w;(z) = u; for every player i.

In the Section 4, an example of quasi-concave game in which the Diagonal Transfer

Continuity’s and Better-Reply Security’s hypotheses and Lignola’s ones [6] [Th.3.1] fail,

notwithstanding such a game has a countable Nash equilibria set.



2 Does Diagonal Transfer Continuity Hypothesis im-
ply Better-Reply Security one?

In this section, a diagonally transfer quasi concave game, in which the diagonal transfer
continuity hypothesis holds while better-reply security one fail, is introduced. At that aim,

we present the following Proposition.

Proposition 2.1. Let A C X be an open subset in X and ¢ : X x X — R. Let ¢ |axa
be an upper semicontinuous function and ¢ | (z,-) be lower semicontinuous for all x € A.

Then, ¢ is diagonally transfer continuous on X iny € A.

Proof. Suppose that there exists a point (z,y) € X x A such that

o(x,y) > 6y, y).

By lower semicontinuity, there exists a neighborhood U;, C A of y in A such that

P, y) = ¢(2,2) Vz e Uy

and, by upper semicontinuity, there exists a neighborhood U,, C A of y in A such that

d(r,2) > ¢(x,y) YVze Uy,

and, by gathering all the previous equations, we obtain

¢<.T,Z) Z ¢<$ay) > ¢(y>y) Z (b(Z,Z) VZ € Ul:y N UQ,Z/ g A

Now, let G = ([—1, 1], [-1, 1], u1, uz) whose payoffs are defined as follows:

-z +1 r1 #0
(21, 22) =

L+ €+ Xj—coujo,+e[(®2) f(z2) 71 =0

—23 4+ 1+ X—10ue1) (1) ge(22) 22 #0
U2($1, xz) =

1—c¢ 1'2:0



where g : [-1,+1] \ {0} — R is the following function

€ Vo 1>2,>0
gs(xQ) -
0 —1<z9<0

and f :] —¢,€[\{0} — R an even continuous function satisfying the following properties:

i) f>—¢

. . 9
ii) 3oy = argmax,,~o{f(72) — 23 + gc(22)} = arg max,,~o{—23 + g.(z2)} = 1—662;

iii) f is positive on |0, 25| and, locally, at the points xo = €.



Now, we construct the aggregate function for G; and its diagonalized version:

/

2 — 22 — 23 x1#0, 22 #0, y1 €]0, ¢
2 — a2 — 23 + g(x2) 1 # 0, z9# 0, y1 ¢]0, ¢
2+ f(y2) 1 =0, 29 =0, y2 €] — €, 0[]0, ¢
2 x1 =0, 22 =0, yo €] —¢€,0[U]0, €]
O(r1, T2, 91,Y2) = § 24 € — 23 + f(up) x1 =0, 29 #0, y; €]0,¢, y2 €] — ¢€,0[U]0, €]

2+e— [E% + ge(xQ) + f(yQ) Ty = 07 T2 7é 07 hn ¢]07€[7 Y2 G] - E,O[U]O,G[

2+¢€— a3 x1 =0, z3 £ 0, 11 €]0,¢[, y2 €] — €,0[U]0, €]
2+€— a5+ ge(z2) 11 =0, 29 #0, y1 €0, €[, yo &) — ¢, 0[U]0, €
\ 2—¢—x? 1 #0, 15=0
(1)

(2—yf—y§+ge(y2) 1<y <0, e<yr <1, 12#0

2—-yi -y 0<y1 <€ y2#0

2 y1=0, y2=0

(Y1, Y2, Y1, Y2) =

2+ €= 3+ 9e(y2) =0, ly2| 2 €

2 —y5 + e+ ge(y2) + fya) Y1 =0, 12 #0, |y2| <e
| 2—€e—ui y1 70, 42 =0

Now, we prove the following proposition.

Proposition 2.2. The function ¢(x,y) is diagonally transfer continuous in y.



