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1. Introduction

The relation between collateral requirements oditreonstraints and business
cycles is a relevant theme of discussion in todagacroeconomic analysis. This
subject has gained visibility with the contributsoaf Bernanke and Gertler (1989) and
Kyotaki and Moore (1997), and was further developégth the work of Aghion,
Bacchetta and Banerjee (2001, 2004), Demirguc¢-kantt Levine (2001), Amable,
Chatelain and Ralf (2004), Aghion, Angeletos, Bgeerand Manova (2005) and
Caballé, Jarque and Michetti (2006), among othEng. basic intuition underlying the
previous references is that markets where firme famme degree of credit constraints
are markets where investment is strongly pro-cgtliand, thus, main economic
aggregates will be subject to amplified volatilitlyat tends to persist over time.
Basically, the lesson one withdraws from this &tare is that cycles are more likely to
be observed for specific levels of financial depahent than for othersFor instance,
Caballé, Jarque and Michetti (2006), hereafter Cddngclude that stability is found for
low and high levels of financial development, wHibe intermediate levels endogenous
business cycles dominate.

In this note, we recover the CJM model to presenalgernative approach to the
formation of endogenous cycles for intermediateelevof financial development.
Basically, we consider a same scenario as thequs\authors, but with two important
changes: first, we consider physical capital asuigue production input (we ignore
the country specific input with a constant suppbswaned in the referred model);
second, we introduce a mechanism through which dimlds respond to short run
wealth deviations from a potential wealth level.rtRarmore, the analysis will be
undertaken under an endogenous growth framewotkeisense that it assumes an AK
production function.

This note is organized as follows. Section 2 pristre model’s structure, section
3 discusses local dynamics; section 4 charactegigisal dynamics and section 5

concludes.

2. The Structure of the Model

Consider a competitive economy populated by a largeber of households and
firms. Firms produce a tradable good under an A&dpction functiony:=Ak;, with

! The level of financial development is translatextite degree of constraints to credit.
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A>0 a technology index arld, y; the per capita levels of physical capital and outp
momentt.> We assume that capital fully depreciates after meréod and, hencé=k;,
with i; per capita investment. Households have the pdisgitn lend their financial
resources directly to firms if the marginal proauty of capital @A) is above the
economy’s nominal interest ratg;(hereafter, we impose this constraint on pararsete
A>r.

If the credit market is subject to some kind of erfpction, firms’ financial
resources (that we designate by wealth) will sexveollateral for the loans, and thus
firms cannot borrow an amount oven;, with w; the level of per capita wealth apch
credit multiplier that reflects the degree of ficeh development of the economy.
Households and firms agree on applying to the prtikl projects the largest amount of
credit that can be subject to transaction, and itheesstment in momerttcorresponds to
i=(1+4) M. Finally, the structure of the model is completéhva difference equation

reflecting wealth dynamics,

W,,, =Y, — W, —C,, Wp given. (1)

Equation (1) states that wealth in momefit corresponds to income inless the
cost of debt and less the resources allocated twsucoption € is per capita
consumption). In the CIJM moded, corresponds to a constant fraction of income less
debt payment. We generalize this assumption by idensg that the marginal
propensity to consume depends on the observalitgahte between effective levels of
wealth and expected or potential wealth. In practagents react to business cycles by
adopting the following rule: the higher the levéllast period’s wealth relatively to the
benchmark level of wealth, the more optimistic rehads will be and, accordingly, the
higher will be the share of consumption out of meo In other words, low (high) levels
of observed accumulated wealth relatively to a herark level will imply a

precautionary (confident) behaviour that is trareglaon a higher (lower) savings rate.

Formally, we considec, = c{y, —ruw,) [9(w,_, ,)xU(0,1) andg(w, )a positive,
continuous and differentiable function, wigt> 0. Considerw, as the potential level of

wealth; this is supposed to represent a wealtldtieat grows at a same rajefor allt.

2 To simplify, assume that population does not grow.
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>landg(w)| .<1

W >We

Thus, functiong will be such thatg(vvt)|w1:W: = low)]

W <w,

The following functional form fulfils the requirgatoperties:g(w,) = (ﬂ] , a>0.
w,

t
The reduced form of the dynamic system is stramghthrd to obtain given the

previous information,

W, =[A+(A-r)Y| Eﬁl—c[ﬁ%) }m (2)

Because production is subject to constant marggtakns, all relevant variables

(k. Vi, It, ¢t andwg) grow at a constant positive rate in the steadiesl et this rate bg

and thus we define variable, = e
L+

A K W -
and constantv = ! Effective wealth

t (1 )t '

ty
grows at a same rate as potential wealth in thedgtstate, but before this long run

result is eventually accomplished, the growth rateght differ. Rewriting (2),

. A+(A-r W)
\Nt+1:+y)ul 1—C[€+}J [y, (3)

1/a
. . A . 1 1+y
Equation (3) has a unique equilibrium poimt:=| -j1- —"— (W
f ©) q q P [ctﬁ A+(A—r)Euﬂ

This result allows us to state the following pragos,

Proposition 1: The wealth model, with credit constraints and saamption
reaction to deviations from last period’s potentiaalth, reveals that the higher is the
level of financial development of the economy, lénger will also be the amount of

accumulated wealth, in the steady state.