Proof. By properties i) and iii), the following inequalities

limsup O(y1: 2,41, 92) < 0(0,92,0,52)  Vyz € [-1,1] (3)
limsup O(Y1, Y2, Y1, 42) = Ge, Y2, €, 42) Vo € [-1,1] (4)
y211_{1i6¢(y1,y2,y1,y2) = ¢(y1, te,y1, €)Yy € [—1,1]\ {0} (5)
liygriiilef O(x1, 2, y1,Y2) > d(x1, 0, y1, £e) Vyp € [—1,1]\ {0,€¢}, V(z1,20) € X (6)

hold trivially. By Proposition 2.1 and (5), (6), ¢ is diagonally transfer continuous on X in

y€[-1,1]\ {0,€} x [-1,1] \ {0} !. By assuming that for every point
(x1,22,9y1,y2) € X x ({0} x [-1,+1] U {e} x [-1,+1] U [-1,+1] x {0})
such that ¢(z1, To, y1,Y2) > d(y1, Y2, Y1, y2), > we can show that there exists a point (Z1, Zo) €
X and U C X a neighborhood of (y1,12) such that ¢(Z1, T2, vy, ys) > G(Yy, Ya, Y1, Yy for all
(yll, y;) € U. For sake of simplicity, we divide our analysis into four subcases:
Areal. Ay ={y1 € [-1,+1] | 1h =0} x {y € [-1,41] | y2 # —¢€,0,25,¢ };
Area 2. Ay ={y € [-1,+1] |y1 #0,e } x{yo € [-1,+1] | o =0 };
Area 3. As={y1 € [-1,+1] | ;1 =€ } x [0, 1];
Area 4. Ay ={(0,¢), (0, —€),(0,0)}.

We put in Area 1.
We suppose that yo €] — €, 0[U]0, +¢€[\ {z5}. By i) and ii), there exists an open neighbor-
hood Uy C] —€,€[ of 0, Vo, C| —€,0[U]0, +€[\{x5} of ya, such that

G0, 25, y1  y2 ) =2+ € — a3 + ge(x3) + f(y) >

’

’ 12 2 ’ ’ ’ ’ ’ ’ ’
>24+¢€exo) =y —yr +e(W2) +xow1 ) f(y2) = d(yr ,y2 . y1,2)

IThis subset is open in X.

*Note that argmax(y, ,,)ex ¢(Y1,¥2,91,%2) = (0,23); and argmax(y, 4,)ex ¢(1,22,0,23) = (0,23).
Therefore, the diagonal transfer continuity in (0,23) € X is satisfied. It needs to check it for the other

points belonging to the square [—1,1]2.



Y (Y1, 92) € U U{0} X Vay, (7)

and, by i) and iii), such that

* ’ / % ’ 12 . ’ ’ ’ ’
¢(0, 23, Y1, Ys) :2+5_x22+f(?/2) >2-y, = ,hHSJr O(Y1: Y2, Y1 )
Yy,

Y (Y1, ys) € Uiy X Vo, (8)

We suppose that |yz| > €. By (3) and e sufficiently small, there exists a suitable neigh-

borhood Va,, C{y2 || y2 |> €} of y» such that

ro 81
inf (0, 22", y;,yy) =2+ €— — €'
y/leUl’O ( 1 2) 256
2+ e— €+ Ve >0(0,y5,0,y,) > limsup d(yy, yp, 1, 92) Vs € Vay, (9)

Y, —0
By (7), (8) and (9), ¢ is diagonally transfer continuous on X in (y1,¥2) € A; C X.
We put in Area 2.
Since the property iii) holds and by choosing (Z1, Z2) = (0, 0), there exists a neighborhood

Voo C] — €, €[ of 0 such that

$(0,0,y1,9) =2+ f(ys) >2= sup 1 1lim (v, ¥, 1, %)
yi€f0,1\{0,e} Y270
Y (y1,55) € [0,1]\ {0,€} x Vi \ {0} (10)
and
inf (b(oaoaylao) =2>2—-€= Sup ¢(y1707y170)‘ (11>
y170,€ y170,¢

By (10) and (11), ¢ is diagonally transfer continuous on X in (y1,y2) € As C X.
We put in Area 3.
Since ¢(+, -, -, -) is lower semicontinuous at (¢, 0, €,0) and the properties (4) and (5) hold,

there exists Uy of € in X and a suitable neighborhood V3 ,, of y, such that

/ / 27 .
sup ¢(5E1,$27y1ay2> =2>2-¢€+ %64 = Inax 11m511p¢(y17?;27y1,y2) >
2170, z2#0 y2€[0,1] Y1 —€
> max ¢(e,yn, €, 42) Y (Y1, 4) € ULeX € Vo, (12)

y2€[071}

3Note that €2 — %64 — €3 >0fore sufficiently small.

4This superior value is not a maximum one.



By (12), ¢ is diagonally transfer continuous on X in (y1,y2) € A C X.

We put in Area 4.

We deal with the case regarding (0,¢) and (0, —¢). Since the property iii) holds, there
exists Uy a neighborhood of 0, V5 (—¢ a neighborhood of €(—¢) in X; and Z, > 0 in a

suitable neighborhood of 0 such that

5
2

inf $(0, T2, y1,y2) = 2+€—T5 > 2—c’+ez = sup  limsup d(y1, Y2, y1, ¥2)
(y1,y2)€U1,0\ {0} X V2 ¢ (—¢) Y26V (—e) Y10
(13)

and, trivially,

>0 <0
—_——N—

/ _ _ / ’2 ’ ’
$(0,22,0,y5) = 2+ € =5 + 9e(T2) TX(|y1 <)/ (V) > 2+ € =05" + 9e(Ya) +X(1y5 | <0 (02) =

= ¢(an/27 07 y/2> Vy/Q € VQ,E(—E)' (14>

We deal with the case regarding (y1,y2) = (0,0). Since the property (iii) holds, there exists

Voo C] — €,25[C] — €, €[ an open neighborhood of 0 and Zs = sup V59, such that

_ ’ ’ _ _ ’ ’ ’2 ’2 ’ ’
G0, T2, y1,Y2) = 2+ € — T3 + 9e(T2) X g7 <oy (W) + fF(42) > 2= 91" — 2" +9e(%2) Xy <oy (01) =

= (Y1, Yo v1,¥2) V(1 0) € [1,1]\ {0} x Voo \ {0} (15)
and
¢(0, 72,0, 45) = 2+ € — T3 + g:(Z2) + (1) >
> 24—y 4 g.(ya) + F(yp) = 6(0,4,0,55) Yy € Voo \ {0} (16)
and, finally,
inf (0, 22,4,,0) =2+ €—25>2= sup (y;,0,9,,0) (17)
y1€[-1,1] v €l-1,1]

By (13), (14), (15), (16) and (17), ¢ is diagonally transfer continuous on X in (y1,y2) €
Ay C X. [

€—> + .
Remark 2.1. It can be noted that Gy (€) il Gy in the punctual convergence of the payoffs.

This limit quasi concave game G satisfies the diagonal transfer continuity and better-reply



secure game properties. Therefore, a new question arises: What are the nonlinear pertur-
bation properties of these two fundamental hypotheses? What are their closure properties

respect to the punctual convergence or other kinds?
Proposition 2.3. G is a diagonally transfer quasi concave game.

Proof. By [1][Prop.1,1(e)], it’s sufficient to prove that, at least, one payoff is transfer upper
continuous in its own strategy [1][Def.4] and is uniformly transfer quasi concave [1|[Def.3].