Proof: Take the steady state expression for the weadtiable and compute

derivative w :a—W . The computation gives,
H a,U
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W :W—*Eﬁitﬁl—iﬂa EE} (1+y)E(A—r)] Because this is a
““alc A+(A-1)u c [A+(A-r) o)’

positive value, one infers that the accumulate@lle¥ wealth is positively correlated

with financial development (measured by the credittiplier parameter) ]

Note, relatively to the steady state value, thaguaranteew > 0, the following

inequality must hold: A+ (A-r)[x >1+y. This condition imposes a floor to the value

1+y-A

of the credit parametey > A
-r

is the minimal requirement for the economy to be

able to accumulate wealth.
3. Local Dynamics

In this section, we address the dynamics of equdB9 in the neighbourhood of
point W. This requires defining variables, =w, -w and z, =w,, —w. With these
variables, we turn equation (3) into a two equatgystem with two endogenous

variables and just one time lag,

W = 2O o 27 +w) -
1+y W (4)

Zew =W,

Around the balanced growth path, system (4) takedimearized form

} (5)

Note that the steady state values of varialleand z, are, in both cases, 0. Proposition

=3

1 0

{Wm} 1 —aEAJr(A_r)DJ_(Hy)[E

Zn

NI

2 synthesizes the local dynamics result.
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Proposition 2. The wealth model under analysis is locally stabfier
mj[(:u V) - A

1+ A( [MJHHV)_A
y7in 4 ; a ; when pu= a , the system

A-r A-r A-r

undergoes a Neimark-Sacker bifurcation.

Proof: The Jacobian matrix in (5) has a positive deteani,

Det(J) = aEA+(A_:rL)+[’u —(d+y) , and its trace i3r(J)=1. Thus, stability conditions
4

1-Tr(J)+Det(J)>0 and 1Hr(J)+Det(J)>0 are always satisfied. The only possible
bifurcation occurs when the eigenvalues of the imatre a pair of complex conjugate
values with modulus equal to one, which is equival® say thatDet(J)=1. The
equality expression in the proposition is determitgy solving this last condition in

order tou. Stability requires Det(J)>00]

From proposition 1, we have concluded that the tE@sstrained credit is, the
larger is the amount of wealth the economy accutaesla the long run, while from
proposition 2 one observes that there is a statukiling: if freedom to offer credit is
too high, the guarantee that the steady state lelvelealth is achieved vanishes.
Therefore, one can interpret this theoretical stmgcas indicating both the advantages
of financial development and of financial respoigi in the sense that excessive
credit may disrupt the financial system as ageailstd pay back the large amount of
resources they have borrowed.

Local dynamics conceal meaningful features of tloeleh First, cycles appear to
be absent. The theory on nonlinear dynamics pamthe eventual presence of cycles
after a bifurcation. In our concrete system, weusth@xpect to effectively encounter a
fixed point in the stability area identified in gasition 2, and a-periodic motion after
the bifurcation and before instability truly sets This becomes evident with the global
analysis of the following section. Second, the glamalysis of this specific model will
show that some points of stability are presentinlocally unstable area, a result that
can be used to justify a same kind of conclusiothaone in the CIJM model: financial
instability (cycles) occurs for intermediate levels development, while stability is
found for low and high values of the credit marétevelopment.



Constraints on credit, consumer behaviour and yhamiics of wealth 7

4. Global Dynamics

To address global dynamics consider an array sbregble parameter valugpA;

c; y r; w'; al=[1; 0.75; 0.04; 0.03; 1; 0.7] and let us elgetas the bifurcation
parameter. In this particular case, the systertaldesfor 0.04% 1<1.573.

Figure 1 shows the bifurcation diagram; a bifumatithat occurs fop=1.573,
separates an area of stability from an area wineaiant cycles can be observed. After
the region where endogenous cycles are eviderickdlows a state where stability and
instability alternate. Recall thak, is a variable that was modified twice: first, iasv
detrended and, then, adjusted to obtain a balagroeadh path where the variable takes
the value zero. In the long run, the original vialeaw; grows exponentially, with a

detrended value equal i®.

*** Figure 1 here ***

To understand that this framework produces evémigséndogenous business

cycles for specific values of the credit parameteg, present a time series @ in

figure 2. The Neimark-Sacker bifurcation, or Hogfibcation in discrete time, is able to
generate a kind of dynamics that reproduces coratle well real world business
cycles, in the sense that several consecutive ¢ei0b increasing wealth are followed
by some periods where there is a slowdown on tbettrof wealth, and so on.

*** Figure 2 here ***

To close the graphical presentation, and takingstmae value ofs as in figure 2,

we draw an attractor that reveals the long runtimiabetweenw,_, and w, (figure 3)

and the basin of attraction that furnishes the ddeinitial points that allow for a

convergence towards the long run attractor (fighre

*** Figures 3 and 4 here ***

5. Conclusions

% In particular, observe that the marginal propgniitconsume corresponds to 75% of income, that the
growth rate is 4% and that the interest rate is 3%.
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Following the literature on credit constraints ahdsiness cycles, we have
considered a basic AK endogenous growth model, evliancial development is
addressed through a credit multiplier and wherenecoc agents take consumption
decisions by weighting last period’s differencewssn observed and potential wealth
(if this difference is positive, consumers optimisises and they will increase their
consumption share of income; with a negative dffiee, households become less
enthusiastic about consumption and they will prédeincrease the marginal propensity
to save, as a precautionary measure).

The proposed setup is able to elucidate aboutrwpmitant points:

i) As the financial development level rises, peritgapealth, in the steady state,
also increases;

i) Fixed point stability is found for low levels hancial development (and, thus,
low levels of accumulated wealth); an intermediatesl of the credit multiplier allows
to identify a-periodic cycles generated througheanhark-Sacker bifurcation; and high
levels of financial development are characterizgdabscenario where stability and
instability alternate.

The instability result for high levels of the credultiplier adds a new feature
relatively to the CIJM model: too high credit muliiges, associated to loans with no
collateral, imply a high risk in the credit market,the sense that borrowers may not
carry out their debt payment obligations. In trase;, instability may be interpreted as a
scenario of financial crisis that imposes the nieekstore a certain ceiling on the level

of available credit.
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