Now, let (21", 29")icq1,..my C [—1,1]* be a family of distinct elements and

71" = minarg,, max u(z;",z2")
1€{1,..m}

there exists (y1")ieq1,.m} C [—1,1] a family of elements choosen in the following subsets as

follows:

; J (0, 9315) Tyt #0
Yo € _
{O} LZ'QZ =0

such that, for any finite subset {y;°}ica and for any 1,° € co({y1'}ica) and for A C
{1,2...,m},

Iiréi/I‘l {ul(xli,xgi) — u2(y20,x2i)} <0. (18)

Suppose that 217 # 0. Since u; (-, 5") is strict increasing on [—1, 0] and strict decreasing

on [0,1[; and y,° € J (O,xlg) we have
. iy 0 . i\\ — i iy 0 iy <
min {uy (21, 22") —wn (", ') } = minwn (21, ") — maxu (", 22') <
<up(z, ') —1<0 (19)

Suppose that z;* = 0, then y1° = 0. Therefore, the first term in the equation (19) is lesser
or equal than

u (0, 22") — ug (0, 22") =0 (20)
O
For sake of sufficient conditions, we introduce the following Proposition.

Proposition 2.4. The payoff us is transfer upper continuous in its own strateqy but not

uniformly transfer quasi concave on X.

10



Proof. The function ug(z1,-) is upper semicontinuous on [—1,1] \ {0} for all z; € [—1,1];
and, then, it is transfer upper semicontinuous on [—1,1] \ {0}. By choosing (z1,z2) €
[—1,1]x] — v/€, /€[ we have us(z1,22) > 1 —€ = ug(x1,0) for all ;. But, there exists a point
(ZT1,Z2) = (0,23) € [—1,0]x]0, e[ and V5 C] — €, x3[ a neighborhood of 0 such that

U(Z1, To) = —a3 + ge(a3) +1 > sup (0, 24) > ug(Zy, xy) Vi, € Vi

ThEVa

Therefore, us is transfer upper continuous respect to its own variable. Now, let (z;!, 25!') €
10,€[? and (z12, 22%) = (0, z2*) such that x5* > z,! a finite family of points in X. It’s easy
to remark that, necessarily, the transferred points 1,° suitable for satisfying the uniformly

transfer quasi concave on X have to satisfy
gt < mot, ot =t
but, if we choose 1,° €]xal, 22*[C [y2}, ¥2?], we have
0 < ug(z1', 22") — ug(21t, 12°)
0 < u2(0, 25") — u2(0,2°)

since uy (1", -) is strict decreasing on ]0, €[ and uy(0, ) is strict increasing on ]0, z5*[. Therefore

us(+, +) is not uniformly transfer quasi concave on X. O
Now, we introduce the following Proposition.
Proposition 2.5. G is not a better-reply secure game.

Proof. We choose (0,25) € [—1,1]x]0,z3[. For all neighborhood V3 C|0,+¢[ of 3, the

following

Iréz[%)xu Ul(l’l,l'gl) =1+e+ f(a:;) >1+e+ f(xg) = u1(0,29) Vl’gl € Vs. (21)
1 )

holds. But, if 2y = x5 € Vs the previous inequality is not strict. For all neighborhood

Uy C| — €, +€| of 0, the following

/ 27
inf  sup wus(xy,x9) :min{1,1+—e4} =1<1—m?+ev/ed =us(0,25) (22)
x1€U) x2/€[_171] 256

holds. Therefore, by (21) and (22), G is not better-reply secure at (0, x2). O

11



However, G has a Nash equilibrium at the point (0, 25) according to Theorem [1][Th.1].
Now, let us modify the f’s values continuously in a neighborhood of the point z5 = ¢; and, at
a second time, globally on the whole subset | — ¢, +€[\{0} without preserving the conditions
(i), (ii) and (iii). For sake of simplicity, we denote, again, this new function by f.

Therefore, we assume that f (z3) = —e. In that case, it can be shown, easily, that ¢ is
not diagonally transfer continuous in y but diagonally transfer quasi concave in x; and G

has a Nash equilibrium. Therefore, the following schema

Diagonal transfer quasi concavity <= Nash equilibrium existence.

’ implication established by [1][Th.1] ‘ ﬂ 4%

implication not valid for G ‘

Diagonal transfer continuity

holds. Moreover, we assume that f (x3) < —e. In the last case, it can be shown, easily, that
¢ is not diagonally transfer continuous in y but diagonally transfer quasi concave in z; and
G has no pure Nash equilibria. If diagonal transfer continuity hypothesis doesn’t hold, then

the following
Diagonal transfer quasi concavity # Nash equilibria existence.

holds. It represents a counterexample on the Theorem [1][Th.1].

In the Theorem [2][Th.1], Tian & Oth. prove that if a function achieves its maximum
value then it is weakly transfer upper (semi)continuous [2][Def.2] ® on a compact subset.
The same necessary condition for existence of maximum points doesn’t hold for diagonalized
bifunctions on compact subsets and the diagonalized version of transfer continuity condi-
tion. In fact, by choosing f.(zs) = ‘arctan (%)’ , the diagonalized bifunction in (1) has
a maximum point without preserving the diagonal transfer continuity. For understanding
that, it’s easy to observe that the function H(zs,€) = —a2 + e 25> + f.(2) has a maximum

point belonging to the subset ]0, €[\ {z5} for € sufficiently small. In fact, let the well defined
differentiable function C(e) := {azz €]0, 1]

0H
a—(xg, €) = O} for e sufficiently small ¢ ; we
T2

°If the function has a unique point of maximum, we can substitute weakly transfer upper (semi)continuous

by transfer upper (semi)continuous.

6Note that C(e) = {xg €]0,1] ‘ (4 29268 + 4298 — 3 €Ty — Jexs® — 263)2 = O} .

12



note that

1206y =0 < 2 = 1im 190 <1

lim C(e) =0 li
im C/(e) , im g = Hm —

e—0t e—0+ de

However, f. does not satisfy the property ii). It can be shown, easily, that the last property

is necessary one for diagonal transfer continuity.

3 Does Better-Reply Security imply Diagonal Transfer
Continuity?

In this section, a quasi concave game, in which the better-reply security hypothesis holds
while diagonal transfer continuity one fails, is introduced.

Let Go = ([—1,1],[—1, 1], u1, uz) defined as follows:

—22+1 21 #0
U1(I1,$2)=
1+4+e¢ r1 =0
.

_xg‘i‘l"—xl 3617&0
uQ(x171;2> — 0 r1=0,29 <0
1

—I2—§ xlzo,xQZO

13



with € > 0; and the aggregate bifunction and its diagonalized verion are the following:

;

—at—ai+y+2 11 #0, 51 #0

—I%—i—l $1%07y120,$2<0
—x%—i———xz 1 # 0,1 =0, 29 >0
¢($17x27ylay2) =
2+€— a5+ r1=0,y1 #0

1+e $1:0,y120,$2<0

—‘|‘€—$2 x1:0,y1:O,x220

—y =y +2 g #£0

¢(y17y2’y17y2) - L+e h = 07 Y2 < 0
1
5 T e N =0420

\

Now, we present the following Proposition.
Proposition 3.1. G5 is better-reply secure but not diagonally transfer continuous.

Proof. The function wus(+, z5) is lower semicontinuous at the point 0 for all z5 € X5, while
uy (1, ) is constant at 0 for all z; € X;. By [5][Cor. 3.4], G5 is a payoff secure game. The
vector payoffs field (uy,us) has the subset {(0,x5) € [-1,1]* |29 € [—1, 1] } as discontinuities
set. Our attention can be focused on the previous subset. We choose a point (0,z2) and a
sequence (Z1,,T2,) € [—1,1]* converging to (0, z3).

Suppose that z1,, # 0 for n sufficiently large, we have that ug (21, 22,) — 1 > uz(0, z5)
while w1 (21, Zo,) — 1 < 1+ € = uy(0, 22).

Suppose that x1, = 0 for n sufficiently large and x5 # 0, we have that u;(xy,, z2,)
converging to u;(0,z5) for all i = 1,2.

Suppose that z;, = 0 for n sufficiently large and xo = 0, we have that ui(x1,,%2,)

converging to u(0,0) but limsup,, us(z1,, z2,) = 0 > —1 = uy(0,0) = liminf, us(z1,, T2,)

14



7. Therefore, in all of three cases, at least one payoff u; is converging to a value greater or
equal than u;(0, z5) along the sequence (z1,,xs,). We can conclude that G5 is reciprocally
upper semicontinuous. By [5][Prop. 3.2], G is better-reply secure. Now, we prove that G,

is not diagonally transfer continuous at the point (0,0). It’s easy to verify that

1 1
$(0,=5,0,0) = 14> 5 +€=9(0,0,0,0).

27
holds. Let Uy a neighborhood of (0,0) and for all (y;,y2) € U with y; # 0. Necessarily, by

continuity, there exists V5 a suitable neighborhood of 0 such that

G0, 22,1, 2) =24+ €— a5 +y1 > =i — Y3 + 1+ 2= O(y1,y2,51,%2) Vaa € V5
but, by considering all the points (0,ys) € Uy, we obtain

max ¢(07x270ay2) =1 + € ?é 1 +e= ¢(07y2a07y2) va S PTQ(UO)_-

T2€Vs

O

Moreover, (G5 is a quasi concave game and has multiple Nash equilibria of this kind (0, z5)

with 2o < 0.

4 How much Does Generalized Continuity Assumption

Need ?

In this section, we want to introduce a game G35 about which the most recent continuity
assumptions, stated in [1], [5] and [6], fail and the quasi concavity assumption is preserved;
and, simultaneously, a countable Nash equilibria set exists. A new question arises: Are
there new kind of generalized continuity concepts which represent sufficient conditions for
Nash Equilibrium existence in the setting of quasi concave games? By a slight variation

on G, we show a G% which furnishes a counter example of the Theorem [5][Th.3.1]. Let

"Any sequence (1, T2,) converging to a point (0,z2) in a different way as prescribed before is such as

the sequence (u1,us)(x1,, T2,) is not converging.

15



i

¢ =tan (1); € > 0 sufficiently small; x] the unique solution of the eq. e € =2%in 10, 1[; and

tan a7
Xy = L. We define payoffs on the set [0, 1]? as follows:
c
§
—€ 1o =0, > 2]
0 19 =0, 11 <2
[1—xolnay — 229 + 21]" 1y # 1, 1y < arctan(cz?)
U1($173?2) = 2
1 —x9lnzy — 229 + arctan(cx3)
r1—1) x 0,1, z; > arctan(ca?
arctan(cz3) — 1 (11 =1) @27 ! (ca2)
0 To = 1, T 7é 1
| € ro=1, ;=1
( T
(e 6—x%> xg—l—x% 9 <1—21, 21 <2
x
— (e € —x%) (g + 221 —2)+ 22 1 -2y <29, 11 < 7}
U2($1,$2) =

. (11— 7] 1 . .
Sln(1—$11)‘($2_§)+$12 x<x #1

er<ai#1 (T1,T2) =1, 29 <

lim il’lfgc1 —1- U2

{ thUPxHr U |zr<z1#£1 (71, 72) Ty =1, xy >

where 7 satisfies the following property

1 (" (tany)

2¢ )y Ve

Now, we prove the following Proposition.

1
By
+ Y o dy <1 (23)

Proposition 4.1. G35 is neither better-reply secure nor diagonally transfer continuous game.

Proof. 1t’s easy to prove that (G5 is not better-reply secure at the not equilibrium point

16



(1,1,¢,0) € Graph(ug, us). We note that

li = 0. 24
Jim :v?éé[i(d)},(l] uy(xq, x2) (24)

By permanence on sign’s Theorem, we can choose U; a right suitable neighborhood of 1
such that max,, cp1)u1(z1,22) < € = uy(1,1) for all z; € Uy \ {1}; besides, for all right

neighborhood U; of 1 there exists z; € U; such that

max limsup us(x1,22) = max us(Z1,r2) = max us(T1,x2) =0 # 0=1uy(1,1) (25)
z2€[0,1] r1—1— z2€[0,1] xQE[O’%]

We prove that the condition (¢) in [6][Th.3.1] fails. In fact, we have

sup liminfwu(z1,22) = sup { lim [1 —zolnwy — 25 + 1|7,
z1€[0,1] xo—1~ x1€[0,1] xro—1~
1—a2yInzy — 22 arctan(c x2
lim 2 2 2:— (c3) lim z;—1; =
wa—1- arctan(crz3) — 1 w1—1-

12¢—-3-3¢
:max{ sup [x1—1]+,§; lim (.7:1—1)} =0Z2e=wu(l,1)
z1€[0,1] c z1—1"

Now, it will be proved that the game is not diagonally transfer continuous at the point

(1,1) € [0,1]%. Tt’s remarkable that
o(1,1,1,1) = uy(1,1) +ug(1,1) = e+ 27° <

1 1 1
< §+.T>{2:U1<§,1>+U2(1,0):¢(§,0,171) (26>
holds. Moreover, let be a function g € C'([0,1], [0, 1]) such that

2c
1+

g(1) =1, 0< <g. (1)<

2
142~ (27)

By computing this limit, we have

1 —z9Inzy — 2y + arctan(cx3)

lim wuy(g(xs),22) = lim (9(z2) —1) =

wa—1- wa—1- arctan(cz3) — 1
— lim g(@2) _2 1 (=29 Inwy — 219 4‘22) (9(z2) — 1) — lim g(z2) (L + ¢ x§)+
z—1- |arctan(cx3) — 1 arctan(cx3) — 1 wy—1- C Ty
_ (=Inwy —3)(g(22) — 1) + (—w2Inwy — 25 +2) g(a2)
+ lim . =
Ta—1 2(1+4c2x3)~ ! cay

17



(28)

By Implicit Function’s Theorem and by properties (24) and (27), there exists a neighborhood

Uoflin|0,1] and g7! : U — U a local inverse function such that

- max (T, o, g(x2), 2) — O(g(x2), T2, g(22), 22) =
(z1,z2) €[0,1]2

= max uy (1,97 (1)) —ur(z1, 97" (1)) + max uy(g(xa), z) — ua(g(xa), 22) <

z1€[0,1] Z2€0,1]
< | max uy(z1,97" (21)) _ul(xhg_l(ml))] + [Uz(g(%),O) — inf us(g(x2),22) | <
z1€[0,1] zo€€U\{1}
1+
< —g(17) +2e+1<0 Va,zeU\{l}. (29)
c
By the properties (26) and (29), we conclude the proof. O

Now, we introduce the following two Proposition.
Proposition 4.2. G5 has infinite Nash Equilibria.

Proof. In fact, there exists a sequence

. <x’{—|—27rn

C [z7,1][C]0,1
xl,n 1+27Tn)n€N+ ['xlv [ ] ) [

converging to 1, such that argmaxg,ep1) u2(27,,72) = [0, 1];but, by surjectivity of Best

Reply function associated to wu, there exists a sequence

tan 7
x;‘,n=< Cl’"> clo. 1]
TLEN+

converging to 1, such that @7, = arg max,, c(o,1) u1(21,25,,). We prove that that the previous

sequence includes all the Nash equilibria for G3. In fact, if 9 = 0, then
0 ¢ BRy (BR:1(0)) = BR, ([0, 27[) =]1 — a7, 1];
if 25 # x5, and arctan(cx3) > 27}, then

Ty & BRy (BR:(15)) = BR, ({arctan(cz3)}) = {0} ;

18



if 75 # 0 and arctan(cz3) < %, by property (23), we can imply

TanaT

* X \/ c 1+c2st+2cs

;E2—1—|—arctan(cx2):/0 T st ds —1=
1 [ (tany)f% tany

= + +2dy—1<0
c

2¢c Jo Ve

and, then
Ty & BRy (BR; (1)) = BR, ({arctan(cz3)}) = {1 — arctan(ca3) } .

]

Besides, it would seem that better-reply security assumption is not a necessary condition
for Nash equilibrium existence. For example, by changing, only, the us’s value at the points

(21 ., T2), as follows

U (77 ,,, T2) = lim inf uy

$1—>17

ot <z #1 (Il,xg) Vn e N, , Vx, € [0, 1] (30)
This new game is named G73.

Proposition 4.3. G5 is not better-reply secure, only, at the point (x7,23)nen, but quasi

concave game without Nash Equilibria.

Proof. For testing the better-reply security assumption, it needs to check it on all the dis-
continuity points for u; or uy on [0, 1)%.

First of all, G§ becomes better-reply secure at the point (1,1). In the above case, the
condition (25) does not hold. Besides, Gj becomes better-reply secure at all discontinuous
points {af{n} X ] %, 1} .8 We observe that uy(-, z2) is lower semicontinuous but not continuous
at xj, for all xy € ], 1]; and us(x7,,,-) is strict decreasing function. Let x5 € ]3,1] and

% < Ty < T9, we obtain

Uz (27 ,, T2) < u2(27 ,, T2) < liminf uy (w1, 7).

m1*)‘191‘,71

®Note that inf,en: limeo 3, > 3. Therefore, (z7 ,,, T3 )nens C ] 1.1].
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G5 is better-reply secure at all discontinuous points ({z],} x 10,2 ]\ {xin})nem . Let be

2} s 22 €0, 3]\ {3,,} with m # n; and we choose Z; such that
max u (-, z2) > 71 > 27,

if maxu, (-, r2) > a7 ,; or

maxu1(~,x2) << JCin

if maxus (-, x2) < xf,,. Therefore, by observing that uy(z1,-) is continuous on ]0, 3 | for all
xy € [0,1], we obtain
Ut (2], ¥2) < ur(Z1,72) = lim uy(Zy, ) VneNg (31)

x2—>x2
G3 is better-reply secure at all discontinuous points [z}, 1] x {0} . Let z; > 7. Since u;(0, )

is continuous at 0, we obtain

—e =uy(z1,0) < 0 =uy(0,0) = liminf u; (0, z5). (32)

z2—0
G4 is better-reply secure at all discontinuous points {1} x]0, 1[\ {3}

Since max 1 € [0, 1uy (21, x2) > 0 is continuous for all x5 €]0, 1], we obtain

inf T1, %) > 0= (1
S, 2y ) > 0=l o)

with Z; = BRy(z2). G% is not better-reply secure at all discontinuous points (z%,z3) °. In

fact, we can note that

uy (27, x5) > up(xy, 25) > limsup uy (z1,22) Vap € [0, 1]. (33)
To—T3
and
us (27, 23) > 0 = max lim sup us (1, o) (34)
2 mlﬂx’{

holds. In spite of G5, G has no Nash equilibria in pure strategy. It’s sufficient to check on

the points of the sequence (z7,,, 75, ). In fact, we have
xin ¢ BRl (BRZ(:CT,TL)> = BRl (O) = [07 l’ﬂ

1 * *
since xj,, > x], Vn € N,. O

1
If lim. o x5 = 0, then 23 C [0, 5]
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Remark 4.1. The reader can note that G5 is not better-reply secure, only, at the point (1, 1),

while Gj is better-reply secure at the point (1,1) but not at the points (z7, z3).

Remark 4.2. By following the same path for constructing G, we can change the u;’s value

at the points (27 ,,,72,). In fact, it’s trivial to make u,(-,73,) lower semicontinuous at the

points z7 ,, as follows

ur(af, 03) = [1—ayIn(a) — 225 + 27 — &)

with €, > 0. But, this slight and more simple modification ruins the quasi concavity as-

sumption. In fact, the game has no Nash equilibrium in pure strategy.
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